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ABSTRACT 

Semantically guided hierarchical deduction prover is 
a resolution-based theorem-proving procedure which is ca
pable of using the domain dependent knowledge presented 
in well designed examples. This paper gives an overview 
of the basic deduction components of the prover, inves
tigates some rules for human design of examples, and 
demonstrates their usage in proving several non-trivial 
theorems. 

1. INTRODUCTION 

A method for using domain dependent knowledge in 
mechanical theorem proving is to present the hypothe
ses of a theorem—i.e. the axiomatic system involved as 
a model (or say, an example*)—which is then used in 
guiding a mechanical prover to search a proof along with 
semantically provable paths. This method has been inves
tigated by several researchers[2,3,5,6], where it was used 
mainly in some natural deduction proving procedures. 

Though the basic idea of this method is simple and 
plausible, its potential usage has been limited by some 
problems or difficulties exposed in earlier implementa
tions. 

One problem is that this method often produces in
completeness for the traditional goal-oriented theorem 
provers, such as a linear resolution procedure or some 
natural deduction procedures. For example, consider a 
unsatisfiable set 5 of ground clauses, S — {A V -C V 
B, ->A V B,C,-iB}. Suppose the first three clauses of S 
are hypotheses. We use M = {A,B,C} as a model of 
these hypotheses to guide a linear resolution proof (refu
tation) of S. Let the last clause -B of 5 be the the 
first goal. The first step of deduction has two different 
branches: one produces a resolvent -A by resolving -B 
against -A V B, another produces a resolvent Av -C by 
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* In this paper, the word "example" means a model 
that contains real semantics. 

resolving ->B against the first clause of S. Note that, for 
a semantically guided refutation proof, only the clauses 
that are false in the given model are treated as semanti
cally provable, so can be used as goals during deduction. 
Because -^A is false in M, but A V -C is not, only the 
first branch can be developed next. Then, from -A, only 
a resolvent -C V B is produced by resolving ->A against 
the first clause of S. Now, because -C V B is true in M 
and there is no other deduction path left, the deduction 
has to terminate with failure. Some previous approaches 
tried to avoid this source of incompleteness by changing 
the model during deduction [5,6). For example, according 
to Example 1 of [5], a secondary model M' — {->A, B,C} 
should be used later to finally prove S (The set S of the 
above example is just a simplified version of the problem 
given in Example 1 of [5]). But, generally speaking, this 
strategy is not feasible to implement. One reason for this 
is that to design a "suitable" example for helping prove 
a hard theorem is not a easy matter. This is another 
problem encountered in using this method. 

In fact, the design or selection of a suitable exam
ple for a theorem to prove is an essential problem with 
using this method. Of course, this task is difficult for 
a computer to do automatically because domain depen
dent knowledge is usually needed and also because it is 
hard to give a precise description of what is a suitable 
example. As for the human design, the difficulty lies in 
dealing with the interpretation of skolem functions (here, 
we are concerned with first-order logic only), because a 
casually-chosen interpretation of a skolem function may 
cause proof failure. 

This paper tries to give a solution of the above prob
lems. We will use examples to guide a resolution-based 
theorem prover, semantically guided hierarchical deduc
tion prover (SHD-PROVER). Different from the usual 
goal-oriented deduction procedure, this procedure has a 
particular mechanism in producing and retaining all "le
gal" resolvents producible from a goal clause in each de
duction step. In light of this feature, many failure cases 
caused by using models in a traditional goal-oriented 
prover can be avoided. For example, this procedure will 
retain both resolvents -A and A V ->C producible from 
the goal ->B at the first step of deduction of the above 
example. But the resolvent A V ->C which is true in M 
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will be allowed to be used only as rule clause. Then a re-
solvent -C can be produced in the next step by resolving 
-A against this new rule. Because -C is false in M, it 
can be used as next goal to finally deduce a refutation of 
S. 

The SHD-PROVER is based on a complete deductive 
component, hierarchical deduction procedure. The effi
ciency of this procedure is enhanced by several complete
ness-preserving refinements. The procedure can prove au
tomatically a series of non-trivial theorems without the 
help of examples (see [8]). So, our approach emphasizes 
also the importance of a compact deductive component. 

This paper mainly describes our method of design
ing and using examples for SHD-PROVER. we will inves
tigate some rules for the human design of examples, es
pecially, for the interpretation of skolem functions. More 
considerations about completeness and effectiveness prob
lems will be included in these rules. As an application, 
this method will be used in designing examples to help 
our prover prove several non-trivial theorems, AM8, IMV, 
GCD, LCM and Schubert's statement. In order to in
clude type information and other useful knowledge into 
examples, a three valued modeling and the corresponding 
interpretation method will be proposed. 

The paper concludes with a summary of the results 
of computer runs in proving the example theorems. 

I I . OUTLINE OF THE HIERARCHICAL DEDUCTION 
(See [8] for details. Those familiar with [8] should 

proceed to next section.) 

The hierarchical deduction procedure proves a theo
rem by traversing a tree of nodes. Each node contains a 
different set of clauses and other information. All candi
date goal clauses are contained in a goal-list. Each literal 
of each goal clause is indexed by a node name, through 
which a set of nodes can be located to obtain rule clauses 
for the resolution upon that literal. 

At the beginning of a deduction, there is only one 
node (node l) which contains all input clauses, while the 
goal-list contains only the input goal clauses. The literals 
of the input goal clauses are all indexed by 1, which cor
responds to the name of the first node. The general proof 
process is as follows: 

1. The first goal clause G of the goal-list is taken. Along 
with the index of the left-most literal of G, a set of 
rule clauses is obtained by retrieving the node indi
cated by this index and ail parent nodes of this node. 
This index will be the parent name of the new node 
being produced in this round of deduction. 

2. All "legal" resolvents are produced by resolving the 
goal clause against each clause of the set of rules upon 
the left-most literal of the goal clause. For each of 
the resolvents produced, the indices and the order of 

the literals inherited from the goal clause are re
tained, but the indices of the literals inherited from 
the rule clause are replaced by a larger integer which 
is just the name of a node being produced; these lit
erals are placed to the left in the resolvent. 

3. If CD (the empty clause) is obtained, then the pro
cedure returns "proved". Otherwise, the resolvents 
will be stored into the new node and also be inserted 
into the goal-list according to their priorities. Then 
the above process is repeated. 

The "legal" resolvents produced by the prover are 
called H-resolvents (hierarchical resolvents). They are 
produced under a number of constraints which will be 
briefly described next. 

Local Subsumption Test: The literals previously re-
solved upon are retained by the resolvent as "framed" 
literals. A resolvent is said to be locally subsumed if it has 
more than one literal including its framed literals, sharing 
a common atom. The locally subsumed resolvent will be 
discarded. 

Constraints on Common Tails: We call any index of 
a literal in a clause C which is less than the index of the 
left-most literal of C, a tail index of C. An index that is a 
tail index of two different clauses is called a common tail 
indtx of these clauses. We require that a legal resolvent 
of a goal clause must not be produced by resolving the 
goal upon the literal of a rule clause whose index is a 
common tail index of these clauses. We require also that 
the common tails (consisting of the literals with common 
tail indices) of the clauses being resolved be mergeable 
(unifiable). 

Proper Reduction: An H-resolvent H is called a 
proper reduction of an ancestral goal clause G, iff H is 
a variant (including indices) of a proper part of G. Once 
a proper reduction is obtained, all other descendant re-
solvents produced from G (including G itself) will be dis
carded. 

Global Subsumption Test: The hierarchical deduc
tion has a feature that the resolvents grouped in the same 
node are similar to each other in the sense that the tails 
of these resolvents all are instances of the same part of 
a goal clause. Based on this property, the procedure can 
use an effective subsumption test method, so that only a 
few relevant resolvents need to be compared to determine 
whether a new resolvent is redundant. 

Resolvent Evaluation and Reordering: The prover 
uses a best-first search strategy by which the candidate 
goal clause with largest priority is to be resolved first. The 
priority of each resolvent is assigned by an evaluation rou
tine based on certain ideas, such as "twin symbol". These 
ideas are also used by a level subgoal reordering subrou
tine, which is responsible for selecting an "important lit
eral" from a goal clause to be the left-most literal of that 
clause. 
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A Partial Set of Support Strategy and Others: This 
strategy is another use method of the model methodol
ogy (or say, set of support strategy) to reduce the search 
space. With this strategy, some literals of input clauses 
will be disallowed to resolve upon according to a model 
or "setting". The prover includes a finite forward chain
ing subroutine to produce some useful information for the 
evaluation routine. A special factoring algorithm, hierar
chical factoring, is used by the procedure, which allows 
production of fewer factoring resolvents without causing 
incompleteness. 

I I I . SEMANTICALLY GUIDED 
HIERARCHICAL DEDUCTION 

Now, suppose M is a model of the input set of rule 
clauses. We require that only the resolvents that are false 
in M (that is, semantically refutable) can be used as goals 
by the hierarchical deduction procedure. Then this proce
dure becomes a so-called semantically guided hierarchical 
deduction (SHD-PROVER). Note, the newly produced re-
solvents that are true in M will still be retained in some 
node, so they may be used later as rules. 

In order to incorporate type information and other 
useful knowledge into a model, the interpretation method 
to be discussed in this paper will be slightly different from 
the traditional one. In particular, we will allow the do-
main D of an interpretation to include a special element, 
"unknown". Thus D = Do U {unknown}, where Do 
is an ordinary nonempty domain not containing the el
ement "unknown". This element will be used for indi
cating the interpreted value of semantically meaningless 
terms, atoms, or formulas. We restrict the use of our 
interpretation method to a subset of the first-order for
mulas, namely, the simplified first order formulas. 

Definition. A simplified first-order formula is a quan
tifier free first-order formula containing no logical symbol 
other than -, A, V; and each negation symbol -i occurring 
in this formula must be applied to an atomic subformula 
(ie. atom). 

All atomic formulas, clauses, and sets of clauses 
(treated as conjunctions of disjuncts) are simplified first-
order formulas. The formulas in the interpretation normal 
form, which is to be introduced next, are also simplified 
first-order formulas. 

Interpretation. An interpretation I for a simplified 
first-order formula W consists of a domain D and a defi
nition for each non-variable symbol occurring in W', such 
that 

o Each n place predicate symbol P is interpreted in I 
as a function, P : Dn —> {true, false, unknown}; 

o Each n place function symbol F is interpreted in I 
as a function, F : Dn -> D; 

o The logical symbols are interpreted in / traditionally, 
except -unknown = unknown, unknown A X = X, 

Domain. SHD-PROVER requires that the domain 
D(Do) of an interpretation be finite. This finite domain 
is obtained by the following method. For a theorem W 
to be proved, we first interpret it by using a natural do
main (it may be infinite). Then the domain D(D0) used 
by the prover is produced mechanically by the following 
procedure: 

PROCEDURE DOMAIN-GENERATOR {domain -limit); 
count := 1; 
D :— { e : t is the interpreted value of a constant 

(0 place function symbol) of W }; 
WHILE count < domainJimit DO 

count := count + 1; 
D :— D U { e : c is the interpreted value of an 

interpretation instance of a term in W over D }; 
Do := D — {unknown}. 

The domainJimit can be given by the user. In prac
tice, we prefer to use a small domainJimit first, such as 
1, to generate a small size domain. If the prover fails, 
then repeatedly increase dominJimit and call the prover 
until a proof is obtained. We will give several examples 
of this procedure being used. 

For SHD-PROVER, the resolvent that is interpreted 
as "unknown" will be discarded. It is noticed that the 
expense of obtaining the interpreted value of a literal or a 
term increases exponentially along with the increase of the 
number of different variables it contained. We have used a 
more efficient method (not given here) to implement this 
semantic test for avoiding the expensive evaluation. 

IV. EXAMPLE DESIGN METHOD 

Semantically guided hierarchical deduction, by re-
taining the resolvents which are true in the model as rules, 
has acquired a valuable property: if the prover is guided 
by a particular model, such that at most one semantically 
refutable and useful resolvent is produced in each step of 
a deduction, then the procedure will not lose a proof of a 
theorem. Our task in designing examples and interpreting 



1204 T.Wang 

skolem functions is to obtain this kind of model*. 

According to this property and others, a model M 
with the following characteristics is preferable: 

1. The model M should not represent a trivial case of 
the theorem. 

2. Each rule clause should be interpreted to true in M, 
and the goal clause should be false in M. 

3. Among a group of resolvents produced in each step 
of deduction, at most one useful resolvent is false in 
M (A useful resolvent is one which can be used by 
the hierarchical deduction procedure in continuing 
the current path to O). 

4. A literal or a term should be interpreted to "un
known" for arguments that lead to semantically 
meaningless situations. 

* Not all theorems have such models, but most of the 
practical theorems seem to have, at least the only counter-
example we found is very unnatural and complicated. 

An example design method. Let T be a theorem of 
first-order theory, and S be the set of clauses obtained by 
skolemizing the negation of T. We design an example of 
T for SHD-PROVER by follows: 

1. Design a real example E for T; 
2. Interpret naturally each predicate of S according to 

its meaning in E; 
3. Interpret naturally each function symbol (including 

constant) that has a corresponding instance in E 
(this kind of symbol is called interpreted symbol); 

4. For each of the remaining function symbols occurring 
in S (the uninterpreted symbols), combine all clauses 
of S containing an occurrence of this symbol into an 
IPN form, then interpret this symbol, according to 
its meaning and following the interpretation rules for 
IPN form. 
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optimized. The heuristic search strategy (it was described 
in [8]) based on syntactic features was important to these 
proofs, but no particular heuristics were added to help 
prove different theorem, except some control parameters, 
such as the limit of search depth, the limit of function 
nesting depth, etc. may be different. 
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