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Abstract

The case-basedlearning paradigm relies upon
memorizingcasesin the form of successfulprob-
lemsolvingexperience,suchase.g.apatternalong
with its classi�cation in patternrecognitionor a
problemalong with a solution in case-basedrea-
soning. Whenit comesto solvinga new problem,
eachof thesecasesservesasanindividualpieceof
evidencethatgivesan indicationof thesolutionto
thatproblem.In this paper, we elaborateon issues
concerningthe proper combination(aggregation)
of suchpiecesof evidence.Particularly, we argue
thatcasesretrievedfrom a caselibrary mustnot be
consideredasindependentinformationsources,as
implicitly doneby mostcase-basedlearningmeth-
ods. Focusingon the problemof predictionas a
performancetask,weproposeanew inferenceprin-
ciple that combinespotentially interactingpieces
of evidenceby meansof the so-called(discrete)
Choquet-integral. Our method,calledCho-k-NN,
takes interdependenciesbetweenthe storedcases
into accountandcanbeseenasa generalizationof
weightednearestneighborestimation.

1 Intr oduction
Case-basedor instance-basedlearningalgorithmshavebeen
appliedsuccessfullyin �elds suchas, e.g., machinelearn-
ing andpatternrecognitionduring the recentyears[Aha et
al., 1991;Dasarathy, 1991]. Thecase-basedlearning(CBL)
paradigmis alsoof centralimportancein case-basedreason-
ing (CBR), a problemsolvingmethodologywhich goesbe-
yond the standardpredictionproblemsof classi�cation and
regression[RiesbeckandSchank,1989;Kolodner, 1993].

As the term suggests,in CBL specialimportanceis at-
tachedto the conceptof a case. A caseor an instancecan
bethoughtof asa singleexperience,suchasa pattern(along
with its classi�cation) in patternrecognitionor a problem
(alongwith a solution)in CBR.

Rather than inducing a global model (theory) from the
dataandusingthis modelfor furtherreasoning,asinductive,
model-basedmachinelearningmethodstypically do, CBL
systemssimply storethe dataitself. The processingof the
data is deferreduntil a prediction (or someother type of

query)is actuallyrequested,a propertywhich quali�es CBL
asa lazy learningmethod[Aha, 1997]. Predictionsarethen
derivedby combiningtheinformationprovidedby thestored
cases,primarily by thosewhicharesimilar to thenew query.

In fact, the conceptof similarity plays a central role in
CBL. The major assumptionunderlying CBL hasalready
beenexpressed,amongstothers,by the philosopherDAVID
HUME ([Hume,1999], page116): “In reality, all arguments
from experiencearefoundedonthesimilarity ... amongnatu-
ral objects.... Fromcauses,whichappearsimilar, we expect
similar effects.” This commonsenseprinciple, that we shall
occasionallycall the“similarity hypothesis”[Rendell,1986],
servesasa basicinferenceparadigmin variousdomainsof
application.For example,in a classi�cationcontext, it trans-
latesinto theassertionthat“similar objectshavesimilarclass
labels”,andin CBR it suggeststhat “similar problemshave
similar solutions”.

Thesimilarity hypothesis,which is apparentlyof a heuris-
tic nature,hasbeenput into practiceby meansof differentin-
ferenceschemesthatcombinesimilarity andfrequency infor-
mationin onewayor theother. For example,thewell-known
nearestneighbor(NN) classi�er �rst selectsa neighborhood
aroundthequery, consistingof thek mostsimilar cases,and
thencountstheoccurrenceof the differentclasslabels. De-
spiteof their simplicity, inferencemethodsof suchkind have
provedto bequitesuccessfulin practicalapplications.

In this paper, we suggesta further improvementbased
on the ideaof taking interdependenciesbetweenneighbored
casesinto account. In fact, in standardNN methods,these
casesare implicitly consideredas independentinformation
sources. We argue that a correspondingassumptionof in-
dependenceis not alwaysjusti�ed andproposea new infer-
enceprinciple that combinesinteracting piecesof evidence
in a more thoroughway. This principle, which makesuse
of non-additive measuresfor modelinginteractionbetween
casesandemploys the so-called(discrete)Choquet-integral
asanaggregationoperator, canbeseenasa generalizationof
weightedNN estimation.

By way of background,section2 givesa concisereview
of theNN principle,which constitutesthecoreof thefamily
of CBL algorithms.In section3, we discusstheproblemof
interactionbetweencasesin CBL. A new approachto CBL,
whichtakessuchinteractionsinto account,is thenintroduced
in section4 andevaluatedempiricallyin section5.



2 NearestNeighbor Estimation
Thewell-known nearestneighbor(NN) estimationprinciple
is applicableto both classi�cation problems(predictionof
classlabels)andregression(predictionof numericvalues).

Considera setting in which an instancespaceX is en-
dowedwith a similarity measuresim : X × X → [0, 1]. An
instancecorrespondsto the descriptionx of an object(usu-
ally in attribute–value form). In the standardclassi�cation
framework, eachinstancex is assumedto havea (unique)la-
bel y ∈ L. Here,L is a �nite (typically small)setcomprised
of m classlabels{`1 . . . `m }, and〈x, y〉 ∈ X ×L is a labeled
instance(case).

The NN principleoriginatedin the �eld of patternrecog-
nition [Dasarathy, 1991]. Given a sampleS consistingof n
labeledinstances〈x{ , y{〉, 1 ≤ ı ≤ n, anda novel instance
x0 ∈ X (a query), this principle prescribesto estimatethe
label y0 of the yet unclassi�edqueryx0 by the label of the
nearest(mostsimilar) sampleinstance.Thek-nearestneigh-
bor (k-NN) approachis a slight generalization,which takes
thek ≥ 1 nearestneighborsof x0 into account.That is, an
estimationyest

0 of y0 is derivedfrom thesetNk (x0) of thek
nearestneighborsof x0, usuallyby meansof a majorityvote.
Besides,furtherconceptualextensionsof the(k-)NN princi-
ple have beendevised,suchasdistanceweighting [Dudani,
1976]:

yest
0 = argmax

` 2L

X

hx;y i2N k (x 0 )

ωx · I(y = `) (1)

whereωx is theweightof theinstancex andI(·) thestandard
{true, false} → {0, 1} mapping.(Throughoutthepaper, we
assumetheweightsto begivenby ωx = sim(x, x0).)

TheNN principlecanalsobeusedfor regressionproblems,
i.e., for realizinga (locally weighted)approximationof real-
valuedtargetfunctionsx 7→ y = f(x) (in this case,L = R).
To thisend,onereasonablycomputesthe(weighted)meanof
thek nearestneighborsof anew querypoint:

yest
0 =

P
hx;y i2N k (x 0 ) ωx · y

P
hx;y i2N k (x 0 ) ωx

(2)

3 Interaction BetweenCasesin CBL
Somecase-basedapproachescompletelyrely onthe(suppos-
edly)mostrelevantpieceof evidence,namelytheobservation
which is mostsimilar to thequery. In CBR, for example,it is
commonpracticeto retrieve just a singlecasefrom thecase
library, andto adaptthecorrespondingsolutionto theprob-
lem underconsideration.On the onehand,ignoring all but
themostsimilarobservationis conceptuallysimpleandcom-
putationallyef�cient. On theotherhand,this approachdoes
of coursecomealongwith alossof information,becauseonly
a verysmallpartof thepastexperienceis utilized.

If severalinsteadof only asinglecaseareretrieved,ase.g.
in k-NN, animportantquestionarises:How shouldthepieces
of evidencecomingfrom thedifferentcasesbecombined?In
k-NN classi�cation,theevidencesin favor of a certainclass
labelaresimply addedup (see(1)). Likewise, in regression
theestimationis a simplelinearcombinationof theobserved
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Figure 1: Different con�gurations of locations in two-
dimensionalspace.

outcomes(see(2)). Thus,theneighboredcasesarebasically
consideredasindependentinformationsources.

This assumptionof independencebetweencase-basedev-
idencecanthoroughlybe called into question[Hüllermeier,
2002]. Indeed,it is not evenin agreementwith thesimilarity
hypothesisitself! Namely, if this hypothesisis true,thentwo
neighboredcasesthat arenot only similar to the querycase
but alsosimilar amongeach otherwill probablyprovidesim-
ilar informationregardingthe query. In otherwords,when
taking thesimilarity hypothesisfor granted,the information
comingfrom theneighboredcasesis at leastnot independent.

In particular, from a problem solving perspective, one
shouldrealizethat a set of casescan be complementaryin
the sensethat the experiencesrepresentedby the individual
casescomplementor reinforceeachother. Ontheotherhand,
casescanalsoberedundantin thesensethatmuchof thein-
formationis alreadyrepresentedby a smallersubsetamong
them.And indeed,aswe saidbefore,thesimilarity hypothe-
sissuggeststhatsimilar casesarelikely to beredundant.

To illustratethis point by a simpleexample,considerthe
problemof predictingstudentPeter's gradein computersci-
ence,knowing that he hasanA in French.The latter infor-
mation(i.e. thecase〈French, A〉) clearlysuggeststhatPeter
is an excellentstudentand,hence,supportspredictinganA
or maybea B. Yet, onecannotbesurethatthis predictionis
correct. In this situation,theadditionalinformationthatPe-
ter hasa B in mathematicsis probablymorevaluablethan
the informationthathehasanA in Spanishaswell. In fact,
thecases〈French, A〉 and〈Spanish, A〉 arepartly redundant,
sincethetwo subjectsarequitesimilarby themselves.As op-
posedto this, thecase〈mathematics, B〉 is complementaryin
asense,asit suggeststhatPeteris notonly goodin languages.

Now, supposethatyouknow all threegrades(mathematics,
Spanish,French).IsA orB themorelikely grade?Of course,
mathematicsis moresimilar to computersciencethanSpan-
ish andFrench. However, dependingon the concretespec-
i�cation of similarity degreesbetweenthe varioussubjects,
it is quitepossiblethat theweightedk-NN rule favorsgrade
A sincethe two moderatelysimilar A's compensatefor the
moresimilar B. Of course,this resultmight be judgedcriti-
cally, andonemight wonderwhetherthegradeA shouldre-
ally counttwice. In fact,onereasonablealternative is to con-
siderthe two A's asonly a singlepieceof evidence,telling
somethingaboutPeter's achievementsin languages,instead
of two piecesof distinct information. In any case,theclose
connectionbetweenthetwo A's shouldnot beignoredwhen
combiningthethreeobservations.

As a secondexample,considerthe problemof predicting
the yearly rainfall at a certainlocation(city). For instance,



giventherainfall y{ atlocationx{ (ı = 1, 2, 3), whataboutthe
rainfall at locationx0 in the two scenariosshown in Fig. 1?
The importantpoint to notice is that even thoughthe indi-
vidual distancesbetweenx0 andthex{ arethesamein both
scenarios,they{ shouldnotbecombinedin thesameway. In
this example,this is dueto thedifferentarrangementsof the
neighbors[Zhanget al., 1997]: Simply predictingthearith-
meticmean(y1 + y2 + y3)/3 seemsto be reasonablein the
left scenario,while thesamepredictionappearsquestionable
in thescenarioshown in theright picture.In fact,sincex1 and
x2 arecloselyneighboredin thelattercase,informationabout
the rainfall at theselocationswill bepartly redundant.Con-
sequently, theweightof the(joint) evidencethatcomesfrom
theobservations〈x1, y1〉 and〈x2, y2〉 shouldnot betwice as
highastheweightof theevidencethatcomesfrom 〈x3, y3〉.

Theabove examplesshow theneedfor taking interdepen-
denciesbetweenobservedcasesinto accountand,hence,pro-
vide a motivationfor themethodthatwill beproposedin the
followingsection.Beforeproceeding,let usmaketwo further
remarks:First, the above type of interactionbetweencases
seemsto belessimportantif thesamplesizeis largeandeven
becomesnegligible in asymptoticanalysesof NN principles.
In fact, strongresultson the performanceof NN estimation
can be derived [Dasarathy, 1991], but theseare valid only
under idealizedstatisticalassumptionsand arbitrarily large
samplesizes.Roughlyspeaking,if thesamplesizen tendsto
in�nity , thedistancebetweenthequeryandits nearestneigh-
borsbecomesarbitrarily small (with high probability). This
holdstrueevenif thesizek of theneighborhoodis increased
too, asa functionk(n) of n, provided thatk(n)/n → 0 for
n → ∞. Moreover, if the individual observationsareinde-
pendentandidentically distributedin a statisticalsense,the
neighborhoodbecomes“well distributed”. Under theseas-
sumptions,it is intuitively clear that interdependenciesbe-
tweenobservationswill hardly play any role. On the other
hand,it is alsoclearthatstatisticalassumptionsof suchkind
will almostneverbesatis�edin practice.

The secondremarkconcernsrelatedwork. In fact, there
area few methodsthat �t into the CBL framework andthat
allow for takingcertaintypesof interactionbetweenobserva-
tions into account.Particularly, thesearemethodsthatmake
assumptionson the statisticalcorrelationbetweenobserva-
tions,dependingon theirdistance[Lindenbaumetal., 1999].
For example, in our rainfall example one could employ a
methodcalledkriging, which is well-known in geostatistics
[OliverandWebster, 1990]. Usually, however, suchmethods
arespecializedon a particulartypeof applicationand,more-
over, makeratherrestrictiveassumptionsonthemathematical
(metric)structureof the instancespace.Our approach,to be
detailedin thenext section,is muchmoregeneralin thesense
that it only requiresa similarity measuresim(·) to begiven.
We do not make any particularassumptionson this measure
(suchassymmetryor any kind of transitivity), apartfrom the
fact that it shouldbenormalizedto therange[0, 1]. Froman
applicationpointof view, thisseemsto beanimportantpoint.
In CBR, for example,casesaretypically complex objectsthat
cannoteasilybeembeddedinto ametricspace.

4 The Cho-k-NN Method
4.1 Non-Additi veMeasures
Let X bea�nite setandν(·) ameasure2X → [0, 1]. For any
A ⊆ X , we interpretν(A) astheweightor, say, thedegreeof
relevanceof thesetof elementsA.

A standardassumptiononthemeasureν(·), whichis made
e.g.in probabilitytheory, is additivity: ν(A ∪ B) = ν(A) +
ν(B) for all A, B ⊆ X s.t.A ∩ B = ∅. Unfortunately, addi-
tive measurescannotmodelany kind of interactionbetween
elements:Extendinga setof elementsA by a setof elements
B alwaysincreasestheweightν(A) by theweightν(B), re-
gardlessof A andB.

Suppose,for example,thattheelementsof two setsA and
B arecomplementaryin a certainsense.To illustrate,one
might think of X asa setof workers in a factory, andof a
weightν(A) astheproductivity of a teamof workersA. In
that case,complementaritymeansthat the outputproduced
by two teamsA andB is higherif they cooperate.Formally,
this canbeexpressedasa positive interaction:ν(A ∪ B) >
ν(A) + ν(B). Likewise,elementscaninteractin a negative
way. For example,if two setsA andB arepartly redundant
or competitive, thenν(A ∪ B) < ν(A) + ν(B).

Theaboveconsiderationsmotivatetheuseof non-additive
measures,alsocalledfuzzy measures,which aresimply nor-
malizedandmonotone[Sugeno,1974]:
• ν(∅) = 0, ν(X) = 1

• ν(A) ≤ ν(B) for A ⊆ B

In orderto quantifytheinteractionbetweensubsetsof aset
X , asinducedby a fuzzy measureν(·), several indiceshave
beenproposedin the literature. For two individual elements
x{ , x| ∈ X , theinteractionindex is de�ned by

I� (x{ , x| )
df
=

X

A � X nf x { ;x | g

(|X | − |A| − 1)! |A|!

(|X | − 1)!
(∆{| ν)(A),

where|A| denotesthecardinalityof A and

(∆{| ν)(A)
df
= ν(A ∪ {x{ , x| }) − ν(A ∪ {x{}) −

− ν(A ∪ {x| }) + ν(A).

The latter can be seenas the marginal interaction between
x{ andx| in the context A [Murofushi andSoneda,1993].
Theabove index canbeextendedfrom pairsx{ , x| to any set
U ⊆ X of elements[Grabisch,1997]:

I� (U)
df
=

X

A � X nU

(|X | − |A| − |U |)! |A|!

(|X ||U | + 1)!
(∆U ν)(A),

where

(∆U ν)(A)
df
=

X

V � U

(−1)jU j�j V j ν(V ∪ A).

4.2 Modeling Interaction in Case-BasedLearning
Now, recall our actual problem of combining evidencein
case-basedlearning. In this context, the setX of elements
correspondsto theneighborsof thequerycasex0:

X = Nk (x0) = {x1, x2 . . . xk } (3)



Our commentsso far have shown that fuzzy measurescan
principally be usedfor modelinginteractionbetweencases.
Thebasicquestionthatwe haveto addressin this connection
is the following: What is the evidenceweightor simply the
weight, ν(A), of a subsetA of theneighborhood(3)?

First, the boundaryconditionsν(∅) = 0 andν(X) = 1
shouldof coursebesatis�ed,expressingthatthefull evidence
is providedby thecompleteneighborhoodX . Moreover, ac-
cording to our commentson the similarity hypothesis(sec-
tion 3), the evidencecoming from a set of casesA ⊆ X
shouldbediscountedif thesecasesaresimilar amongthem-
selves. Likewise, the weight of A shouldbe increasedif
the casesare “diverse” (hencecomplementary)in a certain
sense.1 To expressthis ideain a morerigorousway, we de-
�ne thediversity of a setof casesA by theaveragepairwise
dissimilarity:

div(A)
df
=

2

|A|2 − |A|

X

x { ;x | 2 A

1− sim(x{ , x| )

(By de�nition, thediversityis 0 for singletonsandtheempty
set.)We furthermorede�ne therelativediversityby

rdiv(A)
df
=

2 div(A)

1 − min{;| sim(x{ , x| )
− 1 ∈ [−1, 1]

Now, theideais to modify thebasic(additive)measure

µ(A)
df
= c� 1

X

x { 2 A

sim(x0, x{), (4)

wherec =
P

x { 2 X sim(x0, x{), by taking thediversityof A
into account.Of course,this canbe donein differentways.
Here,weusedthefollowing approach:

ν̄(A)
df
= µ(A) · (1 + α rdiv(A)) (5)

As canbe seen,the original measureµ(A) of a setof cases
A is increasedif the diversityof A is relatively high, other-
wiseit is decreased.Theparameterα ≥ 0 controlstheextent
to which interactionsbetweencasesaretakeninto considera-
tion: µ(A) canbemodi�ed by at most(100 α)%. For α = 0,
interactionsarecompletelyignoredandtheoriginal measure
µ(·) is recovered.

For the measurēν(·) asde�ned in (5), the monotonicity
conditiondoesnotnecessarilyhold. To remedythisproblem,
we simplyenforcethis propertyby setting

ν(A)
df
= max

B � A
ν̄(B). (6)

Finally, the boundaryconditionsareguaranteedby dividing
themeasurethusobtainedby ν(X).

To illustrate, consideragain the rainfall example in the
right pictureof Fig. 1 andsupposethatsim(x{ , x0) = .5 (ı =
1, 2, 3), sim(x1, x2) = .9, sim(x1, x3) = sim(x2, x3) = 0,
With α = 1/2 in (5), weobtainthefollowing weights:

A x1 x2 x3 x1, x2 x1, x3 x2, x3

ν(A) .27 .27 .27 .33 .83 .83
1The idea of “diversity” of a set of cases plays also a role in

case-based retrieval [McSherry, 2002]. Here, however, the problem
is more to find diverse cases, rather than to combine them.

As canbe seen,the joint weight of {x1, x2} is relatively
low, re�ecting thepartialredundanceof thetwo cases.

Beforegoing on, let us commenton the derivation of the
measureν(·) fromthesimilarity functionsim(·). Firstly, even
thoughthemeasure(6) capturesour intuitive ideaof decreas-
ing (increasing)the evidenceweight of casesthat are (dis-
)similar by themselves,we admit that it remainsad hoc to
someextent, andby no meanswe exclude the existenceof
betteralternatives. For example,an interestingideais to de-
rive themeasurein an indirectway: First, the interactionin-
dicesI� (·) from section4.1 arede�ned, againbasedon the
similarity betweencases.Theseindicescanbe seenascon-
straintson themeasureν(·), andtheideais to �nd ameasure
thatis maximallyconsistentwith theseconstraints.

Secondly, even thoughthe assumptionthat similar cases
provide redundantinformationis supportedby thesimilarity
hypothesis,onemight of coursearguethat thesimilarity be-
tweenthepredictivepartsof two cases,x{ andx| , is not suf-
�cient to call themredundant.Rather, theassociatedoutput
valuesy{ andy| shouldbesimilaraswell. Indeed,if y1 differs
drasticallyfrom y2, the�rst two measurementsin our rainfall
examplemight betterbe consideredas non-redundant.(In
that case,the two measurementsin conjunctionsuggestthat
thereis somethingamiss...) This conceptionof redundancy
caneasilyberepresentedby deriving ν(·) from an extended
similarity measuresim0(·) which is de�ned overX × L.2

Anyway, theimportantpoint of this sectionis not somuch
thespeci�cationof a particular evidencemeasure,but rather
the insight that non-additive measurescan in principle be
usedfor modelingtheinteractionbetweencasesin CBL.

4.3 Aggregationof Interacting Piecesof Evidence

So far, we have a tool for modelingthe interactionbetween
differentpiecesof evidencein case-basedlearning.Thenext
questionthat we have to addressis how to combinethese
piecesof evidence,i.e., how to aggregatethemin agreement
with theevidencemeasureν(·).

For thetime beingwe focuson theproblemof regression.
Recall that in the standardapproachto NN estimation,an
aggregationof the outputvaluesf(x{) = y{ is realizedby
meansof asimpleweightedaverage:

yest
0 =

X

x { 2 X

µ({x{}) · f(x{), (7)

whereµ({x{}) = sim(x0, x{)
� P

x { 2 X sim(x0, x{)
� � 1

. In-
terestingly, (7) is nothingelsethanthestandardLebesguein-
tegralof thefunctionf : X → R with respectto theadditive
measure(4):

yest
0 =

Z

X
f dµ

In orderto generalizethisestimation,anintegralwith respect
to thenon-additive measureν(·) is needed:theChoquetin-
tegral,a conceptthatoriginatedin capacitytheory[Choquet,
1954].

2We didn’t explore this alternative in detail so far.



Let ν(·) bea fuzzy measureandf(·) a non-negativefunc-
tion.3 TheChoquetintegralof f(·) with respecttoν(·) is then
de�ned by

Z ch

f dν
df
=

Z 1

0

η([f > t]) dt

where[f > t] = {x | f(x) > t}. The integral on the right-
handsideis the standardLebesgueintegral (with respectto
theBorelmeasureon [0,∞)). In ourcase,whereX is a�nite
set,we canrefer to the discreteChoquetintegral which can
beexpressedin a rathersimpleform:

yest
0 =

kX

{=1

f(x� ({)) ·
�
ν(A{) − ν(A{� 1)

�
, (8)

where π(·) is a permutationof {1 . . . k} such that 0 ≤
f(x� (1)) ≤ . . . ≤ f(x� (k)), andA{ = {x� (1) . . . x� ({)}.

ThediscreteChoquetintegral (8) canbeseenasa special
typeof aggregationoperator, namelyageneralizedarithmetic
mean. Indeed,(8) coincideswith (7) if ν(·) is an additive
measure(i.e. if ν(·) = µ(·)). Otherwise,it is a propergener-
alizationof thestandard(weighted)NN estimation.

Coming back to our running example, supposethat we
have measuredthefollowing rainfalls: y1 = 100, y2 = 120,
y3 = 200. Accordingto (8), we thenobtainthe estimation
yest
0 ≈ 157. As the joint weight of the two locationswith

lessrainfall, x1 andx2, hasbeendecreased,thisestimationis
higher(closerto y3) thanthestandardweightedNN estima-
tion givenby yest

0 = 140.
So far, we have focusedon the problemof regression.In

thecaseof classi�cation,theChoquetintegral cannotbeap-
plied immediately, sinceanaveragingof classlabelsy{ does
not make sense. Instead,the Choquetintegral can be de-
rivedfor eachof the indicatorfunctionsf` : y 7→ I(y = `),
` = `1 . . . `m . As in (1), theevidencein favor of eachclass
label is thusaccumulatedseparately. Now, however, the in-
teractionbetweencasesis taken into account.As usual,the
estimationis thengivenby the labelwith thehighestdegree
of accumulatedevidence.

5 Empirical Validation
In order to validatethe extensionof NN estimationaspro-
posedin theprevioussection,we haveperformedseveralex-
perimentalstudiesusingbenchmarkdatasetsfrom the UCI
repository4 andtheStatLibarchive.5

Experimentswereperformedin thefollowing way: A data
setis randomlysplit into a traininganda testsetof thesame
size.For eachexamplein thetestset,a predictionis derived
using the training set in combinationwith weightedk-NN
resp.Cho-k-NN. In thecaseof regression,anestimationyest

0
is evaluatedby therelativeestimationerror|yest

0 −y0|·|y0|� 1,
andtheoverall performanceof a methodby themeanof this
errorover all testexamples.In thecaseof classi�cation,we

3The Choquet integral can be extended to any real-valued func-
tion through decomposition into a positive and negative part.

4http://www.ics.uci.edu/ ~mlearn
5http://stat.cmu.edu/

dataset k weightedk-NN Cho-k-NN
auto-mpg 5 12.21(0.05) 11.56(0.05)

7 12.18(0.06) 11.53(0.05)
bolts 5 47.07(1.19) 38.77(0.71)

7 51.36(1.25) 39.94(0.81)
housing 5 14.83(0.08) 14.48(0.08)

7 14.99(0.09) 14.62(0.08)
detroit 5 16.02(0.55) 14.90(0.50)

7 15.93(0.55) 14.71(0.54)
echomonths 5 97.77(7.17) 72.87(3.87)

7 99.03(8.98) 74.80(7.55)
pollution 5 4.12(0.05) 4.05(0.05)

7 4.22(0.05) 4.18(0.05)

Table1: Estimationof expectedrelative estimationerrorand
its standarddeviation.

simplytookthemisclassi�cationrateasaperformanceindex.
Moreover, we derived statisticalestimationsof the expected
performanceof a methodby repeatingeachexperiment100
times.

For thepurposeof similarity computation,all numericat-
tributeshave �rst beennormalizedto theunit interval by lin-
earscaling. The similarity wasthende�ned by 1−distance
for numericvariablesandby thestandard0/1-measurein the
caseof categorical attributes. The overall similarity sim(·)
was �nally obtainedby the averageover all attributes. As
thepurposeof our studywasto compare –underequalcon-
ditions– weightedk-NN with Cho-k-NN in order to verify
whetheror not taking interactionsinto accountis useful,we
refrainedfrom tuning both methods,e.g. by including fea-
ture selectionor featureweighting (even thoughit is well-
known thatsuchtechniquescangreatlyimproveperformance
[Wettscherecket al., 1997]). Resultshave beenderived for
neighborhoodsizesof k = 5 andk = 7; theparameterα in
(5) hasalwaysbeensetto 1/2.

The applicationof Cho-k-NN for regressionhasshown
thatit consistentlyimprovesweightedk-NN, sometimesonly
slightly but oftenevenconsiderably. Someresultsareshown
in table1. In particular, it seemsthat thesmallerthesizeof
thedataset,thehigherthegainin performance.This �nding
is intuitively plausible,sincefor largedatasetstheneighbor-
hoodsof aquerytendto bemore“balanced”;asalreadysaid,
the neglect of interactionis likely to be lessharmful under
suchcircumstances.

For classi�cationproblems,it is alsotrue thatCho-k-NN
consistentlyoutperformsweightedk-NN; seetable2. Usu-
ally, however, thegainin classi�cationaccuracy is onlysmall,
in many casesnot evenstatisticallysigni�cant. Again, this is
especiallytruefor largedatasets,andall themoreif theclas-
si�cation error is alreadylow for standardk-NN. Neverthe-
less,oneshouldbearin mindthat,in thecaseof classi�cation,
the�nal predictionis largelyinsensitivetowardmodi�cations
of theestimatedevidencesin favor of thepotentiallabels.In
fact, in this studywe only checkedwhetherthe �nal predic-
tion is corrector not and,hence,useda rathercrudequality
measure.More subtleimprovementsof an estimationsuch
as,e.g.,theenlargementof anexample'smargin [Schapireet



dataset k weightedk-NN Cho-k-NN
glass 5 33.58(0.34) 33.23(0.35)

7 34.54(0.37) 33.77(0.39)
wine 5 3.52(0.20) 3.48(0.20)

7 3.27(0.20) 3.25(0.20)
zoo 5 10.43(0.60) 10.08(0.60)

7 11.65(0.51) 11.35(0.52)
ecoli 5 16.30(0.25) 16.29(0.24)

7 16.17(0.24) 16.11(0.24)
balance 5 15.62(0.14) 15.23(0.16)

7 13.28(0.16) 13.15(0.16)
derma 5 3.75(0.13) 3.68(0.13)

7 3.57(0.12) 3.46(0.11)

Table 2: Estimationof expectedclassi�cation error and its
standarddeviation.

al., 1998], arenot honoredby this measure.For the future,
we thereforeplanto complementour resultsby moresophis-
ticatedexperimentalcomparisons.

6 Concluding Remarks
This paperhasmotivatedtheconsiderationof mutualdepen-
denciesbetweencasesthatrepresentpastexperiencein case-
basedlearning. The basicideais that a combinationof two
or morecasescanprovidecomplementarybut alsoredundant
evidence.In orderto modelthistypeof interactionin aformal
way, wehaveproposedtheuseof non-additivemeasures.The
aggregationof differentpiecesof evidencecan then be ac-
complishedby meansof theChoquetintegral. Theinference
schemethusobtained,referredto asCHO-k-NN, is a direct
extensionof thestandardweightedNN estimation(which is
recoveredin thecaseof anadditivemeasure).

Ourexperimentalresultshaveshown thatCHO-k-NN con-
sistentlyoutperformsstandard(weighted)k-NN on publicly
available benchmarkdata. Sometimes,only marginal im-
provementscanbeachieved,particularlyin thecaseof clas-
si�cation andall the morefor large, “well-distributed” data
sets,but for many problemsCHO-k-NN is considerablybet-
terthank-NN. All thingsconsidered,it canbesaidthattaking
interactionbetweencasesin CBL into accountis worthwhile
byany means(mostlyit helps,atworstit remainsineffective).

As alreadysaid,the derivation of a non-additive measure
ν(·) from the similarity function sim(·) as outlined in sec-
tion 4 is only a �rst attemptwhich leavesscopefor develop-
ment.In particular, thedegreeto whichasetof casesis com-
plementaryresp.redundantmight not only dependon their
mutualsimilarity but alsoonotheraspects.

We have explained how to use the Choquetintegral as
anaggregationoperatorin both regressionandclassi�cation
problems.An interestingquestionconcernstheextensionof
our approachto moregeneralproblemsolving tasksasthey
aretypically found in case-basedreasoning.Even thoughit
is obvious that the approachcannotbe transferredimmedi-
ately, the basicideasandconceptsmight still be useful. In
any case,the concretesolutionwill stronglydependon the
particulartypeof application.
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