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Abstract

In contrast to offline kernel selection, online kernel
selection must rise to the new challenges of passing
the training set once, selecting optimal kernels and
updating hypotheses at each round, enjoying a sub-
linear regret bound for online kernel learning, and
requiring a constant maintenance time complexity
at each round and an efficient overall time complex-
ity integrated with online kernel learning. However,
most of existing online kernel selection approaches
can not meet the new challenges. To address this
issue, we propose a novel online kernel selection
approach via the incremental sketched kernel align-
ment criterion, which meets all the new challenges.
We first define the incremental sketched kernel
alignment (ISKA) criterion, which estimates the
kernel alignment and can be computed incremen-
tally and efficiently. When applying the proposed
ISKA criterion to online kernel selection, we adopt
the subclass coherence to maintain the hypothesis
space, select the optimal kernel at each round us-
ing the median of the ISKA criterion estimates, and
update the hypothesis following the online gradi-
ent decent method. We prove that the ISKA crite-
rion is an unbiased estimate of the maximum mean
discrepancy, enjoys the optimal logarithmic regret
bound for online kernel learning, and has a constant
maintenance time complexity at each round and a
logarithmic overall time complexity integrated with
online kernel learning. Empirical studies demon-
strate that the proposed online kernel selection ap-
proach is computationally efficient while maintain-
ing comparable accuracy for online kernel learning.

1 Introduction
Kernel selection is to select the kernel function correspond-
ing to a reproducing kernel Hilbert space (RKHS) by a proper
kernel selection criterion. Offline kernel selection criteria
are usually defined via the estimate of the generalization er-
ror, such as k-fold cross validation [Anguita et al., 2009],
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Rademacher complexity [Bartlett and Mendelson, 2002] and
eigenvalues ratio [Liu and Liao, 2015].

In online setting, the kernels used significantly affect the
performance of online kernel learning, which are usually pre-
set empirically without theoretical guarantees. We refer to the
kernel selection for online kernel learning as online kernel se-
lection. In contrast to offline kernel selection performing sep-
arately training and testing on all instances with generaliza-
tion guarantee, online kernel selection is a completely differ-
ent problem that intermixes kernel selection and hypothesis
updating on arrived instances at each round, which requires
a sublinear regret bound, a constant maintenance time com-
plexity at each round and at most a linear overall time com-
plexity integrated with online kernel learning. Traditional of-
fline kernel selection approaches do not apply to the online
kernel learning scenario. First, offline kernel selection ap-
proaches need multiple passes over the data and have at least
quadratic time complexity with respect to the data size, suf-
fering from a low efficiency. Second, most of offline ker-
nel selection approaches consist of the training phase and the
testing phase, while online kernel learning can not split the
training set and does not separate the two phases.

Much attention has been directed at online model selec-
tion. Reisinger et al. (2008) presented an online model selec-
tion approach for Gaussian process temporal difference us-
ing sequential Monte-Carlo methods. Foster et al. (2015)
established elegant model selection inequalities for online
learning problems via the sequential complexity measures,
and presented a generic meta-algorithm framework for on-
line model selection [Foster et al., 2017], but efficient online
model selection algorithms for online kernel learning need
to be further explored. Recently, some online kernel selec-
tion approaches have been proposed. Yang et al. (2012)
presented an online kernel selection approach that learns a
probability distribution for each candidate kernel classifier,
and selects the optimal kernel according to the distribution,
which enjoys a regret bound of order O(

√
T ), where T

is the number of rounds. Kernel learning using the adap-
tive kernel was also introduced for online kernel selection,
which updates the kernel widths using the gradient descent
method for instantaneous loss directly [Chen et al., 2016;
Nguyen et al., 2017]. A major limitation of most online ker-
nel selection approaches is that they do not limit the model
size at each round, leading to a linear space complexity and
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a quadratic time complexity with respect to the number of
rounds. Besides, the existing adaptive kernel approaches for
online kernel selection do not enjoy a sublinear regret bound
that is critical to online kernel learning, and are not robust to
initial kernels that may lead to poor performance.

In this paper, we propose an online kernel selection ap-
proach that is theoretically guaranteed and computationally
efficient. We define a novel online kernel selection criterion,
which is an unbiased estimate of the maximum mean discrep-
ancy and can be computed incrementally. When applying the
proposed criterion to online kernel selection, there needs only
logarithmic number of updates, where each update is in a lin-
ear time complexity with respect to the budget. In contrast to
the existing regret analysis using a fixed kernel, the key chal-
lenge of the regret analysis for online kernel selection is to
bound the average gradient error with varying kernels, and we
derive the optimal logarithmic regret bound for online kernel
selection using a novel definition of the weight degradation.
Experimental results demonstrate the effectiveness and effi-
ciency of our proposed online kernel selection approach that
does not depend on the initially selected kernel.

2 Notations and Preliminary
Let [T ] = {1, 2, . . . , T}, [a : b] = {a, a + 1, . . . , b} and
S = {(xi, yi)}Ti=1 ⊆ (X × Y)T be the sequence of T in-
stances, where X ⊆ Rd and Y = {−1,+1}. We define the
numbers of the positive and negative examples as T+, T−, re-
spectively. Let y = [y1, y2, . . . , yT ]ᵀ be the label vector, and
Y = yyᵀ be the label matrix. We denote the loss function
by `(·, ·), the kernel function by κ : X × X → R and its cor-
responding kernel matrix byK = (κ(xi,xj)) ∈ RT×T . The
reproducing kernel Hilbert space (RKHS) associated with κ
is defined asHκ = span{κ(·,x) : x ∈ X}. For kernel selec-
tion, we denote by K = {κi : i ∈ [N ]} the candidate kernel
set.

The alignment metric of kernels is a widely used class
of kernel selection criteria,which measures the similarity be-
tween the kernel matrix and the label matrix. Kernel Align-
ment (KA) problem is to maximize the following criterion
[Sinha and Duchi, 2016]

Cka(κ) :=
∑
i,j∈[T ]

κ(xi,xj)yiyj = 〈K,Y 〉.

For i ∈ [T ], define the modified labels ŷi = 1/T+ if yi = +1
and ŷi = −1/T− if yi = −1 as in [Kandola et al., 2002]. The
corresponding label vector and matrix are denoted by ŷ and
Ŷ . Then the kernel alignment is translated into

Ĉka(κ) = 〈K, Ŷ 〉 =

∥∥∥∥∥∥
∑
i∈[T ]

ŷiκ(·,xi)

∥∥∥∥∥∥
2

Hκ

, (1)

which is a biased empirical estimate of the Maximum Mean
Discrepancy (MMD) [Gretton et al., 2012]

Cmd(κ) := ‖Ex∼D1
[κ(·,x)]− Ex′∼D2

[κ(·,x′)]‖2Hκ ,
where D1 (D2) is the distribution from which the positive
(negative) examples are drawn. The hypothesis using the op-
timal kernel of MMD enjoys a generalization bound of order

O(1/
√
T ) [Sinha and Duchi, 2016] for the soft-margin SVM.

It is obvious that the time complexity of KA is in
O(NT 2)1, where N is the size of the candidate kernel set.

3 Incremental Sketched Kernel Alignment
In this section, we propose the incremental sketched kernel
alignment to reduce the computational complexities, which
can be applied to online kernel selection.

We consider the kernel matrix sketchSᵀ
tKtSt of the kernel

matrix Kt ∈ Rt×t at round t, where St ∈ Rt×Bt is the
sketch matrix and limt→+∞Bt/t = 0. We first define the
Incremental Sketched Kernel Alignment (ISKA) as follows

C(t)
sk (κ) := 〈Sᵀ

tKtSt,S
ᵀ
t ŶtSt〉.

We choose the sub-sampling sketch matrix as the matrix St,
and introduce two buffers to store the sampled examples of
positive class and negative class, denoted by V+

t and V−t re-
spectively. Let Vt = V+

t ∪ V−t , B+
t = |V+

t |, B−t = |V−t |,
|Vt| = Bt, and denote the examples in the buffers by x̃ ∈ Vt
with label ỹ. Then ISKA is equivalent to

C(t)
sk (κ) =

∥∥∥∥∥∥∥
∑
ξ=+,−

1

Bξt+1

∑
x̃i∈Vξt+1

ỹiκ(·, x̃i)

∥∥∥∥∥∥∥
2

Hκ

, (2)

which is computed in the updated buffers.
For the incremental computation of ISKA, we transform

(2) into

C(t)
sk (κ) =

∑
ξ=+,−

1

(Bξt+1)2
β̂ξt+1 −

2

B+
t+1B

−
t+1

γt+1,

where

βξt+1 =
∑

x̃i,x̃j∈Vξt+1

κ(x̃i, x̃j), β̂ξt+1 =
Bξt+1

Bξt+1 − 1
βξt+1,

and γt+1 =
∑
x̃i∈V+

t+1,x̃j∈V
−
t+1

κ(x̃i, x̃j), in which we re-

place the original βξt+1 with β̂ξt+1 to obtain an unbiased esti-
mate of MMD as shown in Theorem 1.

Then we update βξt+1 and γt+1 in the ISKA criterion in-
crementally at each round. When yt = +1, let ξ denote
+, ξ̄ denote − and vice versa. For the insert operation, i.e.,
Vξt+1 = Vξt ∪ {xt}, we perform

βξt+1 = βξt + 2
∑

x̃j∈Vξt+1

κ(xt, x̃j)− κ(xt,xt),

γt+1 = γt +
∑

x̃j∈V ξ̄t+1

κ(xt, x̃j).
(3)

For the delete operation, i.e., Vξt+1 = Vξt \ {x̃rt}, we use

βξt+1 = βξt − 2
∑
x̃j∈Vξt

κ(x̃rt , x̃j) + κ(x̃rt , x̃rt),

γt+1 = γt −
∑

x̃j∈V ξ̄t+1

κ(x̃rt , x̃j).
(4)

1For the complexity analysis, we focus on the number of rounds
and omit the feature dimension d in this paper.
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4 New Online Kernel Selection Approach
In this section, we present the new online kernel selection
approach using ISKA and apply it to online kernel learning.

4.1 Integration with ISKA
We first formulate the hypothesis space sketch at round t
using the basis functions corresponding to examples in the
buffer as follows

Hκ = {ft(·) = 〈ω(t),ψ(t)
κ (·)〉},

where ψ(t)
κ (·) is the basis function vector

ψ(t)
κ (·) = [κ(·, x̃1), κ(·, x̃2), . . . , κ(·, x̃Bt)]ᵀ, x̃i ∈ Vt,

and ω(t) is the weight vector

ω(t) =
[
ω

(t)
1 , ω

(t)
2 , . . . , ω

(t)
Bt

]ᵀ
∈ RBt .

For a new instance (xt, yt), we first give the predicted label
ŷt = sgn(ft(xt)), receive the true label yt, and maintain the
hypothesis space sketch using the buffer updating strategy un-
der a fixed budget B. Specifically, let B+

t ≤ B/2 and B−t ≤
B/2, inspired by the reservoir sampling policy [Vitter, 1985;
Zhao et al., 2011; Hu et al., 2015], when the size of the buffer
is smaller than the budget we insert the new example into the
buffer, i.e., Vξt+1 = Vξt ∪{xt}, otherwise invoke the BUFFER-
UPDATING process according to a Bernoulli distribution

Pr[Xt = 1] = min

{
B

2t
, 1

}
, (5)

where Xt = 1 indicates that we perform the BUFFERUPDAT-
ING process at round t, including the following two steps.

• INSERT

Different from the existing notion of coherence [Tropp,
2004], we consider the correlation in positive and neg-
ative classes separately, which can reduce the computa-
tional cost with theoretical guarantee. At round t, we
define the Subclass Coherence (SC) for κ(·,xt) as

τ ξt := max
x̃j∈Vξt

|〈κ(·,xt), κ(·, x̃j)〉Hκ | ,

where ξ denotes + for yt = +1 or − for yt = −1.
Given the threshold µξ, if the SC condition holds, i.e.,

τ ξt < µξ, (6)
we insert xt into the buffer after the delete operation.

• DELETE

If the SC condition holds at the t-th round, we choose
the example x̃rt in the buffer Vξt to delete via

rt = arg min
i∈[Bξt ]

∣∣∣ω(t)
i

∣∣∣ ,
and update the buffer as Vξt+1 = Vξt \ {x̃rt} ∪ {xt},
while V ξ̄t+1 = V ξ̄t .

Finally, when the buffers are changed at round t, we
first compute the ISKA criterion incrementally using (3) and
(4), called INCREMENTALCOMPUTATION process. Then we
evaluate the performance of each kernel in the candidate ker-

nel set K = {κi : i ∈ [N ]} using the median of ISKA crite-
rion estimates over the past q (q ≥ 1) rounds

C(t)

sk (κ, q) = median
i∈[t−q+1:t]

C(i)
sk (κ),

and select the optimal kernel at round t by

κ∗t+1 = arg max
κ∈K

C(t)

sk (κ, q).

4.2 Application to Online Kernel Learning
For online kernel learning, we update the hypothesis us-
ing Online Gradient Descent (OGD) method [Kivinen et al.,
2001; Shalev-Shwartz, 2011] to minimize the following in-
stantaneous loss at round t

Lt(f) = `(f(xt), yt) +
λ

2
‖f‖2Hκ̃ , (7)

where κ̃ = κ∗t+1 and λ denotes the regularization parameter.
Denote the hypothesis of round t after selecting the optimal
kernel by

f̃t(·) = 〈ω(t),ψ
(t+1)
κ̃ (·)〉,

and the hypothesis updating using OGD can be expressed as

ft+1(·) = (1− ηtλ)f̃t(·)− ηt∇f̃t`(f̃t(xt), yt),
where ηt denotes the stepsize at round t and

∇f̃t`(f̃t(xt), yt) = `′(f̃t(xt), yt)κ̃(·,xt).
Then we consider two cases depending on whether the bud-

get has been reached or not. In the first case, Bξt < B/2. If
xt is inserted into the buffer, we set x̃Bt+1

= xt and update
the weight vector as follows

ω
(t+1)
i =

{
−ηt`′(f̃t(xt), yt) i = Bt+1,

(1− ηtλ)ω
(t)
i i 6= Bt+1.

(8)

If the buffers are not changed, choose the surrogate example
x̃st := arg max

x̃j∈Vξt

|κ̃(xt, x̃j)| ,

and update the weight vector as follows

ω
(t+1)
i =

{
(1− ηtλ)ω

(t)
i − ηt`′(f̃t(xt), yt) i = st,

(1− ηtλ)ω
(t)
i i 6= st.

(9)

Next we consider the second case when Bξt = B/2. If the
buffers change we replace x̃rt with xt and perform

ω
(t+1)
i =

{
−ηt`′(f̃t(xt), yt) i = rt,

(1− ηtλ)ω
(t)
i i 6= rt,

(10)

otherwise we update the weight vector as in (9).
For hinge loss `(·, ·), the value of `′(f̃t(xt), yt) is 0 if

ytf̃t(xt) ≥ 1 and −yt otherwise. If the loss is zero, i.e.,
ytf̃t(xt) ≥ 1, we just update the weight vector using weight
decay as ω(t+1) = (1− ηtλ)ω(t). Finally, we summarize the
above stages into Algorithm 1, called OKS-ISKA.

5 Theoretical Analysis
In this section, we analyze the statistical properties of ISKA,
derive the regret bound of online kernel learning using ISKA,
and analyze the computational complexities of ISKA.
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Algorithm 1: OKS-ISKA Algorithm
Require: The budgetB, regularization parameter λ, candidate kernel setK,

subclass coherence parameters µ+, µ−, parameter q for median estimate
1: Initialize ω(1) = 0, C(0)

sk = 0 and two buffers V+
1 = ∅,V−1 = ∅

2: for t = 1, . . . , T do
3: Computeψ(t)

κ∗t
(xt) = [κ∗t (xt, x̃1), . . . , κ∗t (xt, x̃Bt )]

ᵀ

4: Compute ft(xt) = 〈ω(t),ψ
(t)

κ∗t
(xt)〉

5: Predict ŷt = sgn(ft(xt))
6: if ytft(xt) < 1 then
7: Set ξ as + for yt = +1 or− for yt = −1

8: ifBξt < B/2 then
9: Vξt+1 = Vξt ∪ {xt}
10: else
11: SampleX with Pr(X = 1) = B/(2t)
12: ifX = 1 then
13: (Vξt+1, x̃rt ) = BUFFERUPDATING(Vξt ,xt)
14: end if
15: end if
16: if the buffers change then
17: C(t)

sk (κ) = INCREMENTALCOMPUTATION(C(t−1)
sk ,xt, x̃rt )

18: Select the optimal kernel κ∗t+1 = arg maxκ∈K C
(t)
sk (κ, q)

19: end if
20: Update ω(t+1) via OGD
21: else
22: ω(t+1) = (1− ηtλ)ω(t)

23: end if
24: end for

5.1 Unbiasedness and Regret Analysis
We demonstrate the expectation and probabilistic error bound
of ISKA as shown in Theorem 1.

Theorem 1. For Gaussian kernel, the median estimate of
ISKA is an unbiased estimate of MMD 2, i.e.,

E
[
C(t)

sk (κ, q)
]

= Cmd(κ).

And with probability at least 1− 2 exp
(
−(1− 2δ)2q/2

)∣∣∣C(t)

sk (κ, q)− Cmd(κ)
∣∣∣ ≤ 4

√
ln(4/δ2)B−

1
2 . (11)

Remark 1. Theorem 1 indicates that (11) holds with proba-
bility at least 1− δ̄ provided q = Θ(ln(1/δ̄)).

Due to the incremental computation of ISKA, we may ob-
tain different optimal kernel at each round, and perform OGD
in varying RKHS. For regret analysis, we construct a surro-
gate hypothesis space Hκ̂ that contains all the candidate ker-
nel functions and derive the norm bound in Theorem 2.

Theorem 2. For Gaussian kernel κ(x1,x2) = exp(−‖x1 −
x2‖2/(2σ2)), given candidate kernel set K = {κi : i ∈ [N ]}
with kernel widths σ1, σ2, . . . , σN , define

σmin = min
1≤i≤N

{σi}, σmax = max
1≤i≤N

{σi}.

Then the RKHS Hκ̂ induced by κ̂ with σ̂ = σmin contains all
the candidate kernel functions, and ‖κi(·,x)‖2Hκ̂ ≤ θ,

κi(x1,x2) ≤ 〈κi(·,x1), κi(·,x2)〉Hκ̂ ≤ θ,
where

θ =
[
2 (σmin/σmax)

2 − (σmin/σmax)
4
]− d2

. (12)

2We omit the constant terms that do not affect the kernel selec-
tion results.

In contrast to the regret analysis for online kernel learning
using a fixed kernel [Cesa-Bianchi et al., 2010], we derive the
regret bound for online kernel selection with varying kernels
inHκ̂ using a novel definition of weight degradation. We de-
fine the weight degradation caused by online kernel selection
and hypothesis updating at round t as follows
Λt := (1− ηtλ)ft(·)− ηt∇ft`(ft(xt), yt)− ft+1(·), (13)

where ft(·) = 〈ω(t),ψ
(t)
κ∗t

(·)〉 uses the optimal kernel κ∗t of
round t − 1. Then we give the upper bound of the average
gradient error

E :=
T∑
t=1

‖Et‖Hκ̂/T,

where Et = Λt/ηt, and demonstrate the regret bound of on-
line kernel learning as follows.

Theorem 3. Let ν = max{P/λ, 1/
√
λ}, ηt = 1/(tλ),

µmin = min{µ+, µ−}, θ be the norm bound in (12). As-
sume 〈κ∗t (·,xt), κ∗t (·, x̃st)〉Hκ̂ ≥ Z for any surrogate exam-
ple x̃st while not invoking the BUFFERUPDATING process,
and ‖Et‖Hκ̂ + 1 ≤ P . For problem (7) with the hinge loss
and the Gaussian kernel, let f∗ = arg minf∈Hκ̂

∑T
t=1 Lt(f)

using the optimal kernel selected by MMD, ζ be the maximum
size that the buffer may reach without budget, and ft, t ∈ [T ]
be the sequence of hypotheses generated by (8), (9) and (10).
Then there is a constant C ≥ 0 such that E[E] ≤ Ê/T, and

E

[
T∑
t=1

(Lt(ft)− Lt(f∗))

]
≤ (λν + P )2

2λ
O (lnT ) + 2νÊ,

where

Ê :=
λBCζ

2
+

[
T − B lnT +B

2

]√
2θ − 2Z +

(BT −Bζ)[lnT + 1]√
2T

√
θ − µmin +

Bζ

2
θ.

Proof Sketch. For the hinge loss, the weight degradation in
(13) can be expressed as follows

Λt = (1− ηtλ)ft(·) + ηtytκ
∗
t (·,xt)− ft+1(·).

We decompose the weight degradation Λt into two terms
Λt = Γt + ∆t, where

Γt = (1− ηtλ)(ft(·)− f̃t(·)) + ηtyt(κ
∗
t (·,xt)− κ̃(·,xt))

is the weight degradation of incremental computation for
ISKA,

∆t = (1− ηtλ)f̃t(·) + ηtytκ̃(·,xt)− ft+1(·)
is that of buffer updating and hypothesis updating. Then we
derive the upper bound of the average gradient error and com-
plete the proof by Theorem 1 and Theorem 2.

Remark 2. By Proposition 3 in [Richard et al., 2009], our SC
condition is a sufficient condition of the Approximate Linear
Dependency (ALD) condition. Since the eigenvalues of Gaus-
sian kernel matrix decay exponentially to 0 [Caponnetto and
De Vito, 2007], the maximum size of the buffer without budget
via ALD is of order O(lnT ) [Sun et al., 2012], which yields
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ζ = O(lnT ). Then let Z = θ − (lnT/T )2, we can obtain
Ê = O(lnT ), and the regret bound of order O(lnT ) in The-
orem 3 that is the optimal regret bound for strongly convex
objective function and OGD [Hazan, 2016].

5.2 Computational Complexities of ISKA
When applying the proposed ISKA to online kernel selection
with N candidate kernels, the maintenance of ISKA crite-
rion includes two operations at each updating step: (a) the
buffer updating is in O(B) time complexity, which is a lin-
ear time complexity with respect to the budget; (b) the incre-
mental computation is in O(NB) time complexity3. Since
the updating steps are according to the probability distribu-
tion in (5), the expectation of the number of the updates is
O (B lnT ) for ISKA. Thus, the overall time complexity of
ISKA is O

(
NB2 lnT

)
.

Table 1 summarizes the time complexities of KA and our
ISKA after T rounds. Since only β+

t , β−t and γt need to
be stored for each candidate kernel, the space complexity of
ISKA is O(B+N), where B,N � T and both are constant.

KA
ISKA

# Updates BU IC Total

O(NT 2) O (B lnT ) O (B) O (NB) O
(
NB2 lnT

)
Table 1: Time complexities of kernel alignment criteria (BU: buffer
updating per round; IC: incremental computation per round; N : size
of the candidate kernel set; T : number of rounds; B: budget).

6 Experiments
This section empirically evaluates the proposed OKS-ISKA
for online kernel learning.

6.1 Experimental Setups
Algorithms were implemented in R 3.3.2 on a machine with
4-core Intel Core i7 3.60 GHz CPU and 16GB memory. All
the experiments were performed over 20 different random
permutations of the datasets. We merged the training and
testing data into a single dataset for each benchmark dataset4,
and compared the proposed OKS-ISKA with the following
state-of-the-art online kernel selection algorithms.
• Online Kernel Selection (OKS) [Yang et al., 2012]:

OKS is a randomized kernel selection algorithm. It
learns a probability distribution for each candidate ker-
nel by which the optimal kernel is selected.
• Online Kernel Learning with Adaptive Kernel [Chen

et al., 2016]: It updates the hypothesis and the kernel
width by OGD method to minimize the squared loss. We
replace the squared loss with the hinge loss for fair com-
parison, which we refer to as OKL-GD5.

3Since we set q < N in the experiments, we omit q in the com-
plexity analysis for ISKA.

4http://www.csie.ntu.edu.tw/∼cjlin/libsvmtools/datasets/
http://kdd.ics.uci.edu/databases/kddcup99/kddcup99.html

5To prevent the curse of kernelization, we keep at most 1000
examples in memory when learning using OKL-GD.

• Projectron++ [Orabona et al., 2008]: Projectron++ is a
budgeted online kernel learning algorithm using a pro-
jection strategy that is equivalent to ALD condition. For
baseline, similar to the two-stage method [Cortes et al.,
2012], we first select a kernel via KA criterion in (1) and
then run Projectron++ with the selected kernel, which
we refer to as Proj-KA.6

A set of Gaussian kernels with kernel widths σ ∈
{2−(i+1)/2, i = [−12 : +2 : 12]} was adopted as the can-
didate kernel set and the kernel widths of OKL-GD were re-
stricted to the same range. The initial parameter i of the ker-
nel width was selected in {−12,−10,−8} uniformly, since
small kernel width may lead to the vanishing of the initial
gradient of OKL-GD. We tuned the stepsize of OGD in a
range 10[−5:+1:0] and the regularization parameter λ in a
range 10[−4:+1:1]. For our OKS-ISKA, we set q = 5 for
the median estimate, µξ = 0.3, B = 150 for small datasets
(T < 10, 000) and B = 200 for other datasets according
to the experimental analysis in “Parameter Influence.” Be-
sides, we set ηt = 1/(tλ) as in Theorem 3. For fair compar-
ison, we ran OKS with single pass over the data and set the
smoothing parameter δ̄ = 0.2, stepsize of weight updating
η =

√
2(1− δ̄) lnN/(NT ) as in [Yang et al., 2012]. For

Projectron++, we use hinge loss for fair comparison, and set
the projection parameter U = 1/4

√
(B + 1)/ log(B + 1) as

in [Orabona et al., 2008]. The mistake rate is used to evaluate
the accuracy of online kernel selection approaches for online
kernel learning, which is computed by

∑T
t=1 I(ytft(xt) <

0)/T × 100, and the mean of mistake rates over the 20 runs
is referred to as average mistake rate.

6.2 Performance Evaluation
Table 2 lists the experimental results in terms of the mistake
rate and running time for online kernel learning. We can sum-
marize the results as follows: (a) For small datasets, OKS-
ISKA performs better than the other kernel selection algo-
rithms in terms of the mistake rates, while having a slightly
lower efficiency due to the frequent updates of the buffers
for OKS-ISKA at the initial period; (b) For large datasets,
OKS-ISKA is significantly more efficient than the other al-
gorithms while preserving accuracy; (c) The offline compu-
tation of kernel alignment for Proj-KA consumes much more
time than the incremental computation for our ISKA.

Figure 1 depicts the convergence behaviors in terms of the
mistake rates and running time on splice. Since Proj-KA
adopted the offline kernel selection, we do not include its run-
ning time curve. The results show that the OKS-ISKA is sig-
nificantly more efficient after the initial period.

6.3 Parameter Influence
We further conducted experiments using different initial ker-
nel widths, budgets and SC conditions.

Figure 2 shows the mistake rate and runtime on
spambase in terms of initial kernel widths in a range i ∈

6Due to the high computational complexities, we randomly sam-
ple 10000 examples for Proj-KA to select the optimal kernel in the
experiments on large datasets.
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Dataset
OKS-ISKA OKL-GD OKS Proj-KA

Mistake rate (%) Time (s) Mistake rate (%) Time (s) Mistake rate (%) Time (s) Mistake rate (%) Time (s)
german 30.012± 0.767 0.373 35.202± 1.813 0.223 42.207± 1.377 0.303 39.280± 1.119 0.889
svmguide3 22.684± 0.625 0.368 23.263± 0.338 0.341 29.572± 0.963 0.304 26.641± 1.282 1.787
spambase 28.876± 0.942 1.236 33.136± 2.323 3.403 34.055± 0.263 3.641 29.723± 0.791 19.120
splice 23.616± 1.855 1.112 28.057± 5.097 2.182 37.814± 2.154 1.986 35.389± 6.478 11.262
mushrooms 0.360± 0.059 2.293 9.652± 1.725 21.430 8.003± 0.328 8.938 0.377± 0.014 92.592
a9a 17.293± 0.420 26.023 23.930± 0.001 172.202 23.132± 0.101 1033.891 20.893± 0.097 183.605
w7a 2.582± 0.083 83.061 2.973± 0.125 537.550 6.926± 0.073 1134.709 2.632± 0.078 364.350
w8a 2.570± 0.074 98.530 2.912± 0.111 633.350 6.911± 0.072 1453.720 2.486± 0.075 415.682
corrected 3.737± 0.341 268.341 4.452± 0.315 1256.462 5.505± 0.045 13930.106 4.323± 0.377 397.781
cod-rna 11.615± 0.002 41.230 12.603± 0.450 68.030 12.727± 0.124 1852.235 15.142± 0.255 115.877

Table 2: Performances of online kernel selection approaches for online kernel learning on benchmark datasets.

splice

# Examples
601 1201 1801 2401 3001

OKS−ISKA
OKL−GD
OKS
Proj−KA

(a) average mistake rate

splice

# Examples
1 601 1201 1801 2401 3001

OKS−ISKA
OKL−GD
OKS

(b) average runtime

Figure 1: Convergence behaviors w.r.t. the mistake rate and runtime
on benchmark datasets.

{−12,−8,−4, 0, 4, 8}. We can observe that the initial kernel
width has almost no effect on the performance of OKS-ISKA.
Thus, OKS-ISKA is robust to the initial kernel.

From Figure 3, we observe that, for our OKS-ISKA, the
buffers with budget B = 200 perform as well as those with
larger budget with respect to the mistake rate, while having
less runtime. Thus, OKS-ISKA is suitable for large-scale on-
line kernel learning. Besides, a smaller threshold µξ of SC
condition incurs a better performance in terms of both accu-
racy and efficiency, which demonstrates that our buffer up-
dating strategy is effective for online kernel selection.

7 Conclusion
Kernel selection is critical to kernel methods, and online ker-
nel selection is faced with some new challenges. In this pa-
per, we have proposed the novel online kernel selection ap-

spambase

# Examples
345 1035 1725 2415 3105 3795 4485

initial width = 25.5

initial width = 23.5

initial width = 21.5

initial width = 2 0.5

initial width = 2 2.5

initial width = 2 4.5

(a) average mistake rate

spambase

# Examples
115 805 1495 2415 3335 4255

initial width = 25.5

initial width = 23.5

initial width = 21.5

initial width = 2 0.5

initial width = 2 2.5

initial width = 2 4.5

(b) average runtime

Figure 2: The effect of initial kernel width on the mistake rate and
runtime of OKS-ISKA.

proach that is theoretically sound and computationally effi-
cient. The proposed approach gives an unbiased estimate of
the maximum mean discrepancy, enjoys the optimal regret
bound for online kernel learning, and dynamically maintains
the hypothesis space and selects the optimal kernel at each
round, while the maintenance time complexity is constant
and the overall time complexity is logarithmic. We conclude
that the proposed online kernel selection approach meets the
new challenges of online kernel selection and is promising for
both online and offline large-scale model selection.

svmguide3

# Examples
32 224 416 608 800 992 1184

B =  100
B =  200
B =  300
B =  400
B =  500

(a) kernel selection results

german

# Examples
25 175 325 475 625 775 925

 = 0.9
 = 0.7
 = 0.5
 = 0.3
 = 0.1

(b) kernel selection results

svmguide3

# Examples
96 288 480 672 864 1056 1248

B =  100
B =  200
B =  300
B =  400
B =  500

(c) average mistake rate

german

# Examples
75 225 375 525 675 825 975

 = 0.9
 = 0.7
 = 0.5
 = 0.3
 = 0.1

(d) average mistake rate

svmguide3

# Examples
32 224 416 608 800 992 1184

B =  100
B =  200
B =  300
B =  400
B =  500

(e) average runtime

german

# Examples
25 175 325 475 625 775 925

 = 0.9
 = 0.7
 = 0.5
 = 0.3
 = 0.1

(f) average runtime

Figure 3: Kernel selection results, average mistake rate, average run-
time w.r.t. budget B and µξ in the SC condition (6).
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