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A b s t r a c t 

Intell igent reasoners sometimes draw conclu­
sions that lack new or relevant information. 
Similarly, automated reasoning systems can 
produce formulas that are not necessary for the 
problem at hand. We concentrate on the prob­
lem of unnecessary inference in the context of 
resolution based systems. In such systems sev­
eral strategies have been developed that allow 
for the deletion of clauses wi thout sacrificing 
completeness. Unfortunately these strategies 
fai l to recognize other frequently generated un­
necessary formulas. We wi l l present a gener­
alized subsumption theorem that can be used 
to recognize such formulas and to develop new 
deletion methods which retain completeness. 

1 I n t r o d u c t i o n 

Intell igent reasoners expend much effort deciding what 
information is necessary for the problem at hand. When 
a conclusion is drawn we decide if it contains new and 
relevant information. It is well known that the perfor­
mance of automated reasoning systems can be enhanced 
by el iminat ing unnecessary formulas. In such systems 
conclusions drawn from unnecessary formulas are also 
unnecessary. Failure to prevent the generation of these 
formulas can lead to rapid combinatorial explosion [Wos, 
1988]. 

In this paper we concentrate on the problem of recog­
nit ion of unnecessary formulas in the context of reso­
lut ion based systems. In such systems several strategies 
have been developed that allow for the deletion of clauses 
wi thout sacrificing completeness. Common strategies in­
clude subsumption, tautology el imination, and demodu­
lat ion. The subsumption strategy eliminates clauses that 
are instances of other clauses. The demodulation strat­
egy pertains to clauses containing the equality predicate. 
Using this strategy demodulators are used to rewrite 
clauses that are subsequently deleted. 

Unfortunately these strategies fail to recognize other 
frequently generated unnecessary formulas. A less obvi­
ous way in which resolution based systems produce un­
necessary formulas is related to skolemization. Skolem 
functions have the effect of automatically creating names 
for new objects, but sometimes too many names are cre­

The main result discussed here can be viewed as a 
generalization of subsumption. This result can be used 
to develop new deletion methods and to show that these 
methods do not sacrifice completeness. Using deletion 
methods we have developed, we were able to prove cer­
tain theorems from Hilbert 's axioms for geometry. These 
theorems present a significant challenge to automated 
systems due to the constructive nature of the proofs. 
For a discusion of these theorems see [Benanav, 1988]. 

In section 2 we discuss an example that illustrates a 
subtle way in which resolution systems generate unnec­
essary formulas and present informal arguments as to 
why these formulas are unnecessary. In later sections 
we define more precisely what we mean by unnecessary 
clauses and how to recognize them. 

2 The Naming Problem 
In mathematical arguments one often sees inferences 
that assert the existence of some object and give it a 
name. Subsequently, other inferences are made that re­
fer to the object by this name. This process is so natural 
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6 The Generalized Subsumption 
Theorem 

We now state the generalized subsumption theorem and 
some important lemmas. We assume throughout that 
the set of rules R contain no negation symbols. 
T h e o r e m ( G e n e r a l i z e d S u b s u m p t i o n T h e o r e m ) 
Let R be a terminat ing set of rules. Let S1 and S? be 

sets of clauses such that every clause in the terminal 
overlap closure of S1 and R is subsumed by a clause in 
S2. Then if there is a resolution refutation f rom S1 there 
is a refutation f rom S2 which contains only terms that 
are irreducible with respect to R. In other words, any 
clause that reduces by R is unnecessary. 
This theorem applies to most common resolution strate­
gies w i th factoring. For example, the theorem holds if 
we are using UR-resolution w i th factoring. We wi l l elab­
orate further how this theorem can be applied. First we 
wi l l briefly indicate why the theorem holds. 

The proof of this theorem is based on the following 
crucial lemma: 
L e m m a (C lause O v e r l a p C l o s u r e L e m m a ) Let R 
be a set of rules. If C is a resolvent of C\ and C2 and 
C' is in the clause overlap closure of C and R then we 
can construct a C1 in the clause overlap closure of C\ 
and R, a C2 tn the clause overlap closure of C2 and R, 
and a resolvent C" of C1 and C2 such that C" subsumes 

c. 
For example let S and R be the clauses and rules from 
example 4. Note that c6 is a resolvent of c4 and c5. Also 
as shown, C7 is a clause overlap of C6 and R. Note also 
that C9 is a clause overlap of C4 and R and that it resolves 
wi th c5 giving C7. Since c5 is in the clause overlap closure 
of C5 and R, the lemma holds for this example. 

Based on this lemma we can show the following: 
L e m m a ( T e r m i n a l O v e r l a p C l o s u r e L e m m a ) Let 
R be a terminating set of rules. If C is a resolvent of C1 

and C2 and C is in the terminal overlap closure of C 
and R then we can construct a C1 tn the terminal overlap 
closure of C1 and R, a C2 in the terminal overlap closure 
0/C2 and R, and a resolvent C" of C\ and C2 such that 
C" subsumes C''. 
To prove this lemma we first use the previous lemma to 
construct clauses C1 in the clause overlap closure of C\ 
and R and a clause C2 is the clause overlap closure of 
C2 and R which resolve to a clause C" which subsumes 
C". Next it can be shown that either C1 and C'2 are 
irreducible or we can construct a clause overlap C1" of 
C1 and R and a clause overlap C2 of C2 and R that 
resolve to a clause C" that subsumes C " . We continue 
to construct clause overlaps in this manner. Since R is 
terminat ing, it can be shown that this construction must 
eventually terminate w i th clauses that are irreducible. 

Now the generalized subsumption theorem follows by 
a simple induct ion argument based on this lemma. For 
ful l details of these proofs see [Benanav, 1989] . 

7 Deletion Methods 
Consider the way in which subsumption strategy works. 
Each t ime a new clause is generated a check is made 

to determine if the clause is subsumed by a previously 
generated clause. If it is, then the clause is deleted. 
Deleting clauses in this way is called forward subsump­
t ion. Likewise is is also possible that the newly generated 
clause wi l l subsume previously generated clauses. Delet­
ing these clauses is called backward subsumpiion. 

More generally, we need to check whether a newly gen­
erated clause is unnecessary and whether i t 's appearance 
causes other clauses to become unnecessary. Deleting a 
new clause wi l l be called forward deletion and deleting 
previous clauses wi l l be called backward deletion. 

In this section we discuss how the generalized sub-
sumption theorem can be used to develop methods for 
forward and backward deletion of clauses. There are sev­
eral methods which can be developed that do not sac­
rifice completeness, ranging f rom general methods that 
apply to any set of clauses to more specific methods that 
apply to clauses w i th certain special properties. The 
most general methods are probably too expensive to use 
for many clause sets. 

First, suppose that S1 is the start ing set of clauses, S2 

is the set of clauses which have been derived from S1, 
and R is a set of terminat ing rules such that everything 
in the terminal overlap closure of S1 and R is subsumed 
by something in S2. (When we begin R is empty). If 
C is a clause generated from S2 which is reducible by 
R then C is unnecessary and can be deleted. If C is 
irreducible then we can at tempt to find a set of rules R' 
such that C is reducible by R\ R U R! is terminating, 
and everything in the terminal overlap closure of S1 and 
RU R f is subsumed by something in S2- Subsequently, 
any rule reducible by RUR' can be deleted. 

To i l lustrate this we consider the example discussed 
in section 2. We assume that the start ing set of clauses, 
S1, consists of the clauses G \ , G3 and some other clauses 
that do not contain the symbols p1 or p2- Since these 
symbols are skolem functions no other clauses wil l con­
tain them except possibly some equality substi tut ion ax­
ioms. We show, however, in [Benanav, 1989] that the 
equality substi tut ion axioms for skolem functions are 
simply unnecessary. 

As before, we can derive the clauses, G2 Let S2 = 
S\ U G2 and let R consists of the rules 

(r4) 
('•5) 

By the generalized subsumption theorem, if it can be 
shown that everything in the terminal overlap closure of 
S\ and R is subsumed by something in S2 , then anything 
reducible by R is unnecessary. In part icular the clauses 
G2 are unnecessary. Comput ing the terminal overlap 
closure of S1 and R gives the clauses S1 and the clauses, 

Note that G4 are subsumed by G3. Therefore we have 
shown that everything in the terminal overlap closure of 
S1 and R is subsumed by something in S2 . 
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Although axiom A3 is not an axiom of geometry, this 
example il lustrates what actually happens when when 
resolution-based systems are run on a set of clauses rep­
resenting Hi lbert 's axioms for geometry. The axioms A1, 
A2 , and A6 are three such axioms and are represented 
by the clauses G\ and 2. These clauses produce the 
clauses 2 which can be shown to be unnecessary by the 
generalized subsumption theorem. 

We have shown how to use the generalized subsump­
tion theorem to show that a set of clauses is unnecessary 
however, we have not indicated a method for finding the 
appropriate set of rules, R'. There are two difficulties 
associated wi th finding these rules. First, it may be dif­
ficult to show that R U R' is terminat ing. In fact, the 
terminat ion problem has been shown to be undecidable. 
Nevertheless, much research has been devoted to this 
problem and several excellent methods for proving ter­
mination are available (see [Dershowitz, 1987] for a sur­
vey). Another diff iculty is testing that everything in the 
terminal overlap closure of S\ and R U R' is subsumed 
by something in S2- In cases where the terminal overlap 
closure of S1 and R U R' is finite we can simply check 
that each clause is subsumed by a clause in S2- But if 
the terminal overlap closure of S\ and RUR' is very large 
this can be computationally expensive. In fact, checking 
whether a term is subsumed by another term is NP-hard. 

There are several ways to circumvent these difficulties. 
For example, we can require that the right hand sides of 
all rules be ground terms that are not reducible by other 
rules. In such cases it is easy to show that the rules wil l 
be terminat ing and the terminal overlap closure of S\ 
and R wi l l be finite. In addit ion, we can require the left 
hand side of the rules to be ground terms not reducible 
by other rules. Then to check that everything in the 
terminal overlap closure of S\ and R U R is subsumed 
by a clause in S2 , one need only compute the terminal 
overlap closure of S\ and R'. 

It is not always necessary to construct rules in the ac­
tual implementation of deletion strategies based on the 
generalized subsumption theorem. For example in the 
case of permutative predicates it may be possible to de­
termine that only one permutat ion of each formula need 
be retained. For a discussion on efficient methods that 
part ial ly solve the naming problem and the permutative 
predicate problem see [Benanav, 1988]. 

8 Conclus ions 

In this paper we have shown how resolution systems tend 
to generate unnecessary clauses and have presented a 
theorem which can be used to show certain clauses are 
unnecessary. To apply this theorem one must be able to 
construct a terminat ing set of rules that have a special 
relationship to the start ing set of clauses and the derived 
set of clauses. Namely, everything in the terminal over­
lap closure of the start ing set of clauses and the set of 
rules must be subsumed by a clause in the derived set 
of clauses. In general these rules can be difficult to find, 
however by placing appropriate restrictions on the kinds 
of rules used, efficient methods can be developed. 

Unfortunately, this theorem alone does not allow for 
the deletion of other kinds of unnecessary clauses that 

can be generated. In order to determine the ful l range 
of applicabil i ty of this theorem more experimentation 
needs to be done. In addit ion, we believe that further 
investigation of methods for deletion of other kinds of un­
necessary clauses, such as those that are irrelevant, can 
signifigantly enhance resolution based systems. In fact, 
any reasoning system wi l l need to devote computational 
resources to these matters in order to be effective. 
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