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Abstract

We introducea generalframenork for specifying
programcorrespondencanderthe answerset se-
mantics. The framework allows to de ne different
kinds of equivalencenotions,including previously
de ned notions like strong and uniform equiva-

lence,in which programsare extendedwith rules
from a givencontet, andcorrespondencis deter

mined by meansof a binary relation. In particu-
lar, re ned equivalencenotionsbasedon projected
answersetscanbe de ned within this framework,

wherenotall partsof ananswesetareof relevance.
We studygeneratharacterizationsf inclusionand
equialenceproblems,introducingnovel semanti-
cal structures Furthermorewe dealwith theissue
of determiningcountergamplesfor a given corre-
spondencegroblem,andwe analyzethe computa-
tional complity of correspondencehecking.

1 Intr oduction

With the availability of efcient implementationsof the
answersetsemantic§GelfondandLifschitz, 1991 for non-
monotoniclogic programs,answerset programming(ASP)
has beenrecognizedas a fruitful paradigmfor declaratve
problemsolving. In this approacha problemis encodedas
alogic programsuchthatits modelscalledanswersets cor-
respondo the solutionsof the problem,which canbe easily
extractedfrom them. Dueto the availability of default nega-
tion, ASPhasbecomeanimportanthostfor solvingmary Al
problemsjncludingplanning,diagnosisinformationintegra-
tion, andinheritancaeasoningdcf. GelfondandLeone[2007
for anoverview on ASP).

To supportengineeringpf ASP solutions,animportantis-
sueis determiningequivalenceof differentencodingsgiven
by two programs.To this end,variousnotionsof equivalence
betweerprogramsunderthe answersetsemantichave been
studiedin the recentpast,viz. strong equivalencdLifschitz
etal., 2001], uniformequivalencgEiter andFink, 2003, and
relativized notionsthereof[Woltran,2004, aswell asupdate
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equivalencdlnoueand Sakama2004. Informally, the for-
mer notionsconsidemprogramsP andQ to be equialent, if
P [ RandQ[ R have alwaysthesameanswersets,where
R is asetof rulesfrom a particularcollectionof rules. Thus,
if R is regardedas possibleinput, equivalentP andQ are
guaranteedo computealways the sameanswersets. Note
thatalsoopenlogic programg Bonatti, 2001, in which part
of therulesareto beaddedatruntime, t within thisscheme.
However, noneof theseworks have consideredhe practi-
cablyimportantsettingof projectedanswersetsn ASP Here,
notawholeanswersetof aprogramP is of interestbut only
itsintersectioronasubseB U of all letters;thisincludes,
in particular removal of auxiliary lettersin computation For
asimpleexample,considerthe programs

P =1fsel(X) s(X);notout(X);

out(X) _out(Y) s(X);s(Y);X 6 Yg and
Q=fsel(X) s(X);notskip(X);

skip(X) sel(X);s(Y); X 6 Y g:

They shouldselect by meanof sel, oneelementsatisfyings
in their answersets. Here,animportantissueis whetherthe
programsareequivalentwith respecto the“output” predicate
sel, for all “inputs” s, wheres maybe de ned by rulesover
predicategrom asetA, say or givenby facts.

Anotheraspects that, apartfrom equivalence otherrela-
tionshipsbetweerthe setsof answersetsof P andQ might
be of interest. A naturalexampleis inclusion which means
thateachanswersetof P is alsoananswersetof Q. HereQ
canbeviewedasanapproximatiorof P, whichis soundwith
respecto cautiousreasoningrom P.

Motivatedby theseobsenations,in this paperwe consider
solutioncorrespondences ASPatageneridevel. Ourmain
contritutionsarebrie y summarizeasfollows.

(1) Weintroducea generaframenork for correspondences
betweenthe answersetsof programsP and Q, which are
augmentedy furtherrulesfrom a contect C of possibleex-
tensionswherethecorrespondends determinedy abinary
relation . Previousnotionsof equivalenceandprojectedan-
swersetsamountto particularinstance®f this framework.

(2) We provide characterizationsf inclusion correspon-
denceand equialencebetweenprogramsunder projected
answersets,in termsof novel semanticaktructurescalled
spoilers, which refute this property and certi cates, which



capturegheessencef equivalence similarasSE-modelsaand
UE-modelsdo for strongand uniform equivalence,respec-
tively. Basedon thesecharacterizationsye preseninterest-
ing correspondencesultson varying projectionsetsin ASP

(3) We shav how spoilerscanbe usedto constructcoun-
terexamplesto an inclusion resp. equialence correspon-
dence,consistingof a suitableinterpretationM anda rule
setR suchthatM is ananswersetof exactlyoneof P [ R
andQ[ R.

(4) Finally, we determinethe computationatompleity of
correspondenceheckingfor propositionaldisjunctive pro-
gramsunderprojectedanswersets. Our main resultis that
equivalencecheckingis ; -completein general,and thus
feasiblein polynomial spaceascomparedo a naive guess-
and-checlkproceduravhich requiresexponentialspace.Fur
thermorewe shaw thatfor restrictedsettingsthe compleity
graduallydecreaseom § to coNP,

The resultspresentedn this papersigni cantly adwance
thecurrentstateof equivalencetestingin ASPtowardshighly
relevantsettingsfor practicalapplicationsandprovide novel
insight into the structureof equivalent programs. Besides
the papersquoted above, further relatedwork mostly ad-
dressesemanti@andcompl«ity characterizationsf equiva-
lence[Lin, 2002; Turner 2003, or describesmplementation
methodd Eiter et al., 2004; Oikarinenand Janhunen2004.
The recentwork by Pearceand Valverde[2004 addresses
strongequivalenceof programsover disjointalphabetsvhich
aresynorymousunderstructurallyde ned mappings.

The characterizationsve presentare non-trivial and, as
shavn by our compleity results,necessarilynvolvedin the
sensehatno“simple” criteriaexist. Togethemwith counterg-
amplesthey provide a basisfor powerful programoptimiza-
tion anddeluggingtoolsfor ASP, which arelackingto date.

2 Preliminaries

We dealwith propositionaldisjunctive logic programswhich
are nite setsof rulesof form

ap_ _a  as1;:in;amsnotamsr;iiiynota,; (1)
n m | 0, whereall a arepropositionalatomsandnot
denotegdefault negation; for n = | = 1, we usuallyidentify

therulewith theatoma, . If all atomsoccurringin aprogram
P arefrom agivensetA of atomswe saythatP isaprogram
over A. Thesetof all programsover A is denotedoy P . We
call arule (resp.,program)normaliff it containsno disjunc-
tion . A programis unaryif it containonly rulesof theform
a bora ;P,R" denoteshesetof all unaryprogramsover

will alsobewrittenasa; _ _a B1;not B, where
By =fau.1;::;;angandB, = faym+1;:::;notayg.
Following Gelfond and Lifschitz [1991], an interpreta-
tionl, i.e., a setof atoms,is an answersetof a programP
iff it is aminimal modelof thereductP', which resultsfrom
P by (i) deletingall rules containingdefault negatedatoms
not a suchthata 2 | and(ii) deletingall default negated
atomsin the remainingrules. The setof all answersetsof
aprogramP is denotecby AS (P). Therelationl F P be-
tweenaninterpretatiorl andaprogramP is de nedasusual.

Underthe answerset semanticstwo programsP and Q
areregardedas(ordinarily) equivalentiff AS (P) = AS(Q).
The morerestrictive forms of strong equivalencd Lifschitz
etal., 2001 anduniformequivalencdEiter andFink, 2003
have recentlybeengeneralizedas follows [Woltran, 2004:
Let P; Q beprogramsoverU, andletA  U. Then,P andQ
arestrongly (resp.,uniformly) equivalentelativeto A iff, for
ary R 2 Pp (resp.,R  A),AS(P[ R) = AS(Q[ R).

If A= U, strong(resp.,uniform) equivalencerelative to A
reducego strong(resp.,uniform) equivalencesimpliciter; if
A = ;, ordinaryequivalenceresultsin eithercase.

We usethefollowing notation.For aninterpretation and
asetS of (pairsof) interpretationswewrite Sj; = fY \ | j
Y 2Sg(Sj =f(X\VI;YVI)j(X;Y)2Sg).If S=fsg,
we write sj; insteadof Sj, , if corvenient.

Foraoy A UandaryY U, apair(X;Y) of interpre-
tationsis an A-SE-interpetation (over U) iff eitherX =Y
orX Yja.(X;Y)isanA-SE-modebf aprogramP iff

0 YFP;

(iiy forallY®

(i) X Y implies the existenceof an X ©
X9a = X suchthatX °F PY holds.

A pair (X;Y) istotal iff X = Y, andnon-totalotherwise.

Thesetof all A-SE-modelof P is denotecby SE* (P).

For A = U, A-SE-interpretationfesp.,A-SE-modelsare
simply calledSE-interpetations(resp.,SE-models coincid-
ing with the notionsde ned by Turner[2003, andwe write
SE(P) insteadof SEY (P).

Proposition 1 ([Woltran, 2004) Two programs P and Q
are stronglyequivalentelativeto A iff SEA (P) = SE*(Q).

Example1 Considerthe following two programs, P; and
P,, which we shalluseasa runningexample:

Y with Y94 = Yja,Y?6 PY; and
Y with

Pi=Po[ fc_d ac_d bg
P,=Py[ fc_d ab d b;notc;c a;notdg;
forPp=fa ¢ b c¢a d b d; notc;notdg.

They havethefollowing SE-models:
SE(P1)=f(;;abg;(; ;abd);(; ;abcg;(abcdabeg;
(abgabcg;(abdabcd;(abgabg;(abdabdg;
SE(P2)= SE(Py)[ f(babg;(asabd;(biabcg;(a;abcd:
Hence P, andP; are notstronglyequivalentOntheother
hand,AS (P;) = AS(P) = ;,i.e,, P, andP, are (ordinar-
ily) equivalent.Moreover, P; and P, are strongly equivalent
relativeto A iff A\ fa;bg= ;. For A = fa;bg, weget
SE”(P1) = f(;;abg; (;;abd); (abc;abg; (abd;abdg;
SE*(P2) = SE*(P1) [ f(b;ab9; (a;abdg:
3 General Framework

In orderto dealwith differing notionsof programequivalence
in a uniform manney taking in particularthe currently ex-

isting notionsof equialence aspresentedbove, aswell as

1\We write abcinsteadof f a; b;cg, a insteadof f ag, etc.



equialencenotionsbasedon the projectionof answersets
into accountwe introducea generaframevork for express-
ing solutioncorrespondencdsetweeriogic programsin this
framavork, we parameterizepn the onehand,the setR of
rulesto beaddedo the programs? andQ, and,ontheother
hand,the relationthat hasto hold betweenthe collection of
answersetsof P [ R andQ [ R. Concerninghe latter pa-
rameterbesidesquality othercomparisorrelationslik e set-
inclusionmaybeused.This leadsto thefollowing notion:

De nition 1 Byacorrespondendeame or simplyframe F,
weundestandatriple (U; C, ), wher (i) U is a setof atoms,
called the universeof F, (i) C Py, called the contet
programsof F , or simplythecontext, and(iii ) 220 2%,

For all programsP;Q 2 Py, wesaythat P and Q are
F -correspondingsymbolicallyP ' ¢ Q, iff, forall R 2 C,
(AS(P[ R);AS(Q[ R)) 2

Intuitively, in a correspondencéameF = (U;C, ), U
determineghe generalalphabetunderconsiderationC de-
terminesthe kind of rulesusedfor comparisonand is the
speci ¢ operationusedfor checkingthe correspondencef
two programs.

It is quite obvious that the equivalencenotionsdiscussed
above arespecialcase®f F -correspondencéndeed for ary
universeU andary A U, we have thatstrongequivalence
relative to A coincideswith (U; P4 ; =) -correspondencend
uniform equivalencerelative to A coincideswith (U; 24; =) -
correspondenceConsequentlyit holdsthat (i) strongequi-
alencecoincideswith (U; Py ;=) -correspondence(ji) uni-
form equivalencecoincideswith (U; 2Y;
and (iii) ordinary equivalencecoincideswith (U;f,g ;=) -
correspondence.

In this paper we are mainly concernedwith correspon-
denceframesof form (U; Pa; ) and(U;Pa;=3g), where
A Uissomesetof atomsand g and=g areprojections
of the standardsubsetandset-equalityrelation,respectiely,

toasetB U, de ned asfollows: for setsS; S° of interpre-
tations,
S g SffSjsg  SYg,and

S:B Solff SJB = SqB

In particulay =g amountgo answersetexistenceif B =
; , andto correspondenceetweeranswersetsif B = U.

In whatfollows, if F is of theform (U; C, =), we refer
to F alsoasan equivalencdrame and,accordingly to F -
correspondencalsoasF -equivalence As well, a frame of
theform (U; C, ) is alsoreferredto asaninclusionframe

For later purposeswe also introducethe following no-
tion: A correspondenc@roblem, , over U, is a quadru-
ple (P; Q;C, ), whereP;Q 2 Py and(U;C, ) is aframe.
We saythat holdsiff P ' (y.c. ) Q holds. In accordwith
the above designationswe call  anequivalenceroblemif
(U; G, ) is anequialenceframeandaninclusionproblemif
(U; G, ) isaninclusionframe.

For a correspondencproblem = (P;Q;C, ) overU,
we usuallyleave U implicit, assuminghatit consistsof all
atomsoccurringin P, Q, andC.

We next list somebasicpropertieof F -equivalence.

=) -correspondence,

Proposition2 Let (U; C,=g) be an equivalencérameand
P; Q 2 Py. Then,thefollowing conditionshold:

1. IfP" (UiC=g) Q,thenP ! (U;C%= 5 0) Q,for all CO C
andall B® B.
2. P" (ic=e) QIffP' (Ui, 5) QandQ " wic &) P-

We recall an importantresultdue to Woltran [2004, ex-
tendingananalogousesultby Lifschitz etal. [2001].

Proposition3 Consideraframe(U; P4 ;=),forA U,and
letP;Q 2 Py.ThenP ' (y.p,.s) QiffP’ (Uipwms Q.
Example2 We havealreadyseenthat for P1, P, from Ex-
amplel, P; 6'w.p,:=) P2 holds,for A = fa;bgandU =
fa;b;c;dg. Hence by Proposition3, Py 6'(y.pun =) P2. This
iswitnessedbythefactthat,e.g., AS (P,[ fag) = fabc;abdy
while AS (P, [ fag) = faba.

The relevanceof Proposition3 is thatit allows to dras-
tically reducethe numberof requiredrulesfor equivalence
checking. However, the propositiondoesnot generalizeto
projectionsof answersets.

Theorem1 For any equivalenceframe (U; Pa;=g) with
A;B U,andanyP;Q 2 Py, if P ' (up,:=5) Q, then
P' (upmi=4) Q but the corversedoesnot holdin geneal.

Proof. ThatP' (y.p,.=4)Q impliesP" (y; pun:=5)Q is im-
mediatefrom Part 1 of Proposition2. Our running exam-
ple shavs the failure of the corverse: P, (ypun:=,) P2
holds, whereU = fa;b;c;dg andA = B = fa;bg, but
P16'wu:p,:=5)P2. The latter holds in view of AS(Py [
fa_b g ) = fabciabdybut AS(P,[ fa_b g = ;,
aseasilyshawn. 2

Theabove theoremalsoholdsif thesetPR" is substituted
by theclassof all normalprogramsoverA. Indeed programs
P, and P, of our running example are correspondingwith
respecto aframeusingnormalprogramsover A = fa;bg as
contet, becausén eachstablemodelof P1[ Rresp.P2[ R,
both a andb mustbe true. Thus,rulesin R ( Pa) with
negative literalsin thebodyareimmaterial.

Theoreml indicatesthatequivalencefor projectedanswer
setsis more involved. The sameholdsfor inclusion, since
asaneasycorollaryto Theoreml,P ' (y.p,. ) Qimplies
P ' (P 5) Q. butnotvice versa. In fact, the next re-
sult shows that, in general,a smallestextensionR violating
inclusionhasexponentialsize.

Theorem 2 Thee existsa family of problems = (P;Q;
Pa; a)sudhithateadiR P witnessingAS (P[ R)ja 6
AS(Q[ R)ja isexponentialin thesizeof P andQ.
Proo{,(Sletm) The ideais to encodea propositionalCNF
= , Ci overatomsV, forC; = ;1 _ Cik; , iNto
= (P Q Pa; a) suchthat,forary R 2 Pa, AS(P [
R)ja 6 AS(Q[ R)ja and: R mustincludea DNF for
whereR is theresultof interpretingR asaclassicaformula.
LetV = fvjv2 Vg, Vo= fvojv2vg Vo= fyojv2

Vg,andG = fg;;:::;0ngbesetsof new atoms.We de ne
P = fv_v ; not v; notvjv2vg]
fv uu v uujviu2Vgl

fv C;v GC jv2V;1 i ng;



whereC; = ¢.q;::1;Cy,,V = Vv,and(: v) = v,and
Q = fv_v V% wvinotv® v® wv:notvljv2 Vgl
f voiv®  notv®notvljv2 Vgl
fv uwv uv uv ujviu2vg]

fg by ji=1imj=1kig[ f giiiiiong
with = vPandcv= v LetA = V[ V. Informally,P [ R
only admitsanswersetscontainingA, andindeedt holdsthat
(A;A) 2 SE(P[ R)janSE(Q[ R)ja, for someR. Forary
suchR, theSE-modelgX; A) with X A mustbeprecisely
thosewhereX isacountermodebf . ThismeanghatR” is
aCNFfor: ,andthus: R” amountgo aDNF for . This
provestheclaim. Now, aswell-known, the smallestDNF for
aCNF canbeexponentialin , which provestheresult. 2

We cansimilarly constructa family of problemsshawving
that a smallestextensionR violating equivalencehasexpo-
nential size. Hence,a naive guessand checkalgorithmto
disprove inclusion or equivalenceneedsexponentialspace.
For a betteralgorithm,we have to develop suitablesemanti-
cal characterizationsyhich musttake disjunctive extensions
into account.

4 Characterizations

In this sectionwe rst presensomecharacterististructures
associatedvith inclusion and equivalenceproblemsunder
projectionsof answersets,termedspoilers and certi cates.
Basedon them, we thendiscusssomeinterestinginvariance
results.

We startwith somegenerabproperties.

De nition 2 AsetS of SE-interpetationsis completsiff, for
eah (X;Y) 2 S,also(Y;Y) 2 Saswellas(X;Z) 2 S,
foranyY Zwith(Z;Z)2 S.

It canbe shawn thatthe setSE(P) of all SE-modelof a
programP is alwayscomplete.

The following guaranteeghat a completeset S of SE-
interpretationg€anberepresentetly someprogrampP .

Proposition4 LetS bea completesetof SE-interpetations,
and let A be a setof atoms. Then,there existsa program
PS;A 2 PA sud thatSE(Ps;A)jA = SJA

Onepossibility to obtainPs.a from S is asfollows: take
rules  Y;notfA nY), foreachY A suchthat(Y;Y) 2
Sja,andrules ;v ,x,P  X;not(AnY),for eachX

Y suchthat(X;Y) 2 Sja and(Y;Y) 2 Sja.

4.1 Spoilers

The rst classof characterististructuresssociateavith pro-
gramcorrespondenoge aredealingwith areof suchanature
thattheir existencepreventsthe equivalenceof programsaun-
derprojectedanswersets.

We needthefollowing auxiliary notation:Let S bea setof
SE-interpretationand Y, C setsof atoms. Then, $(S) =
f(X;2)2 SjZjc = Yjcg

De nition 3 Let = (P;Q;Pa; g) beaninclusionprob-
lemover U, let Y U be an interpretation, and consider
S $IB(SE”(Q)). Thepair (Y;S) is aspoilerfor iff

() (Y;Y) 2 SEA(P),

(ii) foreah (Z;Z) 2 S, somenon-total(X;Z) 2 S exists,
(i) (z;2) 2 Siff(z;z) 2 %IB(SE*(Q)),and

(iv) (X;Z) 2 Simplies(X;Y) 2 SEA(P).

Intuitively, in a spoiler(Y; S), the interpretationY is an
answersetof P [ R butnotof Q[ R, for someR, whichis
semanticallygivenby S.

Example 3 For P; and P, from our running exampleand
A = fa;bg, (Y1;S) and (Y2;S) are the only spoilers for
(P1;P2;Pa; a), whee Y; = fabg, Y, = fabdy, and
S = f(a;abo; (b;abg; (abc;abg; (abd;abdg, with thelat-
ter beinga subsetof § (SE*(P2)) = £ (SE*(P2) =
S| f(;;abg;(;;abdg, asrequiredin De nition 3.

The centralpropertyof spoilersis asfollows:

Theorem3 LetF = (U;Pa; g) beaframe Then,for any
P;Q2Py,P'  Qifftherisnospoilerfor (P;Q;Pa; ).

An immediateconsequencef this theorem togethemwith
Part 2 of Proposition2, is thefollowing result:

Corollary 1 LetF = (U;Pa;=3g) beanequivalencdrame
andP;Q 2 Py. Then,P ' ¢ Q iff neither(P; Q; Pa; B)
nor (Q; P;Pa; g) hasaspoiler

As discussedater on, spoilersprovide a semanticabasis
for countergamplegeneration.

4.2 Certi cates

After having introducedstructureswhich disprove program
correspondenceaye now discussstructureswvhich prove pro-
gram correspondenceRoughly speaking the structuresn-

troducedbelow expressthe essencef aprogramP, with re-
spectto programequivalence,in termsof a semanticcondi-
tiononP alone.

De nition 4 Let C be a setof atomsand S a set of SE-
interpretations. A pair (X;Y), whee X is a setof inter-
pretationsandY  C, is a C-projectionof S iff there exists
somesetZ sudthat (i) (Z;2) 2 S, (ii) Zjc = Yjc, and
(i) X =fXj(X;2)2S;X Zg.

For a program P, we call an (A [ B)-projection of
SE”(P) an(A; B)-certi cate of P.

Thefollowing lemmacanbe shavn by meansof spoilers,
and expresseghat programsare correspondingvith respect
to inclusionframesiff their certi catessatisfya certaincon-
tainmentrelation.

Lemmal Correspondencef (P;Q;Pa; g) holds,iff for
eat (A,; B)-certicate (X;Y) of P, an (A; B)-certi cate
(X%Y) of Q existswith X X.

The next result expresseghe central property of certi -
cates.Towardsits formulation,we requirea furtherconcept:
An (A;B)-certi cate (X;Y) of a programP is minimal iff,
forary (A;B)-certicate(Z;Y) of P,Z X impliesZ = X.

Theorem4 LetF = (U;Pa;=g) beanequivalencdrame
Then,for anyP;Q 2 Py, P ' ¢ Q iff theminimal (A; B)-
certi catesof P andQ coincide



Notethatthis resultis the pendanto Propositionl, which
dealswith a model-theoretiacharacterizatiorof relativized
strongequialence. Indeed,two programsP; Q 2 Py are
strongly equialent relative to A iff their minimal (A; U)-
certi catescoincide.Somefurtherrelationshetweerprogram
correspondenceand relativized and non-relatvized strong
equialencerespectiely, aregivenin the next subsection.

Example4 In our running examplewith A = B = fa;bg,
we get that P; hasa single (A; A)-certi cate, (f;g ;fabg),
while P, hastwo (A; A)-certi cates, (f; ;fagg;falbg) and
(f; ;fbgg, fabg), all of them minimal. Sincethey do not
coincide we obtain that P; and P, are not (U; Pa;=4a)-
equivalentasexpected.

4.3 Invariance Results

Theorem4 allows us to derive someinterestinginvariance
resultswith respecto varying projectionsetsB .

Theorem5 LetU beasetofatomsandA; B U. Thenfor
anyP;Q 2 Py, P (U;Pai=8) Qiff P’ (UiPas=are) Q.

Thisresultfollowsimmediatelyfrom Theoren¥ andDe -
nition 4, by observinghat(A; B)-certi catesof aprogramP
and(A; A[ B)-certi catesof P areactuallyidenticalobjects,
since(A[ B)-projectionsof SE” (P) trivially coincidewith
(A[ (A[ B))-projectionsof SEA (P).

Theoremb hasseveralinterestingconsequences.

Corollary 2 For programs P; Q and any set A of atoms,
(P;Q; Pa; =) holdsiff (P; Q; Pa;=a) holds.

Thatis, answersetexistence(which is relevant regarding
Booleanproperties)relative to additionsfrom P, is tanta-
mountto relativizedstrongequivalenceunderprojectionto A.

Corollary 3 LetU bea setof atoms.Then for anyprograms
P;Q 2 Py andanysetB  UofatomsP ' (y.p,.=4) Qiff
P andQ are stronglyequivalent.

Thisresultis quitestriking asit shavsthatstrongequivalence
correspondso (U; Py; =g )-equivalence for any projection
setB. It is derivedfrom thefactthat,for ary B, the (U; B)-

certi cates of a programP arein a one-to-onecorrespon-

isa(U;B)-certi cateof P iff (X1;Y),...,(Xm;Y), (Y;Y)

areall the SE-modelf P with x edsecondcomponenty .
In particular consisteng underanswersetsemanticgi.e.,

if B = ;) coincideswith strongequivalence More generally:

Corollary 4 LetU bea setof atoms.Then,for all programs
P;Q 2 Py andall setsA andB of atomssud that A [
B =UP"' (up,:=s) Qiff P andQ arestronglyequivalent
relativeto A.

In fact, in this setting, a correspondencéetweenA-SE-

models of a programand its (A; B)-certi cates is analo-
gouslyestablishedsabore.

5 Counterexamples

Giventhata correspondencproblem = (P;Q;Pa; B)
doesnot hold, it is interestingto know why this is the case.
We de ne acounteexamplefor asapair(R; M), where

R 2 PA suchthatAS(P [ R) 6gAS(Q[ R),and
M 2AS(P[ R)andMjg 2AS(Q[ R)js.
Furthermorea counter@amplefor an equivalenceprob-
lem (P; Q; Pa;=g) is ary counter@amplefor either(P; Q;
Pa; 8)0r(Q;P;Pa; ).
Our notionof a spoilerfrom De nition 3 providesabasis
for suchcountergamples.

Theorem6 SupposéY; S) isaspoilerfor a correspondence
problem = (P;Q;Pa; 8). Then,(Ps.a;Y) is acoun-
terexamplefor , where Ps.a is asin Proposition4.

This resultfollows from Theorem3 and Proposition4 by
thefactthatSja is completefor ary spoiler(Y;S).

Example5 For our exampleand the sketched construction
after Proposition4, we derive counteexamples(R; f ab@)

and(R;fabdy), wheeR=fa _b ; nota;, noth;
not a; not bg; obviouslythelastrule is redundant.
Note that if an inclusion problem (P;Q;Pa; g) fails,

somecountergampleasin Theoremb doesexist.

We obsenre that the programsin the countergamplesof
Theorem6 may containredundantclauses as succinctness
is not a concernof spoilers. For instance,in our example,
RO= fa _ b g wouldyield asimplercountergample.In
fact,spoilersarenotgearedowardsproviding minimal coun-
terexampleswith respecto particularsyntacticsubclassesf
contets.

Towardsfacilitating specialcounter&gamples we may ex-
tend the notion of a spoiler to pairs (Y;S), whereS 6

41 B (SE*(Q)) is admittedfor completeS, by replacingin
De nition 3 thesetS in (ii) with S\ E(SEA(Q)) andin
(iii) and(iv) with S\ £ B(SE*(Q)), calling theresultan
extendedspoiler.

Example 6 In our running example = (P1;P2;Pa; Aa)
hasspoiless (faba; S) and(f abdy; S), with S = f(a;abd);
(b;abg; (abc;abg; (abd;abdg. Since both (ab;ab) 62
SE” (P,) and (abcd:abcd 62SE” (P,), onecan verify that
any completesupeset S° of S not containingany (;;Z),
with Zja = falbg, yieldsextendedspoilers (f abay; SY and
(fabdy; S9. In particular, we maysetS® = S| f(a;a);
(b;b)g. Notethat S4p = f(a;a); (a;ab); (b;b); (b;ab);
(ab;ab)g. Now the simplerprogramR®= fa _ b g ful-

s SE(R9Yja = SYa; thus,(R%faba) and (R fabd)
are counteexampledor

Theorems3 and 6 generalizeto extendedspoilers. More
countergamplescan be constructedusing such spoilersin
general,which may include a countergample of particular
form. In our example,addingf (a;a); (b;b)g to an ordinary
spoilerallowed usto give a countergampleprogramwhich
is positive. On the otherhand,we canshav that no coun-
terexampleprogramwhichis normalexists(asno(; ; Z) with
Zjn = fabg canbeadded).An elaborationof this issuere-
mainsfor furtherwork.

6 Computational Complexity

Our rst resultis concernedvith recognizingwhetheranin-
terpretationis a discriminatinganswersetfor the extended
program® [ RandQ[ R,i.e.,a“partial” spoilet



Lemma 2 GivenprogramsP andQ, setsA andB of atoms,
and an interpretation Y, decidingwhether(P; Q; Pa; &)
hassomespoilerwhoser stcomponenis Y is § -complete

Proof (Sletch). We shav  § -membershipof decidingthat
no spoilerof form (Y; S) exists. By De nition 3, it sufces
to checkwhether(a) (Y;Y) 2 SE”(P) or (b) whetherthere
existsa(Z;Z) 2 4[B(SE*(Q)) suchthateachnon-total
(X:Z) 2 SEA(Q) implies (X;Y) 2 SE*(P). Part(a)is
feasiblein polynomialtime with an NP oracle. For Part (b),
notethatgiven Y andZ, checkingwhethey for eachnon-
total (X;Z) 2 SE*(Q) also(X;Y) 2 SEA(P),isin 5.
ThereforePart(b)isin  §, andtheentiretestisin .

The £ -hardnesss shavn by a sophisticatededuction
from suitablequanti ed Booleanformulas(QBFs),usingma-
chinery from the exponential countergample construction
whichwasusedfor shaving Theorem?2. 2

Fromthis result,we caneasilyderive the membershigpart
of our main compleity resultgiven below; its hardnespart
is again shavn by anencodingof QBFs.

Theorem7 GivenprogramsP and Q andsetsA andB of
atoms,decidingwhether(P; Q; Pa; ) holdsis ¥} -com-
plete Moreover, 7 -hardnessholdsevenfor B = ;, i.e., for
answersetexistence

FortheparticularcasevhereB = A, which constituteshe
settingwhereauxiliary lettersareusedin logic programswe
obtainin combinatiorwith Theoremb the samecompleity.

Noticethatthe“partial” spoilerof Lemma2 avoidsanave
guessof a (possiblyexponentiallylarge) full spoiler(Y;S)
whichprovesthefailureof (P; Q; Pa; &), attheexpenseof
checkinginvolved conditionson SE” (P) andSE” (Q).

The above resultsfor inclusion problemscarry over to
equivalenceproblemssincethey arepolynomiallyintertrans-
latable,asseenby Part 2 of Proposition2 andthe following
fact:

Proposition5 P ' (y:p,: &) Qiff Q " (upa:=5) Lro,
wheelpo = fop _ 0o ; Or:009[ fH  Or;B |
R2fP;Qg;H B 2 Rgandge; go arenew atoms.
This holdsby virtue of Lemmal andTheorem4, andthefact
thatthe (A; B)-certi catesof Lp.q arethoseof P andQ.

If thesizeof eachprogramin thecontet Cis polynomially
boundby the size of the comparedorogramsP andQ (asis
thecasefor ordinaryanduniform equivalence) the comple-
ity is lower. Let uscall suchproblemsP; Q; C, ) bound

Theorem 8 GivenprogramsP and Q, a context C, a setB
of atoms,sud that = (P;Q;C ) is bound,deciding
whether holdsis £ -complete £ -hardnessholdseven
for C= f;g , i.e, for ordinary equivalencewith projection.

For otherinstancesof the frameawork, the compleity is
evenlower.

Theorem9 Given programsP and Q over U and setsA
and B of atoms, deciding whether (P; Q; Pa;=g) holds
is (i) coNRcompleteif A = U, and (i) & -completeif
(A[ B)=U.

This result follows from the invarianceresultsin Sec-
tion 4.2 andcompleity resultsdueto Woltran[2004.

7 Conclusionand Further Work

We have presented generalframenork for expressingsolu-
tion correspondencdgetweemonmonotonidogic programs,
andhave thendevelopedsemanticharacterizationsf inclu-
sion and equivalenceproblemsunderprojectedanswersets
within a contet of possiblechanges. As we have shawn,
they matchtheintrinsic compleity of theproblem.

Our resultsprovide a semanticabasisfor developingop-
timization and delugging techniqueswhich are lacking at
presentbut vital for further enhancementsf ASP asa pro-
grammingparadigm.

Severalissuegemainfor futurework. Oneis to extendour
studyto differentclasse®f contextsandcomparegrograms,
andto provide suitablesemanticahndcomplity character
izations. Anotherissueconcernghe constructionof “good”
countergamples,accordingto their possibleform. Finally,
exploring othernotionsof correspondencalan=5 and g
in thegeneraframeavork is anintriguingissue.
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