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Abstract

If neuronsaretreatedaslatentvariables,our vi-
sual systemsare non-linear, densely-connected
graphicalmodelscontainingbillions of variables
and thousandsof billions of parameters. Cur-
rent algorithmswould have dif�culty learninga
graphicalmodel of this scale. Startingwith an
algorithm that hasdif�culty learningmore than
a few thousandparameters,I describea series
of progressively betterlearningalgorithmsall of
which are designedto run on neuron-like hard-
ware. The latestmemberof this seriescanlearn
deep,multi-layerbeliefnetsquiterapidly. It turns
a genericnetwork with threehiddenlayersand
1:7 million connectionsinto a very goodgenera-
tive modelof handwrittendigits. After learning,
themodelgivesclassi�cationperformancethatis
comparableto thebestdiscriminative methods.

1 Intr oduction
Our perceptualsystemsmake senseof thevisual input using
a neuralnetwork that containsabout1013 synapses.There
hasbeenmuchdebateaboutwhetherour perceptualabilities
shouldbeattributedto afew million generationsof blind evo-
lution or to a few hundredmillion secondsof visual experi-
ence.Evolutionarysearchsuffersfrom aninformationbottle-
neckbecause�tness is a scalar, so my bet is that the main
contribution of evolution was to endow us with a learning
algorithmthat could make useof high-dimensionalgradient
vectors. Thesevectorsprovide millions of bits of informa-
tion every secondthusallowing usto performa muchlarger
searchin one lifetime than evolution could perform in our
entireevolutionaryhistory.

Sowhat is this magiclearningalgorithm?I have beenin-
volved in attemptsto answerthis questionusingundirected
graphical models [Hinton and Sejnowski, 1986], directed
graphicalmodels[Hintonetal., 1995], or nographicalmodel
at all [Rumelhartet al., 1986]. Theseattemptshave failedas
scienti�c theoriesof how thebrain learnsbecausethey sim-
ply do not work well enough.They have,however, produced
two neattricks, onefor learningundirectedmodelsandone
for learningdirectedmodels. In this paper, I describesome

recentwork in collaborationwith SimonOsinderoandYee-
Whye Tehthatcombinesthesetwo tricks in a surprisingway
to learna hybrid generative modelthatwas�rst proposedby
Yee-Whye Teh. In this model, the top two layersform an
undirectedassociative memory. The remaininglayersform
a directedacyclic graphthat converts the representationin
theassociative memoryinto observablevariablessuchasthe
pixels of an image. In additionto working well, this hybrid
modelhassomeothernicefeatures:

1. Thelearning�nds a fairly goodmodelquickly even in
deepdirectednetworkswith millions of parametersand
many hiddenlayers. For optimal performance,how-
ever, aslower �ne-tuning phaseis required.

2. Thelearningalgorithmbuildsafull generativemodelof
thedatawhichmakesit easyto seewhatthedistributed
representationsin thedeeperlayershave in mind.

3. Theinferencerequiredfor formingaperceptis bothfast
andaccurate.

4. The learningalgorithm is unsupervised.For labeled
data,it learnsa modelthatgeneratesboththelabeland
thedata.

5. Thelearningis local: adjustmentsto asynapsestrength
dependonly on thestatesof thepre-synapticandpost-
synapticneuron.

6. The communicationis simple: neuronsonly needto
communicatetheir stochasticbinarystates.

Section2 describesa simplelearningalgorithmfor undi-
rected,densely-connected,networkscomposedof stochastic
binary variablessomeof which are unobserved. Section3
shows how to make this simple algorithm ef�cient by re-
strictingthearchitectureof thenetwork. Section4 introduces
the ideaof variationalapproximationsfor learningdirected
graphicalmodels in which correct inferenceis intractable
anddescribesthe“wake-sleep”algorithmthatmakesuseof a
variationalapproximationin a multi-layer, directednetwork
of stochasticbinary variables. All of thesesectionscanbe
safelyignoredby peoplealreadyfamiliarwith theseideas.

Section5 introducesthenovel ideaof a “complementary”
prior. Complementarypriorsseemaboutasprobableasfather
Christmasbecause,by de�nition, they exactlycancelthe“ex-
plainingaway” phenomenonthatmakesinferencedif�cult in



directedmodels.Section5.1 includesa simpleexampleof a
complementaryprior andshows theequivalencebetweenre-
strictedBoltzmannmachinesand in�nite directednetworks
with tiedweights.

Section 6 introducesa fast, greedy learning algorithm
for constructingmulti-layer directednetworks one layer at
a time. Usinga variationalboundit shows thataseachnew
layer is added,the overall generative model improves. The
greedyalgorithmresemblesboostingin its repeateduseof the
same“weak” learner, but insteadof re-weightingeachdata-
vector to ensurethat the next steplearnssomethingnew, it
re-representsit. Curiously, the weak learnerthat is usedto
constructdeepdirectednetsis itself anundirectedgraphical
model.

Section7 showshow theweightsproducedby theef�cient
greedyalgorithmcanbe �ne-tuned usingthe “up-down” al-
gorithm which is a contrastive versionof the wake-sleepal-
gorithm.

Section8 shows the patternrecognitionperformanceof
a network with three hidden layers and about 1.7 million
weightson the standardMNIST set of handwrittendigits.
Whenno knowledgeof geometryis providedandthereis no
specialpreprocessing,thegeneralizationperformanceof the
network is 1.25%errorson theof�cial testset.Thisbeatsthe
1.5%achieved by the bestback-propagation netswhenthey
arenot hand-craftedfor this particularapplication,andit is
quitecloseto the1.1%or 1.0%achievedby thebestsupport
vectormachines.

Finally, section9 shows whathappensin themind of the
modelwhenit is runningwithoutbeingconstrainedby visual
input. Thenetwork hasa full generative model,so it is easy
to look into its mind – we simply generateanimagefrom its
high-level representations.

Throughoutthepaper, we will considernetscomposedof
stochasticbinaryvariablesbut theideascanbegeneralizedto
othermodelsin which the log probabilityof a variableis an
additive functionof thestatesof its directly-connectedneigh-
bours.

2 The Boltzmann machinelearning algorithm
A Boltzmannmachine(HintonandSejnowski, 1986)is anet-
work of stochasticbinaryunitswith symmetricconnections.
It is usuallydivided into a setof “visible” units which can
have data-vectorsclampedon them,anda setof hiddenunits
thatactaslatentvariables(see�gure 1). Eachunit, i , adopts
its “on” statewith a probability that is a logistic functionof
theinputsit receivesfrom otherunits,j :

p(si = 1) =
1

1 + exp(� bi �
P

j sj wij )
(1)

wherebi is thebiasof unit i , andwij is theweightonthesym-
metricconnectionbetweeni andj . Theweightsandbiasesof
a Boltzmannmachinede�ne an energy function over global
con�gurations(i.e. binarystatevectors)of thenet. Using �
asanindex over con�gurationsof thevisible units,and� for
con�gurationsof thehiddenunits:
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Figure 1: A Boltzmann machinecomposedof stochastic
binary units with symmetric connections. When data is
clampedon the visible units, a simple stochasticupdating
rule infers a con�guration of statesof the hiddenunits that
is a goodinterpretationof thedata.If nodatais clampedand
thesameupdatingrule is usedfor all of theunits,thenetwork
generatesvisiblevectorsfrom its model.

wheres��
i is the binary stateof unit i in the global binary

con�guration � � . If units are chosenat randomand their
binarystatesareupdatedusingthestochasticactivation rule
in Eq. 1 theBoltzmannmachinewill eventuallyconvergeto
a stationaryprobability distribution in which the probability
of �nding it in any globalstateis determinedby theenergy of
thatstaterelative to theenergiesof all theotherglobalstates:

P �� =
exp(� E �� )
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(3)

If we sumover all con�gurationsof thehiddenunits,we get
theprobability, at thermalequilibrium,of �nding thevisible
unitsin con�guration�
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(4)

A Boltzmann machinecan be viewed as a generative
model that assignsa probability, via Eq. 4, to eachpossi-
ble binary statevector over its visible units. By changing
the weightsand biases,we can changethe probability that
themodelassignsto eachpossiblevisible vector. Sowe can
modela setof trainingvectorsby adjustingtheweightsand
biasesto maximizethesumof their log probabilities.A nice
featureof Boltzmannmachinesis that the maximumlikeli-
hoodlearningrule for the weightsis both simpleandlocal.
We can learna locally optimal setof weightsby collecting
two setsof statistics:

� In thepositivephasewe clampa trainingvectoron the
visibleunitsandthenrepeatedlyupdatethehiddenunits
in randomorder using Eq. 1. Oncethe distribution
overhiddencon�gurationshasreached“thermal” equi-
librium with the clampeddata-vector, we samplethe
hiddenstateand recordwhich pairs of units are both



on. By repeatingthis for theentiretrainingset,we can
compute< si sj > + , the averagecorrelationbetweeni
andj whendatais clampedon thevisibleunits.

� In thenegativephasewelet thenetwork runfreelywith
thevisibleunitsunclamped.Their statesareupdatedin
just thesameway asthehiddenunits. Oncethedistri-
bution over global con�gurationshasreachedequilib-
rium, we samplethe statesof all the units andrecord
which pairsarebothon. By repeatingthis many times,
we cancompute< si sj > � , theaveragecorrelationbe-
tweeni andj whenthe network is runningfreely and
thereforeproducingsamplesfrom its generativemodel.

We canthenfollow the gradientof the log probability of
thedataby usingthesimplerule

� wij = � (< si sj > + � < si sj > � ) (5)

where� is a learningrate. It is very surprisingthatthelearn-
ing rule is so simplebecausethe gradientof the log likeli-
hoodwith respectto oneweightdependsin complicatedways
on all theotherweights. In theback-propagationalgorithm,
thesedependenciesarecomputedexplicitly in thebackward
pass.In theBoltzmannmachinethey show up asthediffer-
encebetweenthe local correlationsin thepositive andnega-
tivephases.

Unfortunately, the simplicity andgeneralityof the Boltz-
mannmachinelearningalgorithmcomeataprice. It cantake
a very long time for the network to settleto thermalequi-
librium, especiallyin the negative phasewhen it is uncon-
strainedby databut needsto be highly multi-modal. Also,
the gradientusedfor learningis very noisy becauseit is the
differenceof two noisy expectations.Theseproblemsmake
the generalform of the algorithmimpracticalfor large net-
workswith many hiddenunits.

3 RestrictedBoltzmann machinesand
contrastivedivergencelearning

If we arewilling to restrict the architectureof a Boltzmann
machineby not allowing connectionsbetweenhiddenunits,
the positive phaseno longer requiresany settling. With a
data-vectorclampedon thevisible units,thehiddenunitsare
all conditionallyindependent,sowecanapplytheupdaterule
in Eq. 1 to all the units at the sametime to get an unbiased
samplefrom theposteriordistributionoverhiddencon�gura-
tions. This makesit easyto measurethe �rst correlationin
Eq. 5.

If we alsoprohibit connectionsbetweenvisible units,we
canupdateall of the visible units in parallelgiven a hidden
con�guration.Sothesecondcorrelationin Eq. 5canbefound
by alternatingGibbssamplingasshown in �gure 2. Unfortu-
natelywemayneedto run thealternatingGibbssamplingfor
a longtimebeforetheMarkov chainconvergesto theequilib-
rium distribution. Fortunately, if westarttheMarkov chainat
thedatadistribution, learningstill workswell evenif weonly
run the chainfor a few steps[Hinton, 2002]. This givesan
ef�cient learningrule:

� wij = � (< si sj > 0 � < si sj > n ) (6)

Figure2: This depictsa Markov chainthat usesalternating
Gibbssampling.In onefull stepof Gibbssampling,thehid-
denunitsin thetop layerareall updatedin parallelby apply-
ing Eq. 1 to the inputsreceived from the the currentstates
of thevisible units in thebottomlayer, thenthevisible units
areall updatedin parallelgiventhecurrenthiddenstates.The
chainis initialized by settingthe binary statesof the visible
units to bethesameasa data-vector. Thecorrelationsin the
activitiesof avisibleandahiddenunit aremeasuredafterthe
�rst updateof the hiddenunits and again at the end of the
chain. Thedifferenceof thesetwo correlationsprovidesthe
learningsignalfor updatingtheweighton theconnection.

wherethesuperscript0 indicatesthat thecorrelationis mea-
suredat thestartof thechainwith a data-vectorclampedon
the visible units andn indicatesthat the correlationis mea-
suredaftern full stepsof Gibbssampling.Theanglebrack-
ets denoteexpectationsover both the choiceof data-vector
andthestochasticupdatingusedin theGibbssampling.This
learning rule doesnot follow the gradientof the log like-
lihood, but it doesclosely approximatethe gradientof an-
otherfunction,contrastivedivergence,whichis thedifference
of two Kullback-Leiblerdivergences[Hinton, 2002]. Intu-
itively, it is not necessaryto run the chainto equilibrium in
orderto seehow thedatadistribution is beingsystematically
distortedby themodel.If wejustrunthechainfor afew steps
andthenlower theenergy of thedataandraisetheenergy of
whichever con�guration the chainpreferredto the data,we
will make the model more likely to generatethe dataand
lesslikely to generatethe alternatives. An empirical inves-
tigationof therelationshipbetweenthemaximumlikelihood
andthecontrastive divergencelearningrulescanbefoundin
[Carreira-PerpinanandHinton,2005].

Contrastive divergencelearningin a restrictedBoltzmann
machineis ef�cient enoughto bepractical[MayrazandHin-
ton, 2001]. Variationsthat usereal-valuedunits anddiffer-
entsamplingschemesaredescribedin [Tehet al., 2003] and
have beenquitesuccessfulfor modelingtheformationof to-
pographicmaps[Welling et al., 2003] andfor denoisingnat-
ural images[RothandBlack,2005]. However, it appearsthat
theef�ciency hasbeenboughtat a high price: It is not pos-
sibleto have deep,multilayernetsbecausethesetake far too
long even to reachconditional equilibrium with a clamped
data-vector. Also, netswith symmetricconnectionsdo not
giveacausalmodelin which thedatais explainedin termsof
underlyingcauses.

Thenext sectiondescribesasimplelearningalgorithmfor
an apparentlyquite different type of network that usesdi-



rectedconnections. This learningalgorithm also hasde�-
ciencies,but it canbecombinedwith contrastive divergence
learning in a surprisingway to producean algorithm that
works much betterand is signi�cantly more similar to the
realbrain.

4 Variational learning
Inferencein directedgraphicalmodelsthat usenon-linear,
distributed representationsis dif�cult becauseof a phe-
nomenoncalled“explainingaway” [Pearl,1988] which cre-
atesdependenciesbetweenhiddenvariables. This is illus-
tratedin �gure 3. RadfordNeal [Neal,1992] showed that it
waspossibleto useGibbssamplingto performinferencecor-
rectly in multilayerdirectednetworkscomposedof thesame
typeof binarystochasticunitsasareusedin Boltzmannma-
chines. The communicationrequiredis more complicated
than in a Boltzmannmachinebecausein addition to seeing
thebinarystatesof its ancestorsanddescendants,aunit needs
to seethe probability that eachof its descendantswould be
turnedon by the currentstatesof all that descendant's an-
cestors. However, oncewe have a samplefrom the poste-
rior distribution over con�gurationsof the hiddenunits, the
maximumlikelihoodlearningrule for updatingthe directed
connectionfrom j to i is verysimple:

� wj i = �s j (si � ŝi ) (7)

where� is alearningrateandŝi is theprobabilitythati would
be turnedon by thecurrentstatesof all its ancestors.There
is noneedfor a “negativephase”becausedirectedmodelsdo
not requirethe awkward normalizingterm that shows up in
thedenominatorof Eq. 3. RadfordNealshowedthatlogistic
belief netsaresomewhateasierto learnthanBoltzmannma-
chines,but theuseof Gibbssamplingto getsamplesfrom the
posteriordistributionstill makesit verytediousto learnlarge,
deepnets.

Rich Zemel and I realisedthat it might still be possible
to learna belief net thatcontaineda layerof binarystochas-
tic hiddenunits even when the cost of computingthe pos-
terior distribution, or samplingfrom it, wasprohibitive. In-
steadof trying to performmaximumlikelihoodlearning,we
adopteda codingperspective andattemptedto learna model
thatwouldminimizethedescriptionlengthof thedata[Zemel
andHinton, 1995]. The ideais that the senderandreceiver
bothhave accessto themodelandinsteadof communicating
a data-vector directly, the sender�rst communicatesa hid-
dencon�guration of the model. This costssomebits, but it
also gives the receiver a good idea of what datato expect.
Given theseexpectations,the data-vectorcanbe communi-
catedmorecheaply1. So it appearsthat theexpectedcostof
communicatingadata-vectoris:

C(x) = �
X

�

Q(y� jx) [logp(y� ) + logp(xjy� )] (8)

1Shannonshowed that,usinganef�cient block codingscheme,
the costof communicatinga discretevalueto a receiver is asymp-
totically equal to the negative log probability of that value under
a probability distribution that hasalreadybeenagreeduponby the
senderandthereceiver.

Figure3: A simple logistic belief net containingtwo inde-
pendent,rarecausesthatbecomehighly anti-correlatedwhen
weobserve thehousejumping.Thebiasof � 10ontheearth-
quakenodemeansthat,in theabsenceof any observation,this
nodeis e10 timesmorelikely to beoff thanon. If theearth-
quakenodeis onandthetrucknodeis off, thejumpnodehas
a total input of 0 which meansthat it hasanevenchanceof
beingon. This is a muchbetterexplanationof the observa-
tion thatthehousejumpedthantheoddsof e� 20 whichapply
if neitherof thehiddencausesis active. But it is wastefulto
turnonbothhiddencausesto explaintheobservationbecause
theoddson thembothhappeningaree� 10 � e� 10 = e� 20.

wherey� is a con�guration of the hiddenunits, Q(y� jx) is
theprobability that thesenderwill chooseto usey� in order
to communicatedata-vectorx, logp(y� ) is thecostof com-
municatingy� to a receiver who alreadyhasthe modeland
logp(xjy� ) is thecostof communicatingx to a receiverwho
hasboth the model and the hiddencon�guration y� . Rich
soon discovered that it was better to minimize a different
functionandweeventuallyunderstoodwhy.

Supposetherearetwo differenthiddencon�gurationsthat
give the samecommunicationcost for a data-vector. The
sendercan�ip acointodecidewhichonetouse.After receiv-
ing the data-vector, the receiver can�gure out what choices
wereavailableto the senderandhe cantherefore�gure out
thevalueof therandombit producedby thecoin. Soif there
are two equallygoodhiddencon�gurations,the sendercan
communicateoneadditionalbit from a randombit streamby
his choiceof con�guration. In general,the numberof extra
bits is equalto theentropy of thesender's distribution across
hiddencon�gurations. All of theseextra bits canbeusedto
communicatesomeother bit string, so we needto subtract
themfrom thecommunicationcostof thedata-vector:

C(x) = �
X

�

Q(y� jx) [logp(y� ) + logp(xjy� )]

�

 

�
X

�

Q(y� jx) logQ(y� jx)

!

(9)

If the senderpicks hiddencon�gurationsfrom their true
posteriordistribution, the communicationcost is minimized
andis equalto thenegative log probabilityof thedata-vector



underthemodel.But if it is hardto samplefrom thetruepos-
terior, the sendercanuseany otherdistribution he chooses.
Thecommunicationcostgoesup,but it is still perfectlywell-
de�ned. Thesendercould,for example,insistonusinga fac-
torial distribution in which thestatesof thehiddenunitsare
chosenindependently. Thecommunicationcostwill thenbe
anupperboundonthenegative log probabilityof thedataun-
derthemodelandby minimizing thecommunicationcostwe
will eitherpushdown thenegative log probabilityof thedata
orwewill maketheboundtighter. Theloosenessof thebound
is just theKullback-Lieblerdivergencebetweenthedistribu-
tion usedby thesenderandthetrueposterior, P(y� jx).

� logp(x) = C(x) �
X

�

Q(y� jx) log
Q(y� jx)
p(y� jx)

(10)

Theuseof anapproximateposteriordistribution to bound
logp(x) [Neal andHinton, 1998] is now a standardway to
learnbelief netsin which inferenceis intractable[Jordanet
al., 1999].

4.1 The wake-sleepalgorithm
A simpleway to make useof variationallearningin a multi-
layer logistic belief net is to usea setof “recognition” con-
nectionsthat computea factorialapproximationto the pos-
terior distribution in onelayer whengiven the binary states
of the units in the layer below [Hinton et al., 1995]. These
recognitionconnectionswill not, in general,have the same
valuesasthecorrespondinggenerative connections.Givena
setof recognitionweights,it is easyto updatethegenerative
weightsto follow thegradientof thedescriptioncostin Eq. 9.
We usea data-vectorto setthestatesof thevisible unitsand
thenwe usethe recognitionconnectionsto computea prob-
ability for eachunit in the �rst hiddenlayer. Thenwe use
theseprobabilitiesto pick independentbinary statesfor all
theunits in that layer. This is repeatedfor eachhiddenlayer
in turn until we have a samplefrom the approximateposte-
rior. Given this samplethe learningrule for the generative,
top-down weightsis givenby Eq. 7. This is the“wake” phase
of thewake-sleepalgorithm.

The “correct” way to learn the recognitionweightsis to
follow the derivative of the cost in Eq. 9. The recognition
weightsonlyaffecttheQ terms;they donotaffectthep terms.
However, thederivativesw.r.t theQ termsaremessybecause
Q comesoutsidethe log. Sowe make a furtherapproxima-
tion. In the “sleep” phase,we performan ancestralpassto
generatea samplefrom thegenerative model.Startingat the
top layer, we pick binarystatesfor theunits from their inde-
pendentpriors.Thenwepick statesfor theunitsin eachlower
layerusingtheprobabilitiescomputedby applyingthegener-
ative weightsto thestatesin the layerabove. Oncewe have
completedan ancestralpass,we have both a visible vector
andits truehiddencauses.Sowe canadjusttherecognition
weightsto bebetterat recoveringthehiddencausesfrom the
statesof theunitsin thelayerbelow:

� wij = �s i (sj � ŝj ) (11)

whereŝj is theprobability that j would be turnedon by the
currentstatesof all its descendants.

Thewake-sleepalgorithmworksquitewell, but thesleep
phaseis not exactly following thegradientof thevariational
bound. As a result, it doesthe wrong thing when a data-
vectorcanbegeneratedby twoquitedifferenthiddencon�gu-
rations:Insteadof pickingoneof thesehiddencon�gurations
andstickingwith it, it averagesthecon�gurationsto produce
avaguefactorialdistributionthatgivessigni�cant probability
to many poorcon�gurations.

5 Complementarypriors
The phenomenonof explaining away makesinferencedif�-
cult in directednetworks. It is comforting that we canstill
improve the parameterseven when inferenceis doneincor-
rectly, but it would bemuchbetterto �nd a way of eliminat-
ing explainingawayaltogether, evenin modelswhosehidden
variableshave highly correlatedeffects on the visible vari-
ables.Mostpeoplewhousedirectedgraphicalmodelsregard
thisasimpossible.

In a logisticbeliefnetwith onehiddenlayer, theprior dis-
tribution over the hiddenvariablesis factorialbecausetheir
binary statesare chosenindependentlywhen the model is
usedto generatedata.Thenon-independencein theposterior
distributionis createdby thelikelihoodtermcomingfrom the
data.Perhapswe couldeliminateexplainingaway in the�rst
hiddenlayer by usingextra hiddenlayersto createa “com-
plementary”prior that hasexactly the oppositecorrelations
to thosein the likelihood term. Then, when the likelihood
term is multiplied by the prior, we will get a posteriorthat
is exactly factorial.This seemsprettyimplausible,but �gure
4 shows a simpleexampleof a logistic belief netwith repli-
catedweightsin whichthepriorsarecomplementaryat every
hiddenlayer. Thisnethassomeinterestingproperties.

5.1 An in�nite dir ectedmodelwith tied weights
We cangeneratedatafrom the in�nite directednet by start-
ing with a randomcon�guration at an in�nitely deephidden
layerandthenperforminganancestralpassall thewaydown
to thevisible variables.Clearly, thedistribution thatwe will
getover thevisiblevariablesis exactly thesameasthedistri-
bution producedby theMarkov chainin �gure 2 so the in�-
nitedirectednetwith tiedweightsis equivalentto arestricted
Boltzmannmachine.2

Wecansamplefrom thetrueposteriordistributionoverall
of thehiddenlayersof thein�nite directednetbystartingwith
adatavectoronthevisibleunitsandthenusingthetransposed
weight matricesto infer the factorialdistributionsover each
hiddenlayerin turn. At eachhiddenlayerwesamplefrom the
factorialposteriorbeforecomputingthefactorialposteriorfor
thelayerabove. This is exactly thesameprocessasstartinga
restrictedBoltzmannmachineat thedataandletting it settle
to equilibrium. It is alsoexactly the sameas the inference
procedureusedin the wake-sleepalgorithm,but in this net
it givesunbiasedsamplesbecausethe complementaryprior
at eachlayer ensuresthat the posteriordistribution really is
factorial.

2Wecaninterpretany undirectedmodelthatusesGibbssampling
asanin�nite directedmodelwith tiedweights.



Sincewe caneasilysamplefrom the true posterior, it is
easyto learn the weights in the in�nite directednet. Let
usstartby computingthederivative for a generative weight,
w00

ij , from aunit j in layerH 0 to unit i in layerV0 (see�gure
4). In a logistic belief net, themaximumlikelihoodlearning
rule for asingledata-vector, x, is:

@logp(x)
@w00

ij
= < s0

j (s0
i � ŝ0

i )> (12)

where< � > denotesan averageover the sampledstates
and ŝ0

i is the probability that unit i would be turnedon if
the visible vectorwasstochasticallyreconstructedfrom the
sampledhiddenstates.Computingtheposteriordistribution
over the secondhiddenlayer, V1, from the sampledbinary
statesin the�rst hiddenlayer, H 0, is exactlythesameprocess
asreconstructingthedata,sos1

i is a samplefrom ŝ0
i andthe

learningrulebecomes:

@logp(x)
@w00

ij
= < s0

j (s0
i � s1

i )> (13)

Sincetheweightsarereplicated,thefull derivative for a gen-
erative weight is obtainedby summingthederivativesof the
generative weightsbetweenall pairsof layers:

@logp(x)
@wij

= < s0
j (s0

i � s1
i )>

+ < s1
i (s0

j � s1
j )>

+ < s1
j (s1

i � s2
i )>

+ :::

All of theverticallyalignedtermscancelleaving theBoltz-
mannmachinelearningrule of Eq. 5. Thesameweightsare
alsousedfor inferenceandonemightexpectthisto contribute
extraderivatives.Fortunately, all of thesederivativesarezero.
The inferenceis exactso,to �rst order, smallchangesin the
inferredposteriorsmake no changein the log probabilityof
thedata.Theonly reasontherecognitionweightseverchange
is becausethey aretied to thegenerative weights.

6 A greedylearning algorithm for
transforming representations

An ef�cient way to learna complicatedmodelis to combine
asetof simplermodelsthatarelearnedsequentially. To force
eachmodelin thesequenceto learnsomethingdifferentfrom
the previous models,the datais modi�ed in someway af-
tereachmodelhasbeenlearned.In boosting[Freund,1995],
eachmodelin thesequenceis trainedonre-weighteddatathat
emphasizesthecasesthattheprecedingmodelsgotwrong.In
oneversionof principalcomponentsanalysis,thevariancein
amodeleddirectionis removedthusforcingthenext modeled
directionto lie in theorthogonalsubspace.In projectionpur-
suit [FriedmanandStuetzle,1981], the datais transformed
by nonlinearlydistorting one direction in the data-spaceto
removeall non-Gaussianityin thatdirection.Theideabehind
our greedyalgorithmis to allow eachmodelin thesequence
to receive a differentrepresentationof the data. The model

Figure4: An in�nite logisticbeliefnetwith tiedweights.

performsa non-lineartransformationon its input vectorsand
producesasoutputthe vectorsthat will be usedasinput for
thenext modelin thesequence.

Figure5 showsamultilayergenerativemodelin whichthe
top two layersinteractvia undirectedconnectionsandall of
the otherconnectionsaredirected. Thereareno intra-layer
connectionsand,to simplify theanalysis,all layershave the
samenumberof units. It is possibleto learnsensible(though
not optimal) valuesfor theparametersW0 by assumingthat
theparametersbetweenhigherlayerswill beusedtoconstruct
acomplimentaryprior for W0. This is equivalentto assuming
thatall of theweightmatricesareconstrainedtobeequal.The
taskof learningW0 underthisassumptionreducesto thetask
of learningan RBM andalthoughthis is still dif�cult, good
approximatesolutionscan be found rapidly by minimizing
contrastive divergence(Hinton, 2002). OnceW0 hasbeen
learned,thedatacanbemappedthroughW T

0 to createhigher-
level “data” at the�rst hiddenlayer.

If the RBM is a perfectmodel of the original data, the
higher-level “data” will alreadybemodeledperfectlyby the
higher-level weight matrices.Generally, however, the RBM
will not be ableto modelthe original dataperfectlyandwe
can make the generative model better using the following
greedyalgorithm:

1. LearnW0 assumingall theweightmatricesaretied.

2. FreezeW0 andcommitourselvesto usingW T
0 to infer

factorial approximateposteriordistributions over the
statesof thevariablesin the�rst hiddenlayer.

3. Keepingall the higher weight matricestied to each
other, but untiedfrom W0, learnanRBM modelof the



Figure5: A hybrid network. The top two layershave undi-
rectedconnectionsandform anassociativememory. Thelay-
ers below have directed,top-down, generative connections
that can be usedto map a stateof the associative memory
to animage.Therearealsodirected,bottom-up,recognition
connectionsthatareusedto infer a factorialrepresentationin
onelayerfrom thebinaryactivities in thelayerbelow. In the
greedyinitial learningtherecognitionconnectionsaretied to
thegenerative connections.

higher-level “data” that is producedby using W T
0 to

transformtheoriginaldata.
If this greedyalgorithmchangesthe higher-level weight

matrices,it is guaranteedto improve the generative model.
Thelog probabilityof a singledata-vector, x, underthemul-
tilayergenerative modelis boundedby

logp(x) �
X

�

Q(y� jx) (logp(y� ) + logp(xjy� ))

�
X

�

Q(y� jx) logQ(y� jx)

wherey� is abinarycon�gurationof theunitsin the�rst hid-
denlayer, p(y� ) is theprior probabilityof y� underthemodel
de�ned by theweightsabove H 0 andQ(�jx) is any probabil-
ity distributionovery. Theboundbecomesanequalityif and
only if Q(�jx) is thetrueposteriordistribution.

Whenall of theweightmatricesaretied together, thefac-
torial distribution over H 0 producedby applying W T

0 to a
data-vector is the true posteriordistribution, so at step2 of
the greedyalgorithmlogp(x) is equalto the bound. Step2
freezesbothQ(�jx) andp(xjy� ) andwith theseterms�x ed,
thederivative of theboundis thesameasthederivative ofX

�

Q(y� jx) logp(y� ) (14)

Somaximizingtheboundw.r.t. theweightsin thehigherlay-
ersis exactly equivalentto maximizingthelog probabilityof

a datasetin which y� occurswith probability Q(y� jx). If
the boundbecomestighter, it is possiblefor logp(x) to fall
eventhoughthelowerboundon it increases,but logp(x) can
never fall below its valueat step2 of the greedyalgorithm
becausetheboundis tight at this point andtheboundalways
increases.

The greedyalgorithmcanclearly be appliedrecursively,
soif weusethefull maximumlikelihoodBoltzmannmachine
learningalgorithmto learneachsetof tied weightsandthen
we untie thebottomlayerof thesetfrom theweightsabove,
we can learn the weightsone layer at a time with a guar-
antee3 thatwe will never decreasethe log probabilityof the
dataunderthefull generative model. In practice,we replace
maximumlikelihoodBoltzmannmachinelearningalgorithm
by contrastive divergencelearningbecauseit workswell and
is muchfaster. The useof contrastive divergencevoids the
guarantee,but it is still reassuringto know that extra layers
areguaranteedto improve imperfectmodelsif we learneach
layerwith suf�cient patience.

To guaranteethat the generative model is improved by
greedily learningmore layers, it is convenient to consider
modelsin whichall layersarethesamesizesothatthehigher-
level weightscanbe initialized to the valueslearnedbefore
they areuntiedfrom theweightsin thelayerbelow. Thesame
greedyalgorithm,however, canbeappliedevenwhenthelay-
ersaredifferentsizes.

7 Back-Fitting with the up-down algorithm
Learningthe weight matricesonelayer at a time is ef�cient
but far from optimal. Once the weights in higher layers
have beenlearned,neitherthe weightsnor the simpleinfer-
enceprocedureare optimal for the lower layers. The sub-
optimality producedby greedylearningis relatively innocu-
ous for supervisedmethodslike boosting. Labelsareoften
scarceand eachlabel may only provide a few bits of con-
strainton theparameters,soover-�tting is typically moreof
a problemthan under-�tting. Going back and re�tting the
earliermodelsmay, therefore,causemoreharmthangood.
Unsupervisedmethods,however, can use very large unla-
beleddatasetsandeachcasemay be very high-dimensional
thusproviding many bitsof constraintonagenerativemodel.
Under-�tting is then a seriousproblemwhich can be alle-
viated by a subsequentstageof back-�tting in which the
weightsthatwerelearned�rst arerevisedto �t in betterwith
theweightsthatwerelearnedlater.

After greedilylearninggoodinitial valuesfor theweights
in every layer, we untie the “recognition” weights that are
usedfor inferencefrom the “generative” weights that de-
�ne themodel,but retainthe restrictionthat theposteriorin
eachlayermustbeapproximatedby afactorialdistribution in
which thevariableswithin a layerareconditionallyindepen-
dentgiven the valuesof the variablesin the layer below. A
variantof the wake-sleepalgorithmdescribedin section4.1
canthenbe usedto allow the higher-level weightsto in�u-
encethe lower level ones. In the “up-pass”,the recognition
weightsareusedin abottom-uppassthatstochasticallypicks

3Theguaranteeis on theexpectedchangein thelog probability.



a statefor every hiddenvariable.Thegenerative weightson
the directedconnectionsare then adjustedusing the maxi-
mumlikelihoodlearningrule in Eq. 7. Becauseweightsare
no longer tied to the weightsabove them, ŝi mustbe com-
putedusingthestatesof thevariablesin thelayerabove i and
thegenerative weightsfrom thesevariablesto i . Theweights
on theundirectedconnectionsat the top level arelearnedas
beforeby �tting thetop-level RBM to theposteriordistribu-
tion of thepenultimatelayer.

The “down-pass”startswith a stateof the top-level asso-
ciativememoryandusesthetop-downgenerativeconnections
to stochasticallyactivate eachlower layer in turn. During
the down-pass,the top-level undirectedconnectionsandthe
generative directedconnectionsare not changed. Only the
bottom-uprecognitionweightsaremodi�ed. This is equiva-
lent to thesleepphaseof thewake-sleepalgorithmif theas-
sociativememoryis allowedto settleto its equilibriumdistri-
bution beforeinitiating thedown-pass.But if theassociative
memoryis initializedby anup-passandthenonly allowedto
run for a few iterationsof alternatingGibbssamplingbefore
initiating the down-pass,this is a “contrastive” form of the
wake-sleepalgorithm which eliminatesthe needto sample
from theequilibriumdistribution of theassociative memory.
Thecontrastive form also�x esseveralotherproblemsof the
sleepphase.It ensuresthattherecognitionweightsarebeing
learnedfor representationsthat resemblethoseusedfor real
dataandit alsohelpsto eliminatetheproblemof modeaver-
aging. If, givena particulardatavector, thecurrentrecogni-
tion weightsalwayspick a particularmodeat thelevel above
andignoreotherverydifferentmodesthatareequallygoodat
generatingthedata,thelearningin thedown-passwill not try
to alter thoserecognitionweightsto recover any of theother
modesas it would if the sleepphaseuseda pure ancestral
pass.

By using a top-level associative memorywe also elimi-
nateaproblemin thewakephase:Independenttop-level units
seemto berequiredto allow anancestralpass,but they mean
that the variationalapproximationis very poor for the top
layerof weights.

8 Performanceon the MNIST database
8.1 Training the network
The MNIST databaseof handwrittendigits contains60,000
training imagesand 10,000test images. Resultsfor many
differentpatternrecognitiontechniquesarealreadypublished
for this databaseso it is ideal for evaluating new pattern
recognitionmethods. The network4 shown in �gure 6 was
trainedon 44,000of the training imagesthat were divided
into 440balancedmini-batcheseachcontaining10 examples
of eachdigit class.Theweightswereupdatedaftereachmini-
batch.

In the initial phaseof training, the greedyalgorithmde-
scribedin section6 wasusedto train eachlayer of weights

4Preliminaryexperimentswith 16 � 16 imagesof handwritten
digits from the USPSdatabaseshowed that a goodway to model
the joint distribution of digit imagesandtheir labelswasto usean
architectureof this type,but for 16 � 16 images,only 3=5 asmany
unitswereusedin eachhiddenlayer.

Figure6: Thenetwork usedto modelthejoint distributionof
digit imagesanddigit labels.

separately, startingat thebottom. Eachlayerwastrainedfor
30 sweepsthroughthe training set (called “epochs”). Dur-
ing training,theunitsin the“visible” layerof eachRBM had
real-valuedactivities between0 and1. Thesewerethe nor-
malizedpixel intensitieswhenlearningthe thebottomlayer
of weights. For training higher layersof weights,the real-
valuedactivities of thevisible unitsin theRBM weretheac-
tivation probabilitiesof the hiddenunits in the lower-level
RBM. Thehiddenlayerof eachRBM usedstochasticbinary
valueswhenthatRBM wasbeingtrained.Thegreedytrain-
ing took a few hoursin Matlab on a 3GHz Xeon processor
andwhenit wasdone,theerror-rateonthetestsetwas2.49%
(seebelow for detailsof how thenetwork is tested).

When training the top layer of weights(the onesin the
associative memory)the labelswereprovided aspart of the
input. Thelabelswererepresentedby turningononeunit in a
“softmax” groupof 10units.Whentheactivitiesin thisgroup
werereconstructedfrom theactivities in thelayerabove,ex-
actly oneunit wasallowedto beactive andtheprobabilityof
pickingunit i wasgivenby:

pi =
exp(x i )P
j exp(x j )

(15)

where x i is the total input received by unit i . Curiously,
thelearningrulesareunaffectedby thecompetitionbetween
unitsin asoftmaxgroup,sothesynapsesdonotneedto know
whichunit is competingwith whichotherunit. Thecompeti-
tion affectstheprobabilityof a unit turningon, but it is only
thisprobabilitythataffectsthelearning.

After thegreedylayer-by-layertraining, thenetwork was
trained,with a different learningrateandweight-decay, for
300epochsusingtheup-down algorithmdescribedin section
7. The learningrate, momentum,and weight-decay5 were

5No attemptwasmadeto usedifferentlearningratesor weight-
decaysfor differentlayersandthelearningrateandmomentumwere



Figure7: All 49casesin whichthenetwork guessedright but
hada secondguesswhoseprobability waswithin 0:3 of the
probabilityof thebestguess.Thetrueclassesarearrangedin
standardscanorder.

chosenby training the network several timesandobserving
its performanceon a separatevalidation set of 10,000im-
agesthat weretaken from the remainderof the full training
set. For the �rst 100 epochsof the up-down algorithm,the
up-passwas followed by threefull iterationsof alternating
Gibbssamplingin the associative memorybeforeperform-
ing thedown-pass.For thesecond100epochs,six iterations
wereperformed,and for the last 100 epochs,ten iterations
wereperformed.Eachtimethenumberof iterationsof Gibbs
samplingwasraised,theerroron thevalidationsetdecreased
noticeably.

Thenetwork thatperformedbeston thevalidationsetwas
thentestedandhadanerrorrateof 1.39%.Thisnetwork was
thentrainedonall 60,000trainingimages6 until its error-rate
on the full training setwasaslow asits �nal error-ratehad
beenon the initial training setof 44,000images.This took
a further 59 epochsmaking the total learningtime abouta
week. The �nal network had an error-rate of 1.25%. The
errorsmadeby the network areshown in �gure 8. The 49
casesthat thenetwork getscorrectbut for which thesecond
bestprobabilityis within 0.3of thebestprobabilityareshown
in �gure 7.

Theerror-rateof 1.25%comparesvery favorablywith the
error-ratesachieved by discriminative, feed-forward neural
networks thathave oneor two hiddenlayersandaretrained
by back-propagation.Whenthedetailedconnectivity of these
networks is not hand-craftedfor this particulartask,thebest
reportederror-ratefor stochasticon-linelearningwith a sep-
aratesquarederror on eachof the 10 outputunits is 2.95%.
Theseerror-ratescan be reducedto 1.51% by using small

always set quite conservatively to avoid oscillations. It is highly
likely that the learningspeedcouldbeconsiderablyimprovedby a
morecarefulchoiceof learningparameters,thoughit is possiblethat
thiswould leadto worsesolutions.

6The trainingsethasunequalnumbersof eachclass,so images
wereassignedrandomlyto eachof the600mini-batches.

Figure8: The125testcasesthatthenetwork gotwrong.Each
caseis labeledby the network's guess.The true classesare
arrangedin standardscanorder.

initial weights,“softmax” outputunits,a cross-entropy error
function,andeitherverygentlelearning(JohnPlatt,personal
communication)or a regularizerthat penalizesthe squared
weightsby anamountthatis carefullychosenusingavalida-
tion set.For comparison,nearestneighborhasa reporteder-
ror rate(googleMNIST) of 3.1%if all 60,000trainingcases
areused(which is extremelyslow) and4.4% if 20,000are
used.This canbereducedto 2.8%and4.0%by usinganL3
norm.

Theonly standardmachinelearningalgorithmthatoutper-
formsthegenerativemodelis supportvectormachineswhich
give error ratesof 1.1%or 1.0%. But it is hardto seehow
supportvectormachinescanmakeuseof thedomain-speci�c
tricks, like weight-sharingandsub-sampling,which LeCun
et.al. useto improve theperformanceof discriminative neu-
ral networksfrom 1.5%to 0.95%.Thereis noobviousreason
why weight-sharingandsub-samplingcannotbe usedto re-
ducetheerror-rateof thegenerativemodel.Furtherimprove-
mentscanalwaysbe achieved by averagingthe opinionsof
multiple networksor by enhancingthe trainingsetwith dis-
torteddata,but thesetechniquesareavailableto all methods,
thoughdataenhancementcanseriouslyslow-down methods
thatdonotscalesub-linearlywith thesizeof thetrainingset.



Figure 9: Eachrow shows 10 samplesfrom the generative
modelwith aparticularlabelclampedon. Thetop-level asso-
ciativememoryis runfor 1000iterationsof alternatingGibbs
samplingbetweensamples.

8.2 Testingthe network
Oneway to testthenetwork is usea stochasticup-passfrom
theimageto �x thebinarystatesof the500unitsin thelower
layerof theassociative memory. With thesestates�x ed, the
labelunitsaregiveninitial real-valuedactivities of 0:1 anda
few iterationsof alternatingGibbssamplingarethenusedto
activatethe correctlabel unit. This methodof testinggives
error ratesthat arealmost1% higherthanthe ratesreported
above.

A bettermethodis to �rst �x thebinarystatesof the500
unitsin thelower layerof theassociativememoryandto then
turn on eachof the label units in turn andcomputethe ex-
actfreeenergy of theresulting510componentbinaryvector.
Almost all thecomputationrequiredis independentof which
labelunit is turnedon[TehandHinton,2001] andthismethod
computestheexactconditionalequilibriumdistribution over
labelsinsteadof approximatingit by Gibbssamplingwhich
is what thepreviousmethodis doing. This methodgiveser-
ror ratesthatareabout0.5%higherthantheonesquotedbe-
causeof the stochasticdecisionsmadein the up-pass. We
canremove this noisein two ways. Thesimplestis to make
theup-passdeterministicby usingprobabilitiesof activation
in placeof stochasticbinary states.The secondis to repeat
thestochasticup-passtwentytimesandaverageeitherthela-
belprobabilitiesor thelabellog probabilitiesover thetwenty
repetitionsbeforepicking thebestone.Thetwo typesof av-
eragegive almostidenticalresultsandtheseresultsarealso
very similar to usinga deterministicup-pass,which wasthe
methodusedfor thereportedresults.

9 Looking into the mind of a neural network
To generatesamplesfrom themodel,we performalternating
Gibbssamplingin thetop-level associative memoryuntil the
Markov chainconvergesto theequilibriumdistribution. Then

Figure10: Eachrow shows 10 samplesfrom the generative
modelwith a particularlabel clampedon. The top-level as-
sociative memoryis initialized by anup-passfrom a random
binary imagein which eachpixel is on with a probabilityof
0:5. The�rst columnshows theresultsof a down-passfrom
this initial high-level state.Subsequentcolumnsareproduced
by 20 iterationsof alternatingGibbssamplingin theassocia-
tivememory.

we usea samplefrom this distribution asinput to the layers
below andgeneratean imageby a singledown-passthrough
the generative connections.If we clampthe label units to a
particularclassduring the Gibbs samplingwe can seeim-
agesfrom themodel's class-conditionaldistributions.Figure
9 showsasequenceof imagesfor eachclassthatweregener-
atedby allowing 1000iterationsof Gibbssamplingbetween
samples.

We can also initialize the stateof the top two layersby
providing a randombinary imageasinput. Figure10 shows
how the class-conditionalstateof the associative memory
then evolves when it is allowed to run freely, but with the
labelclamped.This internalstateis “observed” by perform-
ing a down-passevery 20 iterationsto seewhat theassocia-
tive memoryhasin mind. This useof the word “mind” is
not metaphorical.A mentalstateis thestateof a hypotheti-
calworld in whicha high-level internalrepresentationwould
constituteveridical perception. That hypotheticalworld is
whatthe�gure shows.

10 Conclusion
The network in �gure 6 hasaboutas many parametersas
0:002 cubic millimeters of mousecortex. Several hundred
networksof thiscomplexity would �t within asinglevoxel of
ahigh resolutionfMRI scan.Learningalgorithmsaregetting
better, but they still havea longway to go.
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