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A b s t r a c t 

We consider two approaches to g iv ing seman­
tics to first order logics of probabi l i ty . The first 
approach puts a probabi l i ty on the domain, and 
is appropr iate for g iv ing semantics to formulas 
involv ing stat ist ical in format ion such as "The 
probabi l i ty that a ( typ ica l ) b i rd flies is greater 
than .9." The second approach puts a prob­
abi l i ty on possible worlds, and is appropriate 
for g iv ing semantics to formulas describing de­
grees of belief, such as "The probabi l i ty that 
Tweety (a par t icu lar b i rd) flies is greater than 
.9." We show that the two approaches can 
be easily combined, al lowing us to reason in a 
s t ra ight forward way about stat ist ical informa­
t ion and degrees of belief. We then consider 
axiornat iz ing these logics. In general, it can 
be shown that no complete ax iomat izat ion is 
possible. We provide ax iom systems that are 
sound and complete in cases where a complete 
ax iomat iza t ion is possible, showing that they 
do allow us capture a great deal of interesting 
reasoning about probabi l i ty . 

1 I n t r o d u c t i o n 

Consider the two statements "I he probabi l i ty that a bird 
chosen at random wi l l fly is greater than .9" and "The 
probabi l i ty that Tweety (a part icular b i rd) flies is greater 
than .9." It is qui te s t ra ight forward to capture the sec 
ond statement by using a possible-world semantics along 
the lines of that used in [FH88, F H M 8 8 , Nil8f>]. Namely, 
we can imagine a number of possible worlds such that 
the predicate Flies has a different extension in each one. 
Thus, Flies(Tweety) would hold in some possible worlds, 
and not in others. We then put a probabi l i ty d ist r ibut ion 
on this set of possible worlds, and check if the set of pos­
sible worlds where Flics(Tweety) holds has probabi l i ty 
greater than .9. 

However, as pointed out by Bacchus [Bac88b, Bac88a], 
this par t icu lar possible worlds approach runs into dif­
f icult ies when t r y i ng to represent the first statement, 
which we may believe as a result of stat ist ical informa­
t ion of the form "More than 90% of al l birds fly." What 
is the formula that should hold at a set of worlds whose 
probabi l i ty is greater than .9? The most obvious can­

didate is perhaps Vx(Btrd(x) => Flies(x)). However, it 
might very well be the case that in each of the worlds we 
consider possible, there is at least one bird that doesn't 
fly. Hence, the statement Wx(Bird(x) => Fltes(x)) holds 
in none of the worlds (and so has probabi l i ty 0). Thus it 
cannot be used to represent the stat ist ical in format ion. 
As Bacchus shows, other straightforward approaches do 
not work either. 

There seems to be a fundamental difference between 
these two statements. The first captures stat ist ical infor­
mat ion, and the second captures what has been called a 
degree of belief [Bac88b, Kyb88] . The first statement 
seems to assume only one possible world (the " rea l " 
wor ld), and in this world, some probabi l i ty d ist r ibut ion 
over the set of birds. It is saying that if we consider 
a bird chosen at random, then wi th probabi l i ty greater 
than .9 it wi l l fly. The second statement impl ic i t ly as­
sumes the existence of a number of possibilities (in some 
of which Tweety flies, while in others Tweety doesn't) , 
wi th some probabi l i ty over these possibilities. 

Bacchus [Bac88b] provides a syntax and semantics for 
a first order logic for reasoning about stat ist ical informa­
t ion, where the probabi l i ty is placed on the domain. This 
approach has difficulties dealing wi th degrees of belief. 
For example, if there is only one fixed world, in this world 
either Tweety flies or he doesn't, so Flics(Tweely)) holds 
with either probabi l i ty 1 or probabi l i ty 0. In part icular, 
a statement such as "The probabi l i ty that Tweety flies is 
between .9 and .95" is guaranteed to be false! Recogniz­
ing this diff iculty, Bacchus moves beyond the syntax of 
his logic to define the notion of a belief Junction, which 
lets us talk about the degree of belief in the formula a 
given a knowledge base ft. However, it would clearly 
be useful to be able to capture reasoning about degrees 
of belief wi th in a logic, rather than moving outside the 
logic to do so. 

Tn this paper, we describe two first-order logics, one for 
captur ing reasoning about stat ist ical in format ion, and 
another for reasoning about degrees of belief. We then 
show how the two can be easily combined in one frame 
work, al lowing us to simultaneously reason about statis­
tical informat ion and degrees of belief. 

We go on to consider issues of axiomat izabi l i ty . Bac­
chus is able to provide a complete axiomat izat ion for his 
language because he allows probabil i t ies to take on non­
standard values in arb i t rary ordered fields. Results of a 
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We do not want to say that one mode is more " r i gh t " 
than another; they bo th have their place. Clearly there 
might be si tuat ions where we want to do bo th modes of 
reasoning simultaneously. We consider three examples 
here. 

E x a m p l e 4 . 1 : Consider the statement " the probabi l i ty 
that Tweety fi les is greater than the probabi l i ty that a 
random bi rd f l ies." This can be captured by the formula 

and .95. However, there is no s t ra ight forward way to 
capture stat ist ical in format ion using ? 

P o s s i b l e e x t e n s i o n s : We have made a number of sim­
p l i fy ing assumptions in our presentat ion of type 2 proba­
b i l i ty structures. We now briefly discuss how they might 
be dropped. 


