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Abstract

This paperpresentsnen resultson the comple-
ity of graph-theoreticaihodelsthatrepresenprob-
abilities (Bayesiannetworks) and that represent
interval and set valued probabilities (credal net-
works). We de ne a new classof networks with
boundedvidth, andintroducea new decisionprob-
lem for Bayesiannetworks, the maximin a poste-
riori. We presentnew links betweenthe Bayesian
andcredalnetworks, andpresentnew resultsboth
for Bayesiametworks (mostprobableexplanation
with obsenations, maximin a posteriori) and for
credalnetworks (boundson probabilitiesa poste-
riori, mostprobableexplanationwith and without
obsenations,maximuma posteriori).

1 Intr oduction

Thispaperbuilds a pictureof inferentialcomplexity in graph-
theoreticalmodelsof uncertaintythat goessigni cantly be-
yond existing results. We focuson Bayesianand credalnet-
works — the former is a purely probabilisticmodel, while

the latter admits interval and set valued probabilities and
generalizeseveral theoriesof uncertainty Therealreadyis

quite a solid understandingboutthe inferential compleity

of Bayesiannetworks; we addto this picturea new classof

networks that strengthengxisting results,anda new type of

problem, maximin a posteriori(MmAP), that canbe of in-

terestin game-theoretisettings.Our main contrikutionsare
relatedto credalnetworks, aslittle is known atthis pointcon-
cerningtheir inferential compleity: we presentnew results
concerningcomputationof probability bounds,mostproba-
ble explanations(MPE) and maximuma posteriori(MAP).

We shaw that, rathersurprisingly the MPE problemwithout
obsenationsin credalnetworks of boundedwidth is polyno-
mial, while the MPE problemwith obsenationsandthe MAP

problemare§ 5-completefor credalnetworks.

We alsostrengtherthe connectionbetweenBayesianand
credalnetworksby shawving links betweerthecomputatiorof
probability boundsthe MAP andthe MmAP problems.Our
resultssuggesthat moving from point to interval/setvalued
probabilitiestakes us “one stepup” in termsof complity
classes.

Section2 presents few de nitions and,mostimportantly
triesto justify our interestin credalnetworks. Section3 de-
scribesthe problemswe areinterestedn. Section4 contains
ournew results;in particular Tablel offersasummaryof our
contrikutions. Section5 concludeghe paperandsuggestsu-
tureresearch.

2 Bayesianand Credal Networks

A Bayesiametwork (or BN) represents singlejoint proba-
bility densityover a collectionof randomvariables. We as-
sumethroughoutthatvariablesare categorical; variablesare
uppercasandtheirassignmentarelowercase.

De nition A Bayesiametwork is apair (G; P), where:G =
(Ve ; Eg) is adirectedagyclic graph,with Vg acollectionof
verticesassociatedo randomvariablesX (a nodeper vari-
able),andEg acollectionof arcs;P is a collectionof condi-
tional probability densitiesp(Xijpa(X;)) wherepa(X;) de-
notesthe parentsof X; in thegraph(pa(X;) maybeempty),
respectingherelationsof E.

In a BN every variableis independenbf its nondescendants
nonparentgivenits parentgMarkov condition). This struc-
ture inducesa joi@ probability density by the expression
p(X1;::5:Xn) = 7 p(Xijpa(X;)). GivenaBN E denotes
the setof obseredvariablesin the network (the evidencg; e
denotegheobsenedvalueof E.

We consider the class of networks with bounded
induced-width (or BIW); thatis, networkswherethesub-
jacentgraph (obtainedremoving arc's directions)of G has
maximumdegreeandinduced-widthboundedby log(f (S)).
We de ne f (s) as a polynomial function in the size s of
input (this size is evaluatedover all information needed
to specify the problem). We also considerthe class of
polytrees  (or PT); thatis, a BIW network wherethe sub-
jacentgraphof G hasno cycles. Otherwise,a network is
said multiply-connected . Note that our de nition of
BIW networksis not,asusuallydone basedn xed induced-
width; rather we allow the induced-widthto vary with the
network size.

Credal networksgeneralizeBayesiannetworks by allow-
ing eachvariableto beassociatedvith setsof joint probability
measuresatherthansingleprobabilitymeasure§Canoetal.,
1993;Cozman20004. Suchgraph-theoreticahodelscanbe



viewed asBayesiametworkswith relaxed numericalparam-
eters;they canbe usedto study robustnessof probabilistic
models,to investicate the behaior of groupsof experts,or
to representncompleteor vagueknowledgeaboutprobabil-
ities. Setsof probability measuresre sufciently powerful
to represenbelieffunctions,possibilitymeasuregjualitative
probabilities andprobabilisticlogic statementshusoffering
a generallanguagehat cancorvey mary modelsof interest
in arti cial intelligence[Walley, 1994.

A set of probability distributions is called a credal set
[Levi, 1980. A credalsetfor X is denotedby K (X).
A conditional credal set is a set of conditional distribu-
tions, obtainedapplying Bayesrule to eachdistribution in
a credal set of joint distributions [Walley, 1991]. Given
a credal set K (X), the lower probability and the upper
probability of event A are de ned respectiely asP(A) =
minp(x Y2K(X) P(A) andP(A) = MaXyx)2k(x) P(A) We
assumehat, givena credalset, nding alower/uppermproba-
bility is apolynomialoperation.

De nition A credalnetwork is a pair (G; K), where: G =
(Ve ; Eg) is adirectedagyclic graph,with Vg acollectionof
verticesassociatedo randomvariablesX (a nodeper vari-
able),andEg acollectionof arcs;K is a collectionof con-
ditional credalsetsK (Xijpa(X;)), respectingthe relations
impliedby Eg.

We assumea Markov condition in credal networks: ev-
ery variable is independenbf its nondescendantsonpar
entsgivenits parents.In this paperwe adoptthe conceptof
strong independencehatis, the joint credalsetrepresented
by a credalnetwork is a setwhereeachvertex factorizesas
a Bayesiannetwork [Cozman,2000. Thuswe canreally
view acredalnetwork asa setof Bayesiametworks, all with
identical graphs. Credalnetworks canalso be classi ed as
polytree boundednduced-widthor multiply-connected.

3 Reasoning

In this sectionwe presentdecisionversionsof theinferences
we focusin this paper

De nition BN-Pr: given a Bayesiannetwork (G; P), evi-
denceE = ewith E p X, aqueryvariableQ 2 X nE and
its category g, andarationalnumberr, is P (qgje) > r?

Note the following distinctionbetweenMPE problemswith
orwithoutevidencehereasorfor thiswill beindicatedater:

De nition BN-MPE givena Bayesiametwork (G; P), evi-
denceE = ewith E p X andarationalnumberr, is there
aninstantiationx for X n E suchthatP(x; €) > r?

De nition BN-MPEe givenaBayesiametwork (G; P), ev-
idenceE = ewith E p X andarationalnumberr, is there
aninstantiatiorx for X n E suchthatP (xje) > r?

De nition BN-MAR given a Bayesiannetwork (G; P), ev-
idenceE = ewithE p X, asetQ p X nE andara-
tional numberr, is therean instantiationg for Q suchthat
P(qge) > r?

We introducethe maximina posteriori problem,which may
beof interestin applicationgnvolving game-theoretibeha-
ior with maximizersandminimizers[Kakadeetal., 2001]:

De nition BN-MmAP given a Bayesiannetwork (G;P),

someevidenceE = ewith E p X, thesetsA 4 X nE

andB p X nE, with A\ B = ; anda rationalnumber
r, is therean instantiationa for the A variablessuchthat
miny, P (a; bje) > r?

Thecorrespondingroblemsin CNarenow de ned.

De nition CN-Pr: givenacredalnetwork (G; K), evidence
E = ewith E p X, aqueryvariableQ 2 X nE andits
catgory g andarationalnumberr, is P (gje) > r?

In thisde nition we useupperqueriesput lower queriesnay
be of interesttoo. We can show that both querieslead to
identicalcompleity results:

Lemmal Evaluatingmaminal lower probabilitiesin CNis
ashard asevaluatingmaminal upperprobabilities.

Proof Supposeve have a CN-Pr with maginal queryQ =
g. Thecalculationof P (gje) canbedoneby insertingabinary
child Q°to Q, whereB(q‘iQ) = 1if Q 6 gqandO otherwise.
Now P(dje) = max  ,6,P(Qj€) = 1i P(gje). m

We now de ne maximinversionsof MPE andMAP in credal
networks(we couldalternatvely de ne maximaxversiongor
theseproblemswith possiblydifferentcompleities).

De nition CN-MARP given a credalnetwork (G; K), some
evidenceE = ewith E p X, asetQ u X nE andarational
numberr, is thereaninstantiationq for the Q variablessuch
thatP (qgje) > r?

CN-MPEe is obtainedwhen CN-MAPhasQ = X nE.
CN-MPEis CN-MPEewithout evidence thatis, Q = X. We
useabbreiationsto referto theseproblemge.g. PT-CN-Pr
is thebelief updatingproblemin a polytreecredalnetwork).

4 Complexity results

Table1l summarizeselevantcomplexity resultst We startby
explaining the origin of the resultsin this table (numbering
matcheshenumberdn thetable):

1. [Dechter 1994 describesalgorithmswith exponential
time compl«ity ontheinduced-widthof anelimination
order; [Eyal, 2001 shavs how to obtain a constant-
factor approximationto optimal order in polynomial
time for networks with boundeddegree and bounded
induced-widthby log(f (s)). Note that the resulthere
is sightly differentfrom the onein [Dechter 1994; we
refer to the actualinducedwidth of the graph,not the
inducedwidth of anordering.

2. [Roth, 1994 showvs compleity of functional version,
[Litmmanetal., 2001 takesthe decisionversion.

3. [Shimory, 1994 shaws (by reductionfrom the vertex
cover problem) that BN-MPE is NP-Complete,while
Theorem? shavs thatBN-MPEeis PP-Complete.

lWe assumehatthereadeiis familiarwith notionsof compleity
theory; for anintroductionsee[Papadimitriou,1994. Polynomial
time meangolynomialtimein thesizeof input. A reductionmeans
apolynomialtime reductionwhena problemis solvableby another
thereis areductionfrom theformerto thelatter



Problem Polytree Boundednduced-width Multiply-connected
BN-Pr Polynomial(1) Polynomial(1) PP-Completg2)
BN-MPE Polynomial(1) Polynomial(1) NP-Completd3)
BN-MPEe Polynomial(1) Polynomial(1) PP-Completg3)
BN-MAP | NP-Completg4) NP-Complete4) NPF-Complete(5)
BN-MmAP|| §5-Complete(6) §D-Complete(6) NPPP-Hard (7)
CN-Pr NP-Completg8) NP-Completg8) NP"P-Complete(9)
CN-MPE Polynomial(10) Polynomial(10) NP-Completg11)
CN-MPEe || §5-Complete(12) §P-Complete(12) §P-HardandPP-Hard(13)
CN-MAP || §5-Complete(12) §b-Complete(12) NP°P-Hard (7)

Tablel: Compleity results;numberdn parenthesisdicatetheitem thatdiscussesheresult.

4. [Park, 2004 reducesMAXSATproblemto BN-MAPIn
polytreesaresultthatcanbe extendedo BIW networks
as both problemsbelongto NP (given the polynomial
natureof BN-Pr in BIW networks).

5. [Park and Darwiche, 2004 by reduction from
E-MAJSAT.

6. Theorems.

7. Thecompleity of BN-MAPimpliesit.

8. Theorems3.

9. [Cozmanretal., 2004 by areductionfrom E-MAJSAT.

10. Theorenb.
11. Theorenb.
12. Theorem?.
13. BN-MPEandPT-CN-MPEe ensurdit.

In the context of Bayesiannetworks, the differencebe-
tweenMPEandMPEemayseemacademichbecausarny most
probableexplanationcan be found with BN-MPE However
the sameis not true for credal networks, where one can-
not nd a mostprobableexplanationwith evidenceby sim-
ply runninga versionof MPE— andnotethat CN-MPEand
CN-MPEedo display non-trivial differences.In fact, these
differencesvereour motivationfor differentiatingMPEfrom
MPEe The following theoremclari es the differencebe-
tweentheseproblemsfor Bayesiametworks.

Theorem2 BN-MPEeis PP-Complete

Proof Pertinenceés obtainedrom thefactthat,aftermaking
aPPqueryto nd P (e) (thisqueryis madeonce),we cande-
cidewhethera giveninstantiationx hasP (xje) > r in linear
time, by multiplying the probabilities.To shav hardnesswe
reducethe decisionproblem#3SAT(, 2"=2) toit, whichis
PP-Completé¢Bailey etal., 2001 andcanbestatedas: Given

hasno parentanduniform prior andC; hasthreeparentgthe
variablescontainedn the clause)with probabilitiesrespect-
ing the truth table for the clause. Furthermorewe inserta
dummybinarynodeY appearingion-ngatedin everyclause

(therewill be 2" instantiationswith fY = yg satisfyingA;
this ensureghat the formula is satis able). Now we solve

|
jv)

= if X1:::::X,:Y satis esA and0 otherwise

s3> implies that for-
mulaA(X ) is satis edby atleast2"=2 of all X instantiations.
Notethatif maxP (X;Yjc;::1;¢n) = ®and®> 53—,
tions, which implies that thereare lessthan 2"=2 instantia-
tionsof X satisfyingA(X ). &

Thehardnes®f PT-CN-Pr wasstatedoy [da Rochaand
Cozman 2004, but the prooftherewas a wed,andthe cen-
tral agumentusedzero probabilitiesand vertex-basedde-
scriptionin an essentialway. The following proof corrects
thesedif culties.

Theorem3 PT-CN-Pr
Complete

Proof Pertinencef BIW-CN-Pr (whichensurepertinence
of PT-CN-Pr ) is immediate,as choosinga vertex of each
credalsetwe have aBIW-BN-Pr problemto solve, whichis
polynomial. To shav hardnessve reducethe MAX-3-SAT
problemto PT-CN-Pr . It can be formulatedas follows:

and BIW-CN-Pr are NP-

is there an assignmentor the variablesthat satis esat least
k clauses?Initially we remove all clauseghathave both x;
andX; anddecremenk for eachelimination(becausehose
clausesarealreadysatis ed). For eachvariableX; we con-
structtwo nodes,namelyX; andS;. The formeris binary,
hasno parentsandrepresentthestateof X ; ; theprobabilities
P(Xi = xj)andP(X; = xj) arein[";1j "] (0< " < =1
is asmallconstant).Thelattermayassumen + 1 cateyories



Figurel: Polytreeusedin the network of Theorem3.

(from 0tom), hasS;; 1 andX; asparentsandis de ned by
P(Si = ¢Si; 1= ¢;x) 0if x; 2 C¢; or1otherwise
P(Si = ¢S 1= ¢Xy) 0if Xi 2 C¢; or1otherwise
P(Si = ¢Si; 1 8 ¢;Xj) Ofor X; 2 fXx;;Xig;

forc6 0. WhenS; = 0, we have:

P(Si: OjSiij_:C;Xi) = 1i P(Si:CjSiilz C;Xi)
P(Si = 0jS;; 1= 0;X;) = 1forX; 2 fxi;Xig:

The rules above guaranteecoherenyg in probabilities; note

thatwe includea dummynodeS, with P(Sp = ¢) = -1

for all c. Now, consideerjSn = ¢) forc 6 0. Notethat
P(Sh=¢) = P(So=1¢) ;P(S = ¢Si; 1 = ¢) because,
forc 8 0, everytimefS; = cgandfS;; 1 6 cg appear
togethemwe arele)tg to zero.Let A bede nedasfollows:

Ac;i = P(Si: CjSiilz C;Xi)P(Xi)I
>(iZf X\;ﬁg
We getP (S, = ¢) = ﬁQizf 1:on g Aci - Notethat A

may assumeahreevalues:A¢; = 1if X; doesnotin uence
Ce; Agi = "if X satisesC; andAg; = 1 "if X; does
not satisfyC.. We may concludethatif P(S, = ¢) - ® =

(Li ")?",thensomeX; satis ed C.. Furthermorewe know
thatif C. wasnotsatis ed,thenP (S, = ¢) =" = (1 ")5.
Note that® < ~. To nd out how mary clauseswere
not satis ed, we have to sgmover all categoriesof Sy, ob-
tainingP (S, = 0) = 1§ 5 1...mg P(Sn = ) andthus
P(Sn = 0) minimizesthis sum.We de ne

rh=[(m+ 1)1 P(Sa=0)i h]=(mi h):

andthencalculaterg;rq;::: untilr, - ®orh = mj 1.
We know that1j P(S, = 0) is the minimum sum of all
P (S, = ¢), for c 8 0. This sumis composedy two types
of terms: thosewhich are equalto =~ and thosewhich are
lessthanor equalto ® Sowhatwe areverifying with ry, is
whethertherearemorethanh termsof the sumthatareequal
to ™ or not. Thelastthing shouldbe notedis that" < —1

ensureghatif justonetermof thesumequalsto , thenthe
sumis greaterthanm®, thatis, if the sumis composedyy
m i 1 termsequalto "3 andjust oneequalto ~, it must
sumgreaterthanm®, becausene clausewas not satis ed.

" 1 ..
< 1 ensureshateverywhereit is necessaryfor ary h).

ThustheinferenceP (S, = 0) solvesMAX-3-SAT problem.
If rh, > ®forall0- h- mj 1,thennoclausewassatis ed.
Otherwiseh countshow mary clausesverenotsatis ed. ©

Becausef the reductionfrom MAX-3-SAT, we canstate
that thereis no polynomial time approximationschemefor
PT-CN-Pr (or BIW-CN-Pr ) unlessP=NPR

Remark The proof still holdsif we substituteall " by zero;
the proof becomessimpler but dependson events of zero
probability which may be incorvenient, as pointed out by
[zaffalon, 2003. Note alsothat the proof can be rewritten
usinginequalitiesinsteadof vertices,becausall credalsets
arein binarynodeg(pertinenceandhardnesstill hold).

It is known that CN-Pr is solvableby BN-MAR by conduct-
ing a CCM transformin a credalnetwork [Cozman,20004.

The following lemma presentsthe reverse connectionbe-
tweeninferencesn Bayesiarandcredalnetworks.

Lemma4 BN-MAPIs solvableby CN-Pr with joint queries
withoutchangingthetopolagy of thenetworkamongthethree
typesde ned.

binary chilg X ?to eachX; with P(X3X;) 2 [0; 1] andthe
constraint , P(xJX;) = 1. Now we have
max P(Xa;:iiXnje) =
After evaluatingP (x?;:::;x%je), we just have to look at
eachX °nodeandsetX; accordingo whichof theP (x%X;)
is equalto one(exactly onewill be).o

It shouldbe notedthat joint queriesare not more dif cult
thansinglemaninal queries:we have that CN-Pr with joint
queriesis still NPPP-Completeand BIW-CN-Pr  with joint
queriess still NP-Complete.

Theorem5 PT-CN-MPEandBIW-CN-MPEaresolvablen
polynomialtime

Proof It is enough to realize that theyinner min of
theBIW-CN-MPEquerymaxy minpok(xy ; P(Xijpa(xi))
factorizes, as the network is locally specied (note that
Xij's are consistenl\@jth the obsenation €). The optimiza-
tion becomesnax, ; P(xijpa(xi)), whichis equialentto
BIW-BN-MPE. o

Theorem6 CN-MPESs NP-Complete

Proof Hardnessis immediate, becauseBN-MPE is NP-
Completeandcanbetrivially transformedo a CN-MPE(we
just have to usecredalnetworks composedoy single prob-
ability densities). Pertinenceis reachedbecausegiven an
ass&gnmemx to the variables,the value of P(x) is given
by ~; P(xijpa(x;)). This holds becauseeachcredal set
K (xijpa(x;)) islocally speci ed. a

Theorem7 PT-CN-MPEeg, BIW-CN-MPEeg, PT-CN-MAP
andBIW-CN-MAPare all § 5-Complete

Proof Pertinencef themisimmediateasBIW-CN-MAPbe-
longsto § 5 (giventhe MAP variableswe geta BIW-CN-Pr
to solwe). To seehardnessve reduceto PT-CN-MPEe aver-
sionof QSAT, thatis § 5-Complete:Givena setof variables
n and a boolean3CNF
formulaA(X ) over thesevariables,is it true that, for all in-
stantiationsto the r stk variables,there is an instantiation
oftheremainingn j k thatsatis esA(X)?

Initially we constructa network similar to that of The-



assumingthe cateyoriesx;; Xj; 0;. Their probabilitiesare:
P(Xi=0q) = " and P(X; = xj), P(X; = Xj) belong
to [0;1i "], where0 < " < == is a small con-
stant. The probabilitiesof S; givenits parentsarethe same
as there, except wheni > k. In thesecaseswe have
P(Si = ¢S;; 1= c;0) = 0, forc6 0 (thecasewhenc= 0
remainsthe samethatis, equalsto 1).

Furthermore we add a dummy node Q with S, as par
entandP (gjS, = ¢) = Ofor c 6 0 and1l otherwise. We
will solvethePT-CN-MPEeproblemmaxP (X; Sjq), where
S = fSp;::;SpgandX = fXq;:::;Xh0. Let X1 be

P(qiS)P(SiX)P(XT)P(X™).
P(a) '

First note that the given q forcesS,, = 0 to geta non-
zeroprobability Furthermorefor all instantiations<i ; x* ;s
of the variables, there is anotherinstantiationwith s® =
f8iS; = 0g thathasits probability greaterthanthe former,
thatis, P(x' ;x*;s%q) > P(xi ;x*;sjq). This holdsbe-
causethe S; nodesarenot credalandthe conditionalproba-
bilites P(S; = QjS;; 1 = 0) areequalto 1, for all i. Thuswe
know thatthe solutionof the MPEeproblemwill be attained
in aninstantiationwhereall S; aresetto 0. Besideghat, we
have thatchoosingthe cateyory o; for all X * variableslead
usto greaterprobabilitiesthanif we chooseary other That
is,

i ¢
P'Xi;X*:Sjq

max Pixi (Xt Sj ¢ maxPiXi ; 0;Sj ¢.
X i ’X " ’S L L 7 Jq X ; i 1 7 ]q 1
whereo denotesf X; =
s denoted8i S; = 0g. If we choosea cateyory different
from o, whene&er possible the maximumprobability would
not reachthe samevalue (in factit will be zero, because
P(X; 6 ¢g) 2 [0;1; "], andthusit mayassumealuezero).

; ¢ _1 wnikp(xi
P'Xi0siqg = mg X1 :
1 c60 P(Sh = ©)

When nding P(X 1 ;0;sjq), thenumeratoP (X i ) will be-
come"K, becausery solutionthatdoesnotmake P (X i ) =
"k will notbeaminimumfor P(X i ;0;sjg) (remembethat
" < —1-). This holds becausgqust one X i variableus-
ing theextremepoint (1 j ") insteadof " is enoughto make
P(X ;o0;sjqg) toolarge:
_1_nnj knk
m+1

1i R 1; RO
phere R and RO are ary possible values for the sum

60 P (Sn = c) thatappearsn the denominatoi(notethat
thesesumsarerestrictedin [0; -] by the probabilitiesof
thenetwork).

Summarizingall S variablesin the solutionof MPEeare
setto zero,all X * variablesare setto o, and the instanti-
ation chosenfor X makesP (X i) = "k, which implies
thatif x; belongsto theinstantiationof X i , thenP (x;) = "
andP(Xj) = 1 " (theoppositecaseis analogous).This
meandhattheverticesof thecredalsetsof theX | nodesare

ﬁnni k"ki 1(1| u)

completely x ed by the instantiationchosen. Thusthe only
credalsetsthatcan oat in thedenominatoarethe X * vari-
ables(S; variablesarenotcredalandX i arealready x edas
indicated).So,processindhe MPEewe have

iy ¢ el
P X1;0sjq = gt -
1i min 4, P(Sh =10
where min P 60 P(Sn = ©) is evaluatedover all possible

verticesof the X * credalsets(we know thatP (X; = o) is
setto ", but the probabilitiesP (X; = x;) andP (X = Xj)
mayvary betweer0andl; ").

TheformulaA(X ) will besatis edby X I andX * if the
sum g P(Sh = 0 islessthan; = (1§ ")?"(1
")ni K (this is the maximumvaluethata satis ed A(X ) may
assume).All unsatis edformulasleadto greatervalues. In
fact the smallestvalue that a unsatis edformula implies in
the sumis greaterthant, = (1 ")"i k¥*3 Notethat
> 4.

If we querythe PT-CN-MPEe problemmaxP (X; Sjq)
with r = —1- " andgeta negative answer thenfor all
instantiationgo X i , thereis aninstantiationto X * thatsat-
isfy A(X) (thatis, the sumis boundedby #,). If theanswer
is positive, thentheredoesexist aninstantiatiorto X i where
noinstantiationto X * canmake A(X ) satis ed. o

Theorem8 PT-BN-MmAP and BIW-BN-MmAP are §5-
Complete

Proof Pertinenceof BIW-BN-MmAP (which ensuregerti-
nenceof PT-BN-MmARB is trivial. Given a instantiationfor
the MAP variableswe needto solve aminimizationover the
Y variableswhichis NP-Completgseeit asa BIW-CN-Pr
usingLemmad4). Hardnes®f PT-BN-MmAP(which ensures
hardnes®f BIW-BN-MmAB is reachedy areductionfrom
anothewersionof QSAT, thatis § 5-Complete:Givena setof
n anda boolean
3DNFformulaA(X ) overthesevariables,is there aninstan-
tiation to the r stk variablessud that, for all instantiations
of theremainingn j k, A(X) is satis ed?

We construciagain a network following theideasof Theo-
rem 3. It includesa binary nodeto eachX;, without parents
andwith uniform prior. Therearen nodesS; with parents
S;; 1 andX;. They havem + 1 catggoriesandarede ned as

< if X; 2 clausec
if Xi 2 clausec

otherwise

P(Si

CSi; 1 = CXi)

|
Nk O

P(Si = ¢Si; 1 6 ¢;xj) 0:
The conditionalprobabilitiesof S; givenX; arede ned anal-
ogously Theprobabilitiesof P(S; = 0jS;; 1; Xi) ensurdahat
they sumexactly 1, as donein Theorem3. Furthermore,
P (Sp) hasuniform prior andwe insertan additionalbinary
nodeQ with S, asparenthaving P(qjS, = ¢) = 1ifc6é 0
andO otherwise.

sP(giX)

So,we havethatP (X jq) = B is equalto
, P Q" q
_ (mezn o0, ifci _ g0 i Aci
= PG =
(mTl) 2 m



P
whereAc; = X, P(Si = ¢Si; 1= ¢;Xi)P(X;) fori 2
able it representgeniesthe clausec. The numeratorof
P (X jg) sumshow mary clausesaresatis ed by theinstanti-

ationof X variables.Let X i

given the instantiationfor the X i variables,thereis an as-
signmentto X * variablesthat candery A(X). This way,
questioningif PT-BN-MmAPproblemwith MAP variables
X' andevidenceq (which maximizesminy « P(Xjq)) has
non-zeroansweris enoughto solve the QSAT problem.
GiventhisX i instantiationall X * will satisfyA(X). o

5 Conclusion

We can summarizethe contritutions of this paperas fol-
lows. ConcerningBayesiannetworks, we have rst intro-
duceda more generalde nition of boundedinduced-width
networks(demonstratinghatmary problemswvhereinduced-
width actually grows with the network remainpolynomial),
andwe have shavn the differencebetweerthe BN-MPEand
the BN-MPEe problems. More importantly we have intro-
ducedthe MmAPRproblemand presentedts compleity. A
possibleimprovementof our resultswould be to presenta
completeneseesultfor multiply-connectedhetworks.

Our most signi cant results pertainto credal networks,
with direct implicationsto modelsthat handleinterval and
setprobabilities belief functions,possibility measuresqual-
itative probabilities,and families of probabilisticlogic. We
have clari ed the sofar unexploredcompleity of CN-MPE
CN-MPEe and CN-MAPR The polynomial character of
CN-MPEin somecasess rathersurprising.

There are several interesting problems still to be ex-
plored. For example,binary networks (Bayesiarandcredal)
could display lower compleity thantheir non-binarycoun-
terpartsin problemssuchas PT-BN-MAP, BIW-BN-MAP
and BIW-CN-Pr . Theseproblemsbelongto NP and are
clearly related,but are there polynomial time algorithmsto
solve them? We conjecturethereare not, even aswe note
that thereis a polynomial algorithmto solve CN-Pr in bi-
nary polytreed FagiuoliandZaffalon,1994.
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