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Abstract

If neuronsaretreatedaslatentvariables,our vi-
sual systemsare non-linear densely-connected
graphicalmodelscontainingbillions of variables
and thousandsof billions of parameters. Cur-
rent algorithmswould have dif culty learninga
graphicalmodel of this scale. Startingwith an
algorithmthat hasdif culty learningmore than
a few thousandparameters] describea series
of progressiely betterlearningalgorithmsall of
which are designedto run on neuron-lile hard-
ware. The latestmemberof this seriescanlearn
deepmulti-layerbeliefnetsquiterapidly. It turns
a genericnetwork with threehiddenlayersand
1:7 million connectionsnto a very goodgenera-
tive modelof handwrittendigits. After learning,
themodelgivesclassi cationperformancehatis
comparableo the bestdiscriminatize methods.

1 Intr oduction

Our perceptuabystemanale senseof the visualinput using
a neuralnetwork that containsabout10'® synapses.There
hasbeenmuchdebateaboutwhetherour perceptuabbilities
shouldbeattributedto afew million generationsf blind evo-
lution or to a few hundredmillion secondof visual experi-
ence.Evolutionarysearchsuffersfrom aninformationbottle-
neck becausetness is a scalar so my betis that the main
contrikution of evolution was to endav us with a learning
algorithmthat could make useof high-dimensionagradient
vectors. Thesevectorsprovide millions of bits of informa-
tion every secondhusallowing usto performa muchlarger
searchin one lifetime than evolution could performin our
entireevolutionaryhistory.

Sowhatis this magiclearningalgorithm?| have beenin-
volved in attemptsto answerthis questionusing undirected
graphical models [Hinton and Sejnavski, 1984, directed
graphicaimodels[Hintonetal., 1993, or nographicaimodel
atall [Rumelhartetal., 1984. Theseattemptshave failedas
scienti ¢ theoriesof how the brainlearnsbecausehey sim-
ply do notwork well enough.They have, however, produced
two neattricks, onefor learningundirectedmodelsand one
for learningdirectedmodels. In this paper | describesome

recentwork in collaborationwith Simon Osinderoand Yee-
Whye Tehthatcombineghesetwo tricks in a surprisingway
to learnahybrid generatre modelthatwas rst proposedy
Yee-Wlye Teh. In this model, the top two layersform an
undirectedassociatie memory The remaininglayersform
a directedagyclic graphthat corverts the representationn
the associatie memoryinto obserablevariablessuchasthe
pixels of animage. In additionto working well, this hybrid
modelhassomeothernicefeatures:

1. Thelearning nds afairly goodmodelquickly evenin
deepdirectednetworkswith millions of parameterand
mary hiddenlayers. For optimal performance how-
ever, aslower ne-tuning phases required.

2. Thelearningalgorithmbuildsafull generatre modelof
thedatawhich makesit easyto seewhatthedistributed
representationis the deepeitayershave in mind.

3. Theinferenceequiredor formingapercepis bothfast
andaccurate.

4. The learning algorithmis unsupervised. For labeled
data,it learnsa modelthatgeneratesoththelabeland
thedata.

5. Thelearningis local: adjustments$o a synapsestrength
dependonly on the statesof the pre-synapti@andpost-
synapticneuron.

6. The communicationis simple: neuronsonly needto
communicateheir stochastidinary states.

Section2 describesa simplelearningalgorithmfor undi-
rected,densely-connectedetworks composedf stochastic
binary variablessomeof which are unobsered. Section3
shavs how to male this simple algorithm efcient by re-
strictingthearchitectureof thenetwork. Section4 introduces
the idea of variationalapproximationdor learningdirected
graphicalmodelsin which correctinferenceis intractable
anddescribeshe“wake-sleepalgorithmthatmakesuseof a
variationalapproximationin a multi-layer, directednetwork
of stochastidvinary variables. All of thesesectionscan be
safelyignoredby peoplealreadyfamiliar with theseideas.

Section5 introduceghe novel ideaof a“complementary”
prior. Complementaryriorsseemaboutasprobableasfather
Christmashecausehy de nition, they exactly cancetthe“ex-
plainingaway” phenomenothatmakesinferencedif cult in



directedmodels.Section5.1 includesa simpleexampleof a
complementarprior andshavs the equivalencebetweerre-
stricted Boltzmannmachinesandin nite directednetworks
with tied weights.

Section 6 introducesa fast, greedy learning algorithm
for constructingmulti-layer directednetworks one layer at
atime. Using a variationalboundit showns thataseachnew
layer is added,the overall generatre modelimproves. The
greedyalgorithmresemblesoostingin its repeatediseof the
same‘weak” learner but insteadof re-weightingeachdata-
vectorto ensurethat the next steplearnssomethingnew, it
re-representd. Curiously the weaklearnerthatis usedto
constructdeepdirectednetsis itself an undirectedgraphical
model.

Section7 shavs how theweightsproducedy theef cient
greedyalgorithmcanbe ne-tuned usingthe “up-down” al-
gorithmwhich is a contrastve versionof the wake-sleepal-
gorithm.

Section8 shaws the patternrecognitionperformanceof
a network with three hidden layers and about 1.7 million
weightson the standardMNIST set of handwrittendigits.
Whenno knowledgeof geometryis provided andthereis no
specialpreprocessinghe generalizatiorperformanceof the
network is 1.25%errorsontheof cial testset.Thisbeatshe
1.5% achiered by the bestback-propagtion netswhenthey
are not hand-craftedor this particularapplication,andit is
quite closeto the 1.1%or 1.0%achieved by the bestsupport
vectormachines.

Finally, section9 shovs what happensn the mind of the
modelwhenit is runningwithoutbeingconstrainedy visual
input. The network hasa full generatie model,soit is easy
to look into its mind — we simply generateanimagefrom its
high-level representations.

Throughoutthe paper we will considemetscomposeaf
stochastidinaryvariablesbut theideascanbegeneralizedo
othermodelsin which the log probability of a variableis an
additive functionof the statesof its directly-connectedeigh-
bours.

2 The Boltzmann machinelearning algorithm
A BoltzmannmachingHintonandSejnavski, 1986)is anet-

work of stochastidinary units with symmetricconnections.

It is usually divided into a setof “visible” units which can
have data-\ectorsclampedon them,anda setof hiddenunits
thatactaslatentvariables(see gure 1). Eachunit, i, adopts
its “on” statewith a probability thatis a logistic function of
theinputsit recevesfrom otherunits,j :
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whereb is thebiasof uniti, andw; is theweightonthesym-
metricconnectiorbetween andj . Theweightsandbiaseof
a Boltzmannmachinede ne an enegy function over global
con gurations(i.e. binary statevectors)of the net. Using
asanindex over con gurationsof thevisible units,and for
con gurationsof thef;(iddenunits:
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Figure 1: A Boltzmannmachinecomposedof stochastic
binary units with symmetric connections. When data is

clampedon the visible units, a simple stochasticupdating
rule infers a con guration of statesof the hiddenunits that

is agoodinterpretatiorof the data.If no datais clampedand

thesameupdatingruleis usedfor all of the units,the network

generatesisible vectorsfrom its model.

wheres; is the binary stateof unit i in the global binary
con guration If units are chosenat randomand their
binary statesare updatedusingthe stochastiactivation rule
in Eqg. 1 the Boltzmannmachinewill eventuallycornvergeto
a stationaryprobability distribution in which the probability
of nding it in ary globalstateis determinecy theenegy of
thatstaterelative to theenegiesof all the otherglobal states:

_ _exp( E )
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If we sumover all con gurationsof the hiddenunits, we get
the probability, at thermalequilibrium, of nding thevisible
unitsin con guration

B exp( E )
P e ) @

A Boltzmann machinecan be viewed as a generatre
modelthat assignsa probability via Eq. 4, to eachpossi-
ble binary statevector over its visible units. By changing
the weightsand biases,we can changethe probability that
the modelassigngo eachpossiblevisible vector Sowe can
modela setof training vectorsby adjustingthe weightsand
biasego maximizethe sumof theirlog probabilities.A nice
featureof Boltzmannmachiness that the maximumlik eli-
hoodlearningrule for the weightsis both simpleandlocal.
We canlearna locally optimal setof weightsby collecting
two setsof statistics:

In the positivephasewe clampatrainingvectoron the
visible unitsandthenrepeatedlyipdatehehiddenunits
in randomorderusing Eq. 1. Oncethe distribution
over hiddencon gurationshasreachedthermal” equi-
librium with the clampeddata-ector we samplethe
hiddenstateand recordwhich pairs of units are both



on. By repeatinghis for the entiretraining set,we can
compute< s;s; > ", the averagecorrelationbetweeni
andj whendatais clampedon thevisible units.

In theneggativephasewe let thenetwork run freely with
thevisible unitsunclampedTheir statesareupdatedn
just the sameway asthe hiddenunits. Oncethe distri-
bution over global con gurationshasreachedequilib-
rium, we samplethe statesof all the units andrecord
which pairsarebothon. By repeatinghis mary times,
we cancompute< s;s; > , theaveragecorrelationbe-
tweeni andj whenthe network is runningfreely and
thereforeproducingsamplegrom its generatre model.

We canthenfollow the gradientof the log probability of
thedataby usingthesimplerule
Wi = (<SiSj>+ <S> ) (5)
where is alearningrate. It is very surprisingthatthelearn-
ing rule is so simple becausedhe gradientof the log likeli-
hoodwith respecto oneweightdependsn complicatedvays
on all the otherweights. In the back-propagtion algorithm,
thesedependencieare computedexplicitly in the backward
pass.In the Boltzmannmachinethey shav up asthe differ-
encebetweerthe local correlationsn the positive andnega-
tive phases.

Unfortunately the simplicity andgeneralityof the Boltz-
mannmachindearningalgorithmcomeata price. It cantake
a very long time for the network to settleto thermalequi-
librium, especiallyin the negative phasewhenit is uncon-
strainedby databut needsto be highly multi-modal. Also,
the gradientusedfor learningis very noisy becausaet is the
differenceof two noisy expectations.Theseproblemsmake
the generalform of the algorithmimpracticalfor large net-
workswith mary hiddenunits.

3 Restricted Boltzmann machinesand
contrastive divergencelearning

If we arewilling to restrictthe architectureof a Boltzmann
machineby not allowing connectionsbetweenhiddenunits,
the positive phaseno longer requiresary settling. With a
data-ectorclampedon thevisible units,the hiddenunitsare
all conditionallyindependentsowe canapplytheupdaterule
in Eq. 1 to all the units at the sametime to getan unbiased
samplefrom the posteriordistribution over hiddencon gura-
tions. This makesit easyto measurghe rst correlationin
Eq.5.

If we alsoprohibit connectiondetweenvisible units, we
canupdateall of the visible unitsin parallelgiven a hidden
con guration. Sothesecondorrelationn Eq. 5 canbefound
by alternatingGibbssamplingasshovnin gure 2. Unfortu-
natelywe may needto runthealternatingGibbssamplingfor
alongtime beforethe Markov chaincorvergesto the equilib-
rium distribution. Fortunatelyif we startthe Markov chainat
thedatadistribution, learningstill workswell evenif we only
run the chainfor a few steps[Hinton, 2004. This givesan
efcient learningrule:

Wi = (<3i5j>0 <SiSj>n) (6)
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Figure 2: This depictsa Markov chainthat usesalternating
Gibbssampling.In onefull stepof Gibbssamplingthe hid-

denunitsin thetop layerareall updatedn parallelby apply-

ing Eg. 1 to theinputsreceved from the the currentstates
of the visible unitsin the bottomlayer, thenthe visible units

areall updatedn parallelgiventhecurrenthiddenstatesThe

chainis initialized by settingthe binary statesof the visible

unitsto bethe sameasa data-\ector The correlationsn the

actiities of avisible anda hiddenunit aremeasureafterthe

rst updateof the hiddenunits and again at the end of the

chain. The differenceof thesetwo correlationsprovidesthe

learningsignalfor updatingthe weighton the connection.

wherethe superscrip0 indicatesthatthe correlationis mea-
suredat the startof the chainwith a data-ectorclampedon
the visible units andn indicatesthat the correlationis mea-
suredaftern full stepsof Gibbssampling. The anglebrack-
ets denoteexpectationsover both the choice of data-ector
andthe stochastiapdatingusedin the Gibbssampling.This
learning rule doesnot follow the gradientof the log like-
lihood, but it doesclosely approximatethe gradientof an-
otherfunction,contrastve divergencewhichis thedifference
of two Kullback-Leiblerdivergences Hinton, 2003. Intu-
itively, it is not necessaryo run the chainto equilibriumin
orderto seehow the datadistribution is beingsystematically
distortedby themodel.If wejustrunthechainfor afew steps
andthenlower the enepgy of the dataandraisethe enegy of
whichever con guration the chain preferredto the data,we
will make the model more likely to generatethe dataand
lesslikely to generatehe alternatves. An empiricalinves-
tigation of the relationshipbetweerthe maximumlik elihood
andthe contrastve divergencelearningrulescanbefoundin
[Carreira-PerpinaandHinton, 2003.

Contrastve divergencelearningin arestrictedBoltzmann
machineis ef cient enoughto be practical[MayrazandHin-
ton, 2001]. Variationsthat usereal-valuedunits and differ-
entsamplingschemesredescribedn [Tehetal., 2003 and
have beenquite successfufor modelingthe formationof to-
pographicmaps[Welling et al., 2003 andfor denoisingnat-
uralimaged RothandBlack,2005. However, it appearshat
the ef ciency hasbeenboughtat a high price: It is not pos-
sibleto have deep,multilayer netsbecaus¢hesetake far too
long even to reachconditional equilibrium with a clamped
data-ector Also, netswith symmetricconnectionsdo not
give acausaimodelin which thedatais explainedin termsof
underlyingcauses.

Thenext sectiondescribes simplelearningalgorithmfor
an apparentlyquite different type of network that usesdi-



rectedconnections. This learningalgorithm also hasde -
cienciesbut it canbe combinedwith contrastve divergence
learningin a surprisingway to producean algorithm that
works much betterand s signi cantly more similar to the
realbrain.

4 Variational learning

Inferencein directedgraphicalmodelsthat use non-linear

distributed representationss dif cult becauseof a phe-
nomenoncalled“explaining away” [Pearl,1989 which cre-
atesdependenciebetweenhiddenvariables. This is illus-

tratedin gure 3. RadfordNeal[Neal, 1992 shaved thatit

waspossibleto useGibbssamplingto performinferencecor-

rectly in multilayer directednetworks composedf the same
type of binary stochastianitsasareusedin Boltzmannma-
chines. The communicationrequiredis more complicated
thanin a Boltzmannmachinebecausen additionto seeing
thebinarystatesf its ancestoranddescendants,unit needs
to seethe probability that eachof its descendants/ould be
turnedon by the currentstatesof all that descendand' an-
cestors. However, oncewe have a samplefrom the poste-
rior distribution over con gurationsof the hiddenunits, the
maximumlik elihood learningrule for updatingthe directed
connectiorfromj toi is verysimple:

Wji = Sj (Si §|) (7)

where isalearningrateands; is theprobabilitythati would
be turnedon by the currentstatesof all its ancestorsThere
is no needfor a“negative phase’becauselirectedmodelsdo
not requirethe awkward normalizingterm that shavs up in

thedenominatoof Eq. 3. RadfordNeal shavedthatlogistic
belief netsaresomeavhateasierto learnthanBoltzmannma-
chines but theuseof Gibbssamplingto getsamplegrom the
posteriordistribution still makesit verytediousto learnlarge,
deepnets.

Rich Zemeland| realisedthat it might still be possible
to learna belief netthat containeda layer of binary stochas-
tic hiddenunits even when the cost of computingthe pos-
terior distribution, or samplingfrom it, wasprohibitive. In-
steadof trying to performmaximumlik elihoodlearning,we
adopteda codingperspectie andattemptedo learna model
thatwould minimizethedescriptionengthof thedata[Zemel
andHinton, 1999. Theideais thatthe senderandrecever
both have accesdo the modelandinsteadof communicating
a data-\ector directly, the senderrst communicates hid-
dencon guration of the model. This costssomebits, but it
also gives the recevver a good idea of what datato expect.
Given theseexpectationsthe data-ector can be communi-
catedmorecheaply. Soit appearshatthe expectedcostof
communicatinga data-\ectoris:

C(x) = Q(y jx) [logp(y ) + logp(xjy )] ~ (8)

!Shannorshaved that, usingan ef cient block codingscheme,
the costof communicatinga discretevalueto a recever is asymp-
totically equalto the negative log probability of that value under

a probability distribution that hasalreadybeenagreeduponby the
sendemlndtherecever.

Figure 3: A simplelogistic belief net containingtwo inde-
pendentrarecauseshatbecomehighly anti-correlatedvhen
we obsenethehousgumping. Thebiasof 10ontheearth-
quale nodemeanghat,in theabsencef ary obsenation,this
nodeis e timesmorelikely to be off thanon. If the earth-
guale nodeis on andthetruck nodeis off, thejumpnodehas
atotal input of 0 which meanghatit hasan even chanceof
beingon. Thisis a muchbetterexplanationof the obsera-
tion thatthehousgumpedthantheoddsof e 2° whichapply
if neitherof the hiddencausess active. But it is wastefulto
turnonbothhiddencauseso explaintheobsenationbecause
theoddsonthembothhappeningiree ° e 0= ¢ 20,

wherey is a con guration of the hiddenunits, Q(y jx) is
the probability thatthe sendemwill chooseto usey in order
to communicatadata-ectorx, logp(y ) is the costof com-
municatingy to arecever who alreadyhasthe modeland
logp(xjy ) isthecostof communicating to areceverwho
hasboth the model and the hiddencon gurationy . Rich
soondiscovered that it was betterto minimize a different
functionandwe eventuallyunderstoodvhy.
Supposéherearetwo differenthiddencon gurationsthat
give the samecommunicationcost for a data-\ector The
sendecan ip acointodecidewhichoneto use.After recev-
ing the data-\ector therecever can gure out whatchoices
were availableto the senderand he cantherefore gure out
thevalueof therandombit producedby the coin. Soif there
aretwo equally good hiddencon gurations, the sendercan
communicat@neadditionalbit from arandombit streamby
his choiceof con guration. In generalthe numberof extra
bitsis equalto the entropy of the senders distribution across
hiddencon gurations. All of theseextra bits canbe usedto
communicatesomeother bit string, so we needto subtract
themfrom the corQﬂunicatiorcostof thedata-\ector:

Cx) = Q(y jx) [logp(y ) + logp(xjy )]

!
Q(y jx)logQ(y jx) 9)

If the senderpicks hiddencon gurationsfrom their true
posteriordistribution, the communicationcostis minimized
andis equalto the negative log probability of the data-\ector



underthemodel.But if it is hardto samplefrom thetruepos-
terior, the sendercanuseary otherdistribution he chooses.
Thecommunicatiorcostgoesup, but it is still perfectlywell-
de ned. Thesendercould,for example,insistonusingafac-
torial distribution in which the statesof the hiddenunits are
chosenindependently The communicatiorcostwill thenbe
anupperboundonthenegative log probabilityof thedataun-
derthemodelandby minimizing thecommunicatiorcostwe
will eitherpushdown the negative log probability of the data
orwewill maketheboundtighter Theloosenessfthebound
is just the Kullback-Lieblerdivergencebetweerthe distribu-
tion usedby the sendeiandthetrue posterior P (y jx).

Q(y jx)log 2 X (40

logp(x) = C(x) o0y %)

Theuseof anapproximatgposteriordistribution to bound
logp(x) [NealandHinton, 1994 is now a standardway to
learnbelief netsin which inferenceis intractable[Jordanet
al., 1999.

4.1 The wake-sleepalgorithm

A simpleway to male useof variationallearningin a multi-
layer logistic belief netis to usea setof “recognition” con-
nectionsthat computea factorialapproximationto the pos-
terior distribution in one layer when given the binary states
of the unitsin the layer below [Hinton et al., 1995. These
recognitionconnectionswill not, in general,have the same
valuesasthe correspondingeneratre connectionsGivena
setof recognitionweights, it is easyto updatethe generatie
weightsto follow thegradientof thedescriptiorncostin Eg. 9.
We usea data-\ectorto setthe statesof the visible unitsand
thenwe usethe recognitionconnectiongo computea prob-
ability for eachunit in the rst hiddenlayer Thenwe use
theseprobabilitiesto pick independenbinary statesfor all
theunitsin thatlayer. Thisis repeatedor eachhiddenlayer
in turn until we have a samplefrom the approximateposte-
rior. Given this samplethe learningrule for the generatie,
top-davn weightsis givenby Eq. 7. Thisis the“wake” phase
of thewake-sleepalgorithm.

The “correct” way to learnthe recognitionweightsis to
follow the derivative of the costin Eq. 9. The recognition
weightsonly affecttheQ terms;they donotaffectthep terms.
However, the derivativesw.r.t the Q termsaremessybecause
Q comesoutsidethelog. Sowe make a further approxima-
tion. In the “sleep” phase we performan ancestrapassto
generatea samplefrom the generatie model. Startingat the
top layer, we pick binary statesfor the units from their inde-
pendenpriors. Thenwe pick stategor theunitsin eachlower
layerusingthe probabilitiescomputedby applyingthegener
ative weightsto the statesn the layerabove. Oncewe have
completedan ancestrapass,we have both a visible vector
andits true hiddencauses.Sowe canadjustthe recognition
weightsto be betterat recoveringthe hiddencausedrom the

statesf the unitsin thelayerbelow:
wij = si(s;  §) (11)

where$§; is the probability thatj would beturnedon by the
currentstatesof all its descendants.

The wake-sleepalgorithmworks quite well, but the sleep
phaseis not exactly following the gradientof the variational
bound. As a result, it doesthe wrong thing when a data-
vectorcanbegeneratedy two quitedifferenthiddencon gu-
rations:Insteadof picking oneof thesehiddencon gurations
andstickingwith it, it averageghe con gurationsto produce
avaguefactorialdistributionthatgivessigni cant probability
to mary poorcon gurations.

5 Complementary priors

The phenomenorf explaining away malkesinferencedif -
cult in directednetworks. It is comfortingthat we can still
improve the parametergven wheninferenceis doneincor-
rectly, but it would be muchbetterto nd away of eliminat-
ing explainingaway altogetherevenin modelswhosehidden
variableshave highly correlatedeffects on the visible vari-
ables.Most peoplewho usedirectedgraphicaimodelsregard
thisasimpossible.

In alogistic belief netwith onehiddenlayer, the prior dis-
tribution over the hiddenvariablesis factorial becauseheir
binary statesare chosenindependentlywhen the model is
usedto generataelata. Thenon-independenda the posterior
distributionis createddy thelik elihoodtermcomingfrom the
data.Perhapsve couldeliminateexplainingaway in the rst
hiddenlayer by using extra hiddenlayersto createa “com-
plementary”prior that hasexactly the oppositecorrelations
to thosein the likelihoodterm. Then, whenthe likelihood
termis multiplied by the prior, we will geta posteriorthat
is exactly factorial. This seemsrettyimplausible but gure
4 shavs a simpleexampleof a logistic belief netwith repli-
catedweightsin whichthepriorsarecomplementarat every
hiddenlayer. This nethassomeinterestingproperties.

5.1 Aninnite directedmodelwith tied weights

We cangeneratedatafrom the in nite directednet by start-
ing with arandomcon gurationatanin nitely deephidden
layerandthenperforminganancestrapassall theway down
to the visible variables.Clearly, the distribution that we will
getoverthevisible variabless exactly the sameasthe distri-
bution producedby the Markov chainin gure 2 sothein -
nite directednetwith tied weightsis equivalentto arestricted
Boltzmannmachinée?

We cansamplefrom thetrue posteriordistribution over all
of thehiddenlayersof thein nite directednetby startingwith
adatavectoronthevisible unitsandthenusingthetransposed
weight matricesto infer the factorial distributionsover each
hiddenlayerin turn. At eachhiddenlayerwe samplerom the
factorialposteriotbeforecomputingthefactorialposteriorfor
thelayerabove. Thisis exactly the sameprocessasstartinga
restrictedBoltzmannmachineat the dataandletting it settle
to equilibrium. It is also exactly the sameasthe inference
procedureusedin the wake-sleepalgorithm, but in this net
it givesunbiasedsamplesbecausdhe complementaryprior
at eachlayer ensureghat the posteriordistribution really is
factorial.

2\We caninterpretary undirectednodelthatusesGibbssampling
asanin nite directedmodelwith tied weights.



Sincewe can easily samplefrom the true posterior it is
easyto learnthe weightsin the in nite directednet. Let
us startby computingthe derivative for a generatie weight,
w, from aunitj in layerH, to uniti in layerV, (see gure
4). In alogistic belief net, the maximumlik elihoodlearning
rule for asingledata-ector x, is:

@ogp(x)
@avy°

where< > denotesan averageover the sampledstates
and & is the probability that unit i would be turned on if
the visible vector was stochasticallyreconstructedrom the
sampledhiddenstates.Computingthe posteriordistribution
over the secondhiddenlayer, V;, from the sampledbinary
statesn the rst hiddenlayer, Hy, is exactlythesameprocess
asreconstructinghe data,sos? is a samplefrom &° andthe
learningrule becomes:

@ogp(x) _
Sincetheweightsarereplicatedthefull derivative for agen-

erative weightis obtainedoy summingthe derivativesof the
generatie weightsbetweerall pairsof layers:

=<s)(s!  &0)> (12)

0
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All of theverticallyalignedtermscanceleaving the Boltz-
mannmachinelearningrule of Eq. 5. The sameweightsare
alsousedfor inferenceandonemightexpectthisto contribute
extraderivatives.Fortunatelyall of thesederivativesarezero.
Theinferenceis exactso,to rst order smallchangesn the
inferred posteriorsmake no changein the log probability of
thedata.Theonly reasortherecognitiorweightseverchange
is becausehey aretiedto thegeneratie weights.

6 A greedylearning algorithm for
transforming representations

An ef cient way to learna complicatedmodelis to combine
asetof simplermodelsthatarelearnedsequentially To force
eachmodelin thesequencéo learnsomethinglifferentfrom
the previous models,the datais modi ed in someway af-
ter eachmodelhasbeenlearned.n boosting[Freund, 1999,
eachmodelin thesequencés trainedonre-weightediatathat
emphasizethecaseghattheprecedingnodelsgotwrong. In
oneversionof principalcomponentanalysisthevariancein
amodeledirectionis removedthusforcingthenext modeled
directionto lie in the orthogonakubspaceln projectionpur-
suit [Friedmanand Stuetzle,1981, the datais transformed
by nonlinearlydistorting one directionin the data-spaceo
remove all non-Gaussianitin thatdirection. Theideabehind
our greedyalgorithmis to allow eachmodelin the sequence
to receve a differentrepresentationf the data. The model

Figure4: An in nite logistic belief netwith tied weights.

performsa non-lineartransformatioronits input vectorsand
producesasoutputthe vectorsthatwill be usedasinput for
thenext modelin thesequence.

Figure5 shavs amultilayergeneratie modelin whichthe
top two layersinteractvia undirectedconnectionsaandall of
the other connectionsare directed. Thereareno intra-layer
connectionsand,to simplify the analysis all layershave the
samenumberof units. It is possibleto learnsensiblgthough
not optimal) valuesfor the parameter®V, by assuminghat
theparameterbetweerhigherlayerswill beusedo construct
acomplimentanyprior for Wy. Thisis equivalentto assuming
thatall of theweightmatricesareconstrainedo beequal. The
taskof learningW, underthis assumptiomeducego thetask
of learningan RBM andalthoughthis is still dif cult, good
approximatesolutionscan be found rapidly by minimizing
contrastve divergence(Hinton, 2002). OnceW, hasbeen
learnedthedatacanbemappedhroughw to createhigher
level “data” atthe rst hiddenlayer.

If the RBM is a perfectmodel of the original data, the
higherlevel “data” will alreadybe modeledperfectlyby the
higherlevel weight matrices. Generally however, the RBM
will not be ableto modelthe original dataperfectlyandwe
can male the generatre model better using the following
greedyalgorithm:

1. LearnW; assumingall theweightmatricesaretied.

2. Freezeély andcommitoursehesto usingW{ to infer
factorial approximateposterior distributions over the
statef thevariablesn the rst hiddenlayer.

3. Keepingall the higher weight matricestied to each
other but untiedfrom Wy, learnan RBM modelof the
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Figure5: A hybrid network. The top two layershave undi-
rectedconnectionandform anassociatie memory Thelay-
ers belov have directed,top-davn, generatie connections
that can be usedto map a stateof the associatie memory
to animage. Therearealsodirected,bottom-up,recognition
connectionghatareusedto infer afactorialrepresentatiom
onelayerfrom thebinaryactvities in thelayerbelow. In the
greedyinitial learningtherecognitionconnectiongretied to
thegeneratre connections.

higherlevel “data” that is producedby usingW{J to
transformthe original data.

If this greedyalgorithm changeshe higherlevel weight
matrices,it is guaranteedo improve the generatre model.
Thelog probability of a singledata-\ectot x, underthe mul-
tilayer generatie rr)1(ode|is boundedy

log p(x) Q(y jx) (logp(y ) + logp(xjy ))

X
Q(y jx)logQ(y jx)

wherey isabinarycon gurationof theunitsin the rst hid-
denlayer, p(y ) istheprior probabilityofy underthemodel
de ned by theweightsabove Ho andQ( jx) is ary probabil-
ity distribution overy. Theboundbecomesnequalityif and
only if Q( jx) is thetrue posteriordistribution.

Whenall of theweightmatricesaretied togetheythefac-
torial distribution over Ho producedby applyingW{ to a
data-\ectoris the true posteriordistribution, so at step2 of
the greedyalgorithmlog p(x) is equalto the bound. Step2
freezesboth Q( jx) andp(xjy ) andwith theseterms x ed,
thederwative of thg(boundis thesameasthe derivative of

Q(y jx)logp(y ) (14)

Somaximizingtheboundw.r.t. theweightsin the higherlay-
ersis exactly equivalentto maximizingthelog probability of

a datasetin whichy occurswith probability Q(y jx). If
the boundbecomegighter; it is possiblefor logp(x) to fall
eventhoughthelowerboundonit increaseshut log p(x) can
never fall belav its value at step2 of the greedyalgorithm
because¢heboundis tight at this pointandthe boundalways
increases.

The greedyalgorithm can clearly be appliedrecursvely,
soif we usethefull maximumlik elihoodBoltzmannmachine
learningalgorithmto learneachsetof tied weightsandthen
we untie the bottomlayer of the setfrom the weightsabove,
we can learnthe weightsone layer at a time with a guar
anteé thatwe will never decreasehe log probability of the
dataunderthe full generatre model. In practice we replace
maximumlik elihoodBoltzmannmachinelearningalgorithm
by contrastve divergenceearningbecausét workswell and
is muchfaster The useof contrastve divergencevoids the
guaranteebut it is still reassuringo know that extra layers
areguaranteedo improve imperfectmodelsif we learneach
layerwith sufcient patience.

To guaranteethat the generatie model is improved by
greedily learningmore layers, it is corvenientto consider
modelsin whichall layersarethesamesizesothatthehigher
level weightscanbe initialized to the valueslearnedbefore
they areuntiedfrom theweightsin thelayerbelon. Thesame
greedyalgorithm,however, canbeappliedevenwhenthelay-
ersaredifferentsizes.

7 Back-Fitting with the up-down algorithm

Learningthe weight matricesonelayer at a time is ef cient
but far from optimal. Once the weightsin higher layers
have beenlearned,neitherthe weightsnor the simpleinfer-
enceprocedureare optimal for the lower layers. The sub-
optimality producedby greedylearningis relatively innocu-
ousfor supervisednethodslike boosting. Labelsare often
scarceand eachlabel may only provide a few bits of con-
strainton the parametersso over- tting is typically more of
a problemthanunder tting. Going back andre tting the
earliermodelsmay, therefore,causemore harmthangood.
Unsupervisednethods,however, can use very large unla-
beleddatasetsand eachcasemay be very high-dimensional
thusproviding mary bits of constrainton ageneratre model.
Under tting is then a seriousproblemwhich can be alle-
viated by a subsequenstageof back- tting in which the
weightsthatwerelearnedrst arerevisedto t in betterwith
theweightsthatwerelearnedater

After greedilylearninggoodinitial valuesfor the weights
in every layer, we untie the “recognition” weightsthat are
usedfor inferencefrom the “generatve” weightsthat de-
ne the model,but retainthe restrictionthat the posteriorin
eachlayermustbeapproximatedby afactorialdistributionin
which the variableswithin alayerareconditionallyindepen-
dentgiven the valuesof the variablesin the layer belov. A
variantof the wake-sleepalgorithmdescribedn section4.1
canthenbe usedto allow the higherlevel weightsto in u-
encethe lower level ones. In the “up-pass”,the recognition
weightsareusedin abottom-uppasshatstochasticallyicks

3Theguaranteés on the expectecthangen thelog probability,



a statefor every hiddenvariable. The generatie weightson
the directedconnectionsare then adjustedusing the maxi-
mum likelihoodlearningrule in Eq. 7. Becauseveightsare
no longertied to the weightsabove them, 8y mustbe com-
putedusingthestatesof thevariablesin thelayeraborei and
thegeneratie weightsfrom thesevariablesto i. Theweights
on the undirectedconnectionsat the top level arelearnedas
beforeby tting thetop-level RBM to the posteriordistribu-
tion of the penultimatdayer

The “down-pass”startswith a stateof the top-level asso-
ciative memoryanduseghetop-daovn generatie connections
to stochasticallyactivate eachlower layer in turn. During
the down-passthe top-level undirectedconnectionsaandthe
generatie directedconnectionsare not changed. Only the
bottom-uprecognitionweightsaremodi ed. Thisis equiva-
lent to the sleepphaseof the wake-sleepalgorithmif the as-
sociatiye memoryis allowedto settleto its equilibriumdistri-
bution beforeinitiating the down-pass.But if the associatie
memoryis initialized by anup-passandthenonly allowedto
run for a few iterationsof alternatingGibbssamplingbefore
initiating the down-pass this is a “contrastize” form of the
wake-sleepalgorithm which eliminatesthe needto sample
from the equilibrium distribution of the associatie memory
The contrastve form also x esseveral otherproblemsof the
sleepphaselt ensureshattherecognitionweightsarebeing
learnedfor representationthat resemblehoseusedfor real
dataandit alsohelpsto eliminatethe problemof modeaver-
aging. If, givena particulardatavector the currentrecogni-
tion weightsalwayspick a particularmodeat the level above
andignoreothervery differentmodeghatareequallygoodat
generatinghedata,thelearningin thedown-passwill nottry
to alterthoserecognitionweightsto recover ary of the other
modesas it would if the sleepphaseuseda pure ancestral
pass.

By using a top-level associatie memorywe also elimi-
nateaproblemin thewake phaseindependentop-level units
seento berequiredto allow anancestrapassput they mean
that the variational approximationis very poor for the top
layerof weights.

8 Performanceonthe MNIST database

8.1 Training the network

The MNIST databasef handwrittendigits contains60,000
training imagesand 10,000testimages. Resultsfor mary
differentpatternrecognitiontechniquesirealreadypublished
for this databaseso it is ideal for evaluating newv pattern
recognitionmethods. The network* shavn in gure 6 was
trainedon 44,0000f the training imagesthat were divided
into 440balancednini-batchesachcontainingl0 examples
of eachdigit class.Theweightswereupdatedaftereachmini-
batch.

In the initial phaseof training, the greedyalgorithm de-
scribedin section6 wasusedto train eachlayer of weights

“Preliminaryexperimentswith 16 16 imagesof handwritten
digits from the USPSdatabaseshaved that a good way to model
the joint distribution of digit imagesandtheir labelswasto usean
architectureof thistype,butfor 16 16 imagesonly 3=5 asmary
unitswereusedin eachhiddenlayer

2000 top-level units

J I

500 neurons

] Tl

This could be the 500 neurons

10 label neurons

top level of

another sensory ﬁ ﬂ

pathway 28 x 28
pixel
image

Figure6: The network usedto modelthejoint distribution of
digit imagesanddigit labels.

separatelystartingat the bottom. Eachlayerwastrainedfor
30 sweepshroughthe training set (called “epochs”). Dur-
ing training, the unitsin the“visible” layerof eachRBM had
real-\aluedactvities between0 and1. Thesewerethe nor
malizedpixel intensitieswhenlearningthe the bottomlayer
of weights. For training higherlayersof weights, the real-
valuedactvities of thevisible unitsin the RBM werethe ac-
tivation probabilitiesof the hiddenunits in the lower-level
RBM. Thehiddenlayerof eachRBM usedstochastidinary
valueswhenthatRBM wasbeingtrained. The greedytrain-
ing took a few hoursin Matlab on a 3GHz Xeon processor
andwhenit wasdone theerrorrateonthetestsetwas2.49%
(seebelaw for detailsof how the network is tested).

When training the top layer of weights (the onesin the
associatie memory)the labelswere provided as part of the
input. Thelabelswererepresentetly turningononeunitin a
“softmax” groupof 10 units. Whentheactvitiesin thisgroup
werereconstructedrom the actities in the layerabove, ex-
actly oneunit wasallowedto be active andthe probability of
picking uniti wasgivenby:

- pexp(x) (15)
i exp(x;)
whereX; is the total input received by unit i. Curiously

thelearningrulesareunafectedby the competitionbetween
unitsin asoftmaxgroup,sothesynapsesonotneedto know
which unit is competingwith which otherunit. The competi-
tion affectsthe probability of a unit turningon, but it is only
this probabilitythataffectsthelearning.

After the greedylayerby-layertraining, the network was
trained,with a differentlearningrate and weight-decayfor
300epochausingthe up-davn algorithmdescribedn section
7. The learningrate, momentum,and weight-decay were

5No attemptwasmadeto usedifferentlearningratesor weight-
decaydor differentlayersandthelearningrateandmomentunmwere
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Figure7: All 49 casesn whichthenetwork guessedight but
hada secondguesswhoseprobability waswithin 0:3 of the
probability of the bestguessThetrueclassesrearrangedn
standardscanorder

chosenby training the network several timesand observing
its performanceon a separatevalidation set of 10,000im-
agesthat weretaken from the remainderof the full training
set. For the rst 100 epochsof the up-davn algorithm, the
up-passwas followed by threefull iterationsof alternating
Gibbs samplingin the associatie memorybefore perform-
ing the down-pass.For the secondL00 epochssix iterations
were performed,andfor the last 100 epochs.ten iterations
wereperformed.Eachtime the numberof iterationsof Gibbs
samplingwasraised theerroronthevalidationsetdecreased
noticeably

Thenetwork thatperformedbeston the validationsetwas
thentestedandhadanerrorrateof 1.39%.This network was
thentrainedon all 60,000trainingimage$ until its errorrate
on the full training setwasaslow asits nal errorratehad
beenon theinitial training setof 44,000images. This took
a further 59 epochsmaking the total learningtime abouta
week. The nal network had an errorrate of 1.25%. The
errorsmadeby the network areshavn in gure 8. The 49
caseghatthe network getscorrectbut for which the second
bestprobabilityis within 0.3 of thebestprobabilityareshavn
in gure 7.

Theerrorrateof 1.25%comparesery favorablywith the
errorratesachiered by discriminatve, feed-forward neural
networks thathave one or two hiddenlayersandaretrained
by back-propagtion. Whenthedetailedconnectwity of these
networksis not hand-craftedor this particulartask,the best
reportederrorratefor stochastion-linelearningwith a sep-
aratesquarecerror on eachof the 10 outputunitsis 2.95%.
Theseerrorratescan be reducedto 1.51% by using small

always set quite conseratively to avoid oscillations. It is highly
likely thatthe learningspeedcould be considerablyimproved by a
morecarefulchoiceof learningparameterghoughit is possiblethat
this would leadto worsesolutions.

5The training sethasunequalnumbersof eachclass,soimages
wereassignedandomlyto eachof the 600 mini-batches.

Figure8: Thel25testcaseshatthenetwork gotwrong. Each
caseis labeledby the network's guess. The true classesre
arrangedn standardscanorder

initial weights,"“softmax” outputunits, a cross-entrop error
function,andeithervery gentlelearning(JohnPlatt,personal
communication)or a regularizerthat penalizesthe squared
weightsby anamountthatis carefullychoserusinga valida-
tion set. For comparisonnearesheighborhasa reporteder-
ror rate(googleMNIST) of 3.1%if all 60,000training cases
are used(which is extremely slow) and 4.4%if 20,000are
used.This canbereducedo 2.8%and4.0%by usinganL3
norm.

Theonly standardnachindearningalgorithmthatoutper
formsthegeneratie modelis supportvectormachinesvhich
give errorratesof 1.1%or 1.0%. But it is hardto seehow
supportvectormachinesanmalke useof thedomain-speci ¢
tricks, like weight-sharingand sub-samplingwhich LeCun
et.al. useto improve the performanceof discriminatve neu-
ral networksfrom 1.5%t0 0.95%. Thereis no obviousreason
why weight-sharingand sub-samplingcannotbe usedto re-
ducetheerrorrateof thegeneratie model. Furtherimprove-
mentscan always be achiezed by averagingthe opinionsof
multiple networks or by enhancinghe training setwith dis-
torteddata,but thesetechniquesreavailableto all methods,
thoughdataenhancementanseriouslyslon-dovn methods
thatdo not scalesub-linearlywith the sizeof thetrainingset.



Figure 9: Eachrow shavs 10 samplesfrom the generatie
modelwith a particularlabelclampedon. Thetop-level asso-
ciative memoryis runfor 1000iterationsof alternatingGibbs
samplingbetweersamples.

8.2 Testingthe network

Oneway to testthe network is usea stochastiaup-pasgrom

theimageto x thebinarystatesof the500unitsin thelower

layer of the associatie memory With thesestatesx ed, the
labelunitsaregiveninitial real-valuedactiities of 0:1 anda

few iterationsof alternatingGibbssamplingarethenusedto

activatethe correctlabel unit. This methodof testinggives
error ratesthat arealmost1% higherthanthe ratesreported
above.

A bettermethodis to rst x thebinary statesof the 500
unitsin thelower layerof theassociatie memoryandto then
turn on eachof the label unitsin turn and computethe ex-
actfreeenepy of theresulting510componenbinaryvectot
Almostall the computatiorrequiredis independentf which
labelunitis turnedon [TehandHinton,2001] andthismethod
computeghe exact conditionalequilibrium distribution over
labelsinsteadof approximatingt by Gibbssamplingwhich
is whatthe previous methodis doing. This methodgiveser
ror ratesthatareabout0.5%higherthanthe onesquotedbe-
causeof the stochasticdecisionsmadein the up-pass. We
canremove this noisein two ways. The simplestis to make
the up-pasgleterministicby usingprobabilitiesof activation
in placeof stochasticdinary states. The seconds to repeat
the stochastiap-passwentytimesandaverageeitherthela-
bel probabilitiesor thelabellog probabilitiesover thetwenty
repetitionsbeforepicking the bestone. Thetwo typesof av-
eragegive almostidenticalresultsandtheseresultsare also
very similar to usinga deterministicup-passwhich wasthe
methodusedfor thereportedresults.

9 Looking into the mind of a neural network

To generatssampledrom the model,we performalternating
Gibbssamplingin thetop-level associatie memoryuntil the
Markov chaincorvergesto theequilibriumdistribution. Then

Figure 10: Eachrow shavs 10 sampledrom the generatre
modelwith a particularlabel clampedon. The top-level as-
sociatve memoryis initialized by anup-passrom arandom
binaryimagein which eachpixel is on with a probability of
0:5. The rst columnshaws the resultsof a down-passrom
thisinitial high-level state.Subsequerntolumnsareproduced
by 20 iterationsof alternatingGibbssamplingin theassocia-
tive memory

we usea samplefrom this distribution asinput to the layers
belonv andgenerateanimageby a singledown-passhrough
the generatie connections.If we clampthe label unitsto a
particular classduring the Gibbs samplingwe can seeim-
agesfrom the model's class-conditionatlistributions. Figure
9 shawvs asequencef imagesfor eachclassthatweregener
atedby allowing 1000iterationsof Gibbssamplingbetween
samples.

We canalsoinitialize the stateof the top two layersby
providing a randombinary imageasinput. Figure 10 shovs
how the class-conditionaktate of the associatie memory
then evolveswhenit is allowed to run freely, but with the
label clamped.This internalstateis “obsened” by perform-
ing a down-passevery 20 iterationsto seewhat the associa-
tive memoryhasin mind. This useof the word “mind” is
not metaphorical. A mentalstateis the stateof a hypotheti-
calworld in which a high-level internalrepresentatiomould
constituteveridical perception. That hypotheticalworld is
whatthe gure shows.

10 Conclusion

The network in gure 6 hasaboutas mary parametersas
0:002 cubic millimeters of mousecortex. Several hundred
networksof this compleity would t within asinglevoxel of
ahighresolutionfMRI scan.Learningalgorithmsaregetting
better but they still have alongwayto go.
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