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A b s t r a c t 

In this paper we address the problem of scalability in 
temporal reasoning. In particular, new algorithms 
for efficiently managing large sets of relations in the 
Point Algebra are provided. Our representation of 
time is based on timegraphs, graphs partitioned into 
a set of chains on which the search is supported 
by a rnetagraph data structure. The approach is 
an extension of the time representation proposed 
by Schubert, Taugher and Miller in the context of 
story comprehension. The algorithms presented in 
this work concern the construction of a timegraph 
from a given set of relations and are implemented 
in a temporal reasoning system called TG-II. Ex
perimental results show that our approach is very 
efficient, especially when the given relations admit 
representation as a collection of chains connected by 
relatively few cross-chain links. 

1 In t roduc t ion 
Temporal reasoning is an important task in many areas 
of A I , including planning, natural language processing 
and expert systems. In several applications, temporal 
knowledge may be expressed in terms of collections of 
binary relations between intervals or points. Tempo-
ral reasoning tasks include determining the consistency 
(satisfiability) of such collections, finding a consistent 
scenario (an interpretation for all the temporal variables 
involved) and deducing new relations from those that are 
known (or computing their closure). Since Allen's work 
on binary interval relations [Allen, 1983], numerous re
searchers have addressed temporal reasoning in terms of 
constraint propagation techniques [Ladkin and Maddux, 
1988; Vilain et aL, 1990; van Beek and Cohen, 1990; 
Dechter ei aL, 1991]. The main problem with these 
techniques is their scalability. The problems of deter
mining the satisfiability and of computing the closure of 
a set of assertions in Allen's interval algebra (IA) are 
NP-complete [Vilain et aL, 1990]. Restricting IA to the 
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"pointizable" IA (P1A), i.e. to the set of relations in IA 
that can be translated into conjunctions of point rela
tions between the endpoints of the intervals, makes these 
problems tractable. Algorithms have been developed for 
PIA running in 0(n2) space and 0(n2) time for deter
mining consistency [van Beek, 1990] and 0(n4) time for 
computing the closure [van Beek and Cohen, 1990] (for 
n points). Unfortunately these bounds are still unac
ceptable for domains in which a large data-base of rela
tions needs to be managed [Allen and Schubert, 1991]. 
Recently, other approaches based on graph algorithms 
have been proposed whose main characteristic is that of 
providing better performance in practice compared to 
the more traditional constraint-based approaches [Miller 
and Schubert, 1990; Ghallab and Mounir Alaoui, 1989; 
Dorn, 1992; Golumbic and Shamir, 1992]. 

We are interested in the problem of efficiently man
aging large data sets of qualitative temporal relations 
in the Point Algebra (PA) [Vilain el aL, 1990]. The 
elements of PA are the set of relations { < , > , = , > 
, > , ≠ , < > , 0 } , through which all the relations of the 
PIA can be represented [Ladkin and Maddux, 1988]. 
Our approach is based on ideas derived from a tempo
ral reasoning system developed in the context of nat
ural language comprehension [Schubert et aL, 1987; 
Miller and Schubert, 1990]. In this system temporal rela
tions are represented through graphs, called timegraphs, 
whose vertices represent points and whose edges rep
resent temporal relations. The main characteristics of 
timegraphs are their partitioning into a set of chains, 
which are sets of linearly ordered points, and their use 
of a rnetagraph structure to guide the search processes 
across the chains. One advantage of this approach is that 
the space complexity can be linear in the number of stip
ulated relations. The other advantage is the efficiency in 
terms of computation time in domains such as planning 
[Allen et aL, 1991] and story understanding in which the 
temporal data tend to fall naturally into chain-like ag
gregates [Miller and Schubert, 1990]. Essentially this is 
because the "worlds" described in stories and plans con
sist of individuals (or sets of related individuals) each 
moving through a course of actions and events, creating 
a trajectory in time. Building timegraphs in practice 
takes much less time than computing closure (the mini
ma/ network in constraint propagation terminology), and 
the amount of time spent in querying relations is nearly 
constant. 

In this paper we present new algorithms for building 
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R e m a r k . Th is theorem has two impor tan t conse
quences. One is tha t it enables us to wr i te linear t ime 
procedures which obta in the strongest relat ion between 
two points entai led by an expl ic i t graph (called the mini
mal labelby van Beek and Cohen [1990]).Secondly, it pro
vides the basis for a new proof of their Lemma 1 in [1990] 
s tat ing that any path-consistent nonmin inmal network 
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3.3 Fo rm ing the t i m e chains and the 
me tag raph 

The main computational importance of time chains is 
that, given a pair of vertices belonging to the same chain, 
it is possible to compute the strongest relation entailed 
by the graph in constant time, while, in general, this task 
requires a graph search linear in the number of edges 
(unless of course we precompute all 0 (n 2 ) minimal la
bels). The constant time algorithm is given in Figure 
4. This result is achieved by using the pseudotimes of 
four vertices and an additional, possibly null, link for 
each vertex. Following [Miller and Schubert, 1990], we 
call this link the nextgreater link, defined in the following 
way: 

De f i n i t i on 3.2 Given a vertex v, the nextgreater of v 
(written nextgreater(v)) is the nearest successor v' of v 
that is on the chain of v such that v < v' is entailed by 
the graph. If v' does not exist, then nextgreater(v) is 
null. 

We describe how the nextgreaters can be efficiently 
computed in the next Section. Since vertices on the same 
chain support constant time queries, it is desirable to 
keep the number of time chains to a minimum in building 
the timegraph. Another desirable constraint is that the 
number of cross-chain edges be minimal. Figure 5 shows 
an algorithm for creating a set of time chains from a 
given TL-graph that attempts to minimize the number 
of cross-chain edges and that works well in practice. It 
can be shown that the time complexity of the algorithm 
is 0(n + e). Figure 7 shows three time chains formed by 
using the algorithm on the graph of Figure 2. 

3.3.1 C o m p u t i n g the nextgreater l inks 
The algorithm for computing the nextgreater links 

consists of two main steps. In the first step the 
nextgreater links for each vertex v are computed consid
ering only edges connecting vertices on the same chain as 
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3.5 Query a lgo r i thms 
Given an explicit TL-graph, Theorem 2.2 permits us to 
derive the strongest relation between two time points 
that is entailed by the graph, just by looking for all the 
paths connecting the two corresponding vertices. Fur
thermore, in timegraphs there are four special cases in 
which those paths can be obtained in constant time. 
Given two points p1,p2 the first case is the one where 
P1 and P2 are alternative names of the same point (see 



Table 1: Statistics about the construction of a timegraph 

4 Exper imental Results 

The algor i thms described in the previous Sections have 
been implemented in a system called TG-II (T imegraph 
I I ) . In this Section we report some pre l iminary results 
f rom large scale tests we are current ly conduct ing on a 
SUN Sparcstat ion 2. Table 1 reports statist ics about 
bui ld ing t imegraphs for randomly generated consistent 
sets of relations. For each number n of t ime points 
considered, the test procedure generates n sets of re
lat ions, each contain ing a number of relations equal to 
n . INT{log2n). The table reports the average C P U -
t ime for bu i ld ing the t imegraph, the average number of 
chains, the average length of the chains and the average 
max imum length of the chains. Given a set S of n t ime 
points w i t h indices 1, . . . , n , the f irst rn points ( 5 ' ) - w i t h 
m a random number between 1 and n - are chosen to 
represent dist inct elements whose t ime order is the same 
as the order of their indices; the remaining n — m points 
( S " ) are randomly assigned to coincide w i t h points in S'. 
Relations are generated randomly by choosing a pair i,j 
(i < j) of indices. Specifically, if bo th i and j are among 
the m d ist inct points, then the relat ion iRj is gener
ated, where R is randomly taken f rom { < , < , ≠ } , w i t h 
the percentage of ≠ relations kept low (below 2%). If i 
or j (or both) is one of the n — m points in S " , the corre
sponding point in 5' is considered. Since we were mostly 
interested in measuring T G - I I ' s performance w i th data 
sets l ikely to allow chain fo rmat ion , the pairs of points 
were generated using a geometric d is t r ibu t ion w i th ex
pected value 3. More general experiments tha t use the 
uni form d is t r ibut ion are in progress. 

Figure 10 compares the CPU- t imes for reducing ≠ 
diamonds in a t imegraph and in the corresponding net
work of relations (van Beek's a lgor i thm [1990]). For each 
value marked on the curves 500 randomly generated data 
sets of < relations were considered. Five not reducible ≠ 
relations (i.e. that do not induce any impl ic i t < relat ion 
of Figure L b ) ) were then added to each data set. The 
high efficiency of N C D - N C A compared to van Beek's al-
go r i thm derives main ly f rom the fact tha t the number 
of ≠ diamonds examined by N C D - N C A was nearly con
stant for al l the data sets generated. Other experiments 
show that querying a t imegraph is on average a fast oper
at ion. For example, the average CPU- t ime over 100,000 
queries on 100 randomly generated t imegraphs w i t h 500 
points was 0.004 seconds. Final ly , we should ment ion 
some recent experiments conducted by E. Yampra toom 
and J. Al len [to appear] compar ing the performance of 
T imegraph I and I I w i t h several tempora l reasoning sys-
tems; the t imegraph approach proved by far the most 
efficient for large data sets generated for the T R A I N S 
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5 Conclusions 
In th is paper we addressed the problem of scalabi l i ty 
in tempora l reasoning, proposing a collection of new al
gor i thms tha t are implemented in a tempora l reason
ing system called T G - I I . W i t h respect to the constra int 
propagat ion approach, in our system both space and 
t ime complex i ty are reduced signi f icant ly for many prac
t ica l appl icat ions. In fact , the space complex i ty depends 
on the size of the set of the s t ipu la ted relations and on a 
l im i ted number of ≠ relat ions (a subset of those forming 
≠diamonds) , and not on the number of t ime points (as 
in the const ra in t propagat ion approach). Instead of com
pu t i ng the closure of the set of relat ions, we bu i ld a t ime-
graph p rov id ing a col lect ion of da ta structures tha t allow 
efficient deduct ion of relat ions at query t ime. Exper i 
mental results show tha t bu i ld ing a t imegraph is much 
faster than comput ing the m in ima l network and tha t , on 
average, query ing relat ions is very efficient. The larger 
lesson here is t ha t exp lo i ta t ion of the inherent tempora l 
s t ruc ture ( in our case, the chain-l ike s t ructure) of the 
in fo rmat ion in certain i m p o r t a n t classes of domains can 
yield d ramat ic improvements in pract ical performance, 
vis a vts a lgor i thms aimed at the worst case. 

Cur rent and fu tu re work concerns the design of effi-
cient a lgor i thms for add ing new relations to the t ime-
graph dynamica l ly and the in tegrat ion of metr ic rela
t ions 3 . We are also invest igat ing an extension of the 
Point A lgebra in order to include in a t imegraph part ic
ular 3-point and 4-po in t relat ions which allow the repre
sentat ion of "d is jo in t " relat ions. Unfor tunate ly , i t ap
pears tha t to ob ta in any signif icant extensions, while 
re ta in ing computa t iona l t rac tab i l i t y , we need to sacri
fice completeness, since we recently established that even 
consistency for graphs conta in ing only relations of fo rm 
"x < y" and "x s t r i c t l y outside the interval formed by 
y, z" (where y < z) is NP-complete [Gerevini and Schu
bert , 1993]. T h u s we are explor ing eff icient, incomplete 
methods for such graphs. 

3These were handled in the original implementation of 
timegraphs [Schubert et al., 1987; Miller and Schubert, 1990], 
but as noted ≠ was not handled and also < and < relations 
entailed via metric relations were not extracted in a deduc
tively complete way. 
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