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Abstract

This paper presents a new system, called the A-
System, performing abductive reasoning within the
framework of Abductive Logic Programming. It is
based on a hybrid computational model that imple-
ments the abductive search in terms of two tightly
coupled processes: a reduction process of the high-
level logical representation to a lower-level con-
straint store and a lower-level constraint solving
process. A set of initial “’proof of principle” ex-
periments demonstrate the versatility of the ap-
proach stemming from its declarative representa-
tion of problems and the good underlying compu-
tational behaviour of the system. The approach of-
fers a general methodology of declarative problem
solving in Al where an incremental and modular re-
finement of the high-level representation with extra
domain knowledge can improve and scale the com-
putational performance of the framework.

1 Introduction

Over the last two decades it has become clear that abduction
can play a central role in addressing a variety of problems
in Artificial Intelligence. These problems include diagnosis
[Poole et al., 1987; Console et al., 1996], planning [Missiaen
et al., 1995; Kakas er al., 2000; Shanahan, 2000] knowledge
assimilation and belief revision, [Inoue and Sakama, 1995;
Pagnucco, 1996] multi-agent coordination,[Ciampolini et al.,
2000; Kowalski and Sadri, 1999] and knowledge intensive
learning [Muggleton, 2000; Mooney, 2000].

The essential feature of this abductive approach to problem
solving is the fact that it allows the application problems to
be formalized directly in their high-level declarative repres-
entation. A close link therefore emerges between declarative
problem solving in Al and the logical reasoning of abduction.
However, despite this variety of applications for abduction
and its potential benefits it has not been easy to develop gen-
eral systems for abduction that are computationally effective
for problems of practical size and complexity.

This paper presents a new system, called the .4-System,
that supports abductive reasoning within the framework of
Abductive Logic Programming (ALP) [Kakas er al., 1998;
Denecker and Kakas, 2000]. In this framework problems are
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represented in a high-level declarative way with logic pro-
gramming rules and classical first-order sentences (integrity
constraints). Our work aims to examine the possibility of de-
veloping ALP into a declarative problem solving framework,
suitable for a variety of Al problems, that is computationally
viable for problems of practical scale.

A principled implementation of the .4-System is developed
based on a hybrid computational model that formalizes the
abductive search for a solution in terms of two interleaving
processes: the logical reduction of the high-level representa-
tion of the problem and lower-level constraint solving. The
abductive search is linked tightly to the construction of an as-
sociated constraint store.

To validate our approach we have carried out a set of ”’proof
of principle” experiments with an initial implementation of
the system that aim to test (a) the general underlying compu-
tational behaviour of the A-System on different domains and
(b) the flexibility of the framework to incorporate additional
problem specific knowledge in a modular and computation-
ally enhancing way. In particular, some of these experiments
are designed to test the extend to which the high-level rep-
resentation of problems can be computationally improved via
extra domain knowledge added to it. The experiments con-
sidered include constraint satisfaction problems and standard
Al Planning Systems Competition problems.

The A-System has been developed as a follow up of two
earlier ALP systems, the ACLP system [Kakas et al., 2000]
and SLDNFAC [Denecker and Schreye, 1998], bringing to-
gether features from these two systems. The main devel-
opment in the design of the .4-System over these previous
systems is the fact that the non-determinism in the abduct-
ive computation is now made explicit allowing the possibil-
ity of implementing this as a form of parameterized heuristic
search coupled with a process of deterministic propagation
of the state of computation. The 4-System is available from
www.cs.kuleuven.ac.be/~dtai/kt.

2 Declarative Programming with Abduction

Declarative Problem Solving with a high-level representation
of the problem at hand is closely related to abduction. The
reason for this stems from the fact that in a declarative rep-
resentation where one describes the expert knowledge on the
problem domain rather than some method for its solution of-
ten, the task of solving the problems consists in filling the
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missing information from this representation pertaining to the
goal at hand. Typically, in a logical framework of represent-
ation the solution consists in finding the extension of some
predicate(s) which are incompletely specified in the repres-
entation. The high-level theory describing the problem is then
extended to a new one such that the problem goal is satisfied.

Computing such extensions of the theory representing our
problem is an abductive task. Indeed, abduction as a problem
solving method assumes that the general data structure for the
solution to a problem (or solution carrier) is at the predicate
level and hence that a solution is described in the same terms
and level as the problem itself.

A framework for problem solving with abduction therefore
needs to be expressing enough to allow high-level declarative
representations of complex problems with missing or incom-
plete information. At the same time for such a framework to
have a practical value it should provide ways of improving
the computational effectiveness of this high-level represent-
ation for any particular problem. One such framework that
combines representational expressiveness and computational
flexibility is that of Abductive Constraint Logic Programming
(ACLP) a framework that integrates together Abductive Lo-
gic Programming (ALP) with methods from Constraint Logic
Programming (CLP). The A-system is developed within this
framework. Let us briefly review the underlying framework
of ALP.

A recent way to formalize ALP is to view this as a special
case of ID-logic [Denecker, 20001, a logic extending classical
logic with inductive definitions. Let a language of predicates,
L, be given consisting of three disjoint types of predicates:
(1) Pp the defined predicates, (ii) A the open or abducible
predicates and (iii) C the constraint predicates. Then a theory
in ALP is defined as follows.

Definition 2.1 An abductive theory is a triple (P, A,IC)
where:

e P is a constraint logic program where only defined pre-
dicates appearing in the head of these rules.

e A is a set of ground abducible atoms over open predic-
ates.

o [C' is a set of first order formulae over L, called integrity
constraints.

The representation of an application problem in an abduct-
ive theory (P, A, IC) splits, in this view of ALP in terms
of ID-logic, into two parts. The set of rules in P represents
the expert’s strong definitional knowledge of the problem, i.e.
knowledge which fully determines one or a group of predic-
ates, the defined predicates, in terms of other open predicates.
Each rule represents a case in which the defined predicate in
the head will be true; the program P is an exhaustive enumer-
ation of the cases. The open or abducible predicates have no
definition. But some general information about them may be
available indirectly through the expert’s weaker assertional
knowledge of the problem. This is represented by the the-
ory IC of integrity constraints. The set A enumerates all the
possible missing “values” for the open predicates. Abductive
solutions are build from A giving a ground (partial) definition
of these open predicates.
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The constraint predicates are defined, as in CLP, by an un-
derlying constraint theory which is independent of any par-
ticular abductive theory (P, A, IC). We will assume that the
constraint theory is a finite domain theory that also includes
equality over logical terms. The formal details of this are
beyond the scope of this paper.

In ALP the abductive problem task is defined as follows.

Definition 2.2 Given an abductive theory (P,A,T) and
some query Q, consisting of a conjunction of literals over L,
an abductive solution (or explanation) for Q) is a set A C A of
ground abducible atoms together with an answer substitution
0 such that P U A is consistent and:

. PUA V(@)
e PUAEIC.

This definition is generic in that it defines the notion of an
abductive solution in terms of any given semantics of standard
(constraint) Logic Programming (LP). Each particular choice
of semantics defines its own entailment relation |= and hence
its own notion of what is an abductive solution. In the con-
text of ID-logic, its inductive definition semantics essentially
coincides with the well-founded model semantics [Gelder et
al., 1991] for LP when this is a two valued model!. In the rest
of this paper we will be adopting this well-founded model
semantics for LP for the development of our 4-System.

A computed abductive solution A therefore gives a ground
definition of the open predicates which in turn through the
logic program, P U A, extends this to the defined predicates.

As an example of an abductive theory we give below a
part of the theory representing a planning domain. In this,
drive_vehicle, is the only open predicate, <, <, # are con-
straint predicates and all others are defined predicates. The
predicates vehicle, location and time are simple predicates
defining the finite domain of variables, e.g. using CLP nota-
tion vehicle(Truck) : —Truck in 1..10 for a problem where
we have ten trucks.

vehicle_at(Truck, Loc,T) : —
init_vehicle_at(Truck, Loc),
—clipped_vehicle_at(Truck, Loc, 0, T)?.
vehicle_at(Truck, Loc,T) : —
drive_vehicle(Truck, Loc, E),
E<T,
—clipped_vehicle_at(Truck, Loc, E,T).

clipped_vehicle_at(Truck, Locl, E,T) : —
drive_vehicle(Truck, Loc2,C),
Loc2 # Locl,
E<CC<T.

precvehicle(Truck, Loc,T) : —
vehicle(Truck),
location(Loc),
time(T),
petrol_in(Truck,T).

VTre,Loc,T.
drive_vehicle(Trc, Loc, T) — prec_vehicle(Tre, Loc, T).

!The formal details of this are beyond the scope of this paper.
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The initial state of the problem is given by a
set of facts in the logic program P including state-
ments of the form initwehicle.at(Truck,Loc), e.g.
init_vehicle_at(truckl, cityl_1).

3 A-System and Abductive Search

The computation of an abductive solution in the .4-System
can be seen as a process of reduction of the query, @, to a
set of abducible hypotheses on the open predicates together
with an associated constraint store Cg of constraints over the
general finite domain constraint theory supported by the par-
ticular ALP framework. This is similar to the computation of
CLP with two important differences.

First the reduction involves through the hypotheses also a
reduction of the integrity constraints /C'. Effectively, when
a new abductive hypothesis is made the integrity constraints
need to be re-evaluated to remain true. This satisfaction of
the IC can result in new constraints for the constraint store
Cs and possibly new goals at the same level as the original
query. The second difference with CLP is the way that the
constraint store Cs is used in this reduction. As we will see
in the next subsection, this is not merely a passive store of
constraints to be evaluated at the end of the reduction but it
is used actively during the reduction to affect the search. For
example, it enables reductions to be pruned early by setting
new constraints in Cs provided that this remains satisfiable.

3.1 Abductive Inference in the A-System

The logical reduction of a query ) in the A4-System can be
defined as a derivation for @) through a rewriting process
between states. We give here in brief the formal details of
this.

A computational restriction on the form of the integrity
constraints, IC, of an abductive theory (P, A, IC) is imposed
in the A-System. These sentences must be (or should be
transformed to classically equivalent sentences) of the form:
V=(l,...,l,) where each [; is a literal. Such an integrity
constraint will also be called a denial or a negative goal
and will be denoted by < [i,...,[,. Also to simplify the
presentation, we assume that each rule in P is of the form
p(X) < B[X, X;] where all variables are (implicitly) uni-
versally quantified, referred to as free variables, and B [7, 7]
is a conjunction of literals with free variables X occurring in
the head and Y occurring only in the body. Rules are there-
fore in homogeneous form where no non-variable term can
appear in their head e.g. a rule p(c) < ¢(Y") will be written
equivalently as p(X) + X =¢,q(Y).

A state S of the derivation consists of two types of ele-
ments: a set of literals (possibly with free variables), called
positive goals, and a set of denials, called negative goals, of
the form VX. « F[X,Y] where F[X,Y] is a conjunction
of literals and Y are free variables. A(S) denotes the set of
abducible atoms in S, i.e. positive goal atoms whose predic-
ate is an open predicate and C'(S) denotes the set of positive
constraint atoms in S. A derivation for () starts with an initial
state consisting of the literals of the query () as positive goals
and all the denials in IC' as negative goals. The rewriting
derivation proceeds by selecting a literal in a goal of S and
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applying a suitable inference rule yielding a new state. The
main inference rules are given by the following rewrite rules
(different elements of S are separated by ’;”):

e p(t) = B;[t] if p is a defined predicate and p(X) <

B;[X] arule.

e p(t) = t =3 if pis an open predicate and p(3) € S.

o A=+ A

e VX. « p(#),Q = Fi;...;F, (p a defined predicate)
where F; = VX ,X;. « Bi[t,X;],Q for each rule
p(Y) « B,[Y,X;], X CX.

e VX. « p(1),Q = VX. < p(t),Q; Fyi;..;F, (p an
open predicate) where F; = VX .« t= 5, @ for each
p(5;) an abduced atom in S, (yl C X).

e VX. « C,Q = —C, if C is a constraint atom without
universally quantified variables.

e VX. « C,Q = C;VX. « Q,if C is a constraint atom
without universally quantified variables.

e VX. « —A,Q = Aif A does not contain universally
quantified variables.

A successful derivation terminates with a state S such that:

1. S contains positive goals only of the form of abducible
atoms or constraint atoms,

2. negative goals in S are denials containing some open
atom p(t) which has already been selected and resolved
with each abduced atom p(3) € S, and

3. the constraint store C'(S) of S is satisfiable.

Otherwise, the derivation flounders when universally quan-
tified variables appear in the selected literal in a denial. If the
derivation does not succeed or flounder then it fails. Note that
negation as failure in P is simply re-written (via the 3rd rule)
to a denial of the positive atom.

Let S be the final state of a successful derivation. Then any
substitution € that assigns a ground term to each free variable
of S and which satisfies the constraint store C'(S) is called a
solution substitution of S. Such a substitution always exists
since C(S) is satisfiable for a successful derivation.

Theorem 3.1 Ler (P, A,IC) be an abductive theory s.t.
P = IC, Q a query, S the final state of a successful de-
rivation for Q) and 6 a solution substitution of S. Then the
pair 8(A(S)) and 0 is an abductive solution of Q.

3.2 Abductive Search

The search for an abductive solution in the A-System based
on the above proof theory, depends very closely on the com-
puted constraint store. Typically, the abducible hypotheses
made during the computation are non-ground atoms whose
variables are restricted by the constraints in the associated
constraint store of the computation. This constraint store
plays a central role not only in carrying (together with the
abducibles) the solution but also in controlling the abductive
search.
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In many respects the computation can be viewed as a pro-
cess of constructing a constraint store from the high-level spe-
cification and query of the abductive theory as any decision
that we take, e.g. which abducible to introduce or how to
satisfy an integrity constraint, extends differently the current
constraint store. Hence we can turn things around and use the
constraint store to guide the decisions that we make in this
abductive search.

The overall pattern of the abductive computation in the
A-System is as follows:

1. Deterministic Propagation of +ve and -ve Goals
2. Suspend and Evaluate Choices

(a) Quasi-consistency of -ve Goals
(b) Evaluate Choices on +ve goals

3. Global set of Choices: new +ve Goals, Gpeqy
4. If Gpew non-empty then Return to (1)
5. Otherwise, Exit and Ground Solution.

The computation starts with a phase of deterministic
propagation where all of the current goals that have only
one possible rewriting are reduced until no such goals are
left in the resulting state of the computation. The purpose
of this phase is two-fold: (a) to expose and collect all the
choice points in the current state of the computation and (b) to
propagate the construction of the constraint store with all new
constraints that are necessarily imposed under the choices
made so far in the previous iteration steps. The updated con-
straint store is checked for satisfiability during this phase as
it grows. This can have a significant effect on the computa-
tion as it enables us to detect early the ensuing failure of the
choices made prior to this before committing to other choices.

All the choice points exposed by this deterministic phase
are suspended and a new process of their evaluation begins.
This explicit handling of the non-determinism in the com-
putation allows the use of a parameterized form of heuristic
search where a variety of different types of heuristics can be
used. There are essentially two types of choices in the compu-
tation. These are (1) a choice of which rule from the program
to use in rewriting a positive goal (cf. first and second rewrite
rule) and (2) a choice of which way to satisfy a denial (cf. last
three rewrite rules).

The choice points of the second type are considered in a
phase called quasi-consistency® where we try to satisfy all
the denials in the current state together if possible without
the introduction of new positive goals. Choices result in a
new possible constraint store, that we can compute by a sub-
sidiary phase of deterministic propagation. The ”quality” of
this ensuing constraint store under various criteria, e.g. tight-
ness of its finite domain variables or minimal change in the
current constraint store, forms a possible heuristic criterion.
A second criterion concerns the number and complexity of
the new positive goals, that a choice would produce. For ex-
ample, preferring new goals which are deterministic or which
introduce new abducibles whose associated denials would

3This name reflects the fact that at this stage of the computation
the satisfaction of the integrity constraint denials is in general con-
tingent on a set of new goals.
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have a simple form are different possibilities that we are cur-
rently exploring here in the implementation of the A-System.

After the phase of quasi-consistency the computation ex-
amines the other choice points left suspended, namely posit-
ive goals which are non-deterministic, and again it can apply
a form of heuristic evaluation to choose amongst the differ-
ent possibilities. Once a global decision is taken on all these
choice points the computation either returns to the top to re-
peat the process, when the choice leads to new positive goals,
or otherwise, it terminates successfully by labeling the con-
straint store and thus grounding the abductive solution.

This global approach, of the A-System to choice making
where it tries to cover together as many choice points as pos-
sible results in more informed decisions leading to less back-
tracking and thus to a better computational performance. It
also facilitates the use of heuristics by helping to parameter-
ize them and make them available at the top level.

An important parameter of the computation is the degree
to which the constraint store is examined for its satisfiabil-
ity (and other quality measures) during its construction. One
possibility is to do a full check of the whole store at each
point where this grows. But this can be costly as a large part
of this maybe unnecessary. On the other hand an incomplete
check may result in the late (after several choices) recognition
of the inconsistency of the constraint store. An intermediate
possibility is to localizing the check to the latest addition to
the store, i.e to the variables of the current constraints and
other variables connected to these by constraints already in
the store. This induces a form of dynamic partition of the
constraint store into connected components that reflects, to
a certain extend, the high-level structure of the problem and
query at hand and could help minimize the computation re-
quired to check the satisfiability of the store.

4 Experiments with the A-System

A number of different experiments have been carried out to
test the underlying general computational behaviour of (an
initial implementation of) the .A-System and how this can be
affected by extending the high-level representation of prob-
lems with additional information.

The current version of the system is implemented as a
meta-program on top of Sicstus Prolog 3.8.5 and uses its finite
domain constraint solver. It is developed as an experimenta-
tion tool to test different datastructures and strategies. Cur-
rently a form of indexing on the abducibles and constraints is
used in the datastructures. With respect to the parameters of
the abductive search presented in the previous section the cur-
rent version implements only a very basic form of heuristics.
In particular, the methods used for checking the satisfiability
of the constraint store during its construction are simple.

A first set of experiments consists of problems whose spe-
cification can be reduced to a finite domain constraint store in
one phase of reduction. Such problems include standard con-
straint satisfaction problems, e.g. N-Queens, Graph Coloring
and Scheduling problems. The aim here was to confirm that
the execution will be deterministic and to compare the execu-
tion time with that of solving the problem directly in CLP to
see the overhead cost of the reduction of the high-level rep-
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resentation of the problem. The tables below show a sample
of these experiments for the N-Queens problem and a graph
coloring problem. For the graph coloring experiment a set of
4-colorable planar graphs were constructed. The run times
are split into the time needed to find an abductive solution
and the subsequent time needed to ground this by the CLP
labeling. All experiments reported in this paper are done on a
Linux machine (800 Mhz) with 512 MB of memory.

N-Queens

size abductive solution (s) clp grounding
30 0.7 10ms

40 1.9 20ms

50 4.1 160ms

60 8.9 160ms
Graph Coloring

size(nodes) abductive solution (s) clp grounding
80 1.9 10ms
100 3.7 20ms
200 21.3 20ms
400 233.3 50ms

Although the reduction of the whole specification is done
in one step (no backtracking occurs over the abductive solu-
tion) in both experiments the construction time (abductive
solution) increases clearly with the size. So the metainter-
preter is some orders slower than the Prolog below, which is
used in a CLP-program to set up the constraints.

Another set of experiments was carried out on planning
problems. These are non-deterministic problems where the
abductive computation and search of the .A-System can be
tested. We selected from the latest AIPS2000 planning com-
petition two domains: blocks world and logistics. The next
table shows the performance of the system on the blocks
world domain. For this experiment we used a specification
with one action move(X,Y,T), which denotes moving a block

X onto Y at time T.
Problem Planlength Time(s)

20-0 37 1.7
30-1 57 3.5
45-0 88 10.2
55-1 105 17.2
60-0 114 30.8

The second considered domain is that of logistics. For this
domain a specification with functors and the general event
calculus is used. Futhermore the specification is two layered:
the top layer is a compact high level description of the logist-
ics domain. The lower level actions (from the original AIPS
strips description) are derived from the high level ones. The
first table below shows the performance of the 4-System on
problems where the system has been used to compute only
high-level abstract plans. The length of the plans are given
by the final time when the goal is achieved (first number in
the column) and the number of abduced actions describing
the actual plan. A blank entry indicates that the system was
unable to find a solution within a given time limit.

The results for the low level plans are presented in a second
table. These plans are computed in a separated phase using
as input the previous computed high level plans. This step
expands the high level plans in number of time points and
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actions.
High level solutions
Problem  Length Time(s) Max time points
7-0 8/15 6.3 100
8-0 9/19 7.8 100
9-0 8/16 34.1 (%) 100
10-0 7/18 8.5 100
11-0 - - -
12-0 9/18 298.4 (*) 100
12-0 9/18 19.9 20
Low level solutions
Problem Length  Time
7-0 21/40 40ms
8-0 21/47 50ms
9-0 15/39 40ms
10-0 18/46 50ms
12-0 24/45 50ms

Some of the problems took a while to return a solution. Be-
cause the finite domain solver is incomplete, the A-System
may go on with a branch although the constraint store is
already unsatisfiable (see the marked entries in the above
tables). We tried different satisfiability checks but none of
them was overall successful. A parameter in such a check
is the domain size of the variables (see the last column of
the table of the high level plans): by decreasing the maximal
number of time points the satisfiability check fails faster when
the constraint store is insatisfiable. As consequence some
problems could be solved in a reasonable time. Currently, we
are investigating how we can improve this satisfiablity check.

Compared to previous experiments with SLDNFAC and
ACLP, the A-System is more reliable and more robust to
changes in the order of execution of the query. However be-
cause the constraint solver is incomplete it still possible to
have one derivation of .A-System failing to find a solution and
another one finding it immediately. Another main difference
of the A-System with these previous systems is its separation
of search and inference. This allows easy experimentation
with several strategies and different degrees of deterministic
propagation.

5 Related Work and Conclusions

There are several other abductive systems for ALP that have
recently been developed. Different methods have been used
e.g. bottom up computation [Iwayama and Satoh, 2000],
tabling [Alferes et al., 1999] and rewriting rules with the com-
pletion [Fung and Kowalski, 1997; Kowalski et al., 1998].
The A-System with its two earlier ALP systems, the ACLP
system and SLDNFAC, is to our knowledge the first abductive
system that has paid particular attention to the computational
aspects of abduction using constraint solving extensively to
control the abductive search and enhance its computational
behaviour.

On a more abstract level our work is related to Answer Set
Programming(ASP) [Gelfond and Lifschitz, 1991]. Strong
connections have been established [Satoh and Iwayama,
1991] between ALP and ASP. At the level of semantics these
two frameworks are for a large class of theories (ASP ad-
mits only a special type of integrity constraints) equivalent.
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At the level of computation our construction of an abductive
solution in the 4-System corresponds to the generation of a
model in ASP but there are some significant differences in the
respective computational models. It is therefore instructive
to develop systematic experiments to compare systems from
these two approaches to declarative problem solving.

The abductive search in the A-System can be parametrized
in a variety of ways to reflect the type of cooperation with
constraint solver and the heuristics that are used. An im-
portant future development of the system is to structure fur-
ther this parametric space and to study how more techniques
from constraint programming and advanced heuristic search
can be incorporated in order to improve the general computa-
tional behaviour of the framework on a variety of problems.
In particular, we can study how recent heuristic methods for
planning [Bonet and Geffner, 1999] can be generalized to the
abductive computation of the .4-System.

This general improvement of the underlying computational
efficiency of the ALP framework, or indeed of any other de-
clarative problem solving framework, is clearly limited as we
are aiming to use the framework on a general variety of prob-
lems. A complementary line of development of the .4-System
and its associated ALP framework concerns the study of how
to provide a programming environment where the user has the
facility to incrementally refine her/his high-level representa-
tion of the problem in a modular way. A general methodology
for declarative problem solving with abduction is emerging
where the ALP modeling environment provides the possibil-
ity for extra problem specific (declarative or control) know-
ledge to be included that would enhance its computational
performance.
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Abstract perspective, one can view (iii) as an axiomatization of the un-
derlying strategy within the object language, while (i) may
be regarded as a meta-level description of the corresponding
construction process. One may view (ii) as the most seman-
tical characterization because it tells us which “models” of
the original program are selected by the respective preference
handling strategy.

We limit (also in view of (iii)) our investigation to ap-
proaches to preference handling that remain within NP. This
excludes approach like the ones[Rintanen, 1995; Zhang
and Foo, 199[7that step outside the complexity class of the
underlying reasoning method. This applies also to the ap-
proach in[Sakama and Inoue, 1986vhere preferences on
literals are investigated. While the approach|Gfelfond
and Son, 1997remains within NP, it advocates strategies
that are non-selective. Approaches that can be addressed
within this framework includéBaader and Hollunder, 1993;
Brewka, 1994that were originally proposed for default logic.

We are interested in semantical underpinnings for
existing approaches to preference handling in ex-
tended logic programming (within the framework
of answer set programming). As a starting point,
we explore three different approaches that have
been recently proposed in the literature. Because
these approaches use rather different formal means,
we furnish a series of uniform characterizations
that allow us to gain insights into the relationships
among these approaches. To be more precise, we
provide different characterizations in terms of (i)
fixpoints, (ii) order preservation, and (iii) transla-
tions into standard logic programs. While the two
former provide semantics for logic programming
with preference information, the latter furnishes
implementation techniques for these approaches.

1 Introduction 2 Definitions and notation

Numerous approaches to logic programming with preferencye assume a basic familiarity with logic programming un-
information have been proposed in the literature. So far, howger answer set semanti¢&elfond and Lifschitz, 1991 An

ever, there is no systematic account on their structural difaytended logic prograris a finite set of rules of the form
ferences, finally leading to solid semantical underpinnings.

We address this shortcoming by a comparative study of a dis- Lo« Ly,..., Ly, not Lypq1,...,n0t Ly, )

tinguished class of approaches to preference handling. Th(ﬁheren > m > 0, and each; (0 < i < n) is aliteral, ie
class consists a$electiveapproaches remaining within the o2 "at0md or its negationA. The set of all literals is
complexity class of extended logic programming (under an- enoted byLit. Given a ruler as in (1), we letiead(r) de-

swer sets semantics). These approaches are selective inso die thehead Lo, of r and body(r) the body { L, I

as they use preferences to distinguish certain “models” of the
origingl progpram g not Lyi1,...,not Ly}, of r. Further, letbody™ (r) =

We explore three different approaches that have been rd-L1s e s Lm} a'"!d_bOdy_(_T) = {Lm+1a-_~aLn}- A pro-
cently proposed in the literature, namely the onelirewka ~ gram is calledbasicif body ™~ (r) = 0 for allits rules.
and Eiter, 1999; Delgrandet al, 2000; Wanget al, 2004. We define the reduct of a rule asr* = head(r)

Our investigation adopts characterization techniques found ihody ™ (r). Thereduct IT¥, of a progranil relative toa set
the same literature in order to shed light on the relationshipsX of literals is defined by
among these approaches. This provides us with different ¥ i _
characterizations in terms of (i) fixpoints, (ii) order preser- % = {r™ | r e Wandbody ™ (r) N X = 0}.
vation, and (iii) translations into standard logic programs.a set of literalsX is closed under basic prograntl iff for
While the two former provide semantics for logic program- any - ¢ II, head(r) € X wheneverody™ (r) C X. We say
ming with preference information, the latter furnishes im-that X is logically closediff it is either consistent (ie. it does
plementation techniques for these approaches. From anothggt contain both a literal and its negation~A) or equals

* Affiliated with the School of Computing Science at Simon Lit. The smallest set of literals which is both logically closed
Fraser University, Burnaby, Canada. and closed under a basic progrdinis denoted byCn (II).
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Finally, a setX of literals is ananswer sebf a programill
iff On(IT1¥) = X. In what follows, we deal witltonsistent
answer sets only.

The sef’¥ of all generating rule®f an answer seX from
ITis given by

I = {r €Il | body™(r) C X andbody ™ (r) N X = 0}.

As van Gelder if1993, we defineCr (X) = Cn(I1¥).
Note that the operatafy; is anti-monotonic, which implies
that the operatod(X) = Cn(Cn(X)) is monotonic. A
fixpoint of Ayy is called aralternating fixpointor I1. Differ-

body~ (r) N X; # 0, orr’ or another rule with the same head
have already applied, vizead(r') € X;.

As its originalCry, the operatoC <) is anti-monotonic.
Accordingly, we may define for any se&t C Lit, the
alternating transformationof (IT, <) as A(,«)(X)
Cir,<) (Crmm, <y (X)). A fixpoint of A < is called analter-
nating fixpointof (II, <). Note thatA ;. is monotonic.

Now, in analogy to Van Geldd¢1993, a semantical frame-
work for ordered logic programs in terms of sets of alternating
fixpoints can be defined. Three different types of semantics
are investigated ifwanget al,, 200Q: (i) Preferred answer

ent semantics are captured by distinguishing different groupsets, viz. alternating fixpoints being also fixpointCef, ).

of fixpoints of Ar.

A (statically) ordered logic prograrh is a pair (II, <),
wherell is an extended logic program ard C II x IT is
an irreflexive and transitive relation. Given,, o € II, the
relationr; < r, expresses that has higher priority than; .2

3 Preferred alternating fixpoints

The notion of answer sets (without preference) is based on
a reduction of extended logic programs to basic programs
(without default negation). Such a reduction is inapplicable
when addressing conflicts by means of preference informa-
tion since all conflicts between rules are simultaneously re-

solved when turningl into IIX. Rather conflict resolution

(ii) Preferred regular extensions, viz. maximal norfnal-
ternating fixpoints of(II, <). (iii) Preferred well-founded
model, viz. the least alternating fixpoint dfl, <).

We put the prefixW-" whenever a distinction to other ap-
proaches is necessary.

For illustration, consider the following ordered logic pro-
gram(Ils, <) due to[Baader and Hollunder, 1983

ri: —f <« p,notf ro<r  (2)
ro:  w <« b,not w

r3: f «— w,not~f

ra: b «— p

TSP e

must be characterized among the original rules in order tébserve thail, admits two answer sets{ = {p,b, ~f, w}
account for blockage between rules. That is, once the ne@ndX’ = {p,b, f,w}. As argued if{Baader and Hollunder,
ative bodybody ~ (r) is eliminated there is no way to detect 1993, X is the uniquew-preferred answer set. To see this,

whetherhead(r’) € body™ (r) holds in case of < 1.
Such an approach is pursued[Wang et al, 200Q for

characterizing “preferred” answer sets. Following earlier ap-

proaches based on default lofigaader and Hollunder, 1993;
Brewka, 1994, this approach is based on the concepaof
tivenesslLet X,Y C Lit be two sets of literals in an ordered
logic program(II, <). A rule r in II is activewrt the pair
(X,Y), if body™ () C X andbody™ (r)NY = ().

Definition 1 (Wang et al,2000) Let (II, <) be an ordered
logic program and letX be a set of literals. We define

Xo 1] and fori > 0
Xi+1 Xz U {head(r) |
I. rellis active wrt(X;, X) and
II. thereisnorule’ € TIwithr <7’
such that
(a) v’ is active wrt(X, X;) and
(b) head(r") & X;
ThenCr,<)(X) = U,;»¢ Xi if U5 Xi is consistent.
Otherwise (11, «)(X) = Lit.
The idea is to apply a ruteonly if the question of application

has been settled for all higher-ranked rulesThat is, if either
its prerequisites will never be derivable, vidy™ (r') ¢

X, or r' is defeated by what has been derived so far, viz.

Also calledprioritized logic program by some authors, as eg. in
[Brewka and Eiter, 1999

2Some authors, among theBrewka and Eiter, 1999attribute
relation< the inverse meaning.

598

observe that

X1 = {p} Xy = {p}

Xy = {pvbvﬁf} Xé = {pab}
Xs = {p.b,~f w} Xy = X5#X
X, = Xs=X

Note thatw cannot be included int&} because is active
wrt (X', X)) andry is preferred to-s.

4 Compiling order preservation

A translation of ordered logic progranf$l, <) to standard
onesll’ is developed ifDelgrandeet al, 200d. The specific
strategy used there ensures that the resulting progfaaa-

mits only those answer sets of the original progiditinat are
order preserving

Definition 2 Let (II, <) be a statically ordered program and
let X be an answer set df.

Then, X is called<-preserving, if there exists an enumer-
ation (r;);c; of I's such that for every, j € I we have that:

0. body™ (r;) C {head(r;) | j < i}; and
1. ifr; <r;, thenj < 4; and
2. ifr; <r andr’ € II\ I'{Y, then
(@) body™ (') Z X or
(b) body™ (") N {head(r;) | j < i} # 0.

S0riginally calledprioritized.
*An alternating fixpointX is normal if X C Cxr,<)(X).
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Condition 0 makes the property gfoundednessexplicit. Definition 3 (Delgrandeet al,2000) LetIl = {ry,...,7rx}
Although any standard answer set is generated by a grounddse a dynamically ordered logic program ovér

sequence of rules, we will see in the sequel that this property Then, the logic progrant (II) over £* is defined as
is weakened when preferences are at issue. Condition 1 stig=(1T) = U,cn7(r) , wherer(r) consists of the following

ulates thatr;);c; is compatiblewith <, a property invariant  jes forL,+ body™ (1), L~ € body~ (r), ands’, " € I1 ;
to all of the considered approaches. Lastly, Condition 2 is ’ ’ ’

comparable with Condition Il in Definition 1; it guarantees ai(r head(r) « ap(n,)

that rules can never be blocked by lower-ranked rules. as(r ap(n,.) — ok(n,), body(r)
As above,X = {p,b,—f,w} is the only <-preserving bi(r, L1) : bl(n,.) « ok(n,), not L

answer set ofl,; it can be generated by the grounded se- by(r, L™ bl(n,.) « ok(n,), L™

quencesrs, 14,71, 72) and(rs, ri, 4, r2) both of which sat-

isfy conditions 1 and 2. The only grounded sequence gener- alr ok

)
() « ok (ny, mp) ), oy OK (0, 1)
ok’ (ny, myr) «— not (n,. < nyr)

ok (1, nypr) — (i < M), ap(myr)

ok (1, nyr) «— (n < ny), bl(ny)

ating X’ = {p, b, f,w}, namely(rs, r4, 72, 73), Violates 2b. co(r,r
The corresponding translation integrates ordering informa-  €3(77

tion into the logic program via a special-purpose predicate ca(r,r

symbol=. This allows also for treating ordering information  ¢(r, ¢/ ') :

in a dynamic fashion. A logic program over a propositional  gs(r,r

languagel is said to bedynamicallyordered iff £ contains

the following pairwise disjoint categories: (i) a Sétofterms  We write 7 (11, <) rather thariZ (IT'), whenevei’ is the dy-

serving asnamesfor rules; (ii) a setAt of (propositional)  namically ordered program capturifg, <).

atoms of a program; and (iii) a seitt - of preference atoms  The first four rules of(r) express applicability and block-

s < t, wheres,t € N are names. For each such programing conditions of the original rules. The second group of rules

IT, we assume furthermore a bijective functiefi) assigning  encodes the strategy for handling preferences. The first of

to each ruler € II a namen(r) € N. To simplify nota-  these rulesg, (r), “quantifies” over the rules il. This is

tion, we usually writen,. instead ofn(r) (and we sometimes pecessary when dealing with dynamic preferences since pref-

abbreviaten,, by n;). erences may vary depending on the corresponding answer set.
An atomn, < n. € At amounts to asserting that The three rules,(r,7’), cs(r,7’), andcy(r,7’) specify the

r < 7' holds. A statically ordered prograiil, <) can  pairwise dependency of rules in view of the given preference

thus be captured by programs containing preference atomsrdering: For any pair of rules, r/ with n, < n,., we de-

only among their facts; it is then expressed by the progranive ok’ (n,., n,») whenever, < n,. fails to hold, or when-

MU {(n, <) — [ r <1’} ever eithemp(n,) or bl(n,) is true. This allows us to derive
Givenr < 1/, one wants to ensure thetis considered be- ok(n,), indicating thatr may potentially be applied when-

fore r, in the sense that, for a given answer Xetrule’ is  ever we have for alt’ with n,. < n,- thatr’ has been applied

known to be applied or defeatedhead ofr (cf. Condition Il or cannot be applied. It is important to note that this is only

or 2 above, respectively). This is done by translating rules sene of many strategies for dealing with preferences: differ-

that the order of rule application can be explicitly controlled. ent strategies are obtainable by changing the specification of

For this purpose, one needs to be able to detect when a ruté(-) andok’(-, -), as we will see below.

has been applied or when arule is defeated. For a-ftlere As shown in[Delgrandeet al,, 2004, a set of literalsX is a

are two cases for it not to be applied: it may be that some |it-<—preserving answer set ffiff X = Y N £ for some answer

eral in body ™ (r) does not appear in the answer set, or it maysety” of 7'(II, <). In the sequel, we refer to such answer sets

be that a literal irbody ™ (r) is in the answer set. For detecting as beingp-preferred

non-applicability (i.e., blockage), for each rulén the given

programll, a new, special-purpose atdtin,) is introduced. .

Similarly, a special-purpose atom(n,.) is introduced to de- 5 Synthesis

tect the case where a rule has been applied. For controllingpg |55t two sections have exposed three rather different ways
application of ruler the atomok(n,) is introduced. Infor- ¢ characterizing preferred answer sets. Despite their differ-

mally, one concludes that it & to apply a rule justif itik — ant characterizations, however, it turns out that the two ap-
with respect to every:-greater rule; for such &-greater rule proaches prefer similar answer sets.

r’, this will be the case just wheri is known to be blocked
or applied.

More formally, given a dynamically ordered progrdin
over L, let LT be the language obtained frothby adding, We start by providing a fixpoint definition far-preference
for eachr, 7’ € II, new pairwise distinct propositional atoms For this purpose, we assume a bijective mappiglg(-) from
ap(n;.), bl(n,.), ok(n,.), andok’(n,, n,s). Then, the transla- rule heads to rules, that isule(head(r)) = r; accordingly,
tion 7 maps an ordered prografh over £ into a standard  rule({head(r) | » € R}) = R. Such mappings can be
program7 (1) over £ in the following way. defined in a bijective way by distinguishing different occur-

rences of literals.

Ny < Nprr = Np < Nty Nt < Nypr7
so(ne < my) — np < ng

5.1 Characterizing D-preference

®This term is borrowed from the literature on default logic. Definition 4 Let (II, <) be a statically ordered logic pro-
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gram and letX be a set of literals. We define (b) head(r;) € {head(r;) | j < i}; and

Xo = 0 and fori > 0 1. ifr; <r;, thenj < 4; and
Xit1 = X;U{head(r)| 2. ifr; <r’andr’ € II\ T'Y, then
I. relIlisactive wrt(X;, X) and (@) body™(r') Z X or
1 / 1 !
1I. tsr:irﬁtlﬁar;o rule”’ e ITwithr < r (b) body™ (') N {head(r;) | j < i} # 0 or
(a) ' is active wrt(X, X;) and (€) head(r') € {head(r;) | j <'i}.
(b) ' & rule(X;) The primary difference of this concept of order preservation
5 ) . ) to the original one is clearly the weaker notion of grounded-
Then iy ) (X) = Uiz Xi if U Xi Is consistent. ness. This involves the rules i (via Condition Ob) as well
OtherwiseCy; _ (X) = Lit. as those ifl \ T (via Condition 2c). The rest of the defini-

The difference between this definition and Definition 1 man-tion is the same as in Definitio\r)v 2. For inStance’ answer set
ifests itself in IIb. WhileD-preference requires that a higher- 10} 0f 113 is generated by the™-preserving rule sequence
ranked rule has effectively appliedy-preference contents r3,72). Note thatr; satisfies 2¢ but neither 2a nor 2b. For a

itself with the presence of the head of the rule, no mattelcompleme_nt, i”(Hf”z’ <), is dea_lt with via Condition Ob.
whether this was supplied by the rule itself. Interestingly, this weaker notion of groundedness can be

This difference is nicely illustrated by prografis, <): easily integrated into the translation given in the last section.
Definition 6 Given the same prerequisites as in Definition 3.

e not b T2 <71 ©) Then, the logic progran? " (II) over £+ is defined as
rzi b TY(T) = U,y m(r) U {cs(r, ') | 7,7 € T}, where
r3:oa

7\ . / , , /
While the only answer sefta, b} is w-preferred set, there is es(r,7") oK (1, ye) = (ny < ), head (1)

no p-preferred answer set. This is the same with progranThe purpose ofs(r, ') is to eliminate rules from the prefer-

(IT5, <) obtained by replacing; with r} : a < b. ence handling process once their head has been derived.
We have the following result providing three alternative We have the following result, showing in particular, how

characterizations af-preferred answer sets. w-preference is implementable via off-the-shelf logic pro-

Theorem 1 Let(II, <) be a statically ordered logic program gramming systems.

overL and letX be a consistent set of literals. Theorem 3 Let (11, <) be a statically ordered logic program
Then, the following propositions are equivalent. over £ and let X be a consistent set of literals. Then, the
1. Cfn <)(X) - X: following propositions are equivalent.

1. Car,y(X) = X,
2. X =Y n L for some answer séf of 7W(II, <);
3. X is a<"-preserving answer set df.

2. X =Y n L for some answer séf of 7 (I1, <);
3. X is a<-preserving answer set di.
While the last result dealt with effective answer sets, the next

one shows that applying opera@EEHK) is equivalent to the In analogy to what we hav_e shown above, we have the fol-
application of van Gelder’s operat6fy to the translated pro- lowing stronger result, opening the avenue for implementing
gram7 (11, <) . more semantics based wnpreference:.
Theorem 2 Let(I1, <) be a statically ordered logic program Theorem 4 Let(II, <) be a statically ordered logic program
over L and letX be a consistent set of literals ovér over L and letX be a consistent set of literals ovér

Then, we have thal;, _ (X) = Cr,«)(Y)NL for some Then, we have thal; «)(X) = Crw,«)(Y) N L for
set of literalsY over £+ such that = Y N L. some set of literal¥” over£* such thatX =Y N L.

This result is important because it allows us to use the tran

lation7 (II, <) for implementing further semantics by appeal56 Brewka and Eiter's concept of preference

to the alternating fixpoint idea. Another approach to preference was proposed by Brewka and
o Eiter in [1999. For brevity, we omit technical details and

5.2 Characterizingw-preference simply say that an answer set gspreferred the reader is

We start by showing howv-preference can be characterized referred tdBrewka and Eiter, 1999; 200or details.

in terms of order preservation. This approach differs in two significant ways from the two

approaches given above. First, the construction of answer sets

is separated from verifying whether they respect the given

preferences. Interestingly, this verification is done on the ba-

. e sis of the prerequisite-free program obtained from the original

meration(r;)icr Of I'f} such that for every, j € T we have  ;ne 'y “er\)/aluzg[ing”body*(f) fgr each ruler wrt the sepag

that: rately constructed (standard) answer set. Second, rules that
0. (@) body™ (r;) C {head(r;) | j < i} or putatively lead to counter-intuitive results are removed from

Definition 5 Let(II, <) be a statically ordered program and
let X be an answer set dfl.
Then, X is called <"-preserving, if there exists an enu-
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the inference process. This is made explicifBrewka and 2. ifr; <7’ andr’ € 1\ Ty, then

Eiter, 2000, where the following filtering transformation is
deﬁnedf? g g (a) bOdyJ’_(’/’/) g X or

(b) body™ (') N{head(r;) | j <i} #0or
(c) head(r') € X.
Then, by definition, an answer setldfis B-preferred iff itis  This definition differs in two ways from its predecessors.

Zx(II) =1\ {r € IT | head(r) € X, body™ (r) N X # 0}
4

aB-preferred answer set &fx (IT). First, it drops any requirement on groundedness, expressed by
The distinguishing example of this approach is given byCondition 0 above. This corresponds to us{iig X ) instead
program(Ils, <): of (X;, X)) in Definition 7. Hence, groundedness is fully dis-
connected from order preservation. In fact, observe that the
ri: b o« anot-b rs<rz<r1 (5) g preferred answer sdla, b} of (Il5, <) is associated with

r9: —b <« notb

the <B-preserving sequendes, r»), while the standard an-
T3 a <« not-a

swer set itself is generated by the grounded sequénce; ).

Programil; has two standard answer seis, b} and{a, —b}. Second, Condition 2c is more relaxed than in Definition 5.
While the former iss-preferred, neither of them is- orp- ~ 1hatis, any rule” whose head is i’ (as opposed tc;)
preferred (see below). Also, we note that both answer sets ¢§ t@ken as “applied”. Apart from this, Condition 2c also in-
program(Il,, <) areB-preferred, while only(p, b, — f, w} is tegrates the filter-conditions from (&)For illustration, con-
W- andD-préferred. ’ o sider Example (3) extended by < r:
In order to shed some light on these differences, we start )
by providing a fixpoint characterization efpreference: ;; : Cg : not b ERE ©)
a

Definition 7 Let(TI, <) be an ordered logic program and let T3
X be a set of literals. We define

«—

While this program has np- or w-preferred answer set, it has
Xo = 0 and fori > 0 aB-preferred one{a, b} generated byr,,r3). The critical
Xit1 = X;U{head(r)| ruler is handled by 2c. As a netresult, Condition 2 is weaker
I. rellisactive wrt(X, X) and than its counterpart in Definition 5.
IT. thereis no rule” e Il with » < + We have the following results.

such t_hat . Theorem 5 Let (11, <) be a statically ordered logic program
(a) r'is active wrt(X, X;) and over £ and letX be a consistent answer set Gt
(b) head(r') & X; Then, the following propositions are equivalent.
Then,Cfn’g)(X) = U;z0 X if U;»( Xi is consistent. 1. X is B-preferred;
Otherwisel(r, ) (X) = Lit. 2. C?ZX(H) <)(X) =X

The difference between this definitiband its predecessors 3. X = Y N £ for some answer saf of 7(II, <)
manifests itself in Condition |, where activeness is tested wrt (whereT™® is defined ir{ Delgrandeet al, 20’0(]);
(X, X) instead of( X, X) as in Definition 1 and 4. In fact, ) )

in Example (5) it is the (unprovability of the) prerequisite 4. X is a<®-preserving answer set di.

of the highest-ranked rule, that makes the construction of ypjike theorems 1 and 3, the last result stipulates #atust

w- or D-preferred answer sets break down (cf. Definition 1pe an answer set &f. This requirement can only be dropped
and 4). This is avoided wit-preference because once an-in case 3, while all other cases rely on this property.
swer set{a,b} is provided, its preference-compatibility is

tested wrt the program obtained by replacingwith b «— 7 Relationships

not —b.

B-preference can be captured by means of the followingJp to now, we have tried to clarify the structural differences
notion of order preservation: between the respective approaches. This has led to homoge-
Definition 8 Let (II, <) be a statically ordered program and Neous characterizations that allow us to compare the exam-
let X be an answer set dil. ined approaches in a uniform way. As a result, we obtain

Then, X is called <®-preserving, if there exists an enu- |n5|ghts into the relationships among these approaches.
meration(r;);c; of I'X such that, for every, j € I, we have First of all, we observe that all three approaches treat the
that: blockage of (higher-ranked) rules in the same way. That

is, a ruler’ is found to be blocked if either its prerequi-

sites in body ™ (') are never derivable or if some member
®While this is integrated intfBrewka and Eiter, 1999, Def. 4.4  of body ™~ (r') has been derived by higher-ranked or unrelated

it is made explicit ifBrewka and Eiter, 2000, Def] 6 rules. This is reflected by the identity of conditions Ila and

"We have refrained from integrating (4) in order to keep the fix- 2a/b in all three approaches, respectively. Although this is
point operator comparable to those given in the previous sections._
This is taken care of in the second proposition of Theorem 5. 8Conditionbody ™~ (r') N X # Bin (4) is obsolete since ¢ I'}s.

1. ifr; <rj, thenj <4; and
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arguably a sensible strategy, it leads to the loss of preferrethat the investigated approaches yield an increasing number
answer sets on programs like of answer sets depending on how tight they connect prefer-
ence to groundedness.

An interesting technical result of this paper is given by the
equivalences between the fixpoint operators and the standard

Let us now discuss the differences among the approachegic programming operators applied to the correspondingly
The difference between- andw-preference can be directly transformed programs (cf. Theorem 2 and 4). This opens the
read off Definition 1 and 4; it manifests itself in Condition llb avenue for further concepts of preference handling on the ba-
and leads to the following relationship. sis of the alternating fixpoint theory and its issuing semantics.
Further research includes dynamic preferences and more ef-
ficient algorithms for different semantics in a unifying way.

ri: a <« notb ro < T1
ro: b «—

Theorem 6 EveryD-preferred answer set is-preferred.

Example (3) shows that the converse does not hold.
Interestingly, a similar relationship is obtained between
andB-preference. In fact, Definition 8 can be interpreted a
a weakening of Definition 5 by dropping Condition 0 and
weakening Condition 2 (via 2¢). We thus obtain the following

gAcknowIedgements. This work was supported by DFG un-
der grant FOR 375/1-1, TP C.
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Abstract

The existing proof-theoreticand softwaretools for
nonmonotoniageasoninganonly handlefinite do-
mains.In this papemwe introducea classof normal
logic programs,called finitary programs whose
domain may be infinite, and suchthat credulous
and skeptical entailmentunder the stable model
semanticsare computable. Finitary programs—
that are characterizedy two conditionson their
dependeng graph—arecomputationallycomplete
(they cansimulatearbitraryTuring machines) Fur-
therresultsincludea compactnestheoremandthe
proof thatthe two conditionsdefiningfinitary pro-
gramsare, in somesense,'minimal”. The exist-
ing methodsfor automatechonmonotoniaeason-
ing areeithercompletefor finitary programspr can
be easilyextendedo coverthem.

1 Intr oduction

Thereis a compleity gap betweenpropositionaland first-
order non-monotonicheories. Finite propositionaltheories
aredecidablgasin first-orderlogic), while the consequences
of first-ordertheoriesarenot recursvely enumerablein gen-
eral. A computationallycomplete(Turing-equvalent)layer
is missing betweenthe two classesof theories. For this
reason,most of the researchon automatedreasoningand
proof-theoryfor nonmonotonidogics hasbeenfocussedon
finite propositionaltheoriesor equivalentformalisms, such
as function-freelogic programs. In this way, the ability
of reasoningaboutrecursve datastructuresandinfinite do-
mains (such as lists, trees, XML/HTML documentstime,
and so on) is completelylost. This is a stronglimitation,
bothfor standardasks—suclasreasoningaboutactionand
changewhentime is explicitly represented—anfibr emep-
ing applications—suclas using XML documentbasesas
knowledgebases.

Of coursetheremayexistinterestingsemi-decidablé&ag-
mentsof first-ordernonmonotonidogics. For example,in
somecasesthe second-ordecircumscriptionformulacanbe
expresseasafinite first-orderformula. Similar examplesare
missingsofarfor Default Logic andAutoepistemid_ogic.

Normal logic programsunderthe stablemodel semantics
canbe regardedas a fragmentof both logics. In this paper
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we introducea Turing-equvalentclassof programs,called
finitary programsthatopenstheway to effective defaultand
autoepistemiaeasoningaboutinfinite domains. The main
theoreticalfeaturesof finitary programsarethefollowing:

e Theirdomainmaybeinfinite.

¢ Nonthelesshoth credulousand skeptical reasoningare
semi-decidableGroundqueriesaredecidable.

e A form of compactnesholds.

e Finitary programsare computationallycomplete, i.e.
eachTuring machinecanbe simulatedby somefinitary
program.

¢ Finitary programsaredefinedby two conditionsontheir
dependenggraph,thatareminimal, in the sensehatif
ary conditionweredropped thensemi-decidabilityand
compactnesw/iould not be guaranteedrnymore.

The paperis organizedas follows: after a few technical
preliminaries(Section2), we characterizethe subprogram
neededo reasorabouta givengroundformulaF' (Section3).
Thenwe introducefinitary programs(Section4) and study
their theoreticalpropertiesandexpressveness.In Section5,
the completenesgproof for the skeptical resolution calcu-
lus introducedin [Bonatti, 1997 (originally formulatedfor
function-freeprograms)is extendedto all finitary programs
anda generalizatiorthereof(almostfinitary programg. Af-
ter a brief sketchof how existing credulousreasonerganbe
extendedo finitary programgSection6), we concludewith a
discussiorof theresultsandrelatedwork. Someof theproofs
areomitteddueto spacdimitations.

2 Preliminaries

We assumehe readerto be familiar with the classicatheory
of logic programmindLloyd, 1984. Normallogic programs
(hereaftercalled simply “programs”) are setsof rulesof the
form A < L,,..., L, (n > 0) suchthat A is alogical atom
andeachl; (i = 1,...n) isaliteral. As usualby “head”and
“body” of sucha rule we meanA and L4, ..., L,, respec-
tively. A programis positive if it containsno occurrences
of —. The groundinstantiationof a programP is denoted
by Ground(P). The Gelfond-Lifstitz transformationP! of
programP w.r.t. an Herbrandinterpretation/ (represented,
asusualasa setof groundatoms)is obtainedby removing
from Ground(P) all the rules containinga negative literal
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—B suchthat B € I, andby removing from the remaining
rules all negative literals. An interpretationd! is a stable
modelof P if M is theleastHerbrandmodelof PM. A for-
mula F' is credulously(resp.skeptically) entailedby P iff F’
is satisfiedoy some(resp.each)stablemodelof P.

The dependencygraph of a programP is a labelled di-
rectedgraphwhoseverticesarethe groundatomsof P’slan-
guage Moreover, i) thereexistsanedgefrom B to A iff there
isaruler € Ground(P) with A in the headandan occur
renceof B in the body; ii) suchedgeis labelled“negative”
if B occursin the scopeof —, and“positive” otherwise.An
atom A dependgositively (resp.negatively) on B if thereis
adirectedpathfrom B to A in thedependenggraphwith an
even(resp.odd)numberf negative edges A programis call-
consistentf no atomdependsegatively onitself. By odd-
cyclewe meana cycle in the dependeng graphwith anodd
numberof negative edges. Call-consisteng coincideswith
theabsenc®f odd-g/cles.Every call-consistenprogramhas
atleastonestablemodel[Dung,1994.

In the context of normallogic programsa splitting setfor
aprogramP [Lifschitz and Turner, 1994 is a setof atoms
U containingall the atomsoccurringin the body of ary rule
r € Ground(P) whoseheadis in U. The setof rulesr €
Ground(P) whoseheadis in U—calledthe “bottom” of P
w.r.t. U—will bedenoteddy by (P). By ey (P, I) we denote
the following partial evaluationof P w.r.t. I N U: remove
from Ground(P) eachrule A «+ L,,..., L, suchthatsome
L; containingan atomof U is falsein I, andremove from
theremainingrulesall the L; containingamembenf U. The
following is aspecializatiorto normalprogram=f aresultin
[Lifschitz andTurner 1994.

Theorem 2.1 (Splitting theorem) Let U be a splitting set
for anormallogic program P. Aninterpretation M is a sta-
ble modelof P iff M = J U I, whele

1. I is astablemodelof by (P), and
2. J is astablemodelof ey (P \ by (P), I).

3 Relevant subprograms

This sectioncontainghe basictechnicalresultsneededo in-
vestigataedecidabilityandundecidabilityissues Theseresults
prove that a certainstrict subsetof Ground(P) sufficesto
decidecredulousandskeptical entailment. Intuitively, all is
neededor inferencearethe rules affecting the behavior of
odd-g/cles(which may generaténconsistenciesn the form
of instability) andthe definitionsof the predicateson which
thegivengoal F' depends.

Definition 3.1 [Relevantuniverseandsubprogram]Therel-
evant universe for a groundformula F' (w.r.t. programP),
denotedby U (P, F), is the setof all groundatomsA such
thatthe dependenggraphof P containsa pathfrom A to an
atomoccurringeitherin F' or in someodd-g/cle of thegraph.

The relevant subpogram for a groundformula F' (w.r.t
program P), denotedby R(P, F), is the setof all rulesin
Ground(P) whoseheadbelongsto U (P, F). 1

Example 3.2 Consider the program P consisting of the
rules:
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p(f(X)) « p(X),q(X)
g(X) « s(X)
u(a) < —u(a)
2(X) + p(X)
andlet F = p(f(a)). Here
UP,F) = {p(f(a)),pla),q(a),s(a),u(a)} ,
R(P,F) = {(p(f(a)) + pla),q(a)), (q(a) < s(a)),

Note thatfor all rulesr € Ground(P), if the headof r be-
longsto U (P, F') thenalsoall the otheratomsin r belongto
U (P, F). Thenext propositionfollows easily

Proposition3.3 U (P, F) is a splitting setfor Ground(P),
and R(P, F) coincideswith by (p, ) (P).

Now the basictechnicalresultscanbe proved.

Lemma 3.4 For all groundformulaeF, R(P, F') hasa sta-
ble model M iff P hasa stablemodel M sud that M N
U(P,F) = Mp.

Proof. (“If " part) SupposeM is a stable model of P.
By Proposition3.3, U(P, F) is a splitting set for P and
R(P,F) = bypr)(P). Then, by the splitting theorem
[Lifschitz and Turner, 1994, thereexist a stablemodel I of
R(P, F), anda stablemodelJ of ey (p,r)(P \ R(P, F),I),
suchthatM = I U J. By definition,noatomin U (P, F') oc-
cursin ey (p,py(P\ R(P, F),I), thereforeJN U(P, F) = {.
It followsthatM N U(P, F) = I, andhenceM N U(P, F)
is astablemodelof R(P, F').

(“Only if” part) SupposeR (P, F) has a stable model
Mpg. By definition, all the atoms occurring in an odd-
cycle belongto U(P, F). Consequentlythe dependeng
graphof ey (p,ry(P\ R(P, F), I) containsnoodd-g/cles,i.e.
eyp,r)(P \ R(P, F),]I) is call-consistentThen,by a well-
knownresultin [Dung,1993, ey (p, ) (P \ R(P, F), I) hasa
stablemodelJ. Let M = J U Mp. By thesplittingtheorem,
theinterpretationM is a stablemodelof P. Moreover, since
JNU(P,F)={(cf.pointl), M N U(P,F) = Mp. 1
Theorem 3.5 For all groundformulaeF’,

1. P credulouslyentailsF' iff R(P, F') does.

2. P slkepticallyentailsF iff R(P, F') does.

Proof. if P credulouslyentails F', thenthereexists a sta-
ble model M of P suchthat M = F. By Lemma3.4,
M n U(P, F) is astablemodelof R(P, F'). Moreover, since
by definition U (P, F') containsall theatomsoccurringin F,
F musthave the sametruth valuein M andM N U(P, F),
andhenceM N U(P,F) = F. As aconsequenc®(P, F')
credulouslyentailsF'.

Corversely supposehat R(P, F') credulouslyentails F'.
Thenthereexists a stablemodel M of R(P, F) suchthat
Mp |E F. By Lemma3.4, P hasa stablemodel M such
thatM N U (P, F) = Mp. ThenthemodelsM and Mz must
agreeonthevaluationof F' (cf. the“only if” partof the proof)
andhenceM = F, which meanshat P credulouslyentails
F'. Thiscompletegheproofof 1).

To prove 2), we demonstratéhe equivalentstatement:
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P doesnotskepticallyentail F' iff R(P, F') doesnot
skeptically entail F.

This statemenis equivalentto: P credulouslyentails —F'
iff R(P, F') credulouslyentails—F, thatfollowsimmediately
from 1). ]

4 Finitary programs

Now we introducea classof programswvhoseconsequences
arerecursvely enumerablealthoughtheirdomainmaybein-
finite.

Definition 4.1 [Finitary programs]We say a programP is
finitary if thefollowing conditionshold:

1. For eachnode A of the dependeng graphof P, the set
of all nodesB suchthat A dependgeitherpositively or
negatively) on B is finite.

2. Only afinite numberof nodesof the dependeng graph
of P occursin anodd-gycle. ]

For example mostclassicaprogramsonrecursve datastruc-
turessuchaslists andtrees(e.g. predicatesrenber , ap-
pend, r ever se) satisfythe first condition. In thesepro-
gramsthetermsoccurringin the body of arule occuralsoin
thehead typically asstrict subtermsf theheads arguments.
This propertyclearly entailsCondition1.

The secondcondition is satisfiedby most of the pro-
gramsusedfor embedding\P-hardproblemsinto logic pro-
grams[Cholevinski et al., 1995; Eiter and Gottlob, 1993;
Gottlob,1994. Suchprogramscanbe (re)formulatedoy us-
ing a single odd cycle involving one atomp and definedby
simplerulessuchasp «+ —p andp « f, —p (if p doesnot
occurelsavhere,then f canbe usedasthe logical constant
falsein therestof the program).

An exampleof finitary programwithout odd-g/clesis il-
lustratedin Figure 1. It credulouslyentailsa groundgoal
s(t) iff ¢ encodesa satisfiableformula. By adding rule
1 + =s(f), =L we obtain anotherfinitary programwith
one odd-g/cle, suchthat s(t) is skeptically entailediff the
formulaencodedy ¢ is alogical consequencef the oneen-
codedby f.

The following propositionfollows straightforvardly from
thedefinitionsof U (P, G), R(P, G) andfinitary programslt
will beneededo prove computabilityresults.

Proposition 4.2 If P is finitary then,for all groundgoalsG,
U(P,G) and R(P,G) arefinite.

4.1 Compactness

In classicalffirst-orderlogic, aninfinite setof formulaeis in-
consistentiff it containsaninconsistenfinite subsetA simi-
lar property—thatn generaldoesnotapplyto nonmonotonic
logics—isenjoyedby finitary programstoo.

Definition 4.3 An unstablekernelfor a programP is asub-
setK of Ground(P) with thefollowing properties:

1. K is downwad closed thatis, for eachatom A occur
ring in K, K containsall therulesr € Ground(P)
whoseheadis A.

2. K hasnostablemodels. 1
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Theorem 4.4 (Compactness)A finitary program P hasno
stablemodelsff it hasa finite unstablekernel.

Proof. Let G beary groundatomin thelanguageof P. From
Lemma3.4,it followsthat P hasnostablemodelsff R(P, G)
hasno stablemodels. Clearly, R(P, G) is downward closed
by definition. Moreover, by Proposition4.2, R(P,G) is fi-
nite. ThereforeP hasno stablemodelsiff R(P,G) is afinite
unstablekernelof P. 1

4.2 Decidability and semi-decidability of inference

Hereaftewe focuson the compleity of inferencewithin the
classof finitary programs.This subsectiordealswith upper
bounds. We startwith the proof that, for all groundgoals,
bothcredulousandskepticalinferencearedecidable.

Theorem4.5 For all finitary programs P and groundgoals
G, both the problemof decidingwhetherG is a credulous
consequencef P andthe problemof decidingwhetherG is
a skepticalconsequencef P are decidable

Proof. By Theorem3.5, G is a credulous(resp.skeptical)
consequencef P iff G is acredulouqresp.skeptical)conse-
quenceof R(P,G). Moreover, by Propositiond.2, R(P, G)
is finite, so the setof its stablemodelscan be computedin
finite time. It follows thatthe inferenceproblemsfor P and
G arebothdecidable. ]

It follows easilythat existentially quantifiedgoalsare semi-
decidable.

Theorem 4.6 For all finitary programs P and all goalsG,
boththe problemof decidingwhetherdG is a credulouscon-
sequencef P andthe problemof decidingwhether3G is a
skepticalconsequencef P are semi-decidable

Proof. Theformula3G is credulously(res.skeptically) en-
tailedby P iff thereexistsagroundingsubstitutiord suchthat
G0 is credulously(res.skeptically) entailedby P. Thelatter
problemis decidable(by Theorem4.5), andall groundingé
for G canberecursvely enumeratedsoexistentialentailment
canbereducedo a potentiallyinfinite recursive sequencef
decidableests,thatterminatesf andonly if someG0 is en-
tailed. 1

We shallseein thefollowing sectionthatthisis astrictbound,
i.e. existential entailmentcan be undecidable(cf. Corol-
lary 4.11).

4.3 Minimality and expressveness

Next we focusonlowerboundgo thecomplexity of inference
for theclassof finitary programsandrelaxationghereof. The
next two resultsshov that both of the conditionsin Defini-

tion4.1arenecessarfor semi-decidabilityi.e. Definition4.1

is in somesensaminimal.

Proposition4.7 Credulousand skeptical inferenceare not
semi-decidabldor the classof all programssatisfyingCon-
dition 2 of Definition4.1.

Proof. Note thatlocally stratifiedprogramstrivially satisfy
Condition2 of Definition 4.1 while someof themmayviolate
Condition1. For locally stratifiedprograms,credulousand
skeptical inferencecoincide with the well-foundedseman-
tics[GelfondandLifschitz, 198§ andarenotsemi-decidable
[Schlipf,1994d, sothe propositionimmediatelyfollows. 1
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s(A) + member(A, [p,q,T,s]), ~ns(A)
(%) ns(A) < member(A, [p,q,r,s]), 7s(A)
(Y) member (A, [A|L])

member (A, [B|L]) - member(A,L)

Figurel: A finitary programfor SAT

The otherlower-boundresultsare basedon positive pro-
gramsthatdecidewhetheragivenTuring machingerminates
usingafixedportionof its tape.

Let M be an arbitrary Turing machine;let S and V' be
M'’ssetof statesandvocahulary, respectrely. Recallthatthe
actionsof M aredefinedby 5-tuples( s, v,v’', s’,m ), where
s andv arethe currentstateand symbol, respectiely, v’ is
the symbolto be overwrittenon v, s’ is the next state,andm
specifiesM’s headmovement.

Considerthe positive programP, in Figure2. Thereader
may easilyverify thatt(s,L, V,R) is entailedby Py, iff there
exists a finite computationof M, startingfrom a configura-
tion with states andtapedescribedy L, V, R, andusingonly
thefinite portion of tapecorrespondingo L, V,R. HereL is a
list representing finite portionof thetapeontheleft of M’s
head,in reverseorder; Vv is the currentsymbol;R is a (non
reversedYinite portionof thetapeon theright of M’shead.

ProgramP,, satisfiesCondition1 of Definition 4.1. To
provethis, notethattherecursve callsto predicate: presere
thelengthk of theportionof tapeencodedn thehead.There-
fore, for eachgroundatomt(s, {,v,r), thenumberof atoms
t(s',l',v',7") connectedo t(s,l,v,r) by adirectedpathin
thedependenggraphis boundedoy |S| - [V |*.

The next two resultsare basedon Py, and prove that if
Condition 2 in Definition 4.1 were dropped,theninference
would not be semi-decidablenymore. More precisely the
theoremssay that someinferenceswould be ascomplex as
decidingtheterminationof anarbitrary Turing machine.

Theorem 4.8 For each Turing macine M with initial state
s andtaper with non-blankportion { vg,v1, ..., v, }, a pro-
gram P}, anda goal G canberecusivelyconstructedsuc
that Py, satisfieonly Condition1in Definition4.1,and P},
skepticallyentailsG iff M terminates.

Proof. (Sketch)Let P}, consistof the programdefinedin
Figure?2 plustherules

u(L,R) « blank.list(L), blank list(R),

t(sa L, vg, [1)1 33 Un | R‘]): ﬁu(L7 R‘)
blank list([]).
blank 1ist([b | L]) + blank list(L).

whereb representshe blank symbol. P}, satisfiesCondi-
tion 1 of Definition 4.1 (cf. the argumerﬁ?or Pypq). Condi-
tion 2 of Definition 4.1 is violated, asthereexist infinitely
mary odd-g/cles,onefor eachgroundatomu(z, y). Clearly,
for arny groundingsubstitutiord, the goal

(blank-1list(L), blank list(R), t(s,L, vo,[v1,-.., vn | R]))6
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canbederivedfrom the subprogramP,, andthe clausegor
bl ank Ii st iff M terminatesusingthe portionof 7 repre-
sentedby Lo, vy, [v1, - .., vn | RY]. At thesametime, P, has
astablemodeliff theabove goalcannotbederivedfrom Py,
becausef the odd-gscle containingu(R, L)6. It follows that
for all G consistingof a propositionalsymbolnot occurring
in Pk, Py, skepticallyentailsG iff M terminates. 1

Theorem4.9 For eac Turing madine M with initial state
s andtaper with non-blankportion ( vg, vy, . .., v, ), apro-
gram P%, anda goal G canberecussivelyconstructedsuc
that P3, satisfieonly Condition1 in Definition4.1,and P3,

credulouslyentailsG iff M terminates.

Proof. Let P}, = P}, U {p}, wherep is anew propositional
symbol not occurringin P}M, andlet G = p. Clearly P},
credulouslyentailsG iff P;, hasa stablemodel. Since P,
hasa stablemodeliff M terminategcf. the previous proof),
thetheoremimmediatelyfollows. ]

Thenext resultis basedbnamaodificationof Py, thatkeeps
track of theresultof the computation.The modifiedprogram
P}, hasone extra argumentto returnthe final stateof the
tape. The theoremprovesthatthe classof finitary programs
is computationall}completeby shaving how ary Turing ma-
chinecanbe simulatedby a suitablefinitary program.

Theorem4.10 For eadh Turing madine M with initial state
s andtaper with non-blankportion{ vg,v1, . .., v, }, a(pos-
itive) finitary program P}, and a goal p(L, R, X) canbere-
cursively constructed,n sudc a way that for all grounding
substitution®, P3, = p(L,R,X)8 iff M terminatesand X6
encodeghefinal tapeof the computation.

Corollary 4.11 Theproblemsof decidingwhethera finitary
program P credulously/s&ptically entails an existentially
guantifiedgoal 3G are notdecidable

5 Resolutioncalculus

Here the resultsof the previous sectionsare appliedto the

resolutioncalculusfor skepticalstablemodelsemanticéntro-

ducedin [Bonatti,1997. In the original papertheresolution
calculuswas proved completew.r.t. function-freeprograms
(soundnesholdsfor all programs)In this sectionwe extend
thecompleteneseesultto all finitary programs.

Theorem5.1 Let P bea finitary program,andlet (A H —
A\ G)~ be a ground skeptical consequencef P, whee H
and@ are sequencesf literals. Thentheslepticalgoal (G |
H) hasa successfuskeptical derivationfrom P with answer
substitutiord more genesl than+.
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t(s,L, v, [V [R]) « £(s',[v" | L], V,R)
t(s,[V]|L],v,R) « t(s',L,V,[v' | R])
t(s,L,v,R

for all 5-tuples( s, v,v',s',right)
for all 5-tuples( s, v, v, s', left)
if thereexistsnotuplefor s andv.

Figure2: A programdecidingterminationof a Turing machinewith boundedape

Proof. Let ¥ = (AH — AG)y. SinceF is aground
skepticalconsequencef P, then F' is alsoa skeptical con-
sequencef R(P, F) (by Theorem3.5). Moreover, R(P, F)
is finite (by Propositiord.2). Then,by the original complete-
nessresult[Bonatti, 1997, (G | H)~ hasa groundskeptical
derivation from R(P,F) C Ground(P). By standardift-
ing techniquescf. [Lloyd, 1984), a correspondingkeptical
derivation of (G | H) from P with answersubstitutioné
moregenerakthan~ caneasilybeobtained. ]

Example 5.2 Consideragainthe programP of Example3.2.
Thisfinitary programhasno stablemodel,becausef its third
rule. Figure 3 shows a successfuskepticalderivationfor the
skeptical conclusionp(X), with empty answersubstitution
(whichmeanghatVX.p(X) is askepticalconsequencef P).
The RestrictedSplit of typell introduceswo subgoalseach
with a new hypothesis(u(a) and —u(a), respectrely), ob-
tainedfrom anatomoccurringin someodd-g/cle. The Con-
tradictionrule replaceghe left-handside of a goal with the
negationof somehypothesis.Intuitively, the goalis proved
by shaving that the hypothese®n the right handside can-
not be satisfied.The Failure rule rewrites a goal with oneof
its countersupports In this examplethe countersupportof
u(a) is u(a) itself (obtainedby negatingthe uniquesupport
{—u(a)} of u(a)). Resolutioncanbe performedeitherwith a
programrule or with oneof the hypotheseg¢treatedasfacts).
Finally, the Successule removesgoalswherethereis nothing
left to prove. As usual,the emptygoal sequenceés denoted
by O. ]
With the help of the resolutioncalculusit canbe shavn
thata classof nhormalprogramdargerthanfinitary programs
is Turing equivalent. The extendedclass—calledlmostfini-
tary—admitsthe kind of rulestypically usedto generatéan-
consistenciesyithouttherestrictionsof Definition4.1.

Definition 5.3 [Almost finitary programs]A normal pro-
gram P is almostfinitary iff it canbe partitionedinto two
(disjoint) subsetsP; and P, suchthat P; is finitary, and P,
consistof rulesof theform A « By,...,B,,—A. ]

Notethatthereis norestrictionon P>’srulevariables Givena
groundinstance(A < By, ..., B,,—A)f8 of arulein P,, A§
may dependn infinitely mary groundatomsB (i.e., Condi-
tion 1 of Definition 4.1 canbeviolated).

Theorem 5.4 The skeptical resolutioncalculusis complete
(inthesensef Theoemb5.1)for all almostfinitary programs.

Corollary 5.5 Thesetof skeptical consequencesf the form
(A H - A\ G), whee H andG are sequencesfliterals, is
semi-decidabléor almostfinitary programs.

Remark 5.6 For almostfinitary programsgroundcredulous
inferenceis notsemi-decidableThis meanghatskepticalin-
ferencefromalmostfinitary programscannotbeimplemented
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throughcredulousinference Only directapproachesuchas
theresolutioncalculusarepossible.

6 Credulousautomatedreasoners

For function-freeprograms thereexist powerful automated
reasonersbased upon stable model generation, such as
sMODELS [NiemekandSimons, 1997 andpLv [Eiteretal.,
1997. Internally, theseenginesoperateon groundprograms;
for thisreasorthey embodysmartprograminstantiationrou-
tines. Suchroutinesareappliedbeforeary otherform of rea-
soning. It seemaot difficult to extendthe instantiationrou-
tinesto dealwith all finitary programssothatgivenaground
goal G 1, only the relevant (groundand finite) subprogram
R(P,G) (or anequivalentsubsethereoff is generatedThe
restof the engineneedsno modification. By Theorem3.5,
soundnesandcompletenesare presered. In this way, our
resultscan be usedto extend the applicability rangeof this
classof automatedeasonersyith nomodificationto thecore
of their reasoningnechanisms.

7 Summary and relatedwork

For the first time, semi-decidabléragmentsof the stable
model semanticshave beenexplored in depth, and related
to the numberof atomsinvolved in odd-g/cles. The main
contributions of this papercan be summarizedby recalling
that finitary programs(Def. 4.1) are computationallycom-
plete (Theorem4.10), can deal with function symbols,and
enjoy a compactnessesult (Theorem4.4) that guarantees
semi-decidabilityof inference(Theorem4.6). Finitary pro-
gramsare characterizedy two conditionson their depen-
deng graphthat are minimal, in the sensethat if ary of
themweredroppedtheninferencevould notalwaysbesemi-
decidable(Theorems4.7, 4.8 and 4.9). We proved that the
skepticalresolutioncalculusis completefor finitary andal-
mostfinitary programgTheorems.1and5.4),andsketched
how other enginesfor nonmonotonicreasoningcan be ex-
tendedto deal with finitary programs(Section6). We are
currentlyextendingour resultsto larger classe®f programs,
andto partial stablemodels?

The work on finitary programscontributes to provid-
ing nonmonotoniclogics with classicalproof- and model-

Theseenginescanonly dealwith groundqueries

2The smartinstantiationroutinesremove somenon-applicable
ruleinstances.

3As notedby ananorymousrefereethesamedeacanbeapplied
to function-freeprograms,in orderto reducethe costof program
instantiation.

“The latter idea and evidenceto its feasibility have beensug-
gestedoy ananorymousreferee.
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(p(X) [ )
(p(X) [u(a)) (p(X) | ~u(a))
(-u(a) | u(a))  (p(X) | ~u(a))
(u(a) | u(a))  (p(X) | ~u(a))
(Ol u(a)  (p(X) | —u(a)
(p(X) | ~u(a))
(u(a) | ~u(a))
(—u(a) | ~u(a))
(@ | ~u(a))
O

(Initial goal)

RestrictedSplit of typell
Contradictiorrule

Failurerule

Resolutiorwith hypothesis
Successule
Contradictiorrule
Resolutionwith u(a) + —u(a)
Resolutionwith hypothesis
Successule

Figure3: A skepticalderivation

theoretictools andresults. Work in a similar directioncom-
prisessomeprettystandardaxiomatizationdasednHilbert-
stylesystemgLevesque1990° andsequentalculi[Olivetti,
1992;BonattiandOlivetti, 1997. Theseaxiomatizationgor
Default and Autoepistemidogic shouldbe extendedto first-
ordertheoriesperhapsadaptinghetechniquesntroducedn
this paper An infinitary proof-theorycanbe foundin [Mil-
nikel, 1999. In [Rosati,1999, issuesrelatedto decidable
nomonotoniaeasoningn MKNF areinvestigated. In [Cen-
zeretal., 1999, sufficient conditionsfor the existenceof re-
cursively enumerablestablemodelsareidentified. They do
notensurehatall stablemodelsarer.e.,soskepticalandcred-
ulousreasoningarenot semi-decidable.
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Splitting Without Backtracking*

Alexandre Riazanov and Andr ei Voronkov
The Universityof Manchester

Abstract

Integratingthe splitting rule into a saturation-based
theoremprover may be highly beneficialfor solv-
ing certainclasse®f first-orderproblems.The use
of splitting in the context of saturation-basettheo-
remproving basedn explicit caseanalysisasim-
plementedn SFASS)employs backtrackingvhich
is difficult to implementasit affectsdesignof the
whole system.Herewe present “cheap”andeffi-
cienttechnigudor implementingsplittingthatdoes
notusebacktracking.

1 Intr oduction

Caseanalysidgn theform of the -ruleis the coreof tableau-
basedheoremproving methods.If ouraim is to refutea set
of clausesS U {¢ V ¢}, we canreducethis taskto refuting

two simplersets:SU{¢} andSU{¢}. Thisis justifiedby the

following argument.To show that S is falsein all themodels
of theformula ¢ Vv 1, onecanseparatelyonsidertwo cases:
all the modelsof ¢ andthe onesnot necessarilysatisfying
¢ but satisfyingy. Thesaturatiorbasedheorenproving has
adoptedhecaseanalysigrinciplein theform of splittingthat
canbeformulatedin the propositionalcaseasthe following

inferencerule:

SU{C:.V C:}
7\
Su{Ci} SU{C>}

whereS is a setof clauses(C, andC, areclauses.Unlike

most of the other inferencerulesin saturation-basetheo-
rem proving that only modify a setof clausedy addingand
removing someclausesthis rule makestwo setsof clauses
out of one. Now, to refutethe original setS U {Cy V C2},

onemustseparatelyefutethe two new sets: S U {C;} and
SU{Cs}.

In the propositionalcase this rule togethemwith unit reso-
lution givesacompletenferencesystem.Findingarefutation
in this systemcanbe organised for example,as depth-first
exploring of branches.After finding a refutationon one of

*Partially supportedby grantsfrom EPSRCand the Faculty of
Scienceand Technology the University of Manchester The first
authoris alsopartially supportedby anORSaward.
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thesplitting branchesthe proceduréacktracksandproceeds
with the secondbranch.In whatfollows, we call this proce-

dureexplicit caseanalysis A simpleexampleof a proposi-

tional derivationwhich combineshe splitting rule with reso-

lution on branchess shown in Figure 1. The currentsearch
stateis depictedasa tree. The nodescontainclausescom-

mon for all the branchedelon them. The clauseor clauses
to which aninferencerule hasbeenappliedis putin ashaded
box. For amoment,gnorethe labelsof the edgesfor exam-

plep:.

In thefirst-ordercasethesplitting rule canbeformulatedn
the sameway asin the propositionalcasewith anadditional
restriction:theclauseg”; andC> do not have commonvari-
ables. This rule canbe combinedwith inferenceruleslike
resolutionandparamodulationCombinedwith someresolu-
tion strat@jies, it givesdecisionproceduredor fragmentsof
first-orderlogic (seee.g.[Fernilller etal., 2001]).

The cost of naive backtrackingis very high, since the
clausesetS cancontaintensof thousand®f clausesso af-
ter severalsplitsalot of memoryis neededo storebacktrack
points. Therefore,in practice(the SFASS prover [Weiden-
bachet al., 1999) explicit caseanalysisis implementedoy
addingto eachclauseits split history. the setof splits used
to obtainthis clause,representedby an array of bits. The
split history also helpsto implementintelligent backtradck-
ing: by analyzingthe split historyonecancheckwhich splits
have actuallybeenusedto obtaina contradictionon the cur-
rentbranch.Clauseahich do not belongto the currentlyex-
ploited branchare put in a specialwaiting list, and popped
backfrom thewaiting list uponbacktracking.Therearecom-
plicationscausedy simplificationby unit equalitiesbelong-
ing to a branchwhich canbeillustratedby the following ex-
ample.

Example 1.1 Considetthesplit ontheleft of this picture:
: :
Dis] s=tvE€
\ s=t C
=t C Dit]

s D[s]

whereC ands = t have nocommonvariables,s > t in the
simplification order usedin the proof-searchand D[s] is a
clausewith anoccurrencef s. After the split theleft branch
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Figurel: A derivationwith splitting andunit resolution

containstwo clausess = t andD[s], so D[s] canbe simpli-
fied andreplacedby D[¢], but only on the left branch,since
thereis no clauses = t ontheright branch.This meanghat
D[s] shouldstill bekeptontheright branch sosimplification
by s = t shouldbeimplementedaccordingto the right-hand
sideof thepicture.

To achieve efficiency, moderntheoremprovers maintain
one or more indexes on terms, literals, or clauses. To im-
plementsplitting, maintainanceand retrieval algorithmson
indexesshouldbe changed Either oneshouldhave common
indexesfor all branchespr elseindexesfor thecurrentbranch
only. In theformercasejndex retrieval algorithmsshouldbe
changedo take into attentionthe splitting history. In thelat-

ter case,index maintainancelgorithmsshouldbe changed.

In eithercase a significantamountof work on indexesis re-
quireduponbacktracking.

In general, backtracking in resolution-basedtheorem
proversrequiresa nontrivial implementation.ln the modern
saturation-basetheoremproversfor first-orderlogic, split-
ting with backtrackingis implementedonly in Spass [Wei-
denbactetal., 1999.

In this report we discussanalternatve to the explicit case
analysiswhich canbeimplementedn resolution-basetheo-
rem proverswithout a significantoverhead.We call it split-
ting withoutbadtradking. Theideaof splitting withoutback-
tracking can be formulatedas follows. Consideragainthe
split of Example 1.1, but let us mark the branchesof the
searchtree by literals as follows. We take a new proposi-
tional symbolp andmarktheleft branchwith p andtheright
branchwith —p:

612

Dis]
s=tVv€

AN

s=t P C

If thereare several splits, we introducea new propositional
symbolfor everysplit. Now, insteacbf dealingwith branches,
we simply addto eachclauseon a branchall labelsusedon
thatbranch.Thenthe split canbe describedasthe following
inferencerule which replaces clauseby two new clauses:

SU{D[s],s=tVvC} = SU{D[s],s=tVp,CV —p}.

It is not hardto arguethat sucha splitting preseresthe un-

satisfiability of the setof clauseqwe will prove it formally

belown). Theeffect of splitting is very similar to the effect of

the explicit caseanalysis,but branchesareno moreneeded,
sincewe aresstill dealingwith just one setof clauses. The

following simplificationof D[s] by s = t ontheleft branch
cannow bedescribedn atleasttwo possibleways:

SU{D[s],s=tVp,CV -p}—>
SU{Dl[s],s =tV p,CV -p,D[t]Vp};

SU{D[s],s=tVp,CV -p}—>
SU{s=tVp,CV-p,D[t]V p,D[s] V —p}.

The secondway correspondso the simplification of Exam-
ple 1.1, but we preferthe first way becauset givessimpler
clauses.

We will shaw thatsplitting without backtrackingcansim-
ulate, in somesenseexplicit caseanalysis. Moreover, by
usingvariousselectionfunctionsonecansimulatea parallel
versionof caseanalysis,in which branchesreexploited si-
multaneously Apart from beingeasyto implement,splitting
without backtrackinghas several other advantages:firstly,
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we obtainthe effect of intelligent backtrackingfor free,and
secandly some simplification rules can move clausesbe-
tweenthe brancheghusavoiding repeatedvork on different
branches.

This articleis organizedasfollows. In Section2 we define
somefundamentahotionsof this paper for examplethose
of componentindsplit. We alsorecall somenotionsof the
theoryof resolution.In Section3 we discussseveralversions
of the splitting rule, namelybinary and hyper splitting, with
or without naming In Section4 we shov how onesimulate
differentstrategjiesof splitting by usingappropriatditeral se-
lectionfunctions. In particular we shov how onecansimu-
late explicit caseanalysisby usingso-calledblocking exten-
sion of selectionfunctions. An efficient algorithmfor find-
ing the maximal split of a clauseinto componentss given
in thefull versionof this paper In Section5 we discussthe
clausevarianceproblem checkingif a clauseis a variantof
anotherclause. We shawv that the clausevariantproblemis
polynomial-timeequivalentto the graphisomorphismprob-
lem. Finally, in Section6 we discussexperimentscarriedout
with VAMPIRE overalargecollectionof problems.

2 Preliminaries

We assumea fixed signatureX. By P we denotea count-
ablesetof predicatesymbolsof arity 0 disjointfrom X. El-
ementsof P will be denotedby p, ps, ... andusedas new
namesfor clausecomponentsor alternatvely, asidentifiers
for branches.

We call aclauseasetof literals. Sometimeglausewill be
written asdisjunctionof their literals. We denoteby var (E)
the set of all variablesoccurringin an expressionE (e.g.
clause).For a clauseC, the universal closure of C, denoted
byVvC,istheformulaVz; ...Vz,C, wherexy, ..., z, areall
variablesof C'.

2.1 Componentsand splits

Definition 2.1 (component) TheclauseC is called a com-
ponentof a clauseC Vv D if C is nonempty var(C) N
var(D) = @ and C containsno predicatesymbolsn P. The
component is called minimal if no propersubsebf C is a
componenin C'v D. ThecomponenC'is calledtrivial if D
is a clauseof thesignatue P or empty

Note that every clause D hasat leastone component:the
subsebf D consistingof theliteralsof the signatureX..

Definition 2.2 (split) AsplitofaclauseD is anyrepresenta-
tionofC asCiV...C,VvD' , whee(Cy,...,C, aredifferent
component®f C'. Thesplitis trivial if n = 1 andC is the
trivial componentf D. Thesplitis maximalif Cy,...,C,

are all theminimalcomponentsf D.

Notethatin themaximalsplit the subclauseD’ only consists
of the literals of the signatureP. Also, it is obviousthatthe
maximalsplit of a clauses unique.

2.2 Resolution

Ourtechniqudor implementingsplittingworksin thecontext
of a saturationprocedurefor the calculusof orderedresolu-
tion. For the purpose®f this paperit is enoughto recallonly
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the nongroundversion of the orderedresolutionrule itself,
for otherrulesandcalculi seee.g.[BachmairandGanzinger
2001. Let = beasimplificationorderon terms,extendedn
the usualway on literals. We assumethat a selectionfunc-
tion selectin every nonemptyclauseeithera negative literal,
or a subsetof positive literals, andif ary positive literal is
selectedthenall maximalw.r.t. > literals are selectedoo.
Thenorderedresolutionis the following rule:

AVC -BVD
(CVD)b

whered is amostgeneralunifier of A and B, theatom A is
selectedn theclauseA v C, theliteral =B is selectedn the
clause-~B Vv D, andthereis noliteral in D@ greaterthan A9
in the usedsimplificationordering.

3 Splitting without backtracking

In this sectionwe formulateseveralversionof splitting with-
outbacktrackingandprove their soundness.

3.1 Binary splitting

Definition 3.1 (binary splitting rule) Let S be a set of
clausesof the signatureX U P, C vV D be a clausewith a
nontrivial componentC, andp € P be an atomnot occur
ring in S U {C Vv D}. Thenthe binary splitting rule is the
following inferencerule:

Su{CvD}—SU{CVp,DV-p}. 1)

We alsosaythatS U {C V p, D V —p} is obtainedfrom S U
{C Vv D} by binary splitting.

Theorem 3.2 Thebinary splitting rule preservesatisfiabil-
ity.

ProoF. Any modelfor SU{C V p, D vV —p} is alsoamodel
for SU {C v D} sinceC Vv D is alogical consequencef
C VvV pandD V —p. In thereversedirection,amodel M’ for
SuU{CVp,DV -p} canbe obtainedfrom a model M for
SU{C v D} byredefiningp sothatM' Ep < =VC. O

It followsfrom theproofof TheorenB3.2thatthenew pred-
icate symbol p introducedby an applicationof the binary
splitting rule (see(1)) canberegardedasa new nameof the
formula—=VC. Thisimplies an optimizationof binary split-
ting which allows oneto reuse¢henew names.Thisoptimiza-
tion canbeformalizedasfollows.

Definition 3.3 (binary splitting with naming) A naming
functionis ary function N from the setof nonemptyclauses
of the signatureX. to the setP with the following property:
N(C1) = N(Cy) if andonly if C is avariantof Cs.

Let S beasetof clausef thesignaturex UP andC' v D
be a clausewith a nontrivial componenC'. LetalsoN bea
namingfunction. Thenthebinary splitting rule with naming
is thefollowing inferencerule:

Su{CvD}—->SU{CVNC),DVv-N(C)}. (2
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Onecanalsoconsidera modificationof the binary splitting
rule with namingwhereonly thefirst applicationof the split-
ting introducegheclauseC' v N (C), andall furtherapplica-
tions of splitting with the samecomponentC simply replace
C Vv D by oneclauseD v -N(C).

Let us give an examplethat illustratesthe differencebe-
tweenthe binary splittings with andwithout naming. Sup-
posethat we have a setof clausesS U {C'V D;,C Vv D}
suchthat C' is a nontrivial componentn both C v D; and
C'v D,. Usingbinarysplitting, we canperformthefollowing
derivation:

SU{CVDl,CVDQ}—)
SU{CVpi,D1V-p;,CV Dy} =
SU{CVpl,DlVﬁplacVP2aD2V_‘p2}'

Usingbinary splitting with naming,we canperforma differ-
entderivation(assumingV(C) = py).

SU{CVDl,CVDQ}—)
SU{CVpl,DIVﬂpl,CVDz} —
SU{CVpi,D1V-p1,DsV-p}.

Preseration of satisfiabilityin the caseof binary splitting
with namingis moredifficult to formulate.We canonly guar
anteepreseration of satisfiabilityundersomenaturalcondi-
tions.

Theorem 3.4 Let I beaninferencesystenon setsof clauses
with the following properties: every inferencepreserveshe

setof models,.e. for everyinferenceS — S’ in this system,
S and S’ havethe samemodels. Let I’ be the extensionof

I by binary splitting with naming Thenfor every derivation
So = S1 — ...in I' sud that Sy is a setof clausesof the

signatue X andeveryi > 0, the set.S; is satisfiableif and

onlyif sois S;41.

PrROOF. The proof essentiallyrepeatsthe proof of Theo-
rem 3.2. Take ary model M of Sy of the signatureX and
defineits extensionM’ to the signatureX U P asfollows: de-
finein M' eachnew predicatesymbol N(C) € P beequi-
alentto =VC. Thenarguingasin the proof of Theorem3.2
onecanshow that M' is amodelof eachS;.

In the corversedirection, note that every S; is a logical
consequencef S; ;. IndeedwhensS;,, is obtainedrom S;
by applyinganinferenceof the original systemI, this holds
by our assumption.When S, is obtainedfrom S; by ap-
plying binary splitting with naming(2), this is alsoobvious,
sinceS; .1 containgheclauseC' v N(C). O Note

thatthis proof canbe easilyadaptedo the modified version
of splitting. For the modifiedversionin generalit is nottrue
ary morethat S;1 containsthe clauseC' v N(C), but one
canshow thatC v N(C) is alogical consequencef S; ;.
The conditionson the inferencesystem! are naturaland
notrestrictive. For example thestandarcroofsof complete-
nessin the theory of resolution[Bachmairand Ganzingey
2001] useinferencesystemswith two kinds of rule: addition
of aclauseimplied by otherclausesandremoval of a clause
implied by other(smaller)clauseslt is easyto seethatevery
suchinferencesystempreseresmodels.
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3.2 Hyper splitting rule

Similar to the binary splitting, we candefinehypersplitting,
in which we split morethanonecomponentff a clause.

Definition 3.5 (hyper splitting rule) Let S be a set of

clause®f thesignaturesUP andC; V.. .vC, VD beaclause
with nontrvial component<’y,...,C,. Letp,...,p, be
predicatesymbolsin P occurringin neitherthis clausenor S.

Thenthe hypersplitting rule is thefollowing inferencerule:

Su{Cyv...vC,V D} - 3)
SU{Ci1Vp1,-- ', CoVpr,DVop V... V-py}.

Let also N be a namingfunction. Thenthe hyper splitting
rule with namingis thefollowing inferencerule:

SU{CiV...VvC,V D} —
SuU{CiV N(C1),...,Cp VN(Cp), 4)
DVﬂN(Cl)V...V—lN(Cn)}-

Hypersplitting canbeinterpretedasrepeatedlyappliedbi-
nary splitting. One can prove that hyper splitting (with or
without naming) preseres satisfiabilityin exactly the same
way asfor binary splitting.

4 Literal selectionand simulation of explicit
caseanalysis

Sofarwe only consideredplitting asaninferencerule. Here
we will considersplitting aspartof aninferencesystem.As
the inferencesystemwe considerbinary resolutionwith su-
perpositionand negative selection. We assumea simplifi-
cation orderingin which every literal of the signatureX is
greaterthanarny atomin the signatureP. In orderto define
the inferencesystemwe have to definea selectionfunction
on clauses.We will definetwo kinds of selectionfunctions:
blockingandparallel. Both will be obtainedby extendingan
arbitraryselectionfunction on the clausef the signature:
to the clausef the extendedsignature® U P.

4.1 Blocking extensionof a selectionfunction

Definition 4.1 (blocking extension) Let s be ary selection
function on the clausef the signatureX.. The blocking ex-

tensionof s is the selectionfunction on the clausesof the
signatureX U P definedasfollows. (a) Let D be a clause
containinga negative literal —p of the signatureP, thenthe
maximaloneamongsuchliteralsis selectedn D. (b) Let D

be a clausecontaininga positive literal p of the signatureP

andno negative literals in this signature. Thenthis literal is

selectednly whenp is themaximalliteral in D. Notethatin

this caseD solelyconsistof positive literalsof the signature
P.

It is not difficult to prove that we indeedobtaina selection
function, sinceall literals of the signatureP arelessthanall
literalsof thesignaturex. Sincewewill usuallyassumeome
selectionfunction on the clauseof X, we will simply speak
aboutthe blocking selectionfunctioninsteadof the blocking
extensionof the selectionfunction.

Now assumehatwe are usinga blocking selectionfunc-
tion. Let usalsoassumehateachtime we applythe splitting
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rule, the newly introducedatom p is greaterthanary atom
previously introducedby splitting. Let us shaw that the re-
sulting inferencesystemsimulatesto someextent, explicit
caseanalysis.

Considera sequencef splits andapplicationsof nonsim-
plifying inferencerules. Let uscall thelabel of a branchthe
setof all positive literalsthatmark edgesof this branch.We
transformclausesusedin a derivation with splitting asfol-
lows. To eachclauseC' that appearson a branchwe add
the label P of this branch,obtainingthe clauseC v P. We
canshow thateachnonsimplifyinginferencethatcanbe per
formedonabranchcanalsobeperformednthetransformed
clausesFor simplicity, we only considertheresolutionrule.

Let A; V D; and—A, vV Dy betwo clausesn which 4,
and—A, areselectedf be a mostgeneralunifier of A; and
A,, andno literal in D16 is greaterthan 4;6. Thenwe can
applyaresolutioninferenceasfollows.

A1 \% D1 —|A2 V D2 .
D6V D»0

Let P, and P, bethelabelsof thebranchesf 4; v D; and
—As V D, respectiely. Thenthe correspondingransformed
clauseswill be A; v D, vV P, and—A, vV Dy V P,. By our

definitionof a blocking selectionfunctionandthe order it

is not hardto arguethat A; and—A4, will be selectedn the
transformedlausesandthatnoliteralin D16V P; @ is greater
thanA4,6. Thereforewe canapplytherule

A1VD1VP1 _|A2VD2VP2_
D10VD20VP1VP2

It is nothardto arguethat P, v P, is thelabelof thecommon
branchfor A; vV D; and—A, V Ds.

It is interestingto obsene what happensto the literals
which do not belongto the currently investigatedbranch.
Supposefor, simplicity, that we are working with the left-
mostbranchlabelledby p; V...V p,. Thenall clausesvhich
arenot on the currentbranchcontaina negative literal of the
signaturelP, which by our choiceof the selectionfunction,
will beselectedTake ary suchclausefor example,~p, vV D.
Theonly inferencerule we canapplyto this clauseis resolu-
tion with aclausep,, vV P, wherep,, is greatetthanary literal
of P. But we canobtainsucha clauseonly whenthe empty
clauses obtainedon theleftmostbranchlabelledby p,, v P,
so—p,, VD will beblockedfor inferencesuntil acontradiction
ontheleftmostbranchis obtained.As soonassucha contra-
dictionis obtainedwe can“unblock” theclause-p,, V D by
resolvingit against,, vV P andobtainingD Vv P.

Thus, we obtain a nearly complete correspondencée-
tweensearchstatesof the explicit caseanalysisandthe sys-
temwith the binary splitting without backtracking.lt is not
anexactcorrespondenctor severalreasonsFirstly, simpli-
fication rules behare in a slightly differentway. Secondly
splitsdoneby splitting without backtrackingoftendo not be-
long to particularbranchesbut are“shared”acrosddifferent
branchesTo explainthis effect,weshav in Figure2 aderiva-
tion usingbinary splitting and a blocking selectionfunction
which correspondso thederivationof Figurel. We presere
the sameenumeratiorof inferencesasin thatfigure. If alit-
eralin thenew signaturdP is selectedyve putit in front of the
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clausefor example—p; V B meanghat—p, is selectedFor
simplicity, we remove subsumedlausesandpureliterals.

After inference7 of thederivationusingexplicit caseanal-
ysis, we have a copy of the clause—A v =B which wasput
ontheright branch afterwe performeda split on this clause
ontheleft branch.In thederivationusingbinarysplitting, the
splitof A vV =B into —=A V p; and—p, V =B remainseven
whenwe finish working on theleft branch.

4.2 Parallel extensionof a selectionfunction

Definition 4.2 (parallel extension) Let s be ary selection
function on the clausesof the signatureX. The parallel ex-

tensionof s is a selectionfunction s’ on the clausesof the

signatureX U P definedasfollows. Let D be a clauseof the

form D'V P, whereD' is aclauseof thesignatureX andP is

aclauseof thesignatureP. If D' is notempty thens’ selects
in D' v P exactly the sameliteralsass selectsn D'. When
D' is empty themaximalliteral from P is selected.

In otherwords,theparallelextensionalwaysmakestheselec-
tion in aclauseD ignoringtheliteralsof D' of the signature
P.

Again, it is not difficult to prove that we indeedobtain
a selectionfunction, sinceall literals of the signaturelP are
lessthanall literals of the signatureX. We will simply speak
abouta parallel selectionfunctioninsteadof the parallelex-
tensionof a selectionfunction.

A parallelselectiorfunctionignoresthe splitting history of
clausecompletely andthusgivesthe effect of parallelsearch
onall branches.

4.3 Subsumptionresolutionand splitting

Oneof the seriousadvantage®f splitting without backtrack-
ing is that it can be productively combinedwith the sim-
plification rule calledsubsumptiomesolution[Bachmairand
Ganzingey 2001]. Essentially subsumptiorresolutionis a
specialcaseof binary resolutionthat guaranteeshatthe re-
solvent subsume®ne of the parents. We say that a clause
D, subsumea clauseD; if thereexistsa substitutions such
that Do C Ds. It is known thatclausesubsumedby other
clausexanberemovedfrom thesearchspace.

Subsumptiomesolutionis the following inferencerule on
setsof clauses:

SuU {Al VD17—|A2 VDQ} - SuU {Al VDl,DQ}
SuU {“Al VDl,AQ VDQ} - SuU {—|A1 VDI’DZ}

wherethereexists a substitutions suchthat 4,0 = A, and
Dio C D,. Therule is called subsumptiorresolutionbe-
causeof its resemblancéo subsumptionthisruleis applica-
bleif andonlyif A; vV D; subsumesgl, Vv D,. Thussubsump-
tion algorithmscanbe modifiedfor finding pairsof clausego
which subsumptionesolutionis applicable.

Sincesubsumptiorresolutionis a simplificationrule (the
clause-A, vV D5 or A; V D, is replacedoy a smallerclause
D,), it canbeappliedindependentlypf the selectiorfunction
or orderonliterals.

Subsumptiorresolutioncombinedwith splitting cangive
the following effect: literals canbe moved acrossdifferent
branchesFor example,considertwo clause' v p andD Vv
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Figure2: A derivationusingbinary splitting andblocking selection

—p suchthatC' subsumed. In explicit caseanalysisthese
clausesvould belongto two differentbrancheshecaus&’vyp

shouldbe on the left branchof splitting on p, while D v —p

on the right branch. If we usesubsumptiorresolution,we

canreplaceD Vv —p by the clauseD, which correspondso

moving D from theright branchto thetop.

Theeffectof subsumptiomesolutionis evenstrongemwhen
C is avariantof D or coincideswith D. Thenwe obtaintwo
clauses” v p andC' v —p, which by subsumptionmesolution
followedby subsumptiowill bereplacedoy C. This hasthe
effectof notingthatC' belongsto two differentbranchesand
putting it on top and cansave a lot of resourcesompared
to explicit caseanalysis. Splitting with backtrackingwould
repeatinferenceswith C' on differentbranches.

Let usshow thatsubsumptiomesolutionandsplitting can,
in somecasesgive the effect of condensinga clause.Con-
densings definedn [Joyner, Jr., 1974. A clauseD’ is saidto
be obtainedfrom a clauseD by condensingf D’ is aproper
subsebf D andD subsumed)’.

Example 4.3 Let C[z] bea clausewith variablesin z andy

be a sequencef variablesdisjoint from z. ThenC[y] is a
variantof C[Z]. ConsidettheclauseC[z] V C[g]. Thisclause
canbecondensethto C[z]. Binary splittingwill replacethis

clauseby two clauseC[z] Vp and Cly]V —p. Application
of subsumptiorresolutionto theseclausesyields the clause
C[z] which subsumesachof theseclauses. Thus, binary
splitting andsubsumptiomesolutionin this examplegive the
effect of condensing.

5 Complexity of splitting with naming

To implementsplitting with naming, it is requiredto check
whethera componentis a variantof anothercomponent.in
this sectionwe provethatthecomplexity of checkingwhether
one clauseis a variant of anotherone is polynomial-time
equivalentto thegraphisomorphisnproblem.

Definition 5.1 (clausevariance problem) Clause variance
is the following decisionproblem. An instanceof this prob-
lem is a pair of clauseqCy, C>). Theanswers “yes” if Cy

is avariantof Cs.
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Theorem5.2 The clausevariance problemis polynomial-
time equivalento the graphisomorphisnproblem.

Theproofis givenin thefull versionof this paper

More generally in practicewe have to checkwhethera
given componentC' is a variantof a componenin a setof
componentsS. In VAMPIRE we implementthis many-to-one
clausevariancecheckusingthe codetreeindexing described
in [Voronkov, 1995; Riazane andVoronkov, 20004. Code
treesareusedin theimplementatiorof mary-to-oneforward
subsumptionit is not hardto modify themto implementthe
mary-to-oneclausevariance.

6 Experimental results

We implementedseveralversionssplitting with backtracking
in the new versionof VAMPIRE [Riazan@ and Voronkov,

2001]. In this sectionwe presentexperimentalresultsover
4658nonunitclauseform problems.Of theseproblems 2820
problemscomefrom the TPTPlibrary [Sutcliffe andSuttnery
1994 and 1838 problemsfrom the experimentsin list soft-

ware reusedescribedn [Schumanrand Fischer 1997. Of

the 4658 problems3300containequality For problemswith

equality in additionto splitting without backtrackingve im-

plementedhe branch rewriting rule which replacesa clause
Clso] V P by aclauseClto] V P, if aclauses = ¢tV P’

with P’ C P is present.Theeffect of this simplificationrule

is similar to the effect of simplificationby unit equalitieson

a splitting branchin an explicit caseanalysisprocedure.To

supportour viewpoint thatwe describea “cheap”implemen-
tation of rewriting, we notethatbranchrewriting wasimple-

mentedn lessthan3 hours.

We presentthe results for problemswith and without
equality separately For all problemswe usedthe sameal-
gorithmbasednthelimited resourcestratgy [Riazane and
Voronkov, 20004 andthesameselectiorfunction. Thisalgo-
rithm andselectiorfunctionwerechoserbecausé¢hey exper
imentally proved to be superiorto otheralgorithmsand se-
lectionfunctionswhensplitting wasnot used.Whenrunning
VAMPIRE with splitting, we usedthefollowing parameters:

1. Hypersplitting with a Parallel selectionfunction(P) vs.
binary splitting with no selection.
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no 166:11220:7227:12256:6 280:4] 300:1] 359:3] 388:3
PNR 94:3675:15[125:30130:9| 153:9215:1241:11
NR 71:69| 43:6 [121:58127:41147:4[175:3
PN 95:60[111:5(104:2 )180:313198:23
N 98:72(101:52115:9/143:8
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Figure3: Resultson problemswith equality

PN [| 65:3| 74:11| 76:0 | 80:1
N 14:13 | 16:2 | 18:1
no 19:6 | 215
P 10:7

[ I N[ no P ] |

Figure4: Resultson problemswithout equality

2. Naming(N) vs.nonaming.
3. BranchRewriting (R) vs.no branchrewriting.

We will usecombinationf the threelettersP, N, R, to de-
note differentstratgiesusedin the experiments.For exam-
ple, PRmeanghatthe Parallelversionwith branchRewriting
but no namingwasused.We use“no” to denotethe strateyy
thatusesno splitting atall, and— the strateyy thatusessplit-
ting without BR, and N, i.e. simple binary splitting with a
blockingselectionfunction.

We useda Linux-running PC with 256M RAM and a
400MHz Intel 1l processar For all problemswe usedthe
time limit of 1 minute. The choserstrategy without splitting
solves3091problems.Thetotal numberof problemssolved
with or without splitting is 3189. So with splitting, VAM-
PIRE could solve 98 problemsthat could not be solved with-
out splitting. Of these98 problems,77 arewithout equality
and21 with equality Figures3 and4 shaov the comparatie
behaior of variousstratgiesdependingnthesettingsof the
parameter®, N, R on problemswith andwithoutequality re-
spectvely. The pairn; : ns in arow labelledby a strateyy
S; andthe columnlabelledby a stratgly S» meanghatthere
weren; problemssolvedby S; but not solvedby S, andns
problemssolved by S, but not solved by S;. For example
NR (Naming+ branchRewriting) could solve 71 problems
with equalitynotsolvedby PN (Parallelselection+ Naming),
while PN couldsolve 69 problemswith equalitynotsolvedby
NR.

The following conclusioncan be derived from thesere-
sults:

1. On problemswith equality VAMPIRE with ary version
of splitting is on the averagewealer than VAMPIRE
without splitting, while on problemswithout equalityit
is ontheaveragestronger

2. Eachof the following settings: naming, parallel split-
ting, andbranchrewriting improvetheresults by farthe
strongesbneis naming.

LOGIC PROGRAMMING AND THEOREM PROVING

We believe thatthe performancef splitting without back-
trackingcanbe considerablymproved,but optimizedimple-
mentationmoreexperimentsandinsightsin the behavior of
splitting arerequired.
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UNSEARCHMO: Eliminating Redundant Search Spaceon Backtracking for
Forward Chaining Theorem Proving*

Lifeng He
Facultyof InformationScienceandTechnology
Aichi Prefecturalniversity, Aichi, 480-1198Japan

Abstract

This paperintroduceshow to eliminateredundant
searchspacefor forward chainingtheoremprov-

ing asmuchaspossible.We considerhow to keep
on minimal usefulconsequenatomsetsfor neces-
sary branchesn a proof tree. In the mostcases,
an unnecessaryon-Hornclauseusedfor forward

chainingwill be split only once. The increaseof

the searchspaceby invoking unnecessarforward

chainingclausewill benearlylinear, notexponen-
tial anymore. In a certain sense,we “unsearch”
more than necessary We explainthe principle of

our method,and provide an exampleto shaw that

our approachis powerful for forward chainingthe-

oremproving.

1 Intr oduction

Automatedreasonings oneof the mostimportanttopicsfor
artificial intelligenceand computerscience. Among others,
theoremprovingtechnologiedor first-orderpredicatecalcu-
lus have beenattractingmuch interesting[Robinson,1965;
Loveland,1968;MantheyandBry, 1984.

It is well-known thatif S’ is an unsatisfiablesubsetof a
clauseset S, it is generallyeasierto shov S’ unsatisfiable
thanto shov S unsatisfiable.Obviously the smallersucha
&' is, the shortera proof is. If forward chainingis usedfor
reasoningaboutnon-Hornclausesit meanghatwe neednot
considerevery violated clause,but only thosethat can help
usto find a refutation. It is obviousthat invoking unneces-
sary non-Hornclauseswill explodethe searchspaceexpo-
nentially.

SATCHMO (SATisfiability CHeckingby MOdel genera-
tion) [MantheyandBry, 1989 is potentiallyinefficient, since
it usesall violated clausego forward chaining. Addressing
to this problem,two strategieshave beendeveloped. Oneis
utilizing anintelligent stratgy to only selectthoserelevant-
like non-Horn clausesfor forward chaining, which is pro-
posedin [Ramsay 1991], refinedin [Lovelandet al., 1995
(SATCHMORE) and further improved in [He et al., 1994

*Thisworkis partially supportedy the Japanes®linistry of Ed-
ucation,Science Sportsand Culture andthe Artificial Intelligence
ResearclPromotionFoundatiorof Japan.
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(A-SATCHMORE). The other method, proposedin [He,

2001] (calledl-SATCHMO) is eliminatingredundansearch-
ing spaceafterunnecessargon-Hornclauseawe beenused
for forwardchainingby intelligentbacktracking.

As indicatedin [He, 2001], therearemainly two problems
aboutthe approachto selecta suitablenon-Hornclausefor
forward chaining. Oneis thatit takesmuch overheadcost
to decidewhethera non-Hornclauseis suitableor not. In
general the stricterthe checkingis, the more expensie the
overheadcostis. The otheris thatany suchstrategyis only
effective in alimited rangeandcertainlyfails in somemore
complicatedcases. In fact, a non-Horn clauserecognized
as“relevant” by someadwancedselectingstrategymight be
practicallyunnecessaripo therefutationbeingmade.In other
words,therearealwayssuchirrelevantnon-Hornclauseghat
canpassanyrelevang test. Theseproblemshawe beenillus-
tratedon someexamplesn [He, 2007.

The principle of the method of eliminating redundant
searchingspaceby intelligent backtrackingis very simple:
If oneof the consequenatomsof a forward chainingclause
usedfor forward chainingis found to be uselesgo the rea-
soningon backtracking,the useof this clauseis known as
unnecessanandthe remainingprocessingver the clauses
consequence immediatelyabandoned.lt only takesa lit-
tle overheadcostto find irrelevant non-Hornclausesandis
compatiblewith the former strategyintroducedabo\e.

However, markingthoseconsequenatomscontributedto
derive antecendentsf irrelevantforward chainingclausesas
usefulandmixing up the usefulconsequenatomsfor differ-
entbranchesn aprooftree,|-SATCHMO might makeredu-
dantsearch.

This paperintroducesa solutionfor theseproblems. As
we will see,in our improved method,for eachnodein the
prooftree,only thoseindispensableonsequenatomsto de-
rivetherefutationatthenodearemarkedasuseful. Thus,our
methodcanshow arefutationfor a givenunsatisfiablelause
setwithout UNSEARCHingMOre thannecessaryhencethe
acronymUNSEARCHMO). In otherwords, our methodis
oneof themostefficient strategiedor forwardchainingtheo-
remproving.

2 SATCHMO andI-SATCHMO

We assumdamiliarity with thedetailsrelatingto SATCHMO
[Manthey and Bry, 1989, SATCHMORE [Lovelandet al.,
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1999 as well as A-SATCHMORE and limit ourseles to
briefly reviewing the basic materialneededfor our presen-
tation.

In this paperaproblemfor checkingunsatisfiabilityis rep-
resentecby meansof positive implicational clausesgachof
which hasof theform A,,..., A, — Cy;...;Cp (n,m >
0). We referto the implicit conjunctionA,,..., A, asthe
antecedenof the clause,with each A; beingan antecedent
atom. The implicit disjunctionCy;...;C,, is referredto as
the consequenof the clause,and eachC; is a consequent
atom. A clausewith an empty consequenti.e., m = 0, is
calleda negativeclauseandis writtenas A;,..., 4, — L,
where L meansfalse A clausewith an empty antecedent,
i.e., n = 0, is written with consequenpartonly if it is a
fact(Horn clause)andotherwisethe antecedenatomtrue is
added.Moreower, a given clausesetis dividedinto two sub-
sets.Oneis BC, the BackwardChainingcomponenthatis a
decidableHorn clausesetconsistingof all negatve clauses,
factsand any Horn clausesselectedby user The otheris
FC, the Forward Chainingcomponentthat containsall the
remainingclauses.

If goal G (a conjunctionof atoms)can be proven to log-
ically follow the clausesetS, we denotethatwith S + G.
Ontheotherhand,if 7 is agroundatomsetand A aground
atom, A € 7 indicatesthatatom A is a memberof Z. Be-
causene utilizesforwardchainingonnon-Hornclausesame
asSATCHMO, all of clausesnusthold the so-calledrange-
restrictedproperty to guarante¢hesoundnesgor refutation.

Supposethat BC be a decidableHorn clausesetandZ a
groundatomset,thena conjunction(disjunction)of ground
atomsis satisfiablein BCU Z if all (some)of its members
canbederivedfrom BCU Z, andelseunsatisfiable A ground
clauseA — C is saidsatisfiablein BCU 7 if C is satisfiable
or A is unsatisfiablen BCU 7, andelseviolated

It is well-known that a clauseset S is satisfiableif and
only if we canfind a model M for S. If M is a model of
S, theneachclauseof S is satisfiablein M. Basedon such
considerationto checkwhethera givenclausesetS = BC U
FC is satisfiable SATCHMO goesto constructa modelfor
this clausesetby trying to satisfyall clausesn S.

Thereasoningnadeby SATCHMO to searcha modelfor
agivenclausesetBC U FC canbegraphicallyillustratedin a
Proof Tree(abbreviatedto PT hereafterfdescribedsfollows.

For the currentnodeD (initially therootnode{BC}), and
thegroundconsequenatomsetZp, (initially empty):

1. If BCUZIp F 1, createaleafnode L below nodeD.
The procesdor the branchterminates.

2. If BCUZIp ¥/ L, selectaninstantiatecgroundviolated
claused,,..., A, — Cy;...;C,, from FC. If nosuch
clauseexists,the procesderminatedo reportthat 5C U
FC is satisfiable.

A clauseis range-restrictedff every variablein its consequent
alsooccursin its antecedentAn importantpropertyof suchclauses
is thatif its antecedents satisfiedby a setof groundatoms,then
every consequerdtomis certainlyground.As indicatedby Manthey
andBry (1988)andBry andYahya(2000),anyfirst-orderclauseset
canbetransformednto the same‘meaning”range-restrictedne.
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Figurel: Theprooftree PT constructecdby SATCHMO

3. For eacha consequenatomC; of the selectedviolated
FC clause,createa child node C; belon the current
node.TakingnodeC; asnew currentnode,call this pro-
cedurerecursvely in depth-firststratgy with the aug-
mentedgroundconsequenatomsetZq,, whereZg, =
Ip U {Cz}

FornodeD, wherethe groundconsequenatomsetis 7p,
if all branchederminatein aleafnode L, it meanghatsatis-
fying atomD therewill leadto arefutationanyway. In other
words,BC U Zp cannotbe extendedasa modelof BC U FC.
Suchnodeis saidto be unsatisfiable Whenthe nodeis the
rootnode{BC}, thenBC U FC is unsatisfiableCorrespond-
ing to creatingnode D in PV, anatom D is assertednto
the reasoningdatabase On the otherhand,whennodeD is
provento be unsatisfiabletheatom D will beretractedrom
the databaseMoreover, wheneer a nodeis proven unsatis-
fiable,thereasoningproceswill backtrackto its parentnode

if any.
Example 2.1 Considethefollowing propositionaklauseset
S=BCUZFC.

BC: ru— L. p,v — L. m— L.
n— L. v,8 = L. u,t — L.
FC: true — p;r. true — u; v. w — s; t.

true — m; n.

Theprooftreegeneratethy SATCHMO is shavniin Figure
1. It is obviousthatSATCHMO madesomeredundansearch.
In fact, arefutationcanbe derivedfrom the subsetonsisting
of BC andtheonly FC clausetrue — m; n.

By the way, for the given clausesetin this example,ev-
ery violated FC clauseusedby SATCHMO is recognizechs
“relevant” by eitherSATCHMORE or A-SATCHMORE,the
prooftreegeneratedy SATCHMORE or A-SATCHMORE
is thesameasthatshown in Figurel.

Theredundansearchspacecanbe cutdown by intelligent
backtrackingpresentedn I-SATCHMO. As we have seena
consequenatom D is retractedrom the reasoninglatabase
only if thenodeD in the prooftreehasbeenprovenasunsat-
isfiable. Supposehat 4 — Cy;...;C,, betheviolated FC
clauseusedfor forwardchainingatnodeD in the prooftree,
then,nodeD holdsm child nodesCy, ..., C,,. If somecon-
sequenatomC; is foundto beuselesdo thereasoningtthe
time being retractedfrom the databasé€hencenodeC; has
beenproven as unsatisfiable)j.e., it is uselesgo construct
the partial proof tree below nodeC;, the samepartial proof
treecanbedirectly constructedelov nodeD, andtherefore,
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Figure2: Thedering treefor goal L atnodem

at this point, we know thatnode D canbe provenasunsat-
isfiablejustin the sameway madeat nodeC;. SinceD has
beenknown asunsatisfiabletheremainingprocesgor show-
ing node D unsatisfiablei.e., the proceson the consequent
atomsC'i41, . .., Cy, (if arny), canberemovedatonce.Onthe
otherhand theuseof an 7C claused — C4;...;C,, isnec-
essanponly if eachC; (1 < C; < m) is usefulto constructing
the partialtreebelon nodeC;.

Now we introducel-SATCHMO how to decidewhatcon-
sequentatomis usefulfor the reasoning.Obviously a con-
sequenatomasserteccanonly be usedto derive goal L or
antecedentsf violated 7C clauses.Therefore,l-SACHMO
marksanassertegonsequerdatomasusefulwheneerit con-
tributedto derive goal L or an antecedenof a violated 7C
clause.

Theusefulconsequeratomsto derive goalG canbefound
from the deriving treeof goal G [He, 2001].

Definition 2.1 Supposehata give clausesetbe S = BC U
FC, T thecurrentconsequeratomsetestablishedby forward
chaining,G agoalsuchthatBC UZ + G. Thederving tree
of goalg with respecto BC U Z, denotecby DTFCZ  is the
resulttreeconstructedhsfollows.

1. Therootnodeis G.

2. Supposehat A;, As, ..., A,,CY,..
thetreebeingconstructed.

(a) For eachBC clauseD,,...,D; — H suchthat
Ho = A0, whereo is a mostgeneralunifier of
H andA;, createachild nodeD;o, ..., D;o, Aso,

ooy Ay, CF, L, O

(b) ForeachatomC € 7 suchthatC = A;6, wheref
is agroundsubstitution(sinceC' is agroundatom),
createa child node 4,6, ...,4.6, C7,...,C7,

IRy whereC;;, = C.

3. Repeathis procedureaecursiely until anemptyleaf or
aleafsuchthatall of its atomshold “«” is derived. Such
aleafis calledsuccessfullerivingleaf.

SinceBC is decidableandBC U T + G, DTFCT canbefi-
nally constructedvith finding a successfutleriving leaf. The
consequenatomsthat contributedto derive G from BC U T
arethoseatomslistedin the successfutleriving leafif any.

.,C5 is anodein

Example 2.2 SupposdahatS = BC U FC bethe clauseset
givenin Example2.1. Considerthe leftmostnodem in Fig-
urel, whereZ,, = {p,u, m}. Thederiing treefor goal L,

DTBCYTr is shavnin Figure2. To derive goal L, only m is
useful.
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Thealgorithmof I-SATCHMO to constructPT for check-
ing whethera givenclausesetS = BC U FC is unsatisfiable
canbedescribedasfollows.

ForthecurrentnodeD (initially therootnode{BC}) and
the correspondingonsequerditomsetZp (initially empty):

1. f BCUZp F 1, createaleafnode L underthecurrent
node,which meanghatnodeD is provenunsatisfiable.
Mark all consequeratomdistedin thesuccessfutleriv-
ing nodein DTP¢YZ> asuseful.

2. If BCUZIp i/ L, selectaninstantiatedyroundviolated
clausefrom FC. If no suchclauseexists, the process
terminatego reportthat B3C U FC is not unsatisfiable.

3. For theselectedriolatednon-Hornclaused — Cy; .. .;
C, mark all consequenaitomslisted in the success-
ful deriving nodein DT5°YI> asuseful. Then, create
a nodeC; below the currentnodefor each: suchthat
1 < i < m. Taking C; asthe new currentnode,call
thisprocedureecursvely in depth-firststrategywith the
augmentedonsequergtomsetZc, =Zp U {C;}. How-
ever, if C; hasbeenfoundto beuseles®n backtracking,
insteadof eachnodeC; suchthat: < j < m, aspecial
leaf nodex is createdwhere x meanghatthe process
from thereis prunedaway. On the otherhand.,if all C;
are markedasuseful,theuseof A — Cy; ...; C,, is
known asnecessaryin eithercasenodeD is provenas
unsatisfiable.

Example 2.3 SupposahatS = BC U FC bethe clauseset
givenin in Example2.1.

In thebranch{BC} — p — u — m — L in Figurel, only
atomm is usedin forward chainingandmarkedasuseful.In
thesameway, in thebranch{BC} - p - u —n — L, only
atomn is usedin forward chainingandmarkedasuseful.

Sincebothm andn areprovento be unsatisfiableits par
entnode,i.e., u is provento be unsatisfiable.We backtrack
to nodeu to retractu. At thattime, we know u is notmarked
asusefulin thereasoningThereforejt is uselesdor therea-
soningandthe useof the violated 7C clausetrue — wu;wv
selectedat nodep is unnecessary-SATCHMO prunesaway
the procesgo be madeon the remainingconsequenatomwv
andbacktrackgo nodep atonce.

Now, we know that p is alsonot markedas usefulin the
reasoningthereforethe violated 7C clausetrue — p;r se-
lectedattherootnode{BC} is unnecessaryccordingly, we
stopto procesgheremainingconsequerdatoms.

In this way, the proof treeconstructedy I-SATCHMO is
showvn in Figure3. As we see,unnecessary-C clausesare
splitonly once.

3 UNSEARCHMO

Since I-SATCHMO marksan assertecconsequenatom as
usefulwheneer it contributesto derive theaantecendentf
aviolated FC clause thoseconsequenatomscontributedto
unnecessaryiolatedclausesarealsomarkedasuseful.

This problemcanbe easilysolvedby improvingthe mark-
ing work asfollows: anassertedonsequenatomis marked
as useful only whenit contributesto derive goal L or the
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Figure4: Theprooftree PT constructedy I-SATCHMO for
the clausesetgivenin Example3.1

antecedentf a violated FC clausethathasbeenverified as
necessary
Moreover, without distinguishingthe useful consequent

atomsfor different branchesin proof tree, -SATCHMO
mightmismarkthoseconsequeratomsthatareusefulfor the
refutationof unnecessarpranchesn a proof tree but use-
lessfor the necessarpranchesas“useful”. In suchcases)-
SATCHMO alsopossiblymakessomeredundansearch Let
usseethefollowing example.

Example 3.1 Considethefollowing propositionatlauseset
S=BCUFC.

BC:
FC :

m—1l. n—-1 wu—-1. v—- L.

true — e; f.
true — u; v.

true — a; b.
b,e = m; n.

a,e — m; n.

Theprooftreegeneratedby I-SATCHMO is shavn in Fig-
ure4.

Considerthe leftmost node labeledwith e, whereZ, =
{a, e}, theclauses,e — m; n becomewiolatedandis used
to forward chaining. Sinceboth m andn areusefulfor de-
riving L, theuseof the clauseis foundto be necessaryo the
refutation,a ande aremarkedasuseful.In thisway, the pro-
cessfor the consequenatom f (the sibling atomof e) andb
(thesibling atomof a) aremade respectiely.

Obviously, the procesgor nodeb in the abowe exampleis
unnecessaryAlthough the consequenatoma is useful for
eachbranchfrom nodee, it is uselesdor ary branchfrom
nodef. It meansthatthe refutationat node f canbe made
without the consequenatoma, thatis, thatcanbe madeon
therootnode{BC} in thesameway. Thereforetheredundant
procesdor theconsequenatomb canbeeliminated.

Although the procesamadeat the leftmostnodee is also
unnecessarin a strict meaningiit is unawidableunlesswe
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Figure5: Findingthe usefulconsequenatomsetfor parent
nodefrom thoseof its childrennodes

selectatom f first to processat nodea or we first selectthe
last non-Horn clausefor forward chaining. It is the well-
known nondeterminatioproblemfor theoremproving.

Now, we considethow to distinguishandmanagehe use-
ful consequenatomsfor differentbranchesn a proof tree.
Withoutthelossof generality shovn asin Figure5, suppose
thatA — Cq; ...; C,, betheviolatedclauseselectecatnode
D andS¢, bethe usefulconsequenatomsetrelative to C;
for all ¢ suchthat1 < ¢ < m. We considerhow to derive the
usefulconsequerditomsetSy, relativeto nodeD.

Sinceour reasoningprocedurds depth-firstone, C; 4 is
nottakeninto processingintil nodeC; hasbeenprovento be
unsatisfiableMoreoer, only whensomeof C; is foundto be
uselesor all nodeC; (1 < i < m) areprovento beunsatis-
fiable,their parentnodeD is provento be unsatisfiable.

As we will know from the algorithmof UNSEARCHMO,
whennodeC; is provento beunsatisfiablethe usefulconse-
guentatomsetSc, for deriving the refutationatnodeC; has
alreadybeenestablishedTheusefulconsequersitomsetSp
for nodeD is constructedaccordingto the way how nodeD
is provenasunsatisfiable.

If nodeD is provenasunsatisfiablén thewaythatall of C;
(1 <4 < m) areprovenasunsatisfiablethenthe useof the
claused — Ci; .. .; C,, isfoundto benecessaryin orderto
completethe refutationat node D, the clauseshouldbe ably
foundto be violatedthere. Therefore the usefulconsequent
atomsto derive the antecedent4 are useful for our refuta-
tion. Moreower, in orderto completethe refutationmadeat
eachnodeC;, eachusefulconsequenatomfor therefutation
madeatnodeC;, exceptC; itself (sinceit canbeobtainedby
splitting A — Cy; .. .; C,, atnodeD), is alsoneeded.Con-
cludingly, in this casetheusefulconsequerdtomsetSy can
bederivedasfollows.

Sp ={Sc, —{C1}}U---U{Sc,, —{Cn}} US4 (1)

whereS 4 is the usefulconsequenatomsetfor deriving the
antecedent .

Onthe otherhand,if nodeD is provenasunsatisfiableén
theway thatsomeof C; (1 < ¢ < m) is foundto beuseless,
thentheuseof theclaused — Cy; ...; C,, isfoundto beun-
necessaryor therefutationmadeon nodeC, i.e.,C; & Sc,.
In otherwords, the refutationfound at nodeC; canalsobe
madeat node D without usingthe clause4 — Ci;...;Cp,.
Thus,the usefulconsequenatomsetSy, for deriving arefu-
tationatnodeD is exactlythesameasSg,, i.e.,

Sp = Sg; 2
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In anycasewhenSp is derived,all of S¢, (1 < i < m)
areremoedfrom database.

Let us makea comparisorof I-SATCHMO’s methodand
our new stratgly. Whennode D is proven as unsatisfiable
in theway thatall of C; areprovenasunsatisfiablethe two
methodsare exactly similar, the usefulconsequenatomset
Sp is obtainedaccordingto the formula(1). However, when
node D is proven as unsatisfiableén the way that node C;
is found to be uselessthe useful consequenatom setSp
derivedby I-SATCHMO is asfollows.

Sp = {501 - {Cl}} U---u {’501'—1 - {Ci—l}} USe, (3)

Obviously, althoughthe consequenttoms containedin
{8c, — {C1}}, ..., {Se,_, — {C;-1}} areuseful for the
branchesheginning from Cy, - - -, C;_1, but uselesgor the
refutationmadeat nodeC;, andthereforeis also uselesgo
prove D unsatisfiable.

Aswehawe seenjf aconsequeratom,excepthelastatom
of the consequenceyf a violated FC clauseis found to be
useful,thenits nextsibling atomwill be takeninto process-
ing. Thereforethefewertheusefulconsequerdtomsare,the
moreefficient a refutationis. It is quite clearthatthe useful
consequenatomsetfor any nodederived by our new strat-
egy cannotbe reducedany further, i.e., it is a minimal one.
Sincewe cankeepa minimal usefulconsequenatomsetfor
arefutation,our new strategyis oneof the mostefficient ap-
proachegor forwardchainingtheoremproving.

Thealgorithmof our prover UNSEARCHMOto construct
PT for checkingwhethera givenclausesetS = BC U FC is
unsatisfiableeanbe describedasfollows.

For the currentnodeD (initially the rootnode{5C}) and
its correspondingonsequenatomsetZp (initially empty):

1. If BCuZp F L, createaleaf node L below nodeD,
whichmeansodeD is provenunsatisfiableThe useful
consequenatom setfor node D, Sp, that consistsof
thoseconsequenatomslistedin the successfutleriving
leafin DTPYT7 | is established.

2. If BCUZIp lf L, selectaninstantiatedyroundviolated
clauseA—Cy;...;C,, from FC. If nosuchclauseex-
ists,BC U FC is satisfiable.

3. Fortheselectedriolatednon-Hornclaused — Cy; . . .;
C,,, createanodeC; for all ¢ suchthatl < ¢ < m. Tak-
ing C; asthe new currentnode,call this procedurere-
cursively in depth-firststrategywith theaugmentedaon-
sequentatomsetZq, = Ip U {C;}. However, if C;
is found to be useleson backtrackingjnsteadof each
nodeC; suchthat: < j < m, createa specialnode
x. Theusefulconsequenatomsetfor nodeD, Sp, is
establishedaccordingto the formula (2). On the other
hand,if every C; for 1 < ¢ < m is foundto be useful,
theusefulconsequerdtomsetSy is establishe@ccord-
ing to theformula(1). In eithercasenodeD is proven
unsatisfiable.

Example 3.2 SupposdhatS = BC U FC bethe clauseset
givenin in Example2.1. The proof treeconstructedy UN-

SEARCHMO:is shown in Figure6. Redundantearchspace
hasbeeneliminated.
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The proof of the correctnesof our UNSEARCHMO is
not difficult. Since UNSEARCHMO just cuts down some
branchesin the proof tree constructedby SATCHMO, if
SATCHMO canshaw a given clauseset unsatisfiablethen
UNSEARCHMO can certainly shav the samething. This
shavsthecompletenesef UNSEARCHMO.

Ontheotherhand,aswe have indicatedabow, anasserted
consequentatom D is found uselessat the time being re-
tractedfrom thereasoninglatabaseits parentnodeis ableto
be proven asunsatisfiable.Therefore all remainingprocess
to shaw its parentnodeunsatisfiableanbe remowedwithout
thelossof thesoundnessThefurtherdetailsareomittedhere
sincethelack of space.

It is easyto implementUNSEARCHMO by Prolog. The
codeis omittedherealsobecaus®f thelack of space.

4 An Example

Example 4.1 LetS bethefollowing clauseset,anextension
of thebenchmarkproblemSYNOQ9-1givenin TPTPproblem
library [Sutcliffe andSuttner 200d.

BC: p(X,Y,Z),m(X,Y,Z) — L
o(X,Y,2),m(X,Y, Z) —
r(X,Y, Z), (X,Y,Z)—»J_
n(c,c,c) —

(a). sb). s(e).
FC: s(X),s(Y),s(2)
= p(X,Y, Z);9(X,Y, Z);
s(X),s(Y),s(Z2) = m(X,Y, Z);n(X,Y, Z).

The first FC clause will be fully split by any of
SATCHMO, SATCHMORE and A-SATCHMORE. That
meansnorethan3?” casewill beconsideredAs aresult,we
gave up the our testson SATCHMO, SATCHMORE and A-
SATCHMORE with arun of threedayswithout termination
onanintel Pentiumlll/650MHZworkstation respectiely.

Now, we see how I-SATCHMO and UNSEARCHMO
work. Initially, thefirst 7C clauseis usedfor forward chain-
ing with eachsubstitutionsuchthat its antecedenbecomes
satisfiable. In this way, a branch{BC} — p(a,a,a) —
p(a,a,b) — pla,a,c) = - - — p(c, ¢, ¢) is generated.

At nodep(c, ¢, ), the secondFC clausewith the substi-
tution {X = a,Y = a, Z = a}, i.e., s(a),s(a),s(a) —
m(a,a,a); n(a,a,a), is first split. Fornodem(a,a,a), L
canbe derived andthe usefulconsequenatomsetis estab-
lishedas{p(a,a,a), m(a,a,a)}. At noden(a,a,a), L can

V)

r(X,Y, 7).

{BC}
a X
~
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Figure6: Theprooftree PT constructedyy UNSEARCHMO
for the clausesetgivenin Example3.1
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not be derived, and the second¥C clausewith the substi-
tution{X = a,Y = a, Z = b}, i.e, s(a), s(a),s(b) —

m(a,a,b); n(a,a,b), is split. At nodem(a, a,b), similar as
nodem(a, a,a), L is derivedandtheusefulconsequenatom
setis {p(a, a,b), m(a,a,b)}. Fornoden(a,a,b), similaras
noden(a, a, a), norefutationcanbe derived,thenthe second
non-Hornclausewill be split with the substitution{ X = a,

Y =a, Z = ¢}, andsoon.

The secondnon-Horn clausewill be further split until
s(c), s(e), s(c) = m(e, ¢ c);n(c,c,c) is usedfor forward
chainingat noden(b,c,c¢). Then, at last a refutationcan
be derived from eachof noden(b, ¢, ¢)'s child node simul-
taneously The usefulconsequenatomsetfor the refutation
atnodem(c, ¢, ¢) is {p(c,c,c),m(c, ¢, c)} andthat at node
n(c, ¢, c)isjust{n(c, c, c)}. Accordingto theformula(l),the
usefulconsequenatomsetfor noden(b, ¢, ¢) is constructed
as{p(c,c,c)}.

If we do not distinguishthe useful consequenatomsfor
differentbranchesas|-SATCHMO doeswewill find thatall
p-factshave beenmarkedasuseful. Then,the sameprocess
madeon eachp-fact p(z, y, z), whereeachof z, y andz is
oneof a, b andc¢, would be repeatedor the corresponding
g-factq(z, vy, z) (alsofor thecorresponding-factr(z, y, 2)).
Similarto otherexisting strategiesnoanswercanbeobtained
within areasonabléme.

However, at noden(b, ¢, c), wherethe useful consequent
atom set is {p(c,c,c)}, UNSEARCHMO finds n(b,c, c)
uselessfor the refutation, i.e., the clause s(b), s(c), s(c)
— m(b,c,c);n(b,c,c) selectedat node n(b,c,c)’s parent
n(a,c,c) is not necessary According to the formula (1),
the useful consequenttom set derived at its sibling node
m(b,c,c), 1.e., {p(b,c,c),m(b,c,c)}, is abandoned,and
the useful consequentatom set for node n(a, ¢, c) is still
{p(c,c,0)}.

Similar backtracking repeatedly continues to node
p(c, ¢, ¢), wherethe useful consequenatom set established
by UNSEARCHMOiis still {p(c,¢,c)}. The sameprocess
made on node p(c, ¢,¢) will be also madeon its sibling
node ¢(c, ¢, c¢) and node r(c,¢,c¢), and the corresponding
usefulconsequenatom setarefound to be {¢(c, ¢, ¢)} and
{r(c,c,c)}, respectiely. Theviolatedclauses(c), s(c), s(c)
— p(c, ¢, c);q(c, ¢, c); r(c, ¢, c) selectedat nodep(d, ¢, ¢) is
foundto benecessary

Now, let us see what happenswhen UNSEARCHMO
backtracksto p(c,c,c)’s parentnode p(b, ¢, ¢), where, ac-
cordingto theformula (1), usefulconsequenatomsetis sur-
prisedlyfoundto beempty! no otherconsequeratomis use-
ful for our refutation!l UNSEARCHMOsimply backtrackgo
the root node{BC} to concludethat the given clausesetis
unsatisfiable.

With the help of distinguishingthe useful consequent
atomsfor different branches, UNSEARCHMO only takes
0.002 secondsto find its solution on an Intel Pentiu-
mIll/650MHZ workstation.

5 Conclusion

In this paperwe have introducechow to eliminateredundant
searchspaceon backtrackingfor forward chainingtheorem
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provingasmuchaspossible.Theredundansearchbranches
are immediately pruned away when unnecessarynesare

found on backtracking. At any reasoningpoint, only those
necessaryiolated clausesare completelysplit for forward

chaining. Repeatedsearchby invoking unnecessaryon-

Horn clausescan be effectively eliminated. The experimen-
tal resulthasshowvn that our methodis powerful for forward

chainingtheorenmproving.

Since our strategy prunes away unnecessaryproof
branchesafter unnecessaryon-Horn clausesare usedfor
forward chaining,the violatednon-Hornclausedor forward
chainingcan be usedin ary orderdecidedby any advance
checkingstratgy. Thatis, we canincorporatethe relevangy
checkingoroposedn SATCHMOREandtheavailability test-
ing introducedin A-SATCHMORE nto our strategjiesto im-
prove the performancdurther.

It is obviousthat our methodcan be appliedto disjunc-
tion logic programming(database). The principle of our
methodto eliminateredundansearchspacen forwardchain-
ing basedprover canalso be appliedto reasonaboutother
logicswhenererforwardchainingstrategyis used.This gives
our methoda wide applicationin automatedeasonindield.

As futureworks,wewill useour proverto testthosebench-
mark problemsprovidedin TPTPlibrary [Sutcliffe and Sut-
tner, 2004, to clearwhich classof problemswill be helped
by ourapproach.
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Abstract

Motivated by the problem of query answering over
multiple structured commonsense theories, we ex-
ploit graph-based techniques to improve the ef-
ficiency of theorem proving for structured theo-
ries. Theories are organized into subtheories that
are minimally connected by the literals they share.
We present message-passing algorithms that reason
over these theories using consequence finding, spe-
cializing our algorithms for the case of first-order
resolution, and for batch and concurrent theorem
proving. We provide an algorithm that restricts the
interaction between subtheories by exploiting the
polarity of literals. We attempt to minimize the
reasoning within each individual partition by ex-
ploiting existing algorithms for focused incremen-
tal and general consequence finding. Finally, we
propose an algorithm that compiles each subtheory
into one in a reduced sublanguage. We have proven
the soundness and completeness of all of these al-
gorithms.

1 Introduction

Theorem provers are becoming increasingly prevalent as
query-answering machinery for reasoning over single or mul-
tiple large commonsense knowledge bases (KBs) [3]. Com-
monsense KBs, as exemplified by Cycorp’s Cyc and the High
Performance Knowledge Base (HPKB) systems developed by
Stanford’s Knowledge Systems Lab and by SRI often com-
prise tens/hundreds of thousands of logical axioms, embody-
ing loosely coupled content in a variety of different subject
domains. Unlike mathematical theories (the original domain
of automated theorem provers), commonsense theories are of-
ten highly structured and with large signatures, lending them-
selves to graph-based techniques for improving the efficiency
of reasoning.

Graph-based algorithms are commonly used as a means
of exploiting structure to improve the efficiency of reason-
ing in Bayes Nets (e.g., [18]), Constraint Satisfaction Prob-
lems (CSPs) (e.g., [12]) and most recently in logical reason-
ing (e.g., [11; 3; 25]). In all cases, the basic approach is to

* Knowledge Systems Laboratory (KSL)
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convert a graphical representation of the problem into a tree-
structured representation, where each node in the tree repre-
sents a tightly-connected subproblem, and the arcs represent
the loose coupling between subproblems. Inference is done
locally at each node and the necessary information is propa-
gated between nodes to provide a global solution. Inference
thus proves to be linear in the tree structure, and often worst-
case exponential within the individual nodes.

We leverage these ideas to perform more efficient sound
and complete theorem proving over theories in first-order
logic (FOL) and propositional logic. In this paper we as-
sume that we are given a first-order or propositional theory
that is partitioned into subtheories that are minimally cou-
pled, sharing minimal vocabulary. Sometimes this partition-
ing is provided by the user because the problem requires rea-
soning over multiple KBs. Other times, a partitioning is in-
duced automatically to improve the efficiency of reasoning.
(Some automated techniques for performing this partitioning
are discussed in [3; 2].) This partitioning can be depicted as
a graph in which each node represents a particular partition
or subtheory and each arc represents shared vocabulary be-
tween subtheories. Theorem proving is performed locally in
each subtheory, and relevant information propagated to en-
sure sound and complete entailment in the global theory. To
maximize the effectiveness of structure-based theorem prov-
ing we must 1) minimize the coupling between nodes of the
tree to reduce information being passed, and 2) minimize lo-
cal inference within each node, while, in both cases, preserv-
ing global soundness and completeness.

In this paper we present message-passing algorithms that
reason over partitioned theories, minimizing the number of
messages sent between partitions and the local inference
within partitions. We first extend the applicability of a
message-passing algorithm presented in [3] to a larger class
of local reasoning procedures. In Section 3 we modify this
algorithm to use first-order resolutionas the local reasoning
procedure. In Section 4 we exploit Lyndon’s Interpolation
Theorem to provide an algorithm that reduces the size of the
communication languages connecting partitions by consider-
ing the polarity of literals. Finally, in Section 5 we attempt
to minimize the reasoning within each partition using algo-
rithms for focused and incremental consequence finding. We
also provide an algorithm for compiling partitioned proposi-
tional theories into theories in a reduced sublanguage. We
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have proven the soundness and completeness of all of these
algorithms with respect to reasoning procedures that are com-
plete for consequence finding in a specified sublanguage.
Proofs omitted from this paper can be found at [22].

2 Partition-Based L ogical Reasoning

In this section we describe the basic framework adopted in
this paper. We extend it with new soundness and complete-
ness results that will enable us to minimize local inference.

Following [3], we say that {A;}:<,, is a partitioning of
a logical theory A if A = |J,; A;. Each individual A; is
a set of axioms called a partition, L(.A4;) is its signature
(the set of non-logical symbols), and £(.A;) is its language
(the set of formulae built with L(A;)). The partitions may
share literals and axioms. A partitioning of a theory in-
duces a graphical representation, G = (V, E, 1), which we
call the theory’s intersectiongraph Each node of the in-
tersection graph, ¢, represents an individual partition, A;,
(V = {1,...,n}), two nodes i, j are linked by an edge if
L(A;) and L£(A;) have a non-logical symbol in common
(E = {(i,7) | L(Ai) N L(A;) # 0}), and the edges are
labeled with the set of symbols that the associated partitions
share (I(¢,7) = L(A;) N L(A;)). We refer to I(¢, j) as the
communicatiolanguage between partitions .A; and A;. We
ensure that the intersection graph is connected by adding a
minimal number of edges to E with empty labels, i(z, j) = 0.
Figure 1 illustrates a propositional theory A in clausal form
(left-hand side) and its partitioning displayed as an intersec-
tion graph (right-hand side). (Figures 1, 2 and 3 first appeared
in[3].)

Ay

(1) mok_pump V —on_pump
A Vwater

(2) ~man_fill V water

(3) ~man_fill V ~on_pump
(4) man_fill V on_pump

—ok_pump V —mon_pump V water

—man-fill V water

—man-fill V —on_pump

man-fill V on_pump

—water V —ok_boiler
V-on_boiler V steam

water V —steam

ok_boiler V —steam

on_boiler V ~steam

—steam V —cof fee V hot.drink

coffeeV teabag
—steam V —teabag V hot_drink A3

./42 water

(5) ~waterV —ok._boiler
V-on-boilerV steam

(6) water V ~steam

(7) ok-boiler V ~steam

(8) on_boiler V ~steam

steam

(9) ~steamV —cof feeV hotdrink
(10) cof fee V teabag
(11) —steamV —teabagV hot.drink

Figure 1: Partitioned theory A intersection graph G.

Figure 2 displays FORWARD-M-P (FMP), a message-
passing algorithm for partition-based logical reasoning. It
takes as input a partitioned theory, A, an associated graph
structure G = (V, E, 1), and a query formula @ in £(Ag),
and returns YES if the query was entailed by A. The al-
gorithm uses procedures that generate consequences (conse-
quence finders) as the local reasoning mechanism within each
partition or graphical node. It passes a concluded formula to
an adjacent node if the formula’s signature is in the commu-
nication language [ of the adjacent node, and that node is on
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the path to the node containing the query.

Recall, consequence finding (as opposed to proof finding)
was defined by Lee [19] to be the problem of finding all non-
tautological logical consequences of a theory or sentences
that subsume them. A prime implicate generator is a popu-
lar example of a consequence finder 2.

To determine the direction in which messages should be
sent in the graph G, step 1 in FMP computes a strict partial
order over nodes in the graph using the partitioning together
with a query, Q.

Definition 2.1(<) Givenpartitionedtheory A = J,,, Ai,

associatedyraph G = (V, E,l) andquery@ € L(Ay), let

dist(i,7) (¢, j € V) bethelengthof theshortespathbetween
nodesi, j in G. Theni < j iff dist(i, k) < dist(j, k).

PROCEDURE FORWARD-M-P (FMP)({A; }i<n, G, Q)

{Ai}i<n a partitioning of the theory A, G = (V, E, ) a graph
describing the connections between the partitions, @ a query in
L(Ax) (k < n).

1. Determine < as in Definition 2.1.
2. Concurrently,
(a) Perform consequence finding for each of the partitions
A1 <n.
(b) Forevery (i,7) € E such thati < 7, for every conse-
quence ¢ of A; found (or ¢ in A;), if p € L(I(4, 5)),
then add ¢ to the set of axioms of A;.
(c) If Q is proven? in A, return YES.

#Derive a subsuming formula or initially add —@Q to A and
derive inconsistency.

Figure 2: A forward message-passing algorithm.

Figure 3 illustrates an execution of the FMP algorithm us-
ing resolution as the consequence finder within a partition.
As can be seen from the example, the partitioning reduces the
number of possible inference steps by precluding the direct
resolution of axioms residing in different partitions. Indeed,
[3] showed that partition-based reasoning reduces the search
space significantly, as a function of the size of the communi-
cation language between partitions.

FMP is sound and complete if we guarantee some proper-
ties of the graph G and the consequence finders used for each
partition. The graph G is required to be a tree that is properly
labeledfor A.

Definition 2.2 (Proper Labeling) A tree-structued repre-
sentation,G = (V, E,l), of a partitioned theory A =
{A;}i<n is saidto haveaproper labeling, if for all (¢, j) € E
and By, B, the two subtheorieof A on thetwo sidesof the
edee (i,7) in G, itistruethati(s, j) 2 L(B1) N L(Bs).

For example, every intersection graph that is a tree is prop-
erly labeled. A simple algorithm called BREAK-CYCLES

!Recall, an implicate is a clause entailed by a theory. It is prime
if it is minimal in some way. Definitions of prime vary including the
use of subsumption, syntactic minimality, or entailment.
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Using FMP to prove hot_drink
Part.  Resolve Generating
A1 (2) ,(4)  on_pump V water (m1)
A; (ml),(1)  ok_pumpV water (m2)
A1 (m2),(12)  water (m3)
clause water passed from A; to A2
As (m3), (5) ok_boiler N\ on_boiler D steam  (m4)
As  (m4),(13) —on_boiler V steam (m5)
Az (mb),(14) steam (m6)
clause steam passed from A, to As
As  (9) ,(10) —steam V teabag V hot_drink (m7)
As  (m7),(11) -—steam V hot_drink (m8)
Az (m8),(m6) hotdrink (m9)

Figure 3: A proof of hot_drink from A in Figure 1 after
asserting ok_pump (12) in A; and ok _boiler (13), on_boiler
(14) in As.

that transforms an intersection graph that is not tree into a
properly labeled tree was presented in [3]. Note that the no-
tion of proper labeling is equivalent, in this context, to the
running intersection property used in Bayes Nets.

The consequence finders applied to each partition  are re-
quired to be completefor £;-genertion for a sublanguage
L; C L(A;) that depends on the graph G and the query Q.

Definition 2.3 (Completenesdor £-Generation) Let A be
asetofaxioms,L. C L(.A) alanguage, andk a consequence
finder Let Cyn (A) betheconsequencesf A generatedby
R thatare in £. R is complete for £-generation if for all
pe L if AE ¢, thenCx £(A) = ¢.

Theorem 2.4 (Soundnessand Completeness)Let A be a

partitioned theory {A;};<,, of arbitrary propositional or

first-order formulae G a treethat is properly labeledwith

respecto A, and@ € L(Ag), k < n,aquery Forall i <mn,

let £; = L(I(i, 7)) for j sudthat (i, j) € E andj < i (there
is only onesud j), andlet {R; },<,, bereasoningrocedues
associatedvith partitions {4;};<,. If everyMR; is complete
for £;-genemtionthen A = Q iff FMP({A4;}i<n. G, Q) out-

PutsYES.

This soundness and completeness result improves upon a
soundness and completeness result in [3] by allowing conse-
quence finders that focus on consequences in the communi-
cation language between partitions. In certain cases, we can
restrict consequence finding in FMP even further by using
reasoners that are complete for £-consequencénding

Definition 2.5 (Completenesdor £-Consequencd-inding)
Let A be a setof axioms,£ C L(A) a language, and R
a consequencdinder R is complete for L-consequence
finding iff for everyp € £ thatis notatautology, A = ¢ iff
there existsty € £ sud that A g ¢ andy subsumesp.

2For clausal theories, we say that clause v subsumes ¢ if there
is a substitution 6 such that /0 C ¢.
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Observe that every reasoner that is complete for L-
consequence finding is also complete for £-generation, for
any language £ that is closed under subsumption [14]. The
notion of a consequence finder restricting consequence gen-
eration to consequences in a designated sublanguage was
discussed by Inoue [17], and further developed by del Val
[14] and others. Most results on the completeness of con-
sequence finding exploit resolution-based reasoners, where
completeness results for £-consequence finding are gener-
ally restricted to a clausal language £. The FMP reasoners
in Theorem 2.4 must be complete for £;-generation in arbi-
trary FOL languages, £;. Corollary 2.6 refines Theorem 2.4
by restricting .A; and £; to propositional clausal languages
and requiring reasoners to be complete for £;-consequence
finding rather than £;-generation.

Corollary 2.6 (Soundnessand Completeness)Let A be a
partitionedtheory{4;},<,, of propositionalclauses( atree
that is properly labeledwith respecto A, and Q € £(Ay),
k <mn,aquery LetL; = L(I(3,)) for j suthat(i,5) € E
andj < i (there is only onesud j), andlet {®;};<,, be
reasoningproceduesassociatedvith partitions { A;},;<p. If
everyfR; is completdor £;-consequencéndingthenA = Q
iff FMP({A4;}i<n, G, Q) outputsYES.

In Section 5 we provide examples of reasoners that are
complete for £-consequence finding and show how to exploit
them to focus reasoning within a partition.

3 Local Inference Using Resolution

In this section, we specialize FMP to resolution-basedon-
sequence finders. Resolution[26] is one of the most widely
used reasoning methods for automated deduction, and more
specifically for consequence finding. It requires the input for-
mula to be in clausal form, i.e., a conjunction of disjunctions
of unquantified literals. The resolutionrule is complete for
consequence finding (e.g., [19; 27]) and so is linear resolu-
tion and some of its variants (e.g., [23]).

We present algorithm RESOLUTION-M-P (RES-MP),
that uses resolution (or resolution strategies), in Figure 4.
The rest of this section is devoted to explaining four differ-
ent implementations for subroutine RES-SEND(¢, j, 7), used
by this procedure to send appropriate messages between par-
titions: the first implementation is for clausal propositional
theories; the second is for clausal FOL theories, with associ-
ated graph G, that is a properly labeled trees and whose labels
include all the function and constant symbols of the language;
the third is also for clausal FOL theories, however it uses un-
slolemizationand subsequent Skolemization to generate the
messages to be passed between partitions; the fourth is a re-
finement of the third for the same class of theories that avoids
unskolemization.

In the propositional case, subroutine RES-SEND(yp, j, 7)
(Implementation 1) simply adds ¢ to A;, as done in FMP.
If the resolution strategies being employed satisfy the condi-
tions of Corollary 2.6, then RES-MP is sound and complete.

In the FOL case, implementing RES-SEND requires more
care. To illustrate, consider the case where resolution gener-
ates the clause P(B,x) (B a constant symbol and = a vari-
able). It also implicitly proves that 3b P(b,z). RES-MP
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PROCEDURE RESOLUTION-M-P(RES-MP)({A;}i<n, G, Q)
{A;}i<n a partitioned theory, G = (V, E, 1) a graph, Q a query
formula in the language of L(Ax) (k < n).

1. Determine < as in Definition 2.1.
2. Add the clausal form of —Q to Ay.
3. Concurrently,

(a) Perform resolution for each of the partitions 4;, i < n.

(b) For every (i,7) € E such that i < j, if partition A;
includes the clause ¢ (as input or resolvent) and the
predicates of ¢ are in £(I(7, 7)), then perform RES-
SEND(e, j, ).

(c) If @ isproven in Ay, return YES.

Figure 4: A resolution forward message-passing algorithm.

may need to send 3b P(b, z) from one partition to another,
but it cannot send P(B, x) if B is not in the communication
language between partitions (for ground theories there is no
such problem (see [27])). In the first-order case, complete-
ness for consequence finding for a clausal first-order logic
language (e.g., Lee’s result for resolution) does not guaran-
tee completeness for £-generation for the corresponding full
FOL language, £. This problem is also reflected in a slightly
different statement of Craig’s interpolation theorem [10] that
applies for resolution [27].

A simple way of addressing this problem is to add all con-
stant and function symbols to the communication language
between every connected set of partitions. This has the advan-
tage of preserving soundness and completeness, and is sim-
ple to implement. In this case, subroutine RES-SEND(¢, j,
1) (Implementation 2) simply adds ¢ to A;, as done in FMP.

In large systems that consist of many partitions, the addi-
tion of so many constant and function symbols to each of the
other partitions has the potential to be computationally inef-
ficient, leading to many unnecessary and irrelevant deduction
steps. Arguably, a more compelling way of addressing the
problems associated with resolution for first-order theories is
to infer the existential formula 3b P (b, z) from P(B, ), send
this formula to the proper partition and Skolemize it there.
For example, if o = P(f(g(B)), z) is the clause that RES-
SEND gets, replacing it with 3b P(b, z) eliminates unneces-
sary work of the receiving partition.

The process of conservatively replacing function and con-
stant symbols by existentially quantified variables is called
unslolemizationor reverseSlolemizatiorand is discussed in
[5; 9; 8]. [8] presents an algorithm U that is complete for our
purposes and generalizes and simplifies an algorithm of [9].
(Space precludes inclusion of the algorithm.)

Theorem3.1([8]) Let V' be a vocallary and ¢, be for-
mulaesut thaty € L£(V) andy = ¢. Thee existsF €
L(V) thatis genemtedby algorithmU sud that F' = .

Thus, for every resolution strategy that is complete for £-
consequence finding, unskolemizing  using procedure U for
V = 1(4,4) and then Skolemizing the result gives us a com-
bined procedure for message generation that is complete for
L;-generation. This procedure can then be used readily in

LOGIC PROGRAMMING AND THEOREM PROVING

RES-MP (or in FMP), upholding the soundness and com-
pleteness to that supplied by Theorem 2.4. The subroutine
RES-SEND(y, j, %) that implements this approach is pre-
sented in Figure 5. It replaces ¢ with a a set of formulae
in L(1(i, 7)) that follows from . It then Skolemizes the re-
sulting formulae for inclusion in A;.

PROCEDURE RES-SEND(¢, 7, %)
paformula, 5,7 < n.

(Implementation 3)

1. Unskolemize ¢ into a set of formulae, ® in £(I(z, 5)), treat-
ing every symbol of L(¢) \ I(4, 7) as a Skolem symbol.

2. Forevery pa € @, if 2 is not subsumed by a clause that is
in A;, then add the Skolemized version of ¢, to the set of
axioms of A;.

Figure 5: Subroutine RES-SEND using unskolemization.

Procedure U may generate more than one formula
for any given clause . For example, if ¢ =
P(z, f(z),u, g(u)), for i(i,5) = {P}, then we must gener-
ate both Vz3yvuIvP(z,y,u,v) and VuIoVzIy P(x, y, u,v)
(¢ entails both quantified formulae, and there is no one quan-
tified formula that entails both of them). In our case we can
avoid some of these quantified formulae by replacing the un-
slolemizeandthenSlolemizeprocess of RES-SEND (Imple-
mentation 3) with a procedure that produces a set of formulae
directly (Implementation 4). It is presented in Figure 6.

PROCEDURE RES-SEND(¢, 7, %)
p aformula, 5,7 < n.

(Implementation 4)

1. Set S + L(y) \ (4, j).

2. Forevery terminstance, t = f(t1,...,tx), in g, if f € Sand
t is not a subexpression of another term ¢’ = f'(t1, ..., t}/)
of p with ' € S, then replace ¢ with “z <« ¢” for some new
variable, z (if K = 0, t is a constant symbol).

3. Nondeterministically®, for every pair of marked arguments
“r <+ a”, "y < B7,in ¢, if a, B are unifiable, then unify all
occurrences of x, y (i.e., unify a;, 3; for all markings = «
Qi, Y < Bl)

4. For every marked argument “x < «” in ¢, do

(@) Collect all marked arguments with the same variable on
the left-hand side of the “«<" sign. Suppose these are
T4 Q1,y...,T < Qp.

(b) Let y1,..,y- be all the variables occurring in
ai,...,ap. Forevery ¢ < [, replace “z < «;” with
f(y1,...,yr) in ¢, for a fresh function symbol f (if
r =0, f is a fresh constant symbol).

5. Add o to A;.

&Nondeterministically select the set of pairs for which to unify
all occurrences of x, y.

Figure 6: Subroutine RES-SEND without unskolemization.

Steps 2-3 of procedure RES-SEND(p, j, i) (Implementa-
tion 4) correspond to similar steps in procedure U presented
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in [8], simplifying where appropriate for our setup. Our
procedure differs from unskolemizing procedures in step 4,
where it stops short of replacing the Skolem functions and
constants with new existentially quantified variables. Instead,
it replaces them with new functions and constant symbols.
The nondeterminism of step 3 is used to add all the possible
combinations of unified terms, which is required to ensure
completeness.

For example, if ¢ = P(f(g9(B)),z) and I(i,j) =
{P}, then RES-SEND adds P(A,z) to A;, for a new
constant symbol, A. If ¢ = P(z,f(x),u,g(u)), for
1(i,7) = {P}, then RES-SEND adds P(z, hi(x), u, ha(u))
to A;, for new function symbols hi,he.  Finally, if
¢ = Pz, f(x),u, f(g(w))), then RES-SEND adds
P(z, f(x),u, h(u)) and P(h1(u), ha(u),u, ha(u)) to A;, for
h, h1, ho new function symbols.

Theorem 3.2 (Soundnesst Completenesof RES-MP)
Let A be the partitioned theory  J,,, A; of propositional
or first-order clauses,G a treethatis properly labeledwith
respecto 4, and@ € L(A) k < n, asentencehatis the
query A |= Q iff applyingRES-MP{A;}i<,, G, Q) (with
Implementatiordt of RES-SENDYutputsYES.

PROOF SKETCH  Soundness and completeness of the algo-
rithm follow from that of FMP, if we show that RES-SEND
(Implementation 4) adds enough sentences (implying com-
pleteness) to A; that are implied by ¢ (thus sound) in the
restricted language L(1(i, 7)).

If we add all sentences ¢ that are submitted to RES-SEND
to A; without any translation, then our soundness and com-
pleteness result for FMP applies (this is the case where we
add all the constant and function symbols to all i(%, j)).

We use Theorem 3.1 to prove that we add enough sentences
to A;. Let oo be a quantified formula that is the result of ap-
plying algorithm U to ¢. Then, @5 results from a clause C
generated in step 4 of algorithm U (respectively, Step 3 in
RES-SEND). In algorithm U, for each variable z, the mark-
ings “z < «a;” in C are converted to a new variable that is
existentially quantified immediately to the right of the quan-
tification of the variables y1, ..., y,. (2 is a result of ordering
the quantifiers in a consistent manner to this rule (this process
is done in steps 5-6 of algorithm U).

Step 4 of RES-SEND performs the same kind of replace-
ment that algorithm U performs, but uses new function sym-
bols instead of new quantified variables. Since each new
quantified variable in (5 is to the right of the variables on
which it depends, and our new function uses exactly those
variables as arguments, then Step 4 generates a clause C’
from C that entails 2. Thus, the clauses added to A; by
RES-SEND entail all the clauses generated by unskolemiz-
ing ¢ using U. From Theorem 3.1, these clauses entail all the
sentences in £(I(4, 7)) that are implied by .

To see that the result is still sound, notice that the set of
clauses that we add to .4; has the same consequences as ¢ in
L(1(3,7)) (i.e., if we add those clauses to .A; we get a conser-
vative extension of 4,). W

Resolution strategies that can be readily used in RES-MP,
while preserving completeness, include linear resolution [23],
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directionalresolution[25] and lock resolution[7]. Strategies
such as set-of-support and semantic resolution can be used
with somewhat different treatments.

4 Minimizing Node Coupling Using Polarity

FMP and RES-MP use the communication language to deter-
mine relevant inference steps between formulae in connected
partitions. This section improves the efficiency of FMP and
RES-MP by exploiting the polarity of predicates in our par-
titions to further constrain the communication language be-
tween partitions. This leads to a reduction in the number
of messages that are passed between adjacent partitions, and
thus a reduction in the search space size of the global reason-
ing problem. Our results are predicated on Lyndon’s Interpo-
lation Theorem [20], an extension to Craig’s Theorem [10].

Theorem4.1(Lyndon’s Inter polation Theorem) Let o, 3
besentencesudthata - 8. Thenthere existsa sentencey
sut thata - v and~ + 8, andthat every relation symbol
that appeas positively[negatively] in v appeas positively
[negatively] in both« and 3. ~ is referred to as the inter-
polant of & and 3.

This theorem guarantees that FMP need only send clauses
with literals that may be used in subsequent inference steps.
For example, let { A;, Az} be a partitioned theory, G = (V =
{1,2}, E={(1,2)}, 1) be a graph, and Q € L(A3), be a
query. If FMP concluded P from A;, and P does not show
positively in Ay = @ (i.e., P does not show negatively in A
and does not show positively in @), then there is no need to
send the message P from A; to As.

Procedure POLARIZE (Figure 7) takes as input a parti-
tioned theory, associated tree G = (V, E, 1), and a query
Q. It returns a new graph G’ = (V, E,l’) that is mini-
mal with respect to our interpretation of Lyndon’s Interpo-
lation Theorem. The labels of the graph now include pred-
icate/propositional symbols with associated polarities (the
same symbol may appear both positively and negatively on
an edge label). All function and object symbols that appeared
in [ also appear in I’ for the respective edges.

Theorem 4.2 (Soundnessand Completeness)Let A be a

partitioned theory {A;};<,, of arbitrary propositional or

first-oder formulag G a treethat is properly labeledwith

respectto A, and Q@ € L(Ag), k < n, a query LetG’

be the result of running POLARIZE{A;}i<n, G, Q). Let
L; = L(1(3, 7)) for j sudthat (i, j) € E andj < ¢ (thereis

only onesud j5), andlet {?R; },<,, bereasoningprocedues
associatedvith partitions {A4;},<,. If everyfR, is complete
for £;-genemtionthen A = ¢ iff FMP({A;}:<n, G',Q) out-
putsYES.

Darwiche [11] proposed a more restricted use of polarity
in graph-based algorithms for propositional SAT-search. His
proposal is equivalent to first finding those propositional sym-
bols that appear with a unique polarity throughout the theory
and then assigning them the appropriate truth value. In con-
trast, our proposed exploitation of polarity is useful for both
propositional and first-order theories, it is more effective in
constraining inference steps, and is applicable to a broader
class of message-passing algorithms problems. In particular,
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PROCEDURE POLARIZE({A;}i<n, G, Q)
{A;}i<n apartitioning of the theory A, G = (V, E, ) a tree and
Q a query formula in £(Ag) (k < n).

1. Forevery i,j € V, setl’(s,5) to be the set of object and
function symbols that appear in I(%, j), if there are any.

2. Rewrite {A;}:<, such that all negations appear in front of
literals (i.e., in negation normal form).

3. Determine < as in Definition 2.1.
4. Forall (i,5) € Esuchthati < j, for every predicate symbol
P <€ l(i,5),
(a) Let V4, V4 be the two sets of vertices in V' separated by
1in G, with j € V;.
(b) If [-]P appears in V4 then,
if [-]P appears in Q or —[-]P appears in A,,, for
some m € Vs, then add [—] P to I'(4, j).

5. Return G’ = (V, E,l').

Figure 7: Constraining the communication language of
{A;}i<n by exploiting polarity.

our method is useful in cases where symbols appear with dif-
ferent polarities in different partitions.

5 Minimizing Local Inference

To maximize the effectiveness of structure-based theorem
proving, we must minimize local inference within each node
of our tree-structured problem representation, while preserv-
ing global soundness and completeness. First-order and
propositional consequence finding algorithms have been de-
veloped that limit deduction steps to those leading to interest-
ing consequences, skippingdeduction steps that do not.

In the propositional case, the most popular algorithms are
certain £-(prime) implicate finders. (See [21] for an excellent
survey.) SOL-resolution (skipping ordered linear resolution)
[17] and SFK-resolution (skip-filtered, kernel resolution) [14]
are two first-order resolution-based £-consequence finders.
SFK-resolution is complete for first-order L-consequence
finding, reducing to Directional Resolution in the proposi-
tional case [13]. In contrast, SOL-resolution is not complete
for first-order £-consequence finding, but is complete for
first-order incrementalC-consequence finding. Given new in-
put ®, an incrementalC-consequencénderfinds the conse-
quences of AU @ that were not entailed by ® alone. Defining
completenestr incrementall-consequencéndingis anal-
ogous to Definition 2.5.

In the rest of this section, we propose strategies that exploit
our graphical models and specialized consequence finding al-
gorithms to improve the efficiency of reasoning. Following
the results in previous sections, using SFK-resolution as a rea-
soner within partitions will preserve the soundness and com-
pleteness of the global problem while significantly reducing
the number of inference steps. SFK-resolution can be used
by all of the procedures below. Unless otherwise noted, the
algorithms we describe are limited to propositional theories
because first-order consequence finders may fail to terminate,
even for decidable cases of FOL.
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The first strategy is compilation. Figure 8 provides an al-
gorithm, COMPILE({ A;}i<n, G), that takes as input a parti-
tioned theory {4, }i<, and associated tree G, that is properly

labeled, and outputs a compiled partitioned theory {A;};<.,.
Each new partition is composed of the logical consequences
of partition .4; that are in the language £.omm,, all the com-
munication languages associated with A;. Prime implicate
finders have commonly been used for knowledge compila-
tion, particularly in propositional cases. SFK-resolution can
be used as the sound and complete £-consequence finder in
Step 2 of COMPILE.

Knowledge compilation can often create a large theory.
Each partition produced by COMPILE({A;}i<,, G) will be
of worst case size of O(2/F(£eomm)l) clauses. Since our as-
sumption is that partitions are produced to minimize commu-
nication between partitions, | L(Lcomm,;) | should be much
smaller than | L(A;) |. As a consequence, we might expect
the compiled theory to be smaller than the original theory,
though this is not guaranteed. Under the further assumption
that the theories in partitions are fairly static, the cost of com-
pilation will be amortized over many queries. We discuss
further options for compilation, including the use of partial
compilation, in a longer paper.

PROCEDURE COMPILE({A;}i<n, G)
{A;}i<n apartitioning of the theory A, G = (V, E, [) a tree with
proper labeling for A. For each partition A;, Fori =1,... ,n,

1. Let Ecommi = £(U(17])€E l(lvj))

2. Using a sound and complete £-consequence finder,
perform Lcomm,-consequence finding on each partition A;,

placing the output in a new partition A;.

Figure 8: A partition-based theory compilation algorithm.

Proposition5.1 Let A = |J,.,, A; be a partitionedtheory
with associatedree G that is properly labeledfor A. Let
Leomm; = LU j)er 11, 7)))- Forallg € L; C Leomm, ©
L(A), Ai = oiff A = o, whee {A}<, arethecompiled
partitionsoutputby COMPILE{A; }i<n, G).

We may use our compiled theories in several different
strategies for batch-style and concurrent theorem proving, as
well as in our previous message-passing algorithms. Figure
9 presents an algorithm for batch-style structure-based the-
orem proving. BATCH-MP takes as input a (possibly com-
piled) partitioned theory, associated tree G that is properly
labeled, and query @. For each partition in order, it exploits
focused L-consequence finding to compute all the relevant
consequences of that theory. It passes the conclusions to-
wards the partition with the query. This algorithm is very sim-
ilar to the bucket elimination algorithm of [13]. BATCH-MP
preserves soundness and completeness of the global problem,
while exploiting focused search within each partition.

Theorem 5.2 (Soundnessand Completeness)Let A be a
set of clausesin propositionallogic. Let {R;};<, be the
L;-consequencéinders associatedvith partitions {A;};<,
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PROCEDURE BATCH-MP ({A;}i<n, G, Q)

{A;}i<n a(compiled) partitioning of the theory A, G = (V, E, )
a properly labeled tree describing the connections between the par-
titions, @ a query in L(Ax) (k < n).
1. If {A;}i<n, is a compiled theory, replace partition A, with
the partition A, from the uncompiled theory.
2. Determine < as in Definition 2.1.
3. Let £; = L£(I(4,4)) for j such that (,5) € Eand j < 2.
4. Following < in a decreasing order, for every (3, j) € E such
that j < i,
Run the £;-consequence finder on A; until it has exhausted
its consequences, and add the consequences in £; to A;.

5. If Q is proven® in Ay, return YES.
&There is only one such j.

®Derive a subsuming formula or initially add ~Q to .4, and
derive inconsistency.

Figure 9: A batch-style message-passing algorithm.

in step4 of BATCH-MP ({A4; },<».,G.Q). If every®R; is com-
plete for £;-consequencéndingthen A = Q iff applying
BATCH-MP({A;}i<n.G.Q) OutputsYES.

Our final algorithm, CONCURRENT-MP, (Figure 10),
takes as input a (possibly compiled) partitioned theory, as-
sociated tree G that is properly labeled, and query Q. It
exploits incremental £-consequence finding in the output
communication language of each partition to compute the
relevant incremental consequences of that theory, and then
passes them towards the partition with the query. Once again,
SFK-resolution can be used as the sound and complete £-
consequence generator for the preprocessing (Step 4). In the
case where the theory is compiled into propositional prime
implicates, the consequences in £; may simply be picked out
of the existing consequences in A;. SOL-resolution can be
used as the sound and complete incremental £-consequence
finder (Step 6a). CONCURRENT-MP preserves soundness
and completeness of the global problem in the propositional
case, while exploiting focused search within each partition.

Theorem 5.3 (Soundnessand Completeness)Let A be a
set of clausesin propositionallogic. Let {R;};<, bethe
L;-consequencéinders associatedvith partitions {A;};<n
in step 4 of CONCURRENMP({A;}:<»,G,Q) and let
{MR.}i<n betheincrementall;-consequencénders associ-
ated with partitions {A4;}:<, in step6 of CONCURRENT
MP({A;}i<n.G.Q). If every R; is completefor L;-
consequencéinding, and every R, is completefor incre-
mental £;-consequencéinding then A = @ iff applying
CONCURRENMP({A;}i<.G.Q) outputsYES.

6 Reated Work

A number of Al reasoning systems exploit some type of struc-
ture to improve the efficiency of reasoning. While our ex-
ploitation of graph-based techniques is similar to that used in
Bayes Nets (e.g., [18]) our work is distinguished in that we
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PROCEDURE CONCURRENT-MP ({A4; }i<n, G, Q)

{A;}i<n» a(compiled) partitioning of the theory A, G = (V, E, 1)
a properly labeled tree describing the connections between the par-
titions, @ a query in L(Ax) (k < n).

1. Determine < as in Definition 2.1.
2. Let £; = L£(I(i, 5)) for j such that (¢, j) € E and j < i®.

3. If {A;}i<n, is a compiled theory, then replace partition Ay,
with the partition A from the uncompiled theory.

4. For every ¢ < n, run the £;-consequence finder on partition
A; until it has exhausted its consequences.

5. For every (i,j) € E such that j < %, add the £;-prime
implicates to partition A;.
6. Concurrently,

(@) For every (i,7) € E such that j < ¢*, perform incre-
mental £;-consequence finding for each of the partition
A; and add the the consequences in £; to A;.

(b) If Q is proven® in Ay, return YES.
&There is only one such j.

PDerive a subsuming formula or initially add —=Q to A and
derive inconsistency.

Figure 10: A concurrent message-passing algorithm.

reason with logical rather than probabilistic theories, where
notions of structure and independence take on different roles
in reasoning. Our work is most significantly distinguished
from work on CSPs (e.g., [12]) and more recently, logical rea-
soning (e.g., [11; 25]) in that we reason with explicitly par-
titioned theories using message passing algorithms and our
algorithms apply to FOL as well as propositional theories.

In the area of FOL theorem proving, our work is related
to research on parallel theorem proving (see surveys in [6;
15]) and on combining logical systems (e.g., [24; 4]). Most
parallel theorem prover implementations are guided by looka-
head and subgoals to decompose the search space dynami-
cally or allow messages to be sent between different provers
working in parallel, using heuristics to decide on which mes-
sages are relevant to each prover. These approaches typically
look at decompositions into very few sub-problems. In addi-
tion, the first approach typically requires complete indepen-
dence of the sub-spaces or the search is repeated on much of
the space by several reasoners. In the second approach there
is no clear methodology for deciding what messages should
be sent and from which partition to which.

The work on combining logical systems focuses on combi-
nations of signature-disjoint theories (allowing the queries to
include symbols from all signatures) and decision procedures
suitable for those theories. All approaches either nondeter-
ministically instantiate the (newly created) variables connect-
ing the theories or restrict the theories to be convex (disjunc-
tions are intuitionistic) and have information flowing back
and forth between the theories. In contrast, we focus on
the structure of interactions between theories with signatures
that share symbols and the efficiency of reasoning with con-
sequence finders and theorem provers. We do not have any
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restrictions on the language besides finiteness.

Work on formalizing and reasoning with context (see [1]
for a survey) can be related to theorem proving with struc-
tured theories by viewing the contextual theories as interact-
ing sets of theories. Unfortunately, to introduce explicit con-
texts, a language that is more expressive than FOL is needed.
Consequently, a number of researchers have focused on con-
text for propositional logic, while much of the reasoning work
has focused on proof checking (e.g., GETFOL [16]).

7 Summary

In this paper we exploited graph-based techniques to im-
prove the efficiency of theorem proving for structured the-
ories. Theories were organized into subtheories that were
minimally connected by the literals they share. We presented
message-passing algorithms that reason over these theories
using consequence finding, specializing our algorithms for
the case of first-order resolution, and for batch and concurrent
theorem proving. We provided an algorithm that restricts the
interaction between subtheories by exploiting the polarity of
literals. We attempted to minimize the reasoning within each
individual partition by exploiting existing algorithms for fo-
cused incremental and general consequence finding. Finally,
we proposed an algorithm that compiles each subtheory into
one in a reduced sublanguage. We have proven the soundness
and completeness of all of these algorithms. The results pre-
sented in this paper contribute towards addressing the prob-
lem of reasoning efficiently with large or multiple structured
commonsense theories.
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Abstract

Answer Set Programming(ASP) is a novel pro-
grammingparadigm,which allows to solve prob-
lemsin a simpleandhighly declaratve way. The
languageof ASP (function-free disjunctive logic
programmingjs veryexpressve,andallowstorep-
resenteven problemsof high compleity (every
problemin thecompleity class:) = NPNY),

As for SAT solvers,the heuristicfor the selection
of thebranchinditeral (i.e., thecriteriondetermin-
ing the literal to be assumedrue at a given stage
of thecomputationdramaticallyaffectsthe perfor
manceof anASP system . While heuristicfor SAT
have receveda fair dealof researchin Al, only lit-
tle work in heuristicsfor ASP hasbeendonesofar.

In this paper we extend to the ASP framework

a numberof heuristicswhich have beensuccess-
fully employedin existing systems,andwe com-

parethem experimentally To this end,we imple-

mentsuchheuristicsin the ASP systemDLV, and

we evaluatetheir respectie efficiency on a num-

berof benchmarlkproblemstakenfrom variousdo-

mains. The experimentsshaw interestingresults,
andevidencea coupleof promisingheuristiccrite-

ria for ASR, which sensiblyoutperformthe heuris-

tic of DLV.

1 Introduction

Answersetprogramming(ASP)is a declaratve approacho
programmingwhich hasbeenrecentlyproposedn the area
of nonmonotonicreasoningand logic programming. The
knowledgerepresentatiotanguageof ASP is very expres-
sive: function-freelogic programswith classicalnegation
wheredisjunctionis allowedin thehead®f therulesandnon-
monotonicnegationmayoccurin thebodiesof therules. The
intendednodelsof anASPprogramy(i.e.,thesemantic®f the

*Thiswork wassupportedy FWF (AustrianScienceFunds)un-
derthe projectZ29-INF andP14781
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program)are subset-minimamodelswhich are “grounded”
in a precisesensethey arecalledanswersets[Gelfondand
Lifschitz, 1991]. Theideaof answersetprogrammingis to
represena givencomputationaproblemby an ASP program
whoseanswersetscorrespondo solutions,andthenusean
answersetsolverto find sucha solution[Lifschitz, 1999.

As an example, considerthe well-known problem of 3-
colorability, which is the assignmenbf threecolorsto the
nodesof a graphin suchaway thatadjacennodeshave dif-
ferent colors. This problemis known to be NP-complete.
Supposehatthe nodesandtheedgesarerepresentety a set
F of factswith predicatesiode (unary)andedge (binary),
respectiely. Then,thefollowing ASP programallows usto
determinghe admissiblevaysof coloringthe givengraph.

r1: color(X,r) V color(X,y) V color(X, g) : — node(X)
ro: :—edge(X,Y),color(X,C),color(Y, C)

Rule r; above statesthat every node of the graphis col-
oredredor yellow or green,while r, forbidsthe assignment
of the samecolor to ary adjacentnodes. The minimality
of answersetsguaranteeshat every nodeis assignedonly
onecolor. Thus,thereis a one-to-onecorrespondencee-
tweenthe solutionsof the 3-coloringproblemandtheanswer
setsof F'U {ry,r2}. Thegraphis 3-colorableif andonly if
F U {r1,r2} hassomeanswerset.

An advantageof answersetprogrammingover SAT-based
programmings thatproblemscanbe encodednoreeasilyin
theASPIlanguagehanin propositionalCNFformulas thanks
to thenonmonotonicharacteof disjunctionandnegationas
failure [Lifschitz, 1999. Importantly dueto the supportfor
variables every problemin the complexity class¥ (i.e.,in
NPYP) can be directly encodedn an ASP programwhich
canthenbe usedto solwe all probleminstancesn a uniform
way [Eiteretal., 1997.

Thehighexpressienes®f answelsetprogrammingcomes
at the price of a high computationakostin the worst case,
which makesthe implementatiorof efficient ASP systemsa
difficult task. Neverthelesssomeefforts have beendonein
this direction,and a numberof ASP systemsarenow avail-
able. Thetwo bestknown ASPsystemsareDLV [Eiteretal.,
200d, andSmodeldNiemek, 1999;Simons,200d, but also
othersystemsupportASPto someextent,includingCCALC

635



[McCain and Turner, 1999, DCS [Eastand Truszczyski,
200d, QUIP [Egly etal., 2004, andXSB [Raoetal., 1997.

The coreof an ASP systemis modelgenerationwherea
modelof the programis producedwhichis thensubjectedo
ananswersetcheck.For the generatiorof models ASP sys-
temsemploy proceduresvhich aresimilar to Davis-Putnam
proceduresusedin SAT solvers. As for SAT solwers, the
heuristic(branchingrule) for the selectionof the branching
literal (i.e.,thecriteriondeterminingtheliteral to beassumed
trueatagivenstageof the computationjs fundamentallym-
portantfor the efficiency of a model generationprocedure,
and dramaticallyaffectsthe overall performanceof an ASP
system.While alot of work hasbeendonein Al developing
new heuristicsand comparingalternative heuristicsfor SAT
(seege.g.,[HookerandVinay, 1995;Li andAnbulagan,1997;
Freeman,1999), only little work hasbeendoneso far for
ASP systemsin particulay we arenot awareof ary previous
comparisorbetweerheuristicsfor ASP

In this paper we evaluatedifferentheuristicsfor ASP sys-
tems. To this end, we first considera couple of heuristics
which have beenvery successfuln SAT solversor in non-
disjunctive ASP systemsandwe extendthemto the frame-
work of (disjunctive) ASP. We then perform an experimen-
tation actiity to comparethe differentheuristics. In partic-
ular, we implementthe heuristicsin the ASP systemDLYV,
and we comparetheir respectie efficiency on a numberof
benchmarkproblemstaken from variousdomains. The ex-
perimentsshaw interestingresults,andevidencea coupleof
promisingheuristiccriteria for ASP, which sensiblyoutper
form the heuristicof DLV. Neverthelessthis paperis not at
all aconclusvework onheuristicfor ASP;rather it is afirst
stepin this field thatwill hopefully stimulatefurther works
onthedesignandevaluationof heuristicsfor ASP, which are
stronglyneededo build efficient ASP solvers.

2 Answer Set Programming L anguage

In this section,we provide a formal definition of the syn-

tax and semanticof the answerset programminglanguage
supportecby DLV: disjunctive datalogextendedwith strong
negation.For furtherbackgroundsed GelfondandLifschitz,

1991;Eiteretal., 2004.

ASP Programs
A (disjunctive)rule r is aformula

a V- Va, :— by, ---,bg, not bgy1,---, not by,.

whereay, - - -, an, by, - -, by, areclassicaliterals(atomspos-
sibly precededy thesymbol=) andn > 0,m > k > 0. The
disjunctiona; V- - -Va,, istheheadof r, while theconjunction
b1,---,bg, not bgy1,---,not by, isthebody, by, - - -, by, the
positivebody, andnot by1,---,not b,, theneggativebody
of ». Comparisoroperatorylike =, <, >, <>) arebuilt-in
predicatesn ASP systemsandmay appearin the bodiesof
rules.

A disjunctivedatalag program (also called ASP program
in this paper)P is afinite setof rules.

As usual,an object(atom,rule, etc.) is called groundor
propositional if it containsno variables.
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Answer Sets

We describethe semanticf consistentanswersets,which
hasoriginally beendefinedin [GelfondandLifschitz, 1991].

Givena programP, let the Herbrand UniverseUp bethe
setof all constantsppearingn P andtheHerbrandBaseBp
be the setof all possiblecombinationsof predicatesymbols
appearindgn P with constant®f Up, possiblyprecededby —.

A setL of literalsis saidto beconsistentf, for everyliteral
¢ € L, its complementaryiteral is not containedn L.

Givenaruler, Ground(r) denoteshesetof rulesobtained
by applyingall possiblesubstitutions from thevariablesn
to elementf Up. Similarly, givena programP, theground
instantiationGround(P) of P is thesetlJ, ., Ground(r).

For every programP, we defineits answersetsusingits
groundinstantiationGround(P) in two stepsfollowing[Lif-
schitz,1994: Firstwe definethe answersetsof positive pro-
gramsthenwe give areductionof generalprogramgo posi-
tive onesandusethis reductionto defineanswersetsof gen-
eralprograms.

An interpretation! is a setof groundliterals. A consis-
tent interpretation] C Byp is closedunderP (where?P is
a positive program),if, for everyr € Ground(P), atleast
oneliteral in the headis truewheneerall literalsin thebody
aretrue. X is ananswersetfor P if it is minimal w.r.t. set
inclusionandclosedunderp.

The reduct or Gelfond-Lifsthitz transform of a general
groundprogramP w.r.t.asetX C Bp isthepositive ground
programP~X , obtainedirom P by (i) deletingall rulesr € P
whosenegative bodyis falsew.r.t. X and(ii) deletingthe neg-
ative bodyfrom theremainingrules.

An answersetof a generalprogram?P is asetX C Bp
suchthat X is ananswersetof Ground(P)X.

3 Answer Sets Computation

In this section,we describethe main stepsof the compu-
tational processperformedby ASP systems. We will refer
particularlyto the computationakngineof the DLV system,
which will be usedfor the experiments pbut also other ASP
systemslike Smodelsemploy avery similar procedure.

An answerset program® in generalcontainsvariables.
Thefirst stepof a computationof an ASP systemeliminates
thesevariablesgeneratingagroundinstantiationground(P)
of P.! Thehardpartof thecomputatioris thenperformedon
this groundASP programgeneratedby theinstantiator

The heartof the computationis performedby the Model
Generatamwhichis sketchedn Figurel. Roughly theModel
Generatoproducessome“candidate’answersets. The sta-
bility of eachof themis subsequentlyerifiedby thefunction
IsAnswerSet(|)which verifieswhetherthe given“candidate”
I is aminimal modelof the programGround(P)’ obtained
by applying the GL-transformatiorw.r.t. I and outputsthe
model,if so. IsAnswerSet(IjeturnsTrueif the computation

shouldbe stoppedandFalseotherwise.

'Notethatground(P) is notthefull setof all syntacticallycon-
structibleinstancesf the rules of P; rather it is a subset(often
much smaller) of it having preciselythe sameanswersetsas P
[Faberetal., 19993.
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Function ModelGenerator(ltnterpretation)Boolean;

var inconsisteng. Boolean;

begin
| := DetCons(l);
if | = £ then return False;(* inconsisteng *)
if noatomis undefinedn | then return IsAnswerSet(l);
Selectanundefinedyroundatom A accordingto a heuristic;
if ModelGeneratof{ U { A}) then return True;
elsereturn ModelGeneratof{ U {not A});

end;

Figurel: Computatiorof AnswerSets

TheModelGeneratofunctionis first calledwith parameter
I setto theemptyinterpretatior?. If theprogram® hasanan-
swerset,thenthe functionreturnsTrue setting! to the com-
putedanswerset;otherwiset returnsFalse. TheModel Gen-
eratoris similarto the Davis-Putnanprocedureemployedby
SAT solwers.lt first callsafunctionDetCons() whichreturns
the extensionof I with the literals that can be deterministi-
cally inferred(or the setof all literals £ uponinconsistenyg).
This functionis similar to a unit propagatiorprocedureeam-
ployedby SAT solvers,but exploits the peculiaritiesof ASP
for makingfurtherinferenceqe.g.,it exploits the knowledge
that every answersetis a minimal model). If DetConsdoes
not detectary inconsisteng, anatom A is selectedaccord-
ing to a heuristiccriterion and ModelGenerators calledon
Tu{A} andonIU {not A}. TheatomA playstherole of a
branchingvariableof a SAT solver. And indeed like for SAT
solvers, the selectionof a “good” atom A is crucial for the
performanceof an ASP system. In the next section,we de-
scribea numberof heuristiccriteriafor the selectionof such
branchingatoms.

4 Heuristics

Throughoutthis section,we assumehata groundASP pro-

gramP andaninterpretation/ have beenfixed. Here,we de-
scribetheheuristiccriteriathatwill becomparedn Section?.

We consider‘dynamicheuristics”(the ASP equivalentof UP

heuristicsfor SAT), thatis, branchingruleswherethe heuris-
tic valueof aliteral Q depend®n theresultof taking @) true
and computingits consequencesGivena literal Q, ext(Q)

will denotetheintepretatiorresultingfrom the applicationof

DetCons(seeprevioussection)on I U {Q}; w.l.0.g.,we as-
sumethatezt(Q) is consistentptherwise() is automatically
setto falseandthe heuristicis not evaluatedon () atall.

Heuristic hy.  This is an extensionof the branchingrule
adoptedn thesystemSATZ [Li andAnbulagan, 1997 —one
of themostefficient SAT solvers— to the framework of ASP

The length of a rule r (w.r.t. aninterpretationJ), is the
numberof undefinediterals occurringin r. Let Unsaty(Q)
denotethe numberof unsatisfiedrules of length & w.r.t.
ext(Q), which have agreatedengthw.r.t. I. In otherwords,
Unsaty(Q) is the numberof unsatisfieduleswhoselength

2Obsere thattheinterpretationsuilt duringthecomputatiorare
3-valued thatis aliteral canbeTrue, Falseor Undefined(if its value
hasnot beensetyet) w.r.t. to aninterpretation/.

®Recallthatarule r is satisfiedw.r.t. J if the bodyof r is false
w.r.t. J or theheadof r istruew.r.t. J.
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shrinksto & if thetruth of () is assumedndpropagatedh the
interpretation/. Theweightw, (Q) is

w1(Q) = g1 Unsat(Q) x5*

Thus, the weight function w, prefersliterals introducinga
highernumberof shortunsatisfiedrules. Intuitively, the in-
troductionof a high numberof shortunsatisfiedulesis pre-
ferredbecausé createsnoreandstrongerconstraintonthe
intepretationso thata contradictioncanbe found earlier[Li

andAnbulagan,1997. We combinetheweightof anatom(

with the weight of its complementot ) to favour ¢ such
thatw; (Q) andw; (not @) areroughly equal,to avoid that
a possiblefailure leadsto a very bad state. To this end, as
in SATZ, we definethe combinedweightcombaw; (Q) of an
atom( asfollows:

combaw; (Q) = w1 (Q)*w; (not Q)*1024+w1 (Q)+w; (not Q).

Given two atoms A and B, heuristic h; prefers B over
A (A <p1 B) iff combw;(4) < combw,;(B). Oncea
<p1-maximumatom @ is selectedheuristich, takes( if
w1 (Q) > wi(not Q), not Q else.

Heuristic hy. Thesecondheuristicwe consideris inspired
to the branchingrule of Smodels— a well known ASP sys-
tem [Simons,200d. Let |J| denotethe numberof atoms
which areeithertrue or falsein a (three-walued)intepretation

J. Then,define
w2(Q) = lext(Q)]-

Sincews maximizesthe size of the resultingintepretation,
it minimizesthe atomswhich areleft undefined.Intuitively,

this minimizesthe size of theremainingsearchspacgwhich

is 2%, whereu is the numberof undefinedatomsin ezt(Q))

[Simons,200d. Similar to Smodels,the heuristich, cau-
tiously maximizesthe minimum of w,(Q) andws (not Q).

More precisely the preferencerelationship <2 of hy is

definedas follows. Given two atoms A and B, 4 <j»

B if min(h2(A), ha(not A)) < min(hz(B), ha(not B));

otherwise, A <p2 B if min(ha(A4),ha(not 4)) =

min(hy(B), ha(not B)) and maz(ha(A), ha(not 4)) <

maz(ha(B), ha(not B)). Oncea <pz-maximumatoma@ is

selectedheuristich, takeseither@ or not @, dependingn

thesameselectiorprinciple.

Remark. It is worthwhile noting thatthe heuristicof Smod-
els, while following the above intuition, is more advanced
and sophisticatedhan he. Unfortunately it is definedfor

non-disjunctve programsandcenteredaroundpropertiesof

unstratifiednegation.whichis notsoimportantin our frame-
work. We do not seeary immediateextensionof Smodels’
heuristicto the framework of disjunctve ASPprograms. |

Heuristic hg. Let us considernow the heuristicusedin
theDLV system.Evenif thisis more“naive” thanthe previ-
ousheuristics,we will benchmarkt in orderto evaluatethe
impactof changinghebranchingrule onthetestsystem.

A peculiarpropertyof answersetsis supportednessFor
eachtrue atom A of ananswerset/, thereexistsarule r of
the programsuchthatthe body of r is truew.r.t. I and 4 is
the only true atomin the headof . Sincean ASP system
musteventuallycorvergeto a supportednterpretation ASP
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systemstry to keepthe interpretations‘as much supported
as possible” during the intermediatestepsof the computa-
tion. To thisend,the DLV systemcountsthe numberof Un-

supportediue (UT) atoms,i.e., atomswhich aretrue in the
currentinterpretatiorbut still missa supportingrule (further
detailson UTs canbe foundin [Faberet al., 1999 where
they arecalledMBTSs). For instancetherule : — not x im-

pliesthatz mustbetruein every answersetof the program;
but it doesnot give a “support”for z. Thus,in the DLV sys-
temz is takentrue to satisfytherule, andit is addedto the
setof Unsupportediue;it will beremovedfrom this setonce
a supportingrule for z will be found (e.g.,z Vb:—cisa

supportingrule for z in theinterpretation/ = {z,not b, c}).

Given a literal @, let UT(Q) be the numberof UT atoms
in ext(Q). Moreover, let UT,(Q) andUT5(R) bethe num-
berof UT atomsoccurring,respectiely, in the headsof ex-

actly 2 and 3 unsatisfiedrulesw.r.t. ext(Q?). The heuristic
hs of DLV considersUT(Q), UT>(Q) and UT3(Q) in a
prioritized way, to favor atomsyielding interpretationswith

fewer UT /UT,/UT; atoms(which shouldmorelikely lead
to a supportednodel). If all UT countersareequal,thenthe
heuristicconsidersthe total numberSat(Q) of ruleswhich

aresatisfiedw.r.t. ext(Q). More precisely giventwo atoms
AandB:

1. A <p3 Bif UT(A) > UT(B);

2. otherwise, A <p3 B if UT(4A) =

3. otherwise, A <3 B if UTy(A) = UT»(B) and
UTs3(A) > UTs(B);

4. otherwise, A <3 B if UT3(A)
Sat(A) < Sat(B).

A <pz-maximumatomis selectedby the heuristichz of
DLV. Unlike thepreviousheuristics i3 considernly atoms
(insteadof literals), andit doesnot take into accountwhat
happenswvhen the selectedatom ) leadsto a failure (i.e.,
ext(not Q) is notconsideredn the heuristic).

UT(B) and

= UT3(B) and

Heuristic hy.  Finally, we have considereda simple “bal-

ancedversion” hy of theheuristichs of DLV, wherealsothe
complemenbf anatomis evaluatedfor the heuristic. Given
anatomA, letUT'(A) = UT(A) + UT (not A), UT45(A) =

UT2(A)+UT2(not A), UTé(A) = UT3(A)+UT3(DO1: A),

and Sat'(A) = Sat(A) + Sat(not A). The heuristic h4

works preciselyas hg, but considersthe primed counters.
Oncethe bestatomhasbeenselectedit is taken positive or

negative, dependingon hs.

5 Benchmark Programs

To evaluatethe differentheuristicspresentedn the previous
section,we chosea coupleof benchmarkproblems: 3SAT,
Blocksworld Planning Hamiltonianpath,andStrateyic Com-
panies.

3SAT is oneof thebestresearchegroblemsin Al andgen-
erally usedfor solving mary other problemsby translating
themto 3SAT, solving the 3SAT problemand transforming
the solutionbackto the original domain:
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Let & bea propositionaformulain conjunctve normal
form (CNF)® = A (di1 V ...V d;3) wherethed; ;
areliteralsoverthe propositionalariablest , . . . , 2, .
d is satisfiablejff thereexists a consistentonjunction
I of literals suchthat I = & (seee.g.[Papadimitriou,
1994 for a completedefinition).

3SAT isaclassicaNP-completgroblemandcanbeeasily
representeth ourformalismasfollows:

For every propositionalvariablez; (1 < ¢ < m), we add
the following rule which ensureghat we eitherassumethat
variablez; or its complementz; true:

x; Vn;.
Andfor everyclaused; V...V ds in ® weaddtheconstraint

:—not d_1,...,no1:d_3.

whered; (1 < i < 3) is z; if d; is apositive literal z;, and
nx; if d; is anegatveliteralnot ;.

Hamiltonian Path (HAMPATH) is anotherclassicalNP-
completeproblemfrom the areaof graphtheory:

GivenanundirectedgraphG = (V, E), whereV is the
setof verticesof G andE is thesetof edgesandanode
a € V of thisgraph,doesthereexist a pathof G starting
ata andpassinghrougheachnodein V' exactly once?

Supposéhatthe graphG is specifiedby usingtwo predi-
catesnode(X) andarc(X,Y)?, andthestartingnodeis spec-
ified by the predicatestart (unary) which containsonly a
singletuple. Then,thefollowing programsolvesthe problem
HAMPATH.

% Eachnodehasto bereached.

:— node(X),not reached(X).

reached(X) : — start(X). reached(X):— inPath(Y,X).
% Guesswhetherto take a pathor not.

inPath(X,Y) VoutPath(X,Y) : — reached(X), arc(X,Y).
% At mostoneincoming/outgoingarc!
:—inPath(X,Y),inPath(X,Y1),Y<>Y1.
:—inPath(X,Y),inPath(X1,Y), X<>X1.

Blocksworld (BW) is a classicproblemfrom the planning
domain,andoneof theoldestproblemsn Al:

Givenatableandanumberof blocksin a(known)initial

stateanda desiredgoal state try to reachthatgoal state
by moving one block at a time suchthat eachblock is
eitheron top of anotherblock or the tableat any given
time step.

Figure2 shavsasimpleexamplethatcanbesolvedin three
time steps:First we move block c to the table,thenblock b
ontop of a,andfinally c ontop of b.

initial: goal:
B
DD B
Figure2: SimpleBW Example

“Predicatearc is symmetric,sinceundirectedarcsare bidirec-
tional.
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Due to spacerestrictionswe referto [Erdem,1999; Faber
etal., 19994 for acompleteencoding.

Strategic Companies (STRATCOMP) finally, is a ©£-
completeproblem,which hasbeenfirst describedn [Cadoli
etal., 1997:

A holding owns ¢ companiesgachof which produces
somegoods.Someof thesecompaniesnayjointly con-

trol others. This is modelledby meansof predicates
prod(P,C1,C2) (P is producedby C1 and C2) and

cont(C,C1,C2,C3) (compary C is jointly controlled

by C1, C2 andC3).

Now, somecompaniesshouldbe sold, underthe con-

straintthat all goodscanbe still produced andthatno

compaury is sold which would still be controlledby the

holdingafterwards.A compaly is strateic, if it belongs
to a strategic set which is a minimal setof companies
satisfyingtheseconstraints.

The answersetsof the following natural programcorre-
spondoneto oneto the stratgic sets.Checkingwhetherary
givencompaiy C is stratgic is doneby brave reasoning:ls
thereanyanswersetcontainingC'?”

5-¢(C1) V s¢(C2) : — prod(P,C1,C2).

s¢(C) : — cont(C, C1,C2,C3), s_c(C1), sc(C2), s_c(C3).

As in [Cadoliet al., 1997 we assumethat eachproduct
is producedby at mosttwo companiesandeachcompaty is
jointly controlledby at mostthreecompaniego allow for an
easierrepresentation.

6 Benchmark Data

For 3SAT, we have randomlygenerate@CNFformulasover
n variablesusing a tool by Selmanand Kautz [Selmanand
Kautz, 1997. For eachsizewe generated suchinstances,
wherewe keptthe ratio betweenthe numberof clausesand
the numberof variablesat 4.3, which is nearthe cross-wer
pointfor random3SAT [Crawford andAuton, 1994 .

Theinstancesor HAMPATH weregeneratedisinga tool
by Patrik Simonswhich hasbeenusedto compareSmod-
els againstSAT solvers(cf. [Simons,2004), andis avail-
ableathttp://tcs. hut.fi/Software/snodel s/ m sc/
hani | ton. tar. gz. For eachproblemsizen we generated
8 instancesalwaysassumingiodel asthestartingnode.

Theblocksworld problemsP3andP4have beenemployed
in [Erdem,1999 to compareASP systemsandcanbesolved
in 8 and9 stepsrespectiely. We augmentedheseby prob-
lemsP5andP6 which requirel1 and 12 steps respectiely.
For eachof theseproblemswe generate® randompermuta-
tionsof theinput.

For STRATCOMR finally, we randomlygenerated in-
stancedor eachproblemsize n, with n companiesandn
products.Eachcompary O is controlledby oneto five com-
panieswheretheactualnumberof companiess uniformran-
domly chosen. On averagethereare 1.5 cont relationsper
compaly.

Thebenchmarldataareavailableatht t p: / / www. dbai .
tuwi en. ac. at/proj/dlv/. All experimentswere per
formedonanAthlon/750FreeBSD4.2 machinewith 256 MB
of main memory The binarieswere producedwith GCC
2.95.2.
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7 Experimental Resultsand Conclusion

Theresultsof our experimentsaredisplayedn the graphsof
Figures3-6. In eachgraph,the horizontalaxis reportsa pa-
rameterrepresentinghe sizeof theinstance.On the vertical
axis, we reportthe averagerunningtime (expressedn sec-
onds)over the 8 instance®f the samesizewe have run (see
previoussection).

Remark. All heuristicshave beenimplementedn astraight-
forwardway, without optimizations,sotherunningtimesre-
portedin the graphare meaningfulonly for comparingthe
relative efficienciesof the heuristics.

We have allowed a runningtime of 600 secondgor each
probleminstance. In the graphs,the line of an heuristic
stopswhenerer someprobleminstancevasnot solvedin the
maximum allowed time. The following table displays, for
eachheuristic,the maximuminstance-sizevherethe heuris-
tic couldsolveall probleminstancesn themaximumallowed
time.

h1 ho hs ha
3SAT 270 270 250 260
HAMPATH 80 40 70 > 100
BW > P6 > P6 P5 > P6
STRATCOMP | > 1200 | > 1200 | <700 | > 1200

As expectedheuristichs, the“native” heuristicof theDLV
systemwhich doesnot combinethe heuristicvaluesof com-
plementaryatoms,is theworstin mostcaseslt doesnotter
minateontheinstanceP6of BW, it couldnotsolve ary of the
benchmarknstanceof STRATCOMP (it doesnot appearat
all in Figureb), andstoppecearlierthanthe otherson 3SAT.

Heuristichy, the extensionof SATZ heuristicto ASP, be-
haves very well on average. On 3SAT, BW, and STRAT-
COMP h; couldsolve all benchmarknstancesve have run.
It is the fasteston BW andone of the two fasteston 3SAT.
It shawvs a negative behaviour only on HAMPATH. In this
problem, consideringUnsupportedilue literals seemsto be
crucialfor theefficiency.

Heuristic h4 is surprisinglygoodcomparedo hs. It is a
simple“balancedversion” of heuristichs (the heuristicval-
uesof the positive andof the negative literal arecombinedby
sum). This simpleextensionto hz dramaticallyimprovesthe
performancelndeed heuristichs solvesnearlyall instances
weran(only on3SAT it stoppecdhbit earlierthanotherheuris-
tics). It is the bestheuristicon STRATCOMP and, impor-
tantly, on HAMPATH, whereit beatsall otherheuristicsof a
relevantfactor

The behaviour of heuristichy, basedon the minimization
of the undefinedatoms, is rathercontroversial. It behaes
verywell on 3SAT andBW, but it is extremelybadon HAM-
PATH, whereit stopsat 40 nodesalreadyandis beatenreven
by the “naive” heuristichs. This confirmsthat further stud-
ies are neededo find a properextensionof the heuristicof
Smodelgo the framework of disjunctve ASP.

Concludingwe obsenethatbothheuristich; andheuristic
hy, significantlyimprovetheefficiency of the native heuristic
hz of the DLV system.The dramaticimprovementobtained
by the simplechangerom A3 to by, confirmsevenmorethe
importanceof a carefulstudyof branchingrulesin ASP sys-
tems.This paperis only afirst stepin this field, we hopethat
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further works will follow, for proposingnew heuristicsfor
ASP andfor betterunderstandinghe existing ones,in order
to improve the efficiency of ASP systems.
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Abstract

We give a graph theoretical characterization of an-
swer sets of normal logic programs. We show that
there is a one-to-one correspondence between an-
swer sets and a special, non-standard graph coloring
of so-called block graphs of logic programs. This
leads us to an alternative implementation paradigm
to compute answer sets, by computing non-standard
graph colorings. Our approach is rule-based and not
atom-based like most of the currently known meth-
ods. We present an implementation for computing
answer sets which works on polynomial space.

1 Introduction

Answer set semantics [Gelfond and Lifschitz, 1991] was es-
tablished as an alternative declarative semantics for logic pro-
grams. Originally, it was defined for extended logic pro-
grams' [Gelfond and Lifschitz, 1991] as a generalization of
the stable model semantics [Gelfond and Lifschitz, 1988].
Currently there are various applications of answer set pro-
gramming, e.g. [Dimopoulos et al., 1997; Liu et al., 1998;
Niemeld, 1999]. Furthermore, there are reasonably efficient
implementations available for computing answer sets, e.g.
smodels [Niemeld and Simons, 1997] and d1v [Eiter et al.,
1997]. Systems, like DeReS [Cholewinski ef al., 1996] and
quip [Egly et al., 2000], are also able to compute answer
sets, although they were designed to deal with more general
formalisms.

Both systems and most of the theoretical results as well deal
with answer sets in terms of atoms (or literals). This paper
aims at a different point of view, namely characterizing and
computing answer sets in terms of rules. Intuitively, the head
pofarulep < q,...,qn,n0t s1,...,not s is in some

answer set A if ¢1,...,¢q, are in A and none of sq,..., sy is
in A. Let
p— a <+ b,note b+« d c+b )
- d + e<—d,not f f+a

be a logic program and let us call the rules r,, 14, r¢, g,
re, and ry, respectively. Then P has two different answer
sets Ay = {d,b,c,a, f} and Ay = {d,b,c,e}. It is easy to
see that the application of r; blocks the application of r, wrt

"Extended logic programs are logic programs with classical nega-
tion.
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A, because if ry contributes to Ay, then f € A; and thus
re cannot be applied. Analogously, re blocks r, wrt answer
set As. This observation leads us to a strictly blockage-based
approach. More precisely, we represent the block relation be-
tween rules as a so-called block graph. Answer sets then are
characterized as special non-standard graph colorings of block
graphs. Each node of the block graph (corresponding to some
rule) is colored with one of two colors, representing applica-
tion or non-application of the corresponding rule. The block
graph has quadratic size of the corresponding logic program.
Since the block graph serves as basic data structure for our
implementation, it needs polynomial space.

2 Background

We deal with normal logic programs which contain the sym-
bol not used for negation as failure. A rule, r, is any expres-
sion of the form

P q,--- .,not s 2)

where p, ¢; (0<i<n)and s; (0<j<k) are atoms. A ruleis a
fact if n=k=0, it is called basic if k=0. For a rule r we define
head(r)=p and body(r)={q1,-..,qn,not s1,...,not sy}
Furthermore, let body™ (r)={qi,...,q,} denote the positive
part and body ™~ (r)={s1, ..., sk} the negative part of body(r).
Definitions of the head, the body, the positive and negative
body of a rule are generalized to sets of rules in the usual way.
The elements of body ™ (r) are referred to as the prerequisites
or positive body atoms of r. The elements of body™ (r) are
referred to as the negative body atoms of r. If body™ (r)=0,
then r is said to be prerequisite-free. A set of rules of the
form (2) is called a (normal) logic program. A program is
called prerequisite-free if each of its rules is prerequisite-free.
We denote the set of all facts of program P by Fp.

Let 7 be a rule. r* then denotes the rule head(r) <«
body™ (r). For a logic program P let P* = {r* | r € P}. A
set of atoms X is closed under a basic program P iff for any
r € P, head(r) € X whenever body(r) C X. The smallest set
of atoms which is closed under a basic program P is denoted
by Cn(P).

The reduct, PX, of a program P relative to a set X of atoms
is defined by PX = {r* | r€ P and body ™ (r) N X =0}. We
say that a set X of atoms is an answer set of a program P iff
Cn(PX) = X. The reduct P¥ is often called the Gelfond-
Lifschitz reduction. Observe, that there are programs, e.g.
{p < not p}, that do not possess an answer set. Through-
out this paper, we use the term “answer set” instead of “stable

,qn,not s, ..
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model” since it is the more general one.

A set of rules S of the form (2) is grounded iff there exists
an enumeration (r;);r of S such that for all ¢ € I we have that
body™ (r;) C head({ri,...,r;_1}). For a set of rules S and
a set of atoms X we define the set of generating rules of S wrt
X as follows

GR(S, X)={re S|body™ (r) C X, body (r)Nn X=0}. (3)

The following result relates groundedness and generating
rules to answer sets.

Lemma 2.1 Let P be a logic program and X be a set of
atoms. Then X is an answer set of P iff (i) GR(P,X) is
grounded and (ii) X =Cn(GR(P, X)™).

This lemma characterizes answer sets in terms of generating
rules. Observe, that in general GR(P, X)T # PX (take P =
{a <,b+ c}and X = {a}).

Assume that for each program P we have

for each rule r € P we have |body™ ()| < 1. )

In Section 5, we show how to generalize our approach to both
normal logic programs with multiple positive body atoms and
also to extended logic programs. Therefore, the assumption
above is not a real restriction.

We need some graph theoretical terminology. A directed
graph G is a pair G = (V, A) such that V' is a finite, non-
empty set (vertices) and A C V x V is a set (arcs). For a
directed graph G = (V, A) and a vertex v € V, we define
the set of all predecessors of v as v~ (v) = {u | (u,v) €
A}. Analogously, the set of all successors of v is defined as
vt (v)={u | (v,u) € A}. A pathfrom v tov'in G=(V,A)
is a finite subset P, C V such that P, = {v1,...,v,},
v=uv1, v =v, and (v;,v;11) € A for each 1 <i<n. The arcs
of a path Py, are defined as Arcs(Pyy) = {(vi,viy1) | 1 <
i<n}. A path from v to v for some v €V is called a cycle in
G.

In order to represent more information in a directed graph,
we need a special kind of labeled graphs. (V, A% U A!) is
a directed graph whose arcs A% U A! are labeled with zero
(0-arcs) and with one (I-arcs), respectively. For G we distin-
guish O-predecessors (0-successors) from 1-predecessors (1-
successors) denoted by 7, (v) (77 (v)) and v, (v) (7 (v))
for v € V, respectively. A path P,, in G is called 0-path
if Arcs(P,,) C A°. The length of a cycle in a graph
(V, A% U A') is the total number of 1-arcs occurring in the
cycle. Additionally, we call a cycle even (odd) if its length is
even (odd).

3 Block Graphs and Application Colorings

‘We now go on with a formal definition of the conditions under
which a rule blocks another rule.

Definition 3.1 Let P be a logic program s.t. condition (4)
holds, and let P' C P maximal grounded. The block graph
I'p = (Vp, A% U AL) of P is a directed graph with vertices
Vp = P and two different kinds of arcs defined as follows

AS ={('",r) | r',r € P" and head(r') € body™ (r)}
AL ={(r',r) | ',r € P' and head(r') € body ™ (r)}.
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Observe, that there exists a unique maximal grounded set
P’ C P for each program P, that is, 'p is well-defined. This
definition captures the conditions under which a rule 7’ blocks
another rule 7 (e.g. (r',7) € A'). We also gather all ground-
edness information in I' p, due to the restriction to rules in the
maximal grounded part of logic program P. This is important
because a block relation between two rules ' and r becomes
effective only if 7 is groundable through other rules. E.g. for
program P = {p + ¢,q + p} the maximal grounded subset
of rules is empty and therefore I'p contains no 0-arcs. Fig-
ure 1 shows the block graph of program (1).

(——O
0
1 0
D)
Figure 1: Block graph of program (1).
We now define so-called application colorings or a-
colorings for block graphs. A subset of rules G, C P is

a grounded O-path for r € P if G, is a 0-path from some fact
torin'p.

Definition 3.2 Let P be a logic program s.t. condition (4)
holds, let Tp = (P, A% U AL) be the corresponding block
graph and let ¢ : P — {©,®} be a mapping. Then c is
an a-coloring of I p iff the following conditions hold for each
repP

A1l c(r) = © iff one of the following conditions holds
a. vy (r) # 0 and for each v' €5 (r) we have c(r') = ©
b. there is some " €1 (r) s.t. c(r'") = .

A2 ¢(r) = @ iff both of the following conditions hold
a. vy (r)=0 or it exists grounded O-path G, s.t. ¢(G,)=&?
b. for each r" €y (r) we have c(r'"") = ©.

Let ¢ be an a-coloring of some block graph I'p. Rules are
then intuitively applied wrt some answer set of P if they are
colored @. Condition A1 specifies that a rule r is colored
© (not applied) if and only if r is not “grounded” (Ala) or
r is blocked by some other rule (A1b). A rule is colored
@ (applied) if and only if it is grounded (A 2a) and it is not
blocked by some other rule (A 2b) . This captures the intuition
which rules apply wrt to some answer set and which do not
(see Section 1).

Let r, = p < not p. Then program P = {r,} has
block graph (P, 0, {(rp,rp)}). By Definition 3.2 there is no
a-coloring of I'p. For this reason, we need both conditions
Aland A2.

Lemma 3.1 Let P be a logic program s.t. condition (4) holds
and let ¢ be an a-coloring of T p. Then condition A1 holds iff
condition A2 does not hold.

In general, we do not have the equivalence stated in this
lemma, because there are examples (see above) where no a-
coloring exists. Lemma 3.1 states that a-colorings are well-
defined in the sense that they assign exactly one color to each
node.

%For a set of rules S C P we write ¢(S) = @ or ¢(S) = & if for
each r € S we have ¢(r) = @ or ¢(r) = ©, respectively.
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We obtain the main result:

Theorem 3.2 Let P be a logic program s.t. condition (4)
holds and let T'p be the block graph of P. Then P has an
answer set A iff U'p has an a-coloring c. Furthermore, we
have GR(P,A)={r € P | ¢(r) = &}.

Answer sets can therefore be computed by computing a-
colorings, e.g. c({r.}) = © and c({rq,rs,7c,ra,7¢}) = &
correspond to answer set A; of program (1).

4 Computation of A-colorings

For the following description of our algorithm to compute
a-colorings, let P be some logic program s.t. condition (4)
holds. Let ¢ : P — {©, ®} be a partial mapping. c is repre-
sented by a pair of (disjoint) sets (cg, cg) s.t. co = {r € P |
c(r)=06}and cg = {r € P | c(r)=®}>. We refer to map-
ping ¢ with the tuple (cg, cg) and vice versa. Assume that I'p
is a global parameter of each presented procedure (indicated
through index P). Let U and N be sets of nodes s.t. U con-
tains the currently uncolored nodes (U = P \ (¢g U ¢g)) and
N contains colored nodes whose color has to be propagated.
Figure 2 shows the implementation of the non-deterministic
procedure colorp in pseudo code.

procedure colorp(U, N :list; c:partial mapping)
var n :node;
if propagate,(N,c) fails then fail;
U:=U\(caUcg);
if choosep(U,c,n) fails then
c:=(cgUU,cq);
if propagate (U, ¢) fails then fail else output c;
else
U:=U\{n};
c:= (co,ce U{n});
if colorp(U,{n},c) succeeds then exit
else
¢:=(cgU{n},co\{n});

if colorp (U, {n},c) succeeds then exit else fail;
Figure 2: Definition of procedure color p.

Notice that all presented procedures (except choosep)
return some partial mapping through parameter c¢ or fail.
choosep returns some node or fails.

When calling colorp the first time, we start with ¢ =
(0, Fp),U = P\ Fp and N = Fp. That is, we start with all
facts colored @. Basically, colorp takes both a partial map-
ping c and a set of uncolored nodes U and aims at coloring
these nodes. This is done by choosing some uncolored node n
(n € U) with choosep and by trying to color it @ first. In case
of failure color p tries to color node n with ©. If this also fails
color p fails. Therefore, we say that node n is used as a choice
point. All different a-colorings are obtained by backtracking
over choice points.

choosep (U, ¢, n) selects some uncolored node n (n € U)
st. 75 (n) = 0 and 77 (n) # 0 or the following condition
holds:

CP thereis some n’ € 7, (n) s.t. ¢(n') = &.

3Since ¢ is not total we do not necessarily have P = c¢o U cg.
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If there is no such n then choose p fails. This strategy to select
choice points ensures that nodes cg are grounded. Observe
that, if choosep fails and U # () then we have to color all
nodes in U with ©, since they cannot be grounded through
rules cg.

During recursive calls [V contains the choice point of the
former recursion level. The color of nodes /N has to be prop-
agated with propagate, (see Figure 3) for two reasons. First,
when coloring nodes in N with color z (x € {©,@}) itis not
checked whether this is allowed (wrt the actual ¢). This check
is done by propagate,. This means, colorp fails only during
propagation (see Theorem 4.1). Second, propagating already
colored nodes prunes the search space and thus reduces the
necessary number of choices. Since choice points make up
the exponential part of our problem, propagation becomes the
essential part of our approach.

Currently, we propagate only in arc direction as it is suf-
ficient for correctness and completeness of the algorithm.
Therefore, we have to deal with four propagation cases: if
a node is colored z (z € {9, ®}) then this color has to be
propagated over 1- and over O-arcs. Let 7', € P be nodes
s.t. (r',r) € A° U Al and assume that ' is already colored.
Then we have to propagate this color to node r. For example,
propagating ¢(r') = @ over 1-arcs gives ¢(r) = ©. For rea-
sons of correctness, we cannot propagate colors without any
further tests. We have got the following result.

Theorem 4.1 Let P be a logic program s.t. condition (4)
holds, let T'p be the corresponding block graph and let c :
P — {©,®} be a mapping. If c is an a-coloring of T'p then
foreachr' € P ifr' € Fp then ¢(r') = @& and the following
conditions hold:

(A) for eachr € v (r') we have c(r)=©
ife(r)=a®

(B) for eachr € (') we have c(r)=®
ife(r'y=6 and for each r" € v, (r) : c(r'") =6 and
[V (r) = 0 or there is some "' € vy (r) : c(r'") =]

(C) for eachr € v (r') we have c(r) =@
ife(r')y=@® and for eachr" € v, (r) : c(r'") =0

(D) for eachr € g (r') we have c(r)=©
ife(r'y=6 and for each r"" € v, (r) : c(r'")=06.

According to Theorem 3.2, a rule contributes to some answer
set A if it is colored . In case of (A) there is no further con-
dition, because a node r has to be colored © if there is some
1-predecessor r'" of r which is colored & (take '’ = 7' in
A1) Definition 3.2). In other words, r cannot be applied if it
is blocked by some other applied rule. Intuitively, condition
(B) says that r has to be applied if all of its 1-predecessors
are colored © (r is not blocked) and one of its O-predecessors
is colored @ (body™ (r) is a consequence of applied rules or
r is a fact). Condition (C) states that rule r is applied if it is
“grounded” through one of its O-predecessors and if it is not
blocked by some other rule. The last condition postulates that
rule  cannot be applied if body™ () cannot be derived from
other applied rules. Theorem 4.1 implies that a mapping c is
no a-coloring if propagate fails. Figure 3 shows the imple-
mentation of propagate,. The purpose of propagate, is to

643



procedure propagate, (N :list; c: partial mapping,)
var n' :node;

while N # do
select n' from N;
if (n' €cg) then

(A) if propAp(n',c) fails then fail;

(C) if propCp(n',c) fails then fail;
else

(B) if propBp(n',c) fails then fail;

(D) if propDp(n',c) fails then fail.

Figure 3: Definition of procedure propagate.

apply the corresponding propagation cases, e.g. if ¢(n') = @
then cases (A) and (C) have to be applied.

The four procedures used in propagate, can be easily im-
plemented. For example, propB p is shown in Figure 4. First,

procedure propBp(n':node; c:partial mapping)
var n :node; S :setofnodes;
S := {n € 7" (n") | condition (B) holds for n} ;
while S #0 do
select n from S;
if n€cg then fail;
if n¢ce then
c:= (co,ce U{n});
propagatep(n,c) .
Figure 4: Definition of procedure propB .

it determines the set S of all 1-successors of n' s.t. condi-
tion (B) holds. Finally, it tests whether all nodes in S can be
colored . If node n € S is currently uncolored it is col-
ored @ and its color is propagated. If ¢(n) = © then propBp
fails, otherwise n is already colored & and we go on with the
next node from S. The procedures for the remaining propaga-
tion cases can be implemented analogously. Whenever some
currently uncolored node is colored during propagation, this
color is recursively propagated by calling propagate .

For partial mapping ¢ : P — {6, ®} we define the set of
corresponding answer sets A, as

A, = {X | X is answer set of P and
¢e C GR(P,X) and c5 NGR(P, X) = 0}.

If ¢ is undefined for all nodes then A, contains all answer sets
of P. 1If ¢ is a total mapping then A. contains exactly one
answer set of P (if ¢ is an a-coloring). With this notation we
formulate the following result:

Theorem 4.2 Let P be a logic program s.t. condition (4)
holds, let ¢ and c(r) be partial mappings. Then for each
r € (co U cg) we have if propagatep ({r},c) succeeds and
¢(r) is the actual partial mapping after executing propagate
then A. = Ac(r)-

This theorem states that propagatep neither discards nor in-
troduces answer sets corresponding to some partial mapping
c. Hence, it justifies that only nodes used as choice points lead
to different answer sets. Therefore backtracking is necessary
only over choice points (see Figure 2).
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Define Cp = {c | ¢ is some output of colorp(P \
Fp,Fp,(, Fp))}. With this notation, we obtain correctness
and completeness of colorp.

Theorem 4.3 Let P be a logic program s.t. condition (4)
holds, let Tp be its block graph, let ¢ : P — {©,®} be a
mapping and let Cp be defined as above. Then c is an a-
coloring of T'p iff ¢ € Cp.

Let us demonstrate how colorp computes the a-colorings
of the block graph of program (1) (see Figure 1). We in-
voke colorp(U, N,c¢) with U = P\ {rq}, N = {rg} and
¢ = (0, {rq}). First, propagate, (N, c) is executed. By prop-
agating c(ry) = @ with case (C) we get ¢(r,) = @ and re-
cursively c(r.) = ®. This gives ¢ = (0, {rq,p,7c}). Af-
ter updating uncolored nodes we obtain U = {rq,r,7rs}.
Now choosep (U, ¢, n) (n variable) is executed. For choosep
there are two possibilities to compute the next choice point
s.t. CP hold, namely r, and 7r.. Assume n = r,.
After updating U we have U = {r.,ry} and the first
recursive call colorp(U,{r,},c) is executed where ¢ =
(@,{ra,rp,re, 70 })- Again color ® of node r, has to be prop-
agated by executing propagatep ({r.}, (0, {ra,rs,7¢,7a}))-
By using propagation case (C) for ¢(r,) = 9 we obtain
c(ry) = @. This color is recursively propagated using
case (A), which gives ¢(r.) = ©. This leads to ¢ =
({re}, {ra,mo,7c,7a,7r}). Since U becomes the empty set,
choosep fails and c is the first output. Invoking backtrack-
ing means that the last recursive call to colorp fails. Then
¢ = ({ra},{ra,m,rc}) and colorp (U, {r,},c) is executed.
By using case (D) for ¢(r,) = © we obtain ¢(ry) = © and
thus ¢(r.) = @ with case (B). Hence the second solution is
c= ({ra,rs},{ra,rs, e, 7e}). Since there is no other choice
point, we have no further solutions.

5 Generalizations

In this section, we discuss generalizations of the presented
approach. First, we show how to apply our method to normal
logic programs with multiple positive body literals. Let P be
a normal program without restrictions. For each rule r = p «
qiy---,Qn,not S1,...,not s we define

p_{pe q,not s1,..

T e as
where ¢',q, . . ., ¢., are new atoms not appearing in P. For a
program P we set Py = J,.p Pr. Hence, we have defined
a local program transformation which has linear size of the
original program. Each normal program is transformed into
some program in which body ™ (r) = () for each rule r with
|body™ (r)| > 1. That is why we may interpret Py as some
kind of normal form of P. The following lemma obviously
holds:

Lemma 5.1 Let P be a normal logic program and let A be a
set of atoms. Then A is an answer set of P iff there exists an
answer set A N of Py s.t. A and A y contain exactly the same
atoms out of the set of all atoms occurring in P.

., not Sk}U{q; — ql|1§1§n} Q)

It is straightforward to extend the algorithm presented in
Section 4 to normal programs Py. Letus call all rules r € Py
with |body™ ()| > 1 AND-nodes and all other rules OR-
nodes. Observe, that on the one hand, we do not have to mod-
ify Definition 3.1 of block graphs for programs Py. It stays as
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it is. We just distinguish two different kinds of nodes in I' p,, .
On the other hand, Definition 3.2 and procedures presented
in Section 4 deal only with OR-nodes and consequently we
have to extend it to AND-nodes. For AND-node r» we know
by definition that v; () =0 (see (5)). Therefore, 7 cannot be
blocked and we do not have to consider cases A1b and A2b
of Definition 3.2. In order to extend Definition 3.2, we require
that the following conditions hold for each AND-node r (cor-
responding to conditions Ala and A2a of Definition 3.2 for
OR-nodes):

A3 ¢(r)=0 iff there is some ' € y, (1) s.t. ¢(r') =6
A4 c(r)=@ iff for each 7’ € 7, (r) we have ¢(r') =.

According to (5), for AND-node r we have v; (r) =7 (r) =
0, |y (r)|=1and v (r)Uyy (r) will never contain any AND-
node. For this reason, we obtain only two new propagation
cases, in which we propagate the color of OR-nodes over 0-
arcs to AND-nodes. Let 7 € 73 (') be some AND-node and
let z € {©, ®} be the actual color of 7' (OR-node). Then we
have the following new cases

(C’) foreachr € v (r') we have c(r) =@ if ¢(r') =@ and
foreach " € vi (1) s c(r") =@

(D) foreachr € vi (r') we have c(r) =0 if c(r') =©,

which can be easily integrated into propagatep.

[Gelfond and Lifschitz, 1990] show that logic programs
with classical negation are equivalent to normal logic pro-
grams when new atoms are introduced. With this technique
our approach is also suitable for computing answer sets of
general logic programs (with classical negation). Addition-
ally, we may apply techniques presented in [Janhunen er al.,
2000] to handle disjunctive logic programs.

6 Related Work

Directed graphs are often associated with logic programs and
used in theory and applications. Usually, the nodes of these
graphs are the atoms of the programs, e.g. dependency graphs
or TMS networks [Doyle, 1979]*. These approaches use rules
to define graphs on atoms whereas we have used atoms to
define graphs on rules.

Other approaches [Dimopoulos and Torres, 1996; Brignoli
et al., 1999] are more or less rule-based but have some serious
drawbacks: they deal only with prerequisite-free programs,
because (wrt to answer set semantics) there is some equivalent
prerequisite-free program for each program. Since in general
equivalent prerequisite-free programs have exponential size of
the original ones, approaches which rely on this equivalence
need exponential space.

In fact, the block graph is a specialization of graphs de-
fined on rules in [Papadimitriou and Sideri, 1994; Linke and
Schaub, 2000] for default theories. Whereas in the case of de-
fault logic the aforementioned graphs are abstractions of the
essential blocking information, here they contain all informa-
tion necessary for computing answer sets. Although we focus
on the practical usage of the block graph it may also be used

*Truth maintenance systems can be translated into logic pro-
grams [Brewka, 1991].
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as a tool for theoretical analysis of logic programs. For exam-
ple, results presented in [Linke and Schaub, 2000] imply that
a logic program without odd cycles always has some answer
set.

Clearly, colorp is, like smodels, a Davis-Putnam like
procedure. Once again, the main difference is that colorp
determines answer sets in terms of generating rules whereas
smodels and d1v construct answer sets in terms of literals.
Using rules instead of atoms has the advantage that we have
complete knowledge about which rule is responsible for some
atom belonging to an answer set. Atom-based approaches
additionally have to detect the responsible rule and ensure
groundedness, because in general there may be several rules
with the same head. We obtain groundedness of generating
rules as a by-product of our strategy to select choice points
with procedure choosep.

7 Conclusion

The main contribution of this paper was the definition of the
block graph I'p of a program P. As a theoretical tool, the
block graph seems to be suitable for investigations of many
concepts for logic programs, e.g. answer set semantics, well-
founded semantics or query-answering. As a first result, we
have described answer sets as a-colorings (a non-standard
kind of graph colorings of I'p). This led us to an alternative
algorithm to compute answer sets by computing a-colorings
which needs polynomial space.

Finally, let us give first experimental results to demon-
strate the practical usefulness of our algorithm. We have used
two NP-complete problems proposed in [Cholewinski ef al.,
1995]: the problem of finding a Hamiltonian path in a graph
(Ham) and the independent set problem (Ind).

Concerning time, our first prolog implementation (devel-
opment time 6 month) is not comparable with state of the art
implementations. However, Theorem 4.2 suggests to compare
the number of used choice points, because it reflects how an
algorithm deals with the exponential part of a problem. Un-
fortunately, only smodels gives information about its choice
points. For this reason, we have concentrated on comparing
our approach with smodels. Results are given for finding

K7 Kg Kg KlO
smodels | 4800 | 86364 | 1864470 | 45168575
noMoRe | 15500 | 123406 | 1226934 | 12539358

Table 1: Number of choice points for HAM-problems.

all solutions of different instances of Ham and Ind. Table 1
shows results for some Ham-encodings of complete graphs
K,, where n is the number of nodes®. Surprisingly, it turns
out that our non-monotonic reasoning system (noMoRe) per-
forms very well on this problem class. That is, with grow-
ing problem size we need less choice points than smodels.
This can also be seen in Table 2 which shows the correspond-
ing time measurements. For finding all Hamiltonian cycles of
a Ky we need less time than the actual smodels version.
To be fair, for Ind-problems of graphs Cir,%we need twice

5In a complete graph each node is connected to each other node.
®A so-called circle graph Cir,, has n nodes {v1, ..., v,} and arcs
A ={(vi,vi+1) | 1 <i < n}U{(vn,v1)}.
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the choice points (and much more time) smodels needs, be-
cause we have not yet implemented backward-propagation.
However, even with the same number of choice points smod -
els is faster than noMoRe, because noMoRe uses general
backtracking of prolog, whereas smodels backtracking is
highly specialized for computing answer sets. The same ap-
plies to d1v.

Ham for K, Ind for Cir,
n= 8 9 10 40 | 50 60
smodels|| 54 | 1334 | 38550 || 8 | 219 | 4052
dlv 4 50 493 13 | 259 | 4594
noMoRe || 198 | 2577 | 34775 || 38 | 640 | 11586

Table 2: Time measurements in seconds for HAM- and IND-
problems on a SUN Ultra2 with two 300MHz Sparc proces-
sors.

For future work, we may also think of different improve-
ments of our algorithm. First of all, we have to integrate
backward propagation (propagating colors against arc direc-
tion), since this will definitely improve efficiency by further
reducing the number of choice points. Second, we may try to
pre-color not only facts but also some other nodes, e.g. each
node n with (n,n) € A! has to be colored &. The block
graph may also be used for other improvements. For example,
it is possible to replace O-paths without incoming and outgo-
ing 1-arcs by only one O-arc. Finally, we have to investigate
different heuristics for procedure choosep to select the next
choice point.

The approach as presented in this paper has been
implemented in ECLiPSe-Prolog [Aggoun et al., 2000].
The current prototype is available at http://www.cs.uni-
potsdam.de/ linke/nomore.
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Abstract

Recently, several approaches for updating knowl-
edge bases represented as logic programs have been
proposed. In this paper, we present a generic
framework for declarative specifications of update
policies, which is built upon such approaches. It
extends the LUPS language for update specifica-
tions and incorporates the notion of events into the
framework. An update policy allows an agent to
flexibly react upon new information, arriving as an
event, and perform suitable changes of its knowl-
edge base. The framework compiles update poli-
cies to logic programs by means of generic transla-
tions, and can be instantiated in terms of different
concrete update approaches. It thus provides a flex-
ible tool for designing adaptive reasoning agents.

1 Introduction

Updating knowledge bases is an important issue for the real-
ization of intelligent agents, since, in general, an agent is situ-
ated in a changing environment and must adjust its knowledge
base when new information is available. While for classical
knowledge bases this issue has been well-studied, approaches
to update nonmonotonic knowledge bases, like, e.g., updates
of logic programs [Alferes er al., 2000; Eiter et al., 2000;
Zhang and Foo, 1998; Inoue and Sakama, 1999] or of default
theories [Williams and Antoniou, 1998], are more recent.

The problem of updating logic programs, on which we fo-
cus here, deals with the incorporation of an update P, given
by a rule or a set of rules, into the current knowledge base
KB. Accordingly, sequences P, ..., P, of updates lead to
sequences (KB, Py, ..., P,) of logic programs, which are
given a declarative semantics. To broaden this approach,
Alferes et al. [1999a] have proposed the LUPS update lan-
guage, in which updates consist of sets of update commands.
Such commands permit to specify changes to KB in terms
of adding or removing rules from it. For instance, a typ-
ical command is assert a < b when ¢, stating that rule
a < b should be added to KB if c is currently true in it. Sim-
ilarly, retract b expresses that b must be eliminated from
KB, without any further condition.

Howeyver, a certain limitation of LUPS and the above men-
tioned formalisms is that while they handle ad hoc changes
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of KB, they are not conceived for handling a yet unknown
update, which will arrive as the environment evolves. In fact,
these approaches lack the possibility to specify how an agent
should react upon the arrival of such an update. For ex-
ample, we would like to express that, on arrival of the fact
best_buy(shop; ), this should be added to KB, while best-
buy information about other shops is removed from KB.

In this paper, we address this issue and present a declar-
ative framework for specifying update behavior of an agent.
The agent receives new information in terms of a set of rules
(which is called an event), and adjusts its KB in accord to a
given update policy, consisting of statements in a declarative
language. Our main contributions are summarized as follows:

(1) We present a generic framework for specifying update
behavior, which can be instantiated with different update ap-
proaches to logic programs. This is facilitated by a layered
approach: At the top level, the update policy is evaluated,
given an event and the agent’s current belief set, to single out
the update commands U which need to be performed on KB.
At the next layer, U is compiled to a set P of rules to be in-
corporated to KB; at the bottom level, the updated knowledge
base is represented as a sequence of logic programs, serving
as input for the underlying update semantics for logic pro-
grams, which determines the new current belief set.

(2) We define a declarative language for update poli-
cies, generalizing LUPS by various features. Most impor-
tantly, access to incoming events is facilitated. For example,
retract(best_buy(shop;)) [E : best_buy(shope )] states that
if best_buy(shopg) is told, then best_buy(shop; ) is removed
from the knowledge base. Statements like this may involve
further conditions on the current belief set, and other com-
mands to be executed (which is not possible in LUPS). The
language thus enables the flexible handling of events, such as
simply recording changes in the environment, skipping unin-
teresting updates, or applying default actions.

(3) We analyze some properties of the framework, using
the update answer set semantics of Eiter et al. [2000] as a
representative of similar approaches. In particular, useful
properties concerning KB maintenance are explored, and the
complexity of the framework is determined. Moreover, we
describe a possible realization of the framework in the agent
system IMPACT [Subrahmanian et al., 2000], providing evi-
dence that our approach is a viable tool for developing adap-
tive reasoning agents.
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2 Preliminaries

We assume the reader familiar with extended logic programs
(ELPs) [Gelfond and Lifschitz, 1991]. For a rule r, we write
H(r) and B(r) to denote the head and body of r, respectively.
Furthermore, not stands for default negation and — for strong
negation. Lit 4 is the set of all literals over a set of atoms A,
and L 4 is the set of all rules constructible from Lit 4.

An update program, P, is a sequence (Py,...,P,) of
ELPs, where n > 1. We adopt an abstract view of the seman-
tics of ELPs and update programs, given as a mapping Bel(-),
which associates with every sequence P a set Bel(P) C L4
of rules; intuitively, Bel(P) are the consequences of P. Dif-
ferent instantiations of Bel(-) are possible, according to var-
ious proposals for update semantics. We only assume that
Bel(+) satisfies some elementary properties which any “rea-
sonable” semantics satisfies. In particular, we assume that
P,, C Bel(P) holds, and that the following property is satis-
fied: given A < € Bel(P) and A € B(r), then r € Bel(P)
ift H(r) + B(r) \ {4} € Bel(P).

We use here the semantics of Eiter et al. [2000], which
coincides with the semantics of inheritance programs due to
Buccafurri et al. [1999]. The semantics of ELPs P and update
sequences P with variables is defined as usual through their
ground versions G(P) and G(P) over the Herbrand universe,
respectively. In what follows, let A, P, P, etc. be ground.

An interpretation is a set S C Lit, which contains no
complementary pair of literals. S is a (consistent) answer
set of an ELP P iff it is a minimal model of the reduct
P*S, which results from P by deleting all rules whose body
contains some default literal not L with L € S, and by
removing all default literals in the bodies of the remaining
rules [Gelfond and Lifschitz, 1991]. By AS(P) we denote
the collection of all answer sets of P. The rejection set,
Rej(S, P), of P with respect to the interpretation S is given
by Rej(S,P) = Ui, Rej;(S,P), where Rej,(S,P) = 0,
and, forn > i > 1, Rej,;(S,P) contains every rule r € P;
such that H(r") = =H(r) and B(r) U B(r') C S, for some
' € P; \ Rej;(S,P) with j > i. Then, S is an answer set of
P = (Py,...,P,)iff Sis an answer set of | J, P; \ Rej(S, P).
We denote the collection of all answer sets of P by AS(P).
Since n = 1 implies Rej(S,P) = (), the semantics extends
the answer set semantics. [Eiter et al., 2000] describes a char-
acterization of the update semantics in terms of single ELPs.
Example 1 Let Py = {b < nota,a + }, P, = {—a « ,
¢ < }, and Py = {—c < }. Then, Py has the single answer
set So = {a} with Rej(So, Py) = 0; (P, P1) has answer
set Sy = {—a,c,b} with Rej(S1, (Po,P1)) = {a « },; and
(Po, P1, P») possesses Sy = {—a,—c,b} as unique answer
set with Rej(S2, (Po, P1, P2)) = {c +,a <}

The belief set Bel 4(P) is the set of all rules 1 € L4
such that r is true in each S € AS(P). We shall drop
the subscript “.A” if no ambiguity can arise. With a slight
abuse of notation, for a literal L, we write L € Bel 4(P) if
L + € Bel4(P).

3 Update Policies

We first describe our generic framework for event-based
updating, and afterwards the EPI language (“the language
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Bel(KSi-1) Belief set at step ¢ — 1
KB E; Ei_, | E; Knowledge state KS;
ll u update policy
KB U; ... Ui—1 | U; Executable commands
ll tr compilation
PR, P ... P_, | P Update sequence
ll Bel update semantics
Bel(KSi) = Bel((Po, ..., P)) Belief set at step ¢

Figure 1: From knowledge state to belief set at step .

around”) for specifying update policies.

3.1 Basic Framework

We start with the formal notions of an event and of the know!-
edge state of an agent.

Definition 1 An event class is a collection EC C 254 of finite
sets of rules. The members E € EC are called events.

Informally, £C describes the possible events (i.e., sets of
communicated rules) an agent may witness. For example, the
collection F of all sets of facts from a subset A" C A of
atoms may be an event class. In what follows, we assume
that an event class £C has been fixed.

Definition 2 A knowledge state KS = (KB; FE,...,E,)
consists of an ELP KB (the initial knowledge base) and a
sequence Ey, ... E, ofevents E; € EC,i € {1,...,n}. For
i >0, KS; = (KB; Ey, ..., E;) is the projection of KS to
the first i events.

Intuitively, KS describes the evolution of the agent’s
knowledge, starting from its initial knowledge base. When
a new event F; occurs, the current knowledge state K.S;_;
changes to KS; = (KB; E,...,E;_1, E;), which requests
the agent to incorporate the event E; into its knowledge base
and adapt its belief set.

The procedure for adapting the belief set Bel(KS; 1)
on arrival of Ej; is illustrated in Figure 1. Informally, at
step ¢ of the knowledge evolution, we are given the be-
lief set Bel(KS;_1) and the knowledge state KS; ; =
(KB;E,...,E;_1), together with the new event E;, and
we want to compute Bel(KS;) in terms of the update pol-
icy U. First, a set U; of executable commands is deter-
mined from U/. Afterwards, given the previously computed
sets Uy,...,U;_1, the sequence (KB;Us,...,U;) is com-
piled by the transformation ¢r into the update sequence P =
(Py, P1, ..., P;). Then, Bel(KS;) is given by Bel(P).
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condl) = [not] (comm) | [not] (comm), {condl) ;

cond2) = (kb_conds) | E : (ev_conds) |
(kb_conds) , E : (ev_conds);

(kb_conds) ::= (kb_cond) | {(kb_cond) , (kb_conds);

(kb_cond) = (r_id) | (lit_id) ;

(ev conds) (ev_cond) | (ev_cond) , {ev_conds});

(ev_cond) == (lit_id) | (r_d) ;

Table 1: Syntax of an update statement in EPI.

3.2 Language EPI: Syntax

The language EPI| generalizes the update specification lan-
guage LUPS [Alferes er al., 1999al, by allowing update state-
ments to depend on other update statements in the same EPI
program, and more complex conditions on both the current
belief set and the actual event (note that LUPS has no provi-
sion to support external events). These features make it suit-
able for implementing rational reactive agents, capable, e.g.,
of filtering incoming information.

The syntax of EPI is given in Table 1. In what follows, we
use cmd to denote update commands and p to refer to rules
or rule variables. In general, an EPI| statement may have the
form

[not]emdm (pm)[c1, E :c2]

which states conditional assertion or retraction of a rule
p1, expressed by cmd; (p1), depending on other commands
[not]emds(p2), ... ,[notlemd,,(pm), and conditioned with
the proviso whether c; belongs to the current belief set and
whether ¢, is in the actual event. The basic EPl commands
are the same as those in LUPS (for their meaning, cf. [Alferes
et al., 1999al), plus the additional command ignore, which
allows to skip unintended updates from the environment,
which otherwise would be incorporated into the knowledge
base. Each condition in [[-], both of the form ¢; and E :c3, can
be substituted by a list of such conditions. Note that in LUPS
no conditions on rules and external events can be explicitly
expressed, nor dependencies between update commands. We
also extend the language by permitting variables for rules and
literals in the update commands, ranging over the universe of
the current belief set and of the current event (syntactic safety
conditions can be easily checked). By convention, variable
names start with capital letters.

cmdy(p1) if [not]emds(p2), . - -,

Definition 3 An update policy U is a finite set of EPI state-
ments.

For instance, the EPI statement
assert(R) if not ignore(R)[E : R] (1)

means that all rules in the event have to be incorporated into
the new knowledge base, except if it is explicitly specified
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that the rule is to be ignored. Similarly, the command retract
forces a rule to be deactivated. The option event states that
an assertion or retraction has only temporary value and is not
supposed to persist by inertia in subsequent steps. The precise
meaning of the different update commands will be made clear
in the next section.

Example 2 Consider a simple agent selecting Web shops in
search for some specific merchandise. Suppose its knowledge
base, KB, contains the rules

ri:  query(S) < sale(S), up(S), not ~query(S);
ro i try_query < query(S);
r3: notify < not try_query;

and a fact o : date(0) as an initial time stamp. Here, 11
expresses that a shop S, which has a sale and whose Web site
is up, is queried by default, and ro, r3 serve to detect that no
site is queried, which causes ‘notify’ to be true. Assume that
an event, E, might be any consistent set of facts or ground
rules of the form sale(s) < date(t), stating that shop s has
a sale on date t, such that E contains at most one time stamp
date(-).

An update policy U may be defined as follows. Assume it
contains the incorporate-by-default statement (1), as well as:

always(sale(S) < date(T)) if assert(sale(S) < date(T));

cancel(sale(S) « date(T))[date(T), T # T', E: date(T")];

retract(sale(S) < date(T))[date(T), T # T', E: date(T")].
Informally, the first statement repeatedly confirms the infor-
mation about a future sale, which guarantees that it is ef-
fective on the given date, while the second statement revokes
this. The third one removes information about a previously
ended sale (assuming the time stamps increase). Further-
more, U includes also the following statements:

retract(date(T))[date(T),T # T',E : date(T")];
ignore(sale(s1))[E : sale(s1)];
ignore(sale(s1) « date(T))[E : sale(s1) « date(T)].

The first statement keeps the time stamp date(t) in KB
unique, and removes the old value. The other statements sim-
ply state that sales information about shop s; is ignored.

3.3 Language EPI: Semantics

According to the overall structure of the semantics of EPI,
as depicted in Figure 1, at step ¢, we first determine the
executable command U; given the current knowledge state
KS;_1 = (KB;E,...,E;_1) and its associated belief set
Bel(KSifl) = Bel(Pifl), where Pi,1 = (Po, . ,Pifl).
To this end, we evaluate the update policy i/ over the new
event E; and the belief set Bel(P;_1).

Let G(U) be the grounded version of I/ over the language A
underlying the given update sequence and the received events.
Then, the set G(U/)? of reduced update statements at step i is
given by

G(U)" = { emd(p) if C1 | emd(p) if C1[C2] € G(U), where
Cy=ci,...,c,E:ry,...,ry, and such that
Cl,...,C € Bel(Pifl) andrl,...,rm € FE; }

The update statements in G(U/)* are thus of the form

emdy(p1) if [not] emds(p2), ..., [not] ecmd,,(pm). Se-
mantically, we interpret them as ordinary logic program rules
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emdy(p1) < [not]emds(p2),.. ., [not]emd,,(py). The
program I1¥ is the collection of all these rules, given G(iA)?,
together with the following constraints, which exclude con-
tradictory commands:

+ assert[_event|(R), retract[_event]|(R);
+ always[_event]|(R), cancel(R).

Definition 4 Ler KS = (KB; E;,...,E,) be a knowledge
state and U an update policy. Then, U; is a set of executable
update commands at step ¢ 152 < n) iff U; is an answer set of
the grounding G (1Y) of TI¥.

Since update statements do not contain strong negation,
executable update commands are actually stable models of
G(I1¥) [Gelfond and Lifschitz, 1988]. Furthermore, since
programs may in general have more than one answer set, or
no answer set at all, and the agent must commit itself to a sin-
gle set of update commands, we assume a suitable selection
function, Sel(-), returning a particular U; if an answer set ex-
ists, or, otherwise, returning U; = {assert(L; < )}, where
1; is a reserved atom. These atoms are used for signaling
that the update policy encountered inconsistency. They can
easily be filtered out from Bel(-), if needed, restricting the
outcomes of the update to the original language.

Next we compile the executable commands Uy, . . ., U; into
an update sequence (P, . .., P;), serving as input for the be-
lief function Bel(-). This is realized by means of a trans-
formation tr(-), which is a generic and adapted version of a
similar mapping introduced by Alferes et al. [1999a]. In what
follows, we assume a suitable naming function for rules in the
update sequence, enforcing that each rule r is associated with
a unique name n,..

Definition 5 Ler KS = (KB;E:, ..., E,) be a knowl-
edge state and U an update policy. Then, for i > 0,
tr(KB;Uy,...,U;)) = (Po,P1,...,P;) is inductively de-
fined as follows, where Uy, ...,U; are the executable com-
mands according to Definition 4:

i=0: Set Py = {H(r) « B(r),on(n,) | r € KB} U
{on(n,) < | r € KB}, where on(-) are new atoms.
Furthermore, initialize the sets PCy of persistent com-
mands and ECy of effective commands ro (.

i1 >1: EC;, PC; and P; are as follows:
EC; ={cmd(r) | cmd(r) € U; A ignore(r) ¢ U;};

PC; = PC;_1 U{always(r) | always(r) € EC;}
U {always_event(r) | always_event(r) € EC;
A always(r) ¢ EC; U PCi_1}
\ ({always_event(r) | always(r) € EC;}
U {always|[_event|(r) | cancel(r) € EC;});

P; ={on(n,) < ,H(r) < B(r),on(n,) |
assert[_event](r) € EC;
V always|_event]|(r) € PC;}
U {on(n,) « | retract_event(r) € EC;_,
A retract[_event](r) ¢ EC;}
U {—on(n,) < | (retract[_event](r) € EC;
A always|_event]|(r) ¢ PC;)
V (always_event(r) € PC;_;
A cancel(r) € EC;
A assert[_event](r) ¢ EC;)
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V(assert_event(r) € EC;_,
A always[_event|(r) ¢ PC;
A assert[_event|(r) ¢ EC;)}.

On the basis of this compilation, we can define the belief
set for a knowledge state K.S:

Definition 6 Let KS and U be as in Definition 5, and let
Ui, ..., U, be the corresponding executable commands ob-
tained from Definition 4. Then, the belief set of KS is given
by Bel(KS) = Bel(tr(KB;Uy,...,Uy)).

Example 3 Reconsider Example 2 and suppose the event
E, = {sale(sp), date(1)} occurs at KS = (KB). Then,
G(U)* = {assert(sale(sp)) if not ignore(sale(sp)),
assert(date(1)) if not ignore(date(1)),
retract(date(0))}.

The corresponding program T has the single answer set
{assert(sale(sp)), assert(date(1l)), retract(date(0))},
which is compiled, via function tr(-), to PC;y = PCp \
{assert_[event|(date(0))} = 0 and P, = {sale(sy)
on(rl); on(ry) < ; date(l) + on(rh); on(rh) <+ ;
—on(rg) < }. As easily seen, the belief set Bel((KB; E))
= Bel((Py, P1)) contains sale(sy) and query(so).

4 Properties

In this section, we discuss some properties of Bel(KS) for

particular update policies, using the definition of Bel(-) based

on the update answer sets approach of Eiter er al. [2000], as

explained in Section 2. We stress that the properties given

below are also satisfied by similar instantiations of Bel(-),

like, e.g., dynamic logic programming [Alferes et al., 2000].
First, we note some basic properties:

e If U/ = () (called empty policy), then KB will never be
updated; the belief set is independentof E1, ..., E,, and
thus static. Hence, Bel(KS;) = Bel(KB), for each
1=1,...,n.

o If Y = {assert(R)[E :R]} (called unconditional as-
sert policy), then all rules contained in the received
events are directly incorporated into the update se-
quence. Thus, Bel(KS;) = Bel((KB, E,...,E;)),
foreachi =1,... n.

e If U; is empty, then the knowledge is not updated, i.e.,
P; = ). We thus have Bel(KS;) = Bel(KS;_1).

e Similarly, if U; = {assert(.L;) < }, then Bel(KS;) =
Bel(KS,-_l).

Physical removal of rules

An important issue is the growth of the agent’s knowledge
base, as the modular construction of the update sequence
through transformation ¢r(-) causes some rules and facts to
be repeatedly inserted. This is addressed next, where we dis-
cuss the physical removal of rules from the knowledge base.

Lemmal Let P = (Py,..., P,) be an update sequence. For
everyr € Pj,r' € Pj with i < j, the following holds: if
()r=71,or(iiy)r =L+ andr" = -L « , or (iii) r' =
L  such that no rule v'' € Py, with H(r"') = —L exists,
wherek € {j+1,...,n}, and —L € B(r), then Bel 4(P) =
BelA(Po,...,Pi_l,P,'\{T},P,'+1,...,Pn).

LOGIC PROGRAMMING AND THEOREM PROVING



The following property holds:

Theorem 1 Let KS be a knowledge state and Bel(KS) =
Bel(P), where P = (P, ..., P,). Furthermore, let P* result
from P after repeatedly removing rules as in Lemma 1, and

letP~ = (Fy,..., Py, ), where

P ={H(r) « B()\ {on(n)} | r € P}, on(n.) + € P"}\
{on(ns) <| on(ns) <€ P}.

Then, Bel 4(KS) = Bel o(P™).

Thus, we can purge the knowledge base and remove dupli-
cates of rules, as well as all deactivated (retracted) rules.

History Contraction

Another relevant issue is the possibility, for some special
case, to contract the agent’s update history, and compute
its belief set at step ¢ merely based on information at step
1—1. Letus call i a factual assert policy if all assert[_event]
and always[_event] statements in {/ involve only facts. In
this case, the compilation ¢r(-) for a knowledge state KS =
(KB;E,,...,E,) can be simplified thus: (1) Py = KB,
and (2) the construction of each P; involves facts . + and
—L <+ instead of on(n,) < and —on(n,) < , respectively.

For such sequences, the following holds:

Lemma?2 LetP = (P, ..., P,) be an update sequence such
that P; contains only facts, for 1 < i < n. Then, Bel 4(P) =
Bela(Py, Py, ), where P,, = Py, and P,,,, = Pi1U(Py;\
{L + | -L < € Pi;1}).

We can thus assert the following proposition for history
contraction:

Theorem 2 Let U be a factual assert policy and P =
(Py,...,DP,) be the compiled sequence obtained from KS by
the simplified method described above. Then, Bel A(KS) =
Bel4((KB, Py,)), where Py, is as in Lemma 2.

Simple examples show that Theorem 2 does not hold in
general. The investigation of classes of policies for which
similar results hold are a subject for further research.

Computational Complexity

Finally, we briefly address the complexity of reasoning about
a knowledge state KS. An update policy U is called stratified
iff, for all EPI statements cmd(p) if C1[[Cs] € U, the asso-
ciated rules cmd; (p) < C] form a stratified logic program,
where C] results from C; by replacing the EPI declaration
not by default negation not .

For stratified U/, any HZ;{ has at most one answer set. Thus,
the selection function Sel(-) is redundant. Otherwise, the
complexity cost of Sel(-) must be taken into account. If
Sel(-) is unknown, we consider all possible return values
(i.e., all answer sets of H?) and thus, in a cautious rea-
soning mode, all possible Bel(KS) = Bel((Py,...,P,))
from Figure 1. Clearly, for update answer sets, deciding
r" € Bel((Qo,-..,Qm)) is in coNP; it is polynomial, if Qg
is stratified and each @);, 1 < ¢ < m, contains only facts.

Theorem 3 Let Bel(-) be the update answer set seman-
tics, and Sel(-) polynomial-time computable with an NP
oracle. Then, given a ground rule v and ground KS =
(KB; Ey, ..., E,), the complexity of deciding whether r €
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Bel(KS) is as follows (entries denote completeness results;
the case of unknown Sel(-) is given at the right of “/”):

| KB\ U | fact. assert & strat.  stratified  general |
stratified P pNP PNP/IIr
general pNP pNP PNP/IIE

Similar results hold, e.g., for dynamic logic programming.

The results can be intuitively explained as follows. Each
U; and P; as in Figure 1 can be computed iteratively (1 <
i < n), where at step ¢ polynomially many problems r’ €
Bel((Py, ..., P;—1)) must be solved to construct II¥. From
U; = Sel(I1%) and previous results, P; is easily computed
in polynomial time. Since P; contains less than |{{| rules,
step ¢ is feasible in polynomial time with an NP oracle.
Thus, P = (P, ..., P,) is polynomially computable with
an NP oracle, and r € Bel(P) is decided with another oracle
call. Updating a stratified P, such that only sets of facts Py,
P5, ... may be added preserves polynomial decidability of
r" € Bel((P,...,P;_1)); this explains the polynomial de-
cidability result. In all other cases, PNF-hard problems such
as computing the lexicographically maximal model of a CNF
formula are easily reduced to the problem.

If Sel(-) is unknown, each possible result of Sel(I1) can
be nondeterministically guessed and verified in polynomial
time. This leads to coNPNF = 1Y complexity.

5 Implementational Issues

An elegant and straightforward realization of update policies
is possible through IMPACT agent programs. IMPACT [Sub-
rahmanian et al., 2000] is a platform for developing soft-
ware agents, which allows to build agents on top of legacy
code, i.e., existing software packages, that operates on arbi-
trary data structures. Thus, in accordance with our approach,
we can design a generic implementation of our framework,
without committing ourselves to a particular update seman-
tics Bel(-).

Since every update policy ¢/ is semantically reduced to
a logic program, the corresponding executable commands
can be computed using well-known logic programming en-
gines like smodels, DLV, or DeRes. Hence, we may assume
that a software package, SP, for updating and querying a
knowledge base KB is available, and that KB can be ac-
cessed through a function bel() returning the current belief
set Bel(KS). Moreover, we assume that SP has a function
event(), which lists all rules of a current event. Then, an
update policy U can be represented in IMPACT as follows.

(1) Conditions on the belief set and the event can be mod-
eled by IMPACT code call atoms, i.e. atoms in(t,bel()),
not_in(t,bel()), and in(t, event()), where t is a constant
r or a variable R. In IMPACT, in(r, £()) is true if constant
is in the result returned by £(); a variable R is bound to all
such that in(r, £()) is true; “not_in” is negation.

(2) Update commands can be easily represented as IM-
PACT actions. An action is implemented by a body of code
in any programming language (e.g., C); its effects are speci-
fied in terms of add and delete lists (sets of code call atoms).
Thus, actions like assert(R), retract(R), etc., where R is
a parameter, are introduced.
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(3) EPI statements are represented as IMPACT action rules

Do(emds (p1)) « [IDo(cmds(p)), ., [IDo(cmdm(p)),
code_call_atoms(cond),

where code_call_atoms(cond) is the list of the code call
atoms for the conditions on the belief set and the event in
cond as described above.

The semantics of IMPACT agent programs is defined
through status sets. A reasonable status set S is equivalent
to a stable model of a logic program, and prescribes the agent
to perform all actions a where Do(«) is in S. Thus, S repre-
sents the executable commands U; of Figure 1 in accord with
U, and the respective action execution affects the computation
of P; via tr(-). For more details, cf. [Eiter et al., 2001].

6 Related Work and Conclusion

Our approach is similar in spirit to the work in active
databases (ADBs), where the dynamics of a database is speci-
fied through event-condition-action (ECA) rules triggered by
events. However, ADBs have in general no declarative se-
mantics, and only one rule at a time fires, possibly causing
successive events. In [Baral and Lobo, 1996], a declarative
characterization of ADBs is given, in terms of a reduction to
logic programs, by using situation calculus notation.

Our language for update policies is also related to action
languages, which can be compiled to logic programs as well
(cf., e.g., [Lifschitz and Turner, 1999]). A change to the
knowledge base may be considered as an action, where the
execution of actions may depend on other actions and condi-
tions. However, action languages are tailored for planning
and reasoning about actions, rather than reactive behavior
specification; events would have to be emulated. Further-
more, a state is, essentially, a set of literals rather than a be-
lief set as we define it. Investigating the relationships of our
framework to these languages in detail—in particular con-
cerning embeddings—is an interesting issue for further re-
search.

A development in the area of action languages, with pur-
poses similar to those of EPI, is the policy description lan-
guage PDL [Lobo et al., 1999]. Tt extends traditional action
languages with the notion of event sequences, and serves for
specifying actions as reactive behavior in response to events.
A PDL policy is a collection of ECA rules, interpreted as a
function associating with an event sequence a set of actions.
PDL seems thus to be more expressive than EPI; possible
embeddings of EPI into PDL remain to be explored.

The EPI language could be extended with several features:

(1) Special atoms in(r) telling whether r is actually part of
KB (i.e., activated by on(n,.)), allowing to access the “exten-
sional” part of KB.

(2) Rule terms involving literal constants and variables,
e.g.,“H < up(s1), B”, where H, B are variables and up(s)
is a fixed atom, providing access to the structure of rules.
Combined with (1), commands such as “remove all rules in-
volving up(s;)” can thus be conveniently expressed.

(3) More expressive conditions on the knowledge base are
conceivable, requesting for more complex reasoning tasks,
and possibly taking the temporal evolution into account. E.g.,
“prev(a)” expressing that a was true at the previous stage.
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In concluding, our generic framework, which extends other
approaches to logic program updates, represents a convenient
platform for declarative update specifications and could also
be fruitfully used in several applications. Exploring these is-
sues is part of our ongoing research.
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Abduction in Logic Programming:
A New Definition and an Abductive Procedure Basedon Rewriting
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Abstract

We propose a new definition of abduction in logic
programming, and contrast it with that of Kakas
and Mancarella’s. We then introduce a rewriting
system for answering queries and generating expla-
nations, and show that it is both sound and complete
under the partial stable model semantics and sound
and complete under the answer set semantics when
the underlying program is so-called odd-loop free.
We discuss an application of the work to a problem
in reasoning about actions and provide some exper-
imental results.

1 Abduction in logic programming

In general, given a background theory T', and an observation
g to explain, an abduction of ¢ w.r.t. T is a theory II such
that TU T = g. Normally, we want to put some additional
conditions on II, such as that it is consistent with 7" and con-
tains only those propositions called abducibles. For instance,
in propositional logic, given a background theory T', a set A
of assumptions or abducibles, and a proposition ¢, an expla-
nation S of g is commonly defined (see [Reiter and de Kleer,
1987], [Poole, 1988], and [Konolige, 1992]) to be a minimal
set of literals over A suchthat U S |= gand T'U S is con-
sistent.

In the context of logic programming, abduction has been
investigated from both proof-theoretic and model-theoretic
perspectives (e.g. [Eshghi and Kowalski, 1989; Kakas and
Mancarella, 1990; Satoh and lwayama, 1992]). One of the
most influential definitions of abduction in logic program-
ming is that of Kakas and Mancarella’s generalized stable
model semantics [1990]. Given a logic program P, a set A
of atoms standing for abducibles, and a query ¢, Kakas and
Mancarella define an abductive explanation S to be a sub-
set of A such that there is an answer set (also called a stable
model) M of P U S that satisfies g.

One can see the following two differences between this
definition and the one that we defined above for propositional
logic: In propositional logic, S is a set of literals, but in logic
programming, it is just a set of atoms; In propositional logic,
S must be minimal, in terms of the subset ordering relation;
but there is no such requirement in the case of logic program-
ming.
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One could argue that these differences are due to the fact
that under the answer set semantics, negation is considered to
be “negation-as-failure.” If none of the atoms in A appear in
the head of a rule in the logic program P, then adding a set
S C A to P really means that we are adding the complete
literal set, SU {-p | p € A,p ¢ S}, to P. This would also
explain why there is no minimality condition in the definition:
two complete sets of literals are never comparable in terms of
the subset relation.

However, while this notion of abductive explanations
makes sense in theory, it is problematic in practice. For in-
stance, if A = {a,b}, and P = {q < a.}, then there are two
abductive explanations for ¢ according to Kakas and Man-
carella’s definition: {a} and {a,b}. In general, if A has n
elements, then there are 27! abductive explanations for ¢, a
number that is too big to manage.

Since in this case a is the explanation that we are look-
ing for, it is tempting here to say that we should prefer mini-
mal abductive explanations like what we did for propositional
logic. As we mentioned above, this does not make sense if we
take an abductive explanation to be a complete set of literals
as implied by the answer set semantics. However, one can
still try to minimize the set of atoms, in this case, preferring
{a} over {a, b}.

However, this minimization strategy is problematic when
a program contains negation. Consider a situation in which
a boat can be used to cross a river if it is not leaking or, if it
is leaking, there is a bucket available to scoop the water out
of the boat. This can be axiomatized by the following logic
program P:

canCross < boat,notleaking.
canC'ross < boat,leaking, hasBucket.

Now suppose that we saw someone crossed the river, how
do we explain that? Clearly, there are two possible explana-
tions: either the boat is not leaking or the person has a bucket
with her. In terms of Kakas and Mancarella’s definition,
there are three abductive explanations for canC'ross, {boat},
{boat, hasBucket}, and {boat,leaking, hasBucket}, as-
suming that A = {boat, leaking, hasBucket} is the set of
abducibles. But only one of them, {boat}, is minimal.

On a closer look, we see that in our first example, when we
say that {a} is a preferred explanation over all the others, we
do not mean the complete set of literals {a, b}, is preferred
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over all the others. While we want a to be part of the expla-
nation, we don’t necessarily want —b because we do not want
to apply negation as failure on abducibles, which are assump-
tions one can make one way or the other. What we want is for
the set {a} itself to be the best explanation for q.

One way to justify this is that all possible ways of com-
pleting this set into a complete set of literals, {a,—b} and
{a, b}, turn out to correspond to all the abductive expla-
nations of ¢ according to Kakas and Mancarella’s defini-
tion. The same kind of justification turns out to work for
our second example as well: the reason that {boat} is not
a preferred explanation is that while its completion accord-
ing to negation-as-failure, {boat, —leaking, ~hasBucket} is
an explanation, some of its other completions, for example
{boat,leaking, ~hasBucket} is not an explanation. This
motivates our following definitions.

2 Abduction in logic programming revisited

In this paper, we consider (normal) logic programs which are
sets of rules of the form

a4+ bi,....;bp,,n0tcy,...,n0tcy

where a, b; and ¢; are atoms of the underlying propositional
language L. Here “not ” is the so-called default negation, and
defined according to the answer set semantics [Gelfond and
Lifschitz, 1988].

Let P be a logic program, A a set of propositions standing
for abducibles, and ¢ a proposition. In the following, without
loss of generality, we shall assume that none of the abducibles
in A occur in the head of a rule in P.%

In the following, by a hypothesis a we mean a consistent
set of literals over A, i.e. it is not the case that p and —p
are both in « for some p € A. We say that a hypothesis
is complete if for each atom p € A, either p or —p is in «,
but not both. Notice that a complete hypothesis is really a
truth-value assignment over the language A. We say that a
hypothesis « is an extension of another one 8 if 3 C a, and a
complete extension is an extension that is complete.

Definition 2.1 A complete hypothesis « is said to be an ex-
planation of ¢ w.r.t. P and A iff there is an answer set M of
P U ot such that M contains g and forany —p € o, p € M,
where o™ is the set of atoms in a.

Definition 2.2 A hypothesis is said to be an explanation of ¢
iff every complete extension of it is an explanation. A hypoth-
esis a is said to be a minimal explanation if it is an explana-
tion, and there is no other explanation o’ such that o’ C a.

Consider the logic program P in the previous section about
canCross. The following are the complete hypotheses that
explain canC'ross:

{boat, —leaking, ~hasBucket},
{boat, ~leaking, hasBucket}, {boat, leaking, hasBucket}.

Now consider {boat, hasBucket}. Clearly every complete
extension of this set is an explanation, so it is an explanation

If p € A occursin the head of arule, then we can always intro-
duce a new proposition, say p’, add therulep < p’ to P, add p' to
A and delete p from A.
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as well. Furthermore, it is a minimal explanation as none of
its element can be deleted for it continue to be an explanation.
Similarly, {boat, —leaking} is also a minimal explanation.

If we take a hypothesis to be the conjunction of its ele-
ments, then we have that in the propositional logic,

Vaz\a=Va

aES1 aESa aES3

where &; is the set of all complete hypotheses that are expla-
nations of ¢, S, the set of all explanations of ¢, and S3 the set
of all minimal explanations of q. Therefore the set of mini-
mal explanations is a succinct representation of the set of all
explanations.

It is clear from our definition that a complete hypothesis «
is an explanation of ¢ iff ot is an abductive explanation of ¢
according to Kakas and Mancarella’s definition. This implies
that if none of the abducibles occur in the head of any clauses

in P, then
V c(S) = \/ a,

S5e8, a€Ss

where & is the set of all abductive explanation of ¢ according
to Kakas and Mancarella’s definition, cl(S) = SU{-p | p €
A,p ¢ S}, and S, is the set of all minimal explanations of g.

So in a sense, the set of Kakas and Mancarella’s abduc-
tive explanations and that of our minimal explanations are
equivalent. However, as we have seen above, the number of
abductive explanations can be very large. Enumerating them
all is impossible even in simple, small domains. In contrast,
the number of minimal explanations are much smaller. More
importantly, just like explanations in propositional logic, they
only include “relevant propositions.”

But computationally, it may be hard to compute minimal
explanations from scratch. It is often easier to compute first a
small “cover” of all explanations.

Definition 2.3 A set S of hypotheses is said to be a cover of

gw.rt. Pand A iff
ez \ o

a€ES aESo
where Sy is the set of minimal explanations of gq.

Proposition 2.4 If S is a cover of ¢, then each o € S must
be an explanation of g.

So a cover is a set of explanations such that any complete
explanation must be an extension of one of the explanationsiin
the cover. Once we have a cover, then we can find all minimal
explanations by propositional reasoning alone. Recall that a
conjunction of literals « is a prime implicant of a formula ¢
if a = ¢, and there is no other 3 such that 8 |= ¢ and S is
a subset of «, i.e. a is a minimal conjunction of literals that
entails .

Proposition 2.5 Let S be a cover of g. Then a hypothesisis a
minimal explanation of ¢ iff it is a prime implicantof \/ 5 c.

In the rest of this paper, we shall propose a rewriting sys-
tem for generating explanations of a proposition in a logic
program. We shall first define it for logic programs without
abducibles. We will then extend the system to logic programs
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with abducibles, and show that for any query, the rewriting
system generates an approximation of a cover set in the gen-
eral case, and exactly a cover set when the given logic pro-
gram has no so-called “odd loops.” We will then discuss
an application of our system to reasoning about actions and
present some experimental results.

3 Goal Rewrite Systems

Given a (ground) program P, the Clark completion of P, de-
noted Comp(P), is the following set of equivalences: for
each atom ¢ € L,

e if ¢ does not appear as the head of any rule in P, ¢ <
F € Comp(P).

e otherwise, ¢ <> By V...V B, € Comp(P) (with default
negations replaced by negative literals), if there are ex-
actly n rules ¢ < B; € P with ¢ as the head. We write
T for B; if B; is empty.

The idea of goal rewriting is simple. A completed defini-
tion¢ « By V...V B, € Comp(P) can be used as a rewrite
rule from left to right: ¢ is rewrittento B; Vv ...V B,, and
—¢to -B; A... A —B,. We call these literal rewriting, and
the completed definitions program (rewrite) rules.

A goal is a formula which may involve —, v and A. A goal
is also referred to as a goal formula. A goal resulted from a
literal rewriting from another goal is called a derived goal. A
goal with negation appearing only in front of atoms is said
to be signed, a term introduced in [Kunen, 1989] for a sim-
ilar purpose. For convenience, we assume that all goals are
signed, which can be achieved easily by simple transforma-
tions using the following rules: for any formulas ® and ¥,

-—® = &
=(®VP) > P AT
ﬁ((I)A\IJ)—)—!CI)V—!\IJ

Like a formula, a goal may be further transformed to a suit-
able form for literal rewriting without changing its semantics.
With a mechanism of loop handling, rewriting of a goal () ter-
minates at either 7' meaning that @) is proved, or F' meaning
that @ is not proved. Hence, a goal rewrite system consists of
three types of rewrite rules: (i) program rules from Comp(P)
for literal rewriting, (ii) simplification rules to transform and
simplify goals, and (iii) loop rules for handling loops.

3.1 Simplification rules

The simplification subsystem is formulated with a mechanism
of loop handling in mind, which requires keeping track of
literal sequences go, ---, g» Where each g;, 0 < i < m, isin
the goal formula resulted from rewriting g;_;. Two central
mechanisms in formalizing goal rewrite systems are rewrite
chains and contexts.

e Rewrite Chain: Suppose a literal [ is written by its defi-
nition ¢ <> ® where [ = ¢ or [ = —¢. Then, each literal
I” in the derived goal is generated in order to prove .
This ancestor-descendant relation is denoted | < I'. A
sequence I; < ... < I, is then called a rewrite chain,
abbreviated as I; <1 [,,. Notice that it is essential here
that any goal G be in the form of a signed goal, and that
when —p is in G, we have that I < —p butnotl < p.
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e Context: Arewritechaing=go < g1 <... < g, =T
records a set of literals C' = {go, ..., gn—1} for proving
9. We will write T'({go, ---, gn—1}) and call C' a context.

For simplicity, we assume that whenever —F is gener-
ated, it is automatically replaced by T'(C'), where C' is
the set of literals on the corresponding rewrite chain, and
—T is automatically replaced by F.

Note that for every literal in any derived goal, the rewrite
chain leading to it from a literal in the given goal is uniquely
determined. As an example, suppose the completion of a pro-
gramis: {a < “bA-c, b & gV -p}. We then have a rewrite
sequence a — —b A —¢ — —q A p A —c. For the three literals
in the last goal, we have the following rewrite chains for them
froma: a < b < —q,a < -b<p,anda < —c.

Simplification Rules:

Let ®;’s be any goal formulas, C' a context, and [ a literal.

SR1. FVvé — &

SRI’. VF —» &

SR2. FA® - F

SR2’. ANF - F

SR3. T(C1)AT(Cs) — T(CLUC>) if C1UCy is consistent
SR4. T(C1) ANT(Cy) — F if C; U Cy is inconsistent

SR5. T(C)Al = F if-leC

SR5’. INT(C)—> F if-leC

SR6. By A (By V B3) = (B1 A By) V (1 A B3)

SRE™. (1 V ®y) A B3 — (®1 A B3) V (B3 A B3) O

The simplification system is a nondeterministic transfor-
mation system. The primed version of a rule is its symmet-
ric case. Most of the rules are about the logical equivalence
between the two sides of a rule. SR3 merges two contexts if
they are consistent, otherwise SR4 makes it a failure to prove.
SR5 and SR5’ prevent generating an inconsistent context be-
fore literal [ is even proved.

Note that the proof-theoretic meaning of a goal formula
may not be the same as the logical meaning of the formula.
E.g., the goal formula a V —a (a tautology in classic logic)
could well lead to an F' if neither a nor —a can be proved.

For goal rewriting that does not involve loops, the system
described so far is sufficient.

Example 3.1 Let P be

g < nota
a < notb,notc; a ¢+ b,notd
b+ q; b+ notp
Then Comp(P) is:
g a; ae (0bA-C)V(OA-d); b gV-p
g« F;, peF;, deF; coF
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The rewrite sequence below is generated by focusing on the
left part of a goal.

= (bVe)A(=bVd)
= (qV-pVe)A(-bVd)
(FV-pVe)A(-bVd)
(-pVe)A(-bVd)
(T(C)Ve)A(=bVvd) whereC = {g,—a,b,~p}
(T(CYAN(=bV )V (cA(=bVd))
(T(C

FV(T(C)ANd)V (cA(-bVd))
= (T(C)ANA)V (cA(=bV d))

= (T(C)ANF)V(cA(-bVa))

= FV(cA(-bVd)

= cA(=bvd) > FA(-bvd) > F

3.2 Looprules

After a literal [ is rewritten, it is possible that at some later
stage either [ or —{ appears again in a goal on the same rewrite
chain. Thus, a loop is a rewrite chain {ly,...,,} such that
Iy = Iy, orly = —l,. A loop analysis involves classifying
all the cases of loops, and for each one, determining the out-
come of a rewrite according the underlying semantics. For
the problem at hand, there are only four cases.

Definition 3.2 Let S = I; < 1,, be a rewrite chain.
o If=ly =1, 0rly = —l,, then S is called an odd loop.
e Ifly =1,, then
— S is called a positive loop if I; and [,, are both
atoms and each literal on{; <% [,, is also an atom;

— S is called a negative loop if I; and [,, are both
negative literals and each literal on I; <7T 1, is
also negative;

— Otherwise, S is called an even loop.
In all the cases above, [,, is called a loop literal.

Note that when I; = [, and all of [;, 1 < i < n, have
the same sign, this sign is either positive or negative, though
both types of loops are caused by “positive loops” in the given
program. These two types of loops must be treated differently
according to the semantics.

It turns out that we only need two rewrite rules to handle
all four cases.

Loop Rules: Let g; <+ g, be a rewrite chain.

LR1. g, » F
if g; < gn, forsome 1 < i < m, is a positive loop or
an odd loop.

LR2. g, — T({g1,--s9n}) _ '
if g; <* gn, forsome 1 < i < n, is a negative loop or
an even loop. O

Apparently, a loop literal should always be rewritten by a
loop rule.

Example 3.3 P, = {b « notc; ¢ + c}. Below, b is proved
and —b is not.

b—-c—-c—-T{b~c}); "b>c—c— F
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YA=D)V (T(C)Ad)V (cA (=bV d)) %apply SR5

P, = {d < nota; a « notb; b < nota}. Both d and
—d can be proved.

d— -a—>b— -a—T{d, ~a,b})
-d—a—-b—a—T({~d,a,—b})

P; = {a < notb; b « notb}. Neither a nor —a is
proved:

a—>-b—=>b—F;, a—=>b—>-b—>F

3.3 Goalrewrite systemsand their properties

To summarize, a rewrite sequence is a sequence of zero or
more rewrite steps Qo — ... — @ (denoted Qg —* Q%)
such that Qo is an initial goal (one involving no context), and
foreach 0 < i < k, ;41 is obtained from Q; by

o literal rewriting at a non-loop literal in @Q;; or
e applying a simplification rule to a subformulain @Q;; or
e applying a loop rule to a loop literal in @;.

We may call a subsequence @; —* @ a rewrite sequence
in the understanding that it is part of some rewrite sequence
Qo —* Q; =* Qr from an initial goal Qo.

Definition 3.4 A goal rewrite system is a triple (Qr, Rp, —
), where Qp, is the set of all goals, Rp is a set of rewrite
rules which consists of program rules from Comp(P), the
simplification rules, and the loop rules; and — is the set of
all rewrite sequences.

Goal rewrite systems are like term rewrite systems (see,
e.g., [Dershowitz and Jouannaud, 1990]) everywhere except
at terminating steps: a terminating step at a subgoal may de-
pend on the history of rewriting.

Two desirable properties of rewrite systems are the proper-
ties of termination and confluence. Rewrite systems that pos-
sess both of these properties are called canonical systems. A
canonical system guarantees that the final result of rewriting
from any given goal is unique, independent of any order of
rewriting. It therefore allows an implementation to be based
on any particular order of rewriting.

Since the simplification system is terminating and literal
rewriting only generates non-repeated rewrite chains, it is
clear that a goal rewrite system is terminating when the given
program is finite. A goal is called a normal form if it cannot
be rewritten by any rule.

Proposition 3.5 Let (Q1,, Rp,—) be a goal rewrite system.
If P is finite then every rewrite sequence in — is finite. Fur-
ther, for any rewrite sequence Qo —* Qy, if Q is a normal
form, theneither Qy = ForQr =T(C1)V...VT(Cy,) for
some m > 1.

Definition 3.6 A goal rewrite system (Qr,, Rp, —) is conflu-
ent iff for any rewrite sequencest; —* ¢, andt; —* ts, there
exist t4 € Qr, and rewrite sequences ty —* t4 and t3 —* t4.

Theorem 3.7 Any goal rewrite system (Qr,,Rp, —) with a
finite P is confluent.

The goal rewrite systems described here are sound and
complete w.r.t. partial stable models. These results are spe-
cial cases of those for the rewrite systems for abduction given
in the next section.
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4 Rewrite systemsfor abduction

Let P be a program and A a set of abducibles. An abducible
literals is either an abducible ¢ or its negative counterpart —¢.

The rewriting framework that we defined earlier can be ex-
tended for abduction in a straightforward way: the only dif-
ference in the extended framework is that we do not apply the
Clark completion to abducibles. That is, once an abducible
appears in a goal, it will remain there unless it is eliminated
by the simplification rule SR2 or SR2'.

Just like a rewrite to T is written as 7'(C'), where C'is the
underlying rewrite chain (cf. Section 4.1), a rewrite to an
abducible literal I will be written as I(C') for rewrite chain C'.

In the following we shall denote by (Qr,Rp, A, —) the
rewrite system obtained by the logic program P and the set A
of abducibles. We shall show that it is both sound and com-
plete w.r.t. the partial stable models semantics [Przymusinski,
1990], which is a three-valued generalization of answer set
semantics. An answer set of P is also its partial stable model.
But sometimes P may not have any answer sets. For instance,
if P = {p « notp; g <}, then P has no answer set, because
there is no way to assign a truth value to p. However, P has a
partial stable model in which ¢ is true and p is undefined. The
following definition is adopted from [You and Yuan, 1995].

Let P be a (ground) program. For any set S of default
negations, let Fp(S) = {nota|P U S I/ a}, where |- is the
standard propositional derivation relation with each default
negation not ¢ being treated as a named atom not _¢. A par-
tial stable model A of P is defined by a maximal fixpoint
S of the function that applies Fp twice, F3(S) = S, while
satisfying S C Fp(S), in the following way: for any atom
&, e MifnotE € S, e MiIfPUS F & and€ s
undefined otherwise. Notationally, any £ such that £ ¢ M
and ~¢ ¢ M represents that £ is undefined in M. An an-
swer set E (also called a stable model) can then be defined as
a special case by a fixpoint W such that Fp(W) = W and
E={{|PUWFE}

Theorem 4.1 Let P be a finite program, A a set of proposi-
tions, and (Qr,Rp, A, —) the goal rewrite system w.r.t. P
and A.

Soundness: For any literal g and any rewrite sequence
g =" [L(C) A AN(CR)] VG,

where each [; is either an abducible literal or T, if Cy U - - - U
C}, is consistent, then there exists a partial stable model M
of PU{ly,...,lx} " suchthatg € U, <;<, Ci € M.

Completeness: For any set of atoms .S C A, and any literal
g ina partial stable model M of PU S, there exists a rewrite
sequence

g =" [L(CY) AN (CR)] VG,
suchthatg € Uy <<, C; CM,and S C {l1, ..., I}

We say that a program P has no odd loops if there is no
odd loop starting with any literals (programs that have no odd
loops are also called call-consistent [Dung, 1992]). It is well-
known that if P has no odd loops, then the partial stable mod-
els of P and the answer sets of P coincide. We now show that
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for any goal, the underlying rewrite system will generate an
approximation of a cover for any program P, and exactly a
cover when P has no odd loops.

Theorem 4.2 Let (Qr,Rp, A, —) be a goal rewrite system.
Suppose q is a proposition and

q —* [lll(Cll) TARERIAN llk1 (Clkl)] V...V
[lml (le) ARERNAN lmkm (kam )]

is a rewrite sequence such that each [;; is either T" or an ab-
ducible literal, and C;; U - -- U Cy, is consistent for each 4.
Then, if P has no odd loops then

Haw sl ds s s sl 1
is a cover of g. In general, for arbitrary P we have

\/ OZD[ln/\"'/\llkl]V"-V[lml/\--'/\lmkm]
a€eS

where S is any cover of q.

Consider again the boat example in Section 1. The Clark
completion of canCross is:

canCross = (boat A —leak) V (boat A leak A hasBucket).

Since boat, leak and hasBucket are abducibles, so rewrit-
ing for canCross terminates in one step, and produces the
following cover:

{boat A —leak, boat A leak A hasBucket}.

Notice that the second explanation is not minimal. To get
minimal ones, we have to compute prime implicants of the
disjunction of explanations in the cover, which are boat A
—leak and boat N\ hasBucket.

5 Redated work

Traditionally, logic programming proof procedures have been
defined abstractly in terms of derivation and refutation. Ter-
mination has been considered a separate, implementation is-
sue. On the one hand, this separation is possible since the un-
derlying semantics allows the completeness to be stated with-
out resorting to termination. But completeness is rarely guar-
anteed in an implementation. On the other hand, the separa-
tion is also necessary since these procedures deal with non-
ground programs for which the problem of loop-checking
is undecidable (even for function-free programs [Bol et al.,
1991]). For answer set programming, however, loop handling
has become a semantic issue: a sound and complete proce-
dure cannot be defined without it. Thus, a distinct feature of
our work is a mechanism of loop handling both for termina-
tion and for the implementation of the underlying semantics.

Completed programs have been used in query answering
in abstract, abductive procedures in [Console et al., 1991;
Denecker and Schreye, 1998; Fung and Kowalski, 1997] for
non-ground programs with constraints. These procedures are
defined for the three-valued completion semantics under the
certainty mode of reasoning — computing bindings for which
an (existential) goal is true in all indented models. In our case
the reasoning mode is brave — establishing whether a query is
true in one of the intended models.
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Our work is closely related to another abstract procedure,
the Eshghi-Kowalski procedure (EKP) [Eshghi and Kowal-
ski, 1989], which is sound and complete for ground programs
under finite-failure three-valued stable models [Giordano et
al., 1996]. Besides loop handling and termination, to some
extent, one can say that our goal rewriting system (GRS) sim-
ulates EKP in a nontrivial way.

1. GRS incurs no backtracking! Backtracking is simulated
by rewriting disjunctions, e.g., 'V ® — ®.

2. Loops that go through negation are handled in EKP by
nested structures while in GRS by a flat structure using
rewrite chains.

These features plus loop handling made it possible to for-
malize our system as a rewriting system benefiting from the
known properties of term rewriting in the literature. This also
distinguishes our use of rewrite systems from that by [Fung
and Kowalski, 1997]. 1t seems remarkable that a form of non-
monotonic reasoning is just rewriting, two areas of research
that had little connection previously.

To illustrate these feature, consider the following program

rl. g < nota r3. b+ a
r2. a < notb,notc r4d. c+a

and the question whether we can prove g. We may answer this
question by the following reasoning: To have g we must have
not a (rl); To have not a we must have either b or ¢ (r2) which
requires having a (r3 and r4). This results in a contradiction.
Note that in this reasoning we need to remember what was
required previously (nota in this case). This is exactly how
the proof is done by GRS

g—>-a—>bVc—o>aVec—>FVec—oc—>a—F

However, EKP will go through six nested levels, and do it
twice through backtracking, before the same conclusion can
be reached.

Rewriting can be applied to function-free programs for
proving ground goals. The idea is that if every derived goal
is ground, then all the mechanisms given in this paper apply
directly. Obviously, if for every rule in the given program
a variable that appears in the body also appears in the head,
then a ground goal will be rewritten to another ground goal.
Domain restricted programs [Niemeld, 1999] can be instan-
tiated only on domain predicates over variables that do not
appear in the head so that the resulting non-ground programs
also satisfy this requirement. For example, the program given
in the next section is domain restricted.

6 Applicationsand experimental results

We have implemented the writing framework in SWI-Prolog.
In the following, we discuss the performance of our imple-
mentation on one particular application of abduction in logic
programming, which is the problem of computing successor
state axioms from a causal action theory [Lin, 2000].
Consider a logistics domain in which we have a truck and a
package. We know that the truck and the package can each be
at only one location at any given time, and that if the package
is in the truck, then when the truck moves to a new location,
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so is the package. Suppose that we have the following propo-
sitions: ta(xz) — the truck is at location z initially; pa(z) —
the package is at location z initially; in — the package is in
the truck initially; ta(z, y, z) — the truck is at location = after
the action of moving it from y to z is performed; pa(z,y, )
— the package is at location x after the action of moving the
truck from y to z is performed; and in(y, z) — the package is
in the truck after the action of moving the truck from y to z is
performed. We then have the following logic program:

ta(X, X1, X).

pa(X, X1, X2) « ta(X,X1,X2),in(X1,X2).
ta(X, X1,X2) + X # X2,ta(X), nottaol(X, X1, X2).
taol(X, X1,X2) « Y # X, ta(Y, X1, X2).
pa(X, X1, X2) + pa(X), not paol(X, X1, X2).
paol(X, X1, X2) + Y # X, pa(Y, X1, X2).
in(X,Y) «in.

The first rule is the effect axiom. The second rule is a causal
rule which says that if a package is in the truck, then the pack-
age should be where the truck is. The rest are frame axioms.
For instance, the third one is the frame axiom about ta, with
the help of a new predicate taol: if the truck is initially at
X, and if one cannot prove that it will be elsewhere after the
action is performed, then it should still be at X.

As one can see, the above program, when fully instantiated
over any given finite set D of locations, has no odd loops. So
our rewrite system will generate a cover for any query. Note
that in the program we have omitted domain predicate loc(Y)
for each variable Y in the body of a rule (all the variables in
the program refer to locations). Thus, the program is domain
restricted and needs only to be instantiated for the variable Y
in the fourth and sixth rules over the domain of locations.

Now let the set A of abducibles be the following set:

{in} U {pa(z),ta(z) | = € D}.

The following table shows some of the results for
D ={1,2,3,4}:2

Query Result Time
ta(1,2,3) false 0.0
ta(3,2, 3) true 0.0
pa(1,2,3) pa(1) A —in 0.05

—-pa(1,2,3) | —-pa(l) vinvpa(2) vpa(3)Vvpad) | 02
pa(2,2,3) pa(2) A —in 0.08
-pa(2,2,3) | =pa(2) vinvpa(l) vpa(3) vpa(4) | 0.1
pa(3,2,3) pa(3) Vin 0.25
—-pa(3,2,3) =in A —pa(3) v —in A pa(1)Vv

—in A pa(2) vV —in A pa(4) 0.1

For instance, the row on pa(1, 2, 3) says that for it to be true,
the package must initially be at 1 and cannot be inside the
truck (otherwise, it would be moved along with the truck),
and the computation took 0.1 seconds.The row on pa(3, 2, 3)
says that for it to be true, either the package was initially at
3 or it was inside the truck. The outputs for larger Ds are

20n a PIll 1GHz PC with 512MB RAM running SWI-Prolog
3.29.
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similar. The performance varies for different queries. For
simple queries like ta(1,2,3), their covers can be computed
almost in constant time. The hardest one is for pa(3,2,3)
which took 25 minutes when |[D| = 7.

It is interesting to compare our system with an alterna-
tive for computing the cover of a query. As we mentioned
in Section 2, the set of abductive explanations according to
Kakas and Mancarella is actually a cover. One way of com-
puting these abductive explanations is to add, for each propo-
sition p € A, the following two clauses ([Satoh and Iwayama,
1991]): p + not—p and —p < notp into the original pro-
gram, and use the fact that there will be a one to one cor-
respondence between abductive explanations of ¢ under the
original program and answer sets of the new program that
contain ¢. So one can use an answer set generator, for exam-
ple smodel or dlv, to compute a cover of query by generating
all the answer sets in the new program that contain the query.
However, the problem here is that there are too many such
answer sets in this case. For instance, suppose there are n
locations, then the number of answer sets that contain any
particular query is in the order of 227, roughly one half of the
number of complete hypotheses, even for a very simple query
like ta(1, 2,3). We do not know at the moment if there is any
efficient way of using an answer set generator to compute a
cover set of a query.

7 Futurework

There are several directions for extending this work. One of
them is to consider rewriting for non-ground logic programs
for some restricted yet decidable classes of hon-ground goals.
Another important one is to extend this to programs with con-
straints of the form:

1+ ai,...,a;,nothy,...,noth,

Our new definition of abduction can be extended to include
these constraints straightforwardly. The challenge is in ex-
tending our rewriting system accordingly.
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