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Abstract

Methodsdevelopedfor thequalitativesimulationof
dynamicalsystemshave turnedout to bepowerful
tools for studyinggeneticregulatorynetworks. A
bottleneckin the applicationof thesemethodsis
the analysisof the simulationresults. In this pa-
per, we proposea combinationof qualitative sim-
ulationandmodel-checkingtechniquesto perform
this tasksystematicallyandef�ciently . We apply
our approachto the analysisof the complex net-
work controlling the nutritional stressresponsein
thebacteriumEscherichia coli.

1 Intr oduction
Qualitativesimulationaimsat makingpredictionsof thebe-
havior of dynamicalsystemsin theabsenceof detailed,quan-
titative informationon parametervaluesandfunctionalrela-
tions[Kuipers,1994]. Theideaof qualitative simulationhas
attractedmuch interestin the context of a biological appli-
cation, the analysisof geneticregulatory networks, that is,
the networks of regulatoryinteractionsbetweengenes,pro-
teins,andsmall moleculesunderlyingthe developmentand
functioningof all living organisms.On theonehand,mathe-
maticalmethodssupportedby computertoolsareindispens-
ablefor theanalysisof geneticregulatorynetworks:mostnet-
worksof interestinvolvemany genesconnectedthroughcom-
plex feedbackloops,thusmakingan intuitive understanding
of their dynamicsdif�cult to obtain. On theotherhand,nu-
merical simulation methodsare dif�cult to apply, because
only a few networks are well-understoodon the molecular
level, andquantitative informationon the interactionsis sel-
domavailable.

We have previously developeda method for the quali-
tative simulation of genetic regulatory networks [de Jong
et al., 2004b]. This method differs from traditional
approachestowards qualitative simulation in that it has
been tailored to a class of piecewise-linear (PL) differ-
ential equations with favorable mathematicalproperties
[Glass and Kauffman, 1973]. This allows it to deal
with large and complex networks of regulatory interac-
tions. The qualitative simulation methodhas beenimple-
mentedin a publicly-available computer tool, called Ge-
netic Network Analyzer (GNA) [de Jong et al., 2003].

GNA has beenusedto analyzeseveral geneticregulatory
networksof biologicalinterest(e.g., [deJonget al., 2004a]).

Givena modelof a geneticregulatorynetwork, theabove
qualitative simulation method producesa state transition
graph,consistingof qualitativestatesandtransitionsbetween
qualitativestates.Thegraphdescribesthepossiblequalitative
behaviors of the network. Whensimulatinglarge andcom-
plex geneticregulatory networks, the statetransitiongraph
usuallyconsistsof hundredsor even thousandsof states,as
a consequenceof which the analysisof the graphby visual
inspectionalonebecomeserror-proneor evenpracticallyin-
feasible. In order to analyzelarge statetransition graphs,
previouswork in qualitative simulationhasproposedtheuse
of model-checking techniques[Brajnik and Clancy, 1998;
ShultsandKuipers,1997]. Thesetechniquesallow for the
ef�cient veri�cation of propertiesof discretetransitionsys-
tems[Clarkeet al., 1999].

Theaimof thispaper, extendingpreliminaryideasin [Batt
et al., 2003], is to demonstratethe effectivenessandpracti-
calapplicabilityof thecombineduseof qualitativesimulation
andmodelcheckingfor the analysisof largestatetransition
graphsproducedby thequalitativesimulationof geneticreg-
ulatorynetworks. In particular, we show how statetransition
graphscanbereformulatedasso-calledKripke structureson
whichpropertiesof thebehavior of thenetwork, expressedin
temporallogic, canbeveri�ed. In addition,wepresentanew
implementationof GNA thatconnectsthequalitativesimula-
tor to state-of-the-artmodelcheckers.

We have appliedtheabove approachto theanalysisof the
complex regulatorynetwork controllingthenutritionalstress
responsein thebacteriumEscherichia coli. Amongotherre-
sults,theuseof model-checkingtoolshasallowedthecharac-
terizationof cyclesin a largestatetransitiongraphobtained
throughqualitative simulationof the network. The cycles
correspondto biologically-importantphenomenathatarecur-
rentlybeingexperimentallytestedin our laboratory.

In the next sectionof this paper, we brie�y review the
qualitativemodelingandsimulationof geneticregulatorynet-
works.Thiswill setthestagefor adiscussionof thecombined
useof qualitative simulationandmodel-checkingtechniques
in the third section. The applicationof this approachto the
analysisof thenutritionalstressresponsenetwork is thesub-
ject of the next section. We �nish with a discussionof the
approachin thecontext of relatedwork.



2 Qualitati vemodelingand simulation of
geneticregulatory networks

Thedynamicsof geneticregulatorynetworkscanbemodeled
by a classof piecewise-linear(PL) differentialequationsof
thefollowing generalform [GlassandKauffman,1973]:

_x = h(x ) = f (x ) � g(x ) x ; (1)

wherex = (x1; : : : ; xn )0 2 
 is a vectorof cellularprotein
concentrations,f = (f 1; : : : ; f n )0, g = diag(g1; : : : ; gn ), and

 � Rn

� 0 is a boundedn-dimensionalphasespacebox. The
rateof changeof eachproteinconcentrationx i , i 2 f 1::ng,
is thusde�ned asthedifferenceof therateof synthesisf i (x )
andtherateof degradationgi (x ) x i of theprotein.

The function f i : 
 ! R� 0 expresseshow the rate of
synthesisof the protein encodedby genei dependson the
concentrationsx of the proteinsin the cell. More speci�-
cally, thefunctionf i is de�ned asa sumof termshaving the
generalform � l

i bl
i (x ), where� l

i > 0 is a rateparameter, and
bl

i : 
 ! f 0; 1g a piecewise-continuousregulationfunction
de�ned in termsof stepfunctionss+ ands� :

s+ (x i ; � i ) =
�

1; if x i > � i ;
0; if x i < � i ;

ands� (x i ; � i ) = 1� s+ (x i ; � i );

wherex i is anelementof thestatevectorx and� i aconstant
denotinga thresholdconcentrationfor x i .

Thefunctiongi expressingtheregulationof proteindegra-
dationis de�ned analogously, exceptthatwe demandthatgi
is strictly positive. Noticethatwith theabovede�nitions, h is
a piecewise-linear(PL) vector-valuedfunction. An example
of a simplegeneticregulatorynetwork and its PL model is
shown in Figure1(a)-(b).

The useof step functionss� (x i ; � i ) in (1) gives rise to
complications,becausethe step functions are discontinu-
ous at x i = � i , and thereforeh is discontinuouson � =S

i 2 [1::n ];l i 2 [1::p i ]f x 2 
 j x i = � l i
i g, theunionof thethresh-

old hyperplanes.In orderto dealwith thisproblem,following
anapproachwidely usedin controltheory, weextendthedif-
ferentialequation(1), de�ned on 
 n � , to the differential
inclusion

_x 2 H (x ); (2)
de�ned on 
 , whereH (x ) is thesmallestclosedhyperrect-
angularsetcontainingthesetof all limit valuesof h(y ), for
y 62� andy ! x [Gouźe andSari, 2002;de Jonget al.,
2004b;Batt et al., 2005]. A solutionof the differential in-
clusion(2) on a time interval I is an absolutely-continuous
vector-valuedfunction� (t) suchthat _� (t) 2 H (� (t)) almost
everywhereon I .

Formally, we de�ne the PL system � as the triple
(
 ; � ; H ), that is, the set-valuedfunction H given by (2),
de�ned on then-dimensionalphasespacebox 
 , with � the
union of the thresholdhyperplanes.Also, we denoteby � �
thesetof all solutions� (t), on a �nite or in�nite time inter-
val, of the differential inclusion (2), that reachand leave a
thresholdhyperplane�nitely-many times.

The mathematicalanalysisof PL systemshasshown that
mereknowledgeof the relative order of thresholdparame-
tersandratiosof synthesisanddegradationparameters,de-
scribing the local strengthof geneexpression,is suf�cient

for the de�nition of a �nite partition D of the phasespace

 into hyperrectangularregions,calleddomains. This parti-
tion is suchthat the derivativesof the solutionsin eachdo-
main have a uniquesign pattern(Figure1(b)-(d)). Thedef-
inition of thesignpatternS(x ) for a point x in a domainD
is complicatedby the fact that the solutionof a differential
inclusionis in generalnotunique.In particular, if x liesona
thresholdhyperplane,H (x ) is multi-valued,andseveralsolu-
tions� (t) maypassthroughx with differentderivativesigns.
We thereforede�ne S(x ) = f sign ( _� (tx )) j � 2 � � in D ;
� (tx ) = x ; and _� (tx ) 2 H (� (tx ))g. We have proven that
S(x ) is thesamefor everyx 2 D [Batt etal., 2005].1

Using the domainpartition D of the phasespace
 , to-
getherwith the above qualitative characterizationof the dy-
namicsin eachof thedomains,we candiscretizethecontin-
uousdynamics.In theresultingabstractdescription,thestate
of the systemis representedby a domain,and thereexists
a transitionfrom a domainD to a domainD 0, if andonly
if thereexists a solutionreachingD 0 from D, without leav-
ing D [ D 0. This leadsto the introductionof the so-called
qualitative transition system, � -QTS = (D; ! ; � ; j= � ),
whereD is the setof all domains,! � D � D is a transi-
tion relationdescribingall transitionsbetweenthe domains,
� = f Dsign = S j S 2 2f� 1;0;1gn

g is a setof propositions
describingthederivativesignpatterns,andj= � � D � � is a
satisfactionrelationthatassociatesto eachdomaina qualita-
tivedescriptionof thedynamicsof thesystemin thedomain,
de�ned by D j= � Dsign = S iff for all x 2 D : S(x ) = S.

The graphrepresentationof the qualitative transitionsys-
tem, G = (D; ! ), is called a statetransition graph. The
domainsarealsocalledqualitativestates. A qualitative state
D is calledinstantaneous, if nosolutionremainsin D longer
thana time instant,andpersistent, otherwise.Moreover, it is
a qualitativeequilibrium state, if D j= � Dsign = S, with
0 2 S, sincethenfor every x 2 D, � (t) = x is a solution.
Thestatetransitiongraphfor theexamplenetwork is shown
in Figure1(e). A pathin thegraphdescribesa possiblequal-
itativebehavior of thesystem(Figure1(f)).

In [Battetal., 2005], thequalitativetransitionsystemis de-
�ned asthe discretequotientof a continuoustransitionsys-
tem having the samereachabilitypropertiesas the original
PL system� , given the equivalencerelationinducedby the
partitionD. Usingstandardresultsfrom hybrid systemsthe-
ory [Alur et al., 2000], it directly follows that thequalitative
transitionsystem� -QTS is a conservativeapproximationof
� , in thesensethatif asolution� of thePL system� , de�ned
on sometime interval I , passesthroughthetime-orderedse-
quenceof domains(D 0; : : : ; D m ), then(D 0; : : : ; D m ) is a
path in � -QTS. On the otherhand,it may happenthat no
solutionof � passesthrougha sequenceof domainscorre-
spondingto apathin � -QTS.2

Simplerulesexploiting thefavorablemathematicalproper-
tiesof theclassof PL modelshavebeenformulatedsuchthat
the qualitative transitionsystemcan be symbolically com-

1In previouswork [deJonget al., 2004b], a coarser-grainedpar-
tition of 
 is used,for which this propertydoesnothold.

2In the terminology of qualitative simulation, the method is
soundbut incomplete.
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Figure1: Qualitative simulationof a two-genenetwork. (a) Graphicalrepresentation(legendin Figure3(a)). Geneb encodes
proteinB, which inhibits genea expression,thatis, proteinA synthesis.(b) Model consistingof PL differentialequationsand
parameterinequalities.xa andxb aretheproteinconcentrations,� a and� b (
 a and
 b) thesynthesis(degradation)ratesof the
proteins,and� 1

a , � 2
a , and� b thresholdconcentrations.Theseconddifferentialequationstatesthatthesynthesisrateof proteinB

is � b if xa is below � 1
a , and0 if xa is above� 1

a , andthatits degradationrateis 
 bxb. Theparameterinequalitiesfor proteinB state
thatgeneb may inhibit genea expression,becausewhensynthesized,proteinB concentrationtendstowardsthe level � b=
 b,
for whichs� (xb; � b) = 0. (c) Domainpartitionof thephasespace
 : D = f D 1; : : : D 27g. (d) Sketchof the�o w in 
 showing
the unicity of the derivative sign patternin eachdomain. Dots denoteequilibrium points. (e) Graphrepresentationof the
qualitative transitionsystem,� -QTS. Dotsdenoteself-transitions.(f) Temporalevolution of theproteinconcentrationsin the
path(D 1; : : : ; D 6). Arrowsindicatethederivativesignsin persistentstates(" for S = f 1g; # for S = f� 1g; � for S = f 0g).

putedfrom aPL modelof thenetwork anda setof parameter
inequalitiesde�ning therelativeorderof theparameters[Batt
et al., 2005]. Theimplementationof theseruleshasresulted
in a new versionof thecomputertool GeneticNetworkAna-
lyzer(GNA), availableat http://www-helix.inrialpes.fr/gna.

3 Analysisof geneticregulatory networks by
model checking

Models of geneticregulatory networks of biological inter-
est may producelarge statetransitiongraphs,thus making
manualanalysisof dynamicalpropertieserror-proneor even
practicallyinfeasible.To addressthisproblem,weproposeto
combinethequalitativemodelingandsimulationmethodout-
linedabovewith techniquesfor modelchecking[Clarkeetal.,
1999]. Thesetechniquesallow for theef�cient veri�cation of
propertiesof thebehavior of discretetransitionsystems,ex-
pressedasformulaein sometemporallogic.

Various model-checkingframeworks exist, differing by
their expressiveness,user-friendliness,andcomputationalef-
�ciency. For the sake of clarity of exposition,we focuson
oneparticularframework in this paper, in which thediscrete
transitionsystemtakes the form of a Kripke structure, and
thebehavioral propertiesareexpressedin ComputationTree
Logic (CTL) [Clarke et al., 1999]. However, we emphasize
that our approachis not restrictedto CTL model-checking,
andallowsother, moreexpressive temporallogicsto beused
aswell (Section3.3).

3.1 Translatequalitati ve transition systeminto
Kripk estructure

As a preliminarystep,we introducea setof atomicpropo-
sitions, AP , to describethe stateof the system. More pre-
cisely, the set of atomic propositionswe use consistsof
simple expressionsdescribinga proteinconcentration(e.g.,
value x i = � i , value x i < � i =
 i ), the sign of its derivative
(e.g., dsign x i = f 1g), or the type of a state(type = pers,
type = inst , type = eq, for persistent,instantaneous,and
equilibrium state,respectively). The setof atomicproposi-
tionsfor thetwo-geneexampleis shown in Figure2(a).

We de�ne theKripke structure over AP correspondingto
� -QTS as� -KS = (D; ! ; j= AP ), wherej= AP � D � 2AP

is thesatisfactionrelationassociatingto every domainD the
atomicpropositionsthathold in D . Theexistenceof at least
onesolution� onsometimeinterval [0; � ], � > 0, with initial
condition� (0) = x 0, for every x 0 2 
 , guaranteesthat !
is total (i.e., every statehasa successor),which is required
for Kripke structures.TheKripke structurefor thetwo-gene
exampleis shown in Figure2(b).

3.2 Expressdynamical propertiesin temporal
logic

CTL formulaeareinterpretedwith respectto a Kripke struc-
ture. A CTL formula is built uponatomicpropositions.The
usualoperatorsfrom propositionallogic, such as negation
(: ), disjunction(_), conjunction(^ ), and implication (! ),
canalsobeused.In addition,CTL providestwo typesof op-



(a) AP = f value xa = 0; value xa > 0; : : : ; dsign xa = f� 1g; dsign xa = f 0g; : : : ; type= inst ; type= eq g:

(b) � -KS = (D; ! ; j= AP ); with

� D = f D 1 ; D 2 ; D 3 ; : : : ; D 27 g;

� ! = f (D 1 ; D 1); (D 1 ; D 2); (D 1 ; D 11 ); (D 1 ; D 12 ); : : : ; (D 27 ; D 26 ) g;

� j= AP = f (D 1 ; value xa � 0); (D 1 ; value xa < � 1
a ); : : : ; (D 1 ; dsign xa = f 1g); (D 1 ; dsign xb = f 1g); (D 1 ; type= pers);

(D 2 ; value xa = � 1
a ); : : : ; (D 2 ; type= inst ); : : : ; (D 27 ; value xa > � 2

a ); : : : ; (D 27 ; type= pers) g:

(c) Biologicalproperty CTL formula D 0 NuSMV resultanddiagnostic
� Thenetwork reachesastatein whichbothproteinconcentrations
increase,andfrom thatstateonwards,asecondstatein whichpro-
teinA concentrationincreasesandthatof proteinB decreases
� The network will inevitably reachan equilibrium statewhere
proteinA hasvanished
� A high level of proteinB guaranteestheeventualdisappearance
of proteinA

EF (dsign x a = f 1g ^ dsign x b = f 1g ^
EF (dsign x a = f 1g ^ dsign x b = f� 1g))

AF ( typ e = eq ^ value x a = 0)

A G (value x b > � b ! AF value x a = 0)

f D 1 g

f D 1 g

D

True: (D 1 ; D 3 ; D 5 ; D 7 ; D 6 )
(witness)

False:(D 1 ; D 3 ; D 5 ; D 7 ; D 6 )
(counterexample)

False:(D 25 ; D 13 ; D 5 ; D 7 ; D 6 )
(counterexample)

Figure2: Veri�cation of propertiesof thetwo-genenetwork in Figure1. (a)Setof atomicpropositionsAP . (b) Kripkestructure
� -KS overAP correspondingto thequalitativetransitionsystem� -QTS shown in Figure1(e). (c) Biologicalproperties,with
theirCTL translation,their truthvaluein � -KS for thesetof initial statesD0, andadiagnostic(witnessor counterexample),as
computedby NuSMV.

erators:pathquanti�ers, E andA , andtemporaloperators,
suchasF andG. Pathquanti�ers areusedto specifythata
propertyp holdsfor some(E p) or every (A p) pathstarting
from a given statein the Kripke structure.Temporalopera-
torsareusedto specifythat,givena stateanda pathstarting
from thatstate,apropertyp holdsfor some(F p) or for every
(G p) stateof the path. Eachpathquanti�er mustbe paired
with a temporaloperator[Clarkeet al., 1999].

A variety of biologically-interestingpropertiesof the dy-
namicsof a geneticregulatorynetwork canbe expressedin
CTL [Chabrier-Rivier et al., 2004]. Typical questionscon-
cernthepossibilityor theinevitability for thenetwork to reach
somestate(s),theabsenceor theuniversality of someprop-
erty, andresponseor precedenceproperties(i.e., apropertyis
alwaysfollowedor precededby someotherproperty).Some
examplesaregivenfor the two-genenetwork in Figure2(c).
More generally, thesepropertiescanbe usedfor testingthe
validity of amodelgivenexperimentaldata,or understanding
how thedynamicsof a systememergesfrom theinteractions
betweenits components.

3.3 Check if modelsatis�es dynamical properties
The model-checkingproblemconsistsin verifying whether
a temporal-logicformulaholdsin thediscretetransitionsys-
tem at the initial state(s). Highly-ef�cient algorithmshave
beendevelopedandimplementedin modelcheckersfor au-
tomatically solving this problem. Two widely-usedmodel
checkersareNuSMV [Cimatti et al., 2002] andEvaluator, a
componentof theCADP toolbox [MateescuandSighireanu,
2003]. NuSMV is anef�cient, state-of-the-artmodelchecker
for CTL, whereasEvaluatoris an on-the-�y modelchecker
for the regular alternation-free� -calculus,a temporallogic
basedon regularexpressions.Thealgorithmiccomplexity of
thesetools is linear in the sizeof the transitionsystemand
theformula. In additionto ayes/noanswer, thetoolsreturna
diagnostic,eithera witnessor a counterexample,depending
onwhetherthepropertyholdsor not.

In orderto combineour qualitative simulatorwith model-
checkingtools, we have integratedexport functionalitiesin
GNA. The text �les generatedby GNA canbe importedin

themodelcheckers,afterwhich theveri�cation of theprop-
ertiesof interestcontinuesin the environmentof the latter
tools. Figure2(c) illustratestheveri�cation of someproper-
tiesof the two-genenetwork. Fairnessconditions[Clarke et
al., 1999] have beenusedto ensurethat attractors(equilib-
rium states,stronglyconnectedcomponents)areeventually
reached(notshown).

Recall that the qualitative abstractionused to obtain
� -QTS from� is aconservativeapproximation.Canthecon-
clusionsdrawn from theveri�cation of apropertyon � -QTS
(or morepreciselyon � -KS) be transposedto � ? If every
pathin � -QTS satis�esa property, thenfrom theconserva-
tiveness,acorrespondingpropertyholdsfor everysolutionof
� . Conversely, if a propertyholdsfor somepathin � -QTS,
then,sincethispathmaybespurious,thecorrespondingprop-
erty may hold for no solutionof � . Onecande�ne the set
of temporal-logicformulaesuchthat, if a propertyholds in
� -QTS, it doessoin � . In theCTL model-checkingframe-
work, this setis thesetof formulaethatcanbeexpressedin
thetemporallogic called8CTL [Grumberg andLong,1994].

4 Application: Analysisof the nutritional
stressresponsein E. coli

In caseof nutritional stress,an E. coli populationabandons
exponentialgrowth andentersa non-growth statecalledsta-
tionary phase. This growth-phasetransitionis accompanied
by numerousphysiologicalchangesin thebacteria[Huisman
et al., 1996]. On the molecularlevel, this transitionis con-
trolled by a complex geneticregulatorynetwork integrating
variousenvironmentalsignals.A network includingsix genes
believedto playakey role in thenutritionalstressresponseis
shown in Figure3(a)[Roperset al., 2004].

A PL modelof seven variableshasbeenconstructed,one
protein concentrationvariablefor eachgeneand one input
variablerepresentingthepresenceor absenceof a nutritional
stresssignal. Seven differentialequationsand forty param-
eter inequalitiesdescribethe dynamicsof the system(Fig-
ure 3(b)). Using the new versionof GNA, we have simu-
latedtwo phenomena,namelynutrientstarvation,causingthe
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(c) Biologicalproperty CTL formula D 0 NuSMV result Time

� “The transcriptionof cya is negatively regulatedby cAMP and
CRP” [Kawamukaietal., 1985]

� “ rrn [P1] transcription increasesindependentlyof Fis [. . . ]
following [nutrient]upshift” [Applemanet al., 1998]

A G (value x crp > � 3
crp ^ value x cya > � 3

cya ^
value u s > � s ! EF dsign x cya = f� 1g)

E (value x �s > � 3
�s

U (value x �s > � 3
�s ^ dsign x rrn = f 1g))

f D s g

f D u g

True

False

< 0:1s:

< 0:1s:

Figure3: Network of key genes,proteins,and regulatory interactionsinvolved in the nutritional stressresponsein E. coli
[Roperset al., 2004]. (b) PL differentialequationandparameterinequalitiesfor theproteinFis. (c) Someexpectedproperties
of the network. Their translationinto CTL and interpretationarenot detailedhere. U is the standardCTL operatorUntil
[Clarkeet al., 1999]. D s andD u correspondto theinitial statesfor nutrientstarvationandnutrientupshift,respectively.

transitionfrom exponentialto stationaryphase,andnutrient
upshift, leadingto the reentryinto exponentialphase. The
simulationresultshavebeenanalyzedby meansof themodel-
checkerNuSMV, usingtheexport functionalityof GNA. Be-
low, wegivesomeexamples.

The simulationof a nutrientstarvationhasgivenrise to a
statetransitiongraphof 66states(27of whicharepersistent),
computedin lessthan 1 s. on a PC (800 MHz, 256 Mb).
The graphcontainsa singleequilibriumstatecorresponding
to stationary-phaseconditions.Are thepredictionsobtained
from themodelconsistentwith experimentaldata?In [Azam
etal., 1999], themeasuredconcentrationof theglobalregula-
tor Fis is shown to decreaseandbecomesteadyin stationary
phase,which is characterizedby a low concentrationx rrn of
stableRNAs:

EF (dsign x �s = f� 1g^
EF (dsign x �s = f 0g ^ value x rrn < � rrn ))

(3)

Theveri�cation of (3) takesafractionof asecondto complete
and shows that the observed temporalevolution of the Fis
concentrationis reproducedby themodel.

Wehavealsostudiedthereentryinto exponentialphaseaf-
ter a nutrientupshift. Using the samemodelasabove, but
startingthesimulationfrom thequalitative statecharacteriz-
ing stationary-phaseconditionsandwith thenutritionalstress
signal switchedoff, qualitative simulationresultsin a state
transitiongraphof 1143states(202of which arepersistent),
generatedin 1.7 s. Thegraphcontainsseveralstronglycon-
nectedcomponents(SCCs). Oneof theseSCC,containing
222 states,canbe reachedfrom all statesin the graph. The
qualitative transitionsystemsatis�estheproperty

A G(statesInSCC ! A GstatesInSCC); (4)
wherethepredicatestatesInSCC is satis�edby all andonly
statesin theSCC.Thatis, if thesystemhasreachedthisSCC,

it alwaysremainsin it. Checkingthis propertyby visual in-
spectionis tediousand error-prone,while it takes NuSMV
only 3.3 s. Furthermathematicalanalysishasrevealedthat
thecyclic pathscorrespondto solutionsspiralinginwardsto
an equilibrium point [Roperset al., 2004]. In otherwords,
during the reentryinto stationaryphase,the concentrations
of someof the proteinsoscillatetowardsa new equilibrium
level. This is asurprisingresult,which is currentlysubjectto
experimentalveri�cation in our laboratory. We alsochecked
a dozenof otherproperties,two of which areshown in Fig-
ure3(c).

5 Discussion
We proposea combination of qualitative simulation and
model-checkingtechniquesfor the analysisandveri�cation
of qualitative modelsof geneticregulatorynetworks. Model
checkershelpin dealingwith theproblemthatthestatetransi-
tion graphsgeneratedby qualitative simulationmaybecome
prohibitively large. They permitcomplex dynamicalproper-
ties,whoseveri�cation defeatsmanualanalysiscapabilities,
to beef�ciently andreliablychecked.Theanalysisof thege-
netic regulatorynetwork composedof key genesinvolvedin
the nutrientstressresponsein E. coli illustratesthe applica-
bility of theapproach.

Model-checkingtechniqueshave been used before for
analyzing biological networks. Most approachesstart
from discretemodels,suchasconcurrenttransitionsystems
[Chabrier-Rivier et al., 2004] andBooleannetworks[Bernot
et al., 2004]. In this paperwe show that model-checking
techniquescanalsobe usedfor moreconventionalcontinu-
ousmodels,in particulardifferentialequationmodels,when
using qualitative abstractionsto discretizethe dynamicsof
the system. In comparisonwith ideasalong the sameline



[Brajnik andClancy, 1998; Shultsand Kuipers,1997], our
approachis adaptedto a particularclassof PL differential
equationswith favorablemathematicalproperties,allowing
the developmentof tailoredalgorithmsthat scaleup well to
modelsof largeandcomplex geneticregulatorynetworks.

The model-validationapproachof this paperhasbeenil-
lustratedin the context of CTL model checking. While
CTL allows a variety of biologically-meaningfulproperties
to be expressed,somepropertiesfall outsideits scope. For
instance,in Section4 we would have liked to be able to
expressthe occurenceof oscillations in someof the pro-
tein concentrationsafter a nutrient upshift. The formula
EG (p! F: p ^ : p! Fp) expressesthis property, wherep
meansthat theconcentrationof someproteinis above a cer-
tain threshold.Unfortunatelyit is not a CTL formula andit
doesnotadmitany CTL equivalent[ClarkeandDraghicescu,
1988]. However, thepropertycanbeexpressedin � -calculus
andevaluatedusingXTL, a componentof the CADP tool-
box[MateescuandGaravel, 1998]. Thecapabilityof GNA to
generateexport �les for differentmodelcheckers,allowsone
to takeadvantagefrom thespeci�c strengthsof eachof these.
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