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A b s t r a c t 

We describe a generalization of equivalence be­
tween constraint sets, called weak equivalence. 
This new equivalence relation takes into ac­
count that not al l variables have the same func­
t ion in a constraint set and therefore dist in­
guishes between restriction variables and inter­
mediate variables. We explore the properties of 
weak equivalence and its underlying notion of 
weak impl icat ion w i th an axiomatic approach. 
In addit ion a complete set of axioms for weak 
impl icat ion is presented. W i t h examples de­
rived f rom the declarative rule language RL we 
show the appl icabi l i ty of weak equivalence to 
constraint solving. 

1 I n t r o d u c t i o n 
Recently, constraint solving systems have emerged that 
allow declarative constraint processing (see for exam­
ple Mathematica [Wolf ram, 1988], Bertrand [Leler, 1988] 
and C L P ( R ) [Jaffar and Michaylov, 1987]) whereas more 
tradi t ional systems required user intervention to direct 
the solver towards a desired solution. From a general 
point of view, a typical input specification for these sys­
tems consists of a set of constraints and a set of restric-
tion variables which are "interesting" variables as far as 
the solver is concerned. The remaining variables in the 
set of constraints are intermediate variables. For con­
straint solving, restriction variables can be further d i ­
vided in two mutual ly disjunct sets, namely known vari-
ables and wanted variables. 

Given the above input specification the objective of 
the constraint solver is to express al l wanted variables 
symbolically in terms of known variables (i.e. w i th ­
out supplying actual values for the known variables). 
In such a symbolic solution only restriction variables 
are allowed and as a consequence al l intermediate vari­
ables must be el iminated f rom the input constraint set. 
As a simple example consider the input constraint set 

where z is known and x is wanted, 
so x and z together are the restriction variables. A con­
straint solver set to solve this problem wi l l probably re-
turn as the solut ion, thereby el iminat ing the 
intermediate variable y. For such a solver output, we 
would like to say that it is in some way equivalent w i th 

the input constraint set. Unfortunately the standard 
definition for equivalence among constraint sets would 
classify the example input and output as inequivalent, 
since the output set does not impose any restriction to 
the intermediate variable y. 

Therefore we define a more general equivalence, called 
weak equivalence which distinguishes between restriction 
variables and intermediate variables. 

2 T h e ru le language fam i l y RL 
Our pr imary mot ivat ion for investigation of weak equiv­
alence lies in its role in the integration of relational 
databases and constraint solving. This integration is one 
of the aims of the rule language fami ly RL (see [Van 
Emde Boas, 1986a, Van Emde Boas, 1986b]). In the RL 
languages, knowledge can be represented in three differ­
ent types of rules: tabular rules, clauses and constraints. 
Corresponding to these types of rules there are three ar­
eas of technology that support that style of knowledge 
processing in isolation: Database Systems, Logic Pro-
gramming Systems, and Spreadsheets. A main goal of 
RL is to integrate these three technologies in one knowl­
edge base system. Query processing should be executed 
w i th the help of an existing relational database system; 
knowledge and queries expressed in RL are to be pre-
processed by a constraint solver, and to be compiled into 
a database query language so that large amounts of data 
can be processed effectively. 

In the current prototype of R L / 1 we focus on the inte­
gration of a constraint solver w i th a relational database 
system; R L / 1 has been presented elsewhere [Den-
neheuvel, 1990]. The R L / 1 prototype system has 
been implemented in P r o l o g which includes a language 
parser, a database system and a constraint solver. The 
examples presented in this paper were processed success-
ful ly by this prototype. 

Terms in R L / 1 are constructed inductively in the 
usual way f rom constants, variables and functions. Both 
numeric and str ing domains are supported. For use 
in the database application we include binary functions 
such as Constraints include expressions 
of the form t1 op t2 w i th op and two 
special constraints false and t r u e . Nul l values are not 
available in the language itself but may be present in the 
tables of the underlying database (cf. [Kwast, 199l]). 

In a dist inct ion is made between extensional 
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ob jec ts and intensional ob jec ts . Ex tens iona l ob jec ts 
cor respond to base tables in the u n d e r l y i n g re la t i ona l 
database. I n tens iona l ob jec ts on the o ther h a n d are ob­
jec ts whose re la t ions can be ma te r i a l i zed by eva lua t i on 
o f the i r d e f i n i t i o n . An in tens iona l ob jec t i s def ined by 
one or m o r e rules, a l t e rna t i ve l y ca l led clauses. A ru le 
t y p i c a l l y consists of a rule head a n d a rule expression 
separated b y the k e y w o r d W H E N . T h e ru le expression 
conta ins cons t ra in ts o r i nvoca t ions o f i n tens iona l a n d ex­
tens iona l ob jec ts , separated b y the con junc t i ve A N D op­
era tor . D e f i n i n g an i n tens iona l ob jec t w i t h several rules 
expresses disjunction between the rules. T h e quest ion 
whether a ru le expression as a who le denotes a finite 
o r i n f i n i t e r e l a t i on i s in general undec idab le ; p a r t i a l i n ­
f o r m a t i o n a b o u t th i s ques t ion i s o b t a i n e d f r o m the con­
s t ra i n t solver. 

2 . 1 Q u e r y c o m m a n d s 

Que ry c o m m a n d s in R L / 1 resul t i n an answer relation 
w h i c h consists o f a t t r i b u t e s a n d a (poss ib ly e m p t y ) set 
o f tup les . O p t i o n a l l y the resul t o f a query c o m m a n d can 
be s to red in an ex tens iona l tab le ob jec t . The re are the 
f o l l o w i n g types o f query c o m m a n d s : 

INFER ( a t t r i b u t e - l i s t ) WHEN 
r u l e - e x p [ TO t a b l e ] 

SHOW r u l e - e x p [ TO t a b l e ] 

T h e I N F E R c o m m a n d y ie lds a n answer re la t i on w i t h 
a t t r i b u t e s equa l t o the a t t r i b u t e l i s t between the I N F E R 
a n d W H E N keywords . T h e S H O W c o m m a n d y ie lds a n 
answer r e l a t i o n whose a t t r i b u t e s are the var iab les occur­
r i n g i n the ru le express ion. 

Processing the above queries requires one or m o r e i n ­
voca t ions o f the cons t ra in t solver. T h e solver o u t p u t i s 
used to c o m p i l e the query i n t o a database request. S y m ­
bo l i c queries on the o ther h a n d w o r k by present ing th is 
i n t e r m e d i a t e solver o u t p u t to the user d i r e c t l y : 

T h e ' T O f i l e ' o p t i o n a l lows the c o m p u t e d symbo l i c 
answer to be s to red in a t e x t f i le . S y m b o l i c query c o m ­
m a n d s p roduce one o r m o r e o f the f o l l o w i n g answers: 

c o n d i t i o n = C o n d i t i o n s e t 
s o l u t i o n s S o l u t i o n s e t 

T h e s o l u t i o n set con ta ins e lements of the f o r m x = t 
w i t h x a w a n t e d va r iab le a n d t a t e r m . T h e te rms t in the 
so lu t i on set c o n t a i n o n l y k n o w n var iab les. T h e c o n d i t i o n 
p a r t consists o f cons t ra in ts over the k n o w n var iab les; i t 
states under w h a t a d d i t i o n a l res t r i c t ions the o b t a i n e d 
so l u t i on is v a l i d . I n t e r m e d i a t e var iab les are e l i m i n a t e d 
f r o m b o t h the c o n d i t i o n a n d the so lu t i on set. K n o w n 
var iab les are d e t e r m i n e d by the ru le expression o f the 
query and w a n t e d var iab les by the a t t r i b u t e l i s t o f the 
query. 

3 Symbolic computation in R L / 1 
I n tens iona l ob jec ts are dec la ra t i ve representat ions o f 
knowledge ; therefore i t i s n o t k n o w n be fo rehand how the 

F igu re 1 : Para l le l resistors 

a t t r i b u t e s o f an ob jec t are i nvoked . For instance con­
sider the m o d u l e in F igu re 1 for a pa ra l l e l c i r cu i t of two 
resistors. In the representa t ion o f the c i r cu i t b o t h the 
phys ica l laws o f basic e lec t r i c i t y t heo ry and the p rac t i ­
cal c o n d i t i o n t h a t the resistors shou ld n o t be over loaded 
are expressed in t e rms o f cons t ra in ts . We know f r o m 
e lementa ry physics t h a t the values g iven in the tab le ex-
perimentdata f u l l y de te rm ine a l l quan t i t i es . H o w shou ld 
the R L / 1 knowledge base de te rm ine t h a t th i s i s indeed 
the case? T h e cons t ra in t solver is capable to f igure ou t 
t he determinedness. 

Suppose vo l tage is app l i ed to the examp le c i r cu i t then 
the cu r ren t t h r o u g h the c i r c u i t and the t o t a l resistance 
can be ca l cu la ted : 

W i t h o ther var iab les g i ven , an answer i s also c o m p u t e d : 

In the cons t ra in ts fo r the c i r cu i t the law for para l le l 
resistors i s n o t g iven d i rec t l y , b u t the t o t a l resistance 
r t can nevertheless be c o m p u t e d . N o w suppose we ap­
p l y var ious vo l tages to the t w o resistors as specif ied in 
the experimentdata tab le in F igu re 1 . In the exper imen t 
the vo l tage is s low ly increased a n d the resistors s tay the 
same. Sure ly a t some h igh vo l tage the c i r cu i t w i l l break 
d o w n . Le t ' s r u n the expe r imen t ( t he n o t a t i o n ex­
pands t o a l l a t t r i b u t e s o f the i nvo l ved o b j e c t ) : 
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In the answer relation the rows are corresponding to 
the rows f rom the experiment data table but obviously 
some rows are missing. In these missing rows the con-
straints were not satisfiable (i.e. the non-smoking condi­
t ion maxwatt(i2, vt) was violated) so they do not appear 
in the answer to the query. 

The capabil i ty to produce symbolic output is an im-
portant feature of the R L / 1 knowledge base. I t allows 
the user to analyze relationships between variables and 
to infer relationships that hold in special circumstances. 
A general relationship between the resistance of the indi­
vidual components and the total resistance can be found 
w i th the fol lowing symbolic query: 

The constraint solver has inferred the law for parallel 
resistors. 

The classification of variables in the three disjoint par­
t i t ions of wanted, known and intermediate variables is 
crucial for derivation of relationships like the previous 
example. By making rj and r2 known and r t wanted the 
constraint solver of the R L / 1 system was directed to-
wards a solution that expresses rt in terms of r1 and r2. 
The constraint solver actively applies this information in 
its inference process to yield the desired result. 

On the other hand suppose that variables of a con­
straint set were classified in only two part i t ions of wanted 
and intermediate variables as is the case in many existing 
constraint solving systems. The constraint solver would 
correctly establish that the equation system is undeter­
mined (there are too many variables and not enough 
equations to solve them). 

In the next sections we formalize the notion of equiv­
alence that is used by the solver. 

4 Weak equivalence and imp l i ca t i on 
First we introduce some definitions and notations. Vari­
able names are chosen f rom non capitals (x, y, z,...) and 
sets of variables f rom capitals (A", y, Z , . . . ) . V is the set 
of all variables. Constants are denoted by c and functions 
by /. Terms are denoted by t. Sets of constraints are 
represented as A, B, C or D. To denote the cardinality 
of a set / we use the notat ion  

Solutions are constraints of the form x = t w i th 
var(t). The variable x is called the head variable and the 
variables in the term t the tail variables. 

D e f i n i t i o n 2 A tuple is a solution set of the form 

Solution sets are denoted by and and tuples by 
< and For a solution set 
the head variables are denoted as  

The operator restrict retains those solutions in that 
have a head in X: 
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In the above definitions we presented strong impl i ­
cation between constraint sets as an impl icat ion using 
strong satisfaction in both the premise and the conse­
quent. Weak impl icat ion was constructed f rom this def­
in i t ion by weakening the consequent of the implication 
to weak satisfaction. It may be conceivable that other 
interesting definitions arise if instead only the premise 
of the impl icat ion is weakened (single implication) or if 
both the premise and the consequent are weakened (dou-
ble implication): 

The relationships between the four definitions are 
summarized in Figure 2 (arrows denote implication). 
Single impl icat ion is too strong and only applicable when 
var(B) C X, in which case it is equivalent to strong 
impl icat ion. Double impl icat ion is equivalent to weak 
impl icat ion and therefore superfluous. 

In the next proposition we compare these four possible 
definitions of impl icat ion. 



5 Weak axioms 
In this section we enumerate axioms that hold for impl i ­
cation and equivalence. We start w i t h some properties 
of strong impl icat ion that are mainta ined for weak im­
plication. 

T h e conditional axioms of Proposition 18 are more 
general than their counterparts in Proposition 17 since 
f rom the conditional axioms the unconditional axioms 
can be derived. For instance ax iom (2) in Proposition 17 
can be derived f r o m ax iom (2) in Proposition 18 by as­
signing to X the set of al l variables V in which case the 
condition becomes tr iv ia l ly true. 
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Figure 3: Axioms for weak impl icat ion 

6 Completeness 
A natural question that arises in the context of an ax-
iomatic approach is whether a sound and complete ax-
iomatization is feasible. As a first step we proved the 
soundness of al l axioms in Figure 3. 

P r o p o s i t i o n 10 For general constraints, the axioms in 
Figure 3 are sound. 

Both for weak and strong impl icat ion, a completeness 
result can be derived. We proved completeness w i th re­
spect to primitive constraints, that is constraints of the 
format 'lx = y' or 'x = c': 

P r o p o s i t i o n 20 For primitive constraints, the axioms 
in Figure 8 are sound and complete. 

For completeness the axioms concerned wi th substitu­
t ion have to be added to the ones we gave before. The 
most interesting axiom is Abstraction that allows you to 
add solutions for intermediate variables. 

From the complete set for weak impl icat ion a complete 
set of strong axioms can be easily inferred. Abstraction 
is never applicable for strong impl icat ion so it is replaced 
by the derived axiom Instant iat ion: 

7 Cons t ra in t e l im ina t i on 
Intui t ively more constraints can be eliminated if weak 
equivalence is used instead of strong equivalence. In this 
section we provide a proposition that specifically exploits 
weak equivalence for constraint el iminat ion. A subset B 
of a set of constraints . _ is redundant w i th respect 
to the restriction variables if there exists a solution set 

for intermediate variables such that the effect 
of substitut ing on B, is equivalent w i th t r u e : 

The proof of the proposition is added to il lustrate the 
convenience of reasoning by means of weak equivalence. 

8 An e labora ted example 
As an i l lustrative example of application of weak equiv­
alence consider the circuit of Figure 4 derived from the 
domain of electronics. The corresponding R L / 1 repre­
sentation is listed in Figure 5. In ancient history the 
bridge of Wheatstone was used to measure ohm resis­
tance. In the setup, ' is a variable resistor 
and r4 (or r3) the unknown resistor. The component 
in the center is an ampere meter wi th resistance r5. For 
measurement the variable resistor is adjusted so that no 
current flows through r5. In this balanced state the fol­
lowing relationship holds: 

To see if theory matches reality we apply 10 volt at 
the clamps of the circuit. In case we choose the values 
of the resistors al l equal to 200 ohm then the circuit 
is in balanced state and the R L / 1 knowledge base can 
compute the values for and  

To obtain this answer, the solver infers the following 
weak equivalence: 
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F igu re 4 : C i r c u i t overv iew o f the b r idge o f Whea ts tone 

I t m i g h t be q u i t e i n te res t ing to see i f the re la t i onsh ip 
for r 4 can be in fe r red s y m b o l i c a l l y f r o m the represented 
knowledge under the a s s u m p t i o n t h a t the c i r cu i t i s in 
ba lanced s ta te . We w a n t to express r 4 in te rms of r 1 , r 2 

a n d r3 so these l a t t e r var iab les are specif ied as k n o w n 
var iab les . As an e x t r a cons t ra in t we know t h a t since the 
c i r cu i t i s in ba lanced s ta te no cu r ren t f lows t h r o u g h r5: 

To o b t a i n th is answer, the solver had to in fer the fo l low­
i n g weak equivalence: 

These equat ions are non l inear by the occurrences of 
the t e rms (no te t h a t 
the k n o w n var iables r 1 , r 2 and r 3 are in fac t no t g iven 
as a value a n d therefore c o n t r i b u t e to the non l i nea r i t y 
o f the cons t ra in t sys tem) . 

9 Conclus ion 
In th is paper we used weak equivalence to express, ex­
p l i c i t l y , the f u n c t i o n a l dif ference between w a n t e d , k n o w n 
a n d i n t e r m e d i a t e var iables in a set of cons t ra in ts . By a 
comp le te set o f a x i o m s we establ ished the m a i n proper­
t ies of weak equivalence. Us ing these ax i oms we proved 
an a p p l i c a t i o n independent t o o l t o s i m p l i f y cons t ra in t 
sets us ing th is new f o r m of equivalence. 

W i t h examples r u n on a p r o t o t y p e i m p l e m e n t a t i o n we 
showed p rac t i ca l a p p l i c a b i l i t y o f weak equivalence for 
cons t ra in t so lv ing purposes. By d i s t i ngu i sh i ng wan ted , 
k n o w n a n d i n t e rmed ia te var iab les in a cons t ra in t set the 
solver can be gu ided towards a so lu t i on t h a t discards i n ­
t e rmed ia te var iab les and expresses wan ted var iables in 
t e rms of k n o w n var iab les. D e r i v a t i o n of symbolic rela­
t ionsh ips is f ac i l i t a t ed by the theore t i ca l concepts i n t r o ­
duced in th is paper in two ways. F i r s t l y , weak equiva­
lence a l lows you to express f o r m a l l y the correspondence 
between the der ived re la t i onsh ip and the o r i g i na l con­
s t ra in t set. Secondly the reasoning necessary for in-
ference of s ymbo l i c re la t ionsh ips can be represented in 
te rms o f weak equivalence. 
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