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A b s t r a c t 

In high-performance A* searching to solve satisfic-
i n g prob lems, there is a c r i t i ca l need to design 
heur is t ics which cause low t ime-complex i ty . In 
order for humans or machines to do this effectively, 
there mus t be an unders tand ing of the domain-
independent properties that such heurist ics have. 
We snow that , contrary to common belief, accuracy 
is no t c r i t i c a l ; the key issue is w h e t h e r or no t 
heur is t ic values are concentrated closely near a 
rapid ly growing "central funct ion." As an applica­
t ion, we show that , by "mult ip ly ing" heuristics, it is 
poss ib le to reduce e x p o n e n t i a l average t i m e -
c o m p l e x i t y to p o l y n o m i a l . Th i s i s c o n t r a r y to 
conclusions drawn from previous studies. Exper i ­
mental and theoretical examples are given. 

1 In t roduc t i on 
Two groups of studies, IBagchi and Sen, 1988; Pearl, 

1984, Chapter 7] , have appeared in which heur ist ics are 
modeled as random variables ( R W ) ; the model is used to 
determine what properties heuristics must have i f A* is to 
have average polynomial , versus exponential, asymptotic 
time-complexity. The state space graph is assumed to be a 
un i fo rm, b-ary tree, w i t h s tar t at the root, b i -d i rect ional 
arcs each of uni t cost, and a single goal N units from start.1 

Let h*(n), h(n), respectively, r e tu rn t rue and est i ­
mated distance to goal f rom node n. The studies assume 
t h a t the e r ro rs , h*(n) - h(n), s u i t a b l y n o r m a l i z e d , are 
independent and identically distr ibuted RV's. We call th is 
the " I ID model" of heuristics. In the I I D model, a t ta in ing 
average polynomial A* complexity is essentially equivalent 
to requir ing that the values of h(n) be clustered near h*(n); 
the a l lowed deviat ion is a logar i thmic func t ion of h*(n) 
itself.2 See Figure 1. 

As a r e s u l t o f s tud ies u s i n g the I I D mode l , t he 
impress ion has been g iven t h a t h igh-per fo rmance A* 
search requ i res accurate heur i s t i cs . In th i s paper we 
describe a model w h i c h is more rea l i s t i c t h a n the I I D 
model because it places no constraints on errors, or on h; 
we call it the "NC model." Conclusions from the NC model 
are not in agreement w i t h those of the I I D model: They 
predict polynomial A* complexity whenever the values of 
h(n) are logar i thmica l l y clustered near h*(n) + n(h*(n)), 

1 I n [Bagchi and Sen, 1988] the pr imary interest is in mul t ip le goals. 
However, we discuss their results only for the single-goal problem, as 
that is our interest here. 
2Confer Theorems 3.1, 3.2 in [Bagchi and Sen, 1988] or Theorem 1 in 
[Pearl, 1984, Chapter 7]. 

where n is an a r b i t r a r y , non-negat ive, non-decreasing 
func t ion . See F igu re 2. Heur is t i cs whose values grow 
slower than distance to goal cause exponential complexity. 
See Figure 3. If we th ink of clustering as a k i nd of "preci­
sion" and clustering near h* as "accuracy," then the differ­
ence is th is : The I I D model favors heur ist ics w i t h loga­
r i thmic accuracy and the NC model favors those which are 
rapidly growing and have logarithmic precision. 

Sections 2, 3 state our results more precisely. Proofs 
are in an appendix. In Section 4 we apply the NC model to 
the phenomenon of " m u l t i p l y i n g " : Tha t is , rep lac ing a 
heur ist ic h w i t h zh for some z > 0. Studies w i t h the I I D 
model predict that mul t ip ly ing is of no value in el iminat ing 
exponential complexi ty. The NC model, however, shows 
that mul t ip ly ing can often change exponential A* complex­
i ty to polynomial. Experimental and theoretical examples 
are given. 

1.1 M o t i v a t i o n f o r t h e M a t h e m a t i c a l M o d e l i n g o f 
H e u r i s t i c s 

John Gaschnig's 1979 dissertation [Gaschnig, 1979] 
gave the f i rst thorough experimental results on the correla­
t ion between the mathematical properties of heuristics and 
A* per formance. H is opening sentence states t h a t the 
work is "based on the premise tha t in the fu tu re more of 
the subject mat te r of a r t i f i c ia l intel l igence (AI ) research 
w i l l be understood mathemat ica l ly than at present." We 
agree w i t h Gaschnig's view that establishing such founda­
tions is a challenging, long-term AI objective. 

Gaschnig proposed a mathematical model to explain 
his data, but recognized that in large part it failed to do so 
[Gaschnig, 1979, Section 3.5.1]. Our motivation is based on 
the v iew t h a t heur is t i cs are cen t ra l to A I , and t h a t we 
cannot claim to understand them unt i l we have mathemat­
ical models which explain experimental results obtained by 
using them. 

Two other reasons for s tudy ing the mathemat ica l 
properties of heurist ics and how they affect search are as 
follows: 
(1) In t rac tab i l i t y results [Garey and Johnson, 1979] ind i ­

cate that many problems require a prohibit ive amount 
of t ime to solve in the worst case. Compromises must 
be made. One type of compromise is to accept average 
polynomial t ime complexity. Heuristic search provides 
a mechanism for th is, but we need a theory which tells 
us precisely when a heuristic provides such payoff. 

(2) As our in terest in increasingly hard problems grows, 
our need for good heurist ics also grows. Several stud­
ies have been made about how humans and machines 
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may design such heuristics [Rendell, 1983; Pearl, 1984, 
Chapter 4; Christensen and Korf, 1986; Politowski, 
1986; Mostow and Pr ied i t is , 1989; Bramant i -Gregor 
and Davis , 1991]. We believe tha t such research re­
quires a predictive mathematical model of heuristics. 
That is, there are domain-independent mathematical 
properties which a "good" heuristic has, and these must 
be unders tood i f humans or machines are going to 
design them. 

The A* algorithm is a sensible place to begin because 
(a) it is a very widely used heuristic search algor i thm, and 
(b) al though formal ly simple, i t is not yet wel l understood 
how its performance relates to the mathematical properties 
of the heur is t ic i t uses. Predict ive models for A* should 
enable us to bu i ld better mathemat ical models for game-
tree searching, IDA*, AO* , and more sophisticated produc­
t i on con t ro l s t ra teg ies . One u l t i m a t e goal i s t h a t the 
search component in AI systems be based more on scientif­
ic theory and less on ad hoc discoveries of the designer. 

1.2 M o d e l A s s u m p t i o n s : S ign i f i cance a n d Tradeof fs 
A heurist ic h is a funct ion which returns a number 

when evaluated on a node n. Wha t is the advantage in 
viewing h(n) as a RV? It is that we may view our complex­
i ty conclusions as reflecting the aggregate properties of A* 
performance when A* is run over many problem instances. 
A possible disadvantage is tha t constraints made on the 
h(n) in order to make the mathematics tractable may not 
reflect the aggregate behavior of real heurist ics. The re­
sul t ing conclusions about A* performance may be of l imi t ­
ed use. This is a problem w i th the I ID model. An appeal of 
the NC model is that no constraints are placed on the h(n). 

The assumption that the state space graph is a b-ary 
tree is useful in providing potential for exponential explo­
sion. The assumpt ion of a s ingle goal is made here to 
s impl i fy the mathemat ics. [Bagchi and Sen, 1988] have 
studied the mul t i -goal case in the I I D model. Th is , plus 
the introduct ion of cycles, is interest ing because it allows 
the possibi l i ty of compromising on solution qual i ty when 
working on worst case intractable problems.1 

2 N o t a t i o n and Basic Relat ions 
The graph, G, is an in f in i te uni form b-ary tree w i th 

bi-direct ional edges of un i t cost. See Figure 4. The star t 
node, n1, is at the root and a unique solut ion path n1, ... 
,nN+l leads to the goal, nN+1 which is N uni ts away. The 
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In contrast to Theorem 1, the theorem and corol lary 
below show tha t slowly growing heur ist ics cause exponen­
t i a l complex i ty . The coro l lary says to expect exponent ia l 
complexity i f the max imum of / i fnj-values eventual ly grows 
s lower t h a n does h*(n). Th i s is shown in F i gu re 3. The 
theorem has a more de l ica te i n t e r p r e t a t i o n : I f h(n) for 
open o f f - t rack nodes is l i k e l y to be g r o w i n g s lower t h a n 
h*(n) eventual ly, then we may expect exponential complex­
i ty . 

4 M u l t i p l y i n g Heur is t i cs to Reduce A* 
Complex i t y 

I f h is a heur is t i c func t ion one m i g h t hope to lower 
A* complexity by using, instead of h , the mu l t ip l ied heuris­
t ic, zh, where z > 0 is a real number. We cal l z a mul t ip l ie r . 
[Gaschnig, 1979] f i r s t demonstrated v ia compel l ing stat is­
t i ca l evidence t h a t the use o f m u l t i p l i e r s w i t h heur is t i cs 
can s u b s t a n t i a l l y reduce A * c o m p l e x i t y . 1 T w o o t h e r 
a t tempts have been made to exp la in w i t h a mathemat ica l 
model the effects of m u l t i p l y i n g . Bo th use the I I D model . 
[Pear l , 1984, see especial ly pp. 206, 209] concludes t h a t 
mu l t i p l y i ng cannot t u r n exponent ia l g rowth ra te in to sub-
exponent ia l . IBagch i and Sen, 1988, page 158] conclude 
t h a t search w i t h m u l t i p l i e d h e u r i s t i c s , " i n i t s ave rage 
per fo rmance , appears to enjoy no c lear advan tage over 
ordinary heurist ic search."2 

The NC mode l p rov ides a s imp le r a t i o n a l e fo r ex­
p e c t i n g m u l t i p l i c a t i o n s t o r e d u c e e x p o n e n t i a l sea rch 
complex i ty to sub-exponent ia l in many cases; i t also sug­
gests a good mul t ip l ie r : Suppose the max imum values of a 
heurist ic h are growing slower than h* but t ha t overal l the 
heur is t ic values show a logar i thmic c luster a round some 
" c e n t r a l f u n c t i o n . " Choose z > 0 such t h a t t h e c e n t r a l 
funct ion, mu l t ip l i ed by z, grows faster t han the diagonal, i f 
such is possible. Accord ing to Theorems 1 and 2, above, 
rep lac ing h by zh reduces A* complexi ty f rom exponent ia l 
to polynomial . We give below experimental and theoretical 
examples of th is. 
4.1 E x a m p l e 1 ( E x p e r i m e n t a l ) 

The 8-Puzzle [Pear l , 1984, Section 1.1.2] is a s l id ing 
b lock p r o b l e m whose s ta te space g r a p h i s o n l y a f i r s t 
approx imat ion to the t ree state space g raph of our model . 
Wh i le re la t i ve ly large (181,440 nodes, m a x i m u m h*-value 
30), i t is f i n i te , does not have a un i f o rm branch ing factor, 

1 Gaschnig proposed a mathematical model to explain his data, but 
recognized that it had significant shortcomings [Gaschnig, 1979, Sec­
tion 3.5.1]. In particular, for large multipliers the model predicted 
increasing complexity, the reverse of his experimental results [Gasch­
nig, 1979, p. 112]. 
2The problem with using the IID model to study multiplied heuristics 
is that multiplying an IID-model heuristic may throw it out of the IID 
model. An example of this is given in [Chenoweth, 1990, Chapter 5]. 
This reference also contains a more detailed analysis than is given 
here of the effects of multiplying heuristics. 
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3 Effects of Heur i s t i c G r o w t h a n d 
C lus te r i ng Pa t te rns on A* Complex i t y 

Let Q(x) = tjlogCL+tzxts), where L > 0, i = 1,2,3. Let n 
be a non -nega t i ve , non-dec reas ing f u n c t i o n . For x > 0, 
define 
(3.1) U(x)=x + r\(x) + o(x), L(x)=x + n(x)-Q(x). 
We say h i s r a p i d l y g r o w i n g w i t h l o g a r i t h m i c c lus te r i f 
there exists B e [0,1) such tha t 

Not ice t h a t the "centra l funct ion, " x + n(x), grows at 
least as fast as the d iagona l , b u t is o therwise a r b i t r a r y . 
The in tu i t i ve meaning of the def in i t ion is t ha t the h(n) are 
l a r g e l y c l us te red w i t h i n a l o g a r i t h m i c f u n c t i o n o f t h e 
cent ra l func t ion h*(n) + n(h*(n)). In more de ta i l , of f - t rack 
nodes have h-values mos t l y concent ra ted above a loga­
r i t h m i c lower bound , and on- t rack nodes mos t l y below a 
logar i thmic upper bound, w i t h respect to th is central func­
t i on . For example , a special case occurs w h e n each h(n) 
sat is f ies \h*(n) + n(h*(n)) - h(n) I log(l+h*(n)), b u t is 
otherwise a r b i t r a r i l y d is t r ibu ted . See F igure 2. Ano ther 
example is shown in F igure 6 (which is discussed later) ; in 
the f i gu re , h 2 denotes the M a n h a t t a n d is tance for the 8-
Puzzle. 

A c c o r d i n g to t he t heo rem be low, such c l u s t e r i n g 
causes A* po lynomia l complex i ty on average, and also in 
the worst case if (3 = 0 (which happens in Figures 2, 6). 

T h e o r e m 1 ( L o g a r i t h m i c C l u s t e r C o m p l e x i t y 
T h e o r e m ) . I f h i s r a p i d l y g r o w i n g w i t h l o g a r i t h m i c 
c l u s t e r t h e n E[Z(N)] i s p o l y n o m i a l in N; a l so , Z(N) i s 
p o l y n o m i a l i f B m 0 in (3.2). 

As an example, we r a n A* on the g raph of F igure 4 
w i t h N up to 20 and 6 = 2. The heurist ic h had values as in 
F igure 2 ( logar i thmic cluster) w i t h n(x) = x2. W i t h i n these 
constraints h was designed to be as misleading as possible, 
r e tu rn i ng the m a x i m u m al lowed number on-t rack and the 
m i n i m u m al lowed number off-track. A* expanded N nodes; 
i.e., i t had l inear complexi ty . The h igh-per formance o f A* 
us ing t h i s heu r i s t i c i s s u r p r i s i n g because t he t r a d i t i o n a l 
v iew, based on the I I D model , is t h a t good heur is t ics need 
to be accurate. 



and contains cycles. However, most cycles are quite long, 
mak ing the state space g raph ra the r " t ree- l ike" ; search 
trees b u i l t by A* on 8-Puzzle p rob lems have average 
branching factors close to 1.4. We would hope tha t , to a 
first approximation, our model is applicable to this domain. 

We use as a heuristic for A* the Manhattan distance, 
h2. Th is is the sum over a l l t i les of the hor i zon ta l and 
vertical distance of the t i le from its goal position. Figure 5 
shows the observed values of h2 f r om a sample of 1998 
randomly generated problems. F rom the maxh p lot and 
Theorem 2 we expect exponential complexity when A* uses 
g + h2 as i ts evaluat ion funct ion. F igure 7, taken f rom a 
sample of 605 randomly generated problems, shows tha t 
th is indeed occurs (z = 1 curve: Notice tha t the ord inate 
has a logarithmic scale). 

Consider the avgh curve of F igure 5 as a "cent ra l 
funct ion" around which h2-values cluster. We mul t ip ly h2 
by 4 so tha t 4avgh increases at least as fast as the diago­
na l , a r equ i remen t of Theorem 1. F igu re 6 shows the 
resu l t , and also tha t the values of 4h2 are concentrated 
w i t h i n a l oga r i t hm ic envelope of 4-avgh. Accord ing to 
Theorem 1 we may expect polynomial complexity when A* 
uses g + 4h2. The pa t te rn of data observed in F igure 7 
corroborates this expectation. I t turns out that increasing 
the mul t ip l ier above 4 causes relatively l i t t le improvement 
in A* performance. 
4.2 E x a m p l e 2 (Theore t i ca l ) 

There are many theoret ical examples of heur ist ics 
for wh ich mu l t i p l i ca t i on t ransforms A* complexi ty f rom 
exponent ia l to po lynomia l . For instance, le t R(x) = (x + 
l og ( l+x ) ) /2 , S(x) = x / 2 , and le t each h(n) be d i s t r i b u t e d 
a rb i t ra r i l y between S(h*(n)) and R(h*(n)), as is shown in 
Figure 8. By Theorem 2, A* search is exponent ia l when 
using h. By Theorem 1, it is polynomial when using zh, for 
any z > 2. 

5 Conc lus ions 
In high-performance A* searching to solve satisficing 

problems, there is a critical need to design heuristics which 
cause low t ime-complexi ty . In order for humans or ma­
chines to do th is effectively, there must be an understand­
ing of the domain-independent properties that such heuris­
tics have. We have shown that, contrary to previous belief, 
accuracy is not c r i t i ca l ; the key issue is whether or not 

F i g u r e 5. Observed va lues of h2 [Chen, 1989] . avgh, 
maxh, minh, respectively, denote average, max imum, and 
m i n i m u m values re turned by h2(n) for various values of 
h*(n). 

heurist ic values are concentrated closely near a rap id ly 
growing "central function." 

An open quest ion is how much concent ra t ion, or 
clustering, is needed to assure polynomial time-complexity. 
We have shown tha t logar i thmic c luster ing is adequate. 
Results reported in [Chenoweth, 1990; Chenoweth and 
Davis, 1990] show tha t the c luster ing can be polynomial 
when heurist ic values grow fast enough. A necessary and 
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suff ic ient condi t ion for polynomial t ime-complexi ty is 
needed. 

As an application, we showed that, by "mult iplying" 
heur ist ics, it is possible to reduce exponential average 
t ime-complexity to polynomial. This is contrary to the 
conclusion drawn from the traditional (IID) model. Exper­
imenta l and theoret ica l examples demonst ra t ing th is 
result are given. 

An application-related research question is as fol­
lows: Admissibility and consistency of a heuristic can often 
be deduced by relat ing the heuristic to constraints of the 
problem domain. See fPearl, 1984, Chapter 4]. Can simi­
lar considerations provide insight about heuristic cluster­
ing patterns and growth rates? 
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