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Abstract

Consensus clustering emerges as a promising so-
lution to find cluster structures from data. As an
efficient approach for consensus clustering, the K-
means based method has garnered attention in the
literature, but the existing research is still prelim-
inary and fragmented. In this paper, we provide
a systematic study on the framework of K-means-
based Consensus Clustering (KCC). We first for-
mulate the general definition of KCC, and then re-
veal a necessary and sufficient condition for util-
ity functions that work for KCC, on both complete
and incomplete basic partitionings. Experimental
results on various real-world data sets demonstrate
that KCC is highly efficient and is comparable to
the state-of-the-art methods in terms of clustering
quality. In addition, KCC shows high robustness
to incomplete basic partitionings with substantial
missing values.

1 Introduction

Consensus clustering, also known as cluster ensemble, aims
to find a single partitioning of data from multiple existing ba-
sic partitionings [Monti et al., 2003; Zhang et al., 2010].
It has been recognized that consensus clustering may help
to generate robust partitionings, find bizarre clusters, handle
noise and outliers, and integrate solutions from multiple dis-
tributed sources [Nguyen and Caruana, 2007].

Consensus clustering is NP-complete in essence [Filkov
and Steven, 2004a; Topchy et al., 2005]. In the literature,
many algorithms have been proposed to address the compu-
tational challenges, among which a K-means-based method
proposed in [Topchy et al., 2003] attracts great interests.
However, the general theory for utility functions that work
for K-means-based Consensus Clustering (KCC) is yet un-
available, which prevents KCC from being widely used.

In this paper, we provided a systematic study on the theo-
retic framework of K-means-based consensus clustering. The
major contributions are summarized as follows. First, we for-
mally defined the concept of KCC, and provided a necessary
and sufficient condition for the so-called KCC utility func-
tions, which establishes the general KCC framework. Sec-
ond, we redesigned the computational procedures for KCC
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utility functions and K-means clustering, and thus extended
the framework to the more general scenario where incomplete
basic partitionings present. Third, we proposed the standard
and normalized forms of a KCC utility function, and gave
some particular examples for practical uses.

Extensive experiments on various real-world data sets
demonstrated that KCC is highly efficient and is comparable
to the state-of-the-art methods in terms of clustering quality.
We found that: a) While multiple utility functions can im-
prove the usability of KCC on different types of data, the ones
based on Shannon entropy generally exhibit more robust per-
formances; b) The generation strategy of basic partitionings
is a critical factor that influences the performance of KCC; c)
KCC is very robust with even very few basic partitionings of
high quality, or on severely incomplete basic partitionings.

2 Related Work

Consensus clustering (CC) is essentially a combinatorial op-
timization problem. The existing literature can be roughly
divided into two categories: CC with implicit objectives
(CCIO) and CC with explicit objectives (CCEO).

Methods in CCIO do not set global objective functions.
Rather, they directly adopt some heuristics to find ap-
proximate solutions. The representative methods include
the graph-based algorithms [Strehl and Ghosh, 2002; Fern
and Brodley, 2004], the co-association matrix based meth-
ods [Fred and Jain, 2005; Wang er al., 2009], Relabeling
and Voting methods [Fischer and Buhmann, 2003; Ayad
and Kamel, 2008], Locally Adaptive Cluster based meth-
ods [Domeniconi and Al-Razgan, 2009], genetic algorithm
based methods [Yoon ef al., 20061, and still many more.

Methods in CCEO have explicit global objective func-
tions for consensus clustering. The Median Partition problem
based on Mirkin distance is among the oldest ones [Filkov
and Steven, 2004b; Gionis et al,, 2007]. In the inspiring
work, [Topchy et al., 2003] proposed a Quadratic Mutual In-
formation based objective function and used K-means clus-
tering to find the solution. This elegant idea could be traced
back to the work by Mirkin on the Category Utility Func-
tion [Mirkin, 2001]. Other solutions for different objective
functions include EM algorithm [Topchy et al., 2004], non-
negative matrix factorization [Li et al., 2007], kernel-based
methods [Vega-Pons et al., 2010], simulated annealing [Lu er
al., 2008], and among others.



More algorithms for consensus clustering could be found
in some survey papers [Ghaemi et al., 2009; Vega-Pons and
Ruiz-shulcloper, 2011; Li ef al., 2010]. In general, compared
with CCIO methods, CCEO methods might offer better in-
terpretability and higher robustness to clustering results, via
the guidance of objective functions. However, they often bear
high computational costs. Moreover, one CCEO method typi-
cally works for one objective function, which seriously limits
its applicative scope. These indeed motivate our study in this
paper. We attempt to build a general theoretic framework for
efficient K-means-based consensus clustering using multiple
utility functions.

3 Problem Formulation

We begin by introducing some basic mathematical notations.
Let X = {x1,22, -+ ,z,} denote a set of data objects. A
partitioning of X into K crisp clusters can be represented
as a collection of K subsets of objects in C = {Ci|k =
LK}, with C, N Cyr = 0, Yk # K, and Up_, Cx =
X, or as a label vector 7 = (L (21), -, Ly(xy,))’, where
L. (x;) maps z; to one of the K labels: {1,--- , K}.
Given r existed partitionings, i.e., basic partitionings, of
X in Il = {7y, ma, - - , 7}, the goal of consensus clustering
is formulated as to find a consensus partitioning 7 such that

m) =Y wU(m,m) (1)
=1

is maximized, where I' : Z7} | x Z", Ty e R is a consensus
function, U : Z% , x Z}, — R is a utility function, and
w; € [0, 1] is a user-specified weight for m;, with >, w; =
1. Apparently, the choice of the utility function in Eq. (1)
is crucial to the success of consensus clustering, and largely
determines the heuristics to employ.

3.1 K-means-based Consensus Clustering

Though being more recognized in the clustering field [Jain
and Dubes, 1988], K-means [MacQueen, 1967] is essentially
a very fast and robust heuristic for combinatorial optimiza-
tion. A natural idea is, can we use K-means to optimize
Eq. (1)? Or equivalently, can we transform the consensus
clustering problem equivalently to a much simpler K-means
clustering problem?

We first restrict the computation of U to the contingency
matrix, a co-occurrence matrix for the clusters of two par-
titionings. Suppose we have 7 and 7;, the consensus parti-
tioning and the ith basic partitioning with K and K; clusters,
respectively. The ith contingency matrix is defined as M (V) =
[n](€ J)] KxK;, Where n(z) denotes the number of data objects in
of m;, V k, j. The sum-
mations can thus be given by having nk+ = Zfll ng]) and

K ‘ .
nf@ =3 1n(l) VEk,j. Letpgcj) = nk] /n Dht = Nt /Ty
and pg_g =n Y / n, we then have the normalized contingency

matrix My(L ), V 1, based on which a wide range of utility func-

tions can be defined accordingly.

both cluster C}, of 7 and cluster C’j

K-means does not work on the contingency matrix. As
inspired by [Topchy et al., 20031, a binary matrix is intro-
duced for it. Let X = {xl(b)|1 < 1 < n} be a binary
data set derived from 7 basic partitionings in II such that

b b b b b b
( )= (xl(l)’ a ‘Ll( 1)) xl( L) (‘Ll( L)17'” xl( L)Kz) and
0 _ ) 1, if L) =
Tiij = { 0, otherwise ) )

Accordingly, X®) is an n x 3"/, K, binary matrix with
|xl(bl)| = 1, V I,i. We can thus employ K-means on X'(®
to generate one partitioning 77’ with K clusters. If 7’ = =«
in Eq. (1), it means we can transform consensus clustering
to K-means clustering equivalently, and thus enable the K-
means-based Consensus Clustering (KCC) scheme.

Let my = (mg,1,--- ,mg,) denote the centroid of the kth
cluster of 7/, with my; = (Mg, ,Mkik,). We then
have the following definition:

Definition 1 A utility function U is a KCC Utility Function,
VIl = {m, -7} and K > 2, there exists a distance
Sfunction f such that

max E w;U(m, 7;) <= min E E f(z ) 3)
TEF 4 weF
= k=1,®ec,

holds for any feasible region F.

Accordingly, the critical point of KCC is to identify KCC
utility functions (U) and their corresponding distance func-
tions (f) so that the left-hand-side problem in Eq. (3) can turn
into the right-hand-side problem.

4 General Theory of KCC Utility Function

In this section, we propose the necessary and sufficient con-
dition for being a KCC utility function, and thus establish the
general framework of KCC. We also extend the theory to the
situation where incomplete basic partitionings exist.

4.1 The Necessary and Sufficient Condition

Here we formulate how a utility function can be a KCC utility
function. A lemma is first given as follows:

Lemma 1 A wtility function U is a KCC utility function, if
and only if VIl and K > 2, there exist a differentiable convex
function ¢ and a strictly increasing function g, ,. such that

r K
Y wU(m,m) = gy (Y prrd(m)). )
=1 k=1

PROOF. We first give one fact as follows. Suppose f is a dis-
tance function that fits K-means clustering. Then according
to [Wu et al., 20121, f : R? x R? — R is a point-to-centroid
distance that can be derived by a continuously differentiable
convex function ¢:

flz,y) =

d(x) — o(y) — (x —y) " Vo(y). (5)
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Accordingly, we have

K
Z S ot m) = > e@”) =0 pryé(ma).
k=1,0) e, 2 e x®) k=1
(6)
Since both Zx@) cx® (b(xl(b)) and n are constants given II,
K
mlnz Z f(z mk — maXZkarqb mg). (7)
k=140 e, k=1

Now let us turn back to the proof of the sufficient condition.
As g, . is strictly increasing, we have

K
max Z w;U (7w, m;) <= max Z Prt+d(my).
"= [
So we finally have Eq. (3), which indicates that U is a KCC
utility function. The sufficient condition holds.

We then prove the necessary condition. Suppose the dis-
tance function f in Eq. (3) is derived from a differentiable
convex function ¢. By Eq. (3) and Eq. (7), we have Eq. (8).

Let Y(m) denote Y., w;U(m,m;) and ¥(m) denote
Zle pr+@(my) for convenience. Note that Eq. (8) holds
for any feasible region F' because Eq. (7) is derived from
the equality rather than equivalence relationship in Eq. (6).
Therefore, for any two consensus partitionings 7’ and 7, if
we let ' = {n’, 7"}, we have

Y(n') >

®)

> ™),
©))
which indicates that Y and ¥ have the same ranking
over all the possible partitionings in the universal set 7 =
{7r|L7r(xl(b)) € {1,---,K},1 <l < n}. Define a mapping
011 . that maps ¥(7) to Y(7), 7 € F. According to Eq. (9),
i is a function, and V & > 2/, g, . (x) > g, , (). This
implies that g,, . is strictly increasing. So the necessary con-
dition holds, and the lemma thus follows. ||
We here use II and K as the subscripts for g, be-
cause these parameters directly affect the ranking of 7 in
F given by T or W. That is, different mapping func-
tions may exist for different settings of 1I and K. Next,
we go a further step to analyze Eq. (4). Recall the con-

tingency matrix mentioned in Section 3.1. Let P,gi) =

(DS [ Pht s DY [ Db+ s Pigc, /Pt ), W i, k. We give without
proof the following lemma:

(=,0r <) T(n") <= ¥(r (=,0r <) ¥(

Lemma 2 For K-means clustering on X the centroids

7 (2) i
ooony pik

b
Mg, = ) ) [
<Pk+ P+ Pr+
We then have the following important theorem:

Theorem 1 U is a KCC utility function, if and only if ¥V I =
{m1, -+ ,mr} and K > 2, there exists a set of continuously
differentiable convex functions {1, - - , i} such that

Z Pres 113 (P

T

) = P Vi (10)

an

U(r,m;) ),V
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The convex function ¢ for the corresponding K-means clus-
tering is given by

= wivi(mg), Yk, (12)
i=1
where
vi(x) = ap;(x) + ¢c;,a € Ry, € RV, (13)

PROOF.We first prove the sufficient condition. If we substi-
tute U (7, ;) in Eq. (11) into the left-hand-side of Eq. (4) and
use Eq. (12) and Eq. (13), we have

Zwl T, T) = Zkarquk fwach

Let gnK( ) = agz + by, with a L and b,

le j=1 WiCi. gy x 1S thus a strictly increasing func-
tion for a > 0. We then have ) .  w,U(m,m) =
gH,K(Zlepk+¢(mk)). U is thus a KCC utility function
by Lemma 1. The sufficient condition follows.

We then prove the necessary condition. Due to the arbi-
trariness of IT in Eq. (4), we can let IT = II; = {m;},V i.
Accordingly, my, reduces to my;, and ¢(my ;) reduces to
¢i(my.i), i.e., the ¢ function defined only on the ith “block”
of my, without involvement of the weight w;. Then by Eq. (4),
we have

(14)

U(’/Tv’n—i) = gni,K(Zpk-ﬁ-Qbi(mk’,i))a 1<i<,

5)

where g, is the mapping function when II reduces to IL;.
By summing up U (7, ;) from ¢ = 1 to r, we have

r r K
ZwiU(mm—) = sz gniyK(Zkar(bi(mk,i))
i=1 i=1 k=1

which, in comparison to Eq. (4), indicates that

r K
= Z Widn, k (Z Prt Pi(Mmi.i))
i=1 k=1

(16)
If we take the partial derivative with respect to my ;; on
both sides, we have

K
9n,x (Z pk+¢(mk))

9 ’ u 0 i o, i
In ke (Z Prt+¢(mk)) ¢(mkj) =wWidp g (}; Pr+Bi(m,i)) %ﬁj) :
o’ D Y —

-

B) (%)

a7

(@) )

As () and (§) do not contain any weight parameters wy,
1 <1 < r, the right-hand-side of Eq. (17) has one and only
one weight parameter: w;. This implies that () is a constant,
otherwise the left-hand-side of Eq. (17) would contain multi-
ple weight parameters other than w; because of the existence
of ¢(my) in g/ .. Analogously, since () does not contain

all pgy, 1 < k < K, (y) must also be a constant. These



results imply that In.x and I, x5 1 <4 < r, are all linear
functions. Without loss of generality, we let

I (@) =agz +by, Va, € Rpy b, €R, and  (18)
Iu, i (T) = @iz +b;, Va; € Ry, b R (19)
Eq. (17) thus turns into
Ip(my) 09 (my..;) ..
= wiai————, Vi, j. 20
al‘[ 6mky,i_j 8mk7ij ? j ( )
6¢i(mk,i)/6mk7ij is the function of {m;m-l, SRR mk’iKi}

only, which implies that O¢(my)/0my ;; is not the function
of my;, VI # i. As aresult, given the arbitrariness of i, we
have ¢(my) = @(d1(mi,1), -, ¢r(mi,)), which indicates

dp(my,) _ 0o 0pi(my.;)
Ompi;  O0p; Omy,j

Accordingly, Eq. (20) turns into d¢/d¢; = w;a;/a,, which
leads to

~ w;a;
i=1 m
Let v;(z) = 2-¢;(x) + %, 1 < < r, Eq. (12) thus follows.
o i

Moreover, according to Eq. (15) and Eq. (19), we have

K

ZPH(%@(PS)) +bi), Vi
=1

Let pui(z) = a;¢i(x) + b, 1 < @ < r, Eq. (11) follows.
Further let a = 1/a,, and ¢; = d;/w; — b;/a,, we also have
Eq. (13). The necessary condition thus follows. |

Theorem 1 gives the general necessary and sufficient con-
dition for being a KCC utility function. That is, a KCC utility
function must be a weighted average of a set of convex func-

(22)

U(rm,m;)

tions defined on P,gl), 1 < 4 < r, respectively. From this
perspective, Theorem 1 can serve as the criterion to verify
whether a given utility function is a KCC utility function or
not. Nevertheless, the most important thing is, Theorem 1
indicates the way to conduct the K-means-based consensus
clustering. That is, we first design or designate a set of con-

vex functions p; defined on P,gl), 1 < ¢ < r, from which
the utility function as well as the consensus function can be
derived by Eq. (11) and Eq. (1), respectively; then after set-
ting a and ¢; in Eq. (13), we can determine the corresponding
¢ for K-means clustering by Eq. (12), which is further used
to derive the point-to-centroid distance f using Eq. (5); the
K-means clustering is finally employed to find the consensus
partitioning 7. In practice, we often simplify the above pro-
cedure by lettinga = 1,¢; = 0, u = p; = v;,V ¢, which also
become the default settings in the experiments to follow.

4.2 Two Forms of KCC Utility Functions

Let p = p;,V 4, in Eq. (11). We denote the KCC utility
function derived by i in Eq. (11) as U, for short. In what
follows, we introduce two special forms of KCC utility func-
tions given any U, (or equivalently ).
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Standard Form. Let P(®) (pgf)l, J’Si)m)’ and let
s (P = p(P{7y — u(P®). Then by Eq. (11), we ob-
tain a new utility function U, as follows:

U, (m,7:) = Uy, m) — p(PO). 23)

As p(P™) is a constant given 7;, jus and p will lead to a
same point-to-centroid distance f, and thus a same consen-
sus partitioning 7. It is easy to show U, is non-negative,
and thus can be viewed as the utility gain from a consensus
clustering. We here define U, as the standard form of U,,.

If we further let MSS(P,gi)) = MS(P,gi)) — ps(P®W), we have
fss = pts = U, . = Uy, . This implies that any KCC utility
function has one and only one standard form.

Normalized Form. Let un(P,gz)) = Ms(P,E”)/W(P(i))L we
have a new KCC utility function as follows:

UMs (7777Ti> - Uu(ﬂ',ﬂ'i) — ,U/(P(L))

|u(P)] [u(PO)]
Apparently, U, > 0, which can be viewed as the utility gain
ratio to the constant |;(P(")], and thus is called the normal-
ized form of U,,. It is noteworthy that a KCC utility function
also has one and only one normalized form.

In summary, given a convex function p, we can derive a
KCC utility function U,,, as well as its only standard form
U,., and normalized form U, . Given clear physical mean-
ings, the standard form and normalized form will be adopted
as two major forms of KCC utility functions in the experi-
mental section below. Table 1 shows some sample KCC util-
ity functions, which are all in their standard forms.

U, (m,m;) = (24)

4.3 Handling Incomplete Basic Partitionings
Here, we introduce how to conduct K-means-based consen-
sus clustering with the presence of incomplete basic partition-
ings (IBPs). An IBP 7; is obtained by clustering a data subset
X; C X,1 < i < r, with the constraint that | J;_, X; = X.
The problem is, given r IBPs in IT = {7y,--- , 7.}, how to
cluster X into K crisp clusters using KCC?

We first adjust the way for utility computation on IBPs.
We still have maximizing Eq. (1) as the objective function,
but modify the normalized contingency matrix M,(Ll) so that:

W = |, 1) =m0/, ) = ), ) =
ngi)»/n(i), and p( = n /n,V 5, k, 1.

e then adjust K-means clustering for the incomplete bi-
nary data set X'(®). Let the distance f be the sum of the dis-
tances on different basic partitionings, i.e.,

Fla” my) = D I e X0) il mi),

i=1
where f; is f on the ith “block” of X'(®), and Iz eX;) =1
if z; € X; and O otherwise. Further let the centroid my, ;

(25)

(mk,“, cee ,mk,iKi), with
b) (1) (1)
EazleCk N &; xl( ij Ny Py
Mhij = — A4~ F— = — = = —, Vk,i,7. (26)
ij ‘Ck n Xi| n}(;j_ ’(itzj-

In what follows, we give without proof a theorem about the
convergence of K-means clustering on incomplete X'(%):



Table 1: Sample KCC Utility Functions

Notation p(my ;) U, (m,m;) f(wl(b),'rnk)
i 3 ; - b
Ue llm,ill3 — I1PD13 S per P12 — 1P 13 Sy willzl) —mi i3
i i i r b
Un (—H(mg:)) — (—HPD)) S pry (—HP) = (~H(PD)) T, wiD (") |lmy:)
i i i r b
Ueos  lmaillz = 1PD]l2 S ore 120 N2 = 1P iy wi(l = cos(z”), i)
G K () () - Ty L)<mk Pt
UL, I illp — 1P i pet 1P s = 1P, imwi(l— W)
Mk,illp
Note: ||z||, — Lp norm of «; H — Shannon entropy; D — KL-divergence; cos — cosine similarity.
Table 2: Comparison of Execution Time (in seconds)
brea. ecol. iris  pend. sati. derm. wine mm revi. lal2 spor.
KCC(U.) 1.95 1.40 0.33 81.19 3247 1.26 0.56 2.78 4.44 8.15 11.33
GP 8.80 6.79 4.08 N/A 54.39 6.39 3.92 15.40 32.35 N/A N/A
HCC 18.85 2.33 0.18 N/A 2979.48 2.78 0.28 535.63 2154.45 6486.87 N/A
N/A: Failure due to the out-of-memory error.
Table 3: Experimental Data Sets Table 4: KCC Clustering Results (by R,,)
Data Sets Source ~ #Objects  #Attributes #Classes U:. U UcosUrs Upg NU. NUpg NU¢cos NUL5 NULg
breast_w UCI 699 9 2 brea.| 0.06 0.86 0.11 0.12 0.13 0.04 0.87 0.12 0.1 0.11
ecoli® ucCI 332 7 6 ecol. | 0.51 043 044 044 043 050 055 042 042 043
iris UCI 150 4 3 iris 0.74 0.73 0.74 0.74 0.75 0.73 0.71 075 0.75 0.74
pendigits UCI 10992 16 10 pend.| 0.53 0.56 0.58 0.57 0.55 0.51 057 0.58 057 0.56
satimage UCI 4435 36 6 sati. | 045 047 053 047 048 033 053 053 047 048
dermatology ucCI 358 33 6 derm/ 0.04 0.07 0.04 0.03 0.02 0.04 0.06 0.05 0.03 0.03
winet UCI 178 13 3 wine | 0.14 0.15 0.14 0.14 0.14 0.14 0.13 0.14 0.14 0.14
mm TREC 2521 126373 2 mm | 0.55 0.57 0.57 0.59 0.62 048 0.56 0.60 0.61 0.62
reviews TREC 4069 126373 5 revi. | 0.38 046 0.46 049 046 033 049 052 048 0.53
lal2 TREC 6279 31472 6 lal2 | 035 039 036 032 038 033 036 033 035 041
sports TREC 8580 126373 7 spor. | 0.32 040 0.34 0.37 0.33 028 041 034 030 031
T+ two clusters containing only two objects were deleted as noise. score | 849 10.31891 8.72 8.60 7.82 10.36 9.13 8.62 8.88

1: the values of the last attribute were normalized by a scaling factor 100.

Theorem 2 K-means clustering using f in Eq. (25) as the
distance function and using m in Eq. (26) as the centroid, is
guaranteed to converge in finite iterations.

Until now we can extend KCC to the IBP case. Let P,gi) =
(p 1)/p;g+7' J%K /p ) = Mg,V k, <. We have:

Theorem 3 U is a KCC utility function, if and only if V 11 =
{m1, -+ ,m} and K > 2, there exists a set of continuously
differentiable convex functions {1, - - , jur } such that

)pr (P,

The convex function ¢;, 1 < i < r, for the corresponding
K-means clustering is given by

U(r,m;) 27

5.1 Experimental Setup

Validation measure. Having the class labels, we adopted nor-
malized Rand index (R,), a long-standing and robust mea-
sure [Jain and Dubes, 1988], for cluster validity.

Clustering tools. Three consensus clustering methods,
namely KCC, the graph partitioning algorithm (GP), and the
hierarchical algorithm (HCC), were employed in the experi-
ments. GP is a tool consisting of three benchmark algorithms:
CSPA, HGPA and MCLA [Strehl and Ghosh, 2002]. HCC
was implemented by ourselves in MATLAB following the
algorithmic description in [Fred and Jain, 2005]. We also
implemented KCC in MATLAB, which includes ten utility
functions, namely U,, Uy, Ucos, UL, and U, and their cor-
responding normalized versions (denoted as NU,,).

Parameter settings. To generate basic partitionings (BPs),
we used the kmeans function of MATLAB with squared Eu-

di(myi) = wivi(my;),V k, (28) clidean distance for UCI data sets and with cosine similar-

h ity for text data sets. The default settings are as follows: 1)
where = 100; 2) the number of clusters K is set to the number
vi(z) = ap;(x) + ¢i,a €Ryq, € RV (29) of true clusters; 3) Random Parameter Selection (RPS) is the

The proof is similar to the one for Theorem 1, so we omit
it here. Eq. (27) is very similar to Eq. (11) except for having
additional parameters p(*), V i. This implies that the basic par-
titioning on a larger data subset will have more impact on the
consensus clustering, which is considered reasonable. Since
Eq. (27) reduces to Eq. (11) when IBPs turn into complete
BPs, Theorem 3 is indeed a more general version of Theo-
rem 1.

5 Experimental Results

In this section, we present experimental results of KCC on
various real-world data sets listed in Table 3.
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default generation strategy for BPs by randomizing K; within
[K,+/n]; 4) w; = 1/n,V i. For each I, KCC and GP were
run ten times to obtain the average results, whereas HCC was
run only once due to its deterministic nature. In each run,
KCC called K-means ten times for the best objective values,
and GP called CSPA, HGPA and MCLA only once.

5.2 Clustering Efficiency of KCC

The primary concern about consensus clustering is the effi-
ciency. Along this line, we compared KCC (using U.) with
GP and HCC in terms of execution efficiency. As can be seen
from Table 2, KCC was the fastest one on nine out of eleven
data sets, even though it called kmeans 10 x 10 times on each
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Figure 1: Comparison of Clustering Quality

data set. For large-scale data sets, such as satimage and re-
views, the advantage of KCC was particularly evident. HCC
seems more suitable for small data sets for its n-squared com-
plexity. GP consumed much less time than HCC on large-
scale data sets, but it suffered from high space complexity
which led to memory failures marked as “N/A” in Table 2.

5.3 Clustering Quality of KCC

The clustering results of KCC are shown in Table 4. Eight out
of ten utility functions performed the best on at least one data
set. For some data sets such as breast_w the differences were
very sharp. This implies that the diversity of utility functions
is indeed beneficial. KCC achieves an edge by allowing the
flexible choice of utility functions.

We then validated the robustness of each utility function on
all data sets. A utility function U; is scored by score(U;)

Y iy where Ry (Us, D;) is the R, value of the
clustering result by applying U; on data set D;. The bot-
tom row of Table 4 shows the scores, where the highest score
was won by NUpy, closely followed by Uy, and then NU. s
and U,.s. We therefore took NUp as the default choice for
KCC. It is interesting that though being the first utility func-
tion proposed in the literature, U, and its normalized version
generally performed the worst among all.

Next we compared KCC using NUjy with the other two
methods GP and HCC. As can be seen from Fig. 1, KCC
showed comparable clustering performances. Indeed, KCC
outperformed GP on 5 out of 8 data sets, and beat HCC on 5
out of 9 data sets. Note that in the left (right) sub-graph we
omitted three (two) data sets, on which GP (HCC) suffered
memory failures when running on a PC with 4GB RAM.

Note that we so far relied on RPS to generate basic parti-
tionings, which led to poor clustering results on wine, derma-
tology, lal2 and sports. One way to deal with these is to ad-
just RPS. Indeed, we found that by narrowing the interval of
K; in RPS to [2,2K], the performances of KCC on /a2 and
sports improved substantially. Similar situations happened to
wine and dermatology when we replaced RPS by RFS (Ran-
dom Feature Selection), where partial data attributes (e.g.,
20%) were randomly selected for each basic clustering. We
omit details here for space concern.

In summary, KCC is flexible and competitive to GP and
HCC in terms of clustering quality. Among the ten utility
functions, NUg shows more robust performances and thus
becomes the primary choice for KCC.

5.4 Performances on Incomplete BPs

Here, we demonstrate the ability of KCC in handling incom-
plete BPs (IBP). To this end, we adopted two strategies to
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Figure 2: Performances of KCC on Incomplete BPs

generate IBPs. Strategy-I is to randomly remove some data
instances from a data set first, and then employ kmeans on the
incomplete data set to generate an IBP. Strategy-II is to em-
ploy kmeans on the whole data set first, and then randomly
remove some labels from the complete BP. The removal ratio
rr was set from 0% to 90% to watch the variations.

Fig. 2 shows that IBPs generally exerted little impact on
KCC when rr < 70%. For mm, the performance of KCC
was even improved from around 0.6 to over 0.8 when 10% <
rr < 70%! This result strongly indicates that KCC is very
robust to IBPs — it can recover the whole cluster structure
from cluster fragments. It is also interesting to see that the ef-
fect of Strategy-1 was comparable to the effect of Strategy-I1.
In some cases, e.g., on mm, or on breast_w and iris when rr is
sufficiently large, Strategy-I even led to better performances.
This observation is somewhat surprising, since Strategy-II
was thought to reserve the structural information more. It
is however encouraging since Strategy-I is closer to real-life
scenarios of knowledge fusion.

6 Conclusions

In this paper, we established a general theoretic framework
of K-means-based consensus clustering (KCC). Experiments
demonstrated the effectiveness of KCC compared with some
state-of-the-art methods. In particular, KCC shows robust
performances even if only a few high-quality basic partition-
ings are available or they suffers severe incompleteness.
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