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Abstract

We introducea generalframework for specifying
programcorrespondenceunderthe answer-set se-
mantics.Theframework allows to de�ne different
kindsof equivalencenotions,includingpreviously
de�ned notions like strong and uniform equiva-
lence,in which programsareextendedwith rules
from a givencontext, andcorrespondenceis deter-
mined by meansof a binary relation. In particu-
lar, re�ned equivalencenotionsbasedon projected
answersetscanbe de�ned within this framework,
wherenotall partsof ananswersetareof relevance.
Westudygeneralcharacterizationsof inclusionand
equivalenceproblems,introducingnovel semanti-
cal structures.Furthermore,we dealwith theissue
of determiningcounterexamplesfor a givencorre-
spondenceproblem,andwe analyzethe computa-
tional complexity of correspondencechecking.

1 Intr oduction
With the availability of ef�cient implementationsof the
answer-setsemantics[GelfondandLifschitz, 1991] for non-
monotoniclogic programs,answer-set programming(ASP)
has beenrecognizedas a fruitful paradigmfor declarative
problemsolving. In this approach,a problemis encodedas
a logic programsuchthatits models,calledanswersets, cor-
respondto thesolutionsof theproblem,which canbeeasily
extractedfrom them. Dueto theavailability of default nega-
tion, ASPhasbecomeanimportanthostfor solvingmany AI
problems,includingplanning,diagnosis,informationintegra-
tion,andinheritancereasoning(cf. GelfondandLeone[2002]
for anoverview onASP).

To supportengineeringof ASPsolutions,an importantis-
sueis determiningequivalenceof differentencodings,given
by two programs.To thisend,variousnotionsof equivalence
betweenprogramsundertheanswer-setsemanticshave been
studiedin the recentpast,viz. strong equivalence[Lifschitz
etal., 2001], uniformequivalence[EiterandFink, 2003], and
relativizednotionsthereof[Woltran,2004], aswell asupdate
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equivalence[InoueandSakama,2004]. Informally, the for-
mernotionsconsiderprogramsP andQ to beequivalent,if
P [ R andQ [ R have alwaysthesameanswersets,where
R is a setof rulesfrom a particularcollectionof rules.Thus,
if R is regardedas possibleinput, equivalent P and Q are
guaranteedto computealways the sameanswersets. Note
thatalsoopenlogic programs[Bonatti,2001], in which part
of therulesareto beaddedatruntime,�t within thisscheme.

However, noneof theseworkshave consideredthepracti-
cablyimportantsettingof projectedanswersetsin ASP. Here,
notawholeanswersetof aprogramP is of interest,but only
its intersectiononasubsetB � U of all letters;this includes,
in particular, removal of auxiliary lettersin computation.For
asimpleexample,considertheprograms

P = f sel(X )  s(X ); not out(X );
out(X ) _ out(Y )  s(X ); s(Y ); X 6= Y g and

Q = f sel(X )  s(X ); not skip(X );
skip(X )  sel(X ); s(Y ); X 6= Y g:

They shouldselect,by meansof sel, oneelementsatisfyings
in their answersets.Here,an importantissueis whetherthe
programsareequivalentwith respectto the“output” predicate
sel, for all “inputs” s, wheres maybede�ned by rulesover
predicatesfrom asetA, say, or givenby facts.

Anotheraspectis that,apartfrom equivalence,otherrela-
tionshipsbetweenthesetsof answersetsof P andQ might
beof interest.A naturalexampleis inclusion, which means
thateachanswersetof P is alsoananswersetof Q. HereQ
canbeviewedasanapproximationof P, whichis soundwith
respectto cautiousreasoningfrom P.

Motivatedby theseobservations,in thispaper, weconsider
solutioncorrespondencesin ASPatagenericlevel. Ourmain
contributionsarebrie�y summarizedasfollows.

(1) Weintroduceageneralframework for correspondences
betweenthe answersetsof programsP and Q, which are
augmentedby further rulesfrom a context C of possibleex-
tensions,wherethecorrespondenceis determinedby abinary
relation� . Previousnotionsof equivalenceandprojectedan-
swersetsamountto particularinstancesof this framework.

(2) We provide characterizationsof inclusion correspon-
denceand equivalencebetweenprogramsunder projected
answersets,in termsof novel semanticalstructures,called
spoilers, which refute this property, and certi�cates, which



capturetheessenceof equivalence,similarasSE-modelsand
UE-modelsdo for strongand uniform equivalence,respec-
tively. Basedon thesecharacterizations,we presentinterest-
ing correspondenceresultsonvaryingprojectionsetsin ASP.

(3) We show how spoilerscanbe usedto constructcoun-
terexamplesto an inclusion resp. equivalence correspon-
dence,consistingof a suitableinterpretationM and a rule
setR suchthatM is ananswersetof exactly oneof P [ R
andQ [ R.

(4) Finally, we determinethecomputationalcomplexity of
correspondencecheckingfor propositionaldisjunctive pro-
gramsunderprojectedanswersets. Our main result is that
equivalencecheckingis � P

4 -completein general,and thus
feasiblein polynomialspaceascomparedto a naive guess-
and-checkprocedurewhich requiresexponentialspace.Fur-
thermore,weshow thatfor restrictedsettings,thecomplexity
graduallydecreasesfrom � P

4 to coNP.
The resultspresentedin this papersigni�cantly advance

thecurrentstateof equivalencetestingin ASPtowardshighly
relevantsettingsfor practicalapplications,andprovide novel
insight into the structureof equivalent programs. Besides
the papersquotedabove, further relatedwork mostly ad-
dressessemanticandcomplexity characterizationsof equiva-
lence[Lin, 2002;Turner, 2003], or describesimplementation
methods[Eiter et al., 2004;OikarinenandJanhunen,2004].
The recentwork by Pearceand Valverde [2004] addresses
strongequivalenceof programsoverdisjointalphabetswhich
aresynonymousunderstructurallyde�ned mappings.

The characterizationswe presentare non-trivial and, as
shown by our complexity results,necessarilyinvolved in the
sensethatno“simple” criteriaexist. Togetherwith counterex-
amples,they provide a basisfor powerful programoptimiza-
tion anddebuggingtoolsfor ASP, whicharelackingto date.

2 Preliminaries
Wedealwith propositionaldisjunctive logic programs,which
are�nite setsof rulesof form

a1 _ � � � _ al  al +1 ; : : : ; am ; not am +1 ; : : : ; not an ; (1)

n � m � l � 0, whereall ai arepropositionalatomsandnot
denotesdefault negation; for n = l = 1, we usuallyidentify
therulewith theatoma1. If all atomsoccurringin aprogram
P arefrom agivensetA of atoms,wesaythatP is aprogram
overA. Thesetof all programsoverA is denotedby PA . We
call a rule (resp.,program)normal iff it containsno disjunc-
tion_. A programisunaryif it containsonly rulesof theform
a  bora  ; Pun

A denotesthesetof all unaryprogramsover
A. For a setof atomsA = f a1; : : : ; am g, not A denotes
thesetf not a1; : : : ; not am g. Accordingly, rulesof form (1)
will alsobe written asa1 _ � � � _ al  B1; not B2, where
B1 = f al +1 ; : : : ; am g andB2 = f am +1 ; : : : ; not an g.

Following Gelfond and Lifschitz [1991], an interpreta-
tion I , i.e., a setof atoms,is an answersetof a programP
iff it is aminimalmodelof thereductP I , which resultsfrom
P by (i) deletingall rulescontainingdefault negatedatoms
not a suchthat a 2 I and (ii) deletingall default negated
atomsin the remainingrules. The setof all answersetsof
a programP is denotedby AS (P). TherelationI j= P be-
tweenaninterpretationI andaprogramP is de�nedasusual.

Under the answer-set semantics,two programsP andQ
areregardedas(ordinarily) equivalentif f AS (P) = AS (Q).
The more restrictive forms of strong equivalence[Lifschitz
et al., 2001] anduniformequivalence[Eiter andFink, 2003]
have recentlybeengeneralizedas follows [Woltran, 2004]:
Let P; Q beprogramsoverU, andlet A � U. Then,P andQ
arestrongly(resp.,uniformly) equivalentrelativeto A iff, for
any R 2 PA (resp.,R � A), AS (P [ R) = AS (Q [ R).

If A = U, strong(resp.,uniform) equivalencerelative to A
reducesto strong(resp.,uniform) equivalencesimpliciter; if
A = ; , ordinaryequivalenceresultsin eithercase.

We usethefollowing notation.For aninterpretationI and
a setS of (pairsof) interpretations,we write Sj I = f Y \ I j
Y 2 Sg (SjI = f (X \ I ; Y \ I ) j (X ; Y ) 2 Sg). If S = f sg,
wewrite sj I insteadof Sj I , if convenient.

For any A � U andany Y � U, a pair (X ; Y ) of interpre-
tationsis an A-SE-interpretation(over U) iff eitherX = Y
or X � Y jA . (X ; Y ) is anA-SE-modelof aprogramP iff

(i) Y j= P;

(ii) for all Y 0 � Y with Y 0jA = Y jA , Y 0 6j= PY ; and

(iii) X � Y implies the existenceof an X 0 � Y with
X 0jA = X suchthatX 0 j= PY holds.

A pair (X ; Y ) is total if f X = Y , andnon-totalotherwise.
Thesetof all A-SE-modelsof P is denotedby SEA (P).

For A = U, A-SE-interpretations(resp.,A-SE-models)are
simply calledSE-interpretations(resp.,SE-models), coincid-
ing with thenotionsde�ned by Turner[2003], andwe write
SE(P) insteadof SEU (P).

Proposition1 ([Woltran, 2004]) Two programs P and Q
arestronglyequivalentrelativeto A iff SEA (P) = SEA (Q).

Example1 Considerthe following two programs, P1 and
P2, which weshall useasa runningexample:

P1 = P0 [ f c _ d  a; c _ d  bg;

P2 = P0 [ f c _ d  a;b; d  b;not c; c  a;not dg;

for P0 = f a  c; b  c; a  d; b  d;  not c;not dg.
They havethefollowingSE-models:1

SE(P1) = f (; ;abc);(; ;abd);(; ;abcd);(abcd;abcd);

(abc;abcd);(abd;abcd);(abc;abc);(abd;abd)g;

SE(P2) = SE(P1)[ f (b;abc);(a;abd);(b;abcd);(a;abcd)g:

Hence, P1 andP2 arenotstronglyequivalent.Ontheother
hand,AS (P1) = AS (P2) = ; , i.e., P1 andP2 are (ordinar-
ily) equivalent.Moreover, P1 andP2 are stronglyequivalent
relativeto A iff A \ f a;bg = ; . For A = f a;bg, weget

SEA (P1) = f (; ; abc); (; ; abd); (abc;abc); (abd;abd)g;
SEA (P2) = SEA (P1) [ f (b;abc); (a;abd)g:

3 GeneralFramework
In orderto dealwith differingnotionsof programequivalence
in a uniform manner, taking in particular the currently ex-
isting notionsof equivalence,aspresentedabove, aswell as

1Wewrite abcinsteadof f a; b;cg, a insteadof f ag, etc.



equivalencenotionsbasedon the projectionof answersets
into account,we introducea generalframework for express-
ing solutioncorrespondencesbetweenlogic programs.In this
framework, we parameterize,on the onehand,the setR of
rulesto beaddedto theprogramsP andQ, and,on theother
hand,the relationthat hasto hold betweenthe collectionof
answersetsof P [ R andQ [ R. Concerningthe latterpa-
rameter, besidesequality, othercomparisonrelationslikeset-
inclusionmaybeused.This leadsto thefollowing notion:

De�nition 1 Byacorrespondenceframe, or simplyframe, F ,
weunderstanda triple (U; C; � ), where(i) U is a setof atoms,
called the universeof F , (ii ) C � PU , called the context
programsof F , or simplythecontext, and(iii ) � � 22U

� 22U
.

For all programsP; Q 2 PU , we say that P and Q are
F -corresponding, symbolicallyP ' F Q, iff, for all R 2 C,
(AS (P [ R); AS (Q [ R)) 2 � .

Intuitively, in a correspondenceframeF = (U; C; � ), U
determinesthe generalalphabetunderconsideration,C de-
terminesthekind of rulesusedfor comparison,and� is the
speci�c operationusedfor checkingthe correspondenceof
two programs.

It is quite obvious that the equivalencenotionsdiscussed
abovearespecialcasesof F -correspondence.Indeed,for any
universeU andany A � U, we have thatstrongequivalence
relative to A coincideswith (U; PA ; =) -correspondence,and
uniformequivalencerelative to A coincideswith (U; 2A ; =) -
correspondence.Consequently, it holdsthat(i) strongequiv-
alencecoincideswith (U; PU ; =) -correspondence,(ii) uni-
form equivalencecoincideswith (U; 2U ; =) -correspondence,
and (iii) ordinary equivalencecoincideswith (U; f;g ; =) -
correspondence.

In this paper, we are mainly concernedwith correspon-
denceframesof form (U; PA ; � B ) and(U; PA ; = B ), where
A � U is somesetof atoms,and� B and= B areprojections
of thestandardsubsetandset-equalityrelation,respectively,
to a setB � U, de�ned asfollows: for setsS; S0 of interpre-
tations,

� S � B S0 if f SjB � S0jB , and

� S = B S0 if f SjB = S0jB .

In particular, = B amountsto answer-setexistenceif B =
; , andto correspondencebetweenanswersetsif B = U.

In what follows, if F is of the form (U; C; = B ), we refer
to F alsoasan equivalenceframe, and,accordingly, to F -
correspondencealsoasF -equivalence. As well, a frameof
theform (U; C; � B ) is alsoreferredto asaninclusionframe.

For later purposes,we also introducethe following no-
tion: A correspondenceproblem, � , over U, is a quadru-
ple (P; Q; C; � ), whereP; Q 2 PU and(U; C; � ) is a frame.
We saythat � holdsiff P ' (U;C;� ) Q holds. In accordwith
theabove designations,we call � anequivalenceproblemif
(U; C; � ) is anequivalenceframeandaninclusionproblemif
(U; C; � ) is aninclusionframe.

For a correspondenceproblem� = (P; Q; C; � ) over U,
we usually leave U implicit, assumingthat it consistsof all
atomsoccurringin P, Q, andC.

Wenext list somebasicpropertiesof F -equivalence.

Proposition2 Let (U; C; = B ) be an equivalenceframeand
P; Q 2 PU . Then,thefollowingconditionshold:

1. If P ' (U;C;= B ) Q, thenP ' (U;C0;= B 0) Q, for all C0 � C
andall B 0 � B .

2. P ' (U;C;= B ) Q iff P ' (U;C;� B ) Q andQ ' (U;C;� B ) P.

We recall an importantresultdue to Woltran [2004], ex-
tendingananalogousresultby Lifschitz etal. [2001].
Proposition3 Considera frame(U; PA ; =) , for A � U, and
let P; Q 2 PU . Then,P ' (U;P A ;=) Q iff P ' (U;P un

A ;=) Q.

Example2 We havealreadyseenthat for P1, P2 from Ex-
ample1, P1 6'(U;P A ;=) P2 holds,for A = f a;bg and U =
f a;b;c;dg. Hence, byProposition3, P1 6'(U;P un

A ;=) P2. This
is witnessedbythefactthat,e.g., AS (P1 [ f ag) = f abc;abdg
whileAS (P2 [ f ag) = f abcg.

The relevanceof Proposition3 is that it allows to dras-
tically reducethe numberof requiredrules for equivalence
checking. However, the propositiondoesnot generalizeto
projectionsof answersets.
Theorem1 For any equivalenceframe (U; PA ; = B ) with
A; B � U, and any P; Q 2 PU , if P ' (U;P A ;= B ) Q, then
P ' (U;P un

A ;= B ) Q, but theconversedoesnothold in general.

Proof. ThatP ' (U;P A ;= B ) Q implies P ' (U;P un
A ;= B ) Q is im-

mediatefrom Part 1 of Proposition2. Our running exam-
ple shows the failure of the converse: P1 ' (U;P un

A ;= B ) P2

holds, whereU = f a;b;c;dg and A = B = f a;bg, but
P16'(U;P A ;= B ) P2. The latter holds in view of AS (P1 [
f a_ b  g ) = f abc;abdg but AS (P2 [ f a_ b  g) = ; ,
aseasilyshown. 2

Theabove theoremalsoholdsif thesetP un
A is substituted

by theclassof all normalprogramsoverA. Indeed,programs
P1 and P2 of our running exampleare correspondingwith
respectto a frameusingnormalprogramsoverA = f a;bg as
context, becausein eachstablemodelof P1 [ R resp.P2 [ R,
both a andb mustbe true. Thus, rules in R (� PA ) with
negative literalsin thebodyareimmaterial.

Theorem1 indicatesthatequivalencefor projectedanswer
setsis more involved. The sameholds for inclusion, since
asaneasycorollaryto Theorem1, P ' (U;P A ;� B ) Q implies
P ' (U;P un

A ;� B ) Q, but not vice versa. In fact, the next re-
sult shows that, in general,a smallestextensionR violating
inclusionhasexponentialsize.
Theorem2 There exists a family of problems� = (P; Q;
PA ; � A ) such thateach R � PA witnessingAS (P [ R)jA 6�
AS (Q [ R)jA is exponentialin thesizeof P andQ.
Proof (Sketch). The idea is to encodea propositionalCNF
� =

V n
i =1 Ci over atomsV , for Ci = ci; 1 _ � � � _ ci;k i , into

� = (P; Q; PA ; � A ) suchthat, for any R 2 PA , AS (P [
R)jA 6� AS (Q [ R)jA and: ~R mustincludea DNF for � ,
where ~R is theresultof interpretingR asaclassicalformula.

Let �V = f �v j v 2 Vg, V 0 = f v0 j v 2 Vg, �V 0 = f �v0 j v 2
Vg, andG = f g1; : : : ; gn g besetsof new atoms.Wede�ne

P = f v _ �v  ;  not v;  not �v j v 2 Vg [
f v  u; �u; �v  u; �u j v; u 2 Vg [
f v  C �

i ; �v  C �
i j v 2 V ; 1 � i � ng;



whereC �
i = c�

i; 1; : : : ; c�
i;k i

, v� = �v, and(: v) � = v, and

Q = f v _ �v  ; v0 �v;not �v0; �v0 v;not v0 j v 2 Vg [
f v0; �v0;  not v0; not �v0 j v 2 Vg [
f v  u0; �v  u0; v  �u0; �v  �u0 j v; u 2 Vg [
f gi  bci;j j i = 1::n; j = 1::ki g [ f g1; : : : ; gn g;

with bv = v0 andc: v = �v0. Let A = V [ �V . Informally, P [ R
only admitsanswersetscontainingA, andindeedit holdsthat
(A; A) 2 SE(P [ R)jA nSE(Q[ R)jA , for someR. For any
suchR, theSE-models(X ; A) with X � A mustbeprecisely
thosewhereX is acountermodelof � . Thismeansthat ~RA is
a CNF for : � , andthus: ~RA amountsto a DNF for � . This
provestheclaim. Now, aswell-known, thesmallestDNF for
aCNF � canbeexponentialin � , whichprovestheresult. 2

We cansimilarly constructa family of problemsshowing
that a smallestextensionR violating equivalencehasexpo-
nential size. Hence,a naive guessand checkalgorithm to
disprove inclusion or equivalenceneedsexponentialspace.
For a betteralgorithm,we have to developsuitablesemanti-
cal characterizations,which musttake disjunctive extensions
into account.

4 Characterizations
In this section,we �rst presentsomecharacteristicstructures
associatedwith inclusion and equivalenceproblemsunder
projectionsof answersets,termedspoilers andcerti�cates.
Basedon them,we thendiscusssomeinterestinginvariance
results.

Westartwith somegeneralproperties.
De�nition 2 A setS of SE-interpretationsis completeiff, for
each (X ; Y ) 2 S, also (Y; Y ) 2 S as well as (X ; Z ) 2 S,
for anyY � Z with (Z; Z ) 2 S.

It canbeshown that thesetSE(P) of all SE-modelsof a
programP is alwayscomplete.

The following guaranteesthat a completeset S of SE-
interpretationscanberepresentedby someprogramP.

Proposition4 LetS bea completesetof SE-interpretations,
and let A be a set of atoms. Then,there exists a program
PS;A 2 PA such thatSE(PS;A )jA = SjA .

Onepossibility to obtainPS;A from S is asfollows: take
rules Y; not (A n Y), for eachY � A suchthat(Y; Y ) =2
SjA , andrules

W
p2 (Y nX ) p  X ; not (A nY), for eachX �

Y suchthat(X ; Y ) =2 SjA and(Y; Y ) 2 SjA .

4.1 Spoilers
The�rst classof characteristicstructuresassociatedwith pro-
gramcorrespondencewearedealingwith areof suchanature
thattheir existencepreventstheequivalenceof programsun-
derprojectedanswersets.

Weneedthefollowing auxiliarynotation:Let S beasetof
SE-interpretationsandY , C setsof atoms.Then,� C

Y (S) =
f (X ; Z ) 2 S j Z jC = Y jC g.

De�nition 3 Let � = (P; Q; PA ; � B ) bean inclusionprob-
lem over U, let Y � U be an interpretation,and consider
S � � A [ B

Y (SEA (Q)) . Thepair (Y; S) is a spoilerfor � iff

(i) (Y; Y ) 2 SEA (P),

(ii ) for each (Z; Z ) 2 S, somenon-total(X ; Z ) 2 S exists,

(iii ) (Z; Z ) 2 S iff (Z; Z ) 2 � A [ B
Y (SEA (Q)) , and

(iv) (X ; Z ) 2 S implies(X ; Y ) =2 SEA (P).

Intuitively, in a spoiler (Y; S), the interpretationY is an
answersetof P [ R but not of Q [ R, for someR, which is
semanticallygivenby S.

Example3 For P1 and P2 from our running exampleand
A = f a;bg, (Y1; S) and (Y2; S) are the only spoilers for
(P1; P2; PA ; � A ), where Y1 = f abcg, Y2 = f abdg, and
S = f (a;abd); (b;abc); (abc;abc); (abd;abd)g, with the lat-
ter being a subsetof � A

Y1
(SEA (P2)) = � A

Y2
(SEA (P2)) =

S [ f (; ;abc); (; ;abd)g, asrequiredin De�nition 3.

Thecentralpropertyof spoilersis asfollows:

Theorem3 LetF = (U; PA ; � B ) bea frame. Then,for any
P; Q2 PU , P ' F Q iff thereis nospoilerfor (P; Q; PA ; � B ).

An immediateconsequenceof this theorem,togetherwith
Part2 of Proposition2, is thefollowing result:

Corollary 1 Let F = (U; PA ; = B ) bean equivalenceframe
andP; Q 2 PU . Then,P ' F Q iff neither(P; Q; PA ; � B )
nor (Q; P; PA ; � B ) hasa spoiler.

As discussedlater on, spoilersprovide a semanticalbasis
for counterexamplegeneration.

4.2 Certi�cates
After having introducedstructureswhich disprove program
correspondence,we now discussstructureswhich provepro-
gramcorrespondence.Roughlyspeaking,the structuresin-
troducedbelow expresstheessenceof a programP, with re-
spectto programequivalence,in termsof a semanticcondi-
tion onP alone.

De�nition 4 Let C be a set of atomsand S a set of SE-
interpretations. A pair (X ; Y ), where X is a set of inter-
pretationsandY � C, is a C-projectionof S iff there exists
somesetZ such that (i) (Z; Z ) 2 S, (ii ) Z jC = Y jC , and
(iii ) X = f X j (X ; Z ) 2 S; X � Z g.

For a program P, we call an (A [ B )-projection of
SEA (P) an (A; B )-certi�cate of P.

Thefollowing lemmacanbeshown by meansof spoilers,
andexpressesthat programsarecorrespondingwith respect
to inclusionframesiff their certi�catessatisfya certaincon-
tainmentrelation.

Lemma 1 Correspondenceof (P; Q; PA ; � B ) holds, iff for
each (A; B )-certi�cate (X ; Y ) of P, an (A; B )-certi�cate
(X 0; Y ) of Q existswith X 0 � X .

The next result expressesthe centralpropertyof certi�-
cates.Towardsits formulation,we requirea furtherconcept:
An (A;B )-certi�cate (X ;Y ) of a programP is minimal iff,
for any (A;B )-certi�cate (Z ;Y ) of P, Z � X impliesZ = X .

Theorem4 Let F = (U; PA ; = B ) bean equivalenceframe.
Then,for anyP; Q 2 PU , P ' F Q iff theminimal (A; B )-
certi�catesof P andQ coincide.



Notethatthis resultis thependantto Proposition1, which
dealswith a model-theoreticcharacterizationof relativized
strongequivalence. Indeed,two programsP; Q 2 PU are
strongly equivalent relative to A iff their minimal (A; U)-
certi�catescoincide.Somefurtherrelationsbetweenprogram
correspondenceand relativized and non-relativized strong
equivalence,respectively, aregivenin thenext subsection.

Example4 In our running examplewith A = B = f a;bg,
we get that P1 hasa single (A; A)-certi�cate, (f;g ; f abg),
while P2 has two (A; A)-certi�cates, (f; ; f agg; f abg) and
(f; ; f bgg; f abg), all of them minimal. Since they do not
coincide, we obtain that P1 and P2 are not (U; PA ; = A )-
equivalent,asexpected.

4.3 InvarianceResults
Theorem4 allows us to derive someinterestinginvariance
resultswith respectto varyingprojectionsetsB .

Theorem5 LetU bea setof atomsandA; B � U. Then,for
anyP; Q 2 PU , P ' (U;P A ;= B ) Q iff P ' (U;P A ;= A [ B ) Q.

This resultfollows immediatelyfrom Theorem4 andDe�-
nition 4, by observingthat(A; B )-certi�catesof aprogramP
and(A; A [ B )-certi�catesof P areactuallyidenticalobjects,
since(A [ B )-projectionsof SEA (P) trivially coincidewith
(A [ (A [ B )) -projectionsof SEA (P).

Theorem5 hasseveralinterestingconsequences.

Corollary 2 For programs P; Q and any set A of atoms,
(P; Q; PA ; = ; ) holdsiff (P; Q; PA ; = A ) holds.

That is, answer-setexistence(which is relevant regarding
Booleanproperties)relative to additionsfrom PA is tanta-
mountto relativizedstrongequivalenceunderprojectiontoA.

Corollary 3 LetU bea setof atoms.Then,for anyprograms
P; Q 2 PU andanysetB � U of atoms,P ' (U;P U ;= B ) Q iff
P andQ arestronglyequivalent.

Thisresultis quitestrikingasit showsthatstrongequivalence
correspondsto (U; PU ; = B )-equivalence,for any projection
setB . It is derivedfrom thefact that,for any B , the(U; B )-
certi�cates of a programP are in a one-to-onecorrespon-
denceto theSE-modelsof P asfollows: (f X 1; : : : ; X m g; Y )
is a (U; B )-certi�cate of P iff (X 1; Y ), . . . , (X m ; Y ), (Y; Y )
areall theSE-modelsof P with �x edsecondcomponentY .

In particular, consistency underanswer-setsemantics(i.e.,
if B = ; ) coincideswith strongequivalence.Moregenerally:

Corollary 4 Let U bea setof atoms.Then,for all programs
P; Q 2 PU and all setsA and B of atomssuch that A [
B = U, P ' (U;P A ;= B ) Q iff P andQ arestronglyequivalent
relativeto A.

In fact, in this setting, a correspondencebetweenA-SE-
models of a program and its (A; B )-certi�cates is analo-
gouslyestablishedasabove.

5 Counterexamples
Given that a correspondenceproblem� = (P; Q; PA ; � B )
doesnot hold, it is interestingto know why this is the case.
Wede�ne acounterexamplefor � asapair (R; M ), where

� R 2 PA suchthatAS (P [ R) 6� B AS (Q [ R), and
� M 2 AS (P [ R) andM jB =2 AS (Q [ R)jB .
Furthermore,a counterexamplefor an equivalenceprob-

lem (P; Q; PA ; = B ) is any counterexamplefor either(P; Q;
PA ; � B ) or (Q; P; PA ; � B ).

Our notionof a spoilerfrom De�nition 3 providesa basis
for suchcounterexamples.
Theorem6 Suppose(Y; S) is a spoilerfor a correspondence
problem� = (P; Q; PA ; � B ). Then,(PS;A ; Y ) is a coun-
terexamplefor � , wherePS;A is asin Proposition4.

This resultfollows from Theorem3 andProposition4 by
thefactthatSjA is completefor any spoiler(Y; S).
Example5 For our exampleand the sketchedconstruction
after Proposition4, we derive counterexamples(R; f abcg)
and(R; f abdg), where R = f a _ b  ;  not a;  not b;
 not a;not bg; obviously, thelast rule is redundant.

Note that if an inclusion problem (P; Q; PA ; � B ) fails,
somecounterexampleasin Theorem6 doesexist.

We observe that the programsin the counterexamplesof
Theorem6 may containredundantclauses,as succinctness
is not a concernof spoilers. For instance,in our example,
R0 = f a _ b  g would yield a simplercounterexample.In
fact,spoilersarenotgearedtowardsproviding minimalcoun-
terexampleswith respectto particularsyntacticsubclassesof
contexts.

Towardsfacilitatingspecialcounterexamples,we mayex-
tend the notion of a spoiler to pairs (Y; S), where S 6�
� A [ B

Y (SEA (Q)) is admittedfor completeS, by replacingin
De�nition 3 the setS in (ii) with S \ � B

Y (SEA (Q)) andin
(iii) and(iv) with S \ � A [ B

Y (SEA (Q)) , calling theresultan
extendedspoiler.
Example6 In our running example, � = (P1; P2; PA ; � A )
hasspoilers (f abcg; S) and(f abdg; S), with S = f (a;abd);
(b;abc); (abc;abc); (abd;abd)g. Since both (ab;ab) 62
SEA (P2) and(abcd;abcd) 62SEA (P2), onecanverify that
any completesuperset S0 of S not containing any (; ; Z ),
with Z jA = f abg, yieldsextendedspoilers (f abcg; S0) and
(f abdg; S0). In particular, we may set S0 = S [ f (a;a);
(b;b)g. Note that S0jA = f (a;a); (a;ab); (b;b); (b;ab);
(ab;ab)g. Now, thesimplerprogramR0 = f a _ b  g ful-
�lls SE(R0)jA = S0jA ; thus, (R0; f abcg) and (R0; f abdg)
arecounterexamplesfor � .

Theorems3 and6 generalizeto extendedspoilers. More
counterexamplescan be constructedusing suchspoilersin
general,which may include a counterexampleof particular
form. In our example,addingf (a;a); (b;b)g to an ordinary
spoilerallowed us to give a counterexampleprogramwhich
is positive. On the otherhand,we canshow that no coun-
terexampleprogramwhichis normalexists(asno(; ; Z ) with
Z jA = f abg canbeadded).An elaborationof this issuere-
mainsfor furtherwork.

6 Computational Complexity
Our �rst resultis concernedwith recognizingwhetheranin-
terpretationis a discriminatinganswerset for the extended
programsP [ R andQ [ R, i.e.,a “partial” spoiler.



Lemma 2 GivenprogramsP andQ, setsA andB of atoms,
and an interpretation Y , decidingwhether(P; Q; PA ; � B )
hassomespoilerwhose�r stcomponentis Y is � P

3 -complete.
Proof (Sketch). We show � P

3 -membershipof decidingthat
no spoilerof form (Y; S) exists. By De�nition 3, it suf�ces
to checkwhether(a) (Y; Y ) =2 SEA (P) or (b) whetherthere
exists a (Z; Z ) 2 � A [ B

Y (SEA (Q)) suchthat eachnon-total
(X ; Z ) 2 SEA (Q) implies (X ; Y ) 2 SEA (P). Part (a) is
feasiblein polynomialtime with anNP oracle.For Part (b),
note that given Y and Z , checkingwhether, for eachnon-
total (X ; Z ) 2 SEA (Q) also(X ; Y ) 2 SEA (P), is in � P

2 .
Therefore,Part (b) is in � P

3 , andtheentiretestis in � P
3 .

The � P
3 -hardnessis shown by a sophisticatedreduction

from suitablequanti�edBooleanformulas(QBFs),usingma-
chinery from the exponentialcounterexample construction
whichwasusedfor showing Theorem2. 2

Fromthis result,wecaneasilyderive themembershippart
of our maincomplexity resultgivenbelow; its hardnesspart
is againshown by anencodingof QBFs.
Theorem7 GivenprogramsP and Q and setsA and B of
atoms,decidingwhether(P; Q; PA ; � B ) holds is � P

4 -com-
plete. Moreover, � P

4 -hardnessholdsevenfor B = ; , i.e., for
answer-setexistence.

For theparticularcasewhereB = A, whichconstitutesthe
settingwhereauxiliary lettersareusedin logic programs,we
obtainin combinationwith Theorem5 thesamecomplexity.

Noticethatthe“partial” spoilerof Lemma2 avoidsanaive
guessof a (possiblyexponentiallylarge) full spoiler (Y; S)
whichprovesthefailureof (P; Q; PA ; � B ), at theexpenseof
checkinginvolvedconditionsonSEA (P) andSEA (Q).

The above results for inclusion problemscarry over to
equivalenceproblems,sincethey arepolynomiallyintertrans-
latable,asseenby Part 2 of Proposition2 andthe following
fact:
Proposition5 P ' (U;P A ;� B ) Q iff Q ' (U;P A ;= B ) L P;Q ,
where L P;Q = f gP _ gQ  ;  gP ; gQ g [ f H  gR ; B j
R 2 f P; Qg; H  B 2 Rg andgP ; gQ arenew atoms.
Thisholdsby virtueof Lemma1 andTheorem4, andthefact
thatthe(A; B )-certi�catesof L P;Q arethoseof P andQ.

If thesizeof eachprogramin thecontext Cis polynomially
boundby thesizeof thecomparedprogramsP andQ (asis
thecasefor ordinaryanduniformequivalence),thecomplex-
ity is lower. Let uscall suchproblems(P; Q; C; � ) bound.
Theorem8 GivenprogramsP and Q, a context C, a setB
of atoms,such that � = (P; Q; C; � B ) is bound,deciding
whether� holds is � P

3 -complete. � P
3 -hardnessholdseven

for C = f;g , i.e., for ordinaryequivalencewith projection.
For other instancesof the framework, the complexity is

evenlower.
Theorem9 Given programsP and Q over U and setsA
and B of atoms, deciding whether (P; Q; PA ; = B ) holds
is (i) coNP-completeif A = U, and (ii ) � P

2 -completeif
(A [ B ) = U.

This result follows from the invarianceresults in Sec-
tion 4.2andcomplexity resultsdueto Woltran[2004].

7 Conclusionand Further Work
We have presenteda generalframework for expressingsolu-
tion correspondencesbetweennonmonotoniclogic programs,
andhave thendevelopedsemanticcharacterizationsof inclu-
sion andequivalenceproblemsunderprojectedanswersets
within a context of possiblechanges. As we have shown,
they matchtheintrinsiccomplexity of theproblem.

Our resultsprovide a semanticalbasisfor developingop-
timization and debugging techniques,which are lacking at
presentbut vital for further enhancementsof ASP asa pro-
grammingparadigm.

Severalissuesremainfor futurework. Oneis to extendour
studyto differentclassesof contextsandcomparedprograms,
andto provide suitablesemanticalandcomplexity character-
izations. Anotherissueconcernstheconstructionof “good”
counterexamples,accordingto their possibleform. Finally,
exploringothernotionsof correspondencesthan= B and� B
in thegeneralframework is anintriguing issue.
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