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Abstract

This paperpresentsnew resultson the complex-
ity of graph-theoreticalmodelsthatrepresentprob-
abilities (Bayesiannetworks) and that represent
interval and set valued probabilities (credal net-
works). We de�ne a new classof networks with
boundedwidth, andintroduceanew decisionprob-
lem for Bayesiannetworks, the maximin a poste-
riori. We presentnew links betweenthe Bayesian
andcredalnetworks,andpresentnew resultsboth
for Bayesiannetworks (mostprobableexplanation
with observations, maximin a posteriori) and for
credalnetworks (boundson probabilitiesa poste-
riori, mostprobableexplanationwith andwithout
observations,maximumaposteriori).

1 Intr oduction
Thispaperbuildsapictureof inferentialcomplexity in graph-
theoreticalmodelsof uncertaintythat goessigni�cantly be-
yondexisting results.We focuson Bayesianandcredalnet-
works — the former is a purely probabilisticmodel, while
the latter admits interval and set valued probabilitiesand
generalizesseveral theoriesof uncertainty. Therealreadyis
quite a solid understandingaboutthe inferentialcomplexity
of Bayesiannetworks; we addto this picturea new classof
networks thatstrengthensexisting results,anda new typeof
problem,maximin a posteriori(MmAP), that can be of in-
terestin game-theoreticsettings.Our maincontributionsare
relatedto credalnetworks,aslittle is known at thispointcon-
cerningtheir inferentialcomplexity: we presentnew results
concerningcomputationof probability bounds,mostproba-
ble explanations(MPE) andmaximuma posteriori(MAP).
We show that,rathersurprisingly, theMPE problemwithout
observationsin credalnetworksof boundedwidth is polyno-
mial,while theMPEproblemwith observationsandtheMAP
problemare§ p

2-completefor credalnetworks.
We alsostrengthenthe connectionbetweenBayesianand

credalnetworksby showing links betweenthecomputationof
probabilitybounds,theMAP andtheMmAP problems.Our
resultssuggestthatmoving from point to interval/setvalued
probabilitiestakesus “one stepup” in termsof complexity
classes.

Section2 presentsa few de�nitions and,mostimportantly,
tries to justify our interestin credalnetworks. Section3 de-
scribestheproblemswe areinterestedin. Section4 contains
ournew results;in particular, Table1 offersasummaryof our
contributions.Section5 concludesthepaperandsuggestsfu-
tureresearch.

2 Bayesianand CredalNetworks

A Bayesiannetwork (or BN) representsa singlejoint proba-
bility densityover a collectionof randomvariables.We as-
sumethroughoutthatvariablesarecategorical; variablesare
uppercaseandtheirassignmentsarelowercase.

De�nition A Bayesiannetwork is apair (G; P), where:G =
(VG ; EG ) is a directedacyclic graph,with VG a collectionof
verticesassociatedto randomvariablesX (a nodeper vari-
able),andEG a collectionof arcs;P is a collectionof condi-
tional probabilitydensitiesp(X i jpa(X i )) wherepa(X i ) de-
notestheparentsof X i in thegraph(pa(X i ) maybeempty),
respectingtherelationsof EG .

In a BNevery variableis independentof its nondescendants
nonparentsgiven its parents(Markov condition). This struc-
ture inducesa joint probability density by the expression
p(X 1; : : : ; X n ) =

Q
i p(X i jpa(X i )) . Givena BN, E denotes

thesetof observedvariablesin thenetwork (theevidence); e
denotestheobservedvalueof E .

We consider the class of networks with bounded
induced-width (orBIW); thatis,networkswherethesub-
jacentgraph(obtainedremoving arc's directions)of G has
maximumdegreeandinduced-widthboundedby log(f (s)) .
We de�ne f (s) as a polynomial function in the size s of
input (this size is evaluatedover all information needed
to specify the problem). We also consider the class of
polytrees (or PT); that is, a BIW network wherethesub-
jacentgraphof G hasno cycles. Otherwise,a network is
saidmultiply-connected . Note that our de�nition of
BIWnetworksis not,asusuallydone,basedon�xed induced-
width; rather, we allow the induced-widthto vary with the
network size.

Credal networksgeneralizeBayesiannetworks by allow-
ingeachvariabletobeassociatedwith setsof joint probability
measuresratherthansingleprobabilitymeasures[Canoetal.,
1993;Cozman,2000a]. Suchgraph-theoreticalmodelscanbe



viewedasBayesiannetworkswith relaxednumericalparam-
eters;they can be usedto study robustnessof probabilistic
models,to investigate the behavior of groupsof experts,or
to representincompleteor vagueknowledgeaboutprobabil-
ities. Setsof probability measuresaresuf�ciently powerful
to representbelief functions,possibilitymeasures,qualitative
probabilities,andprobabilisticlogic statements,thusoffering
a generallanguagethat canconvey many modelsof interest
in arti�cial intelligence[Walley, 1996].

A set of probability distributions is called a credal set
[Levi, 1980]. A credal set for X is denotedby K (X ).
A conditional credal set is a set of conditional distribu-
tions, obtainedapplying Bayesrule to eachdistribution in
a credal set of joint distributions [Walley, 1991]. Given
a credal set K (X ), the lower probability and the upper
probability of event A arede�ned respectively as P(A) =
minp(X )2 K (X ) P(A) andP(A) = maxp(X )2 K (X ) P(A). We
assumethat,givena credalset,�nding a lower/upperproba-
bility is apolynomialoperation.

De�nition A credalnetwork is a pair (G; K), where: G =
(VG ; EG ) is a directedacyclic graph,with VG a collectionof
verticesassociatedto randomvariablesX (a nodeper vari-
able),andEG a collectionof arcs;K is a collectionof con-
ditional credalsetsK (X i jpa(X i )) , respectingthe relations
impliedby EG .

We assumea Markov condition in credal networks: ev-
ery variable is independentof its nondescendantsnonpar-
entsgiven its parents.In this paperwe adopttheconceptof
strong independence; that is, the joint credalsetrepresented
by a credalnetwork is a setwhereeachvertex factorizesas
a Bayesiannetwork [Cozman,2000b]. Thuswe can really
view acredalnetwork asasetof Bayesiannetworks,all with
identical graphs. Credalnetworks can also be classi�ed as
polytree,boundedinduced-widthor multiply-connected.

3 Reasoning
In this sectionwe presentdecisionversionsof theinferences
we focusin thispaper.
De�nition BN-Pr : given a Bayesiannetwork (G; P), evi-
denceE = e with E µ X, a queryvariableQ 2 X n E and
its categoryq, anda rationalnumberr , is P(qje) > r ?
Note the following distinctionbetweenMPE problemswith
or withoutevidence;thereasonfor thiswill beindicatedlater:
De�nition BN-MPE: givena Bayesiannetwork (G; P), evi-
denceE = e with E µ X anda rationalnumberr , is there
aninstantiationx for X n E suchthatP(x; e) > r ?

De�nition BN-MPEe: givenaBayesiannetwork (G; P), ev-
idenceE = e with E µ X anda rationalnumberr , is there
aninstantiationx for X n E suchthatP(xje) > r ?

De�nition BN-MAP: given a Bayesiannetwork (G; P), ev-
idenceE = e with E µ X, a set Q µ X n E and a ra-
tional numberr , is therean instantiationq for Q suchthat
P(qje) > r ?

We introducethemaximina posteriori problem,which may
beof interestin applicationsinvolving game-theoreticbehav-
ior with maximizersandminimizers[Kakadeetal., 2001]:

De�nition BN-MmAP: given a Bayesiannetwork (G; P),
someevidenceE = e with E µ X, the setsA µ X n E
and B µ X n E, with A \ B = ; and a rational number
r , is therean instantiationa for the A variablessuch that
minb P(a;bje) > r ?

Thecorrespondingproblemsin CNarenow de�ned.

De�nition CN-Pr : givenacredalnetwork (G; K), evidence
E = e with E µ X, a queryvariableQ 2 X n E and its
categoryq anda rationalnumberr , is P(qje) > r ?

In thisde�nition weuseupperqueries,but lowerqueriesmay
be of interesttoo. We can show that both querieslead to
identicalcomplexity results:

Lemma 1 Evaluatingmarginal lower probabilitiesin CNis
ashard asevaluatingmarginal upperprobabilities.

Proof Supposewe have a CN-Pr with marginal queryQ =
q. Thecalculationof P(qje) canbedoneby insertingabinary
child Q0 to Q, whereP(q0jQ) = 1 if Q 6= q and0 otherwise.
Now P(q0je) = max

P
Q6= q P(Qje) = 1 ¡ P(qje). ¤

Wenow de�ne maximinversionsof MPEandMAP in credal
networks(wecouldalternatively de�ne maximaxversionsfor
theseproblems,with possiblydifferentcomplexities).

De�nition CN-MAP: given a credalnetwork (G; K), some
evidenceE = e with E µ X, a setQ µ X n E anda rational
numberr , is thereaninstantiationq for theQ variablessuch
thatP(qje) > r ?

CN-MPEe is obtainedwhen CN-MAPhas Q = X n E.
CN-MPEis CN-MPEewithout evidence,that is, Q = X. We
useabbreviationsto referto theseproblems(e.g.PT-CN-Pr
is thebeliefupdatingproblemin apolytreecredalnetwork).

4 Complexity results
Table1 summarizesrelevantcomplexity results.1 Westartby
explaining the origin of the resultsin this table(numbering
matchesthenumbersin thetable):

1. [Dechter, 1996] describesalgorithmswith exponential
time complexity on theinduced-widthof anelimination
order; [Eyal, 2001] shows how to obtain a constant-
factor approximationto optimal order in polynomial
time for networks with boundeddegree and bounded
induced-widthby log(f (s)) . Note that the result here
is sightly differentfrom theonein [Dechter, 1996]; we
refer to the actualinducedwidth of the graph,not the
inducedwidth of anordering.

2. [Roth, 1996] shows complexity of functional version,
[Litmmanetal., 2001] takesthedecisionversion.

3. [Shimony, 1994] shows (by reductionfrom the vertex
cover problem) that BN-MPE is NP-Complete,while
Theorem2 shows thatBN-MPEeis PP-Complete.

1Weassumethatthereaderis familiarwith notionsof complexity
theory; for an introductionsee[Papadimitriou,1994]. Polynomial
timemeanspolynomialtime in thesizeof input. A reductionmeans
apolynomialtimereduction;whenaproblemis solvablebyanother,
thereis a reductionfrom theformerto thelatter.



Problem Polytree Boundedinduced-width Multiply-connected
BN-Pr Polynomial(1) Polynomial(1) PP-Complete(2)
BN-MPE Polynomial(1) Polynomial(1) NP-Complete(3)
BN-MPEe Polynomial(1) Polynomial(1) PP-Complete(3)
BN-MAP NP-Complete(4) NP-Complete(4) NPPP-Complete(5)
BN-MmAP § P

2-Complete(6) § P
2-Complete(6) NPPP-Hard(7)

CN-Pr NP-Complete(8) NP-Complete(8) NPPP-Complete(9)
CN-MPE Polynomial(10) Polynomial(10) NP-Complete(11)
CN-MPEe § P

2-Complete(12) § P
2-Complete(12) § P

2-HardandPP-Hard(13)
CN-MAP § P

2-Complete(12) § P
2-Complete(12) NPPP-Hard(7)

Table1: Complexity results;numbersin parenthesisindicatetheitem thatdiscussestheresult.

4. [Park, 2002] reducesMAXSATproblemto BN-MAPin
polytrees,a resultthatcanbeextendedto BIW networks
as both problemsbelongto NP (given the polynomial
natureof BN-Pr in BIW networks).

5. [Park and Darwiche, 2004] by reduction from
E-MAJSAT.

6. Theorem8.

7. Thecomplexity of BN-MAPimpliesit.

8. Theorem3.

9. [Cozmanetal., 2004] by a reductionfrom E-MAJSAT.

10. Theorem5.

11. Theorem6.

12. Theorem7.

13. BN-MPEandPT-CN-MPEeensureit.

In the context of Bayesiannetworks, the differencebe-
tweenMPEandMPEemayseemacademic,becauseany most
probableexplanationcanbe found with BN-MPE. However
the sameis not true for credal networks, where one can-
not �nd a mostprobableexplanationwith evidenceby sim-
ply runninga versionof MPE— andnotethatCN-MPEand
CN-MPEedo displaynon-trivial differences.In fact, these
differenceswereour motivationfor differentiatingMPEfrom
MPEe. The following theoremclari�es the differencebe-
tweentheseproblemsfor Bayesiannetworks.

Theorem2 BN-MPEeis PP-Complete.

Proof Pertinenceis obtainedfrom thefactthat,aftermaking
aPPqueryto �nd P(e) (thisqueryis madeonce),wecande-
cidewhethera giveninstantiationx hasP(xje) > r in linear
time,by multiplying theprobabilities.To show hardness,we
reducethedecisionproblem#3SAT( ¸ 2n= 2) to it, which is
PP-Complete[Bailey etal., 2001] andcanbestatedas:Given
a setof booleanvariablesX = f X 1; : : : ; X n g anda 3CNF
formulaÁ(X ) with clausesf C1; : : : ; Cm g, is Á(X ) satis�ed
byat least2n= 2 of theinstantiationsof X ?

We constructa BNwith binarynodesX 1; : : : ; X n (x i and
x i arethecategories)andC1; : : : ; Cm (ci andci ), whereX i
hasnoparentsanduniformprior andCi hasthreeparents(the
variablescontainedin theclause)with probabilitiesrespect-
ing the truth table for the clause. Furthermore,we inserta
dummybinarynodeY appearingnon-negatedin everyclause

(therewill be 2n instantiationswith f Y = yg satisfyingÁ;
this ensuresthat the formula is satis�able). Now we solve
theBN-MPEeproblemwith queriesX 1; : : : ; X n ; Y andevi-
denceCi = ci for all 1 · i · m (indicatingthatall Ci are
true). ThenP(X ; Y jc1; : : : ; cm ) is equalto

=
P(c1; : : : ; cm jX 1; : : : ; X n ; Y ) P(X 1; : : : ; X n ; Y )

P(c1; : : : ; cm )

=
1

2n +1 P(c1; : : : ; cm jX 1; : : : ; X n ; Y )
P

X 0
1 ;:::;X 0

n ;Y 0

£
P(c1; : : : ; cm jX 0

1; : : : ; X 0
n ; Y 0) 1

2n +1

¤

=
1

# sats
if X 1; : : : ; X n ; Y satis�esÁ and0 otherwise;

where# sats is thetotal numberof satisfyinginstantiations.
So, maxP(X ; Y jc1; : : : ; cm ) · 1

2n +2 n= 2 implies that for-

mulaÁ(X ) is satis�edby at least2n= 2 of all X instantiations.
Notethatif maxP(X ; Y jc1; : : : ; cm ) = ®and® > 1

2n +2 n= 2 ,
then P(X ; Y jc1; : : : ; cm ) = ® for all satisfying instantia-
tions, which implies that thereare lessthan2n= 2 instantia-
tionsof X satisfyingÁ(X ). ¤

Thehardnessof PT-CN-Pr wasstatedby [daRochaand
Cozman,2002], but theproof therewas�a wed,andthecen-
tral argumentusedzero probabilitiesand vertex-basedde-
scription in an essentialway. The following proof corrects
thesedif�culties.

Theorem3 PT-CN-Pr and BIW-CN-Pr are NP-
Complete.

Proof Pertinenceof BIW-CN-Pr (whichensurespertinence
of PT-CN-Pr ) is immediate,aschoosinga vertex of each
credalsetwehaveaBIW-BN-Pr problemto solve,which is
polynomial. To show hardnesswe reducethe MAX-3-SAT
problem to PT-CN-Pr . It can be formulatedas follows:
Givena setof booleanvariablesf X 1; : : : ; X n g, a 3CNFfor-
mulawith clausesf C1; : : : ; Cm g andan integer 0 · k · m,
is there an assignmentfor thevariablesthat satis�esat least
k clauses?Initially we remove all clausesthathave bothx i
andx i anddecrementk for eachelimination(becausethose
clausesarealreadysatis�ed). For eachvariableX i we con-
struct two nodes,namelyX i andSi . The former is binary,
hasnoparentsandrepresentsthestateof X i ; theprobabilities
P(X i = x i ) andP(X i = x i ) arein ["; 1 ¡ " ] (0 < " < 1

m +1
is asmallconstant).Thelattermayassumem + 1 categories
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Figure1: Polytreeusedin thenetwork of Theorem3.

(from 0 to m), hasSi ¡ 1 andX i asparentsandis de�ned by

P(Si = cjSi ¡ 1 = c;x i ) = 0 if x i 2 Cc; or 1 otherwise
P(Si = cjSi ¡ 1 = c;x i ) = 0 if x i 2 Cc; or 1 otherwise
P(Si = cjSi ¡ 1 6= c;X i ) = 0 for X i 2 f x i ; x i g;

for c 6= 0. WhenSi = 0, wehave:

P(Si = 0jSi ¡ 1 = c;X i ) = 1 ¡ P(Si = cjSi ¡ 1 = c;X i )
P(Si = 0jSi ¡ 1 = 0; X i ) = 1 for X i 2 f x i ; x i g:

The rules above guaranteecoherency in probabilities;note
that we includea dummynodeS0 with P(S0 = c) = 1

m +1
for all c. Now, considerP(Sn = c) for c 6= 0. Note that
P(Sn = c) = P(S0 = c)

Q
i P(Si = cjSi ¡ 1 = c) because,

for c 6= 0, every time f Si = cg and f Si ¡ 1 6= cg appear
togetherweareled to zero.Let Ac;i bede�ned asfollows:

Ac;i =
X

X i 2f x i ;x i g

P(Si = cjSi ¡ 1 = c;X i ) P(X i ) :

We get P(Sn = c) = 1
m +1

Q
i 2f 1;:::;n g Ac;i . Note that Ac;i

mayassumethreevalues:Ac;i = 1 if X i doesnot in�uence
Cc; Ac;i = " if X i satis�esCc andAc;i = 1 ¡ " if X i does
not satisfyCc. We mayconcludethat if P(Sn = c) · ® =
(1 ¡ " )2" , thensomeX i satis�edCc. Furthermore,weknow
thatif Cc wasnotsatis�ed,thenP(Sn = c) = ¯ = (1 ¡ " )3.
Note that ® < ¯ . To �nd out how many clauseswere
not satis�ed, we have to sumover all categoriesof Sn , ob-
tainingP(Sn = 0) = 1 ¡

P
c2f 1;::: ;m g P(Sn = c) andthus

P(Sn = 0) minimizesthissum.Wede�ne

r h = [(m + 1)(1 ¡ P(Sn = 0)) ¡ h¯ ]=(m ¡ h):

and thencalculater 0; r 1; : : : until r h · ® or h = m ¡ 1.
We know that 1 ¡ P(Sn = 0) is the minimum sum of all
P(Sn = c), for c 6= 0. This sumis composedby two types
of terms: thosewhich are equal to ¯ and thosewhich are
lessthanor equalto ®. Sowhatwe areverifying with r h is
whethertherearemorethanh termsof thesumthatareequal
to ¯ or not. The last thing shouldbenotedis that " < 1

m +1
ensuresthat if just onetermof thesumequalsto ¯ , thenthe
sumis greaterthanm®, that is, if the sumis composedby
m ¡ 1 termsequal to " 3 and just one equal to ¯ , it must
sumgreaterthanm®, becauseoneclausewasnot satis�ed.
" < 1

m +1 ensuresthateverywhereit is necessary(for any h).
ThustheinferenceP(Sn = 0) solvesMAX-3-SAT problem.
If r h > ®for all 0 · h · m ¡ 1, thennoclausewassatis�ed.
Otherwiseh countshow many clauseswerenotsatis�ed.¤

Becauseof thereductionfrom MAX-3-SAT, we canstate
that thereis no polynomial time approximationschemefor
PT-CN-Pr (or BIW-CN-Pr ) unlessP=NP.

Remark Theproof still holdsif we substituteall " by zero;
the proof becomessimpler but dependson events of zero
probability, which may be inconvenient,as pointedout by
[Zaffalon, 2003]. Note also that the proof canbe rewritten
usinginequalitiesinsteadof vertices,becauseall credalsets
arein binarynodes(pertinenceandhardnessstill hold).

It is known thatCN-Pr is solvableby BN-MAP, by conduct-
ing a CCM transformin a credalnetwork [Cozman,2000a].
The following lemma presentsthe reverseconnectionbe-
tweeninferencesin Bayesianandcredalnetworks.

Lemma 4 BN-MAPis solvableby CN-Pr with joint queries
withoutchangingthetopologyof thenetworkamongthethree
typesde�ned.

Proof SupposeX 1; : : : ; X n are the MAP variables. Add a
binary child X 0

i to eachX i with P(X 0
i jX i ) 2 [0; 1] andthe

constraint
P

X i
P(x0

i jX i ) = 1. Now wehave

max
X 1 ;::: ;X n

P(X 1; : : : ; X n je) = P(x0
1; : : : ; x0

n je)

After evaluatingP(x0
1; : : : ; x0

n je), we just have to look at
eachX 0

i nodeandsetX i accordingto whichof theP(x0
i jX i )

is equalto one(exactlyonewill be).¤

It shouldbe noted that joint queriesare not more dif�cult
thansinglemarginal queries:we have thatCN-Pr with joint
queriesis still NPPP-CompleteandBIW-CN-Pr with joint
queriesis still NP-Complete.

Theorem5 PT-CN-MPEandBIW-CN-MPEaresolvablein
polynomialtime.

Proof It is enough to realize that the inner min of
theBIW-CN-MPEquerymaxx minP 2 K (X)

Q
i P(x i jpa(x i ))

factorizes, as the network is locally speci�ed (note that
x i 's are consistentwith the observation e). The optimiza-
tion becomesmaxx

Q
i P(x i jpa(x i )) , which is equivalentto

BIW-BN-MPE. ¤

Theorem6 CN-MPEis NP-Complete.

Proof Hardnessis immediate, becauseBN-MPE is NP-
Completeandcanbetrivially transformedto a CN-MPE(we
just have to usecredalnetworks composedby singleprob-
ability densities). Pertinenceis reachedbecause,given an
assignmentx to the variables,the value of P(x) is given
by

Q
i P(x i jpa(x i )) . This holds becauseeachcredal set

K (x i jpa(x i )) is locally speci�ed.¤

Theorem7 PT-CN-MPEe, BIW-CN-MPEe, PT-CN-MAP
andBIW-CN-MAPareall § P

2-Complete.

Proof Pertinenceof themis immediateasBIW-CN-MAPbe-
longsto § P

2 (giventheMAP variables,wegetaBIW-CN-Pr
to solve). To seehardnesswereduceto PT-CN-MPEeaver-
sionof QSAT2 that is § P

2-Complete:Givena setof variables
X 1; : : : ; X n , an integer 0 < k · n and a boolean3CNF
formulaÁ(X ) over thesevariables,is it true that, for all in-
stantiationsto the �r st k variables,there is an instantiation
of theremainingn ¡ k that satis�esÁ(X )?

Initially we constructa network similar to that of The-
orem 3. The variablesX 1; : : : ; X k are de�ned the same
way asthere. The variablesX k+1 ; : : : ; X n becometernary,



assumingthe categories x i ; x i ; oi . Their probabilitiesare:
P(X i = oi ) = " and P(X i = x i ), P(X i = x i ) belong
to [0; 1 ¡ " ], where 0 < " < 1

m +2 is a small con-
stant. The probabilitiesof Si given its parentsarethe same
as there, except when i > k. In thesecaseswe have
P(Si = cjSi ¡ 1 = c;oi ) = 0, for c 6= 0 (thecasewhenc = 0
remainsthesame,thatis, equalsto 1).

Furthermore,we add a dummy nodeQ with Sn as par-
ent andP(qjSn = c) = 0 for c 6= 0 and1 otherwise. We
will solvethePT-CN-MPEeproblemmaxP(X ; Sjq), where
S = f S0; : : : ; Sn g and X = f X 1; : : : ; X n g. Let X ¡ be
f X 1; : : : ; X k g andX + bef X k+1 ; : : : ; X n g; then

P
¡
X ¡ ; X + ; Sjq

¢
=

P(qjS) P(SjX ) P(X ¡ ) P(X + )
P(q)

:

First note that the given q forcesSn = 0 to get a non-
zeroprobability. Furthermore,for all instantiationsx ¡ ; x+ ; s
of the variables, there is anotherinstantiationwith s0 =
f8 iS i = 0g that hasits probability greaterthanthe former,
that is, P(x ¡ ; x+ ; s0jq) > P(x ¡ ; x+ ; sjq). This holds be-
causetheSi nodesarenot credalandtheconditionalproba-
bilities P(Si = 0jSi ¡ 1 = 0) areequalto 1, for all i . Thuswe
know that thesolutionof theMPEeproblemwill beattained
in aninstantiationwhereall Si aresetto 0. Besidesthat,we
have thatchoosingthecategory oi for all X + variableslead
us to greaterprobabilitiesthanif we chooseany other. That
is,

max
X ¡ ;X + ;S

P
¡
X ¡ ; X + ; Sjq

¢
= max

X ¡
P

¡
X ¡ ; o;sjq

¢
;

whereo denotesf X i = oi for i 2 f k + 1; : : : ; ngg and
s denotesf8 i Si = 0g. If we choosea category different
from oi whenever possible,themaximumprobabilitywould
not reachthe samevalue (in fact it will be zero, because
P(X i 6= oi ) 2 [0; 1 ¡ " ], andthusit mayassumevaluezero).

P
¡
X ¡ ; o;sjq

¢
=

1
m +1 "n ¡ k P(X ¡ )

1 ¡
P

c6=0 P(Sn = c)
:

When�nding P(X ¡ ; o;sjq), thenumeratorP(X ¡ ) will be-
come" k , becauseany solutionthatdoesnotmakeP(X ¡ ) =
" k will not bea minimumfor P(X ¡ ; o;sjq) (rememberthat
" < 1

m +2 ). This holds becausejust one X ¡ variableus-
ing theextremepoint (1 ¡ " ) insteadof " is enoughto make
P(X ¡ ; o;sjq) too large:

1
m +1 "n ¡ k " k ¡ 1(1 ¡ " )

1 ¡ R
>

1
m +1 "n ¡ k " k

1 ¡ R0

where R and R0 are any possible values for the sumP
c6=0 P(Sn = c) thatappearsin thedenominator(notethat

thesesumsarerestrictedin [0; m
m +1 ] by the probabilitiesof

thenetwork).
Summarizing,all S variablesin the solutionof MPEeare

set to zero, all X + variablesare set to o, and the instanti-
ation chosenfor X ¡ makes P(X ¡ ) = " k , which implies
that if x i belongsto theinstantiationof X ¡ , thenP(x i ) = "
andP(x i ) = 1 ¡ " (the oppositecaseis analogous).This
meansthattheverticesof thecredalsetsof theX ¡ nodesare

completely�x ed by the instantiationchosen.Thusthe only
credalsetsthatcan�oat in thedenominatoraretheX + vari-
ables(Si variablesarenotcredalandX ¡ arealready�x edas
indicated).So,processingtheMPEewehave

P
¡
X ¡ ; o;sjq

¢
=

1
m +1 "n

1 ¡ min
³ P

c6=0 P(Sn = c)
´ ;

wheremin
P

c6=0 P(Sn = c) is evaluatedover all possible
verticesof theX + credalsets(we know thatP(X i = oi ) is
set to " , but the probabilitiesP(X i = x i ) andP(X i = x i )
mayvarybetween0 and1 ¡ " ).

TheformulaÁ(X ) will besatis�ed by X ¡ andX + if the
sum

P
c6=0 P(Sn = c) is lessthan±1 = m

m +1 (1 ¡ " )2" (1 ¡
" )n ¡ k (this is themaximumvaluethata satis�ed Á(X ) may
assume).All unsatis�edformulasleadto greatervalues. In
fact the smallestvalue that a unsatis�edformula implies in
the sumis greaterthan±2 = m

m +1 (1 ¡ " )n ¡ k+3 . Note that
±2 > ±1.

If we query the PT-CN-MPEe problemmaxP(X ; Sjq)
with r = 1

m +1
" n

1¡ ±1
andget a negative answer, thenfor all

instantiationsto X ¡ , thereis aninstantiationto X + thatsat-
isfy Á(X ) (that is, thesumis boundedby ±1). If theanswer
is positive,thentheredoesexist aninstantiationto X ¡ where
no instantiationto X + canmakeÁ(X ) satis�ed.¤
Theorem8 PT-BN-MmAP and BIW-BN-MmAP are § P

2-
Complete.
Proof Pertinenceof BIW-BN-MmAP(which ensuresperti-
nenceof PT-BN-MmAP) is trivial. Given a instantiationfor
theMAP variables,weneedto solveaminimizationover the
Y variables,which is NP-Complete(seeit asa BIW-CN-Pr
usingLemma4). Hardnessof PT-BN-MmAP(whichensures
hardnessof BIW-BN-MmAP) is reachedby a reductionfrom
anotherversionof QSAT2 thatis § P

2-Complete:Givena setof
variablesX 1; : : : ; X n , an integer 0 < k · n anda boolean
3DNFformulaÁ(X ) over thesevariables,is therean instan-
tiation to the�r st k variablessuch that, for all instantiations
of theremainingn ¡ k, Á(X ) is satis�ed?

Weconstructagainanetwork following theideasof Theo-
rem3. It includesa binarynodeto eachX i , without parents
andwith uniform prior. Therearen nodesSi with parents
Si ¡ 1 andX i . They have m + 1 categoriesandarede�ned as
follows (for c 2 f 1; : : : ; mg andi 2 f 1; : : : ; ng):

P(Si = cjSi ¡ 1 = c;x i ) =

8
<

:

1 if x i 2 clausec
0 if x i 2 clausec
1
2 otherwise

P(Si = cjSi ¡ 1 6= c;x i ) = 0:
Theconditionalprobabilitiesof Si givenx i arede�ned anal-
ogously. Theprobabilitiesof P(Si = 0jSi ¡ 1; X i ) ensurethat
they sum exactly 1, as done in Theorem3. Furthermore,
P(S0) hasuniform prior andwe insertan additionalbinary
nodeQ with Sn asparent,having P(qjSn = c) = 1 if c 6= 0
and0 otherwise.

So,wehave thatP(X jq) =
1

2n P(qjX )
P(q) is equalto

=
1

(m +1)2 n

P
c6=0

Q
i Ac;i

m
(m +1)

¡
1
2

¢n =

P
c6=0

Q
i Ac;i

m



whereAc;i =
P

X i
P(Si = cjSi ¡ 1 = c;X i ) P(X i ) for i 2

f 1; : : : ; ng. Ac;i assumesvalue zero only when the vari-
able it representsdeniesthe clausec. The numeratorof
P(X jq) sumshow many clausesaresatis�edby theinstanti-
ation of X variables.Let X ¡ = f X 1; : : : ; X k g andX + =
f X k+1 ; : : : ; X n g. We have minX + P(X ¡ ; X + jq) = 0 if,
given the instantiationfor the X ¡ variables,thereis an as-
signmentto X + variablesthat can deny Á(X ). This way,
questioningif PT-BN-MmAPproblemwith MAP variables
X ¡ andevidenceq (which maximizesminX + P(X jq)) has
non-zeroansweris enoughto solve the QSAT2 problem.
GiventhisX ¡ instantiation,all X + will satisfyÁ(X ). ¤

5 Conclusion
We can summarizethe contributions of this paperas fol-
lows. ConcerningBayesiannetworks, we have �rst intro-
duceda more generalde�nition of boundedinduced-width
networks(demonstratingthatmany problemswhereinduced-
width actuallygrows with the network remainpolynomial),
andwe have shown thedifferencebetweentheBN-MPEand
the BN-MPEeproblems. More importantly, we have intro-
ducedthe MmAPproblemand presentedits complexity. A
possibleimprovementof our resultswould be to presenta
completenessresultfor multiply-connectednetworks.

Our most signi�cant resultspertain to credal networks,
with direct implicationsto modelsthat handleinterval and
setprobabilities,belief functions,possibilitymeasures,qual-
itative probabilities,andfamiliesof probabilisticlogic. We
have clari�ed theso far unexploredcomplexity of CN-MPE,
CN-MPEe, and CN-MAP. The polynomial character of
CN-MPEin somecasesis rathersurprising.

There are several interesting problems still to be ex-
plored. For example,binarynetworks(Bayesianandcredal)
could display lower complexity thantheir non-binarycoun-
terpartsin problemssuch as PT-BN-MAP, BIW-BN-MAP
and BIW-CN-Pr . Theseproblemsbelong to NP and are
clearly related,but are therepolynomial time algorithmsto
solve them? We conjecturethereare not, even as we note
that thereis a polynomialalgorithmto solve CN-Pr in bi-
narypolytrees[Fagiuoli andZaffalon,1998].
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