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Abstract In order to define thereferred modelassociated with the

) experiences of the agent, we use a circumscriptive theory to
We consider the problem of how an agent createsa  specify the SSH's (minimal) models. Different models can
discrete spatial representation from its continuous  exist that explain the same set of experiences. This occurs
interactions with the environment. Such represen-  pecause the agent could associate the same sensory descrip-
tation will be theminimalone that explains the ex- tion to different environment states, or because the agent has
periences of the agent in the environment. Inthis  not completely explored the environment. The different SSH
paper we take the Spatial Semantic Hierarchy as  |evels assume different spatial properties about the environ-
the agent's target spatial representation, and use @  ment and the actions performed by the agent. These spatial

circumscriptive theory to specify the minimal mod- properties play the role of “filters” the agent applies in order
els associated with this representation. We provide o distinguish the different environment states it has visited.
a logic program to calculate the models of the pro-  For instance, at the SSH causal level two environment states

posed theory. We also illustrate how the different  are considered the same if any sequence of actions started at
levels of the representation assume different spa-  these states renders the same sequence of observations. At
tial properties about both the environmentand the  the SSH topological level, two environment states are consid-

actions performed by the agent. These spatial prop-  ered the same if they are at the same place along the same

erties play the role of “filters” the agent applies in paths. Finally, at the SSH metrical level, two environment
order to distinguish the differentenvironmentstates  states are the same, if it is possible to assign to them the same
it has visited. coordinates in any frame of reference available to the agent.

In sections 3 and 4 we make precise the claims above.
. Finally, we use the SSH circumscriptive theory as the spec-
1 Introduction ification for a logic program used to implement the abduc-
The problem of map building —how an agent creates a distion task. In the paper we provide the logic program for the
crete spatial representation from its continuous interaction§SH causal level theory and illustrate how to encode the min-
with the environment- can be stated formally as an abdudmality condition associated with this theory. We have im-
tion task where the actions and observations of the agent aféémented the program using Smod#&emek and Simons,
explained by connectivity relations among places in the enl1997 and confirm that the theory yields the intended models.
vironment[Shanahan, 1996, Shanahan, 1997, Remolina and
Kuipers, 1998 In this paper we consider the Spatial Seman-2 Related Work
tic Hierarchy (SSHJKuipers, 2000, Kuipers and Byun, 1988, The SSH grew out of the TOUR model proposefKmipers,
Kuipers and Byun, 1991as the agent's target spatial repre- 1977, Kuipers, 1978 Other computational theories of the
sentation. The SSH is a set of distinct representations foéognitive map have been proposéi§ortenkampet al., 1995,
large scale space, each with its own ontology and each aljjcpermott and Davis, 1984, Leiser and Zilbershatz, 1989,
StraCted from the IeVeIS belOW |t The SSH deSCI’ibeS the dierap’ 198$- These theories share the same basic princip'es:
ferent states of knowledge that an agent uses in order to orggre use of multiple frames of reference, qualitative repre-
nize its sensorimotor experiences and create a spatial reprgentation of metrical information, and connectivity relations
sentation (i.,e. a ma_p). Using the SSH representation, navigamong landmarks. They differ in how they define what a
tion among places is not dependent on the accuracy, or ev@gndmark is, or the description (view, local 2D geometry) as-
the EXIStence, Of met”cal knoWIedge Of the environment. sociated with a landmark. Except for McDermott and DaviS,
*This work has taken place in the Intelligent Robotics Lab at theON€ of th‘? thepnes above has a formal account like the one
Artificial Intelligence Laboratory, The University of Texas at Austin. Presented in this paper for the SSH. _
Research of the Intelligent Robotics lab is supported in part by NSF  Considering map building as a formal abduction task has
grants IRI1-9504138 and CDA 9617327, and by funding from Tivoli been proposed by Shanahf®hanahan, 1996, Shanahan,
Corporation. 1997. He proposes a logic-based framework (based on the
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circumscriptive event calculus) in which a robot constructsto represent the fact that the type of actais type Turn

a model of the world through an abductive process wherebwctions have associated a unique turn description, either
sensor data is explained by hypothesizing the existence, IdurnLeft turnRight or turnAround We use the predicate
cations, and shapes of objects. In Shanahan’s work, spaceT&:rn_desc(a, desc) to indicate thatlescis the turn descrip-
considered a real-valued coordinate system. As pointed oditon associated with the turn actian

in [Shanahan, 1997a problem of Shanahan’s approach is A schema represents an action execution performed by the
the existence of many minimal models (maps) that explair®gent in the environment. An action execution is character-
the agent's experiences. We have alleviated this problem byed in terms of the distinctive states the agent was qt before
considering the SSH topological map instead of an Euclideadnd after the action was performédWe use the predicate

space as the agent's target spatial representation. s,ds, a,ds') to denote the fact that according to schema

The problem of distinguishing environment states by out-> actiona was performed starting at distinctive stateand

; di . has b died hending at distinctive statés’. While schemas are explicit ob-
puts (views) and inputs (actions) has been studied in thg,c(s of our theory, most of the time it is convenient to leave
framework of automata theofBasyeet al, 1994. In this  them implicit. We introduce the following convenient nota-

framework, the problem we address here is the one of findinggn:

the smallest automaton (w.r.t. the number of states) consistent , ,

with a given set of input/output pairs. Without any particular (ds,a,ds’) Zaey 35 CS(s,ds, a,ds’)

assumptions about the environment or the agent’s perceptualds, type,ds') =4.5 Ja {(ds,a,ds’> A Action_type(a,type)}

E%?gg%pﬁg?dggs;g :If’ qg%lgg this smallest automaton is (ds,desc,ds'y =4e¢ Ja {(ds,a,ds') A Turn_desc(a,desc)}
The SSHKuipers, 2000, Kuipers and Byun, 1988, Kuipers Example 1

e_md Byun, 199.11 abstracts th? structure Qf an agents SPaconsider a robot moving in the environment depicted in fig-
tial knowledge in a way that is relatively independent of its ;.o 7 “The robhot moves from distinctive statéo distinctive
sensorimotor apparatus and the environment within which igtaten by performing a follow-midline actionml. Then the
moves. At theSSH control levelthe agent and its environ- rohot performs the same action to move to distinctive state
ment are modeled as continuous dynamical systems whosg We assume that all corridor intersections look alike .
equilibrium points are abstracted to a discrete satistinc-  This set of experiences can be described by the formulae:
tive statesA distinctive state has associatedewdescribing )
the sensory input obtained at that distinctive state. The conction-type(ml,travel) , CS5(sl,a,ml,b) , CS(s2,b,mlc) ,
trol laws, whose executions define trajectories linking thesé’iew(a,v+) , View(b,v+) , View(c,v+) .

distinctive states, are abstractedatttions giving a discrete

causal graph representation for the state space. The causal

graph of states and actions can in turn be abstracted to a topo- L o L o L o L o L o L OI__I?
logical network ofplaces pathsandregions(i.e. thetopolog- ' r1rr 1 1 H
ical map. Local metrical models, such as occupancy grids, (a) (b)

of neighborhoods of places and paths can then be built on the

framework of the topological network while avoiding global Figure 1: (a) Distinctive states, b andc are not distinguishable

metrical consistency problems. In the next sections we forat the causal level. Topological information is needed in order to

mally describe the SSH causal and topological levels. distinguish them. (b) All distinctive states are distinguished at the
causal level given the new informatidn, travel, d).

3 SSH Causal level _ _ _

Given this set of experiences, at the SSH causal level
We use a first order sorted language in order to describe th@istinctive statesa, b and ¢ are not distinguishable. Any
SSH causal level. The sorts of this language incldidéinc-  known sequence of actions renders the same set of views.
tive statesviews actionsandschemasThe sort of distinctive  However, at the SSH topological level all these distinctive
states corresponds to the names given by the agent to the figtates are distinguishable since the robot has traveleddrom
points of hill-climbing control strategies. It is possible for to b and then toc following the samepath (see example 3).
the agent to associate different distinctive state names witBhould the robot continue the exploration and visit distinctive
the same environment state. This is the case since the agefihted, with view T, then by relying just on known actions
might not know at which of several environment states it isand views the agent can distinguish all distinctive states it
currently located. A distinctive state has an associated vievhas visited (see example 2end of example
We use the predicatBiew(ds, v) to represent the fact that
Vv is aview associated witldistinctive statels. We assume The agent's experiences in the environment are described
that a distinctive state has a unique view. However, weato in terms ofCS View, ActiontypeandTurn_.descatomic for-
assume that views uniquely determine distinctive states (i.enulae. Hereafter we usé to denote a particular agent's
View(ds,v) A View(ds',v) /4 ds = ds'). Thisis the case €xperience formulae. BHS(E) we denote the formulae

since the sensory capabilities of an agent may not be suffi- LAn action execution also has metrical information associated

cient to distinguish distinctive states. with it. This metrical information represents an estimate of, for ex-
An action has a unique type, eithgavel or turn, asso-  ample, the distance or the angle between the distinctive states asso-
ciated with it. We use the predicatéction_type(a,type)  ciated with the action execution.
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stating that the sorts of schemas, distinctive states, view€onsider the situation depicted in Figure 1b, with the
and actions are completely defined by the setsafema  corresponding schemas and views as in example 1. Using
distinctive statgsview and action constant symbols occur- |emma 1 one can conclude that all distinctive states
ring in E respectively By DT we denote our domain the- b and ¢ are distinguishable by actions and views alone.
ory, the formulae stating that: (-) the sefturn, trave},  For instance, {ml,mi}(a) = ¢ {mi,mi}(b) = d,

{turnLeft,turnRight,turnArounfi completely define the sorts View({ml, mi}(a),v+), View({ml,ml}(b),7), and con-
of action typesandturn_descriptions(-) an action has asso- sequentlyceq(a, b). {end of example

ciateg a unigue action typﬁ ; é—) distinctive states hgve ?]sso—
ciated a unique view; (-) the description associated with an .
action is uni?que; ) tu&r? actions haE)/e associated a turn de- 1he Herbrand models &f7'(E) are in a one to one corre-
scription; (-) the type of actions as well as the qualitative de-Spondence with the answer silfond and Lifschitz, 1991
scription of turn actions is the one specifiedBnThe SSH  of the logic program in Figure 2In this program, theX and
causal theonCT(E) defines when two distinctive states are Y variables range over distinctive states and the variéible
indistinguishable at the SSH causal level. We use the predanges over views ify. The sets of rules 4 and 5 are the facts
icate ceq(ds, ds') to denote this fact. We will assume that corresponding to the agent's experiences. Rules 6-8 require
actions areleterministic 3 ceq to be an equivalence class. Rules 8 and 9 are the coun-
' " r_ o terpart of axiom 2. Rule 11 is the counterpart of axiom 3.
(ds,a,ds) A (ds,a,ds™) = ds’ = ds™ . @ In order to define the maximality condition eéq, the aux-
CT(E) is the following nested abnormality thedtyifschitz, iliar predicatep(X,Y, X1,Y1) is introduced. This predicate

1999: reads aslf X andY were the same, thekil andY 1 would
) be the same” The predicatelist(X,Y) defines when dis-
CT(E) = E, HS(E), DT, Aziom1, CEQ-block tinctive states\ and?f are disting(uisha{:)Ie. Constraint 12 es-
whereCEQ_block is defined as tablishes the maximality condition e®q: ceq(X,Y) should
{ maz ceq: be the case unless andY are distinguishabl@.
ceq(ds,ds') — ceq(ds', ds),
ceq(ds,ds’) A ceq(ds',ds") — ceq(ds,ds"), {cs(ds,a,ds’) < . : cs(ds,a,ds’) € E} )
ceq(ds,ds') — View(ds,v) = View(ds',v), 2) {view(ds,v) < . : view(ds,v) € E} (5)
ceq(ds1,ds2)A(ds1,a,dsy) A{dsz,a,dss) — ceq(ds?, ds5)(3) :ii((’x}%?”;)cei(%’ Y)e -
} p(X,Y,X2,Y1) « p(X,Y,X1,Y1),ceq(X1, X2).

— p(X,Y,X1,Y1),ceq(Y1,Y2).

— p(X,Y,X1,Y1),es(X1, A, X2),cs(Y1, A Y2).
« p(X,Y, X1,Y1).

« p(X,Y,X1,Y1),p(X,Y,Y1,Y2).

It can be proved that the predicateqdefines an equiva-  »(X,Y, X1,Y2
lence relation on the sort of distinctive states. Axiom 2 states p(X, Y, X2,Y2
that indistinguishable distinctive states have the same view.»(X,Y, Y1, X1
Axiom 3 states that if distinctive statés andds’ are indis- p(X,Y, X1,Y2
tinguishable and actiomhas been performed for botl and
ds', then the action links these states with indistinguishable dist(X,Y) < p(X,Y, X1, Y1), view(X1, V), not view(Y1, V).
states. By maximizingeq we identify distinctive states that  dist(X,Y) < p(X,Y, X1, Y1), not view(X1, V), view(Y'1, V).

- = —= =

cannot be distinguished by actions and/or views, and thereby« not ceq(X, X). ®)
minimize the set of states represented by the model. + ceq(X,Y), not ceq(Y, X). Q]
Axioms 2 and 3 allow us to prove the following useful <« cea(X,Y),ceq(Y, 2), not ceq(X, Z). ®)
lemma: «— ceq(X,Y),view(X, V), not view(Y, V). 9)
Lemmal Let A denote a sequence of action symbols. Let ¢ ¢ed(X:Y), not view(X, V), view(Y, V). (10)
A(ds) denote the distinctive state symbol resulting of starting < "t c¢a(X1, Y1), ceq(X, ), es(X, 4, X1), es(Y, 4,Y'1). an
the sequencd at distinctive statels or L if A is not defined
for ds.4 Then, < not ceq(X,Y), not dist(X,Y). (12)

ceq(ds,ds’) A A(ds) #L NA(ds") #L
— View(A(ds),v) = View(A(ds"),v) .
Example 2 °See extended version of this padé&emolina and Kuipers,

- : _ 2001 for a proof.
That sort is completely defined by the constant symbols 6We have imp|emented this |ogic program in Smodejgmeb

Figure 2:Logic program associated with CT(E).

s1,...,Sn Means that an interpretation fasrt is theHerbrandin-  and Simons, 1997 In the implementation, one has to add variable

terpretation defined by the sfts, ..., sn}. domain restrictions to the different rules. For example, rule
3Throughout this paper we assume that formulas are universally

quantified. ceq(X,Y),nceq(X,Y) + .

4Given an action symbol and distinctive statés, A(ds) = ds’
if the schemdds, A, ds') has been observed, otherwigkds) =_1.
MoreoverA(L) =_L. The definition is then extended to action se- ceq(X,Y),-ceq(X,Y) « dstate(X),dstate(Y)
quences in the standard way. Notice thdtls) being well-defined
relies on our assumption that actions are deterministic (Axiom 1). wheredstate is our predicate to identify the sort of distinctive states.

becomes
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4 SSH Topological Level (among others) that a minimum set of paths is preferred over

We are to define the SSH topological thed{I'(E), associ- & Minimum set of places. Next we discuss the axioms in
ated with a set of experiencés The language of this theory AT-block.

is a sorted language with sorts fptaces pathsandpath di-
rections’ The main purpose of' T'(E) is to minimize the |
set of paths and places consistent with the given experiences

E. A place can be #opological place(hereafter place) or a  t¢a(ds:ds') = 3p {cea(ds, ds') A at(ds, p) A at(ds,p) }, (14)
region A place is a set of distinctive states linked by turn ac- at(ds, p) — tplace(p), (15)
tions. A region is a set of places. We use the predidatase Jlpat(ds, p), (16)
andis_regionto identify these subsorts. A path defines an or- (ds, turn, ds') A at(ds, p) — at(ds', p), an
der relation among places connected by travel with Nno turnat(as, p) A at(ds', p) — turn_eq(ds, ds'), (18)
actions. They play the role of streets in a city layout. We use{min turn_eq : (19)

the predicatepathto identify the sort of paths. By minimiz-
ing the extent oftplace, is_region andtpath we minimize
the sort of places and paths respectielyhe language of

teq(ds, ds") A teq(dr, dr') A tZ7?L(ds'7 dr') — turn-eq(ds, dr),
turn-eq(ds, ds') A turn-eq(ds’,ds'") — turn_eq(ds,ds”) }

the SSH topological level includes the following other predi- along(ds’pa’dzr,) - tpa”f(m)’ , (20)
cates:teq(ds,ds’)- distinctive stategs andds’ aretopolog- ~ (4%:P) A at(ds’, @) Atravel(ds, ds) = e1)
ically indistinguishable;at(ds,p)— distinctive stateds is at 3pa, dir { PO(pa, dir, p, q) A along(ds, pa, dir) A along(ds', pa, dir) } ,
placep; along(ds,pa,dir)-distinctive statels is along path  along(ds, pa, dir) A along(ds, pal, dirl) — pa = pal, 22)
pa in direction dir; OnPath(pa,p)-placep is on pathpa; at(ds,p) A at(ds', p) A along(ds, pa, dir) A (23)
PO(pa,dir,p,q)-placep is before place when facing direc- along(ds', pa, dir) — teq(ds, ds'),
tion dir on pathpa (PO stands for Path Order). ,

TT(E), ispthez;oll(owing nested abnormality)theory: {(as. turn.dese, ds') A turn.desc # turndround e4)

Vp, tplace(p) = ﬂis_region(p) ,Vpa, tpath(pa) , (13) along(ds, pa, dir) A along(ds', pal, dirl)} — pa # pal,

{min is_region : (ds, turnAround, ds') — along(ds, pa, dir) = along(ds', pa, —dir), (25)
CT(E) ,T block , AT -block }
PO(pa, pos,p, q) = PO(pa, neg, q,p), (26)

The first line in Axioms 13 says that topological places and —PO(pa, dir, p, p) @7)
regions are the two subsorts of places, and that the predicatgo(pa dir 1; o

tpath represents the sort of paths. The bI&K(E) is the PO(pa, dir. p. Z; :2%:;125,3 — POpa dir.p,r), Zg
one defined in the Er\EVIOU/S}\SECtIOI’l. 1;he bId’chIock/d\e— OnPath(pa, p) A OnPath(pa, g) A tpath(pa) — (30)
fines the predicateSirn, travel, andéravel such thaturn 3ds, ds' {at(ds, p) A at(ds', q) A travel_eq(ds, ds')},

is the equivalence closure of the schemasurn, -); travel {min traveleq : @31
andtravel are the equivalence and transitive closure of the  ieq(ds, ds') A teq(dr, dr') A travel(ds', dr') — travel_eq(ds, dr),
SChema$" travel, > travel-eq(ds,ds') A travel-eq(ds’,ds") — travel-eq(ds,ds'") }

The blockAT _block (Figure 3) is the heart of our theoty.
The purpose of this block is to define the extent of the prec&—
icatestpath, tplace at, along PO andteq, while identifying
a minimum set of places and paths that explginrhe block

circ tpath = along > PO = OnPath = tplace var SSprred

has associated the circumscription potfty Figure 3:AT _block.
circ tpath = along > PO > OnPath = tplace var SSprred
whereSS}fpred stands for the tuple of predicates teg, Predicateeq is the equivalence relation defined by axiom

travelLeq andturn_eq®! This circumscription policy states 14- teq(ds, ds') is the case whenevets andds’ cannot be
— ] distinguished by views and actions (i.eeq(ds,ds')) and
The sort of directions is completely defined by the symipois it is consistent to grouds andds’ into the same place. If
an%?\le%. that our lodic h < fo doathebut in ord we assume that views uniquely identify distinctive states (e.g.
olice that our 1ogic has sorts ipracesancpatnsutIn oraer vz, (qs V) A View(ds', V) — ds = ds'), then predicates

tszrr]r:ilrr]ugn:lhzeent]hese sorts we have to explicitly have predicates repre&eq andteq will reduce to equality. This is expected since all

9Notice that the predicatés_region is not mentioned in the that is required to identify a distinctive state is its view.

theory of figure 3. In the next section we will add to this theory ~Every distinctive state is at a unique place (Axiom 16).
axioms dealing with regions. For the purpose of this section, thaVhenever the agentirns, it stays at the same place (Axiom

minimization of is_region in conjunction withVp, tplace(p) = 17). Distinctive states grouped into a topological place should

—is_region(p) implies (the defaultyp tplace(p). beturn connected (moduléeq) (Axiom 18). Travelactions
The symbol>- indicates prioritized circumscription (sékifs- among distinctive states are abstracted to topological paths

chitz, 1994 section 7.2). connecting the places associated with those distinctive states

*'Block 19 in Figure 3 states that the predicatern_eq corre-  (Axiom 21). A distinctive state is along at most one path (Ax-
sponds to the relatioturn moduloteq. Block 31 define¢ravel.eq  jom 22). At each place there is at most one distinctive state
to be the relatiortravel moduloteg. along a given path direction (Axiom 23). Turn actions other
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Figure 5: (a) The robot goes around the block visiting places

Figure 4:The environment in (a) illustrates a case where different4, .. F,C in the order suggested in the figure. IntersectiBnand

paths intersect at more than one place. (b) depicts the topologica ook alike to the agent. Two minimal models can be associated

map associated with this environment. with the set of experiences in (a) (see (b) and (c)). Topological infor-
mation is not enough to decide whether the agent is baékdaoC'.

thanturnAroundchange the path the initial and final distinc- Notice that if the agent acc_umulates more information, by turning
tive states are at (Axiom 24)YurnAroundactions relate dis- atc and traveling tod, then it can deduce that the topology of the
tinctive states being in the same path but opposite directiongﬁwronrr_\ent is the one in (b). In adlelon, when available, metrical
(Axiom 25). The order of places in a given path direction iginformation can be used to refute the incorrect topology.

the inverse of the order of places in the other path direction

(Axiom 26). Axioms 27 and 28 requirBO(pa, dir,,-) 10 |eft of a path, we deduce no boundary relation (see Figure 6).
be a non-reflexive transitive order for the placepanPlaces
ordered by a path should belong to that path (Axiom 29). Ax-
iom 30 requires the agent to have traveled among the places
on a same path.

Our theory does not assume a “rectilinear” environment
where paths intersect at most in one place. It is possible for
different paths to have the same order of places (see Figure
4). Topological information can distinguish distinctive states
not distinguishable by view and actions. (@) (b) (c)

Example 3 Figure 6: Different environments illustrating how our default to

Consider the scenario of example 1. Since the same vie@etermine boundary relations works. In (a), we conclude by default
is experienced a, b andc, the extent okeq is maximized that placeCis to the left of the path fronA to B. In (b) we conclude
by declaringceq = true. Using the topological theory, nothing about the location of pladwith respect to the path from
from axiom 16 we conclude that there exist pladgsand  AtoB. In(c), we conclude that pladis to the left of the path from
Q, such thatat(a, P) and at(c,Q). Since it is the case AtoB. This is the case since there is no information to conclude

that travel(a,c), from axioms 21 and 27 we conclude, Oihenvise
for instance, that? # (. Distinctive states: and c are

topologically distinguishable though they are “causally We . use the ‘ predicates
indistinguishable” (i.e. ceq(a,c) A —teq(a,c)). {end of TotheRightOf/TotheLeftO f(pl,pa,dir,pal,dirl)
examplé to represent the facts that @)L is aplaceon both pathspa

andpal, and (ii) when the agent is @lace plfacing in the
Given a minimal modeM of TT(E), the SSH topological directiondir of pa, after executing a turn right (left) action,
map is defined by the extent ¥ of tpath tplace along PO  the agent will be facing on the directiatirl of pal (see
andat. Since the positive and negative direction of a path ard-igure 7). The predicatékthelLeftOfand TotheRightOfire
chosen arbitrarily (Axiom 21), there is not a unique minimal derived from the actions performed by the agent at a place:
model forTT(E). We will consider these “up to path direc-
tion isomorphic” models to be the same. However, it is still

. ds,t ight,dsl t(d l d. di 32
the case that the theofyT'( E') has minimal models that are (ds, turnRight, ds >,/\a (ds,p) Na ?ng( > P W),/\ ( :
not isomorphic up to path direction (see Figure 5). along(dsl, pal,dirl) — TotheRightOf(p, pa, dir, pal, dir1)

. We use the predicatesLeftOf(pa,dir,lr) and
5 SSH Boundary Regions RightOf(pa,dir,rr) to denote thatregion Ir (rr) is

In addition to connectivity and order among places and path%r}fegiférgrciﬁrht) {ﬁgei?gﬂ?:igprﬁt%%?girgg E)efsgegétf ;rr‘g Sr?itc:]l?e
the topological map includes topological boundary relat'onsdisjoint, and related when changing the path direction (ize

assertions that a place Iie_s to the right of, to_the left of, or ON.¢ #t0 f (pa, dir,r) = RightOf(pa,—dir,r)). From the

a path. In order to determine boundary relations we formallye|ative orientation between paths at a place, we deduce the
state the following default heuristic. Suppose the agent is &elative location of places with respect to a path (see Figure
an intersection on a given path, and it then turns right. If they): 12

agent now travels, any place it finds while traveling with no

turns will be on the right of the starting path. When conflict- Tothe RightO f (p1, pa, dir, pal, dir1) APO(pal, dirl, p1,p) A

ing information exists about whether a place is to the right or  RightOf(pa, dir,rr) A =Ab(pa,p) — in_region(p, rr) (33)
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Figure 7:PathPalis to the right of patiPaat placepl. Placepis

after placepl on pathpal By default, we conclude that plages (@) (b) (©)
to the right of pattpa

Figure 8: (a) The figure shows the sequence of actions followed
by an agent while navigating a square room. Starting at distinctive

The predicaté\b is the standard “abnormality” predicate State dsl, distinctive states are visited in the order suggested by their
used to represent defaults in circumscriptive thedliefs- number. Dashed lines indicate Turn actions. Solid lines indicate
chitz, 1994. Axiom 33 states thatnormally” , if at place  Travel actions. (b) and (c) depict the topological map associated
pl pathpalis to the right of pathpa, and placep is after  with the environment in (a) without and using boundary regions,
pl on pathpal, then it should be the case thats on the  respectively.
right of pa(Figure 7). In order to capture this default, bound-
ary regions domain theory axiofisare added to the block _ i
AT _block (see Figure 3). Since we are interested in the exterflsl, ds3 and ds5 respectively. From Axiom 21, lePa,
of the new predicates_region, LeftOf RightOf TotheLeftOf Pb, dir, and dir, be such thatPO(Pa,dir,,P,Q),

andTotheRightQfwe allow them to vary in the circumscrip- along(ds2, Pa, dir,), along(ds3, Pa, dir,),
tion policy. The new circumscription policy becomes PO(Pb,diry,Q, R), along(ds4, Pb, diry), and
. ) . along(ds5, Pb,diry) hold.  From Axiom 32 we can

circ tpath - along > PO = Onpath = Ab - Is.region conclude therTotheRightOf(Q, Pa, dira, Pb, diry). In
in_region - ¢place var newSSHpred the proposed model, the extent &b is minimized by
declaring Ab = false and consequently from Axiom

where nengHpred stands for the tuple of predicates 33 we concludein_region(R, right(Pa, dir,)) where
at, along teq , traveleq turneq LeftOf, RightOf,  .;,pt(Pg, dir,) denotes the right region dta when facing
TotheLeftOf, andTotheRightOf. The circumscription pol- ;.. Finally, since a path and its regions are disjoint, and
icy states that boundary relations should be established VRN Path(Pa, P) is the case, we conclud® # R and so

at the expense of having more places on the map. In additiony ;¢4(4s1, ds5). The resulting topological map is depicted
by minimizing the predicateis_regionandin_region we re- Figure 8c.{end of example

quire the models of our theory to have only the regions that

are explicitly created by the agent, and not arbitrary ones. | the agent's sensory capabilities are so impoverished that
Example 4 many distin(;tive states are perceiyeq to pe similar, then metri—
) i L . calinformation could be used to distinguish different environ-
Boundary relations determine distinctions among environment states. Figure 9 summarizes different representations an

ment states that could not be derived from the connectivitygent could build depending on the spatial properties it relies
of places alone. Consider an agent visiting the different corgp.

ners of a square room in the order suggested by Figure 8a.

In adqmop, suppose the agent definesvsby charactenzmg ? Conclusions

the direction of walls and open space. Accordingly, the agen ) ] ) o

experiencefour different viewsy1-v4 in this environment.  Starting with an informal description of the SSH we have

The set of experiencdsin the environment are: formally specified its intended models. These models corre-
spond to the models of the circumscriptive thediyE). The

View(ds1,v1) View(ds2,v2) View(ds3,v1) formal account of the theory allows us to illustrate the de-

View(ds4,v2) View(dsb, v1) (ds1,turnRight,ds2) ductive power of the different SSH ontologies. For instance,

(ds2,travel,ds3) (ds4,travel,ds5) {(ds3,turnRight,ds4) example 4 shows how the use of boundary relations allows
agent to determine distinctions among environment states
at could not be derived from the connectivity of places and
paths alone.

The theoryTT(E)is rather complex so it may be difficult to
determine the effect of the different defaults in combination.
yowever, itis possible to translate this theory into a logic pro-
gram whose answer sets determine the modelsToE). We
have illustrated the case for the SSH causal th€dr{E), but

Suppose that the agent does not use boundary regions wh
building the topological map. Then the minimal topological
model associated witk has two path¥ and two places. In
this modelteq(dsl, ds5) is the case. The environment looks
perfectly symmetric to the agent (Figure 8b).!!

Suppose now that the agent relies on boundary region
Let P, Q, R, be the topological places associated with

2The predicatén_region(p,r)states thaplacep is inregionr. the same techniques apply f6F (E). The major subtleties in

13In the spirit of axioms 32-33. the translation are the minimality and maximality conditions

“Notice that from(ds3, turn.Right, ds4) and Axiom 24 we can  associated with the theory. We have used Smodels to calcu-
deduce thaPa # Pbin Figure 8b. late the models of T(E) and confirm that the theory yields
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Abstract

Previously, the planlanguagecc-Golog wasintro-
ducedfor the purposeof specifying event-driven
behaior typically found in robot controllers. So
far, however, cc-Golog is usableonly for project-
ing the outcomeof a planandit is unclearhow to
actually executeplanson-line on a robot. In this
paper we provide suchanexecutionmodelfor cc-
Golog and,in addition,shov how to interleave exe-
cutionwith anew kind of time-boundegbrojection.
Along the way we alsodemonstratdow a typical
robot control architecturewherea high-level con-
troller communicatesvith low-level processesia
messagesanbedirectly modelledin cc-Golog.

1 Introduction

Figurel: Actual Trajectoryand Approximation

Considera robotwhich, while engagedn a delivery task,
is to move from Room6213to Room6205$seeFigure1). In
a modernrobot architecturdike XAVIER [Simmonset al.,
1997 or RHINO [Burgardetal., 2004, the controllerwould
issueamessagéo alow-level navigationprocesgelling it the
new destinatioRm6205),andthe navigationprocessvould
then move the robot to its desiredlocation, making use of
intermediategoal pointslik e thoseoutsidedoorways (nodes
1 and2in thefigure)for robustness.

Besidesexecuting such plans, an intelligent robot con-
troller should be able to reasonaboutits actions, that is,
considey for example, whetherit is betterto first chage
the batteriesor to continuethe delivery, which would in-
volve projectingthe outcomeof the delivery taskandcheck-
ing whetherthe batterieswould still have enoughpower af-

12

terwards. Moreover, projectionis also valuablefor the de-
signerof robot controllersto find out whethera programun-
derdevelopments executableor whetherit would satisfycer

tain goalsafter execution. In [Grosskreutzand Lakemeyer,

20004, we proposedsucha projectionmechanisnfor cc-

Golog anextensionof GOLOG [Levesqueetal., 1997 fea-
turing a modelof time, continuouschange andthe ability to

wait for conditions(lik e arriving in Rm6205)to becometrue.
While taskslike the above can be modelledquite naturally
in cc-Golog, it sofar remainsunclearhow to actually exe-
cutea cc-Golog planor program(in this paperwe useplan
andprograminterchangeably)To getasenseof theproblem,
considetheactionsof initiating moving justoutsideof Room
6213andwaiting to arrive there. In cc-Golog theseactions
would have the effect of settingthelocationof therobotto a
continuoudinearfunction of time to approximateherobot’s
trajectoryandto advancetime to the point whenthe goallo-

cationis reachedrespectiely. While this seemdine for the
purposeof projection,whichis sometimeslsocalledoff-line

execution[de GiacomoandLevesque 1999, those“effects”
aresimply inappropriateduringactualon-line execution.For

one, the robot hasno control over the passagef time and,
for anothertheactualtrajectoryoftenfollowsafunctionquite
differentfrom theidealizedapproximatior(seethecurvedvs.

thestraight(dotted)line in Figurel). Whatis needednstead,
it seemsarefrequentsensoreadinggelling the robotabout
the currenttime andlocation, which shouldbe usedinstead
of themodelsof how time passe®r how therobotmoves. A

waiting actionwould thensimply reduceto atestwhetherthe
goalhasbeerreached Anotherminorcomplicationis thatac-
tionsthatarepartof themodelof alow-level processuchas
navigation needto be ignoredduring executionexceptfor an
actionthatactivatesthe process.Finally, while projectionin

cc-Golog sofaris limited to a completeprogramstartingin

theinitial state,onewould oftenlik e to projecton thefly dur-

ing execution,similar to the searchoperatorof [de Giacomo
andLevesque]1999. However, for reasonf efficiengy, we

wouldliketo go beyondthatandallow for arestrictedprojec-
tion of a program,which only searchesip to a (temporally)
limited horizon. For instanceif therobotis in themiddleof a
delivery but nearthe dockingstation,we wantto enableit to

find outwhetherthecomingactiities would allow it to oper

atefor atleastanothers minutesand,if not, decideto chage
thebatteriedirst.

In this paper we shov how all this can be donein cc-
Golog. For thatwe first shav how arobotcontrol architec-
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ture where a high-level controller communicatesvith low-
level processesia messagesanbe modelleddirectly in cc-
Golog. Themainadvantages thatthereis a clearseparation
of the actionsof the high-level controllerfrom thoseof the
low-level processesThenwe discusshe changesiecessary
to usethesamecc-Golog programbothfor on-lineexecution
and projection. Finally, we shov how a time-boundedro-
jection mechanisncanbe definedandinterleared with exe-
cution.

The restof the paperis organizedasfollows. In Section
2, we briefly review cc-Golog andthe situationcalculuson
whichcc-Golog is based.Thenwedescribeénow to modelthe
robotcontrolarchitectureandgive anexampleof amodelof a
low-level navigation processin Sections4 and5 we discuss
the changesieededo allow on-line executionof cc-Golog
programsand how on-line executionand projectioncan be
interleaved. We endwith a brief summaryanddiscussiorof
relatedwork.

2 Preliminaries

The Situation Calculus The semanticsof cc-Golog is
basedon an extensionof the situationcalculus[McCarthy
1963. We will only go briefly over the basicsituationcal-
culus: all termsin the languageare one of the following
sorts: ordinary objects,actions,or situations;thereis a spe-
cial constantS, usedto denotethe initial situation namely
thatsituationin which no actionshave yet occurredithereis
adistinguishedinaryfunctionsymboldowheredo(a, s) de-
notesthe successosituationto s resultingfrom performing
theactiona; relationswhosetruth valuesvary from situation
to situationare calledrelationalfluents and are denotedby
predicatesymbolstaking a situationterm astheir last argu-
ment;similarly, functionsvaryingacrosssituationsarecalled
functionalfluentsandaredenotedanalogouslyfinally, there
is a specialpredicatePosga, s) usedto statethatactiona is
executablen situations.

Within this languagewe canformulatetheorieswhich de-
scribehow the world changesas the result of the available
actions. One possibility is a basic action theory of the fol-
lowing form [Levesqueetal., 1994:

e Axiomsdescribingheinitial situation,Sy.

e Action preconditionaxioms,onefor eachprimitive ac-
tion a, characterizingosga, s).

e Successostateaxioms(SSAs), onefor eachfluent F,
stating underwhat conditions F'(£,do(a, s)) holds as
a function of what holdsin situations. Thesetake the
placeof the so-calledeffect axioms,but alsoprovide a
solutionto the frameproblem.

e Domainclosureanduniquenameaxiomsfor theactions.

e Foundationaldomainindependenaxioms.

Let us now considerextendingthis basicsituationcalcu-
lus by time andcontinuouschangeaccordingto [Grosskreutz
and Lakemeyer, 20004. Note that theseextensionsare in-
tendedfor the purposeof projectionsonly. In Section4 we
will discusghenecessarghangeso allow on-lineexecutions
aswell. We begin by addingtwo new sortsreal andtime !
Similar to Pinto and Reiter[Pinto, 1997; Reiter 1996, we

For simplicity, the realsare not axiomatizedand we assume

their standardnterpretationsogethemwith the usualoperationsaand
orderingrelations.The sorttime rangesover therealsaswell.

KNOWLEDGE REPRESENTATION AND REASONING

introducea specialunary functional fluent start connecting
situationsandtime. Theintuition is thatstart(s) denoteghe
time whensituations begins. (We deferthe formal definition
of startuntil afterthe discussiorof the passagef time.)

As in [Pinto, 1997, continuouschangeis modelledbased
ontheideathata fluentlike the positionof a robottakesas
valuea functionof time. For example,in the situationwhere
arobotstartsmoving, its 2-dimensionalocationcanbe char
acterizedin a someavhatidealizedfashion)by alinearfunc-
tion of time, startingatits actualpositionandmoving toward
its destination. We call functionalfluentswhosevaluesare
continuousfunctionscontinuousfluents In orderto repre-
sentthe value of continuousfluents,we addto thelanguage
anothersortt-function,whoseelementaremeanto befunc-
tions of time. We assumethat thereare only finitely mary
function symbolsof type t-function and we requiredomain
closuie anduniquenamesaxiomsfor them,justasin thecase
of primitive actions.Furthermorepneneedgo specifywhat
valuesthesefunctionshave at ary particulartime t. This is
donewith thehelpof thespeciabinaryfunctionval. Thefol-
lowing axiom illustratesthe useof val, wherethe valuesof
constantfunctionsanda specialkind of linearfunctionsare
defined.

val(cons{z t) = (z,y);
val Iineail;(.é,yy):vi,vyg t:)g,)t) = (z',y") =
z=x+uv,*x(t—to) Ny =y +uvy*(t—to)

While consfz,y) always evaluatesto the tuple (z, y),
linear(z,y, vg, vy, to) is alinearfunctionintendedo approx-
imate the movementof a robotin 2-dimensionakpace(we
ignorethe detailsof representinguplesof realsin logic).

Motivated by the fact that during the executionof plans
time passesnerelywhenthe high-level controlleris waiting,
thefluentstartchangedts valueonly asaresultof thespecial
primitive actionwaitFor(¢). Theintuition is asfollows. Nor-
mally, every actionhappensmmediately thatis, the starting
time of the situationafterdoinga in s is thesameasthestart-
ing time of s. The only exceptionis waitFor(¢): wheneer
this actionoccurs,the startingtime of the resultingsituation
is advancedo theearliesttime in thefuturewhen¢ becomes
true.

The arguments of waitFor are restricted to so-called
t-forms, which are special formulas involving contin-
uous fluents with the situation argument suppressed
(seelGrosskreutandLakemeyer, 20004 for details).Anex-
ampleis (battLevel < 46). Given a t-form ¢, ¢[s,t] de-
notes¢ with every continuousfluent evaluatedin situation
s attime t. For example, (battLevel < 46)[s,t] becomes
(val(battLevel(s),t) < 46). Thefollowing axiomdefineshe
leasttime point afterthe startof s where¢ becomedrue:

Itp(g, s, t) = P[s,t] At > start(s)A
Vi'.start(s) <t <t D —g[s,t]
A waitFor(¢)-actionis possibleiff ¢ hasaleasttime point:
PosgwaitFor(¢), s) = 3t.ltp(¢, s, t).
Finally, the following successostateaxiomfor start cap-
turestheintuition thatthe startingtime of a situationchanges

only asaresultof awaitFor(¢), in which caseit advancego
theearliesttime in thefuturewheng holds.

Poss(a, s) D [start(do(a,s)) =t =
Jd¢.a = waitFor(@) A ltp(e, s, t)V
Vé.a # waitFor(¢) At = start(s)]].
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Example To illustrate the use of thesedefinitions, let us
model how a robot’s location changesas a result of primi-
tive actions.For simplicity, we ignoretherobot’s orientation
andrepresentts positionby the continuousluentrobotLog
which evaluatesto a tuple of reals. Therearetwo typesof
actionsthat affect the locationof the robot: startGd{z, v)),
whichinitiatesmoving therobottowardsposition{z, y),? and
endGowhich stopsthe movementof the robot. We assume
that startGois only possibleif the destinationdiffers from
the robot’s currentlocation. Thenwe obtain the following
successostateaxiomfor robotLoc

Poss(a, s) D [robotLoddo(a, s)) = f =
3t, x,y. t = start(s) A val(robotLods),t) = (x, y)A
32, y', vz, vy.a = startGA{z’, y')) Av, = (&' —z) /v
Avy = (y' —y) /v A f =linear(z,y, vy, vy, t)V
a = endGoA f = cons{z,y)V
V', y'.a # startGaz’,y') A a # endGo\
f = robotLods)]

where,v = \/(2' — )2 + (y' — y)? is anormalizingfac-
tor neededn orderto ensurethatthetotal 2-dimensionat/e-
locity doesnotexceedl.

Thevariablesz andy referto the coordinate®f therobot.
After startGd(z',y’)), robotLoc has as value a linear t-
function startingat the currentposition and moving toward
(z',y"). After endGq it is consf(z,y)). Finally, if a is
neithera startGonor a endGoaction, robotLocremainsun-
changed.

cc-Golog We now turn to cc-Golog, which offers con-
structssuchassequencesdterationand procedurego define
complex actions.In addition, parallelactionsareintroduced
with a corventionalinterleasing semantics.

e primitive action
waitFor(¢) wait until conditiong becomedrue
@7 testaction
[01,09] sequence
if(¢,01,09) conditional
while(¢, o) loop
withPol(oy,05)  prioritizedexecutionuntil o5 ends
procS(z)o proceduradefinition

Using cc-Golog, it is possibleto specify event-driven be-
havior quite naturally For example,the following program
specifieghattherobotis to travel to Room6205andsay“In

Hallway” if it ever entersthe hallway onits way.

prgl =withPol([waitFor(inHallway), say(“In Hallway”)],
[senddestRm, 6205), reg(reached) = 62057])

Here the sendaction indicatesthat the robot assignsthe
roomnumberto aregister, which leadsto anactivationof the
navigation procesgo headto thatroom, andthenblocksex-
ecutionuntil the registerreacedsignalsthat the navigation
proceshascompletedsuccessfullyThedetailsof thisarchi-
tecturearefoundin Section3.

The semanticof cc-Golog is specifiedsimilar to that of
ConGolog [Giacomoet al., 200d. Its mainingredientsare
a predicateT'rans(o, s, d, s'), which definessingle stepsof

2For simplicity, we modeltherobotasalwaystraveling at speed
1m/s. In a morerealisticmodel, we would also considerdifferent
velocities.

SUnprioritizedconcurreng canbedefinedaswell, butis omitted
sincewe do not useit in the paper
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computationandanotheipredicateFinal (o, s). Final spec-
ifies which configurations(o, s) arefinal, meaningthat the
computationcanbe considereccompleted. This is the case,
roughly, whenthe remainingprogramis nil, but notif there
is still a primitive actionor testactionto be executed. We
leave outthe detailsfor reason®f space.

Intuitively, the predicatel'rans(o, s, d, s') associatewith
agivenprograme andsituations a new situations’ thatre-
sultsfrom executinga primitive actionin s, anda new pro-
gramd that representsvhat remainsof o after having per
formedthataction. For spacereasonsyve only list a few of
theaxiomsfor Trans.

Trans(a, s,d,s') = Posga, s) Ad = nil A s’ = do(a, s)
Trans(nil, s, d,s") = FALSE
Trans(¢?,s,6,5') = ¢[s] A =nil A s' = s*
Trans(seq(o1,02),s,0,8') =
Final(o1,s) A Trans(os,s,0,s')V
38" Trans(o1,s,0',8") A § = seq(d', 02)
Trans(withPol(oy, 03), s,0,s') = ~Final(oa, s)A
361.Trans(o1, 8,01, 8") A& = withPol(dy, a2)A
Vda, s3.Trans(oa, 8,02, s2) D start(s’) < start(sz2)]
V 362.Trans(os, s,02,8") A& = withPol(o1, d2)A
Vo1, s1.Trans(o1,s,01,s1) D start(s') < start(s1)]

A transitionof a primitive actionrequiresit to be possible
in the currentsituation,leaving nothing (nil) to be doneaf-
terwards. The executionof o5 with policy o; meanghatone
actionof oneof the programss performedwherebyactions
which canbe executedearlier are always preferred. If both
o1 ando, areaboutto executeanactionatthesametime, the
policy o, takesprecedencé.

A final situations’ reachablaftera finite numberof tran-
sitions from a starting situationis identified with the situ-
ation resultingfrom a possibleexecutiontrace of program
o, startingin situations; this is capturedby the predicate
Do(o, s, s'), whichis definedin termsof T'rans*, thetransi-
tive closureof Trans:

Do(6,s,s") = 36" . Trans*(4,s,d',s") A Final(d',s")

Trans*(9,s,d',s") =VT[... D T(4,s,d",s")]

wherethe ellipsis standsfor the universalclosureof the
conjunctionof thefollowing formulas:

T((s’ 8’6, s)
Trans(d,s,8",s") ANT(8",s",8',s") D T(d,s,0",s")

Givenaprogramd, proving thaté is executabldn theini-
tial situationthenamountsto proving ¥ = 3sDo(d, So, s),
whereX: consistsof the above axiomsfor cc-Golog together
with a basicactiontheoryin the situationcalculus.

3 A Robot Control Architecture

As indicatedin the introduction,in modernrobot architec-
tureslike XAVIER [Simmonsetal., 1997 andRHINO [Bur-
gardet al., 200d, the high-level controllerdoesnot directly
operatethe robot’s physicalsensorandeffectors. Instead,it

“Here, ¢ standsfor a situationcalculusformula with all situa-
tion argumentssuppressedg[s] will denotethe formula obtained
by restoringsituationvariables to all fluentsappearingn ¢.

°Note that T'rans requiresa reification of formulasand pro-
gramsin the logical language.See[Giacomoet al., 200d for how
this canbedone.
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activatesanddeactvatesspecializedorocessefik e a naviga-
tion processto which we will refer aslow-level processes
Thejob of thehigh-level controlleris thento combinetheac-
tivation anddeactvation of theseroutinesin a way to fulfill
the overall goal. It turnsout that cc-Golog allows a logical
reconstructiorof this type of architecturein a fairly natural
way. Theoverall architectures illustratedin Figure2.

. reg(destRm) [a)
high-level low-level |2
reg(reached) o

controller processes | O
=

Figure2: RobotControl Architecture

The communicatiorbetweenthe low-level processesand
thehigh-level planis achiezedthroughthe specialfluentreg.
Thehigh-levelinterpretercanaffectthevalueof reg by means
of the specialactionsendid, val) which assignsreg(id) the
valueval. Theintuition is thatin orderto activatea low-level
processthehigh-level controllerexecutesa sendaction. For
example theexecutionof send destRm, 6205) wouldtell the
navigationprocesgo startmoving toward Room6205.

On the other hand, the low-level processesan provide
the high-level controller with information by meansof the
(exogenous)ction reply(id, val). For example,in orderto
inform the high-level controllerthat it hasreachedits des-
tination, the low-level processwould causean exogenous
reply (reached, 6205) action. The following successostate
axiomspecifieshow reg is affectedby sendandreply.

Poss(a, s) D [reg(id, do(a, s)) = val =
a = sendid, val) V a = reply(id, val) Vv reg(id, s) = val
A= (3r,v.a = sendr,v) V a = reply(r,v))]

3.1 Modeling Low-level Processes as cc-Golog
Procedures

To describecomplex low-level processedike a navigation
processwe model low-level processess cc-Golog proce-
dures® Givenafaithful characterizationf thelow-level pro-
cessesn termsof cc-Golog procedureswe canthenproject
the effect of the activation of theseprocessessingtheir cor-
respondingcc-Golog models. We stressthat theseproce-
duresare not meantto be executed,but ratherrepresenta
modelof the effectsof the correspondindow-level process.

As an example, let us considera low-level navigation
process. It is activatedthrougha senddestRm, R) action,
which assignsreg(destRm) the value R and tells the pro-
cessto travel to room R. The processcauseghe robot to
move towardsR until the destinatioris reachedyhereit in-
formsthe high-level controllerof the arrival by meansof an
reply (reached, R) action.

We model this behaior by the cc-Golog procedure
navPioc. navPioc makes use of the following functions:
ezitOf (R), inside(R) and currentRoom. ezitOf mapsa
room name R to a location nearthe exit of room R, and
inside to location within R. currentRoomis a function
whosevaluein s is the nameof the room the robot is in
at the beginning of s. We write gotoLoc(d) as an abbre-
viation for [startGdd), waitFor(near(d))] and loop(o) for
while(TRUE, o).

5Thisis similarto [GrosskreutandLakemeyer, 20004, wherea
probabilisticporogrammindanguages usedto modelprocessewith
uncertainoutcome.
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navPioc= loop([reg(destRm) # currentRoom?,
if(currentRoom # HALLWAY,
gotoLoc(exitOf (currentRoom))),
gotoLoc(exitOf (reg(destRm))),
gotoLoc(inside(reg(destRm))), endGq
reply(reached, reg(destRm))])

Initially, the navigation process is blocked until
reg(destRm) is assigneda room name different from
the one the robot is actuallyin. Then navPioc executesa
sequenceof startGo actions, approximatingthe trajectory
towardsthedestinatiorroomby a polyline with anedgenear
every doortherobothasto travel through(seeFigurel).

3.2 Projection

We will now describehow to projecta cc-Golog plan,taking
into accountthe cc-Golog modelof the low-level processes.
Let s be a situation, {l,,,4e; @ model of the low-level pro-
cessed,ando acc-Golog program.A projections’ canthen
be identified with the situationthat resultsfrom the concur
rentsimulationof o andll startingin s.

PrOj(S, ag, ”modela 8') = DO(WithR)'(llmodel, 0), S, Sl).

Let AX,. be the setof foundationalaxiomsof Section2
togetherwith the domainclosureand uniquenamesaxioms
for t-functions,the axiomsrequiredfor t-form’s, the axioms
definingval, the preconditionaxiomfor waitFor, andaxioms
statingthat the robot is in Room 6213 togetherwith other
appropriatedescriptionsof the ervironmentlik e a definition
of inHallway in terms of coordinateson the map. Using
AX.., we canprojecttheplanprglfrom Section2. We write
do([ay, -..a,), s) ashorthandor do(ay, ..., do(ay, s)...).

AX.. E Proj(So,prgl, navPioc, s) =
s = do([send destRm, 6205), startGdl, )
waitFor(near(ly)), startGals),
waitFor (inHallway), say(“In Hallway”)
waitFor(near(l2)), startGqls),
waitFor(near(l3)),endGo
reply(reached, 6205)], So)

The projectedexecutiontraceincludesa startGql;) and
waitFor(near(l;)) actionfor every nodeon the approximat-
ing trajectory wherethel; standfor coordinatesorrespond-
ing to the nodes: in Figure 1. Additionally, it includes
a say“In Hallway”) which is executedimmediately after
the hallway hasbeenreachedwhich is assumedo happen
just after leaving near(ly). The executiontrace endswith
reply(reached, 6205), which completeghe navigationtask.

4 On-Line Execution of cc-Golog plans

Projectionssuchasthe above shouldbe understoocisa way
of assessingvhethera programis executablein principle.
The resultingexecutiontraceis not intendedasinput to the
executionmechanisnof the robot for several reasons. For
one,mary of theactionslike startGq(l;) only seneto model
the navigation processand are not meantto be executedby
the high-level controllerat all. For another actionsthat do
belongto the high-level controllerlik e waitFor(inHallway)
mustbeinterpretedifferentlyduringon-lineexecution.This

"In ourexample thenavigationprocesss theonly low-level pro-
cess,so we cansimply usenavPoc. If therewere morerelevant
low-level processed/.noq4e: Would amountto theconcurrenexecu-
tion of theindividual cc-Golog models.
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is becauseduring projection waitFor advancestime to the

leastpoint wherethe condition is satisfiedaccordingto an

idealizedmodel of the world (like piece-wiselinear trajec-
tories). During actualexecution,however, a waitFor should
intuitively be treatedsimply asa test,wherea conditionlike

beingat a certainlocationis matchedagainsisensoreadings
reflectingthe actualstateof affairs.

In orderto seehow suchsensoreadingscanbe obtained,
let us briefly look at how actualrobotslike the RHINO sys-
tem dealwith it. Therewe find a tight updateloop between
the low-level systemandthe high-level controller This up-
dateloop periodicallyprovidesthe high-level controllerwith
anupdateof the low-level processeséstimateof continuous
propertiedik e the batteries’'voltagelevel or the robot’s po-
sition (typically severaltimesa second).The periodof time
betweertwo subsequentpdatess sosmallthatfor practical
purposeghe latestupdatecan be regardedas providing not
only the correctcurrenttime but alsoaccuratevaluesof the
continuoudluentsat the currenttime.

Our solutionis thento representhe updatesdy meansof a
new exogenousctionccUpdateandto treatwaitFor’s simply
asspeciakestsduringon-lineexecution.Intuitively, theeffect
of ccUpdateis to setthe value of the continuousfluentsto
the latestestimatesof the low-level processes.The actual
argumentof ccUpdatedependon thecontinuoudluentsthat
areto beupdatedln ourexamplescenarioccUpdatehasfour
arguments:z, y, [ andt, wherez andy referto the current
position of the robot, [ to the currentvoltagelevel andt to
the currenttime. To geta senseof the effect of ccUpdate
let us considera new versionof the successostateaxiom
for robotLocof Section2 suitablefor both on-line execution
andprojection. For simplicity, it is assumedhatthe actions
startGoand endGoonly occur during projection(as part of
themodelof thelow-level navigationprocess).

Poss(a, s) D [robotLoddo(a, s)) = f =
3t, z,y. t = start(s) A val(robotLods), t) = (z,y)A

[Fz',y', vz, vy.a = startGd{z’,y')) Avy = (&' — ) /v
Nvy = (y' —y)/v AN = linear(x, y, v, vy, t)V

a = endGoA f = cons{z,y)V

',y ', t'.a = ccUpdatéz’, y',l', t')
Af = consfz',y')V

VZ.a # startGAZ) A a # ccUpdatéz) A a # endGa\
f = robotLods)]

Note thatccUpdatesimply “assigns” f the constanfunc-
tion constz’, y'), which reflectstheideathat, duringon-line
execution thelinearapproximatiorof thetrajectoryplaysno
role andthattheactualvalues(z’, y') shouldbeusedinstead.

Besidesupdating the value of the continuousfluents,
ccUpdateis of prime importancebecausét causedime or,
better theinternalclock to advanceduringexecution.There-
fore, we needto modify the successostateaxiom of the
fluent start In orderto accountfor the fact that time ad-
vancesdifferently in projectionsand during on-line execu-
tion, we needto explicitly distinguishbetweerthetwo modes
of operation.For that purposewe introducea specialfluent
online(s) which canonly changeits truth value by the spe-
cial actionssetOnlineandclipOnling, respectiely. (Specify-
ing the SSA for online is easyandleft out.) The SSA for
startthenbecomes

Poss(a, s) D [start(do(a,s)) =t =
—online(s) A Ip.a = waitFor(@) A ltp(o, s, t)V
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online(s) A Ay, Yu, ly.a = ccUpdatéz,,, yy, Ly, t)V
t = start(s) A (—online(s) D V¢.a # waitFor(¢))A
(online(s) D VZ.a # ccUpdatéz))].

In otherwords,start(do(a, s)) is assignedheleasttime point
whenthewaitFor-conditionbecomedrue underoff-line exe-
cution, or thetime valuereturnedby ccUpdateunderon-line
execution,or it remainsthe same.We remarkthat we could
equivalentlywrite two separatsuccessostateaxiomsfor the
on-line and off-line caseusingthe idea of guardedsucces-
sorstateaxiomsproposedn [GiacomoandLevesque1999.
While this would enhancehe readabilityand modularity of
theaxioms,we do not pursuethis ideafurtherherefor space
reasons.

The preconditionaxiom for ccUpdate ensuresthat the
startingtime of legal actionsequenceis monotonicallynon-
decreasing:

Poss(ccUpdatéz, y,l,t),s) =t > starf(s))

A waitFor(¢) instructionis treatedasa speciakind of test
duringon-lineexecution:it succeedsmmediatelyiff thecon-
dition ¢ is true at the beginning of the actualsituation. To
ensurethis intendedbehaior, we modify the definition of
Trans for primitive actions:

Trans(a,s,0,s') =
Posga, s) A d = nil A s' = do(a, s)
Alonline(s) D Vé.a # waitFor(¢)]
V online(s) A Jp.a = waitFor(¢) A ¢[s, start(s)]
As =8 N0 =mnil
Finally, we remarkthat anotherdifferencebetweenpro-
jectionandon-line executionis thatduring actualexecution,
wheneerthehigh-level controllerexecutesa sendaction,the
interpretershouldcheckwhetherthis signalsan activation of
a low-level processand, as a side-efect, activate the actual
low-level processf necessary

On-Line Execution The situationswhich canresultfrom
the on-line executionof a plan have a specialstructure.Ba-
sically, they aremadeup of the sequencef robotactionsas
definedby the possibletransitions(similar to the execution
tracesdefinedby Trans*), however with an arbitrary num-
berof exogenousctionsbetweerany two robotactions.For-
mally, thesituationss’ which canresultfrom the executionof
aprograme in situations canbecharacterizethy thefollow-
ing predicatel'rans®*°:

Trans®*°(o,s,d,s') =VT[... D T(4,s,0',s")]
wherethe ellipsis standsfor the universalclosureof the
conjunctionof thefollowing formulas:

T((s’ 855’ S)
Trans(d,s,8",s") ANT(6",s",8',8") D T(4,s,0",s")
exog(a) D T(d,s,0,do(a, s)), where

exog(a) = Fi,n,F.a = reply(i,n) V a = ccUpdatéz)

Note that this differs from the original T'rans* in Sec-
tion 2 only in the last conjunct,which expresseghat an ar
bitrary numberof exogenousactionsmay occurbetweerary
ordinary transition. As an example,let us considera pos-
sible on-line executiontrace of prgl. prgls first actionis
senddestRm, 6205), which resultsin an actiation of the
navigation process,which we then assumeto provide the
high-level controller with ccUpdateactionsevery .25 sec.
Theexecutiontraceresultsin situationS, .., wherethep;, ¢;
standfor appropriater — y-coordinateslongthe pathof the
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robot (we have left out the 3rd agument(voltagelevel) of
ccUpdats.

Sezec = do([send destRm, 6205),
CCUpdatQpla qi, 025)5 CCUpdatép% gz, 05)7
ccUpdatéps, g3,0.75), ccUpdatépa, g4, 1.0),
say(“In Hallway"), ..., ccUpdatépso, g0, 7-5),
reply (reached, 6205)], So).

It is not hardto seethat S, is alegal on-line execution
traceof the introductorycc-Golog programprgl, provided
the coordinategpy, ¢4) arethefirst to satisfyinHallway and
(ps0,q30) IS nearthe destination(/3). Note that waitFor no
longeroccursin theactionsequencsinceit is now merelya
test. Let AX .., besimilarto AX .. but with the new defini-
tions of this sectionconcernindl'rans, start, ccUpdateand
robotLoc Let T be AX.x U online(So). Then

T | 38.Trans®®°(prgl, So, 9, Sezec) A Final(d, Sezec)

5 Interleaving Projection and On-Line
Execution

[deGiacomoandLevesque 1999 suggesthatit is oftenuse-

ful to interleave on-line executionand projection. With our

modelof time we cantake this ideaonestepfurtherandde-

fine projectionduring on-line executionwith the possibility
to explicitly putatime-boundonthe projection.

5.1 Projection in non-initial Situations

_
= 1Th

Figure3: Projectionduring Execution
So far, we have only consideredprojectionof cc-Golog
in theinitial situation. To seehow thingswork in non-initial
situation,let us againconsiderour examplescenariowhere

projectionmakes useof a model of the navigation process.

Supposeave arein the situationillustratedin Figure3, result-
ing from the on-line executionof prgl. The controller be-
gins executionby activating the navigation processthrough
senddestRm, 6205), after which the low-level processpro-
videsthe high-level controllerwith a sequencef ccUpdats
(theccUpdates areindicatedasblackdotsin thefigure). The
controlleris now in situationS; with

S1 = do([senddestRm, 6205),
ccUpdatépy, g1, 0.25), ccUpdatéps, g2, 0.5),
ccUpdatéps, g5, 0.75), ccUpdatéps, g4, 1.0)], So).

First, let us considerthe value of the continuousfluent
robotLocin S;. LetT bedefinedasbefore.Then

T = robotLod S;) = constps, q4).

We canalsoinfer thatwhat remainsfrom prglin S; dif-
fers from the initial plan (becausesenddestRm,6205) has
alreadybeenexecuted).

T | 38.Trans®™(prgl, So, d, S1)A
0 = withPol([waitFor(inHallway), say(“In Hallway”)],
[reg(reached) = 6205])?
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Giventheupdatedralueof robotLog we cannow correctly
projectthattheremainingplanwill causeherobotto directly
travel to its destination. Note the useof clipOnline, which
forcesa switchto projectionmode.

T V4, s.Trans®°(prgl, So,d,51) D
Proj(do(clipOnline, Sy),d,navPog, s) =
s = do([startGq(ls),
waitFor(inHallway), say(“In Hallway”),
waitFor(near(l2)), startGq(ls),
waitFor(near(l3)), endGaq
reply(reached, 6205)], do( clipOnline, S1))]
Thereasonwhy projectionsin non-initial situationsof the
examplescenarioarefairly straightforvardis thatwe never
haveto remembethestatetheactualnavigationprocesss in.
More precisely for ary given position,the cc-Golog model
of the navigation processyields an appropriateapproxima-
tion of the remainingtrajectory of the robot (as illustrated
in the above projection). While mary low-level processes
usedin mobile robotsseemto have this property we remark
that processesvhereone needsto keeptrack of their inter-
nal stateduring executioncanbe dealtwith in a way similar
to [Grosskreutz200d. Thedetails,however, areoutsidethe
scopeof this paper

5.2 Projection Tests

In orderto allow for atime-boundedookaheadyve definethe
predicateProj(¢, t, o, s), which is true, roughly, if ¢ holds
attime ¢ in the projectedexecutionof a plan ¢ in situation
s. Letll,,,qe referto anappropriatenodelof the low-level
processesshefore.

do*, s*.¢(s*) A start(s*) < tA

Trans*(WithPol(ll0de1, o), do(clipOnline, ), o*, s*)

AVo**, s** . Trans*(o*, s*,0**,s**) D start(s**) > t

VFinal(c*,s*)]

Again, we useclipOnline to switch to projection mode.
Thedisjunctinvolving Final coversthe casewherethe pro-
jectedplanendsbeforetime ¢. Using Proj within testcondi-
tions,acc-Golog plancancheckwhethera possiblebehavior
would leadto certainconditions,andthusdeliberateover dif-
ferentpossiblesubplans.In addition, the lookaheadcanbe
limited to a certainamountof time ¢, which seemsvery use-
ful in orderto make quick decisions.A possibleapplication
of this test, illustrated by the following program,would be
to checkif the batterylevel is going to drop below 46V in
the next 300 secondsf the robot comescloseto the battery
dockingstation.

withPol([wait For(near BattDockingStation),
if (Proj(deliverMail, 300, batt Level < 46),
chargeBatteriey],
deliver M ail)

6 Implementation
Although the definition of cc-Golog requiressecond-order
logic, it is easyto implementa PROLOG interpreterfor cc-

Golog, justasin thecaseof theoriginal ConGolog.8 In order
to dealwith the constraintsmplied by thewaitFor instruction

8Thesubtledifferencedetweerthe seconcrderaxiomatization
of ConGolog anda PROLOG implementatiorarediscussedn [Gi-
acomoetal., 2004.
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during projection,we have madeuseof the ECRC Common
Logic ProgrammingSystemEclipse4.2 andits built-in con-
straintsolverlibrary cl pr (similarto Reiter[Reiter 1999).
As for the on-line executionof cc-Golog plans,we have
implementedh prototyperuntimesystemthatcouplesthecc-
Golog interpreterto the beeSoft executionsystem[Burgard
etal., 200d. Thelink betweerour PROLOG implementation
andthebeeSoft executionsystems basedntheHigh-Level
InterfaceHLI [Hahneletal., 1999 which providesa uniform
PROLOG interfaceto the low-level processe®f beeSoft,
along with a monitoring componentwhich provides status
updateaboutthe stateof executionof the actvatedmodules.
In particular our runtime-systenthandleshigh-level sendac-
tions, which are mappedo commanddgo the low-level pro-
cessesandperiodicallygeneratescUpdateactionsreflecting
thelatteststatusupdatef the low-level processes.

7 Summary and Discussion

In summarywe have extendedcc-Golog sothatit becomes
suitablefor both projectionsof plansandtheir on-lineexecu-
tion. In doingso,we alsoincorporatech modelof arobotar
chitecturetypically found on modernmobile robots. Finally,
we shavedhow to interlease on-line executionanda form of
time-boundegrojection.

As mentionedbefore theideaof modelingbothprojection
andon-line executionwasfirst exploredin [de Giacomoand
Levesque1999. However, the authorsconsidemeithertime
northeideaof low-level processewhichinteractwith ahigh-
level controllerin complex ways. Most importantly thereis
no distinction betweenthe effects on fluentsduring projec-
tion andon-line execution,a distinctionwe feel is necessary
whenit comego modelingessentiafeaturesof mobilerobots
suchastheir location at a giventime. [Lesperance&ndNg,
2000 have extendedde Giacomoand Levesques ideasin a
directionwhich bearssomeresemblancet ours. They pro-
posethatduring projectiononealsoneedgo considera sim-
ulatedervironmentwhich, for example,producesxogenous
actionsto inform thehigh-level controllerthatthe destination
is reachedHowever, their notionof a simulatedervironment
remainsfairly simple sincethey are not ableto modeltem-
porally extendedprocessesandthey alsodo not distinguish
betweenthe effects on fluentsduring projectionand on-line
execution.We feel thatour proposaladdressesomeof these
shortcomingsndbringslogic-basedobotcontrollersyetan-
otherstepcloserto realworld robotics.

The examplesin this paperinvolving navigation tasksof
a singlerobotwere chosenmainly becausef their simplic-
ity andassuchmay not be too corvincing asto why logic-
basedrobot controllerswith built-in projectionmechanisms
arebeneficialor even necessaryespeciallyat run-time. We
believe thatthe advantageof projectionswill becomemuch
more apparentonce robots engagein more complex tasks.
Considerfor example,a multi-robotdelivery scenariovhere
ausermakesarequesto have aletterdeliveredby oneof the
robots. Thenin orderto determinewhich robot shouldde-
liver the letter, eachrobot might useprojectionto determine
thecostthatwouldariseif it wereto carryoutthisjob, andthe
taskcould thenbe assignedo the robotwith a minimal cost
estimate. On-the-fly projectionbecomeseven more impor-
tantwhenrobotsneedto coordinatetheir actiities. Suppose
thattwo robotsagreeto meetsomavhereat a certaintime in
thefuture. Until thenthey would probablywantto carry out
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asmuch of their otherdutiesas possible. Sincetasksmay
not be interruptible at arbitrary times, eachrobot would be
well-advisedto checkhow much of the currenttask canbe
completedbeforeheadingoff to the meetingpoint. To do so,
someform of projectionseemsecessaryWe planto investi-
gatetheseandothermulti-robotscenariosn thefuture.
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Abstract

We consider an on-line decision-theoretic inter-
preter and incremental execution of Golog pro-
grams. This new interpreter is intended to over-
come some limitations of the off-line interpreter
proposed in [Boutilier et al., 2000]. We introduce
two new search control operators that can be men-
tioned in Golog programs: the on-line interpreter
takes advantage of one of them to save computa-
tional efforts. In addition to sensing actions de-
signed to identify outcomes of stochastic actions,
we consider a new representation for sensing ac-
tions that may return both binary and real valued
data at the run time. Programmers may use sensing
actions explicitly in Golog programs whenever re-
sults of sensing are required to evaluate tests. The
representation for sensing actionsthat we introduce
allows the use of regression, a computationally ef-
ficient mechanism for evaluation of tests. We de-
scribe an implementation of the on-lineincremental
decision-theoretic Golog interpreter in Prolog. The
implementation was successfully tested on the B21
robot manufactured by RWI.

1 Introduction

The aim of this paper isto provide a new on-line architecture
of designing controllers for autonomous agents. Specifically,
we explore controllers for mobile robots programmed in DT-
Golog, an extension of the high-level programming language
Golog. DTGolog aims to provide a seamless integration of
a decision-theoretic planner based on Markov decision pro-
cesses with an expressive set of program control structures
available in Golog. The motivation for this research is pro-
vided in [Boutilier et al., 2000], and we ask the reader to con-
sult that paper for additional technical details and arguments
why neither model-based planning, nor programming alone
can manage the conceptual complexity of devising controllers
for mobile robots. The DTGolog interpreter described in
[Boutilier et al., 2000] isan off-lineinterpreter that computes
the optimal conditional policy , the probability pr that 7 can
be executed successfully and the expected utility « of the pol-
icy. The semantics of aDTGolog program p is defined by the
predicate Best Do(p, s, h, m, u, pr), where s isastarting situ-
ation and h isagiven finite horizon. Thepolicy = returned by
the off-lineinterpreter isaGolog program consisting of the se-
quential composition of agent actions, senseEffect(a) sensing
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actions (which serve to identify a real outcome of a stochas-
tic action a) and conditionals (if ¢ then 7, else m5), where ¢
isasituation calculus formulathat providesatest condition to
decide which branch of a policy the agent should take given
theresult of sensing. Theinterpreter looksahead upto thelast
choice point in each branch of the program (say, between al-
ternative primitive actions), makes the choice and then pro-
ceeds backwards recursively, deciding at each choice point
what branch is optimal. It is assumed that once the off-line
DTGologinterpreter has computed an optimal policy, the pol-
icy is given to the robotics software to control a real mobile
robot.

However this off-line architecture has a number of limita-
tions. Imagine that we are interested in executing a program
(p1; p2) where both sub-programs p; and p, are very large
nondeterministic DT Golog programsdesigned to solve ‘inde-
pendent’ decision-theoretic problems: p- is supposed to start
in a certain set of states, but from the perspective of p, it is
not important what policy will be used to reach one of those
states. Intuitively, in this case we are interested in computing
first an optimal policy 7, (that corresponds to p;), executing
1 inthereal world and then computing and executing an op-
timal policy m5. But the off-line interpreter can return only
the optimal policy = that corresponds to the whole program
(p1; p=), spending on this computation more time than neces-
sary: to compute and execute 75 it is not relevant what deci-
sions have to be made during the execution of ;. The second
limitation becomes evident if in addition to senseEffect sens-
ing actions serving to identify outcomes of stochastic actions,
we need to explicitly include sensing actions in the program
(and those sensing actions cannot be characterized as stochas-
tic actions with a fixed finite set of outcomes). Imagine that
we are given a program

p1; (mv,1).[(now(t))?; sense(Q, v, 1); if ¢ then p, else ps],
wheresense(Q, v,t) isasensing actionthat returnsat timet a
measurement v of a quantity @ (e.g., the current coordinates,
the battery voltage) and the condition ¢ depends on the real
data » that will be returned by sensors (in the program above
p1, P2, p3 are sub-programs, the choice operator 7 binds vari-
ables v and ¢ and the test now(¢)? grounds the current time).
Intuitively, we want to compute an optimal policy = (corre-
sponding to p;) off-line, execute 7, in the real world, sensev
and then compute and execute an optimal policy - that cor-
responds to the conditional Golog program in brackets. But
the off-line interpreter is not able to compute an optimal pol-
icy if agiven programincludesexplicit sensing actionsand no
information is available about the possible results of sensing.
Note that the nondeterministic choice operator = (it occursin
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front of the program) should not be confused with policies 7,
and m, computed by an interpreter.

We propose to compute and execute optimal policies on-
line using a new incremental decision theoretic interpreter. It
works in a step-by-step mode. Given a Golog program p and
adtarting situation s, it computes an optimal policy = and the
program p’ that remainswhen afirst actiona in = will be exe-
cuted. At the next stage, the action a is executed in the real
world. The interpreter gets sensory information to identify
which outcome of a has actually occurred if a is a stochastic
action: this may require doing a sequence of sensing actions
on-line. Theaction a (and possibly sensing actions performed
after that) resultsin a new situation. Then the cycle of com-
puting an optimal policy and remaining program, executing
the first action and getting sensory information (if necessary)
repeats until the program terminates or execution fails. In the
context of the incremental on-line execution, we define anew
programming operator optimize(p) that limits the scope of
search performed by theinterpreter. If p isthewhole program,
then no computational efforts are saved when the interpreter
computes an optimal policy from p, but if the programmer
writes optimize(p1 ); p2, then the on-line incremental inter-
preter will compute and execute step-by-step the Golog pro-
gram p; without looking ahead to decisions that need to be
madein p,. If the programmer knows that the sensing action
sense(Q, v,t) is necessary to evaluate the condition ¢, then
using the program

optimize(py); (t, v).[(now(t))?; optimize(sense(Q, v,1));

if ¢ then p, else ps
the required information about ¢ will be obtained before the
incremental interpreter will proceed to the execution of the
conditional. If thesensing action sense(Q, v, t) hasmany dif-
ferent outcomes, then this approach gives computational ad-
vantages over the off-line approach to computing an optimal
policy.

Thus, the incrementa interpretation of the decision-
theoretic Golog programs needs an account of sensing
(formulated in the situation calculus) that will satisfy
several criteria which naturally arise in the robotics con-
text.  There are several accounts of sensing in the situ-
ation calculus that address different aspects of reasoning
about sensory and physical actions [Bacchus et al., 1995;
De Giacomo and Levesgue, 1999a; 1999b; Funge, 1998;
Grosskreutz, 2000; Lakemeyer, 1999; Levesgue, 1996;
Pirri and Finzi, 1999; Scherl and Levesque, 1993].

Below we proposeanew representation of sensing that ssm-
plifies reasoning about results of sensing, does not require
consistency of sensory information with the domain theory,
leads to a natural and sound implementation and has connec-
tions with representation of knowledge and sensing consid-
ered in [Reiter, 2000].

In Section 2 werecall the representation of the decisionthe-
oretic domainintroducedin [Boutilier et al., 2000]. In Section
3 we propose arepresentation for sensing actionsand consider
several examples. In section 4 we consider the on-line incre-
mental decision-theoreticinterpreter. Section 5 discussescon-
nections with previously published papers.

2 Thedecision theoretic problem
representation

The paper [Boutilier et al., 2000] introduces the representa-

tion of problem domains that do not include sensing actions.

The representation is based on the distinction between agent
actions (which can be either deterministic or stochastic) and
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nature’s actions which correspond to separate outcomes of a
stochastic agent action. Nature'sactionsare considered deter-
ministic. They cannot be executed by the agent itself, there-
fore they never occur in policies which the agent executes.
When the agent does a stochastic action a in asituation s, na-
ture chooses one of the outcomes n of that action and the sit-
uation do(n, s) is considered as one of resulting situations. In
accordance with this perspective, the evolution of a stochas-
tic transition system is specified by precondition and succes-
sor state axioms which never mention stochastic agent ac-
tions, but mention only deterministic agent actions and na-
ture’s actions. In [Boutilier et al., 2000], it is suggested to
characterize the DTGolog problem domain by: 1) the pred-
icate agent Action(a) which holdsif a is an agent action, 2)
the predicate stochastic(a, s, n) meaning that nature’saction
n is one of outcomes of the stochastic agent action a in the
situation s, 3) the function symbol prob(n, s) that denotesthe
probability of nature’saction n in situation s, and 4) the pred-
icate senseCond(n, ¢) specifying thetest condition ¢ serving
to identify the outcome n of the last stochastic action, 5) the
function symbol reward(do(a, s)) denotes rewards and costs
as functions of the current situation do(a, s), the action a or
both.

As an example, imagine a robot moving between different
locations: the process of going is initiated by a deterministic
action startGo(ly,15,t) but isterminated by a stochastic ac-
tion endGo(ly,15,t) that may have two different outcomes:
successful arrival endGoS(ly,l,t) and unsuccessful stop in
a place different from the destination endGoF (11, 13,t) (the
robot gets stuck in the hall or cannot enter an office becauseits
door is closed). We represent the process of moving between
locations!; and [, by therelational fluent going(l;, 4, s) and
represent a (symbolic) location of the robot by the relational
fluent robot Loc(l, s) meaning that [ (the office of an em-
pl o¥ee, the hall or themain office) isthe placewhere therobot
Is. Thetransitionsin the stochastic dynamical system describ-

ing the robot’ smotion are characterized by thetollowing pre-
condition and successor state axioms.

Poss(startGo(l1,12,t), s) = —(3L,1")going(l,!’,s) ArobotLoc(l1 ,s),

Poss(endGoS(11, Iz, t), s) = going(l1, Iz, s),
Poss(endGoF (11,12, t), s) = 3I'.going(l1,1', s) Al # 1,

going(l,!’',do(a, s)) = (It)a = startGo(l,1',t) v
going(,?’, s) A —=(Jt)a = endGoS(, ', t)v
going(,?’, s) A —(3¢,1")a = endGoF(l, 1", t).

The real outcome n of a stochastic agent action a can be
identified only from sensory information. This information
has to be obtained by executing sensing actions. In the fol-
lowing section we propose a new representation for sensing
actions providing a seamless integration with the representa-
tion considered in this section.

3 Sensing actions

In contrast to physical actions, sensing actions do not change
any properties of the external world, but return values mea-
sured by sensors. Despite this difference, it is convenient
to treat both physical and sensing actions equally in succes-
sor state axioms. This approach is justifiable if fluents rep-
resent what the robot ‘knows' about the world (see Figure
1). More specificaly, et the high-level control module of the
robot be provided with theinternal logical model of theworld
(the set of precondition and successor state axioms) and the
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axiomatization of the initia situation. The programmer ex-
presses in this axiomatization his (incomplete) knowledge of
the initial situation and captures certain important effects of
therobot’ sactions, but some other effects and actions of other
agentsmay remain unmodeled. Whentheraobot doesan action
in the real world (i.e., the high-level control module sends a
command to effectors and effectors execute this command),
it does not know directly and immediately what effectsinre-
ality this action will produce: the high-level control module
may only compute expected effects using the internal logical
model. Similarly, if the robot is informed about actions exe-
cuted by external agents, the high-level control module may
compute expected effects of those exogenous actions (if ax-
ioms account for them). Thus, from the point of view of the
programmer who designed the axioms, the high-level control
module maintainsthe set of beliefsthat the robot has about the
real world. This set of beliefs needs feedback from the real
world because of possible contingencies, incompleteness of
theinitial information and unobserved or unmodeled actions
executed by other agents. To gain the feedback, the high-level
control modulerequestsinformation from sensorsand they re-
turn required data. We find it convenient to represent infor-
mation gathered from sensors by an argument of the sensing
action: avalue of the argument will be instantiated at the run
time when the sensing action will be executed. Then, all the
high-level control module needs to know is the current situ-
ation (action log): expected effects of actions on fluents can
be computed from the given sequence of physical and sens-
ing actions.

Internal logical
el

mod
+initial data
| Exogenoug
+ Golog program ~ | actions Environment

[} ] (includes other agents)
ons
Y /
Effectors da%ng
Sensors rd

Figure 1: A high-level control module and low-level modules
interacting with the environment.

In the sequel, we consider only deterministic sensing ac-
tions, but noisy sensing actions can be represented as well.

We suggest representing sensing actions by the functional
symbol sense(q, v,t) where g iswhat to sense, v isterm rep-
resenting a run time value returned by the sensors and ¢ is
time; the predicate sense Action(a) is true whenever a is a
sensing action. We proceed to consider several examples of
successor state axioms that employ our representation.

1. Let sense(Coord,l,t) be the sensing action that re-
turns the pair [ = (z,y) of geometric coordinates of
the current robot location on the two-dimensional grid and
gridLoc(z,y, s) be arelational fluent that is true If (z,y)
are the coordinates of the robot's location in s. In this
example we assume that all actions are deterministic (we
do this only to simplify the exposition of this example).
The process of moving (represented by the relational fluent
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moving(z1,y1, T2, y2, 8)) from the grid location (z, 1) to
the point (z2,y2) is initiated by the deterministic instanta-
neous action startMove(z1, y1, T2, Y2, t) and is terminated by
the deterministic action endMove(z1, y1, x2, y2, t). Therobot
may also change its location if it is transported by an exter-
nal agent from one place to another: the exogenous actions
take(z1,y1,t) and put(zs, ya2,t) account for this (and the
fluent transported(s) represents the process of moving the
robot by an external agent). Thefollowing successor stateand
precondition axioms characterize af orementioned fluents and
actions.

gridLoc(z,y,do(a, s)) =
((3t, a=sense(Coord, l,t) ANxCrd(l)=z AyCrd(l)=y) V
(mtransported(s) A(3t, 2,y )a=endMove(z’, v, z, y, 1)) V
(transported(s) A (Ft)a=put(z,y,t)) V
gridLoc(z,y,s) A —(3t, 2,y )a=put(z',y, 1) A
—(3,t)a = sense(Coord, L, t)A
=(3z,y, z', ¥, t)a = endMove(z, y, ', v, 1),
) Y

where 2C'rd(l), yCrd(l) denote, respectively, z and y com-
ponents of the current robot location (.
moving (1, Y1, X2, Y2, do(a, s)) =
(Ft)a=startMove(z1, y1, 22, Y2, t) V
moving (1, Y1, T2, Y2, 5)A
—(3t)a=endMove(z1, y1, z2, Y2, ).

transported(do(a, s)) = (3t,z,y) a=take(z,y,t) vV

transported(s)A =(3t, ',y Ya=put(z’',y', t) v
(—3z,y, ',y )ymoving(z,y,z’,y') A gridLoc(z, y, s)A
(3t,)a=sense(Coord, 1, t) A (zCrd(l)#z vV yCrd(l) #y).

Poss(startMove(z1, y1, 2, y2, ), s) = —transported(s)A
=(3z,y, ', y") moving(z, y,z', y', 8)A gridLoc(z1, y1, 3),
Poss(endMove(z1, y1, 2, Y2, t), $) = moving(z1, Y1, T2, Y2, ),

Poss(take(z, y,t), s) = ~transported(s) A gridLoc(z, y, s)A
ﬁ(31"17 Yy1,22, y2) moving(ml, Y1,22, Y2, 5)7
Poss(put(z, y, t), s) = transported(s).

Imagine that in the initial situation the robot stays at (0,0);
later, at time 1, it starts moving from (0,0) to (2,3), but when
therobot stopsat time 11 and sensesits coordinatesat time 12,
its sensorstell it that it islocated at (4,4). The sensory infor-
mation is inconsistent with the expected location of the robot,
but this discrepancy can be attributed to unobserved actions of
an external agent who transported the robot. Hence, the final
situation is not

Ss = do(sense(Coord, (4,4),12), do(endMove(0, 0, 2, 3, 11),
do(startMove(0, 0, 2, 3, 1), So))),

as we originally expected, but the situation resulting from
the execution of exogenous actions take(2,3,7:) and
put(4,4,Ts), in the situation when the robot ends moving,
followed by the sensing action. The exogenous actions
occurred at unknown times 73, 7> (we may say about the
actual history only that 11 < 7} < T < 12).2

2. The robot can determine its location using data from
sonar and laser sensors. But if thelast action was not sensing
coordinates(z, y), thenthecurrent|ocation can be determined

1In the sequel, we do not consider how the discrepancy between
results of a deterministic action and observations obtained from sen-
sors can be explained by occurrences of unobserved exogenous ac-
tions. However, our example indicates that inconsistency between
physical and sensory actions can be resolved by solving a corre-
sponding diagnostic problem (e.g., see [Mcllraith, 1998]).
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from the previous location and the actions that the robot has
executed. The process of going from to !’ isinitiated by the
deterministic action startGo(l,!’, t) and is terminated by the
stochastic action endGo(l,!’, t) (axiomatized in Section 2).

robot Loc(l,do(a, s))= (3, v, z,y) a=sense(Coord, v,1)
AzCrd(v)=z A yCrd(v)=yA
((3p)l = office(p) A inOffice(l, z, y) V
l= Hall A —~(3p) inOffice(office(p), z, y) ) V
(Ft,l1)a=endGoS(l1,1,t) vV (3t,l1)a=endGoF (I1,l,t) Vv
robot Loc(l, s)A =(3t,ls,13,v) (a=sense(Coord, v, t)A
a=endGoS(ly,l3,1) ANa=endGoF (l3,13,1) ).

wherethe predicate inOffice(l, z, y) istrueif thepair (z, y)
is inside of the office /, the functional symbols bottomY(/),
topY(!), rightX(/) and leftX(!) represent coordinates of top
left and bottom right corners of arectangle that contains the
office [ inside:  When the robot stops and senses coordi-
nates, it determines its real location and the high-level con-
trol module can identify the outcome of the stochastic ac-
tionendGo(l,!’,t): whether therobot stopped successfully or
failed to arrive at the intended destination.

3. Let give(item, person,t) be a stochastic action that
has two different outcomes. giveS(item, person,t) — the
robot gives successfully an item to person at time ¢ — and
giveF (item, person,t) — the action of giving an item to
person is unsuccessful. Let sense(Ackn,v,t) be the ac-
tion of sensing whether delivery of the item to person
was successful or not: if it was, then delivery is acknowl-
edged and v=1, if not — the result of sensing is v=0. The
following successor state axiom characterizes how the flu-
ent hasCoffee(person, s) changes from situation to situation:
whenever therobot isinthe office of person andit sensesthat
one of its buttons was pressed, it is assumed that the person
pressed a button to acknowledge that she has a coffee. From
this sensory information, the high-level control module can
identify whether the outcome of give(item, person,t) was
successful or not.

hasCoffee(pers, do(a, s)) =
(3t)a = giveS(Coffee, pers, t) v hasCoffee(pers, s) V
(3t,v)a = sense(Ackn,v, t) Av=1A
robot Loc(office(pers), s).

It is surprisingly straightforward to use regression in our
setting to solve the forward projection task. Let D be aback-
ground axiomatization of the domain (a set of successor state
axioms, precondition axioms, unique name axioms and a set
of first order sentences whose only situation term is Sy) and
let ¢(s) be asituation calculus formulathat has the free vari-
able s asthe only situational argument. Supposewe are given
aground situational term S that may mention both physical
and sensing actions. The forward projection task isto deter-
mine whether

D | 6(S) | g |

Regressionisacomputationally efficient way of solvingthe
forward projection task [Reiter, 2000; Pirri and Reiter, 1999]
when S does not mention any sensing actions. The represen-
tation introduced above allowsusto useregression also inthe
case when S mentions sensing actions explicitly. Thus, we
can use regression to evaluate tests (¢)? in Golog programs
with sensing actions: no modifications are required. In addi-
tion, our approach allows us to use an implementation in Pro-
log considered in [Reiter, 2000]. There is also an interesting
connection between our representation of ‘beliefs' and sens-
ing and the approach to knowledge-based programming [Re-
iter, 2000]. In[Soutchanski, 2001] we show that his approach
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and our approach to the solution of theforward projection task
(with sensing actions) are equivalent.

4 Theincremental on-line DTGolog
inter preter

The incremental DTGolog interpreter uses the predi-
cate IncrBestDo(py, s,p2, h, m,u,pr) and the predicate
Final(p, s, m u). The former predicate takes as input the
Golog program p4, starting situation s, horizon h and returns
the optimal conditional policy , its expected utility u, the
probability of success pr, and the program p- that remains
after executing the first action from the policy =. The latter
predicate tells when the execution of the policy completes:
Final(p, s, m, u) is true if either the program p is Nl (the
null program) or Stop (azero cost action that takes the agent
to an absorbing state meaning that the execution failed),
or if the policy 7 is Nil or Stop. In al these cases, u Is
simply the reward associated with the situation s. Note
that in comparison to BestDo, IncrBestDo has an additional
argument p, representing the program that remains to be
executed.

IncrBestDo(p1, s, pa, h, 7, u, pr) is defined inductively on
the structure of a Golog program p;. Below we consider its
definition in the case when the program p; begins with a de-
terministic agent action.

IncrBestDo(a; p1, s, p2, h, T, u, pr)déf
[-Poss(a, s)A
pa=Nil A\r=S0pA pr=0A u = reward(s) vV
Poss(a,s) Apa =p1 A 3(p', 7', u', pr')
IncrBestDo(ps, do(a, s), p’, h—1, 7', u', pr')A
7 = (a;7') A u = reward(s) + v’ A pr = pr'].

If adeterministic agent action a ispossiblein situation s, then
we compute the optimal policy #’ of the remaining program
p1, itsexpected utility »’ and the probability of successful ter-
mination pr’. Because a is a deterministic action, the proba
bility pr’ that the policy =’ will complete successfully isthe
same as for the program itself; the expected utility « isa sum
of areward for being in s and the expected utility of contin-
uation . If a is not possible, then the remaining program is
Nil, and the policy is the Stop action, the expected utility is
the reward in s and the probability of successisO.

Other cases are defined similarly to Best Do, e.g., if the
program beginswith thefinite nondeterministic choice (7 (z :
7)p); p’, where T isthefinite set {4, ..., ¢, } and the choice
binds all free occurrences of x in p to one of the el ements:

IncrBestDo((w(z : 7)p); P, s, pr, h, pol, u,pr)déf
IncrBestDo((p|Z, | ... | p|Z,); P, s, pr, b, pol, u, pr)

wherep|” means substitution of ¢ for all free occurrences of «
inp. Thus, the optimal policy pol correspondsto the element
c in that deliversthe best execution. Notethat the remaining
program p, isthe same on the both sides of the definition.
Recall that policiesare Golog programsaswell. Moreover,
if p isa Golog program that contains many nondeterministic
choices, theoptimal policy = computed from p isaconditional
program that does not involve any nondeterministic choices.
This observation suggests that programmers may wish to take
advantage of the structure in adecision theoretic problem and
use explicit search control operators that limit bounds where
the search for an optimal policy has to concentrate. In ad-
dition to the standard set of Golog programming constructs,
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we introduce two new operators: local(p) and optimize(p).
Intuitively, the program local(p;); p2 means the following.
First, computethe optimal policy 7, corresponding to the sub-
program p4, then compute the optimal policy = correspond-
ing to the program =1 ; p». If both sub-programsp, and p, are
highly nondeterministic, then using the operator local(p; ) the
programmer indicates where the computational efforts can be
saved: there is no need in looking ahead further than p, to
compute ;. Thus, in the case that a Golog program begins
with local(p)
IncrBestDo(local(p1); p2, S, pr, b, 7, u,pr)déf
(Elpa T, ulaprl)lncheStDo(pl; Nlla S, D, ha 1, ulaprl)/\
IncrBestDO(w1; pa, S, pr, b, 7, u, pr).

. The construct local limits the search, but once the pol-
icy m was compute(g%ll”)d t e%l rst action in w; was execJt)ed,

the remaining part of the program has no indication where
the search may concentrate. For this reason, the programmer
may find convenient to use another search control operator
that once used persists in the remaining part of the program
until the programinside the scopesof that operator terminates.
Thisoperatoriscalled optimize(p) andisspecified by thefol-
lowing abbreviation.

IncrBestDo(optimize(p1); pe, S, pr, h, 7, u, pr)déf
(3p') IncrBestDo(py; Nil, s, p', h, 7, u, pr)A
(p' # Nil Ap, = (optimize(p'); p2) V
p' = Nil Ap, = pa).

b el S Rl
using optimize(p;) aprogrammer can express adomain spe-
cific procedural knowledge to save computational efforts.
Notethat when p’ isNil, i.e. therewill be nothingin p; to ex-
ecute after doing the only action in , the remaining program
pr containsonly ps.

4.1 Implementingthe on-line interpreter

Given the definitions of IncrBestDo mentioned in the previ-
ous sub-section, we can consider now the on-line interpreta-
tion coupled with execution of Golog programs. The defi-
nitions of IncrBestDo(p1, s, p2, h, 7, u, pr) trandate directly
into Prolog clauses (we omit them here). The on-line inter-
preter callstheoff-lineincrBestDo(E,S ER,H,Pol1,U1,Probl)
Interpreter to compute an optimal policy from the given pro-
gram expression £, getsthefirst action of the optimal policy,
commitsto it, doesit in the physical world, then repeats with
therest of the program. The following is such an interpreter
implemented in Prolog:

online(E S, H Pol, U :-
incrBest Do(E, S, ER H, Pol 1, U1, Probl),
( final (ER S, H Pol 1, Ul), Pol =Pol1, UW=Ul ;

reward(R S),
Poll = (A: Rest),
( agent Acti on(A), not stochastic(A S L),
doReal | y(A), /*execute Ain reality*/
1

[ /* commit to the result */
online(ER do(A S), H, Pol Fut, UFut),

Pol =(A : PolFut), Uis R + UFut ;
senseAction(A),
doReal l y(A), /* do sensing */

', /*commit to results of sensing*/
online(ER do(A S), H, Pol Fut, UFut),
Pol =(A : Pol Fut), Uis R + UFut ;
agent Acti on(A), stochastic(A S, L),
doReal | y(A), /*execute Ain reality*/
[ /* commit to the result */
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senseEffect (A S, SEff),
di agnose( SEff, L, SN), /*What happened?*/
online(ER, SN, H, Pol Fut, UFut),
Pol=(A: PolF), Uis R + UFut
)
).

The on-line interpreter uses the Prolog cut (1) to prevent
backtracking to the predicate do Really: we need this because
once actions have been actually performed in the physical
world, the robot cannot undo them.

In addition to predicates mentioned in section 2, the
on-line interpreter uses the predicate senseEffect(A4, S1, S2),
the predicate diffSequence(A, Seq) and the predicate
diagnose(S2, OutcomesList, S3). Wedescribe below their
meaning and show their implementation in Prolog.

Given the stochastic action A and the situation S1, the
predicate senseEffect(A, S1,.52) holds if S2 is the situation
that results from doing a number of sensing actions neces-
sary to differentiate between outcomes of the stochastic ac-
tion A. The predicate diffSequence( A, Seq) holds if Seq is
the sequence of sensing actions (ay; as; . . .; a,,) Specified by
the programmer in the domain problem representation: this
sequence is differentiating if after doing all actions in the
seguence the action chosen by ‘nature’ as the outcome of
stochastic action A can be uniquely identified.

senseEffect (A 'S, SE) :- diffSequence(A, Seq),
get Sensorl nput (S, Seq, SE) .

get Sensor Input (S, A, do(A, S)) :- senseAction(A),

doReal | y(A). /*connect to sensors, get data
for a free variable in A */
get Sensor Input (S1, (A : Rest),SE) :-
doReal ly(A, /* connect to sensors,
get data */

get Sensorl nput (do(A, S1), Rest, SE) .

The predicate diagnose(S1, L, S2) takes as its first argu-
ment the situation resulting from getting a sensory input: it
contains ‘enough’ information to disambiguate between dif-
ferent possible outcomes of the last stochastic action A. The
second argument isthelist L. of al outcomesthat nature may
chooseif the agent executes the stochastic action A in .S1 and
the third argument is the situation that is the result of nature's
action which actually occurred. We can identify which action
nature has chosen using the set of mutually exclusivetest con-
ditions senseCond(n;, ¢;), Where ¢; is aterm representing a
situation calculusformula: if ¢; holdsin the current situation,
then we know that nature has chosen the action n; (n; belongs
tothelist ).

di agnose(SE, [N, do(N, SE)) : -
senseCond(N, C), hol ds(C, SE).

di agnose( SE, [ N Qut conres], SN): - senseCond(N, Q) ,
( holds(C,SE), SN=do(N, SB ;
not hol ds(C, SE),
di agnose( SE, Qut cones, SN) ).

Successful tests of theimplementation described herewere
conducted in areal office environment on a mobile robot B21
manufactured by RWI. The low-level software was initially
developedinthe University of Bonn to control Rhino, another
B21 robot, see [Burgard et al., 1999] for details. The tests of
implementation demonstrated that using the expressive set of
Golog operatorsit isstraightforward to encode domain knowl-
edge as constraints on the given large MDP problem. The op-
erator optimize(p) proved to be useful in providing heuris-
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ticswhichallowed to compute sub-policiesinreal time. These
preliminary tests have brought several new important issues,
e.g., how the computation of anew policy off-line can proceed
in parallel with executing actions from the policy on-line.

5 Discussion

The incremental Golog interpreter based on the single-
step T'rans-semantics is introduced in [De Giacomo and
Levesque, 1999b]. TheGolog programsconsidered there may
include binary sensing actions. The interpreter considered in
our paper ismotivated by similar intuitions, but itisbased ona
different decision-theoretic semantics and employs more ex-
pressive representation of sensing. The paper [De Giacomo
and Levesque, 1999a] introduces guarded sensed fluent ax-
ioms (GSFA) and guarded successor state axioms(GSSA) and
assumes that there is a stream of sensor readings available at
any time. These readings are represented by unary sensing
functions(syntactically, they look likefunctional fluents). Be-
causeweintroducethe representation for sensing actions, they
can be mentioned explicitly in Golog programs or can be ex-
ecuted by the interpreter. The major advantage of our rep-
resentation is that it does not require consistency of sensory
readings with the action theory (thismay prove useful in solv-
ing diagnostic tasks: [Mcllraith, 1998]). The execution mon-
itoring framework proposed in [De Giacomo et al., 1998] as-
sumes that the feedback from the environment is provided in
terms of actions executed by other agents. Becausein thispa-
per we assume that the feedback is provided in terms of sen-
sory readings, thismay lead to devel opment of amorerealistic
framework. An approach to integrating planning and execu-
tion in stochastic domains[Dearden and Boutilier, 1994] isan
alternative to the approach proposed here.

6 Concluding remarks

Several important issues are not covered in this paper. One
of them ismonitoring and rescheduling of policies. Note that
all actionsin policies have time arguments which will bein-
stantiated by moments of time: when the incremental inter-
preter computes an optimal policy, it also determines asched-
ule when actions have to be executed. But in realistic scenar-
ios, when the rabot isinvolved in ongoing processes extended
over time, it may happen that a process will terminate earlier
or later than it was expected.

The diagnostic task that the current version of the on-line
interpreter solvesisadmittedly oversimplified. We expect that
additional research integrating the on-line incremental inter-
preter with the approach proposed in [Mcllraith, 1998] will
allow usto formulate a more comprehensive version.
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Abstract

We proposea new definition of (causal)explana-
tion, usingstructural equationsto model counter

factuals. The definition is basedon the notion of

actual cause as definedand motivatedin a com-

panionpaper Essentially an explanationis a fact
thatis notknown for certainbut, if foundto betrue,
would constituteanactualcauseof thefactto beex-

plained regardles®f theagentsinitial uncertainty
We shaw thatthe definitionhandleswell anumber
of problematicexamplesfrom theliterature.

1 Intr oduction

The automaticgeneratiorof adequatexplanationdss a task
essentialin planning, diagnosisand natural languagepro-
cessing. A systemdoing inference must be able to ex-
plain its findings and recommendationso evoke a users
confidence. However, getting a good definition of expla-
nation is a notoriously difficult problem, which has been
studied for years. (See[Chajavska and Halpern, 1997;
Gardenfors]1988;Hempel,1965;Pearl,1988;Salmon, 1989
andthe referenceshereinfor anintroductionto anddiscus-
sionof theissues.)

In [Halpernand Pearl,2001], we give a definition of ac-
tual causalityusingstructuralequations.Herewe shov how
theideasbehindthatdefinitioncanbeusedto give anelegant
definition of (causal)explanationthat dealswell with mary
of the problematicexamplesdiscussedn the literature. The
basicideais that an explanationis a fact thatis not known
for certainbut, if foundto betrue,would constituteanactual
causeof the explananduntthe factto be explained),regard-
lessof theagentSinitial uncertainty

2 CausalModels: A Review

To make this paperself-containedthis sectionrepeatsma-
terial from [Halpernand Pearl,2001]; we review the basic
definitionsof causaimodels,asdefinedin termsof structural
equations,and the syntaxand semanticsof a languagefor

*Supportedn partby NSFundergrantsiRI-96-25901andlIS-
0090145.

fSupportedn partby grantsfrom NSF ONR, AFOSR,andMI-
CRO.
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reasoningaboutcausalityandexplanations.See[Gallesand
Pearl, 1997; Halpern, 2000; Pearl,200d for more details,
motivation,andintuition.

Causal Models: The basicpictureis thatthe world is de-
scribed by randomvariables,some of which may have a
causalinfluenceon others. This influenceis modeledby a
setof structumal equationsEachequationrepresents dis-
tinct mechanisn{or law) in the world, which may be modi-
fied (by externalactions)without alteringthe others.In prac-
tice, it seemsusefulto split the randomvariablesinto two
sets,the exogenousvariables,whosevaluesare determined
by factorsoutsidethe model,andthe enda@yenousvariables,
whosevaluesaredeterminedy the endogenousariables.It
is theseendogenousariablesvhosevaluesaredescribedy
thestructuralequations.

More formally, a signatue S is a tuple (4, V,R), where
U is afinite setof exogenousvariables,V is a finite setof
endogenousariables,and’R associatesvith every variable
Y € U UV anonemptysetR(Y') of possiblevaluesfor Y.
A causal(or structural) modelover signatureS is a tuple
M = (8,F), whereF associatesvith eachvariableX €
V afunction denotedF’x suchthat Fx : (xycyR(U)) x
(Xyev—{x3R(Y)) — R(X). Fx tellsusthevalueof X
giventhevaluesof all theothervariablesn &/ U V.

Example 2.1 Supposeahatwe wantto reasorabouta forest
fire thatcould be causedby eitherlightning or a matchlit by
anarsonist.Thenthe causaimodelwould have thefollowing
endogenousariables(andperhapothers):

e [ for fire (F' = 1if thereis one,F' = 0 otherwise)

e [ for lightning (. = 1 if lightning occurred,L. = 0
otherwise)

e ML for matchlit (ML = 1 if the matchwaslit and
ML = 0 otherwise).

Thesetl/ of exogenouvariabledncludesconditionsthatsuf-

fice to make all relationshipsgdeterministic(suchaswhether
the wood is dry, thereis enoughoxygenin the air, etc.).
Supposehat @ is a settingof the exogenousvariablesthat
makesa forestfire possible(i.e., thewoodis sufficiently dry,

thereis oxygenin the air, andso on). Then, for example,
Fr(d,L,ML) is suchthatF = 1 if eitherL = 1 or ML = 1.

|
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Given a causalmodel M = (S, F), a (possiblyempty)
vector X of variablesin VY, and vectorsZ and @ of val-

uesfor the variablesin X andi/, respectiely, we cande-
fine a new causalmodeldenotedM ;_ .. over the signature

Sg = UV~ )?,R|V7)Z). Intuitively, this is the causal

model that resultswhen the variablesin X aresetto by
externalaction,the causeof which is not modeledexplicitly.

Formally, M ¢, . = (Sg, FX %), where ¥ —¢ is obtained
from Fy by settingthevaluesof thevariablesin X to 7.

We candescribg(somesalientfeaturesof) a causaimodel
M usinga causalnetwork This is a graphwith nodescor-
respondingo the randomvariablesin V andanedgefrom a
nodelabeledX to onelabeledY if Fy depend®nthevalue
of X. Intuitively, variablescanhave a causaleffect only on
their descendantin the causahetwork; if Y is notadescen-
dantof X, thena changein the valueof X hasno affecton
thevalueof Y.

We restrict attention to what are called recursive (or
acyclig equationstheseareonesthatcanbe describedvith
acausahetwork thatis adag. It shouldbeclearthatif M isa
recursve causaimodel,thenthereis alwaysauniquesolution
totheequationsn M ¢ ., givenasettinga for thevariables
in Y. Suchasettingis calledacontet. Contextswill playthe
role of possibleworldswhenwe modeluncertainty

Syntax and Semantics: GivenasignatureS = (U, V,R),
aformulaof theform X = z, for X € V andz € R(X),
is calleda primitive event A basiccausalformulais oneof
theform [Y1 « wy1,...,Yr < yk]e, wherep is a Boolean
combinationof primitive events;Y, ..., Yy, X arevariables
inV; Y1,...,Y, aredistinct; z € R(X); andy; € R(Y;).
Sucha formula is abbreviatedas[Y « #]e. The special
casewherek = 0 is abbreviatedas ¢. Intuitively, [Y; «
Y1,.--, Yr < yi]e saysthat ¢ holdsin the counterfctual
world thatwouldariseif Y; issettoy;,7 = 1,..., k. A causal
formulais a Booleancombinationof basiccausaformulas.
A causaformulay is trueor falsein acausamodel,given
acontext. Wewrite (M, @) = ¢ if ¢ is truein causaimodel
M givencontext @. (M, @) = [Y — 7](X = z) if thevari-
able X hasvaluex in the unique(sincewe aredealingwith
recursve models)solutionto the equationsn M?Hj in con-

text @ (thatis, the uniquevectorof valuesfor the exogenous

variablesthat simultaneouslysatisfiesall equationsFZY =

Z €V — Y, with thevariablesin ¢/ setto ). We extendthe
definitionto arbitrarycausaformulasin the obviousway.

Note that the structuralequationsare deterministic. We
lateraddprobabilityto the pictureby puttinga probabilityon
thesetof contexts (i.e., onthe possibleworlds).

3 The Definition of Explanation

As we saidin theintroduction,mary definitionsof causalkx-
planationhave beengivenin the literature. The “classical”
approachesn the philosophyliterature, such as Hempels
1965 deductive-nomolgical modeland Salmons 1989 sta-
tistical relevancemodel(aswell asmary otherapproaches)
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have a seriousproblem:they fail to exhibit the directionality
inherentin commonexplanationsWhile it seemgeasonable
to say“the heightof the flag pole explainsthe lengthof the
shadav”, it would soundawkwardif onewereto explain the
former with the latter Despiteall the examplesin the phi-
losophyliteratureon the needfor taking causalityand coun-
terfactualsinto accountandthe extensive work on causality
definedin termsof counterfctualsin the philosophylitera-
ture, as Woodward 2001 obsenes, philosophershave been
reluctantto build a theory of explanationon top of a theory
of causality The concernseemgo beoneof circularity.

In [Halpern and Pearl, 2001], we give a definition of
causalitythatassumeshatthe causaimodelandall therele-
vantfactsaregiven;the problemis to determinewhich of the
givenfactsarecauses(We discusghis definitionin morede-
tail belon.) We give a definition of explanationbasedon this
defintion of causality The role of explanationis to provide
the informationneededo establishcausation.As discussed
in theintroductionweview anexplanationasafactthatis not
known for certainbut, if foundto betrue, would constitutea
genuinecauseof the explanandumregardlessof the agents
initial uncertainty Thus, what countsasan explanationde-
pendsonwhatyou alreadyknow and,naturally thedefinition
of explanationis relative to the agents epistemicstate(asin
Gardenforsl988).1t is alsonatural from this viewpoint, that
anexplanationincludesfragmentsof the causaimodelM, or
referenceto the physicallaws which underlythe connection
betweerthecauseandtheeffect. To borronv anexamplefrom
[Gardenfors 1989, if we wantanexplanationof why Mr. Jo-
hanssorhasbeentakenill with lung canceytheinformation
that he worked in asbestosnanufcturingfor mary yearsis
not going to be a satisactory explanationto someonewho
doesnot know anything aboutthe effectsof asbestosn peo-
ple’s health. In this case the causalmodel(or relevant parts
of it) mustbe partof the explanation.On the otherhand,for
someonavho knowsthecausalmodelbut doesnotknow that
Mr. Johanssomorkedin asbestosnanufcturing,the expla-
nationwouldinvolve Mr. Johanssois’employmentbut would
not mentionthe causaimodel.

Ourdefinitionof explanationis motivatedby thefollowing
intuitions. An individual in a given epistemicstate K asks
why ¢ holds.Whatconstitutesagoodansweto his question?
A goodanswemustprovide informationthatgoesbeyond K
andbe suchthattheindividual canseethatit would, if true,
be (or bevery likely to be) a causeof . We may alsowant
to requirethat ¢ betrue (or atleastprobable).Althoughour
basicdefinitiondoesnotrequirethis, but it is easyto do so.

To male this precise,we mustexplain (1) whatit means
for v to be a causeof ¢ and(2) how to capturethe agents
epistemicstate. In [HalpernandPearl,2001], we dealtwith
thefirst question.In thenext subsectionve review the defini-
tions. Thefollowing subsectiongliscusshesecondjuestion.

3.1 The Definition of Causality

We wantto make senseof statementsf theform “event A is
anactualcauseof event B in context 4 of model M”. Note
thatwe assumehe context andmodelaregiven. Intuitively,
they encodehebackgrounknowledge.All therelevantfacts
areknown. The only questionis picking out which of them

KNOWLEDGE REPRESENTATION AND REASONING



arethe cause®f .
Thetypesof eventsthatwe allow asactualcausesareones
of theform X; = 1 A. . .AX = xx—thatis, conjunctionf

primitive events;we typically abbreviate this asX = 7. The
eventsthatcanbe causedarearbitraryBooleancombinations
of primitive events. We arguein [Halpernand Pearl,2001]
thatit is reasonablé¢o restrictcausego conjunctiongand,in
particular to disallon disjunctions). This restrictionseems
lessreasonablén the caseof explanation;we returnto this
point below. In ary case the definition of causalitywe give
is restrictedto conjunctive causes.

Definition 3.1 (Actual cause))? = 7 isanactual causeof ¢

n (M, @) if thefollowing threeconditionshold:

AC1. (M,ii) = (X = &) A ¢. (Thatis, both X = # ande
aretruein theactualworld.)

AC2. Thereexistsa partition (Z, W) of V with X C Z and
somesetting (&, @) of the variablesin (X, W) such
thatif (M, @) = (Z = z*) for Z € Z, then

@) (M, @) | [X — &, W «— @']-¢. Inwords,chang-
ing (X, W) from (Z, @) to (', @) changes from
trueto false;

(b) (M, ) |— X — 2 W — i, 2 — ](p for all
subsetsZ’ of Z. In words, settlngW to ' should

have no effecton ¢ aslong asX is keptatits cur-
rentvalueZ, evenif all thevariablesn anarbitrary
subsetof Z are setto their original valuesin the
context .
AC3. X is minimal; nosubsebf X satisfiesconditionsAC1
andAC2. Minimality ensureghatonly thoseelements

of theconjunction)? = 7 thatareessentiafor changing
 in AC2(a)areconsideredpart of a cause;inessential
elementsarepruned i

For futurereferencewe saythat)? = 7 is aweakcauseof ¢
in (M, @) if AC1andAC2 hold, but not necessarihAC3.
The core of this definition lies in AC2. Informally, the

variablesin Z shouldbe thoughtof as describingthe “ac

tive causalprocess”from X to . Theseare the variables
thatmediatebetweenX andy. AC2(a)saysthatthereexists
asettingz’ of X that changesp to —p, aslong asthe vari-

ablesnotinvolvedin thecausaprocess{l/fl) take onvalued’.
AC2(a)is reminiscentof the traditional counterfctualcrite-
rion of Lewis 1986b,accordingto which ¢ shouldbe falseif

it werenot for X beingZ. However, AC2(a)is morepermis-
sive thanthetraditionalcriterion;it allowsthe dependencef

¢ on X to betestedunderspecialcircumstances.
AC2(b)is anattemptto counteracthe“permissiveness’of
AC2(a)with regardto structuralcontingenciesEssentiallyit

ensureghat X alonesufficesto bring aboutthe changefrom
© to —y; setting W to w’ merely eliminatesspuriousside
effectsthattendto maskthe actionof X. It captureghefact
thatsettingW to «w’ shouldnot affect the causalprocessby

requiringthatchangingW’ from « to v’ hasno effecton the
valueof .
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This definition is discussedand defendedin much more
detailin [HalpernandPearl,2001], whereit is comparedo
other definitions of causality In particular it is shavn to
avoid a numberof problemsthat have beenidentified with
Lewis's account(e.g.,see[Pearl,2000,ChapterlQ]), suchas
commitmento transitvity of causesFor the purpose®f this
paper we askthatthe readeracceptthe definition. We note
that,to someextent, our definition of explanationis modular
in its useof causality in that anotherdefinition of causality
could be substitutedfor the one we usein the definition of
explanation(providedit wasgivenin the sameframawork).

Thefollowing examplewill helpto clarify the definition of
both causalityandexplanation.

Example 3.2 Supposdhattwo arsonistdroplit matchesn

differentpartsof a dry forest; both causetreesto startburn-
ing. Considertwo scenariosin thefirst, called“disjunctive;

either matchby itself suficesto burn down the whole for-

est. Thatis, evenif only onematchwerelit, the forestwould
burndown. In thesecondscenariogcalled“conjunctive;” both
matchesare necessaryo burn down the forest; if only one
matchwerelit, thefire would die down beforethe forestwas
consumed.We candescribethe essentiaktructureof these
two scenariosisinga causaimodelwith four variables:

e an exogenousvariable U which determines,among
other things, the motivation and state of mind of
the arsonists. For simplicity, assumethat R(U) =
{woo, w10, w01, w11 }; if U = wy;, thenthefirst arsonist
intendsto startafire iff i = 1 andthesecondarsonisin-
tendsto startafire iff j = 1. In bothscenariod/ = u1;.

e endogenousariablesML; andML,, eacheitherO or 1,
whereML; = 0 if arsonist; doesnt dropthe matchand
ML; = 1if hedoesfori =1, 2.

e anendogenousariableFB for forestburnsdown, with
valuesO (it doesnt) and1 (it does).

Both scenarioshave the samecausalnetwork (seeFigure
1); they differ only in the equationfor FB. Givenu €
R(U), for the disjunctive scenariove have Frp(u,1,1) =
FFB(U,O, 1) = FFB(U, 1,0) =1 andFFB(u,O,O) = 0;
for the conjunctive scenariove have Frp(u,1,1) = 1 and
FFB(U,0,0) = FFB(U, 1,0) = FFB(U,O, 1) = 0.

In generalthecausamodelfor reasoningboutforestfires
would involve mary othervariables;in particular variables
for other potential causesof forest fires such as lightning
andunattendeadtampfires.Herewe focuson that part of the
causalmodel that involves forest fires startedby arsonists.
Sincefor causalitywe assumehat all the relevantfactsare
given, we canassumenerethatit is known that therewere
no unattendeccampfiresand therewas no lightning, which
makesit safeto ignorethatportionof the causaimodel.

Denoteby M; and M, the (portion of the) causalmodels
associateavith the disjunctive andconjunctive scenarioste-
spectvely. Thecausahetwork for therelevantportionof M,
and M is describedn Figurel.

Despitethe differencedn the underlyingmodels,it is not
hardto shav thateachof ML; = 1 andML; = 1 is acause
of FB = 1 in both scenarios.We presentthe argumentfor
ML; = 1 here. To shav thatML; = 1 is a causen M; let
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U
MLl\'/\\\/ ML,
FB
Figurel: Thecausahetwork for Ay and M.

Z = {ML;,FB}, soW = {ML,}. It is easyto seethatthe
contingeng ML, = 0 satisfiesthe two conditionsin AC2.
AC2(a)is satisfiedbecausein the absencef the secondar-
sonist(ML; = 0), thefirst arsonisis necessargndsuficient
for thefire to occur(FB = 1). AC2(b)is satisfiedbecauseif
thefirst matchislit (ML, = 1) thecontingeng ML, = 0 does
not preventthe fire from burningthe forest. Thus,ML; = 1
isacauseof FB = 1 in M;. (Notethatwe neededo setML
to 0, contraryto facts, in orderto reveal the latent depen-
denceof FB on ML;. Sucha settingconstitutesa structural
changein the original model, sinceit involvesthe removal
of somestructuralequations.)The agumentthatML; = 1
is alsoa causeof FB = 1 in M; is similar. (Again, taking
Z = {ML,FB} andW = {ML,} works.)

This examplealsoillustratesthe needfor the minimality
condition AC3. For example,if lighting a matchqualifies
asthe causeof fire thenlighting a matchandsneezingvould
alsopasghetestsof AC1landAC2,andawkwardly qualify as
the causeof fire. Minimality seneshereto strip “sneezing”
andotherirrelevant,over-specificdetailsfrom thecause.

It might be arguedthat allowing disjunctive causesvould
be usefulin this caseto distinguishM; from M, asfar as
causalitygoes. A purely counterfctualdefinition of causal-
ity would make ML; = 1V ML, = 1 acauseof FB = 1
in M, (since,if ML; = 1V ML, = 1 werenottrue, then
FB = 1 would notbetrue),but would make neitherML; = 1
nor ML, = 1 individually a cause(for example,if ML; = 1
werenottruein My, FB = 1 wouldstill betrue). Clearly, our
definition doesnot enforcethis intuition. Purelycounterfc-
tual definitionsof causalityhave otherwell-known problems.
We do not have a strongintuition asto the bestway to deal
with disjunctionin the context of causality and believe that
disallowving it is reasonablyconsistentvith intuitions. Inter-
estingly aswe shall seein Section3.2, our definition of ex-
planationdoesdistinguishM; from Ms; eachof ML; = 1
and ML, = 1 is an explanationof FB = 1 in M; under
our definition of explanation,but neitheris an explanation
of FB = 1 in M,. In M, the explanationof FB = 1 is
ML; = 1 A MLy = 1: bothmatchedeinglit arenecessaryo
explaintheforestburningdown. i

3.2 The BasicDefinition of Explanation

All thatremainsto do beforegiving the definition of expla-
nationis to discusshow to capturethe agents epistemicstate
in our framavork. For easeof exposition, we first consider
the casewherethe causalmodelis known andthe context is
uncertain.(Theminor modificationsrequiredto dealwith the
generalcasearedescribedn Section3.4.) In thatcase,one
way of describinganagents epistemicstateis by simply de-
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scribingthe setof contextstheagentconsidergossible. This
choiceis very muchin the spirit of the standard‘possible
worlds” definitionsof knowledgeandbelief.

Definition 3.3: (Explanation)Given a structuralmodel M,

X = 7 is an explanationof ¢ relativeto a setXC of contexts
if the following conditionshold:

EX1. (M, %) = ¢ for eachcontet @ € K. (Thatis, ¢ must
hold in all contets the agentconsiderspossible—the
agentconsiderswhat sheis trying to explain asan es-
tablishedfact)

EX2. X = 7 is aweakcauseof ¢ in (M, ) (thatis, AC1
andAC2 hold, but not necessarihlAC3) for eachi € K
suchthat(M, @) E X = 7.

EX3. X is minimal; no subsebf X satisfiesEX2.
EX4. (M, @) = —(X = &) for somei € K and(M, @) }=

X = 7 for somed € K. (This just saysthat the
agentconsidersa contect possiblevheretheexplanation
is false, so the explanationis not known to startwith,

andconsidersa context possiblewherethe explanation

is true,sothatit is notvacuous.li

Our requirementEX4 that the explanationis not known
may seemincompatiblewith linguistic usage.Someonealis-
coverssomefact A andsays'Aha! Thatexplainswhy B hap-
pened. Clearly A is notanexplanationof why B happened
relative to the epistemicstateafter A hasbeendiscovered,
sinceat thatpoint A is known. However, A canlegitimately
be consideredan explanationof B relative to the epistemic
statebefore A wasdiscovered.

Considerthearsonistdn Example3.2. If the causaimodel
hasonly arsonistsaasthe causeof thefire, therearetwo pos-
sible explanationsn the disjunctive scenario:arsonistl did
it or arsonist? did it (assumingC consistsof threecontexts,
whereeitherl, 2, or bothsetthefire). In the conjunctive sce-
nario,no explanationis necessarysincetheagentknowsthat
botharsonistsnusthave lit amatchif arsonis theonly possi-
ble causeof thefire (assuminghatthe agentconsiderghese
to bethe only possiblearsonists).

Perhapsnoreinterestings to considera causaimodelwith
otherpossiblecausessuchaslightningandunattended¢amp-
fires. Sincethe agentknows thattherewasa fire, in eachof
the contets in K, at leastone of the potentialcausesnust
have actuallyoccurred. If we assumehatthereis a context
whereonly arsonistl lit the fire (and, say therewaslight-
ning) and anotherwhereonly arsonist2 lit the fire then,in
the conjunctive scenarioML; = 1 A ML, = 1 is anexpla-
nationof FB = 1, but neitherML; = 1 nor ML, = 1 by
itself is anexplanation(sinceneitherby itself is acausdn all
contts in K that satisfy the formula). On the otherhand,
in the disjunctive scenariopothML; = 1 andML; = 1 are
explanations.

It is worth noting herethatthe minimality clauseEX3 ap-
plies to all contexts. This meansthat our rough gloss of

X = ¥ beingan explanationof ¢ relative to a setC of con-
textsif X = ¥ is a causeof ¢ in eachcontet in X where
X = 7 holdsis not quite correct. For example, although
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ML; = 1 A ML, = 1 is anexplanationof fire in the conjunc-
tive scenario(if K includescontexts wherethere are other
possiblecause®f fire), it is acauseof fire in noneof thecon-
textsin whichit holds. The minimality conditionAC3would
saythateachof ML; = 1 andML, = 1 is a causeput their
conjunctionis not.

Notethat,asfor causeswe have disalloveddisjunctive ex-
planations Herethemotivationis lessclearcut. It doesmake
perfectsensdo saythatthe reasorthat o happeneds either
A or B (but | don't know which). Thereare sometechni-
cal difficulties with disjunctive explanationswhich suggest
philosophicalproblems.For example,considerthe conjunc-
tive scenarioof the arsonistexampleagain. Supposehatthe
structuralmodelis suchthatthe only causef fire arethear
sonists lightning, andunattendeadtampfiresandthat C con-
sistsof contexts whereeachof thesepossibilitiesis theactual
causeof the fire. Oncewe allow disjunctive explanations,
whatis theexplanationof fire? Onecandidatas “eitherthere
weretwo arsonist®rtherewaslightning or therewasanunat-
tendedcampfire(which got out of hand)”. But this doesnot
satisfyEX4, sincethe disjunctionis truein every context in
K. Ontheotherhand,if we do notallow the disjunctionof
all possiblecauseswhich disjunctionshouldbe allowed as
an explanation?As a technicalmatter how shouldthe min-
imality condition EX3 be rewritten? We could not seeary
reasonablevay to allow somedisjunctionsin this casewith-
out allowing the disjunctionof all causegwhich will notin
generakatisfyEX4).

We believe that, in caseswheredisjunctive explanations
seemappropriate,it is bestto capturethis directly in the
causamodelby having a variablethatrepresentthedisjunc-
tion. (Essentiallythe samepointis madein [Chajavskaand
Halpern,1997.) For example,considerthe disjunctive sce-
nario of the arsonistexample,wherethereareotherpotential
cause®f thefire. If we wantto allow “therewasanarsonist”
to beanexplanationwithout specificallymentioningwho the
arsonisfis, thenit canbeeasilyaccomplishedby replacingthe
variablesML; andML; in themodelby avariableML which
is 1 iff atleastone arsonistdropsa match. ThenML = 1
becomesnexplanationwithout requiringdisjunctive expla-
nations.

Why not just add ML to the modelratherthanusingit to
replaceML; andML,? We have implicitly assumedn our
framework that all possiblecombinationsof assignmentso
the variablesare possible(i.e., thereis a structuralcontin-
geng for ary settingof thevariables) If weaddML andview
it asbeinglogically equivalentto ML, VV ML;, (thatis, ML = 1
by definitioniff at leastoneof ML; andML; is 1) then,for
example,it is logically impossiblefor thereto bea structural
contingeny whereML; = 0, ML, = 0, andML = 1. Thus,
in the presencef logical dependence, seemshatwe need
to restrictthe setof contingencieghat canbe consideredo
thosethatrespecthe dependenciediVe have not yet consid-
eredtheimplicationsof sucha changefor our framework, so
we do not pursuethe matterhere.

3.3 Partial Explanations and Explanatory Power

Not all explanationsare considerecequallygood. Someex-
planationsare more likely than others. An obvious way to
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definethe “goodness’of anexplanationis by bringing prob-
ability into the picture. Supposehat the agenthasa prob-
ability on the set K of possiblecontets. In this case,we
canconsiderthe probability of the setof contexts wherethe

explanation)? = T is true. For example,if the agenthas
reasonto believe thatthe first arsonistis extremelyunlikely

to have causedhe fire (perhapshe had defectve matches),
thenthe setof contexts whereMLy; = 1 holdswould have

higher probability thanthosewhereML; = 1 holds. Thus,
ML, = 1 would be considered betterexplanationof thefire

in thedisjunctve modelthanML; = 1.

But the probability of an explanationis only part of the
story;theotherpartconcernghedegreeto whichanexplana-
tion fulfills its role (relative to ) in the variouscontexts con-
sidered. This becomeglearerwhenwe considermartial ex-
planations.The following example,taken from [Gardenfors,
1989, is onewherepartialexplanationglay arole.

Example 3.4 Supposé seethatVictoriais tannedandl seek
anexplanation.Supposéhatthe causaimodelincludesvari-
ablesfor “Victoria took a vacationin the Canarylslands”,
“sunry in theCanaryislands”,and“went to atanningsalon”.
ThesetK includescontexts for all settingsof thesevariables
compatiblewith Victoria beingtanned. Note that, in partic-
ular, thereis a context where Victoria both went to the Ca-
naries(anddidn’t gettannedhere,sinceit wasnt sunry) and
to a tanningsalon. Gardenforspoints out that we normally
accept‘Victoria took a vacationin the Canarylslands”’asa
satishctoryexplanationof Victoriabeingtannedand,indeed,
accordingto his definition, it is anexplanation.Victoria tak-
ing a vacationis not an explanation(relative to the context
KC) in our framework, sincethereis a contet @* € K where
Victoriawentto the Canarylslandsbut it wasnot sunry, and
in * the actualcauseof hertanis the tanningsalon,not the
vacation.

For us,the explanationwould have to be “Victoriawentto
theCanaryislandsandit wassunry.” In thiscasewe canview
“Victoriawentto the Canaryislands”asa partialexplanation
(in aformal senseo bedefinedbelow). i

In Example3.4 the partial explanationcanbe extendedto
afull explanationby addinga conjunct.But notevery partial
explanationcan be extendedto a full explanation. Roughly
speaking,the full explanationmay involve exogenousfac-
tors, which are not permittedin explanations. Assume,for
example, that going to a tanning salonwas not considered
an endogenousariablein our modelbut, rather the model
simply hadanexogenousrariableU, thatcould make Victo-
ria suntannedvenin the absenceof sunin Canaryislands.
Likewise,assumehattheweatherin Canaryislandwasalso
partof the backgroundcontext. In this case,we would still
considerVictoria's vacationto provide a partial explanation
of her suntan, sincethe context whereit fails to be a cause
(no sunin the Canaryisland)is fairly unlikely, but we can-
not addconjunctsto this eventto totally excludethatcontext
from theagents realmof possibilities.

The situationactuallyis quite common,asthe following
exampleshows.

Example 3.5 Supposehatthe soundon a television works
but thereis no picture. Furthermorethe only causeof there
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beingno picturethatthe agentis awareof is the picturetube
beingfaulty. However, the agentis alsoawarethatthereare
timeswhenthereis no picture even thoughthe picturetube
works perfectlywell—intuitively, “for inexplicablereasons”.
Thisis capturedoy the causahetwork describedn Figure?2,
whereT' describesvhetheror notthe picturetubeis working
(1 if it isandO if it is not) and P describesvhetheror not
thereis a picture (1 if thereis andOQ if thereis not). Theex-

Uo

A
N

Figure2: Thetelevisionwith no picture.

ogenouwariablelU, determineshe statusof thepicturetube:
T = Uy. TheexogenouwariableU; is meantto representhe
mysterious‘other possiblecauses”If U; = 0, thenwhether
or not thereis a picture dependssolely on the statusof the
picturetube—thatis, P = T'. Ontheotherhand,if U; = 1,

thenthereis no picture(P = 0) no matterwhatthe statusof

the picturetube. Thus,in contextswhereU; = 1, T =0 is

notacauseof P = 0. Now supposehat/C includesa context

o WherelUy = U; = 0. Thenit is easyto seethatthereis no
explanationof P = 0. The only plausibleexplanation,that
thepicturetubeis notworking, is notacauseof P = 0 in the
context igg. Ontheotherhand, T = 0 isacauseof P = 0

in all othercontextsin K satisfyingZ’ = 0. If the probability
of iy is small (capturingtheintuition thatit is unlikely that
more than onething goeswrong with a television at once),
thenwe areentitledto view 7' = 0 asa quite good partial
explanationof P = 0. i1

Theseexamplesmotivatethe following definition.
Definition 3.6: Let K;_. , be the largestsubset’ of K

1/‘7

suchthat X = 7 is an explanationof ¢ relative to Kg 2o

(It is easyto seethatthereis aIargestsuchset.)ThenX’ =7

is a partial explanationof ¢ with goodnes®r (K ¢_ . ¢|X =
Z). Thus,thegoodnes®f a partial explanationmeasureshe

extentto whichit providesanexplanationof .* Il

In Example3.4, if the agentbelievesthatit is sunry in
the Canaryislandswith probability.9 (thatis, the probability
thatit wassunry giventhatVictoriais suntanne@ndthatshe
wentto theCanariess .9), thenVictoriagoingto the Canaries
is a partial explanationof her being tannedwith goodness
.9. TherelevantsetK’ consistsof thosecontexts whereit is
sunry in the CanariesSimilarly, in Example3.5,if theagent

1Hereandelsarvhere,aformulasuchasf = Z is beingidenti-
fied with the setof contexts wherethe formulais true. Recallthat,
sinceall contetsin K arepresumedo satisfyp, thereis no needto
conditionon ¢; this probabilityis alreadyupdatedwith the truth of
the explanandump. Finally, notethatour usageof partial explana-
tion;]s relatecto, but differentfrom, thatin [ChajevskaandHalpern,
1997.
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believes that the probability of both the picture tube being
faulty andthe othermysteriouscausedeingoperatve is .1,
thenT = 0 is a partial explanationof P = 0 with goodness
.9 (with K’ consistingof all the contextswhereU; = 1).

A full explanationis clearly a partial explanationwith
goodnesdl, but we are often satisfiedwith partial explana-
tions X = 7 thatarenot asgood,especiallyif they have high
probability (i.e., if Pr()? = Z) is high). In general;there
is a tensionbetweenthe goodnes®f an explanationandits
probability.

Theseldeasalsoleadto a definitionof explanatorypower.
ConsiderExample 3.2 yet again,and supposethat thereis
anendogenousandomvariableO correspondingo thepres-
enceof oxygen.Now if O = 1 holdsin all the contets that
the agentconsiderspossiblethenO = 1 is excludedasan
explanationby EX4. But supposehatO = 0 holdsin one
context thatthe agentconsidergossible(for example,there
may be anothercomtustiblegas),albeita very unlikely one.
In thatcase,0 = 1 becomes very goodpartial explanation
of thefire. Neverthelessit is anexplanationwith, intuitively,
verylittle explanatorypower. How canwe make this precise?

Supposehat thereis a probability distribution Pr~ on a
set K~ of contexts larger than KC that intuitively represents
the agents prior probability before the explanandumy is
discovered. Thatis, Pr is the result of conditioning Pr™
on ¢ and K consistsof the subsetof X~ that satisfiesy.
Gardenforsidentifiesthe explanatorypower of the (partial)
explanationX = # of ¢ with Pr~(¢|X = 7) (see[Cha-
jewskaandHalpern,1997; Gardenfors,1989). If this prob-
ability is higherthanPr™ (), thenthe explanationmakes
morelikely. While this explanatorypower, we would argue
that a bettermeasureof the explanatorypower of X =7Zis
Pr*(lc}zz_f#p‘(’ = &). Accordingto eitherdefinition,under
reasonabl@assumptiongboutPr—, O = 1 hasmuchlower
explanatorypower than,say ML = 1. Moreover, the two
definitionsagreein thecasethat X = 7 is afull explanation
(sincethenICX:fW is justC, thesetof contextsin X~ where
 is true). The differencebetweenthe two definitionsarises
if therearecontets wherep andX = 7 both happeno be

true,but X = Z is nota causeof ¢. Suchspuriouscorrela-
tions are exculdedby our suggestediefinition. (See[Pearl,
2004 for someexamplesshawving that consideringspurious
correlationdeadsto badoutcomes.)

Again, (partial) explanations with higher explanatory
power typically aremorerefinedand,hencejesslikely. than
explanationswith lessexplanatorypower. Thereis no ob-
vious way to resole this tension. (See[Chajevska and
Halpern,1997 for morediscussiorof thisissue.)

As thisdiscussiorsuggestspurdefinitionsharesomefea-
tureswith that of Gardenfors’1988. Like him, we consider
explanationrelative to anagents epistemicstate.Gardenfors
alsoconsidersa “contracted’epistemicstatecharacterizethy
the distribution Pr™. Intuitively, Pr~ describeghe agents
beliefsbeforediscovering . (More accuratelyit describes
anepistemicstateascloseaspossibleto Pr wherethe agent
doesnotascribeprobability 1 to ¢.) If theagents currentbe-
lief in o cameaboutasthe resultof an obsenation ), then
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we cantake Pr to be the resultof conditioningPr~ on 1,
aswe have doneabove. However, Gardenforsdoesneces-
sarily assumesucha connectionbetweenPr and Pr—. In
ary casefor Gardenfors,X = 7 is an explanationof ¢ rel-
ative to Pr if (1) Pr(¢) = 1, 2) 0 < Pr(X = 7) < 1,
and(3) Pr*(<p|)f = ) > Pr (¢). (1) is the probabilistic
analogueof EX1. Clearly, (2) is the probabilisticanalogue
of EX4. Finally, (3) saysthat learningthe explanationin-
creaseghe likelihood of . Géardenforsfocuseson the ex-
planatorypower of anexplanation,but doesnottake into ac-
countits prior probability. As pointedoutin [Chajavskaand
Halpern,1997), Gardenfors'definition suffers from another
defect:Sincethereis no minimality requirementike EX3, if
X =~7Zis anexplanationof ¢, sotoois X=ZAY =7.

In contrastto Gardenfors’ definition, the dominant ap-
proachto explanationin the Al literature, the maximuma
posteriori (MAP) approach(see,for example,[Henrionand
Druzdzel, 1990; Pearl, 1988; Shimory, 1991]), focuseson
the probababilityof the explanation,giventhe explanandum
(i.e, Pr (X = Z|p) = Pr(X = 7)), but doesnot take ex-
planatorypower into account. The MAP approachs based
ontheintuition thatthe bestexplanationfor anobsenationis
the stateof theworld (in our setting,the context) thatis most
probablegiventhe evidence. The mostprobableexplanation
for ¢ is thenthe contect @* suchthatPr(@*) = maxg Pr(a).
Thus,anexplanationis a (complete)contect. Thismeanghat
partof theexplanationwill includetotally irrelevantfacts(the
agentsneezed)Moreover, it is quite sensitve to the descrip-
tion of the context (see[ChajavskaandHalpern,1997 for
details)anddoesnot directly take causalityinto account.

To someextent, theseproblemscanbe dealtwith by lim-
iting the setof candidateexplanationsto ancestorqof the
explanandum)n the causalnetwork; this also avoids mary
of the problemsassociatedvith non-causabpproachegal-
thoughit requiresthereto be a causalnetwork in the back-
ground). However, the MAP approachdoes not go far
enough. One problemis that propositionswith extremely
high prior probabilities(e.g., that oxygenis presentin the
room) will alsoreceve high posteriorprobabilities,regard-
lessof how relevantthey areto theeventsexplained.To rem-
edy this problem,moreintricate combinationsof the quanti-
tiesPr(X = 7), Pr(¢|X = #), andPr~ () havebeensug-
gestedo quantifythe causakelevanceof X=7 ony but, as
arguedin [Pearl,2000,p. 221], without taking causalityinto
accountno suchcombinationof parametersanwork.

3.4 The General Definition

In generalanagentmaybeuncertairaboutthe causaimodel,
so an explanationwill have to includeinformation aboutit.
(Gardenfors1988 and Hempel 1965 make similar obsena-
tions). It is relatively straightforwardto extendour definition
of explanationto accommodat¢his. Now an epistemicstate
K consistaotonly of contexts, but of pairs(M, @) consisting
of acausalmodel M andacontext <. Call sucha pairasitu-
ation. Intuitively, now anexplanationshouldconsistof some
causalinformation(suchas“prayersdo not causefires”) and
thefactsthataretrue. Thus,a (geneal) explanationhasthe

form (w,)? = Z), where is an arbitrary formula in our
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causallanguageand, as before, X = 7 isa conjunctionof

primitive events. We think of the {» componentsconsisting
of somecausalinformation (suchas “prayersdo not cause
fires”, which correspondgo a conjunctionof statement®of

theform F' = i = [P « z|(F = i), whereP is arandom
variabledescribingwhetheror not prayertakesplace). The
first componenin agenerakxplanationis viewedasrestrict-
ing the setof causalmodels. To make this precise,givena
causaimodel M, we say is valid in M, andwrite M = v,

if (M, ) |= v for all contexts consistentith M. With this

backgroundit is easyto statethe generaldefinition.

Definition 3.7 (¢, X = &) is an explanationof ¢ relativeto
a setKC of situationsif thefollowing conditionshold:

EX1. (M, ) | ¢ for eachsituation(M, @) € K.

EX2. Forall (M, @) € K suchthat(M, %) = X = Z and
M E ¢, X = Tisaweakcauseof ¢ in (M, ).

EX3. (¢, X = #) is minimal; thereis no pair (¢/, X' =
i) # (v, X = &) satisfyingEX2 suchthat {M"
MK): M" ="'} D {M" e M(K) : M" |= ¢},
where M(K) = {M : (M, @) € K for someii}, X' C
X, and# is the restrictionof 7 to the variablesin X"
Roughlyspeakingthis saysthatno subsebf X provides
aweakcauseof ¢ in morecontexts thanthosewhere
is valid.

—

EX4. (M,d) = —(X = %) for some(M,d) € K and
(M', @) = X = Zfor some(M’, i) € K. 11

Notethat,in EX2, we now restrictto situations(M, @) € K
that satisfyboth partsof the explanation(y, X = ), in that
M [ ¢ and(M,@) = X = & Furthermorealthough
bothcomponentsf anexplanationareformulasin ourcausal
languagethey play very differentroles. Thefirst component
senesto restrictthesetof causamodelsconsideredto those
with the appropriatestructure)the seconddescribes cause
of ¢ in theresultingsetof situations.

Clearly Definition 3.3 is the specialcaseof Definition 3.7
wherethereis no uncertaintyaboutthe causalstructure(i.e.,
thereis someM suchthatif (M’, @) € K, thenM = M’).
In this case,it is clearthatwe cantake v in the explanation
to betrue.

Definition 3.7 canalsobe extendedto dealnaturallywith
statisticalinformation of the kind considerecby Gardenfors
and Hempel. Let a probabilistic causal model be a tuple
Mp, = (S, F,Pr),whereM = (S, F) isacausamodeland
Pr is a probability measuren the contexts definedby signa-
ture S of M. Informationlike “with probability.9, X = 3"
is a restrictionon probabilisticmodels,andthuscanbe cap-
turedusinga formulain anappropriateextensionof our lan-
guagethatallows suchprobabilisticreasoning With this ex-
tendedlanguage the definition of explanationusing proba-
bilistic causaimodelsremainsunchanged.

As anorthogonalssue thereis alsono difficulty consider
ing aprobabilityonthesetk of situationsanddefiningpartial
explanationjust asbefore.

33



Example 3.8: Using this generaldefinition of explanation,
considerScriven’s 1959famousparesisexample.Paresisde-
velopsonly in patientswho have beensyphilitic for a long

time, but only a small numberof patientswho are syphilitic

in fact develop paresis. Furthermore accordingto Scriven,
no other factoris known to be relevantin the development
of paresi. This descriptionis capturedby a simple causal
model Mp. There are two endogenousariables, S (for

syphilis) and P (for paresis),andtwo exogenousvariables,
U,, the backgroundactorsthatdetermineS, andUs, which

intuitively representsdispositionto paresis”ji.e., thefactors
that determine,in conjunctionwith syphilis, whetheror not
paresisactually develops. An agentwho knows this causal
modelandthata patienthasparesisdoesnot needan expla-

nation of why: the agentknows without beingtold that the
patientmust have syphilisandthat Us = 1. On the other
hand,for anagentwho doesnot know the causaimodel(i.e.,

considersa numberof causalmodelsof paresispossible),
({Mp}, S = 1) is anexplanationof paresisll

4 Discussion

We have givena formal definition of explanationin termsof
causality As we mentionedearlier thereare not too mary
formal definitionsof explanationin termsof causalityin the
literature. One of the few exceptionsis Lewis 1986a,who
defendghethesisthat“to explain aneventis to provide some
informationaboutits causahistory”. While thisview is com-
patiblewith our definition, thereis no formal definitiongiven
to allow for acarefulcomparisorbetweertheapproachedn
ary case|f wereto definecausahistoryin termsof Lewis’s
1986bdefinition of causality we would inherit all the prob-
lems of that definition. As we said earlier, our definition
avoidstheseproblems.

So what are the problemswith our definition? For one
thing, it inheritswhatever problemsour definition of causal-
ity has.As obsenedin [HalpernandPearl,2001], our defini-
tion at timesdeclaresertaineventsto be causegandhence
candidateexplanations}hat,intuitively, shouldnotbecauses
becauseahey shouldfail AC2(a). The only reasonthat they
do notfail AC2(a)is becaus@f extremelyunlikely structural
contingenciesTo someextent,we canavoid this problemby
simply ignoring structuralcontingencieghat are extremely
unlikely (thisis essentialljthe solutionsuggestedh [Halpern
andPearl,2001] in the context of causality). Of course we
cando this in the context of explanationtoo. Anotherpossi-
bility is to take the probability of the structuralcontingeng
into accounimoredirectly whencomputingthe probability of
the explanation.We arecurrentlyexploring this option.

We have mentionedthe other significantproblem of the
definition already: dealing with disjunctive explanations.
Disjunctionscauseproblemsin the definition of causality
whichis why we do not dealwith themin the context of ex-
planation. As we pointedout earlier, it may be possibleto
modify thedefinitionof causalitysoasto beableto dealwith
conjunctionswithout changingthe structureof our definition
of explanation.We arecurrentlyexploring this.

2ppparentlytherearenow otherknown factors but this doesnot
changeheimport of theexample.
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Finally, ourdefinitiongivesnotoolsfor dealingwith thein-
herenttensionbetweenexplanatorypower, goodnes®f par
tial beliefs, and the probability of the explanation. Clearly
thisis anareathatrequiresfurtherwork.
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Abstract

We analyzethecomputationatomplexity of causal
relationshipsn Pearls structuraimodelswherewe
focuson causalitybetweervariables gventcausal-
ity, andprobabilisticcausality In particular we an-
alyzethecompleity of the sophisticateahotionsof
weakandactualcausalityby HalpernandPearl.In
thecourseof this, we alsoproveanopenconjecture
by HalpernandPearl,andestablishothersemantic
results. To our knowledge,no compleity aspects
of causarelationshipave beenconsideredofar,
andour resultsshedlight onthisissue.

1 Intr oduction

Representingand reasoningwith causalknowledgehasre-

ceived muchattentionin the recentdecade.The existing ap-
proachego causalityin the Al literaturecanbe roughly di-

videdinto thosethathave beendevelopedasmodalnonmono-
tonic logics (especiallyin the context of logic programming)
andthosethatevolvedfrom the areaof Bayesiametworks.

A representatie of the former is Geffner's modal non-
monotonidogic for handlingcausaknowledge[1990;1992],
which hasbeeninspired by default reasoningfrom condi-
tional knowledgebases.Othermore specializedormalisms
play an importantrole in dealing with causalknowledge
aboutactionsandchange seeespeciallythe work by Turner
[1999] andthereferenceshereinfor anoverview.

A representatie of thelatteris Pearls approactto model-
ing causalityby structuralequationdBalke andPearl,1994;
GallesandPearl,1997;Pearl,1999;200d, which is central
to anumberof recentresearctefforts. In particular the eval-
uationof deterministicand probabilisticcounterfictualshas
beenexplored,whichis atthecoreof problemsin faultdiag-
nosis,planning,decisionmaking,anddeterminatiorof liabil-
ity [Balke andPearl,1994.

In a recentpaper Halpern[2000] gave an axiomatization
of reasoningaboutcausalformulasin the structural-model
approachandexploredits computationahspects.

It hasbeenshawn that the structural-modebpproachal-
lows a precisemodelingof mary importantcausalrelation-
ships,which canespeciallybe usedin naturallanguagepro-
cessingGallesand Pearl,1997. In particular it allows an
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elggantdefinitionof theimportantnotionsof actualcausation
andexplanation[HalpernandPearl,2000;2001].

We giveasimpleexampledueto HalpernandPearl[2000],
whichillustratesthe structural-modebpproach.

Example 1.1 Supposehattwo arsonistdit matchesn differ-

entpartsof adry forest,andbothcausereesto startburning.
Assumenow thateithermatchby itself sufficesto burn down

thewhole forest. In the structural-modeframework, sucha
scenariomay be modeledasfollows. We assumewo binary
backgroundvariablesl/; andU-, which determinethe moti-

vation andthe stateof mind of the two arsonistswhereU;

hasthe valuel iff thearsonist; intendsto starta fire. More-

over, we have threebinary variablesA;, Az, and F', which

describethe obsenable situation,where A; hasthe valuel

iff thearsonist dropsthematch,andF hasthevaluel iff the
whole forestburnsdown. The causaldependenciebetween
thesevariablesare expressedhroughfunctions, which say
thatthe valueof A4; is givenby the valueof U;, andthat F

hasthe value1l iff either A; or A, hasthevaluel. These
dependenciesanbegraphicallyrepresentedsin Fig. 1.

UlﬂAl\
UQHAQ/

Figurel: CausalGraph

F

While the semanticaspectof causalrelationshipsn the
structural-modehpproachhave beenexploredin depth(see
especiallythework by Pearl[2000]), studiesabouttheircom-
putationalpropertiesaremissingsofar. In this paperwetry
tofill this gapby giving a preciseaccountof the compleity
of decidingcausakelationshipsn structuralmodels.

Note that Halperns work [2000] is orthogonalto ours,as
it focuseson the computationabspectof decidingwhether
a given causalformula hasa causalmodel, while our work
in this paperdealswith the compleity of decidingwhethera
givencausakrelationshipholdsin a givencausaimodel.

Themaincontributionscanbe summarizedsfollows:

e \We analyzethe compleity of deciding causalrelation-
shipsbetweervariablesin structuralcausaimodels.We con-
siderthe notionsof causairrelevance causecausen acon-
text, directcauseandindirectcause.lt turnsout thattesting
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thesenotionshasa compleity amongNP, co-NP, andDP.
Hardnesdoldsevenin restrictedcases.

¢ We analyzethe complexity of deciding causalrelation-
shipsbetweenevents. We considerthe notionsof necessary
andpossiblecausality andthe sophisticatedhotionsof weak
andactualcausalityby Halpernand Pearl[2000]. In partic-
ular, checkingthe latteris shavn to be ££'-completein gen-
eral,andNP-completein the caseof binaryvariables.

¢ We prove somesemantiaesultsrelatedto the notionsof
actualandweakcausality More precisely we prove anopen
conjectureby HalpernandPearl[2000], andwe give a new
characterizatioof weakcausalityfor the binary case.

e As arepresentatie for probabilisticcausalrelationships,
we finally analyzethe compleity of decidingthe notion of
probabilisticcausalirrelevance,which is shavn to be com-
pletefor the classG-, andthusharderthanco-NP. Notethat
few C=-completeproblemsandnonein Al, areknown.

Ourresultsdraw a clearpictureof the complexity of struc-
tural causality and give usefulinsight for exploiting it, e.g.,
in counteractualreasoningseeSections).

For spacereasonswe give only proof sketchesof some
results. Proofsof all resultsaregivenin the extendedpaper
[Eiter andLukasiavicz, 2001].

2 Preliminaries

We assumaen finite setof random variables. Eachvariable
X; maytake onvalues from afinite domain D(X;). A value
for a set of variablesX = {X;,...,X,} is a mapping
z: X = D(X;)U---UD(X,) suchthatz(X;) € D(X;)

(wherethe emptymapping@ is the uniquevaluefor X = ).

The domain of X, denotedD(X), is the setof all values
for X. ForY CX andz e D(X), denoteby z|Y the re-
striction of z to Y. For setsof variablesX,Y andvalues
z € D(X) andy € D(Y), we usezy to denotetheunionof z

andy. As usual,we oftenidentify singletons{ X;} with X;,

andtheirvaluesz with z(X;).

2.1 Causaland Probabilistic Causal Models

A causal model M is atriple (U, V, F), whereU is afinite
setof exogenous variables,V is a finite setof endogenous
variablessuchthatU NV =0, andF = {Fx | X € V} isaset
of functionsFx : D(PAx) — D(X) thatassigna valueto
X for eachvalueof theparents PAx CU UV \ {X} of X.

We focus hereon the principal classof recursive causal
models M = (U, V, F) (as argued in [Halpern and Pearl,
200d, we donotlosemuchgeneralityby concentratingnre-
cursive causamodels)in whichatotalordering< onV exists
suchthatY € PAx impliesY < X, forall X,Y € V. In such
models,every assignmento the exogenousvariablesU = u
determinesuniquevaluey for every setof endogenousari-
ablesy” C V, denotedy, (u) (orsimplyY (u)). In thesequel,
M isresenedfor denotingarecursve causaimodel.

For causaimodelsM = (U,V, F), X CV, andz € D(X),
the causalmodel Mx—, = (U,V, Fx—,), where Fx_, =
{Fy |Y e VA\X}U{Fx =2(X')| X' € X}, is a submodel
of M. Intuitively, X is setto z by an“externalaction”. We
abbreiate Mx_, and Fx—, by M, and F,, respectiely.
For Y CV, we abbreviateYys, (u) by Yz (u).
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A probabilistic causal model (M, P) consistsof a causal
modelM = (U, V, F) anda probabilityfunction P on D(U).

Example 2.1 In ourintroductoryexample,the causaimodel
M=(U,V,F)isgivenby U ={U;,Us}, V={A4;1, A2, F},
andF ={Fy,,Fa,, Fr}, where Fy, =U;, F4, =Us,, and
Fr=1iff Ay =1o0r A, =1 (Fig. 1 shovstheparentrelation-
ship betweenthe variables).In a probabilisticcausalmodel
(M, P), we may usetheuniform distribution P over D(U).

2.2 Model Representationfor Computation

We assumethe following representatiorof causalmodels
M =(U,V, F) andprobabilisticcausalmodels(M, P) (see
thefull paperfor adiscussiorof theseassumptions):

e ThedomainD(X) of eachvariableX € U UV is explicit,
i.e., D(X) = {v1,...,v} isenumerated.

e Eachfunction Fix: D(PAx)— D(X), X €V, is com-
putablein polynomialtime.

e Pisgivenbyapair(f,b), wheref: D(U)— {0,1,2,...}
is a polynomial-timecomputablgunctionandb > 0 is anin-
teger, suchthat P(u) = f(u) / b for everyu € D(U).

Thefollowing propositionis immediate.

Proposition2.2 For every X, Y CV and z € D(X), theval-
ues Y (u) and Y, (u), given uw€ D(U), are computable in
polynomial time.

We say M (resp.,(M, P)) is binary, if |D(X)|=2 for
all X eV. Furthermore,M (resp.,(M, P)) is bounded, if
|PAx| < k holdsfor eachX €V, i.e., X hasat mostk par
ents,wherek is anarbitrarybut fixed constant.

Note thatin a boundedmodel,asfor polynomiality, each
Fx is w.l.o.g. given by a table that lists the output values
Fx (v) for all v € D(PAx) (whichis similar to a conditional
probabilitytablein Bayesiametworks).

2.3 Complexity Classes

Compleity classeghat we encounterare shavn in Fig. 2,

wherearrons denotecontainment.P, NP, co-NP, ©¥ and
117 arefrom the PolynomialHierarchy(PH); DY = {L.N L' |

L eNP, L' € co-NP} isthe“conjunction”of NP andco-NP.

TheclassC is fromtheCountingHierarchy(CH) of complex-

ity classedToran, 1991. Informally, C containsall prob-
lemswhich canbe expressedisdecidingwhethera givenin-

stancel hasat least f(||) mary polynomial size “proofs”

Ji,....Jp(r)) thatI is a Yes-instancefor somefunction f,

wherecomputingf(]Z|) andcheckingeachproof J; is poly-
nomial. The classC coincideswith the famousclassPP

(probabilisticP) [Papadimitriou,1994, which containsthe
problemsdecidableby a polynomial-time Turing machine
which acceptsaninput iff the majority of its runshaltin an
acceptingstate.

Figure2: ContainmenbetweenCompleity Classes
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The classG- is a variant of C, where “exactly f(|I|)”
replaces“at least f(|I])". While this difference seems
mamginal, C and G have quite different properties[Toran,
1991]. Intuitively, G- is anextensionof co-NP, andhasmary
propertiesof this class.C and G- arecontainedn PSIACE,
andit is believedthatthey arenot containedn PH.

3 Causality betweenVariables

We first focuson causalrelationshipsetweenvariablesdue
to GallesandPearl[1997]; seealso[Pearl,1999;200d.

3.1 Definitions

In the sequelwe assumea causalmodel M = (U, V, F) and
setsof variablesX,Y, Z C V with X,Y # (. We say

e X is causally irrelevant to Y given Z iff for every
WCV\XuUYUZ, weD(U), z,2' € D(X), ze D(Z),
andw € D(W), wehave Y, ., (u) = Yyr 0 ().

e X isacauseof Y iff valuesz, z' € D(X) andu € D(U)
exist suchthatY; (u) # Yy (u).

e X is a cause of Y in the context Z =2z iff values
z,z' € D(X) andu € D(U) existwith Y, (u) # Yy . (u).

e X is a direct cause of Y iff values z,z' € D(X),
u€ D(U), andzeD(V\XUY) existwith Yy, (u) # Yy, (u).

e X isanindirect cause of Y iff X is acauseof Y and X
is notadirectcauseof Y.

We give someexamplesof suchcausalrelationships.For
amoredetaileddiscussiorof theseconceptssee[Gallesand
Pearl,1997 and[Pearl,1999;200d.

Example 3.1 In our runningexample, A; is not causallyir-
relevantto F'. For instancejf weset4d, e V'\ {4;,F} t00
andA; to0andl, thenF hasthevaluesO andl, respectiely.
Informally, theactionsof arsonistl arenotcausallyirrelevant
to the stateof theforest. In fact, A; is a causeof F', but not
acauseof F' in thecontext A; = 1. Informally, the actionsof
arsonistl arein general causeof the stateof the forest,but
not whenarsonist2 startsa fire. Finally, it is easyto verify
that A, isin factadirectcauseof F'.

3.2 Results

Our compleity resultsfor checkingthe above notions of
causalityaresummarizedn Table1. It is importantto point
outthatfor all thesecausarelationshipshardness$ioldseven
if M is binaryandboundedandX is asingleton.

Tablel: Compleity of Causalitybetweervariables

X is causallyirrelevantto Y givenZ | co-NP-complete

X isacauseofY NP-complete
X isacauseof Y in thecontet Z =z NP-complete
X isadirectcauseof Y NP-complete

X isanindirectcauseof Y’ DF-complete

Ouir first result shavs that deciding causalirrelevanceis
co-NP-complete We sketchthe mainideasof its proof.
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Theorem3.2 Given M =(U,V,F) and X,Y,Z CV with
X,Y #0, deciding whether X is causally irrelevant to Y
given Z is co-NP-complete. Hardness holds even if (1) M is
binary and bounded, (2) Z isempty, (3) X isa singleton, and
(4a) Yisasingletonor (4b) V=XUY U Z.

Proof (sketch). Theproblemis in co-NP,asW C V' \ X U
Y U Z andvaluesu € D(U), z,z' € D(X), z€ D(Z), and
w € D(W) suchthat Y., (u) # Yy .(u) canbe guessed
andverifiedin polynomialtime (seePropositiorn2.2).

We shav co-NP-hardnesdy a polynomialtransformation
from the co-NP-completeproblem of deciding whethera
given propositionalformulain 3DNF ¢=¢1 V --- V ¢ On
theatomsA,,..., 4,, wherew.l.o.g.k>2 andn>1, is a
tautology

We now constructM = (U,V, F) and X,Y, Z CV such
that X is causallyirrelevantto Y given Z iff ¢ is a tautol-
ogy. We defineX ={A}, Y ={B}, andZ =0. Moreover,
U:{Al,.. 7An} andV:XUYU{Dl,. .. ;Dk—l}- Let
all variableshave thedomain{0, 1}, where0 and1 areiden-
tified with thetruth valuesfalse andtrue, respectiely. The
values0 and1 of X aredenotedby z¢ andz;, respectiely.
ThefunctionsFs for S € V areasfollows:

(] FAzlandFDI ZAV¢11
e Fp,=D; 1 V¢;foralie{2,....k—1},
o Fg =Dy_1V ¢p.

It cannow be shawvn that X is causallyirrelevantto Y
givenZ iff ¢ is atautology Informally, underary u € D(U),
if X issettoz;,thenY becomed. Whereasif X issetto zg,
thenY is thetruth valueof ¢ underu. Thatis, settingX to
zo andzx; yieldsthesamevalueof Y underary v € D(U) iff
¢ is atautology Noticethatassignmentso somenonempty
W CDy,...,Dj_1 alwaysyield the samevalueof Y.

Notethat(1)—(3)and(4a)aresatisfied. The proof of hard-
nessin the casewhere(1)—(3)and(4b) holdsis similar. O

Thefollowing resultshavsthatdecidingcausesndcauses
in acontextis NP-completeHere,NP-hardnessanbeshavn
by a reductionfrom the NP-completeproblem of deciding
whethera propositionaformulais not a tautology

Theorem3.3 Given M =(U,V,F) and X, Y CV (resp,
X,Y,ZCV andze D(Z))with X, Y # 0, deciding whether
X isacause of Y (resp., X isa cause of Y in the context
Z =z) isNP-complete. Hardness holds even if (1) M is bi-
nary and bounded, and (2) X and Y are singletons.

4 Event Causality

We now focuson causalitybetweerevents.In particular we
considercausalrelationshipsbetweeneventsdue to Galles
andPearl[1997]; seealso[Pearl, 1999;200d, andthenotions
of weak and actual causalityby Halpernand Pearl[2000],
which areinspiredby Pearls causabeamdq2000].

4.1 Definitions

A primitive event is anexpressiorof theformY =y, whereY’
is avariableandy is a valuefor Y. The setof eventsis the
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closureof the setof primitive eventsunderthe Booleanop-
erations— and A (thatis, every primitive eventis an event,
andif ¢ andvy areeventsthenalso—¢ and¢ A ).
Thetruth of anevent¢ in a causalmodel M = (U, V, F)
underue D(U), denoted M, u) =¢, is inductively givenby:
o (M,u) EY =yiff Yy (u) =y,
o (M,u) = —¢iff (M,u) = ¢ doesnothold,

o (M,u) £ ¢ At (M,u) | ¢ and(M,u) = .
We write ¢(u) to abbreviate (M,u) =¢. For X CV and
z € D(X), we write ¢, (u) to abbreviate (M,,u) = ¢. For
X ={Xy,...,X,} CV with £ >1andz; € D(X;), we use
X=z - -zptoabbreiate X1 =21 A ... A Xy =x4.

Thefollowing propositionis immediate.

Proposition4.1 Let X CV andz € D(X). Givenu € D(U)
and an event ¢, deciding whether ¢(u) and ¢, (u) (given z)
hold can be done in polynomial time.

We are now readyto definecausalrelationshipsbetween
events. We first definethe notionsof necessarand possi-
ble causality(which areslightly moregenerakhanin [Galles
and Pearl, 1997). Let M =(U,V, F) be a causalmodel.
Let X CV andz € D(X). Let ¢ beanevent. We say

e X =z alwayscauses ¢ iff (i) ¢, (u) forallu € D(U), and
(i) somer’'eD(X), u'e D(U) existwith z' £z and—¢, (u').

e X =2 may have caused ¢ iff (i) X =2 and ¢ are ob-
sened (which implies that X (u) =z and ¢(u) for some
u € D(U)) and(ii) somez’ € D(X) andu € D(U) existsuch
thate' #z, X (u) =z, ¢(u), and—¢, (u).

We next defineweakandactualcausality We say X =z is
aweak cause of ¢ underu iff thefollowing conditionshold:

AC1. X(u) =z andg(u).

AC2. Someset of variablesW CV \ X and somevalues
T € D(X) andw € D(W) exist suchthat:

(@) ~¢zw(v),
(b) prws(u) forall ZC V\ (X UW) andz = Z(u).

We say X = z is anactual cause of ¢ underu iff additionally
thefollowing conditionis satisfied:

AC3. X is minimal. Thatis, no propersubsebf X satisfies
bothAC1andAC2.

We give someillustrative examples.

Example4.2 In our running example, each event among
A1=1, A> =1, andA; =1 A A =1 alwayscausesF' =1.
For instance let us shav that A; =1 alwayscausest’ = 1:
(i) if Ay is setto 1, then F' hasthe value 1 underevery
u € D(U), and(ii) if U, is setto 0, and 4; to 0, thenF" has
the value 0. Informally, at leastone arsoniststartinga fire
alwayshasthe effect thatthewhole forestburnsdown.

Considemow the backgrounccontext = (1,1) in which
botharsonistgntendto startafire. Then,eachamong4; =1,
Ay =1,andA; =1A Ay =1 is aweakcauseof FF=1. For
instanceJet us show that 4; =1 is a weakcauseof F =1:
(AC1) both 4; and F' have the value 1 underu, (AC2 (a))
if both A; and A, aresetto O, then F' hasthe valueO, and
(AC2(b))if Ay issettolandA; to0,thenF hasthevaluel.
In fact,4; =1 and 4, = 1 areactualcause®f F =1, while
A; =1A Ay =1 isnotanactualcauseof F =1.
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4.2 Results

Our compleity resultsfor the above causalrelationshipse-

tweeneventsaresummarizedn Table2. We distinguishbe-

tweenthe generalandthe binary case,in which we assume
a syntacticrestrictionto binary causalmodels. We remark
that for all thesecausalrelationshipshetweenevents, hard-

nessholdsevenif M is boundecand X is asingleton.

Table2: Compleity of EventCausality

| Problem
X =z alwayscauses

| generakase| binarycase|

DF-completg DY -complets
X =z maycausep NP-complete NP-complete
X =z isaweakcauseof ¢ | XF-completg NP-complete
X =z is anactualcauseof ¢ | 21’ -completeg NP-complete

Thefollowing theorenshowns thatdecidingweakcausality
is =’ -completein thegenerakcase We sketchthemainideas
behindthetechnicallyquiteinvolvedproof of this result.

Theorem4.3 Given M =(U,V,F), XCV, zeD(X),
uw€ D(U), and an event ¢, deciding whether X = z isaweak
cause of ¢ under u is ¥4’ -complete. Hardness holds even if
X isasingleton, and either M isbounded or ¢ is primitive.

Proof (sketch). As for membershipn $¥, recallthat X =z
is a weak causeof ¢ underu iff AC1 and AC2 hold. By
Propositiond. 1, verifying X (u) =z and¢(u) is polynomial.
Moreover, someW, Z, andw asin AC2 canbe guessednd
verified with an NP-oracle(neededfor (b)) in polynomial
time. In summarycheckingAC1andAC2isin ©F.

¥P-hardnesss shavn by a reductionfrom evaluatinga
guantifiedBooleanformula® = 3AVB v, wherey isapropo-
sitional formula on the variables A={A;,...,A,,} and
B={By,...,B,}. Wenow defineM, etc. as statedsuch
that X = z is aweakcauseof ¢ underu iff @ is true (decid-
ing thisis ©¥-complete] Papadimitriou,1994).

We defineX = {G} andY = {H}. The exogenousand
endogenousariablesareU = {E} andV =X UY U {C} U
A U B, respectiely. DefineD(S)={0,1,2} for all S € B,
andD(S)={0,1} forall Se UUV \ B. We define

¢ =("ANN\S#2V(C=0)V(G=1AC=1A\/S#2),

SeB SeB

wherey' is obtainedfrom ~ by replacingeachS € AU B by
“S =1". ThefunctionsFs with S € V aredefinedby:

e Fg=0forall Se X U{C}UA,
e Fs=G+ Cforall Se B,andFg =1 iff ¢' istrue.

Letue D(U) andz=0. Let ¢ beY =1. It cannow
be shavn that X =z is a weak causeof ¢ underu iff ®
is true. More precisely AC1 is trivially satisfied,and AC2
holdsiff @ is true. Roughlyspeakingthe existentialanduni-
versalquantificationover A and B in @ is reflectedby the
variablesin W andV \ (X U W), respectrely. We thenes-
pecially have to ensurethat (i) BNW = and (ii) no truth
assignmento thevariablesn B isignored.In detail,to make
¢ falsein AC2(a), C mustbesetto 1 andall S € B musthave
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thevalue2. Whereasto make ¢ truein AC2 (b), all Se€ B
musthaveavaluefrom {0, 1}. Thisalreadyensuregi). Since
Gissetto0in AC2(b),andFs =G + C for all S € B, each
variablein B hasthevaluel in AC2(b). As every S € B has
thevalueOin M, thisthenensuregii).

Note that X is a singletonand that ¢ is primitive. To
shav ©F-hardnesdor a singletonX and boundedM, de-
fine M'=(U,V\{H},F\{Fu}). Then, X =z is aweak
causeof ¢' underu iff ® evaluatego true.O

Thejustsketchedproof of £ -hardnessnakesuseof non-
binary causalmodels. Thus, we may askwhetherdeciding
weakcausalityin the binary casehasa lower compleity.

In fact, the following semantiaesultshovs thatin the bi-
narycase AC2 canbeexpressedn a differentway.

Theorem4.4 Let M =(U,V, F) bebinary. Let X CV and
z € D(X). Let ¢ bean event. Then, X =z isaweak cause of
¢ under ueD(U) iff AC1 holds, and (AC2') some WCV\ X,
TeD(X), and we D(W) exist such that (8) —¢zw(u),
(0) ¢zw(u), and (€) Zyw(u)=Z(u) for Z=V \ (X UW).

Proof (sketch). NoticethatAC2’ (a) is identicalto AC2 (a).
Moreover, AC2’ (b) canbereplacedy AC2 (b), asAC2’ (c)
impliesthatsettingZ CV\ (XUW) to 2 = Z(u) isimmaterial
iN ¢zwz(u) of AC2(b). Thus,it is now sufficientto show that
for binary M, we canaddAC2’ (c) to AC2 (a) and(b).
Roughly speaking,we can additionally satisfy AC2’ (c)
by iteratively moving variablesfrom V' \ (X UW) to the
W-partin AC2 (a) and (b). More precisely ary singleton
SCV\ (X UW) with Sz, (u) # S(u) canbe movedto the
W -partassigningthem Sz, (u). This is always feasiblefor
Szw(u) = Szu(u). If M is binary, this is also feasiblefor
Szw (1) # Sz (u), which thenimplies Sz, (u) = S(u). This
constructiorcannow beiterateduntil AC2’ (c) holds.O

Basedon this result, it can now be shovn that deciding
weak causalityin the binary caseis NP-complete. This is
moreformally expressedy thefollowing theorem.

Theorem4.5 Given a binary M =(U,V,F), XCV, z€
D(X),ue D(U), and an event ¢, deciding whether X =z is
a weak cause of ¢ under v is NP-complete. Hardness holds
even if M isbounded, X isasingleton, and ¢ is primitive.

We next focus on the problemof decidingactual causal-
ity. We first prove a conjectureby HalpernandPearl[2000],

which saysthat only primitive eventscan be actualcauses.

Notethatthe proof alsogoesthroughfor their settingof pos-
sibly infinite domainsandsetsof endogenousariables.

Theorem4.6 Let M = (U,V,F) be a causal model. Let
XCVandzeD(X). Let ¢ bean event. If X =z isan
actualcauseof ¢ under u, then X isa singleton.

Proof (sketch). We give a proof by contradictionLet X =z
be an actual cause of ¢ underu. Thatis, AC1-AC3 hold.
In particular AC2 (a) and(b) hold for someWw C V' \ X and
somez € D(X) andw € D(W). Supposethat X is not a
singleton.We considertwo cases:

Case 1: Thereexists somenonemptyX” C X, X" # X,
suchthat ¢ iz, (u) for all ZCV \(XUW), whereX' =
X\ X", o' =z|X', T =%| X", and 2= Z(u). Informally,
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we can then move all variablesin X" to the W-part of
AC2 assigningthemz"”. Thatis, setin AC2z' =7z| X’ and
w' =F"w where W' = X" UW is the respectie W-part.
Then, X' =1’ is anotherweak causeof ¢ underu, which
is smallerthan X = z. Thisis a contradiction.

Case 2: For every nonempty X" C X, X" # X, there
exists someZ C V\(XUW) suchthat —¢,:z.,:(u), where
X'=X\X", o' =z|X', 7' =%|X", and 2 = Z(u). Infor-
mally, we canthentake any suchX"” andmove thevariables
in X’ and Z to the W-part of AC2 assigningthem values
' =z|X' and 2=Z(u). Thatis, setin AC2 z" =z|X"
and w' =z'wz where W' = X'UW U Z is the respectie
W-part Then, X" =z" is aweakcauseof ¢ underu (note
thateachinstanceof AC2(b)for X" =" amountsto anin-
stanceof AC2(b)for X =z). Thisis acontradiction.O

Hence X =z is anactualcauseof ¢ underu iff (i) X =z
is a weak causeof ¢ underu, and (i) X =z is primitive.
As animmediatecorollary of Theorems4.3 and4.6, it thus
follows that decidingwhetherX =z is an actualcauseof ¢
underu is ©¥-completein thegenerakase.

Corollary 4.7 Given M =(U,V,F), XCV, z€ D(X),
u € D(U), and an event ¢, deciding whether X =z isan ac-
tual cause of ¢ under u is %22’ -complete. Hardness holds even
if X isasingleton, and M isbounded or ¢ is primitive.

Furthermoreas an immediatecorollary of Theorems4.5
and4.6, we obtainthat decidingwhetherX = z is an actual
causeof ¢ undery is NP-completein the binarycase.

Corollary 4.8 Given a binary M =(U,V,F), XCV, z €
D(X),u e D(U), and an event ¢, deciding whether X =z is
an actual cause of ¢ under u isNP-complete. Hardness holds
even if M isbounded, X isa singleton, and ¢ is primitive.

5 Probabilistic Causality

As a representatie of probabilisticcausalrelationshipswe
finally considerthe notion of probabilisticcausalirrelevance
by GallesandPearl[1997]; seealso[Pearl,1999;2004.

A counterfactual formula is an expressionY, =y, where
X,YCV, 2zeD(X), andye D(Y). Given a probabilis-
tic causalmodel (M, P), where M = (U, V, F'), the proba-
bility of ¥, =y, denotedP (Y, =y), is the sumof all P(u)
suchthat Y, (u)=y. For X,Y,ZCV with X,Y #0, we
say X is probabilistically causally irrelevant to Y given Z,
denoted(X A Y | Z) p, iff for all z,z' € D(X), ye D(Y),
andz € D(Z), it holdsthat P(Y,, =y) = P(Yy» =v). Intu-
itively, oncethevalueof Z is fixedat z, thevalueof X does
not affectthe probabilityof Y.

The following theoremshaows that deciding probabilistic
causalrrelevanceis completefor G-.

Theorem5.1 Given a probabilistic causal model (M, P),
where M = (U,V, F), and X,Y,Z CV, deciding whether
(X AY | Z)p iscomplete for G-.

Theoremb5.1 is nontrivial and needssomeexplanations.
Firstly, theresultmeanghat,in a sensetestingprobabilistic
causalirrelevanceis harderthan co-NP, andthus not poly-
nomially reducibleto SAT-testing.Moreover, it cannotbere-
ducedto arny problemsolver for problemsin the polynomial
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hierarchy On the other hand,the problemis “easier” than
PP-completeproblemswhich could perhapshelpin finding
polynomialtime (randomizedppproximatioralgorithms.

The easierpart of this resultis the lower bound. Hard-
nessfor G- canbe provedby a reductionfrom the following
C=-completeproblemHALFSAT: Given a propositionalfor-
mulain 3DNF~ onthevariablese, . .., z,, decidewhether
exactly half of the assignment$o z4, ..., z, satisfyy. The
constructionis basedon ideasin the proof of Theorem3.2,
but moreinvolved. In fact,it establishebardnesgor thecase
where M is binary andbounded,Z is empty X,Y aresin-
gletons,andP is theuniformdistribution. Thus,the problem
shawsits full compleity alreadyin a minimalistic setting.

The more difficult partis membershign C-. Recallthat
(XAY|2)p iff P(Yy,=y)=P(Yy,=y) for all values
x', z,y, andz. Checkingthat P(Y,, =y) = P(Yz. =y), for
givenz, z', y, andz, canbereducedo thefollowing problem
EQUALRUN, whichis in G=: Giventwo NP Turing machines
Ty andT, andaninput string w, decidewhetherT; and T,
have the samenumberof acceptingunson w.

Indeed et P begivenby (f, b) asdescribedn Section2.2.
Let the NP Turing machinesl; andT; haveinputz,z',y, 2
and nondeterministicallygenerateall w € D(U). Then, for
eachu, let T and T> generatef(u) paths. On eachof
thesepathsT; (resp..I») computesieterministicallyY, (u)
(resp.,Y, . (u)), andacceptsf this value coincideswith y,
otherwiseit rejects. Then, P(Y,,=y) = P(Yy.=y) iff
T, andT; have the samenumbersf acceptingoaths.

Obviously, 77 and T> can be constructedn polynomial
time from M andz,z’,y, 2. However, we actually needto
testthat P(Y,, =y) = P(Yy.=y) for all valuesz’, z, y,
andz. Whatwe obtain(by slightadaptationsis thattheprob-
lemisin theclassvG, whichis ageneralizatiorof G- similar
to [T’ for co-NP: decidingwhether! is a Yes-instancean
be informally expressedsdecidingwhetherfor every poly-
nomialsizestring.J, it holdsthat!, J is a Yes-instancef the
sameproblemin G-. SinceVG- is equalto G- (cf. [Green,
1993), this reductionactuallyprovesmembershipn GC-.

6 Conclusionand Outlook

We analyzedhe compleity of causarelationshipsn Pearls
structuralmodels. In particular we consideredccausalitybe-
tweenvariables,event causality and probabilisticcausality
It turnedout that all discussechotions of causalityare in-
tractable wherethe sophisticatecdhotionsof weakandactual
causality and the notion of probabilistic causalirrelevance
have the highestcomplexity (X4 andG-, respectiely).
Ourresultsgive usefulinsight,andmaybeexploitede.g.in

evaluatingprobabilisticcounterfictualsas definedin [Balke
and Pearl,1994. Note that the evaluationof probabilistic
counterfictualscanbe polynomially reducedio standardn-
ferencetasksin Bayesiametworks,andthushassimilarcom-
putationalproperties. It is easyto seethat the complexity
of computingconditionalprobabilitiesin Bayesiametworks,
whichis completefor #P [Roth,1994, carriesoverto com-
puting probabilitiesof counteractualstatements Similar to
independencielPearl,200d, deterministicandprobabilistic
causalrelationshipamight now be usedto simplify the eval-
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uation of probabilisticcounterfctuals. By our results, this
seemgeasonableasthe compleity of testingsimplecausal
relationshipgat mostDY, G) is muchlower thanthe com-
plexity of evaluatingprobabilisticcounterfictualg#P-hard).

Moreover, our resultsmay help to analyzethe computa-
tional aspectf explanationsand partial explanationsasin-
troducedby Halpernand Pearl[2000], which are crucially
basedn the notionsof weakandactualcausality

An interestingopicof futureresearclis to explorewhether
there are restrictedcasesin which testing causalrelation-
shipsin the structural-modedpproachs tractable For exam-
ple, probabilisticcausalirrelevancein stablecausalmodels
[GallesandPearl,1997 canbetestedin polynomialtime as
it coincideswith pathinterceptionin their causalgraphs.
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A number of important scientific and engineer- e

range constraint

ing applications, such as fluid dynamics simulation / _

. . . . . ———— landing C ., and tip scrape
and aircraft design, require analysis of spatially- - = =~ tipspike constraint
distributed data from expensive experiments and
complex simulations. In such data-scarce appli-
cations, it is advantageous to use models of given >
sparse data to identify promising regions for addi-
tional data collection. This paper presents a prin-
cipled mechanism for applying domain-specific o
knowledge to design focused sampling strategies
In particular, our approach uses ambiguities identi-
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studies demonstrate that this approach leads to
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plainable in terms of problem structures and do-  Figure 1: A pocket in an aircraft design space viewed as a
main knowledge. slice through three design points (courtesy Layne T. Watson).
1 Introduction involved in conducting simulations. Second, and more impor-

A number of important scientific and engineering applica-tantly- the corr_]pqtatlonal scientist has_ complete confcrol over
tions, such as fluid dynamics simulation and aircraft designth® data acquisition process (e.g. regions of the design space
require qualitative analysis of spatially-distributed data fromhere data can be collected), especially via computer simu-
expensive experiments and/or complex simulations demand@tions. It is natural therefore to focus data collection so as
ing days, weeks, or even years on petaflops-class computiﬁ maximize information content, minimize the number and
systems. For example, Fig. 1 shows a cross-section of the<Pense of samples, and so forth. _ _
design space for a multidisciplinary aircraft design problem This paper presents a principled mechanism for applying
involving 29 design variables with 68 constraints in a highly domain-specific knowledge to focus sampling strategies for
non-convex design spaéinill et al, 1999. Frequently, the ~data-scarce applications. In particulambiguitiesidenti-
designer will change some aspect of a nominal design poinfied by a multi-level qualitative analysis of data collected in
and run a simulation to see how the change affects the olf2n€ iteration guide succ_;ee_dlng iterations of_data collection so
jective function and various constraints dealing with aircraftds to improve the qualitative analysis. This approach leads
geometry and performance/aerodynamics. This approach @ highly effective sampling decisions that agrplainable
inadequate for exploring such large high-dimensional desigil terms of problem structures and domain knowledge. We
spaces, even at low fidelity. Ideally, the design engineeflémonstrate the effectiveness of our approach by two case
would like a high-level mining system to identify tip@ckets studies: (1) |dent|f[c_at|on of pockets mdlmensmna_l space,
that contain good designs and which merit further considerand (2) decomposition of a field based on control influences.
ation; traditional tools from optimization and approximation
theory can then be applied to fine-tune such preliminary anal2  Qualitative Analysis of
yses . _ - . .

Two important characteristics distinguish these applica- Spatially-Distributed Physical Systems
tions. First, they must deal not with an abundance of dataThe mechanism we develop for ambiguity-directed sampling
but rather with a scarcity of data, owing to the cost and times based on the Spatial Aggregation Language (I8ajley-
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* Figure 3: Example steps in SAL vector field analysis. (a) In-
put vector field. (b) Filtered neighborhood graph. (c) Equiv-
Input Field alence classes (make a choice at each fork edge) redescribed
as streamline curves. (d) Higher-level aggregation and classi-

fication of curves whose flows converge.

Figure 2: SAL multi-layer spatial aggregates, uncovered by a
uniform vocabulary of operators utilizing domain knowledge. (Fig. 3(d)), using the exact same operators but with differ-
ent metrics As this example illustrates, SAL provides a vo-
Kellogg et al, 1996; Yip and Zhao, 1996which supports cabu_lary f_or_ex_pressm_g the knowledge reqw_red — cﬂstance
construction of data interpretation and control design apMetrics, similarity metrics, etc. — for uncovering multi-level
plications for spatially-distributed physical systems. SAL SUUctures in spatial data sets. It has been applied to appli-
programs uncover and manipulate multi-layer geometric angatlons ranging from decgntrallzed contr_ol des[g}alle_zy-
topological structures in spatially distributed data by using 9"099 and Zhao, 1999',%003]10 analysis of diffusion-
small number of uniform operators and data types, parametef€action morphogenesi®rdofiez and Zhao, 2000
ized by domain-specific knowledge. These operators and data .. ) )
types mediate increasingly abstract descriptions of the inpu8 Ambiguity-Directed Sampling
data, as shown in Fig. 2. They utilize knowledge of physicalwe extend SAL for data-scarce, rather than data-rich, applica-
properties such as continuity and locality, based on specifieflons, by focusing data collection in areas that will yield infor-
metrics, adjacency relations, and equivalence predicates, taation most useful in discriminating among possible models.
uncover regions of uniformity in spatially distributed data.  Given a set of possible SAL modelg = {my,ma,...,my}
As an example (see Fig. 3), consider a SAL program forfor the data, we want to choose a new sample® help
bundling the vectors in a given vector field (e.g. wind veloc-discriminate among posterior probabilitid¥(m; | s). For
ity or temperature gradient) into a set of streamlines (pathinstance, in the vector-bundling example (Fig. 3), models
through the field following the vector directions): would represent different choices of how to group vectors into
i i _streamlines. By Bayes rule, we need to evaludfe | m;)
1. Aggregatevectors into a neighborhood graph (say 8 and P(m;). The domain knowledge used to enumerate the

adjacency), localizing computation. i . ;

) ) y) ) 9 P . .. . . possible SAL structures also places prif¥sn;) on the iden-
2. Filter edges in the graph, ensuring edge direction is simyified models. In the vector-bundling example, a possible
ilar enough to vector direction. streamline can be scored based on how well its curvature

Cluster into equivalence classeseighboring vectors matches the directions of the vectors it aggregates. Addi-
whose directions match best. tional domain knowledge then characterizes the dependence
4. Redescribequivalence classes of vectors into more ab-Of pot_en_tlal sample values on d|ff¢rent models,_ thus helping
' stract streamline curves to optimize the next sample location. As we will show later
' in this section, one useful form of such dependence relates to

In a second level of abstraction, streamlines are aggreaddressingmbiguity For example, the best aggregation for
gated and classified into groups with similar flow behaviorambiguous streamlines can be determined by sampling the
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interpolate : field x new.objectsx surrogate— new.values function with zero mean and known variance. Kriging then
Determine values for new objects based on values for nearby estimates a model of the same form, based on thebser-
objects in field, according to surrogate function. vations:

classify : objectsx equipredicate . dlasses: ambiguites V(@) = B | plany). - plee) @)
Apply predicate to neighboring objects, partitioning them
into equivalence classes and left-over ambiguous objgcts. and minimizing mean squared error betweéandp:
Predicate is a function taking a pair of neighbors and|re- , 9
turning one of{true, false, ambiguoys MSE = E(p'(z,y) — p(z,y)) 3)

sample : objectsx ambiguitiesx objectivefn — new_objects A typical choice forZ in p’ is 2R, where scalas? is the
Determine new objects to be sampled based on optimization estimatedvariance, and the symmetric correlation mathx
of an objective function indicating information gain with re-  can encode domain-specific constraints and factors reflecting
spect to the ambiguities. the current fidelity of data. We use an exponential function
for entries inR, with two parameterg§’; andCs:

Table 1: Ambiguity-directed sampling operators. 2 ,
Rij = e~ Crlzi—z;|"=C2lyi—y;| (4)

flow near streamline “branch points.” Intuitively, function estimation at a given point is influenced
Tab. 1 summarizes the incorporation of domain knowledgamore by observations nearby than by those farther away.

in new SAL operators by our ambiguity-directed sampling The estimator minimizing mean squared error is then ob-

framework. The data interpretation and sampling processained by multi-dimensional optimization:

proceeds as follows, starting from some initial sparse data. 1

(1) Derive qualitative SAL structures from either the sparse max __(1n o? +n|R|) (5)

data, or a dense dataset interpolated with a surrogate func- c 2

tion. (2) Identify ambiguities arising in the structure forma- This expression can be derived from the conditions that there
tion process. (3) Target a sample point that will optimize theis no error between the model and the true values at the cho-
information gain with respect to these ambiguities. (4) Up-senf sites, and that all variability in the model arises from
date the data set and repeat, as long as information gain ife design ofZ (the derivation is beyond the scope of this pa-
substantial enough. The following subsections describe thger). The multi-dimensional optimization is often performed
key parts of this approach in more detail. by gradient descent or pattern search methods. More details
. . . are available ifSackset al,, 1989, which demonstrates this
3.1 Interpolation with a Surrogate Function methodology in the context of the design and analysis of com-
In some cases it is advantageous to generate a dense datgagfer experiments.

and find structures in it, rather than to work directly from

sparse data. For example, when possible models have &2 Bottom-Up Detection of Ambiguity

known, common structure (e.g. they can be treated as lofhe SAL equivalence class clustering mechanism (operat-
cally smooth quadratic functions), then interpolating denseng on the sparse input data or the dense surrogate model)
data can simplify structure and ambiguity identification. Theexploits continuity, grouping neighboring objects that sat-
interpolateoperator in Tab. 1 generates such dense data, agsfy a domain-specific equivalence predicate (e.g. similar
cording to a given surrogate representation. vector direction). At discontinuities, dissimilar neighboring
The choice of surrogate representation is constrained bybjects are placed in separate classes. However, within a
the local nature of SAL computations. For example, globalweakly-similar class or across a weakly-different discontinu-
least-squares type approximations are inappropriate sinGg, neighboring objects mighalmostsatisfy the predicate.
measurements at all locations are equally considered to urkor example, some vectors in Fig. 3(b) have two possible for-
cover trends and patterns in a particular region. We advoward neighbors; in some cases, a vector might equally well
cate the use of kriging-type interpolatd@ackset al, 1989,  belong to either of two flows. We call such unclear classifica-
which are local modeling methods with roots in Bayesiantion choice pointembiguous
statistics. Kriging can handle situations with multiple local The bottom-up SAL operators introduced in Sec. 2 can be
extrema (for example, in weather data, remote sensing dat@sed to detect ambiguities if the equivalence class clustering
etc.) and can easily exploit anisotropies and trends. Gliven operatorclassifyis extended as in Tab. 1. In particular, a
observations, the interpolated model gives exact responses @ main-specific equivalence predicate indicates when neigh-
thesek sites and estimates values at other sites by minimizhors are equivalent, not equivalent, or ambiguous, allowing

ing the mean squared error (MSE), assuming a random datglassifyto delay ambiguous classification decisions.
process of known functional form.

Formally (for two dimensions), the true functignis as- 3.3 Top-Down Utilization of Ambiguity
sumed to be the realization of a random process such as:  ampiguity can reflect the desirability of acquiring data at
_ 7 1 or near a specified point, to cla_nfy th_e correct cIaSS|f|(_:a-
(@,y) =B+ 2Z(@.y) @) tion and to serve as a mathematical criterion of information
where (3 is typically a uniform random variate, estimated content. Thesampleoperator specified in Tab. 1 addresses
based on the knowi values ofp, and Z is a correlation this opportunity by generating samples to optimize a given
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domain-specific objective function, given a set of ambiguousvariations in parameters. At each stage, KAM adds samples
objects. For example, in response to a vector with an ambiguwhen it detects an inadequate description. In our vocabulary,
ous neighbor, it might suggest nearby locations to sample. Ithe classify predicate clustering orbits into a phase portrait
other applications, it might pick the midpoint between a pairnotices when two neighboring orbits cannot physically be ad-
of ambiguous points, or even (see the influence-based modglcent;samplethen starts orbit integration from the mid-point
decomposition application below) apply SAL recursively to of an ambiguous pair of neighboring points. Similarly, in a
gualitatively analyze a set of ambiguous points. In conjuncbifurcation map additional phase portraits are generated for
tion with a surrogate function, some functional of the MSE parameter values between those of ambiguous neighboring
(Eqg. 3) can be used to focus sampling, by a suitable statisticgdhase portraits.
design' Section 4.2 describes the use of such an objective STA [Ordofiez and Zhao, 20Q0has been applied to
function. build high-level descriptions of morphogenesis in diffusion-
When using a surrogate function, the correlation maix reaction systems by tracking aggregates of sample “floaters”
(Eq. 4) can be modified to emphasize the desirability of fo-that react to changes in the underlying field. In particular,
cusing the fitting effort on ambiguous regions. In particu-floaters attempt to ensure an adequate sampling of the field
lar, indicator covariance termsnodulate R when the stan- (no interpolation is required), especially in high-gradient ar-
dard uniformly parameterized modél{ andC> in our case) eas. They do this in a manner similar to the particle system
does not adequately capture the observed variability. Our amf Witkin and Heckberf1994, by repelling each other, split-
proach is reminiscent of incorporating “Type C soft data” intoting, and merging. In our vocabulary, tickassifypredicate
variogram estimatiofJournel, 1988 “soft” data have non-  bundling floaters in a region tests whether or not neighbor-
negligible uncertainty and “Type C” data are obtained with-ing floaters are near enough relative to an energy metric mea-
out additional experimentation (in our case, via SAL analy-suring adequate representation of the reggamplesimply
sis). By using the pcdf of ambiguous objects as an indicatosplits one ambiguous floater into two adjacent floaters.
covariance term, we can improve covariance estimates, and
also help suggest data locations that will clarify the correc.2 Pocket Identification

classification. The exact equations are beyond the scope @ first application domain is motivated by research in spa-
this article, but we refer the reader tiournel, 198Bfor an g statisticg Journel, 1986; Saclet al, 1989 and multidis-
account of this “soft kriging” approach. ciplinary system desigEKnill et al, 1999. Visualize then-

. dimensional hypercube defined by € [—-1,1],: = 1---n,
3.4 lteration o ] with the n-sphere of radiug centered at the origindz;? <
Data are collected for the indicated sample points, by expert) embedded inside it. Notice that the ratio of the volume
iment or simulation. When a surrogate function is used, the)f the cube #") to that of the spherer(*/2/(n/2)!) grows
fitted model is refined with real data at the indicated pOintSunboundedly withe. In other words, the volume of a high-
via interpolate  We note that efficient implementations of gimensional cube is concentrated in its corners (a counter-
some data structures (e.g. Delaunay triangulation neighbojntyitive notion at first). Carl de Boor exploited this prop-
hood graphs) can be incrementally updated with the addierty to design a difficult-to-optimize function which assumes
tional samplegOrdbfiiez and Zhao, 2090 The aggregation gpocketin each corner of the cube (Fig. 4), that is just outside

process can then be repeated with the extended data set, tf{e spher¢Rice, 1992. Formally, it can be defined as:
minating when the information-theoretic metric usedshyn-

le drops below some specified level. L )
P P P a(X) cos (Z 2° <1 i >> -2 (6)
i=1

4 Applications ]

This section discusses how the computational framework 0X) = ||X_0'5I”2 (7)
of two existing applications can be redescribed in terms of p(X) = aX)(1-0(X)(3-26(X)))+1 (8)
ambiguity-directed sampling, and then illustrates the effec-

: . . whereX is the n-dimensional poirftry, xo, - - -, x,,) at which
tiveness of our approach with two new case studies. the pocket functiorp is evaluated] is the identity n-vector,
4.1 Existing Applications and|| - [| is the L, norm.

It is easily seen thgh has2™ local minima; ifn is large
say, 30, which means it will take more than half a million
Bints to just represent the corners of theube!), naive

5I'obal optimization algorithms will require an unreasonable

t'é’?'\glgvtgr;s dggggtlyevﬁggetzf;ﬁ)ﬁariﬂﬁ _ro:} ioeziggimonumber of function evaluations. However, in real-world do-
P P ) groups p mains, significant structure exists and can often be exploited.

orbits describing the system’s temporal evolution; it groups, good example is the STAGE algorithiBoyan and Moore,

orbits i_nto phase portraits describing evolution of all state.smoq which intelligently selects starting points for local
for a given set of parameters; and it groups phase portraits, o .

into bifurcation maps describing variations in portraits due to earch algorithms. -Our goals here are very different from
P 9 P global optimization: we wish to obtain a qualitative indica-

'Sample selection optimization is different from kriging interpo- tion of the existence, number, and locations of pockets, using
lation optimization (Eg. 5), used to generate a dense data field.  low-fidelity models and/or as few data points as possible. The

KAM [Yip, 1991] interprets the behaviors of Hamiltonian dy-
namical systems by phase-space analysis. Geometric poi
represent states of the system for a given set of paramete
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Surrogate model J
Use kriging interpolator with indicator covariance term
(modeling number of similar-enough neighbors from predi-
cate below) to estimateat unknown points.

N7 : Vector equivalence predicate
N . . . — .

. Return true if vector directions are similar enough, false if
they aren’t, and ambiguous if a vector has multiple neigh-
bors with similar-enough directions.

Sample objective function
Minimize the entropyE(— logd), whered is the condi-
tional density ofp over the design spacet covereddy the

Figure 4: A 2D pocket function. current data values.

Table 2: Domain knowledge for ambiguity-directed sampling
results can then be used to seed higher-fidelity calculation$n pocket identification.
This is also fundamentally different from DAJBackset al.,
1989, polynomial response surface approximatidisill
et al, 1999, and other approaches in geo-statistics wherd®: 113'.1.131' : . .
v =T . 2 The initial experimental configuration used a face-centered
the goal is accuracy of functional prediction at untested datza

: T - design ¢ points in the 2D case). The surrogate model then
Foo:?]}ﬁé Iggéié?sccuracy of estimation is traded for the abllltygenerated al”-point grid. The ambiguity-directed mech-

: o ) ) anism selected new design points, using the vector field
_In a dense field of data, it is straightforward to iden- ndling approach discussed above. Standard parameter set-
tify pockets by applying the vector field bundling imple- ings were applied: required similarity 6f8 for dot product
mentation discussed in the introduction (see Fig. 3) to thest adjacency direction and vector field direction, and factor
gradient field. In the data-scarce setting, we follow theyt () 1. distance penalizing the grouping of far-apart vectors.
ambiguity-directed sampling framework, incorporating the Fig. 5 shows a design involving only total data points
domain-specific knowledge summarized in Tab. 2. Given gyt is able to mine the four pockets. As previously dis-
surrogate model, vector bundling |d_ent|f|es vectors which ca ussed, our sampling decisions result in highly sub-optimal
participate in multiple good streamlines. The surrogate modeesigns according to traditional metrics of variance in pre-
incorporates these ambiguities with an indicator covariancgjicted values and D-optimality, but are sufficient to determine
term counting the number of possible good neighbors. Thigyockets. In particular, the ambiguity-driven framework com-
ambiguity distribution” provides a novel mechanism to in- yietely skips one of the quadrants in selecting new points.
clude qualitative information — streamlines that agree will Thjs indicates that neighborhood calculations involving the
generally contribute less to data mining, just as samples thjiner three quadrants are enough to uncover the pocket in
are far apart are weighted less in the origifiahatrix. Thus,  he fourth quadrant. Since the kriging interpolator uses lo-
this framewo_rk can be viewed as a natural gene_rallz_at_lon ofal modeling and since pockets in 2D effectively occupy the
the assumptions of sample clustering that underlie kriging. quadrants, obtaining measurements at ambiguous locations

The sampleobjective function described in Tab. 2 mini- serves to capture the relatively narrow regime of each dip,
mizes the expected posterior entropy on timsampledde-  which in turn helps to distinguish the pocket in the neighbor-
sign space, which by a reduction argument, can be showjng quadrant. This effect is hard to achieve without qualitative
to be maximizing the prior entropy over themtire design  feedback. For higher dimensions (including 3D), the pockets
spacd Sackset al,, 1989. In turn, this means that the amount move further away from the center of the design space, ne-
of information obtained from an experiment is maximized. cessitating the sampling of points in all corners.

For our purposes, the objective function thus provides a basis Fig. 6 shows the distributions of number of design points
to choose sample points that will improve our modeling.of  required for ambiguity-directed and kriging-based pocket
We applied the ambiguity-driven mechanism to determin-identification overl00 perturbed variations of the 2D pocket

ing pockets in both 2D and 3D. We used a variation of thefunction. Ambiguity-directed sampling requir8do 11 addi-
pocket function with a pseudorandom perturbation that shiftsional samples, with the latter figure in the pathological case
the pockets away from the corners in a somewhat unprewhere the random perturbations cause a nearly quintic dip,
dictable way. This twist precludes many forms of analysesrendering the initial adjacency calculations misleading. In
such as symbolic parsing, by imposing a highly nonlinearcomparison, conventional incremental kriging techniques (of
global map of pocket locations. In the traditional pocketthe form described in Section 3.1 without qualitative analysis)
function, the dips can be viewed as being influenced by lit+equiredl3 to 19 additional data points. While pockets in the
tle spheres at the corners, with known radii and centers. Thbigger dips are discovered quickly, the quintic and shallow
new pocket design uses an additional parameter to imposdips require more function evaluations. Tests with pockets
non-symmetric perturbations which randomize both the radiin 3D yielded even more significant results: uplfal addi-

and centers. As a result, local modeling must be carried outonal points for regular kriging, but at mog&2 for ambiguity-

at each corner to determine the exact location of the pocketirected sampling. With the use of block kriging, reductions
More detail about this function can be found[Rice, 1992, in both values could be enjoyed, but these figures illustrate
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Figure 5: Mining pockets from only sample points (2D).
(top) The chosen sample locationg:initial face-centered
samples (marked as blue circles) pRismbiguity-directed
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Figure 6: Pocket-finding results (2D) show that ambiguity-
directed sampling always requires fewer total samplteks]
than conventional krigingl(r-23).

the effectiveness of our technique.

The extension to more tha&dimensions is straightforward
and is not detailed here for ease of presentation. It essentially
entails using the appropriate covariance matrix and SAL data
structures (e.g8-adjacency in 2D26-adjacency in 3D, ...).
While we believe our ambiguity-directed framework will fare
well compared to traditional kriging, a more careful study
will be needed to characterize the scalability of our approach.

4.3 Influence-Based Model Decomposition

Influence-based model decompositiBuailey-Kellogg and
Zhao, 1999; 200Lis an approach to designing spatially-
distributed data interpretation and decentralized control ap-
plications, such as thermal regulation for semiconductor
wafer processing and noise control in photocopy machines.
A decentralizednfluence graph built by sampling the ef-
fects of controls on a field (either physically or by solving
a partial differential equation), represents influences of con-
trols on distributed physical fields. Given the expense of ob-
taining influence graph values, it is desirable to minimize the
number of samples required. This section demonstrates that
ambiguity-directed sampling can greatly reduce the number
of samples required. Note that we do naderpolatea dense
representation, following the explicit kriging methodology,
since it sometimes does not result in explainable designs,
by overlooking “nice” properties such as balance, symmetry,
collapsibility, and comparabilitjEasterling, 198P
Influence-based model decomposition uses influence
graphs for control placement and parameter design algo-
rithms that exploit physical knowledge of locality, linear
superposability, and continuity for distributed systems with
large numbers of coupled variables (often modeled by partial
differential equations). By leveraging the physical knowl-
edge encapsulated in influence graphs, these control design
algorithms are more efficient than standard techniques, and
produce designs explainable in terms of problem structures.

samples (marked as red diamonds). Note that no additionghflyence-based model decomposition decomposes a problem
sample is required in the lower-left quadrant. (middie) Com-gomain so as to allow relatively independent design of con-
puted variogram for resulting surrogate model: color repreyyg|s for the resulting regions. Fig. 7 overviews the approach:

sents estimateg@ and isocontours join points of equal es-

timated MSE. (bottom) SAL structures in surrogate model 1. Representin an influence graph the effects of a few sam-

data, confirming the existence of four pockets.
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ple probe controls on the field — in this example, the
heat flows induced in a piece of material by point heat
sources.
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| RN Field node equivalence predicate

N R . | 38 R Return true if nodes have similar-enough effect to one probe,
s O M || A4 AN o ) false if they don’t, and ambiguous if the magnitude of the
o 571 T <e . o e_ffe_(l:t is fnfottlarge enough or if two competing probes yield
ﬁ\’_‘\\ “’_‘/ﬁ similar effects.

Sample objective function
Perform secondary aggregation and classification to find re-

Figure 7: Influence-based model decomposition: sample an  gions of ambiguities. For each ambiguous field node, mea-
influence graph, and cluster probes and partition field based  sure how similar its flows are to other ambiguous field nofles
on similar control effects. Ambiguity-directed sampling tech- in its region; choose the node with the best similarity to the

niques close the loop by suggesting new probe locations. most ambiguous nodes.

o . Table 3: Domain knowledge for ambiguity-directed sampling
2. Cluster the probes based on similarities in their effects, jnfluence-based model decomposition.

as represented in the influence graph. For example, the
geometric constraint imposed by the narrow channel in ° )
the dumbbell-shaped piece of material results in similar -
field responses to the two probes in the left half of the £
dumbbell and similar responses to the two probes in the %
right half of the dumbbell. Note that influence graphs = ‘
encapsulate not only geometry but also material proper- o S .

ties, which can greatly impact heat flows and thus the

proper decomposition.
3. Cluster the field nodes based on th be clusteri Figure 8: Comparison of influence-based model decomposi-
- luster the neld nodes based on the probe Clustering, agg, , quality using random and ambiguity-directed probes, for

pIy:Ing a predicaéebtesr:ing if neightéoringdfieldl noﬁes A nree different problems: (left) plus; (middle) p; (right) bar.
well-represented by the same probe nodes. In the exa : N ’
ble. th field nodes in the left half of the dumbbell are <CSUItS are relative to spectral partitioning.

best represented by the probe nodes also in the left half
(which belong to the same probe equivalence class), anquality ¢ (0 < ¢ < 1) for a partitionP of a set of node$ as
are thus decomposed from the nodes in the right halffollows (i is the influence):
Controls are placed in the regions and optimized by a )
separate process not discussed here. q= H Z 2rer ?(07 r)
REP ceER ZSES i(c, )

o
©

S
®

Relative Quality
£}
2

©
>

—— Ambig 0.5
+_Random

32 o

The quality of decompositions from a small number of
random!y_-placed probes is c_ompetitive with that of a spec- Fig. 8 summarizes the results. The ambiguity-directed
tral partition of the complete influence graph (computed f0l-p,oyh 64 generally does much better than random for a given
lowing an approach developed for image segmentd®n et of probes, both in mean and standard deviation of
and Mahk, 19.97)' but with Qrders of ma_gmtude less com- quality, and it generally can do as well with8 probes as
putation and in a decentralized mod8ailey-Kellogg and 545m sampling can with6-32. One interesting case is
Zhao, 2001 We now extend this approach to show that re-yq 1aer in the plus-shaped piece of material. This is due to

plac_ing random sampling with ambig_uityfdirected Sam_p"ngover-sampling: the samples are clustered in the middle of the
achieves even better results. Ambiguity-directed sampling ef-

fectively cl he | b he field d . lus, yielding a jagged decomposition that results in a worse
ectively closes the loop between the Tield decomposition anguality score. In fact, with default parameters, the ambiguity-

inflyence graph sampling (d".".ShEd arrow in Fig. 7_)' Tab._ 3 debased metric declines to add samples beyond ab@uin-
scribes the the domain-specific knowledge used in ambiguitygicating that the field was adequately sampled. In order to
directed sampling for model-based decomposition. achieve the desired number of samples, parameters were set

We applied ambiguity-directed sampling to the three probs ¢ lina | linf i ;
lems presented bjBailey-Kellogg and Zhao, 2091 a plus- 0 force sampling for only smafl information gain.

shaped piece of material, a P-shaped piece of material, arg;i Di .
an anisotropic bar, illustrating different geometries, topolo- ISCUSsIon
gies (the P-shaped material has a hole), and material properhe idea of selective sampling to satisfy particular design cri-
ties. Results were collected fan00 runs each by random teria arises in many contexts, such as Gaussian quadrature,
probing, and using each possible node in the discretizatiospline smoothing in geometric design, remote sensing data
for the initial probe in ambiguity-directed probing. Results acquisition, crystallographyGopalakrishnaret al, 2004
are relative to a baseline spectral partitioning of the completand engineering design optimization. In data mining, sam-
influence graph (computed essentially using probes at evemling has been viewed as a methodology to avoid costly disk
one of the hundreds of nodes in a discretization). accesses (this thread of research, however, doesn’t address the
Given a decomposition, a quality metric compares thessue of where to sampléKivinen and Mannila, 1994 All
amount of influence that stays within a region to the amounthese approaches (including ours) rely on capturing properties
that leaves it: To be more specific, define the decompositionf a desirable design in terms of a novel objective function.
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The distinguishing feature of our work is that it usgmatial ~ [Bailey-Kellogget al, 1996 C. Bailey-Kellogg, F. Zhao,
information gleaned from a higher level of abstraction to fo- and K. Yip. Spatial aggregation: language and applica-
cus data collection at the field/simulation code layer. While tions. InProc. AAA] 1996.

flavors of theconsistent labelingproblem in mobile vision [Berleant and Kuipers, 1998D. Berleant and B. Kuipers.

have this feature, they are more attuned to transferring infor- - 5, 5jitative and quantitative simulation: bridging the gap.
mation across twsuccessivabstraction levels. The applica-  ificial Intelligence 95(2):215-255, 1998.

tions presented here are novel in that they span and connect

arbitrary levels of abstraction, thus suggesting new ways t6Boyan and Moore, 20J0J.A. Boyan and A.W. Moore.

integrate qualitative and quantitative simulati@erleant and Learning evaluation functions to improve optimization by

Kuipers, 1998, local search.J. Machine Learning Research:77-112,
The effectiveness of our approach relies on the trustworthi- 2000.

ness of the ambiguity detection mechanism and the ability tgEasterling, 198P R.G. Easterling. Comment on ‘Design

act decisively on new information. In both our applications, and Analysis of Computer ExperimentsStatistical Sci-

this was easily achieved by relying on fairly specific quali- ence 4(4):425-427, 1989.

tative features whose causes are well understood. Howev%;opalakrishnam al, 2004 V. Gopalakrishnan B.G

in other applications (€.g. phase portrait exploration for sen- Buchanan, and :]M Roéenberg Intelligeﬁt aids 'for

sitivity analysis of highly non-normal matrices), it is difficult parallel ex,perimen.t blanning and. macromolecular crys-

to (;ll;tIHQUISh betwgen qualitative changes in problem charac- tallization. In Proc. ISMB volume 8, pages 171-182,
teristic and numerical error such as roundoff. In such cases, 2000

a more detailed modeling of qualitative behavior should be ] )
exploited for ambiguity-directed sampling to be successfullJournel, 198B A. Journel. Constrainted Interpolation and
In terms of the pocket study, this might require a domain- Qualitative Information - The Soft Kriging Approach.
specific enumeration of the various ways in which pockets Mathematical Geologyl8(2):269-286, November 1986.
(and ambiguities in detecting them) can arise, and a probgkivinen and Mannila, 1994 J. Kivinen and H. Mannila.
bilistic model of the elements of a SAL hierarchy using, say, The use of sampling in knowledge discovery. Rroc.
superpositions of Bayesian expectation-maximization terms.  13th ACM Symposium on Principles of Database Systems
SAL provides a natural framework for exploitirgntinu- pages 77-85, 1994,
ity to uncover structures in spatial datf':l;.ambigu'ity—dir_ected[KniII etal, 1099 D.L. Knill. AA. Giunta, C.A. Baker
sampling focuses SAL's efforts on clarifying thodisconti- B. Grossman, W.H. Mason, R.T. Haftka, and L.T. Wat-

nuitiesthat yield multiple, qualitatively-different interpreta- S .
tions. This effort is leading us to explore a completely prob- SN Response Surface Models Combining Linear and Eu-
ler Aerodynamics for Supersonic Transport Designof

abilistic SAL framework. Such a framework should also be ; )

able to incorporate information from multiple, perhaps con- Aircraft, 36(1):75-86, 1999.

flicting, SAL hierarchies. This is an emerging frontier in sev- [Ordofiez and Zhao, 20Q0I. Ordofiez and F. Zhao. STA:

eral applications (such as bioinformatics), where diverse ex- Spatio-temporal aggregation with applications to analysis

perimental methodologies can cause contradictory results at of diffusion-reaction phenomena. Rroc. AAA| 2000.

the highest levels of abstraction. Our work provides some enfrjce. 1992 J.R. Rice. Learning, Teaching, Optimization

couraging results addressing such grand-challenge problems. 5nq Approximation. In E.N. Houstis, J.R. Rice, and
R. Vichnevetsky, editorsExpert Systems for Scientific
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A Spatial Odyssey of the Interval Algebra: 1. Directed Intervals

Jochen Renz *
Institut fur Informationssysteme
Technische Universitat Wien
A-1040 Vienna, Austria

Abstract

Allen’s well-known Interval Algebra has been de-
veloped for temporal representation and reasoning,
but there are also interesting spatial applications
where intervals can be used. A prototypical ex-
ample are traffic scenarios where cars and their re-
gions of influence can be represented as intervals
on a road as the underlying line. There are several
differences of temporal and spatial intervals which
have to be considered when developing a spatial in-
terval algebra. In this paper we analyze the first
important difference: as opposed to temporal inter-
vals, spatial intervals can have an intrinsic direc-
tion with respect to the underlying line. We de-
velop an algebra for qualitative spatial representa-
tion and reasoning about directed intervals, identify
tractable subsets, and show that path-consistency is
sufficient for deciding consistency for a particular
subset which contains all base relations.

1 Introduction

Qualitative spatial representation and reasoning has become
more and more important in recent years. The best-known
approach in this field is the Region Connection Calculus
RCC8 [Randell ef al., 1992] which describes topological rela-
tionships between n-dimensional spatial regions of arbitrary
shape. For some applications, however, it is sufficient to use
spatial regions with more restricted properties. The block al-
gebra [Balbiani et al., 1999], for instance, considers only spa-
tial regions which are n-dimensional blocks whose sides are
parallel to the defining axes. The most restricted spatial re-
gions are (one-dimensional) intervals. A prototypical spatial
application of intervals are traffic scenarios. Vehicles usually
move only along given ways (also sea-/airways). Therefore,
when looking at vehicles on one particular way, vehicles and
their regions of influence (such as safety margin, braking dis-
tance, or reaction distance) could be represented as intervals
on a line which represents the possibly winded way. Similar

*This research was carried out while the author was visiting the
Department of Computer and Information Science at the University
of Linkoping, Sweden. Supported by the Wallenberg foundation as
part of the WITAS project. Thanks to Patrick Doherty, Guy Even,
Alfonso Gerevini, and Erik Sandewall for their comments.
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to the well-known Interval Algebra [Allen, 1983] developed
for temporal intervals, it seems useful to develop a spatial in-
terval algebra for spatial intervals.

There are several differences between spatial and temporal
intervals which have to be considered when extending the In-
terval Algebra towards dealing with spatial applications. (1)
spatial intervals can have different directions, either the same
or the opposite direction as the underlying line. (2) ways usu-
ally have more than one lane where vehicles can move, i.e., it
should be possible to represent that intervals are on different
lanes and that one interval is, e.g., left of, right of, or beside
another interval. (3) it is interesting to represent intervals on
way networks instead of considering just isolated ways. (4)
intervals such as those corresponding to regions of influence
often depend on the speed of vehicles, i.e., it should be possi-
ble to represent dynamic information. This is also necessary
for predicting future positions of vehicles which is an impor-
tant task in traffic control. As for temporal intervals it is also
important to represent qualitative or metric information on the
length of intervals and on the distance between intervals.

‘We start this spatial odyssey of the Interval Algebra by ana-
lyzing the first important difference between spatial and tem-
poral intervals, namely, direction of intervals. We define the
directed intervals algebra which consists of 26 jointly exhaus-
tive and pairwise disjoint base relations, identify tractable
subsets, and show that path-consistency decides consistency
for a particular subset which contains all base relations.

2 Directed Intervals

The Interval Algebra (IA) describes the possible relationships
between convex intervals on a directed line. The default ap-
plication of the Interval Algebra is temporal, so the directed
line is usually considered to be the timeline. The 13 IA base
relations (before <, after >, meets m, met-by mi, overlaps
o, overlapped-by oi, equals =, during d, includes di, starts s,
started-by si, finishes f, and finished-by fi) describe a combi-
nation of topological relations (disconnected, externally con-
nected, partial overlap, equal, non-tangential proper part, tan-
gential proper part, and the converse of the latter two) and
order relations (<,>). The topological distinctions are ex-
actly those which are made by RCC8. Therefore, RCC8 is
often considered as the spatial counterpart of the Interval Al-
gebra. Or, from another point of view, what distinguishes
the Interval Algebra from RCC8 and what makes it its key
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Figure 1: Four structurally different instantiations of the rela-
tion “x behind y” with directed intervals

feature is the given direction of the (one-dimensional) line.
This given direction naturally imposes a direction also on the
intervals: an interval can have the same or the opposite direc-
tion as the underlying line. However, because of its original
temporal interpretation (no event can end before it starts), di-
rection of intervals has never been considered in Al. Actually,
directed intervals have been studied in the large field of Inter-
val Arithmetics, but work in this field is completely different
from the qualitative and constraint-based approaches studied
in Al. When using the Interval Algebra for spatial applica-
tions, direction of intervals has to be taken into account. This
leads to the obvious question: can the large body of work and
the large number of results obtained on the Interval Algebra
such as algorithms and complexity results also be applied to a
spatial interpretation of the Interval Algebra, or is it necessary
to completely start from scratch again?

Before answering this question, consider the example of
Figure 1 which illustrates the differences of having directed
intervals from having only intervals of the same direction.
Since all four combinations of the directions of the two in-
tervals are possible, there are four structurally different in-
stantiations of every relation instead of just one. Therefore, it
is possible that inconsistent instances of the Interval Algebra
become consistent when allowing directed intervals.

3 The Directed Intervals Algebra

A straightforward way for dealing with directed intervals
would be to add additional constraints on the direction of in-
tervals to constraints over the Interval Algebra and treat the
two types of constraints separately while propagating infor-
mation from one type to the other (similar to what has been
done in [Gerevini and Renz, 1998].) We say that an interval
has positive direction if it has the same direction as the un-
derlying line and negative direction otherwise. So possible
direction constraints could be unary constraints like “x has
positive/negative direction” or binary constraints like “x and
y have the same/opposite direction”. This approach, however,
is not possible since the Interval Algebra loses its property of
being a relation algebra when permitting directed intervals.
This can be easily seen when considering the “behind” re-
lation of Figure 1. The converse of “z behind y” is “y is
behind or in front of x”’, whose converse is “z is behind or in
front of y”, i.e., applying the converse operation (-~) twice
leads to a different relation than the original relation. This
is a contradiction to one of the requirements of relation al-
gebras (R~ = R) [Ladkin and Maddux, 1994]. This con-
tradiction does not occur when we refine the “behind” rela-
tion into two disjoint sub-relations “behind_"" and “behind_.”
where the subscript indicates that both intervals have the same
(=) or opposite (#) direction. The converse of both relations
is “in-front-of_" and “behind..”, respectively. Applying the
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Directed Intervals Sym- | Pictorial
Base Relation bol Example
z behind— y b— |-x->
y in-front-of= x f— -y->
x behind y b |<-x-
_y_>
x in-front-of« y fr |x>
<-y-
x meets-from-behind— y mb— | —x—>
y meets-in-the-front— x mf_— —y—>
« meets-from-behind_ y mb_ | <-x—
—y—>
x meets-in-the-front y mf. [—x—>
<-y-
z overlaps-from-behind— y ob— [—x—>
y overlaps-in-the-front= = of— —y—>
x overlaps-from-behind y obx |<—x—
—y—>
x overlaps-in-the-front y of |—x—>
<—y—
z contained-in= y (o —X—>
y extends= = e— —y—>
x contained-in, y (o <—X—
y extendsx x ez —y—>
x contained-in-the-back-of— y | cb= |[—=x—>
y extends-the-front-of = x ef— | —y—>
x contained-in-the-back-of . y [cb, | <—x-
y extends-the-back-of . x ebs | —y—>
x contained-in-the-front-of— y | cf— —X—>
y extends-the-back-of— x eb— —y—>
x contained-in-the-front-of « y | cf« <—x-
y extends-the-front-of » « efx —y—>
x equals— y eq— —X—>
x equalsx y eq2 —X—>
<—y—

Table 1: The 26 base relations of the directed intervals algebra

converse operation again leads to the original relations.

Since a relation algebra must be closed under composition,
intersection, and converse, we have to make the same dis-
tinction also for all other IA relations. This leads us to the
definition of the directed intervals algebra (DIA). It consists
of the 26 base relations given in Table 1, which result from
refining each |A relation into two sub-relations specifying ei-
ther same or opposite direction of the involved intervals, and
of all possible unions of the base relations. This gives a total
number of 22 DIA relations. Converse relations are given in
the same table entry. If a converse relation is not explicitly
given, the corresponding relation is its own converse. We de-
note the set of 26 DIA base relations as 3. Then DIA = 25.
Complex relations which are the union of more than one base
relation Ry, ..., Ry, are written as { Ry, ..., Ry }. The union
of all base relations, the universal relation, is denoted {x}.

A DIA base relation R = I; consist of two parts, the in-
terval part I which is a spatial interpretation of the Interval
Algebra and the direction part d which gives the mutual di-
rection of both intervals, either = or #. If a complex relation
R consist of base relations with the same direction part d, we
can combine the interval parts and write R = {I*,...,I*},
instead of R = {I,... 715}- We write R, (resp. Ry) in
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R <[> m |mi|o|oi|s|si|d|dif]fi
R" =|<|mi|mjoi|lo|f |fi|d[di]s]si
dia(R) || b | f [mb|[mf|ob|of [cb|ef|c|e|cf|eb

S

Table 2: IA base relations R, their reverses R", and their spa-
tial interpretations dia(R)

order to refer to the union of the interval parts of every sub-
relation of a complex relation R where the direction part is
{=} (resp. {#}.) In this way, every DIA relation R can be
written as R = {R.}— U{R,,} .. DIA denotes the set of 2'3
possible interval parts of DIA relations.

It is important to note that the spatial interpretation of the
Interval Algebra was chosen in a way that the interval part
of a relation zI;y only depends on the direction of ¥ and not
on the direction of x. Therefore, if the direction of x is re-
versed, written as z, then only the direction part changes, i.e.,
zlyy = TI.4y. This would not be the case in a straight-
forward spatial interpretation of the original temporal rela-
tions. For instance, |A relations like “x started-by y” or “z
finished-by y”” depend on the direction of x. Instead, we inter-
pret these relations spatially as “z extends-the-front/back-of
y” and “z contained-in-the-front/back-of y”. This interpre-
tation is independent of the direction of z. When all inter-
vals have the same direction, both interpretations are equiv-
alent. In order to transform the spatial and the temporal in-
terval relations (independent of the direction of the intervals)
into each other, we introduce two mutually inverse functions
dia: IA — DIA; andia : DIA; — 1A, ie, dia(ia(R)) = R
and ia(dia(R)) = R. The mapping is given in Table 2.

All relations of the directed intervals algebra are invari-
ant with respect to the direction of the underlying line, i.e.,
when reversing the direction of the line, all relations remain
the same. This is obviously not the case for the Interval Al-
gebra, e.g., if  is before y and one reverses the direction of
the timeline, then z is after y. In order to transform DIA re-
lations into the corresponding A relations and vice versa, we
introduce a unary reverse operator (-") on relations R such
that R” specifies the relation which results from R when re-
versing the direction of the underlying line. For all relations
R € DIA we have that R™ = R. For |A relations, the reverse
relation is given in Table 2. The reverse of a complex relation
is the union of the reverses of the involved base relations. The
reverse of the composition (o) of two relations is equivalent
to the composition of the reverses of the two involved rela-
tions, i.e., (RoS)" = R" 0 S". Applying the reverse operator
twice results in the original relation, i.e., R™" = R. Using
the reverse operator we can also specify what happens with
a relation zI;y if only the direction of y is changed. Then
the topological relation of the intervals stays the same, but
the order changes, i.e., “front” becomes “behind”/“back’ and
vice versa. The mutual direction also changes. This can be
expressed in the following way: x Iy = x dia(ia(I)")-qy.

We now have all requirements for computing the compo-
sition (o) of DIA relations using composition of IA relations
(denoted here by o;,) as specified by Allen [1983].

Theorem 3.1 Let ), S, be DIA base relations.
1. Ifg={=}, then R, 0 S, = dia(ia(R) 0,4 ia(S)),
2. If g ={#}, then Ry o S; = dia(ia(R)" 0,4 ia(S))—p
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Proof. Assume that R,y and yS,z holds. If p = ¢ =
{=} and z,y, z have positive direction, it is clear that the
interval part of the composition of the DIA relations is the
same as the composition of the IA relations (with respect to
the different interpretations.) The result of the composition is
the same if x, y, z have negative direction, since DIA relations
are invariant with respect to the direction of the underlying
line. R only depends on the direction of y and S only depends
on the direction of z. Therefore, reversing the direction of x
(i.e., p = {#},q = {=}) does not change the result of the
interval part of the composition, only the resulting direction
part. This proves the first rule.

Assume that p = ¢ = {#} and z, z have positive direc-
tion while y has negative direction. If we reverse the direc-
tion of y, which changes the relations to x dia(ia(R)")=7%y
and to yS=z, then we can apply the first composition rule.
This results in R, o S = dia(ia(R)")= o S—= =1,
dia(ia(dia(ia(R)")) o044 1a(S))= = dia(ia(R)" o4, ia(S5))=,
the second composition rule. As in the first case, this rule
does not change when we reverse the direction of = (i.e.,
p = {=},q = {#}) or the direction of all three intervals.
This proves the second rule. u

The composition of complex relations is as usual the union
of the composition of the contained base relations. It follows
from the closedness of the Interval Algebra that DIA is closed
under composition, intersection, converse, and reverse.

4 Reasoning over Directed Intervals

The main reasoning problem in spatial and temporal reason-
ing is the consistency problem CSPSAT(S) where S is a set
of relations over a relation algebra [Renz and Nebel, 1999].

Instance: A set ) of variables over a domain D and a finite
set © of binary constraints xRy (R € S and z,y € V)

Question: Is there a consistent instantiation of all nn variables
in © with values from D which satisfies all constraints?

The consistency problem of the directed intervals algebra,
CSPSAT(DIA), is clearly NP-hard since the consistency
problem of the Interval Algebra is already NP-hard. On the
other hand it is not clear whether the consistency problem is
tractable if only the DIA base relations are used.

Additional to the DIA relations, we also give the possi-
bility of explicitly specifying the direction of intervals. We
maintain them in a set A which contains unary direction con-
straints of the form (x, d) where z is a variable over a directed
interval and d C {4, —} gives the direction of z, either pos-
itive {+}, negative {—}, or indefinite {+, —}. Unary direc-
tion constraints and DIA constraints interact in two ways.
Proposition 4.1 Given two intervals x,y, the DIA constraint
xRy with R = {RY, ,...,Rk 1}, and the unary direction
constraints (x,dy) and (y,d>). These constraints interact in
the following way:

1. Ifallm; (i = 1...k) are equivalent, then (a) d; = dy N

d2 ai’lddg = d1 ﬁdQ ifm1 = {:} and(b) d1 = dlﬂﬁdQ
and d2 = ﬁdl n d2 ifm1 = {75}

2. If dy and do are both definite, then (a) R = {R.}= if
d1 = d2 and (b) R = {Rn}¢ lfdl 7é d2.
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If all information is propagated from © to A and from A to ©
we write the resulting sets as © o and Ag. If the empty con-
straint occurs during this propagation, then © is inconsistent.

There are several ways of deciding consistency of a given
set of constraints over a set of relations S. The most common
way is to use backtracking over a tractable subset of S which
contains all base relations and enforce path-consistency as
forward-checking (this is done by applying for each triple of
constraints ¢ Ry, ySz, ©T'z the operation T := T N (R o S);
if the empty relation is not contained, the resulting set is path-
consistent) [Ladkin and Reinefeld, 1997]. Before we can use
this method for deciding CSPSAT(DIA), we must prove that
the consistency problem is tractable for the DIA base relations
and preferably that path-consistency decides consistency for
these relations. In order to prove this, we need a different
method for deciding consistency and we have to show that
this method is polynomial for the set of DIA base relations.

For the Interval Algebra most tractability proofs were car-
ried out using the endpoint encoding of the IA relations
(e.g. [Nebel and Biirckert, 1995]) which describes the qual-
itative relations between the four endpoints of the two in-
volved intervals. For instance, the “before” relation can be
encoded as X, < Y plus the default relations X, < X, and
Y < Y, which hold for all non-directed intervals (X, Y; de-
note the start points and X, Y, the end points of the intervals
X,Y.) It is also possible to specify an endpoint encoding
of the DIA relations. Since spatial intervals can have different
directions, the default relations do not hold anymore. Further-
more, we have to take into consideration that DIA relations
are invariant with respect to the reverse operation. There-
fore, it is the most compact way to use the “betweenness”
predicate for specifying an endpoint encoding of DIA rela-
tions. between(X., Xs,Ys) means that X, is between X,
and Y, no matter which direction the intervals have. Using
this predicate, the relation b, for instance, can be encoded
as between(Xs, Y, Ye) A between(X,, X;,Ys). Since the
BETWEENNESS problem is NP-hard [Garey and Johnson,
1979], this encoding does not seem to be helpful for proving
any tractability results. We will therefore refrain from speci-
fying the endpoint formulas of the DIA base relations.

Another possibility of deciding the DIA consistency prob-
lem is to transform a set of DIA constraints © into an equiv-
alent set of IA constraints ®' and decide consistency of ©'.
In order to make such a transformation, the direction of ev-
ery interval must be known. Then it is possible to reverse
the direction of certain intervals such that all intervals have
the same direction and transform the updated DIA constraints
into A constraints. We call this the normal form of a set of
DIA constraints © and a set of definite unary direction con-
straints A for each interval involved in ©. The normal form
(written as nf(©, A)) is obtained as follows.

Proposition 4.2 Given a set of DIA constraints © and a set
A of definite unary direction constraints for each interval in-
volved in ©. The normal form nf (O, A) is obtained by apply-
ing the following procedure.

1. For each constraint tRqy € Oa do
2. Ify has negative direction, add zia(R)" y to nf(©, A)
3. Ify has positive direction, add xia(R) y to nf(0, A)
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Lemma 4.3 Given a set of DIA constraints © and a set A of
definite unary direction constraints for each interval involved
in ©. nf(0, A) can be computed in time O(n?).

Proof. ©x can be computed in time O(n?), since all con-
straints of A are definite and information has to be propa-
gated only from every pair of intervals to the corresponding
constraint in © using rule 2 of Proposition 4.1. © 4 is trans-
formed to nf(©, A) in time O(n?), since each of the O(n?)
constraints is transformed separately in constant time. u

Lemma 4.4 Given a set of DIA constraints © and a set A of
definite unary direction constraints for each interval involved
in ©. O is consistent if and only if nf (0, A) is consistent.

Proof. Suppose that © is consistent and that 7 is an instan-
tiation of @ . The direction of each interval of 7 is as spec-
ified in A and the relation between each pair of intervals z, y
is a base relation R/, which is a sub-relation of R4y € Oa.
We can now reverse the direction of all intervals of 7 with
negative directions, resulting in Z*. Since all DIA relations
xRy only depend on the direction of y, the relations between
the intervals of Z are now z dia(ia(R’)")= y if the direction
of y was negative in Z and xR_y if the direction of y was
positive in Z. Transforming these relations into A relations
results for every pair of intervals in sub-relations of nf(©, A).
Thus, Z1 is a consistent instantiation of nf(©, A). The oppo-
site direction can be proved similarly. Suppose that nf(©, A)
is consistent and that 7 is an instantiation of it where all in-
tervals are considered to have positive direction. Let @1 be
the set of constraints between all intervals of 7 using DIA
base relations. Reversing the direction of all intervals which
must have negative direction according to A results in J+
and adopting the constraints of ©7 results in ©*. Since ap-
plying the reverse operator twice gives the original relation,
each constraint of ©F is a sub-constraint of a constraint of
OA. Thus, J* is a consistent instantiation of © 5. u

Using the normal form, we can now decide consistency of
a set of DIA constraints © by computing or guessing a set A
containing the direction of all intervals, computing nf(©, A),
and deciding consistency of nf(©, A) using the methods de-
veloped for the Interval Algebra. Since there are 2™ different
direction combinations of n directed intervals, it is in general
NP-hard to find a suitable set A for which nf(©, A) is con-
sistent or to show that there is no such set. If, however, we
can show that for a given set S of DIA relations all possible
candidate sets A can be identified in polynomial time and if
nf(©, A) contains only relations of a tractable subset of the
Interval Algebra, then CSPSAT(S) is tractable. Using this
method, we identify several tractable subsets of the directed
intervals algebra in the following section.

5 Tractable Subsets of DIA
The first set we analyze is the set of DIA base relations B.
Lemma 5.1 CSPSAT(B U {x}) is tractable.

Proof. Consistency of a set © of constraints over BU {x} can
be decided in polynomial time by using the following steps.
1. Transform O into a graph Gg = (V, E) where V' is the
set of variables involved in ® and E contains an (undi-
rected) edge (z,y) if tRy € © where R € B.
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2. Split V into disjoint subsets V = V1 U. ..UV}, such that
for each pair of variables z,y € V; there is a path from
x to y in F and for each pair of variablesz € V;,y € V;
(i # j) there is no path from z to y in E.

3. Generate a set of direction constraints A by selecting
one variable z; for each V; and adding (z;, {+}) to A.

4. Compute nf(0, Ag) and decide its consistency.

It is clear that each of the four steps can be computed in poly-
nomial time. For each pair of variables of different sets V;, V;
there are only constraints involving the universal relation, i.e.,
O©(V;) and ©(V;) which specify subsets of © containing all
constraints involving only variables of V; or V}, respectively,
are completely independent of each other. There is a path
from each variable of V; to every other variable of V; and each
path consists of constraints where each constraint involves
only DIA relations with the same direction part. Therefore, it
is sufficient to have the direction of only one variable z; € V;
given in order to compute the direction of all variablesy € V;.
If the path contains an odd number of constraints involving
DIA relations of the type R, the direction of y is opposite
to the direction of x;. Otherwise they have the same direc-
tion. Thus, Ag contains definite unary direction constraints
for all variables of ©. If there are conflicting paths, then Ag
is inconsistent. Since DIA relations are invariant with respect
to changing the direction of the underlying line, it does not
matter for consistency purposes if we select the direction of
x as positive or negative. nf(©, Ag) contains only relations
of a tractable subset of IA. It follows from Lemma 4.4 that its
consistency is equivalent to the consistency of O. u

In the above proof it is not important that all non-universal
relations are base relations, only that all non-universal rela-
tions consist of DIA base relations with the same direction
part. Therefore, we can easily extend the above result.

Theorem 5.2 Let S be a tractable subset of the Interval
Algebra which is closed under the reverse operator. Then
S* = {dia(R)=|R € S} U {dia(R)x|R € S} U {x}isa

tractable subset of the directed intervals algebra.

Proof. We can apply the same proof as given for Lemma 5.1.
But only if all IA relations contained in the normal form are
contained in a tractable subset of the Interval Algebra. This
is clearly the case if S is closed under the reverse operator
which is used in the transformation into the normal form. ™

ORD-Horn (also denoted ) is the only maximal tractable
subset of the Interval Algebra which contains all IA base re-
lations (and for which path-consistency decides consistency)
[Nebel and Biirckert, 1995]. Using a machine-assisted com-
parison of the ORD-Horn relations we found that they are
closed under the reverse operator. This is not true for some
of the maximal tractable subclasses identified in [Drakengren
and Jonsson, 1998] which do not contain all IA base relations.

All tractability results we have given so far rely on given
mutual directions of intervals. For some applications this is a
realistic assumption, but what happens if this is not given in
all cases, if some constraints involve relations with different
direction parts such as 2{b—,cx, mb}y? Assume that we
have given a set © of constraints over arbitrary DIA relations.
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[zq]ya]za]] zRy [ ySz | 2Tz ]

+ [+ ]+ 1a(Re) | 1a(Se) | ia(Te)
+ |+ ]| 1a(Re) [1a(Sy)" [ia(Ty)"
+ | — |+ [[ia(R,)" | ia(Sy) | ia(Te)
+ | —|—lia(R,)" |ia(Se)" |ia(T)"
— |+ ]+ ia(Ry) | ia(Se) | ia(Ty)
— |+ |- ia(R,) |ia(Sn)" |ia(Te)"
— | =1+ ]71a(Re)" | 1a(Sy) | ia(Ty)
—|=1—=11a(Re)" |ia(Se)" |ia(Te)"

Table 3: Transformation of DIA constraints over a triple of
variables x, y, z (depending on their directions x4, ¥4, 24) into
IA relations of the normal form.

One way of obtaining a possible candidate set A of definite
unary directions for each interval in O is to look at each triple
of variables (z,y, z) of © separately and check all 2? differ-
ent combinations of directions (24, Y4, z4) of (z,y, 2) (x4 can
be either + or —). If enforcing path-consistency to the normal
form gives the empty relation for a particular choice of (z4,
Yd, Zd), then this choice makes © inconsistent. If we combine
all such inconsistent triples t; = {(z,zq), (y,v4), (2, 24)}+
then © is inconsistent if ® = \/, (I, Al, Al.) is satisfiable (I,
is a placeholder for -z if (z, —) € t; and for z4 if (2,+) €
t;, analogously for [,, and [...) A possible candidate set A can
be obtained by computing a model of the complement of this
formula, namely, ¥ = ~® = A, (=l V -l V —l.). This for-
mula is an instance of 3SAT and, thus, NP-hard to compute.
Eventually, since we did not propagate information between
different triples, we have to check all possible models of W.
Because of its NP hardness, this way of generating a can-
didate set A does not seem to be helpful. However, we can
show that it leads to a tractability proof for a restricted but
interesting set of DIA relations, namely, those DIA relations
B 4 which correspond to the set .4 of 13 base relations of the
Interval Algebra, i.e., B4 = {{dia(R)-,dia(R).}|R € A}.

Theorem 5.3 Let © be a set of DIA constraints over the
variables x1, . .., x, which contains a constraint x; Rx; with
R € By ifand only ifi < j. Consistency of © can be decided
in polynomial time.

Proof. For each triple of variables x;,z;,z); of © with
i # j # k,i < k we check for all 23 possible directions
if the normal form of the triple is consistent or not. Depend-
ing on whether ¢ < j, either z;Rz; or z; Rz; is given in ©.
Equivalently, either z;Sz;, or z;Sx; is given in ©. Since
i < k, z;Tx, € ©. Obviously, it is not possible that z; Rxz;
and x4, Sx; are both in ©. Therefore, we compare in the nor-
mal form either (1) RoS,(2) R~ o S,or(3) Ro S~ with T
in order to check consistency of the triple. In all three cases,
the result is invariant with respect to the direction of one of
the three variables and depends only on the direction of the
other two variables. We can verify this using Table 3. In
the first case, the only thing which changes in Table 3 when
varying the direction of x; (which is x4 in the table) are the
subscripts of R and T': R, changes to R,,, T, changes to T},
and vice versa. Since all relations used in © are of the form
{I=,1+}, I. and I,, are always equivalent, i.e., the result of
comparing R o .S with T is invariant with respect to the di-
rection of x;. In the second case, the result is invariant with
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respect to the direction of x; (which is y4 in the table.) When
varying yq in the table, S, changes to Sy, ia(R,”) changes
toia(R,)", and ia(R,;") changes to ia(R;")" and vice versa.
Since S, is always equal to S, the change of S does not
change the result. The change of R~ is more difficult. Us-
ing a case analysis of the 13 different cases, we were able to
prove that ia(R;") = ia(R,;)" and that ia(R,;) = ia(R;")"
if R is of type {I—=,I.}. As an example consider the re-
lation R = {b—, b} whose converse is R~ = {f—,b}.
ia(f) = {~} =ia(b)" and ia(b) = {<} = ia(f)". In the third
case, the result is invariant with respect to the direction of z;
which can be proved equivalently to the first case.

Because consistency of every triple depends on the direc-
tion of only two of the three variables, the resulting formula
¥ (see above) is an instance of 2SAT and, thus, solvable in
polynomial time. For any model of W, the resulting set A of
unary direction constraints leads to a consistent normal form
nf(©,A). This is because nf(©,A) contains only |A base
relations and because all triples are consistent (as it has been
checked when ¥ was generated.) Therefore, enforcing path-
consistency does not change any relation of nf(©, A). u

Instead of transforming every set © of DIA constraints to
the normal form in order to decide consistency, it would be
nice to know if and for which sets of DIA relations path-
consistency is sufficient for deciding consistency when ap-
plied directly to ©. We show this for H*, the set of DIA
relations which results from ORD-Horn (see Theorem 5.2).

Theorem 5.4 Path-consistency decides CSPSAT(H™).

Proof. Consistency of a set © of DIA constraints over %~ can
be decided in polynomial time by deciding consistency of its
normal form ©’ as it is obtained by applying the steps given
in the proof of Lemma 5.1. Assume that O is path-consistent,
i.e., for every triple of variables x, y, z with t Ry, ySz, 2Tz €
© we have that T' C Ro S. If @' is also path-consistent, then
© is consistent. In order to show that ©' is path-consistent,
we have to show that 7' C Ro S implies T' C R’ 0;, S’ for all
triples z,y, z (xR'y,yS'z, xT'z € ©'.) Since all relations of
H* consist of DIA base relations with the same direction part,
we can extend the composition rules given in Theorem 3.1 to
all H* relations. According to these rules, T C R o S can
be written as either T C dia(ia(R.)" 0iq ia(Sn))x, T C
dia(ia(Ry) 04a 1a(Se)) 2, T= C dia(ia(R,)" 044 1a(Sn))=, or
T_ C dia(ia(R.) 044 1a(S.))= depending on the directions of
x,v,z. The corresponding restrictions of 7" can be derived
using Table 3. If z; = {+}, the restrictions of 7" are equiv-
alent to the results of applying ia to the interval parts of the
above given restrictions of T'. If z; = {—}, we have to re-
verse T" and the restrictions of T'. Since (Uo;,V)" = U"0;,V"
and U™ = U for all A relations U, V, the restrictions of
T' are also equivalent to the results of applying ia to the in-
terval parts of the restrictions of 7' (e.g. the first restriction
(ia(Re)" 044 1a(Sy))" = ia(R) 044 1a(Sy,)" is the same as
line 2 in Table 3.) Thus, T C Ro S impliesT' C R'0;, S'. ®

This result enables us to decide consistency of arbitrary
sets © of DIA constraints by backtracking over the H* re-
lations and by using path-consistency as a forward-checking
method and as a decision procedure for sub-instances of ©
which contain only relations of H*.
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6 Discussion & Future Work

We extended the Interval Algebra for dealing with directed
intervals which occur when interpreting intervals as spatial
instead of temporal entities. Reasoning over the directed in-
tervals algebra DIA is more difficult than over the Interval
Algebra IA, but it is possible to transform a set of DIA con-
straints into an equivalent set of A constraints if the mutual
directions of all intervals are known. This enabled us to trans-
fer some tractability results from IA to DIA. If the mutual
directions are not known, a tractable subset of DIA can be
identified if two potentially exponential nested problems can
be shown to be tractable for the subset: (a) compute a set of
mutual directions and (b) decide consistency of the resulting
set of constraints. We proved this for a small but interesting
subset of DIA, but the problem is mostly open. Consequently,
no maximal tractable subset of DIA has been identified so far.

DIA can also be used instead of IA as a basis for defining
a block algebra [Balbiani et al., 1999]. Then it is possible to
reason about n-dimensional blocks with intrinsic directions.
Remotely related to directed intervals are line segments with
arbitrary directions which were analyzed by Moratz [2000].

The spatial odyssey of the Interval Algebra is to be con-
tinued as follows: (1) extend DIA to deal with intervals on
parallel lines and on networks of lines, (2) add qualitative and
metric information on the length of intervals and on the dis-
tance between intervals, and finally (3) extend the algebra to
deal with dynamic instead of just static information, e.g., in-
tervals move on lines with a certain velocity and sometimes
switch to accessible lines. These are the desired properties of
a calculus for representing and reasoning about traffic scenar-
ios, a prototypical application of spatial intervals. Hopefully,
contact with applications will be made before 2010...
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Abstract

This paper describes the Region Ocdusion Calculus
(ROC-20), that can be used to model spatial ocdusion
and the dfeds of motion paralax of arbitrary shaped
objeds. ROC-20 assumes the region based ontology of
RCC-8 and extends Galton’s Lines of Sight Calculus by
allowing concave shaped oljeds into the modelled
domain. This extension is used to describe the dfeds of
mutually ocduding bodes. The inclusion of van
Benthem’'s axiomatisation of comparative neaness
fadlit ates reasoning about relative distances between
ocduding bodes. Further, an envisionment table is
developed to model sequences of ocdusion events
enabling reasoning about objeds and their images
formed in a changing visual field.

1 Introduction

Spatial ocdusion (or interposition) arises when one objed
obscures the view of another. Spatial ocdusion is one of
several visual cues we eploit to build up our awareness of
threedimensional form and distance Another is motion
paralax, whereby a dange in viewpoint causes relative
displacements of objeds at different distances in the visua
field [Braddick and Atkinson, 1987. Ocdusion events help us
determine where an objed’s boundary lies, or infer why an
objed cannot be seen, and what we need to doin order to
render it visible.

For example, consider two oljeds A and B in an agent’s
visual field. Suppose the agent moves to its left, whil e kegping
these objeds in sight. If objed A passs aaoss B, or, when
moving toward A, B beacomes completely obscured, the agent
can infer that A isin front of B. Similarly, if, when moving to
the right, no relative dhange aises, the ayent may infer that A
and B are far away, or close by and passbly moving in the
same diredion as itself. Conversely, if A, when visible,
aways appeas to be subtended by B, the agent may infer that
A and B are physicdly conneded. In ead case, ocdusion
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events and motion parallax are being wed to derive an
objedive model of the world from a naturally restricted
viewpaint (Figure 1).

Q@ PPe [ 4

b
| 3l Eéﬂ E
_d\) M\) “\) “\)) "\) w w w
Figure 1. Spatial ocdusion at work. Asauming a fixed viewpoint, in
the two sequences srown onthe left, the smaller ball passesin front
of the larger one (top sequence) and behind it (bottom sequence). On
the right, ocdusion events arise with a dhangein viewpoint.

While visual ocdusion remains atopic of some interest in
the machine vision literature [e.g., Plantinga and Dyer, 199Q
Geiger, et al., 1995, an oppatunity arises to investigate
ocdusion within the Qualitative Spatial Reasoning (QSR)
domain. For example, Galton’s [1994 Lines of Sght cdculus
outlines a theory of ocdusion for modelling convex bodes
using a discrete set of 14 acdusion relations. It is natural to
take atopdogicd approach to modelling ocdusion, since
ocdusion events are very general, and apply to al objeds
irrespedive of their size shape and function. Petrov and
Kuzmin [1994 provide an axiomatisation of spatial ocdusion
founded on a point-based ontology.

Randell, et al. [1997 develop a mereo-topdogicd theory,
RCC-8, used to describe spatial relationships between regions
based on the primitive relation of connedion. Cui, et al.
[1997 use RCC-8 to develop a qualitative simulation program
to model physicd processes by spedfying dired topdogica
transitions between these relations over time. Their work is
one example of using qualitative spatial representations to
model continuous change [Cohn, 1997. ROC-20 extends
RCC-8 to reason about relative distances between bodes from
ocdusion events, and transitions between ocdusion events to
model the dfeds of motion parallax from both objed motion
and changing viewpaints.
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2 The Formal Theory

Our universe of discourse includes bodes, regions and pants,
al forming pairwise digoint sets. In terms of interpretation,
bodes denote physicd objeds, while regions $lit into two
further digoint sets that denote dther threedimensional
volumes (typicdly the spaces occupied by bodes) or two-
dimensional regions (typicdly projeded images of bodes as
seen from some viewpoint).

For the purposes of this paper, a set of sorts and a sorted
logic ae aumed. Within the sorted logic, posshble values of
variables in formulae ae derived implicitly from the spedfied
sort of the agument position in which it appeas, allowing ad
hoc polymorphic functions and predicates to be handled.

The notation and conventions used throughout this paper
is as follows: type a(r1,.., ): m+1 means function symbal a
is well sorted when its argument sorts are 71,.., T with Th+1
as the result sort, and type a(rl,.., ™) means predicae a is
well sorted when defined on argument sorts 71,.., . Axioms,
definitions and theorems are respedively indicaed in the text
as follows: (Al,..,An), (D1,..Dn), and (T1,.,Tn). Where
axiom/definitional schema ae used, the numbering in the
parentheses refleds the number of objed-level axioms and
definitions generated, e.g. (A10-A15) would indicae that six
axioms are defined.

2.1 RCC-8
The mereo-topdogicd theory RCC-8 [Randell, et al., 1997 is
embedded into ROC-20. As with RCC-8, the same primitive
dyadic relation C/2 is used: ‘C(x,y)’ isread as “x is conneded
with y” and isinterpreted to mean that the topdogicd closures
of regions x and y share apoint in common. All the relations
defined in RCC-8 are used, and all cary their usual readings:
DC/2 (disconneded), P/2 (part), EQ/2 (equal), O/2 (overlaps),
DR/2 (discrete) PO/2 (partia overlap), EC/2 (externa
connedion), PP/2 (proper part), TPP/2 (tangentia proper
part), NTPP/2 (non-tangential proper part). Pl/2, PPI/2,
TPPI/2 and NTPI/2 are the inverse relations for P/2, PP/2,
TPP/2 and NTPP/2, respedively. Of these relations, eight are
provably Jointly Exhaustive and Pairwise Digoint (JEPD)
and can be singled out for reasoning about state-state
topdogicd changes [Cui, et al., 1997. For brevity this st of
relationsis referred to as JEPD F°“®,

Axioms for C/2 and definitions for the dyadic relations of
RCC-8 are asfollows:

(ALl) [XC(x,x)
(A2) Cx[y [Cxy) - Cy.))]

(D1) DC(xy) =def. =C(x,y)

(D2) P(xy) =def. [ C(zx) ~ C(zy)]

(D3) EQ(x.y) =def. P(xy) & P(y.X)

(D4) O(x,y) =def. [FP(zX) & P(zy)]

(D5) DR(x,y) =def. =O(x,y)

(D6) PO(x,y) =def. O(x,y) & =P(xy) & =P(y,X)
(D7) EC(xy)=def. C(x,y) & =O(X,y)

(D8) PP(x,y)=def. P(x,y) & =P(y,X)
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(D9) TPP(x,y) =def. PP(x,y) &
[HEC(z,X) & EC(z,Y)]

(D10) NTPP(x.y) =def. PP(x.y) &
= [HEC(zX)) & EC(z,y)]

(D11) PI(x,y) =def. P(y,X)

(D12) PPI(x,y) =def. PP(y,x)

(D13) TPPI(x,y) =def. TPP(y,X)

(D14) NTPPI(x,y) =def. NTPP(y,X)

type @(Region,Region); where @ [J
{C,DC,P,EQ,DR,PO,EC,PP,TPP,NTPP,PI,PPI,
TPPI,NTPPI}

Not reproduced here, but assumed, is an axiom in RCC-8
that guarantees every region has a nontangential proper part
(A3), and a set of axioms (A4-A9) introducing Boodean
functions for the sum, complement, product, difference of
regions, and the universal spatial region, and an axiom that
introduces the sort Null enabling partial functions to be
handled — see[Randell, et al., 1993.

2.2 Mapping Functions and Axioms

ROC-20 uses the set of dyadic relations from RCC-8 to model
the gpatial relationship between bodes, volumes, and images.
The digtinction between bodes and regions is maintained by
introducing two functions. ‘region(x)’ read as “the region
occupied by X" and ‘image(x,v)’ real as “the image of x with
resped to viewpoint v'. The function: region/1, maps a body
to the volume of spaceits occupies, and image/2 maps a body
and a viewpoint to its image; i.e. the region defined by the set
of projeded half-lines originating at the viewpoint and
interseding the body, so forming part of the surface of a
sphere of infinite radius centred on the viewpoint. A set of
axioms incorporating these functions are defined by the
foll owing axiom schema’:

(A10-A15) X[l [ @(region(x),region(y)) —
[v [ #(image(x,v),image(y,v))] ]

type region(Body): Region?
type image(Body,Paint): Region
type @(Region,Region) where @ [J{C,O,P,PP,NTPP,EQ}

Not all of the defined RCC-8 relations are shown. For
example, given DC(region(a),region(b)) al image
relationships between the a and b are possible depending on
the shape of the objeds and the viewpoint assuumed. This
shows that these aioms function as a set of gpatial
congtraints between bodes, a given viewpoint, and their
corresponding images. This point is re-visited in sedion 6

! Although nat developed here, the distinction made between bodes
and regions enables one to define the notion o freespace ad model
spatial occupancy — see[ Shanahan, 1994 .

2 Sortal dedarations given here ae not as restricted as they could be,
for example we muld dedare: type region(Body):3DRegion, and
type image(Body,Point): 2DRegion, where 2DRegion and 3DRegion
are (digoint) subsorts of the sort Region.
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below, where a change in viewpoint, or a dange in the
relative positions of bodes with resped to a viewpoint, is
discussed.

2.3 Occlusion Defined

A second primitive relation: ‘ TotallyOccludes(x,y,v)’, real as
“x totally ocdudes y with resped to viewpoint v’, is now
added, and is axiomatised to be irreflexive and transitive (and
is, by implication, asymmetric):

(A16) [x[V —~TotallyOccludes(x,x,v)
(Al7) [Cx[[Jz[N[[TotallyOccludes(x,y,v) &
TotallyOccludes(y,zv)] -
TotallyOccludes(x,z,v)]

type TotallyOccludes(Body,Body,Point)

The intended geometric meaning of total ocdusion is as
follows. Let line(pl,p2,p3) mean that points p1, p2 and p3 fall
on a straight line with p2 strictly between pl and p3. Then, x
totally ocdudesy from v iff for every point p iny, there eists
apaint qin x such that line(v,q,p), and there aeno pantsp’in
y, and q’ in X, such that line(v,p’,q"). Given the transitivity of
total ocdusion, an objed x can totaly ocdude an objed y
even if x itself istotally ocduded by another objed.

Several axioms are now introduced to embed RCC-8 into
this theory:

(A18) [x[ly[Jz[ N [[TotallyOccludes(x,y,v) &

P(region(2),region(y))] -
TotallyOccludes(x,z,v)]

i.e. if x totally ocdudesy, x totally ocdudes any part of y.

(A19) Ox[yOv [ TotallyOccludes(x,y,v) —

7| P(region(2),region(y))] -
= TotallyOccludes(z,x,v)]

i.e. if x totally ocdudesy no pert of y totally ocdudes x.

(A20) [x[Oy[w [TotallyOccludes(x,y,v) —
O [ P(region(z),region(x)) &
P(region(u),region(y))] -
= TotallyOccludes(u,z V)] ]

i.e. if x totally ocdudes y no part of y totally ocdudes part of
X.

This latter axiom excludes cases where the ocduding body
has parts that wrap ‘behind’ the ocduding objed. That is to
say, while some nested bodes sttisfy this relation, not al do,
asin the cae where, for example, abody is totally enveloped
by another. This particular model is an example of mutual
occlusion, which is defined below in definition (D17).

(A21) CXxCnOYFH P(region(y),region(x)) &
P(region(2),region(x)) & TotallyOccludes(y,zVv)]
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i.e. every x has a part that totally ocdudes another part of x.
This axiom guarantees that bod es have ‘ depth’.

(A22) [OxCOyLv [ TotallyOccludes(x,y,v) —
P(image(y.v).image(x,v))]

i.e. if x totally ocdudes y, the image of x subtends the image
of y. Note that (A22) is not a biconditional because the P/2
relation does not take acount of relative distance, a topic to
be mnsidered shortly.

By separating out volumes and images, two non-identica
bodes having identicd images (as in the cae where one body
exadly ocdudes another) can be modelled without
inconsistency. Spatial identity in terms of co-location till
applies, but is restricted to the dimensionality of the regions
being modell ed.

Next, the relation of ocdusion is wegened to include, for
example, partial ocdusion: ‘Occludes(x,y,v)’ is read as “X
ocdudesy from viewpoint v":

(D15) Occludes(x,y,v) =def.
[#U[P(region(2),region(x)) &
P(region(u),region(y)) &
TotallyOccludes(z,u,v)]

type Occludes(Body,Body,Point)
i.e. xocdudesy if apart of x totally ocdudes a part of .

Total ocdusion between two oljeds implies ocdusion,
which in turn implies region overlap between their
corresponding images:

(T1) O[N] TotallyOccludes(x,y,v) — Occludes(x,y,v)]
(T2) OxCy v [ Occludes(x,y,v) —
O(image(x,v).image(y,v))]

Occludes/3 is non-symmetrical. By contrast, the O/2
relation in RCC-8 is yymmetricd, which renders it unsuitable
for modelling ocdusion relationships. Hence the neel to
augment RCC-8 with an additional primitive relation.

Other more spedfic ocdusion relations may now be
defined: partial, and mutual ocdusion. An example of mutual
ocdusion is two interlinked rings. These relations will then be
finessd further by combining them with the set of RCC-8
relations:

(D16) PartiallyOccludes(x,y,v) =def.
Occludes(x,y,v) &
= TotallyOccludes(x,y,v) &
= Occludes(y,x,v)

type PartiallyOccludes(Body,Body,Point)

i.e. x ocdudes (but does not totally ocdude) y, but y does not
ocdude x.
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(D17) MutuallyOccludes(x,y,v) =def.
Occludes(x,y,v) & Occludes(y,x,v)

type MutuallyOccludes(Body,Body,Point)
i.e. xand y ocdude eat other.

For completeness (not listed here) inverse relations for
Occludes/3, TotallyOccludes/3 and PartiallyOccludes/3 are
defined (D18-D20); leaving the null case: NonOccludes/3,
where no ocdusion arises:

(D21) NonOccludes(x,y,v) =def.
=0Occludes(x,y,v) & =Occludes(y,x,Vv)

type NonOccludes(Body,Body,Point)

The six relations: NonOccludes/3, MutuallyOccludes/3;
and TotallyOccludes/3, PartiallyOccludes/3, and their
inverses are pairwise digoint.

Finaly, these new ocdusion relations must be mapped to
their RCC analogues:

(A23) [Ix[ly[ M NonOccludes(x,y,v) —
DR(image(x,v),image(y,v))]

(A24) [xy[V] PartiallyOccludes(x,y,v) —
[ PO(image(x,v).image(y,v)) [J
PP(image(x,v),image(y,v))] ]

(A25) [Ix[ly[M] MutuallyOccludes(x,y,v) —
[PO(image(x,v).image(y,v)) [J
P(image(x,v),image(y,v)) [
Pl(image(x,v),image(y,v))] ]

2.4 Finessing the Occlusion Relations

Although a variety of ocdusion relations have now been
defined, they are till very general, as no spatial relation
stronger than P/2 from RCC-8 is used. Total ocdusion, for
example, covers three caes. (i) where the image of the
ocduded bod/ is a tangentia proper part of that of the
ocduding body, (ii) where it is a nontangential proper part, or
(i) the images are identicd becaise one body exadly
ocdudes the other. By refining the existing set of ocdusion
relations in this manner, a total set of 20 JEPD relations
bemme definable. These ae generated using the following
definitional schemas:

(D22-D33) ®Y¥(x,y,v) =def.

P(xy,v) & H(image(x,v),image(y,v))
(D34-D41) XW(x,y,v) =def.

X(y.xv) & H(image(y,v),image(x,v))

type @(Body,Body,Point)

whereif:

@ = NonOccludes, then ¥ [J{DC,EC}

@ = TotallyOccludes, then ¥ [J{EQ,TPPI,NTPPI}
@ = PartiallyOccludes, then W [J{PO,TPP,NTPP}
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@ = MutuallyOccludes, then ¥ [J{PO,EQ,TPP,NTPP}
and whereif:

X = TotallyOccludes, then ¥ [J{EQ,TPPI,NTPPI}

X = PartiallyOccludes, then ¥ [{PO,TPP,NTPP}

X = MutuallyOccludes, then W [J{TPP,NTPP}

e.g. TotallyOccludesEQ(x,y,v) =def.
TotallyOccludes(x,y,v) &

EQ(image(x,v),image(y,v))

TotallyOccludesEQ ™ (x,y,v) =def.
TotallyOccludesEQ(y,x,v) &
EQ(image(y,v),image(x,v))

type @(Body,Body,Point) where: @ isan element from the
set of all 20 occlusion relations.

It isthis part of the Region Occlusion Calculus that is now
referred to as ROC-20, and the set of 20 JEPD relations as
JEPDROC?,

3 Theory Comparisons

It is now posshble to map out the relationship between RCC-8,
Galton's [1994 Lines of Sight Calculus (LOS-14), and ROC-
20. Consider the JEPD "°“® overlap relations first, i.e. {PO,
TPP, NTPP, EQ, TPPI, NTPPI}. These relations are
indiff erent to relative distance with resped to a viewpoint, and
ead conflates a pair of Galton’s relations. For example, given
only that x partially overlapsy, it isimpaosdble to say whether
xisin front of or behind y. In both LOS-14 and ROC-20, these
two cases are distingui shed.

This leaves two RCC-8 relations {DC, EC}. These map
respedively to the LOS-14 relations C/2 (cleas) and JC (just
cleas), and to the two ROC-20 relations: NonOccludesDC/3
and NonOccludeseC/3. The six remaining relations of ROC-
20 are predsely the caes where non-convex bodes (ruled out
in LOS-14) are dlowed into the modelled damain. These
correspondences areill ustrated in table 1.

In table 1 mutually ocduding objeds are shown thus, ﬂ,
indicaing that the lighter coloured ‘U’-shaped oljed both
ocdudes and is ocduded by the darker. In the spedal case of
MutuallyOccludesEQ/3 part of the darker body lies behind the
lighter body, and is exadly subtended by it, while a(visible)
part of this, extends through a dot in the lighter body and
ocdudesit.

The formal relationship between LOS 14 and ROC-20 is
asoill ustrated by the foll owing theorem:

(T3) Ox[yy [N [ =MutuallyOccludes(x,y,v)
[NonOccludes(x,y,v) [J
TotallyOccludes(x,y,v) [J
PartiallyOccludes(x,y,v) [J
TotallyOccludes ™ (x,y,v) [
PartiallyOccludes *(x,y,v)]]
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where the five diguncts are provably pairwise digoint, and
where eab digunct in turn respedively splits into
2+3+3+3+3=14 d the JEPD F°“*°‘pase’ relations.

I:|E|—NonOch udesDC ——C —— DC
NonOccludeseEC —JC — EC
—PartiallyOccludesPO ——PH—,

PartiallyOccludesPO -1—PHI-[1-PO
—MutuallyOccludesPO ————
PartiallyOccludesTPP —JF —
—TotallyOccludesTPPI ——JHI - TPP
MutuallyOccludesTPP——— —
| O] —PartiallyOccludesNTPP—F —
TotallyOccludesNTPPI -1 —HI—-NTPP
—M utuallyOccludesNTPP -
Totall yOccludesTPPI -1—JH —
—PartiallyOccludesTPP -+ —JFI —[]—-TPPI
MutuallyOccludesTPP - -
| |-TotallyOccludesNTPPl —H—
PartiallyOccludesNTPP -1-FI—[1-NTPPI
—M utuallyOccludesNTPP -1——-
TotallyOccludesEQ EH—
—TotallyOccludesEQ 1 —EHI--EQ

utuallyOccludesEQ———

Table 1: The omparison between the JEPD relations of ROC-20,
LOS 14 and RCC-8. In ead case the dark and light objeds in the
model respedively maps to the x, y variables of eahr @(x.y,v)
relation d ROC-20, and to eat correspondng @ (xy) relation o
LOS-14 and RCC-8.

4 Comparative Distance and Occlusion

While the notion of relative distance between bodes appeas
in this theory, it only forms part of the interpretation resulting
from the model used, and is implicit. Made eplicit, a robda,
for example, can exploit this information to reason about
partial orderings of radial distances between itself and bodes
based on their observed o inferred ocdusion properties. A
reworked subset of comparative distance aioms originaly
propased by van Benthem [1987 is embedded into the theory.
The primitive relation: ‘N(x,y,2)’ used here, is read as “point x
isneaer to body y than x isto body Z’, while ‘E(x,y,2)’ isrea
as“body yisasnea to pdnt x asisbody 7’:

(A26) CX[yHzCu [[N(XY,2) & N(x,zu)] — N(Xy,u)]
(A27) LXCly =N(x.y.y)

(A28) OxOyCz0u [N(xy,2) — [N(xy,u) ON(x,u,2)]]
(D42) E(x,y,2) =def. =N(x,y,2) & =N(x,2,y)

type @(Point,Body,Body), where: @ [J{N,E}

Comparative distance is related to ocdusion, and is
embedded into ROC-20, with the foll owing axioms:

(A29) [x[ly[ i [TotallyOcdudes(x,y,v) — N(v,x,y)]
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i.e. if x totally ocdudes y with resped to some viewpaint v,
then xisneaer tovthanyistov.

(A30) X[V [N(V,XY) —
[JZ[P(region(2),region(y)) — N(v,x,2)]]

i.e. if visnearer to x than y, then v is neaer to x than any part
of y.

Note that the named viewpoaint is not necessarily identified
with an agent, and intentionally so. For example, if the aent
holds and aligns two oljeds (one in ead hand) where the one
totally ocdudes the other, it does not follow the aent is
closer to the ocduding objed, than the one ocduded. It isaso
because of the guiding projedive geometry assumed here (and
which interprets the image/2 function) that a viewpoint is
identified with a paint, and not an extended region in space

5 Relative Orientation

If one body liesjust to the left of another with resped to aline
of sight, and is closer to the observer, movement to the right
will typicdly increase the gparent separation between them.
The relative left-right hand pasitions of the bodes will reverse
as the line of sight interseds both bodes and passes to the left
of that point. In order to be @le to model and exploit this
example of motion paralax, the ternary primitive relation:
‘Left(x,y,v)’, read as “x is to the left of y from viewpoint v', is
added and axiomatized. Its dual (Right/3) is also defined:*

(A31) CXCN=Left(x,x,v)

(A32) X[ [Left(x,y,v) - =Left(y,x,v)]

(A33)OxLy [Tz [[ Left(x,y,v) & Left(y,zv)] —
Left(x,zV)]

(D43) Right(x,y,v) =def. Left(y,x,v)
type @(Body,Body,Point) where: @ [J{Left,Right}

For completeness the relation: ‘NonLeftRight(x,y,v)’ read
as “x is neither to the left or right of y relative to viewpoint v”,
isadded:

(D44) NonLeftRight(x,y,v) =def.
=Left(x,y,v) & =Right(x,y,v)

type NonL eftRight(Body,Body,Point)

Here it is assumed that the observer’s horizon is fixed, and
that the field of view is restricted. Without these asumptions,
the trangtivity of Left/3, for example, would fail in the
intended model. This would be the cae if the ayent were &
the cantre of a drcular arrangement of objeds (Stonehenge,

3 Other spatial orientation duwals with exadly the same properties
(irreflexivity, etc.) are eaily definable, e.g. forward/reaward, or
above/below.
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for example), entailing eat objed could be both to the left
and theright of itself.

The primitive relation Left/3 is embedded into the theory
using the foll owing axioms:

(A34) Xy [ Left(x,y,v) —
[Z[P(region(2),region(x)) & Left(zy,v)] &
= [0 [P(region(u),region(x)) & Left(y,u,v)]]1]

(A35) Ox Oy v [ Left(x,y,v) —
= P(image(x,v),image(y,v))]

i.e. inthefirst case (A34) if from v, x is left of y, some part of
X projeds to the left of y, while no part of x projeds to the
right of y; whilein the second case (A35), from v, if x isleft of
y then x is not subtended by y.

It is now straightforward to see how ROC-20 can be
further developed. For example, where one objed lies to the
left of another and is digoint, to the left and in boundary
contad, and so on. All the distinct states depicted in figure 1
can then be modell ed.

6 Relative Viewpoints

A change of viewpoint aways caries the posshility of a
change in the gparent spatial relationships holding between
bodes in the domain (figure 1). If, for example, two bodes
are physicdly separated, and an agent is alowed to fredy
move aound, several apparent spatial relationships may be
seen to apply. However, for two bodes forming a part-whole
relation, no change in the viewpoint will coincide with both
bodes sparating. These and ather configuration possbiliti es
form the basis of the set of global spatial constraints
introduced in sedion 2.2. There till remains the question of
singling out additional dynamic spatial constraints, this time
arising from instantaneous transitions between temporally
ordered sequences of ocdusion events.

As with many discrete based QSR theories, the set of
JEPDR“? relations can be worked into an envisionment,
where aset of axioms lay out the dynamic posshiliti es and
constraints of spatial relationships deemed to hold between
bodes over conseautive moments in time [Cohn, 1997. For
ROC-20 this is represented as a table (table 2) where
legal/illegal (instantaneous) transitions between spatia
relationships are respedively denoted by “y” (yes) or “n” (no)
entries mapping to pairs of named ocdusion relations. A path
formed by linking together pairs of nodes denotes a possble
projeded sequence of states from an initial state (at timet) via
successor states (at timest+1 ... t+n).

The symmetry about the highlighted diagonal indicates the
symmetricd relationship between ead pair of named nodes.
For example, the relation NonOccludesEC/3 has five such
legal transitions, as real aaoss the named row or down the
named column. This means the relation NonOccludesEC/3
from time t to the next instant t+1, now re-worked as an
envisonment axiom (asuming a fixed viewpoint and the
continued existence of the bodes from time t to t+1), has the
following form:
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[xCy [N [HoldsAt(NonOccludesEC(x,y,v) 1) —
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The envisonment table can be interpreted two ways:
either in terms of the viewpoint changing, or where the
pasitions of the bodes change. In the former case, an
additional predicae is required: ChangePos(v1,v2), (meaiing
viewpaint v1 changes to viewpoint v2), which relates v1 at
time t in the antecedent of the envisonment axiom to v2 at
time t+1 in the cnsequent. These sequences of ocdusion
events can then be viewed as building the topology of motion
paralax into the model. Obviously, where orientation
information is added the number of relations and nodes
incresse, as does the overall complexity of the new set of
permisgble transitions between spedfied named ocdusion
relations.

7 Discussion and Conclusions

ROC-20 presents an axiomatisation of spatial ocdusion. It
asaumes the region based ontology of RCC-8 [Randell, et al.,
1992 and extends the work of Galton [1994 by allowing
both convex and concave shaped bodes. It is this extension
that describes ocdusion events of mutually ocduding bodes.
The inclusion of van Benthem’s [1982 notion of comparative
neaness fadlit ates reasoning about relative distance between
ocduding bodes. An envisionment table models squences of
ocdusion events to enable reasoning about objeds and the
images that may be formed in avisual field.
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Several diredions for future work are indicated. The
axiomatisation of the primitive relation: TotallyOccludes/3,
currently rules out models where the ocduding body has a
part that wraps behind the ocduded body. In the theory thisis
a cae of mutual occlusion. However, we can see potential
gains by re-working the aurrent axiomatisation (and relaxing
this restriction) so that any degreeof enclosure of one body by
another (from some asumed viewpoint) could be acase of
total ocdusion.

Additional work is required to generate the composition
table [see Cohn, 1997 for JEPD subsets of the defined
ocdusion relations. Also of note is the question whether there
are awy deddable and tradable subsystems of ROC-20, as has
adready been shown for RCG8 [Benrett, 1994 Renz and
Nebel, 1998. Further computational gains may be made by
adding information about the relative size of bodies or regions
ading as additional constraints when cheding for consistency
of sets of these relations [c.f. Gerevini and Renz, 199§.

ROC-20 lays the theoreticd foundations for further work
in Cognitive Robdics, in which the images of objeds are used
to infer the spatial arrangement of objeds in aroba’s world -
ultimately with map building and route planning in mind. We
argue that the modelling of ocdusion and motion parallax
within a traditional QSR approach offers a uniform
framework to achieve this. Galton [1994 has arealy shown
these lines of sight relations can partition an idedized plan
view of the embedding spaceinto a set of polygonal regions.
For ead (view) paint in that space &adly one of the JEPD
line of sight relations holds. Where objeds of varying shapes
and sizes exist, many named sight lines that form tangents to
objeds naturally intersed at points. These @rrespond in this
theory to a anjunction of atomic formulaedrawn from the set
of JEPD relations used. This gives rise to a set of extrinsic
reference points determined completely by the objedive
spatial arrangement of the objeds in the roba’s world. With
these points, localization beames possble, while enabling
qualitative ad metric quantitative information to be
combined. Spatial constraints and envisionment axioms now
lead into map building and route planning. The roba then
aqquires the means to plan and exeaite moves [Levitt and
Lawton, 199Q Schlieder, 1993 while mnstantly monitoring
and relating its own diredion of movement to the observed
change and sequence of ocdusion eventsin its visual field.
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Abstract

Computermodelingand simulationare indispens-
able for understandinghe functioning of an or-

ganismon a molecularlevel. We presentan im-

plementedmethod for the qualitatve simulation
of large andcomplex geneticregulatory networks.
The methodallows a broadrangeof regulatoryin-

teractionsbetweergenedo berepresentedndhas
beenappliedto the analysisof a real network of

biologicalinterest,the network controlling theini-

titation of sporulationin thebacteriumB. subtilis

1 Intr oduction

It is now commonlyacceptedn biology that mostinterest-
ing propertiesof an organismemege from the interactions
amongits genesproteins,metabolitesandothermolecules.
Thisimpliesthat,in orderto understandhefunctioningof an
organism,the networks of interactionsinvolvedin genereg-
ulation, metabolism,signal transduction,and other cellular
andintercellularprocesseseedto be elucidated.

A geneticregulatory network consistsof a setof genes
and their mutual regulatory interactions. The interactions
arisefrom the factthatgenescodefor proteinsthatmaycon-
trol the expressionof othergenesfor instanceby activating
or inhibiting DNA transcription[Lewin, 1999. The study
of geneticregulatory networks hasrecevved a major impe-
tus from the recentdevelopmentof experimentaltechniques
permitting the spatiotemporakxpressionlevels of genesto
berapidly measuredn a massiely parallelway [Brown and
Botstein,1999. However, in additionto experimentalools,
computertoolsfor the modelingandsimulationof genereg-
ulation processewill be indispensable. As most genetic
regulatorysystemsof interestinvolve mary genesconnected
throughinterlockingpositive andnegative feedbackoops,an
intuitive understandingf their dynamicsis hardto obtain.

Currently only a few regulatory networks are well-
understoodon the molecularlevel, and quantitatve infor-
mation aboutthe interactionsis seldomavailable. This has
stimulatedaninterestin modelingandsimulationtechniques
developedwithin qualitatve reasoning(QR) [Heidtke and
Schulze-Kremer1998; Treleaseet al., 1999. A majorprob-
lem with theseapproachesbasedon well-known methods
like QSIM [Kuipers,1994 andQPT [Forbus, 1984, is their
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lack of upscalability Following approaches mathematical
biology, de Jongand Page[2004 have proposeda qualita-
tive simulationmethodcapableof handlinglarge and com-
plex networks.

The aim of this paperis to generalizethe latter method
andto demonstratets applicability to real networks of bio-
logical interest. The generalizatiorof the methodallows a
broaderrangeof regulatoryinteractionsbetweerngeneso be
expressed. This enablesmore complex systemsto be ana-
lyzed, suchasthe network of interactionscontrollingtheini-
titation of sporulationin the bacteriumBacillus subtilis We
have simulatedthe sporulationnetwork using a model con-
structedfrom publishedreportsof experiments. The simu-
lationsreveal that an additionalinteraction,proposedn the
literaturebeforebut notyet experimentallyidentified,maybe
involved.

In the next section,we will discussthe classof equations
beingusedto modelgeneticregulatory networks. The third
sectiondescribeghe qualitative simulationalgorithm,focus-
ing on the representationf the qualitatve stateof a regula-
tory systemandthe determinatiorof statetransitionsby the
simulationalgorithm. The subsequensectionspresentthe
resultsof the analysisof the sporulationnetwork aswell asa
discussiorof themethodin the context of relatedwork.

2 Modeling geneticregulatory networks

2.1 Approximations of regulatory interactions

In orderto modela geneticregulatorynetwork, we first have
to describeheregulatoryinteractiondgn anempirically valid
and mathematicallyrigorousway. Considera DNA-binding
proteinencodedy genej, activatingthe expressiorof atar
getgenei. Therateof transcriptionof ¢ asa functionof the
concentratior; of the regulatoryproteinfollows a sigmoid
curve [Yagil andYagil, 1971]. Below athresholdconcentra-
tiond; > 0 thegeneis hardlyexpressedtall, whereasibove
this thresholdts expressiorrapidly saturates.
Sigmoidcurvesarealsofoundin the caseof morecomplex
regulatory mechanisms.Considerthe proteinsJ andK that
formadimerrepressinghetranscriptiorof genei (Fig. 2(b)).
Analysisof a kinetic modelof this regulatorymechanisnre-
vealsthatthe rate of expressionof ¢ dependsn a sigmoidal
fashionon thetotal concentrations; andz, of JandK, re-
spectvely. Thatis, both JandK needto be availableabove
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Figurel: Geneticregulatorynetwork underlyingtheinititation of sporulationin B. subtilis For every gene the codingregion
andthe promotersareshovn. Promotersaredistinguishedy the specifico factordirectingDNA transcription.Theregulatory
actionof aproteintendingto activate(inhibit) expressioris indicatedby a‘+’ (*-’). Asanotationalcornvention,namef genes

areprintedin italic andnameof proteinsstartwith a capital.

theirthresholdconcentrationsor i to berepressed.

proteinK
O O
\
() proteind proteinJ ~
proteincomplex JeK
“
genei (a) genei (b)

Figure 2: (a) Activation of a target genesi by a regulatory
proteinJ. (b) Inhibition of ¢ by aproteincomplex JeK.

In the caseof steepsigmoids,the combinedeffect of reg-
ulatory proteinson geneexpressioncanbe approximatedy
meansof Booleanfunctions[Kauffman, 1993; Thomasand
d’Ari, 1990. Herewe will rewrite a Booleanfunction in
termsof stepfunctionsand arithmeticsumsand multiplica-
tions, following the procedureof Plahteet al. [1994. For
the activator proteinin Fig. 2(a), we thusobtaina regulation
functionr(z;) = k s*(x;,6;), wheres* () is astepfunction
(Fig. 5) andx > 0 arate parameter Similarly, the effect
of aregulatoryproteinrepressingyenei canbe describedy
r(z;) = ks (x5,0;), with s™(z;,60;) = 1 — s¥(z;,0;).
The dimer repressoexamplein Fig. 2(b) leadsto the func-
tion ri(wj,:ck) = K; (1 - S+($j, 0]') S+(.'L'k, Hk))

Although the above discussiorhasfocusedon the repre-
sentationof interactiongregulatingthe synthesisof proteins,
it alsoappliesto the degradationof proteins. Sigmoidrela-
tionsareobsenedin the latter caseaswell, sothatthe logi-
cal approximationgrevalid. In orderto formally distinguish
proteindegradatiorratesfrom proteinsynthesisateswe will
denotetheformerby ~; insteadof &;.
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2.2 Stateequations

Thedynamicsof geneticregulatorynetworkscanbemodeled
by asystenof differentialequationsuggestethy Mestl etal.

[1999, extendingearlier proposalsby Glassand Kauffman
[1973 andThomasetal. [1990.

& = fi(x) — gi(x)zi, ©>0,1<4<n, (1)
wherex is a vectorof cellular protein concentrations.The
stateequationg1) definethe rate of changeof the concen-
trationz; asthedifferenceof therateof synthesisf;(x) and
therate of degradation—g;(x)z; of the protein. Exogenous
variablescanbe definedby settingz; = 0.

Thefunction f; : RZ, — R is definedas

fz(m) = ZT,’[(iB) > 0, (2)

leL

wherer; () is a regulationfunction and L a possiblyempty
setof indicesof regulationfunctions. The function g;() is
definedanalogouslyto (2), exceptthat for reasonghat will

becomeclearbelon, we demandthat g;(x) is strictly posi-
tive. Notice that for the above definitionsof f;() and g;(),
the stateequationg1) are piecevise-linear Equationof this
form, andtheirlogical abstractionshave beenwell-studiedin
mathematicabiology (e.g.,[Lewis andGlass,1991;Mestl et
al., 1995; Thomasandd'Ari, 1994).

Egs.(1) and(2) generalizeuponthe formalismemployed
in [de Jongand Page, 2004 in two respects.First, the reg-
ulation functionsr; () may be the mathematicakequialent
of ary Booleanfunction, whereasn the earlierpaperit was
restrictedto logical functions composedof Booleanprod-
ucts. Secondthe regulationof proteindegradationcannow
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Stateequationfor SpoOE:

Tse =Kse 3_($ab, ea,b1)3+(xay 9:11) — VseTse,

Thresholdnequalities:
0 < 8se; < Bsey < Osey < matse

Equilibriuminequalities: 0 < kse/vVse < bse,

(@)

Stateequationfor AbrB:
iab =Kab s~ (xaba eabg) 3+(-7;a; eal) .
(1 - 3+(-7:sa, esa,l) 5+(xkay gkal) s~ (xse, 0353)) — Yab Tab
Thresholdnequalities:
0 < Oapy < bapy < Mazap

(b)

Equilibriuminequalities: Ogp, < Kab/Yab < MAT ap

Figure3: Stateequationsthresholdinequalities,andequilibriuminequalitiesfor the genes(a) spoOEand (b) abrBin Fig. 1.
The subscriptdn the equationgeferto the sporulationgeneskinA (ka), SpoOE(se), spo0A(sa), sigA (a), sigH (h), andabrB

(ab).

be modeled,whereasbeforethe degradationrate was setto
gi(x) = 7;. Theseextensionsallow the structureof complex
regulatorynetworksto beformalizedin a corvenientway.

In Fig. 3 the stateequationscorrespondingo two of the
genesin the sporulationnetwork of Fig. 1 areshavn. The
differentialequationin (a) stateshat spoOEis transcribedat
aratek,. from ac-promotemwhenits repressoAbrB is be-
low its thresholdconcentratio,p, (i.€.,5™ (Zap,8ap,) = 1).
In addition, for transcriptionto commencethe sigmafactor
o4 encodeddy sigA needgo be availableat a concentration
above the thresholdf,,, (i.e., st (zs4,050,) = 1). SpoOE
degradesatarateproportionalto its own concentration.

v )
o l{l/ 1 S
2
,Uz/llz B e At il
ks
oS Is
egkz—l)
egkl—l) €§k1) egkﬁl) egkl—l) egk'l) 0§k1+1)
@) (b)

Figure4: (a) Two-dimensionaphasespacedividedinto reg-
ulatory domainsby the thresholdplanes.The shadedegula-

tory domaindefinedbyegkl_l) < < HY“) andegkrl) <
T2 < ng” hasa target equilibrium in an adjacentregula-
tory domain.(b) The samephasespaceawith switchingzones
aroundthethresholdplanes.

2.3 Thresholdand equilibrium inequalities
In general,a protein encodedby a genewill be involved

in differentinteractionsat differentthresholdconcentrations.

Although exact numericalvalueswill not usually be avail-
able,we canorderthe p; thresholdconcentrationsf genei,
which givesthe thresholdnequalities

0< 8 < ... <6 < maz;. ©)

The parametermaz; denotesa maximumconcentratiorfor
the proteindenotedoy .
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For the sporulationgeneabrBtwo thresholdsaredefined,
0.5, andb,;,. AbrB hastwo thresholdconcentrationsé,,
andd,, . Thefirst thresholdcorrespondso the repressiorof
spoOE sigH, andotherearly sporulationgeneshy AbrB. The
secondthresholdcorresponddo the autoreyulation of abrB
duringvegetative growth, whenAbrB levelsareattheir high-
est. This motivatesthe orderingof the AbrB thresholdsin
Fig. 3(b): 045, < Gap,-

Then — 1-dimensionathresholdhyperplanes; = 92’”‘”,
1 < k; < p; divide the phasespacebox into regions, called
regulatorydomaing(Fig. 4). Within eachregulatorydomain,
the stepfunction expressionsn (2) canbe evaluated which
reducesf;() andg;() to sumsof rateconstantsThatis, f;()
simplifiesto someu; € M; = {fi(z) | 0 < = < max},
andg;() tosomey; € N; = {g;(z) | 0 < z < max}. The
setsM; andN; collectthedifferentsynthesiasnddegradation
ratesof the proteinin differentdomainsof the phasespace.

It can be easily showvn that all trajectoriesin a regula-
tory domaintendtowardsa single, stablesteadystatex =
wp/v, the tamet equilibrium lying at the intersection of
the hyperplaness; = u;/v; [Glassand Kauffman, 1973;
Mestlet al., 1995; Thomasandd’Ari, 199d. Thetargetequi-
librium level u;/v; of the proteinconcentratione; givesan
indicationof the strengthof geneexpressiorin theregulatory
domain.

Asin thecaseof thresholdbarametersxactnumericalval-
uesfor therateconstantsvill notusuallybe available. How-
ever, it is possibleorderthe possibletarget equilibrium lev-
elsof z; in differentregionsof the phasespacewith respect
to the thresholdconcentrations. The resulting equilibrium
inequalitiesdefinethe strengthof geneexpressionin a reg-
ulatory domainin a qualitatve way, on the scaleof ordered
thresholdconcentrationsMore precisely for every u; € M;,
v; € N;, we specifysomel;, 1 < I; < p;, suchthat

Gl(l’) < [1«,'/1/1' < 0§li+1), (4)
with specialcased) < u;/v; < 621) andegp") < pifvi <
mazc;.

Inspection of the state equationsof AbrB shaws that
Map = {0,640} andNop = {7v4s}. The equilibrium level

! The equilibriuminequalitieshave alsobeencalled nulicline in-

equalitied de JongandPage,200d, becausehe equilibrium levels
correspondo nulicline hyperplaneén thephasespace.
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Kab/7Yap 1S placedabove the highestAbrB threshold,since
otharwisethe concentrationof AbrB would never be able
to reachor maintaina level at which negative autorgula-
tion takes place. This leadsto the equilibrium inequalities
eabg < ’iab/’Vab < Mazxgp.

The thresholdand equilibrium inequalitiesdeterminethe
signof z; in aregulatorydomain,andhencethelocal dynam-
ics of the system.In fact, givena regulatorydomaindefined

in dimensioni by Ol(-k") <z < 05’““), it canbe shawn that,
if pifvi < 05’“), thenz; < 0 everywhereinsidetheregula-
tory domain. Similarly, if p;/v; > 01(.'““), theng; > 0. On
theotherhand, if 02’”) < pilvi < 02'“”1), thenthesignof &;
in the regulatorydomainis not unique,written as:; ; 0.1n
particular &; < 0 ononesideof thehhyperplaner; = p;/v;,
%; > 0 ontheothersideof the plane,andz; = 0 insidethe
plane.

2.4 Discontinuitiesin stateequations

The questionmustbe raisedwhat happensn the threshold
hyperplanest; = 02'“) separatinghe regulatory domains,
wherethe stepfunctions,andhencethe stateequationsare
notdefined.Several solutionsarepossiblefor this non-trivial

problem.In this paperwe follow the approactof Plahteetal.

[1994 andreplacethe discontinuousstepfunctionsby con-
tinuousrampfunctions(Fig. 5). The solutionof the PLDEs
with stepfunctionsis thendefinedto be the solution of the
DEswith rampfunctionsconsideredn thelimit § — 0.

/F l+(xjvej: 6)

,,,,,,,,,,,,,,

Ty 0 9]' (7
Figure 5: Step function s*(z;,6;) and ramp function
I*(z;,05,6). 1T approachest asé — 0.

The use of ramp functions divides the phasespaceinto
regulatory domainsseparatedy switching zones regions
in which one or more z; have a value in the é-interval
[65'“) — 6/2,05'“) +6/2] aroundathresholdegk"). An ex-
amplephasespacewith switchingzonesis shavn in Fig. 4.
Insidethe regulatorydomains,the DEswith rampfunctions
are equialentto the PLDEs with stepfunctions. Outside
theregulatorydomainsjn the switchingzonesthe DEswith
rampfunctionsmay be nonlinearfunctionsof the concentra-
tion variables.The switchingzonesseparatinghe regulatory
domainsvanishandapproach(intersection®f) thethreshold
hyperplanessé — 0.

3 Qualitati ve simulation of geneticregulatory
networks

The goal of qualitatize simulationis to exploit the qualita-
tive constraintson parametewaluesin orderto predictthe
gualitatve dynamicsof a regulatorynetwork. More specifi-
cally, we would like to know which regulatorydomainscan
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be reachedby somesolutiontrajectorystartingin the initial
regulatorydomain,for parametewaluesconsistentvith the
specifiedthresholdand equilbriuminequalities. A sequence
of regulatory domainsthus generatedjives an indication of
the evolution of the functionalstateof the system,astransi-
tionsbetweerregulatorydomainsreflectchangesn the syn-
thesisanddegradatiorratesof proteins.

3.1 Qualitative values,states,and behaviors

Theanalysisof PLDEsof theform (1) motivatestheintroduc-
tion of the qualitative valueof a statevariableandits deriva-
tive, aswell asdefinitionsof the qualitative stateand quali-
tative behavior of thesystem.Let £(t) = &(x, 0, 0, Kk, ~, 1)
be the solution of PLDEs with stepfunctionsdescribinga
regulatorynetwork on thetime-intenal [to, t [ for givenpa-
rametevaluesandinitial conditionsz(to) = xo.

Def. 1 (Qualitati vevalue) Supposethat at somet > t it

holdsthat£&(t) liesin areguIatorydomain,suchthatégk") <

&) < 01(.'““) foreveryi (1 <i<mnandl < k; < p;). The
qualitative valuequ(§;, t) of &;(t) is givenby theinequalities
0¥ < z; < 6TV while the qualitative valuequ (¢;, t) of

£&:(t) is givenby oneof theinequalitiesi; < 0, ; > 0, &; s

0, dependingnthesignof ;(t) in theregulatorydomain.

The definition can be straightforwardly generalizedto the
caseof regulatorydomainshoundediy z; = 0 orxz; = max;.
Notice thatthe qualitative valueis not definedin the switch-
ing zonesaroundthethresholdhyperplanes.

Def. 2 (Qualitati ve state) Thequalitatve stategs(&,t) for &
att is givenby thevectorsgu(£,t) andqu(€, t) of qualitative
values.

A qualitative stateassociateavith aregulatorydomaincan
be interpretedasrepresenting functional stateof the regu-
latory system. Eachproteinconcentratiorhasa valuelying
betweentwo consecutie thresholdsandis eithertendingto-
wardsoneof thethresholdvaluesor evolving towardsavalue
betweerthethresholds.

Def. 3 (Qualitati ve behavior) Thequalitative
behavior gb(&) of ¢ is given by the sequencef qualitatve
statesys(&€,t) on[to, too|.

A qualitative behaior definesa successiorf qualitatve
statesf theregulatorysystem.lt is not difficult to shav that
every solution¢ of (1) canbe abstractednto a uniquequali-
tative behavior.

3.2 Qualitati ve simulation algorithm

In termsof the above definitions, the qualitative simulation
procedurecan be formulated as follows [Kuipers, 1994.
Giveninitial qualitatvevaluesgv,,, describingheinitial pro-
tein concentrations:, the simulationalgorithmcomputeshe
initial qualitative stategqs,, andthendeterminesll possible
transitionsfrom ¢s, to successoqualitatve states.Thegen-
erationof successostatess repeatedn a recursve manner
until all qualitatve stategeachabldérom theinitial qualitative
statehave beenfound.

The possibletransitionsfrom a qualitative stateare deter
minedby therule below.
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6% <z < 0T i >0
95ki+1) <ri < 9§ki+2), T s 0
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0% < z; < 6% i >0
0 < z; < 6D & >0
0 < z; < 6% 5 <0
0 < z; < 6% 5 <0

Figure 6: Continuity constraintsfor the qualitatve values
qui, qv; andqu}, gv; of two qualitative statesgs andgs’ de-
fined on adjacentregulatorydomains. Valid for 1 < k; <
p; — 1, theconstraintsanbe easilygeneralizedo the caseof

gualitatve values0 < z; < 01(.1) andag’”) < z; < maz;.

Def. 4 (Statetransition) Let gs andgs’ be two qualitatve
statesassociateavith adjacentegulatorydomains.A transi-
tion from ¢s to gs' is possiblejf for everyi, 1 < i < m, such
thatqu; # qu}, the qualitative valuesqu;, gv; and qv}, gv;
satisfythe continuity constraintsn Fig. 6.

Fig. 7(a) illustratesthe applicationof therule. Intuitively
formulated,the rule saysthat a transitionfrom one qualita-
tive stateto anotheris possible|f atrajectorymay crossthe
switchingzoneseparatingheregulatorydomainsof thequal-
itative states.

A simulation algorithm basedon Def. 4 is describedin
[de Jongand Page,200d. The qualitative statesandtransi-
tionsgeneratedby thealgorithmform a statetransitiongraph
The graphmay containcyclesandstateswithout successors,
which aretogethereferredto asattractors Sincethenumber
of possiblequalitative statesis finite, every pathin the state
transitiongraphwill reachan attractorat somepoint. Each
path running from the initial qualitatve stateqs, to an at-
tractorformsa possiblegualitative behavior of theregulatory
system.

0§k2+1)
=N\ /N
agm) ﬂ‘
S /s
0(’62—1)
2
egkl—l) egkl) 0§k1+1) 0§k1—1) agkl) 9§k1+1)
@) (b)

Figure7: (a) Phasespacewith derivative vectorsz in thereg-
ulatorydomains(—) andthe statetransitions(=-) permitted
by Def. 4. (b) Solutiontrajectoryescapinghroughswitching
zones.

3.3 Propertiesof simulation algorithm

Given a model andinitial qualitative valuesqv,, what can
be said aboutthe correctnes®f the behaiors producedby
gualitatve simulationWe defineaset= of possiblesolutions
of (1) on [to, teo [, Suchthatfor every ¢ € E the numerical
valuesof 8, k, and~y satisfy(3)-(4), andqu(&,t) = qu,.
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Theultimateaim of qualitatve simulationis to determinehe
set( B of qualitative behaviors, suchthat(1) for every€ € =
thereisab € @B, suchthatgb(¢) = b (soundnegsand(2)
for every b € @B thereisa& € E, suchthatgb(&) = b
(completenegds

Unfortunately the simulationalgorithmbasedon Def. 4 is
not sound. A trajectorymay entera switching zonefrom a
regulatorydomain,andthenescapehroughotherswitching
zonesto enteranothey possiblynon-adjacentegulatorydo-
main(Fig. 7(b)). As aconsequencéhe simulationalgorithm
may overlook qualitative statetransitions.We foundthatthe
practicalconsequencesf suchomissionsare limited, since
qualitatve statesnotdirectly reachabléy atransitionareof-
tenindirectly reachabléy a sequencef transitions.

Completenessf the simulationalgorithmhasneitherbeen
provennor disproven, but seemdifficult to guaranteagiven
the behavioral compleity that canbe attainedby modelsof
theform (1) [Lewis andGlass,1991].

3.4 GeneticNetwork Analyzer

Thesimulationmethodhasbeenmplementedn Javal.2,ina
programcalledGNA (GeneticNetwork Analyzer)? Thepro-
gramreadsandparsesnputfiles specifyingthe modelof the
system(stateequationsthresholdand equilibrium inequali-
ties)andtheinitial state.Fromthisinformationit producesa
statetransitiongraph.Extension®f thesimulationalgorithm
allow all qualitative statesandtheir transitionsto be gener
ated,aswell asthecompletionandsimulationof modelswith
unspecifieahresholdandequilibriuminequalities.

GNA is accessiblethrough a graphical userinterface,
whichallowsthenetwork of interactionsbetweergeneso be
displayedaswell asthe statetransitiongraphresultingfrom
thesimulation.In addition,theusercananalyzetheattractors
with their basinsof attraction andfocuson qualitative behar-
iorsto studythetemporalevolution of proteinconcentrations
in moredetail (Fig. 8).

4 Application: sporulation in B. subtilis

The methodandits implementatiorhave beenusedto study
theregulatorynetwork underlyingtheinitiation of the sporu-
lation processin the Gram-positve soil bacteriumBacillus
subtilis|Grossman1995;Hoch,1993. Underconditionsof
nutrientdepriation, B. subtiliscandecidenot to divide and
form adormantenvironmentally-resistargporeinstead.The
decisionto eitherdivide or sporulateis madeby a complex
regulatory network integrating various ervironmental, cell-
cyle, andmetabolicsignals.

A schematiecepresentationf thecoreof this network, dis-
playingkey genesandtheir regulatoryinteractionsjs shavn
in Fig. 1. Thecentralcomponenof thenetwork is aphospho-
rylation pathway, a phosphorelaywhichtransferphosphates
from theKinA kinaseto the SpoOAregulator Aboveacertain
thresholdthe phosphorylateéorm of Spo0OA(Spo0A~P)ac-
tivatesvariousgenesthat commit the bacteriumto sporula-
tion. An exampleis the spollA operon,which encodeghe
transcriptionfactoro ¥, essentiafor the developmentof the
forespore. The flux of phosphateacrossthe phosphorelay

2GNA is availablefrom the authorsuponrequest.
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Figure8: (a) GNA outputfor the equilibriuminequalities0 < &se/vse < 0se,. Theleft window shavs the statetransition
graphwith a qualitatve behaior runningfrom the initial qualitative stateV1 to the attractorstateV15. In the right window

thetemporalevolution of the qualitative valueof Hpr andKinA for this behaior canbefollowed. (b) Summaryof simulation
resultsfor aninitial stateexpectedo inducesporulationwhile varyingtheequilibriuminequalitiesfor SpoOE.Thesimulations
take betweerD.5and3 secondg$o completeon a SunUlItra 10 workstation.

and hencethe concentrationof Spo0A~P, is controlled by
various external signalsinfluencingthe activity of pathway
components.In addition, the flux of phosphates regulated
by Spo0OA~P itself, througha numberof directandindirect
feedbacKoopsinvolving abrB sinl, sinR andothergenes.

Using the extensie literature on B. subtilis sporulation,
andthe Subtilistdatabasat the Institut Pasteurwe have for-
mulatedstateequationsand appropriateparameteinequali-
tiesfor every genein the network. In total, the mathematical
model consistsof 10 stateequations,10 thresholdinequali-
ties, and 30 equilibrium inequalities. In the rare casesthat
theliteraturedid notunambiguouslyleterminehe parameter
inequalitieswe have systematicallyexploredthe alternatves
and selectedhosethat permit the obsened behaior of the
bacteriumto bereproduced.

The behaior of B. subtilishasbeensimulatedfrom a va-
riety of initial states,reflectingdifferentphysiologicalcon-
ditions. For example,fig. 8(a) shavs the simulationresults
for aninitial statereflectinga perturbationof the vegetative
growth conditions,whenthe proteinkinaseKinA autophos-
phorylatesn responséo anexternalsignalindicatinga state
of nutritional deprivation. Under theseconditions, a state
transitiongraphwith two attractords producedgcorrespond-
ing to statesin which the bacteriumcontinuego divide (V3)
or initiatessporeformation (V15 andV18). Both statesnay
be reacheddependingn the exact valuesof the parameters
satisfyingthethresholdandequilibriuminequalities.

In orderto obtainresultconsistentvith experimentaldata,
we foundthatthetargetequilibriumconcentrationsf SpoOE
have to be placedbelow the lowestthresholdconcentrations
(0 < Kse/vse < O5e,). Thatis, we needto assumehatspoOE
expressiorlevelsarequiteweak. Whenotherequilibriumin-
equalitiesarechosenthe simulationspredictthatsporulation
cannotbe initiated underappropriateconditions,contraryto
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whatis obsened(Fig. 8(b)). In fact, SpoOEmediatethe neg-
ative autorgyulationof SpoOA~P, andthuspreventsa critical
concentratiorof SpoOA~P to accumulate.

The above choiceof parameteconstraintss troublesome,
becausat implies that SpoOEcannotexert ary influenceon
the decisionto sporulate,since its concentrationwill not
reachthethresholdevelsabove which it canblock the phos-
phateflux throughthe phosphorelay The simulationresults
thussuggesthatthenetwork in Fig. 1, basedon interactions
reportedin the literature,may be incomplete. As a remedy
we could postulatethatan unknown signaldecreasethe ac-
tivity of SpoOEat the onsetof sporulation.Molecularstudies
of theinteractionof SpoOEwith componentsf thephospore-
lay suggesthe existenceof sucha cellular factorwhich re-
mainsasof yetunidentified[Ohlsenet al., 1994.

5 Discussion

We have presentednimplementednethodfor thequalitatve
simulationof geneticregulatorysystemghatcanhandlelarge
andcomplex networksof genesandinteractions.Themethod
is ageneralizatiomf themethodin [de JongandPage,200d,
in thatit allows a larger classof regulatoryrelationshipse-
tweengenesto be modeled. In the first place,thereare no
restrictionson the logical functionsthat can be represented
by (2). This permitscomplex regulatory interactionsto be
includedin the models,as illustrated by the stateequation
for abrBin Fig. 3(b). In the secondplace,the regulation of
proteindegradationcanbetakeninto account.Althoughthis
featureof the methodhasnot beenusedin the sporulation
example,it turnedout to be crucialin modelingthe network
controllingtheinductionof thelytic cycle following phageu
infectionof E. coli (resultsnotshavn here).

The applicability of the methodto actualregulatory net-
works has beendemonstratedy an analysisof the large
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andcomple network underlyingtheinitiation of sporulation
in B. subtilis The analysishasresultedin a suggestiorto
completethe modelcompiledfrom the sporulationliterature,
which shaws the potentialof the methodas a tool to focus
further exprimentation. To our knowledge, qualitative sim-
ulation of geneticregulatory networks of the size and com-
plexity consideredn this paperhasnot beenundertalenthus
far.

Upscalingof the simulationmethodis achieredby model-
ing geneticregulatorysystemdy a classof piecavise-linear
differentialequationdmposingstrongconstraintson the lo-
cal dynamicsof the system. Besidesin moleculargenetics,
PLDEs of this form have beenusedin otherbiological do-
mains,for instancein populationbiology. In orderto effec-
tively apply the constraints the representatiorof the qual-
itative stateof the systemand the simulationalgorithm are
adaptedo the mathematicastructureof theequations.

Adaptationto a specificclassof modelsis the principal
respectin which the methodpresentedn this paperdiffers
from well-known QR methoddike QPT andQSIM [Forbus,
1984;Kuipers,1994. A major differencewith QSIM is that
the qualitative stateof a regulatorysystemis describedbn a
higherlevel of abstractionln particular thebehavior insidea
regulatorydomainis abstractedhto a singlequalitative state,
makinguseof the factthatinsidea regulatorydomaineither
& < 0,% > 0,0r# = 0. In QSIM onewould have to
distinguishan exponentiallygrowing numberof qualitatve
statesnsideandon the boundaryof aregulatorydomain.

Approximating step functions by infinitely steepramp
functionsallows a precisedefinition of the behaior of the
systemin thethresholdplanesandhenceof the possiblesuc-
cessoref aqualitative state. Thestatetransitionrulein Def. 4
is simpleandintuitively clear but doesnot presere sound-
nessof the algorithm. Eventhoughthe practicallimitations
of this may be limited, the developmentof statetransition
rulesguaranteeingoundnesis animportanttopic for further
research.

The B. subtilis example suggestan approachto validate
hypothesizednodelsof geneticregulatorynetworks. Given
temporal gene expressionpatternsobsened under certain
physiological conditionsin wild-type or mutant strains of
the bacterium,one candevelop algorithmsto systematically
searchthespaceof freely adjustablgparameteinequalitiego
find constraintgor whichthemodelis ableto accounfor the
obsenations. Extensionsof this type would allow the simu-
lation methodpresentedn this paperto evolve into a more
generamodelingtool.
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Discrimination of Semi-Quantitative Models by Experiment Selection: Method
and Application in Population Biology
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Abstract

Modeling an experimental system often results in
a number of alternative models that are justified
equally well by the experimental data. In order to
discriminate between these models, additional ex-
periments are needed. We present a method for
the discrimination of models in the form of semi-
quantitative differential equations. The method is a
generalization of previous work in model discrim-
ination. It is based on an entropy criterion for the
selection of the most informative experiment which
can handle cases where the models predict multi-
ple qualitative behaviors. The applicability of the
method is demonstrated on a real-life example, the
discrimination of a set of competing models of the
growth of phytoplankton in a bioreactor.

1 Intr oduction

Obtaining an adequate model of an experimental system is
a laborious and error-prone task. In many cases one arrives
at a number of rival models that are justified equally well by
the experimental data. In order to discriminate between these
models, additional experiments are needed. Since in real-life
applications the number of experiments to perform may be
quite large, and the costs of each of them considerable, it is
important that the experiments be selected carefully. In fact,
experiments need to be chosen such that the set of possible
models is maximally reduced at minimal costs.

For experimental systems described by differential equa-
tions, several approaches for model discrimination have been
proposed in the literature (e.g. [Espie and Macchietto, 1989]).
With few exceptions (e.g. [Struss, 1994; Vatcheva et al.,
2000]), these methods apply to completely specified quan-
titative models. That is, they cannot be used when precise
numerical values for the parameters are not available and the
precise form of functional relations is unknown.

This has motivated the development of a method for model
discrimination that is able to handle incompletely specified
models in the form of semi-quantitative differential equations
(SQDEs). The method is based on an entropy criterion for the
selection of the most informative discriminatory experiment.
This experiment is determined from the behavioral predic-
tions obtained from the competing models through simulation
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under various experimental conditions.

In earlier work, we have developed a method for the
discrimination of semi-quantitative models [Vatcheva et al.,
2000]. However, the previously proposed approach is re-
stricted to the case that all models predict the same qualita-
tive behavior, a situation rarely occuring in the case of more
complex models. The method described in this paper is a
generalization of the approach above in that it allows one to
deal with situations in which multiple qualitative behaviors
are predicted.

The applicability of the method is demonstrated on a real
problem in population biology, the selection of experiments
to discriminate between competing models of the growth of
phytoplankton in a bioreactor. The choice of good discrim-
inatory experiments is critical in this application, since the
experiments may take several weeks to complete. Semi-
quantitative models are appropriate, because the available
data is incomplete and imprecise, as for most biological sys-
tems. We have compared the optimal experiment as deter-
mined by our method with an experiment that has been actu-
ally carried out. Furthermore, taking into account the results
of the latter experiment, the best next experiment to perform
has been suggested.

The paper is organized as follows. The next section deals
with the basic concepts of semi-quantitative modeling and
simulation. Sec. 3 gives an outline of the method for model
discrimination, focusing on the criterion for selecting the
most informative experiment. The results of the application
of the method to the modeling of phytoplankton growth in a
bioreactor are presented in Sec. 4. The final section discusses
achievements and limitations of our work in the context of
related work on model discrimination and gives some per-
spectives on further research.

2 Semi-quantitative modeling and simulation

Semi-quantitativedifferential equations (SQDES) are abstrac-
tions of ordinary differential equations (ODES) that allow in-
completely or imprecisely specified dynamical systems to be
modeled [Berleant and Kuipers, 1997]. In an SQDE, bound-
ing envelopes are defined for unknown functions, as well as
numerical intervals to bound the values of parameters and ini-
tial conditions.

Fig. 1 shows an example of a second-order SQDE describ-
ing the growth of the microalgae Dunaliella tertiolectaunder
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Monod
T = p(s)x — dx

$=d(sin — 8) — p(s)x
p(s) = Nmamﬁ
pl5) = (o)

d € [0.095,0.105], 54, € [80,120]
y € [0.15,0.6], fimaz € [1.2,1.6], ks € [0.01,0.2]

Figure 1: An example of an SQDE describing the growth of
phytoplankton in a bioreactor, the Monod model. The phys-
ical meaning of the variables and parameters is given in the
caption of Fig. 3.

nutrient limitation in a bioreactor [Monod, 1942]. The state
variables are the biomass = and the concentration of the lim-
iting nutrient s. The intervals bounding the model parameters
Imaz» ks, and y have been estimated from preliminary exper-
iments.

For the simulation of SQDEs we employ the techniques
Q2+Q3 [Berleant and Kuipers, 1997], which refine the
qualitative behavior tree produced by the QSIM algorithm
[Kuipers, 1994]. The results of semi-quantitative simulation
consist of one or more qualitative behaviors supplemented by
ranges for the values of the variables at qualitatively signif-
icant time-points. The behaviors resulting from the simula-
tion of the SQDE in Fig. 1 are shown in Fig. 2. In order to
narrow down the interval predictions, we use the compara-
tive analysis technique SQCA [Vatcheva and de Jong, 1999].
SQCA refines the simulation results by comparing a behav-
ior predicted for one experiment with behaviors predicted for
related experiments.

3 Method for modeldiscrimination

The predictions obtained through semi-quantitative simula-
tion can be exploited to maximally discriminate a set of com-
peting models against minimal costs. The method for achiev-
ing this is based on a generalization of the entropy criterion
for the most informative experiment developed in [Vatcheva
et al., 2000].

3.1 Model discrimination and behavior predictions

Consider a set M of competing models of an experimen-
tal system. Each m; € M has a probability p(m;) to
be the correct model of the system, and we assume that
> m.enr p(m;) = 1 [Fedorov, 1972]. The a priori model
proba%mtles are estimated from data obtained in preliminary
experiments or assumed equal when no such data exist. Each
time an experiment is executed, and new data becomes avail-
able, the model probabilities are being updated. If the data
does not justify the predictions of some m;, its a posteriori
probability becomes zero.
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Figure 2: Behaviors resulting from the simulation of the
SQDE in Fig. 1, for the initial conditions zo € [36,39],
so € [0.005,0.01]. Behavior b; predicts that the system
reaches its equilibrium (z*, s*) asymptotically. In bs, the nu-
trient concentration s reaches a maximum, before the system
approaches its equilibrium. In b3, 2 reaches first a maximum,
followed by a minimum of s and the equilibrium. The ta-
ble summarizes the interval predictions for each of the three
behaviors.

For the discrimination of the models in M, experiments
from a set F of experiments need to be selected. The experi-
ment that discriminates best between the models is estimated
from the model predictions. For each experiment e € E, the
models in M are perturbed according to e, and then simulated
to predict the behavior of the system under the experimental
conditions. The prediction of m; for some e is a set of behav-
iors Bf. The set of all qualitatively distinct behaviors result-
ing from the simulation of the models in M for e is denoted
by Be©.

For discrimination purposes, only certain characteristics of
the predicted behaviors b € B¢ are taken into account. This
gives rise to a set of behavioral features F}, for b. The set of
behavioral feature consists of minima, maxima and equilib-
ria of the system variables. The behavioral features defined
for b3 in Fig. 2, for instance, are the maximum of x and the
minimum of s (2,4 and s,,;»), and the steady state levels
of these variables (s* and z*). Here we will assume that the
value of a behavioral feature is an interval.
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Intuitively, the experiment that can be expected to opti-
mally discriminate between the models is the experiment for
which the predicted values of the behavioral features over-
lap least. This intuition will be formalized below by defining
the most informativeexperiment. A set of competing models
can then be discriminated by repeatedly determining the most
informative experiment, performing this experiment, and up-
dating the model probabilities in the light of the outcomes.

3.2 Criterion for most infor mative experiment

A standard measure in information theory is the information
increment of an experiment [Fedorov, 1972]. For every ex-
periment e € E we define

AH(b®)Y®) = — Z p(mi) Inp(m;) +
m;EM
S plmi |5, Y ) np(ms | 6, Y°), (1)
m; EM

where p(m;) and p(m; | b, Y ) are the a priori and a pos-
teriori probabilities of m;. ¢ is the behavior of the system
observed in e, and Y ¢ is the vector of observations for the
behavioral features Fy.. The observations are assumed to be
intervals Y = [y — ¢;/2,y5 + €;/2], where y¢ is the mid-
point, and ¢ is the estlmateof size of the confidence interval
for the jth behavioral feature. For clarity of presentation, we
will assume for the moment, that each behavior b is charac-
terized by a single feature.

AH reaches its maximum when all posterior probabilities
but one are zero. That is, when the observations obtained in e
confirm the predictions of a single model. On the other hand,
a minimal value is attained, when all posterior probabilities
are equal.

Since the a posteriori probabilities of the models depend
on the outcome of the experiment which is not yet known,
AH cannot be computed directly. Instead, we can compute
its expected value, or the expected information increment of
e

AJ(e) = AH(b,Y)

beBe YYED

g°(y,b)dy, @

where B¢ is the set of predicted behaviors, Y = [y —¢/2,y+
/2], D the domain of the behavioral feature, and g¢(y, b) its
probability distribution:

g°(y,b) = > plma)p(blmi)gs (y,b).
m;EM

p(blm;) is the probability of behavior b provided m; is the
correct model of the system, and ¢¢(y,b) is the model-
specific probability distribution of the behavioral feature, de-

fined by
1Y nVe|
e - 7Yﬂ‘/tie (2)7
95 (y,0) =qe [V #
0 L YNVeE=0,

with V¢ the interval prediction of m; for the behavioral fea-
ture in experiment e, and | | denoting interval length.
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9¢(y,b) expresses the probability that the value of the be-
havioral feature is Y, if m; is the correct model of the sys-
tem and b is the system behavior. If the interval Y does not
overlap with the model prediction V¢, the probability of the
feature having value Y is zero. Otherwise, the probability is
weighted according to the size of the overlap between Y and
Ve

By substituting the expression for AH in (2) and using the
Bayes’ rule

p(mi)p(blm.)g; (y,b)
> myenr P(mi)p(blmi) g5 (y, )’

we arrive at the following expression for the expected infor-
mation increment of an experiment e:

p(milb,Y) =

AJe) = 3 pm) 3 pbimo)

m; EM bEBf

. 9: (Y, b)p(b|m)
O A e

The criterion ranks the experiments in E according to their
expected informativeness. The optimal discriminatory exper-
iment will be the most informative experiment, that is, the
experiments for which AJ(e) is maximal. Intuitively, exper-
iments which give rise to predictions as different as possible
will be favored. Fig. 4(a)-(b) shows the predictions of the
four models given in Figs. 1 and 3 for two different experi-
ments (see next section). In both cases, each of the models
predicts two possible qualitative behaviors for the biomass z.
The expected information increment for the first experiment,
however, is higher than the expected information increment
for the second (AJ = 0.5927 versus AJ = 0.3290), as the
predicted intervals overlap less.

The expression for AJ can be simplified in a number of
cases. For instance, if all models predict for a given experi-
ment e the same qualitative behavior, (3) can be reduced to

> s [ gitrm& Ny,

m.eM yeD 9¢(y, b)

which is the criterion previously derived by [Vatcheva et al.,
2000].

On the other hand, if for a given e, each model predicts a
different set of qualitative behaviors, we obtain:

AJ(e) == Y p(mi)np(m,),
m;EM
which is the maximum value AJ(e) can take.

The criterion (3) is easily generalizable to the case when
each behavior b is characterized by more than one feature. In
this case we have to substitute the probability distributions by
joint probability distributions, and the integral by a multiple
integral of the k behavioral features. For computational sim-
plicity, we assume in this article that the behavioral features
are independent.

The algorithms for the simulation of SQDEs, outlined in
the previous section have been proven sound. That s, all pos-
sible predictions are derived from a given SQDE model. If

AJd(e) =
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Contois Droop Caperon-Meyer
& = p(s)x — dx z = p(g)x — dx z = p(g)x — dx
§ = d(sin —5) = p(s)x ¢ = p(s) — na)q G = p(s) — nla)q
s S — d(ss — ) — S — d(si — ) —
1(5) = fiman $ (sin — 8) — p(s)x $=d(sin — ) — p(s)x
s+ kpx —k
1 plg) = p(l = —) 1(4) = Himas —0—
o(s) = Su(s) 4=k, + ko
! (5) = Prsaa— (5) = pras—
1% pmams T ks p\S) = pmams T ks
€ [0.15,0.6], ko € [0.00014, 0.0167], fi € [1.7,2.3], kq € [1.6,2.0], ftmas € [1.2, 1.6], pmas € [9.25,9.55], ko € [2.0, 2.4]

Figure 3: Models for the growth of phytoplankton in a bioreactor. « is the amount of biomass per unit volume, s[umol /1] the
nutrient concentration, g[umol /1] the internal quota. The Monod and Contois models assume constant growth yield y[I / umol].
fomaz[day 1] is the maximum growth rate of cells, and fi[day '] a theoretical maximum growth rate obtained for infinite
quota. ks, k, and ko[umol /1] are half-saturation constants, k,[mol /1] is the minimum cell quota, p,,q[umol/1/day] is the

maximum uptake rate of nutrients. For all models s;,, €

[80, 120][emeol /1] is the input nutrient concentration, and d[day —!] the

dilution rate to be controlled in the experiments. The initial conditions are =y € [36.0,39.0], so € [0.005,0.01], g0 € [2.4,2.7]
which are the equilibrium values reached for the initial dilution rate dy = 0.4.

the results obtained in the experiment are correct, this guar-
antees that a model will never be falsely rejected. However,
these algorithms do not exclude spurious predictions. As a
consequence, an experimental result may corroborate a model
while it should be ruled out. Spurious predictions, therefore,
may prolong the discrimination process.

3.3 Computation of behavior probabilities

In order to compute AJ(e), the conditional behavior prob-
abilities p(b;|m;) must be estimated. We have adopted the
following approach. Let v; be a parameter or initial condition
in model m;, and let range(v;, b;) be the interval value of v,
for which behavior b; is obtained. Define

1, | range(vy,b;) |
Hl | UbkeBe range(vy, by) |

r(bj|m;) estimates the fraction of the interval volume of the
model parameters which gives rise to b;. The conditional
probability of b; is now given by normalizing the r(b;|m;)s:
p(bjlmi) = T(b m;) /ZbkeBe 7 (br[mi).
Consider, for instance, the three behaviors given in Fig. 2.
b1, by and b3 have been obtained for different subintervals of
the interval ranges for &, and y:

r(bjlmi) =

beh | ks Yy
0.01,0.158]  [0.3,0.0]
0.0236,0.158]  [0.3,0.6]
0.01,0.158]  [0.15,0.488]

By using these values, the procedure outlined above gives
r(by) = 0.67, r(b2) = 0.61, r(bs) = 0.75. Consequently,
the behavior probabilities can be computed: p(b;) = 0.33,
p(b2) = 0.30, p(bs) = 0.37.
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4 Application: phytoplankton growth

Understanding the regulation of phytoplankton growth is es-
sential for predicting how life in the ocean may respond to
climate changes. As these processes are difficult to study in
the open sea, the growth conditions are recreated in the labo-
ratory in a bioreactor.

A variety of models can be used to describe the growth of
phytoplankton in a bioreactor. Which of these applies best in
a given situation cannot be determined on a priori grounds.
Therefore, experiments need to be performed to discriminate
between the alternative models. Unfortunately, these experi-
ments may take weeks to complete and are thus quite costly
to perform.

We have applied the method of the previous section in the
context of the microalgae D. tertiolecta, carried out by pop-
ulation biologists in a marine laboratory. Four alternative
models to describe the system have been considered, which
are shown in Figs. 1 and 3. The models make different as-
sumptions about the nutrient consumption, the influence of
the biomass on the growth rate of the population, and the rela-
tion between growth and uptake rates. The models are labeled
after their originators: M [Monod, 1942], C [Contois, 1959],
D [Droop, 1968], and CM [Caperon and Meyer, 1972].

Because of coarse and noisy data, and evolution of the sys-
tem in the time frame of the experiment, precise numerical
estimations for the values of the parameters cannot be ob-
tained. This motivates the use of semi-quantitative models.
The interval values for the parameters required in the SQDEs
have been estimated by the biologists, based on the outcome
of preliminary experiments (see Fig. 3).

In order to discriminate between the competing models, the
value of the dilution rate d can be varied by the experimenter.
Starting from an equilibrium, the dilution rate is changed and
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Figure 4: (a) Interval predictions of the four competing models (Figs. 1 and 3) for the behavioral features z* (behavior b,), and
**, xmin (behavior by) in the predicted optimal discriminatory experiment (d = 1.1). (b) Interval predictions for «* (behavior
b1), and x*, x.,,:, (behavior bs) in the experiment that has been carried out (d = 0.7). The values for x*, x,,,;, measured in the
experiment are also shown by a small rectangle. (c) Predictions for the features z* (behavior by), and *, 2,,,... (behavior b5)
in the next optimal experiment (d = 0.1). M, C, D, and CM stand for the Monod, Contois, Droop, and Caperon-Meyer models,

respectively.

d=01 d=02 d=03 d=05 d=056

AJ | 0.3204 0.3181 0.3519 0.3547 0.3323

d=07 d=08 d=09 d=10 d=1.1

AJ | 0.3290 0.3710 0.4668 0.5093 0.5927
Table 1: Values for the expected information increment AJ

for each of the dilution rate experiments.

d=11 d=07 d=01
p(b1) | p(b2) [ p(b1) | p(b2) | p(b1) | p(b2)
M | 047 | 053 | 047 | 053 | 050 | 050
C | 047 | 053 | 047 | 053 | 051 | 0.49
D | 057 | 043 | 057 | 043 | 054 | 046
CM | 057 | 043 | 057 | 043 | 027 | 0.73

Table 2: Conditional probabilities of the behaviors b, and b
predicted by the four models for the experiments d = 1.1,
d=0.7,and d = 0.1 (see Fig. 4). p(b1) and p(b2) have been
estimated using the approach in Sec. 3.3.

the transient behavior of the system towards a new equilib-
rium is observed. We have considered ten experiments, corre-
sponding to equispaced values in the range [0,1.2]: d = 0.1,
d = 0.2, .... Taking into account 5% measurement uncer-
tainty, the values of d become intervals.

The only variable that can be reliably measured in the
course of the experiment is the biomass . This determines
the behavioral features that we have considered: the mini-
mum and the maximum value of x (2, and x,,,4.), and the
equilibrium value of = (2*). In order to obtain the predicted
values of the behavioral features required for the determi-
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nation of the most informative experiment, the models have
been simulated using the techniques in Sec. 2. For each ex-
periment, all models predict multiple qualitative behaviors as
a consequence of the large intervals for the parameter values.
In total, four different behaviors for 2 are predicted. None of
these behaviors is spurious, as we have been able to establish
by comparing the predictions with the qualitative analysis of
[Bernard and Gouzé, 1995].

Starting from the assumption that the models are equiprob-
able in the beginning, we have calculated the expected in-
formation increment (3) for each of the experiments (Ta-
ble 1). The optimal discriminatory experiment is predicted to
be d = 1.1. For this experiment, each of the four models pre-
dicts two behaviors, b, and bs, that differ with respect to the
observable variable z. In by the equilibrium of the system is
reached asymptotically, whereas in by, 2 reaches a minimum
before the equilibrium is attained. Fig. 4(a) shows the interval
predictions of the behavioral features for all four models, and
Table 2 lists the corresponding conditional behavior proba-
bilities. Notice that in b; only one behavioral feature applies
(z*), whereas in by predictions for =* and x,,;, need to be
taken into account.

The experiment d = 1.1 has not been performed, but data
for the suboptimal experiment d = 0.7 was available from
an earlier study. The predictions of the behavioral features
for this experiment are shown in Fig. 4(b) and the behavior
probabilities are given in Table 2.

In the experiment d = 0.7, x was found to reach its equi-
librium after passing through a minimum. This rules out b.
The measured values of the behavioral features, shown in
Fig. 4(b), are i = [29.2,32.2], and z* = [30.5,33.5].
Using these results, the a posteriori probabilities of the mod-
els have been computed via Bayes’ rule: p(M) = 0.34,
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p(C) = 0.33, p(D) = 0.21, and p(CM) = 0.12. In addi-
tion, the measurements have allowed the parameter values to
be refined by means of the constraint propagation algorithm
in Q2 [Berleant and Kuipers, 1997].

The new model probabilities show that experimentd = 0.7
has not been very discriminating. Given the new model prob-
abilities and parameter values, what would be the optimal ex-
periment to perform next? The method advises that d = 0.1
be tried, as it has the highest expected information increment
(AJ = 0.7129). The predicted values for the behavioral fea-
tures, again for two behaviors, are shown in Fig. 4(c). Table 2
gives the corresponding behavior probabilities. The experi-
ment d = 0.1 has not been performed yet (we recall that each
experiment takes weeks to complete). Notice, however, that
d = 0.1 is likely to rule out at least two of the four models
due to the lack of overlap between M — C and D — CM.

5 Discussion

We have proposed a method for the discrimination of semi-
quantitative models of an experimental system. The method
is based on an entropy criterion for the selection of the most
informative experiment. The value of A.J for a particular ex-
periment is calculated from the model predictions obtained
through semi-quantitative simulation. The method general-
izes upon a previous method [Vatcheva et al., 2000], in that it
can handle cases where the models predict multiple qualita-
tive behaviors. This occurs in the case of the phytoplankton
growth models, which predict the biomass to asymptotically
approach its equilibrium value or to pass through a maximum
or a minimum first.

The applicability of the method has been demonstrated by
having it predict the most informative experiment to discrim-
inate between four models of the growth of D. tertiolectain
a bioreactor. This has been achieved in the presence of sev-
eral complicating factors, in particular the nonlinearity of the
models, the crude estimations of the parameter values, and the
difficulty to observe the behavior of the system. The discrim-
ination of bioreactor models has been attempted before [Es-
pie and Macchietto, 1989; Cooney and McDonald, 1995], but
unlike the method discussed in this paper, these approaches
require precise humerical data to be available, a requirement
that usually cannot be fulfilled in practice.

Within Al, methods for model discrimination have been
developed in the field of model-based diagnosis (e.g., [Struss,
1994; de Kleer, 1990]). Basically, these methods determine
which inputs need to be applied to a faulty device, and which
measurements need to be made, in order to optimally discrim-
inate between a number of diagnoses. In comparison with
the approach in this paper, these methods have been adapted
to qualitative models. By considering only qualitative dis-
tinctions, however, one may fail to discriminate between al-
ternative behaviors. Although two models may predict the
same qualitative behavior, their (semi-)quantitative predic-
tions may be different, as clearly shown in Fig. 4.

For the discrimination of the phytoplankton growth mod-
els, only one type of experiment was available, a change in
the dilution rate. It should be emphasized, though, that the
method is not restricted to parameter changes and may even
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involve structural changes of the models. A limitation of the
method, however, is that the set of experiments needs to be
specified in advance. In the case of the dilution rate exper-
iments, for instance, ten possible values from a continuous
range have been selected. There is obviously no guarantee
that the optimal value is included in the list of prespecified
experiments. A subject for further research would therefore
be to handle continuous ranges of experiments, and more gen-
erally, to move away from the selection of experiments to the
design of experiments.

References

[Berleant and Kuipers, 1997] D. Berleant and B. Kuipers.
Qualitative and quantitative simulation: Bridging the gap.
Artif. Intell., 95:215-256, 1997.

[Bernard and Gouzé, 1995] O. Bernard and J.-L. Gouzé.
Transient behavior of biological loop models with applica-
tion to the Droop model. Math. Biosci., 127:19-43, 1995.

[Caperon and Meyer, 1972] J. Caperon and J. Meyer.
Nitrogen-limited growth of marine phytoplankton.l.
Changes in population characteristics with steady-state
growth rate. Deep-Sea Res., 19:601-618, 1972.

[Contois, 1959] D.E. Contois. Kinetics of bacterial growth:
relationship between population density and specific
growth rate of continuous cultures. J. Gen. Microbiol.,
21:40-50, 1959.

[Cooney and McDonald, 1995] M.J. Cooney and K.A. Mc-
Donald. Optimal dynamic experiments for bioreactor
model discrimination. Appl. Microbiol. Biot., 43:826-837,
1995,

[de Kleer, 1990] J. de Kleer. Using crude probability esti-
mates to guide diagnosis. Artif. Intell., 45:381-391, 1990.

[Droop, 1968] M.R. Droop. Vitamin B12 and marine ecol-
ogy. 1V. The kinetics of uptake growth and inhibition in
Monochrysis lutheri. J. Mar. Biol. Assoc., 48(3):689-733,
1968.

[Espie and Macchietto, 1989] D. Espie and S. Macchietto.
The optimal design of dynamic experiments. AIChE,
35(2):223-229, 1989.

[Fedorov, 1972] V.V. Fedorov. Theory of Optimal Experi-
ments. Academic Press, 1972.

[Kuipers, 1994] B. Kuipers. Qualitative Reasoning. MIT
Press, 1994.

[Monod, 1942] J. Monod. Recherches sur la croissance des
cultures bactériennes. Herman and Cie, 1942.

[Struss, 1994] P. Struss. Testing for discrimination of diag-
noses. In Working notes DX-94, 1994,

[Vatcheva and de Jong, 1999] I. Vatcheva and H. de Jong.
Semi-quantitative comparative analysis. In Proceedings
IJCAI’99, pages 1034-1040, 1999.

[Vatcheva et al., 2000] 1. Vatcheva, H. de Jong, and N.J.I.
Mars. Selection of perturbation experiments for model dis-

crimination. In Proceedings ECAI-2000, pages 191-195,
2000.

79



KNOWLEDGE REPRESENTATION
AND REASONING

TEMPORAL REASONING



A Complete Classificationof Complexity in Allen’s Algebra
in the Presenceof a Non-Trivial BasicRelation

Andrel Krokhin* and Peter Jeavons*
Oxford University Computing Laboratory
Wolfson Building, Parks Road, OX1 3QD Oxford, UK
{andrei.krokhin, peter.jeavons}@comlab.ox.ac.uk

Peter Jonsson'
Department of Computer and Information Science
Linkdping University, S-581 83 Linkoping, Sweden
email: peter.jonsson@ida.liu.se

Abstract

We study fragments of Allen’s algebra that con-
tain a basic relation distinct from the equality re-
lation. We prove that such a fragment is either NP-
complete or else contained in some already known
tractable subalgebra. We obtain this result by giv-
ing a new uniform description of known maximal
tractable subalgebras and then systematically us-
ing an algebraic technique for description of max-
imal subalgebras with a given property. This ap-
proach avoids the need for extensive computer-
assisted search.

1 Introduction

Allen’s interval algebra [Allen, 1983] is one of the best es-
tablished formalisms for temporal reasoning. Such reasoning
is an important task in many areas of computer science and
artificial intelligence (see, e.g., [Golumbic and Shamir, 1993;
Nokel, 1991]). Allen’s algebra allows us to specify qualita-
tive information about time intervals. This algebra has also
become the kernel of some other formalisms [Meiri, 1996;
Angelsmark and Jonsson, 2000]. The interval algebra and
some of its extensions are closely related with a number
of interval-based temporal logics used for real-time system
specification [Bellini etal., 2000].

The basic satisfiability problem in Allen’s algebra is NP-
complete [Vilain etal., 1989]), so it is unlikely that efficient
algorithms exists for reasoning in the full algebra. The com-
putational difficulty has motivated the search for effective
heuristics, e.g., [Ladkin and Reinefeld, 1992], and the study
of the complexity of fragments of the algebra, e.g., [Golumbic
and Shamir, 1993; Nebel and Biirckert, 1995].

*This research is partially supported by the UK EPSRC grants
GR/R22704 and GR/M12926.

tThis research is partially supported by the Swedish Research
Council for Engineering Sciences (TFR) under grants 97-301 and
2000-361.
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In this paper we follow the second approach, and we also
assume throughout that P # NP. Research in this direction
has focused on identifying maximaltractable fragments, i.e.,
fragments which cannot be extended without losing tractabil-
ity. So far, eighteen maximal tractable fragments of the al-
gebra have been identified [Drakengren and Jonsson, 1997a;
1997b; Nebel and Birckert, 1995]. It is still unknown
whether any others exist.

A complete classification of complexity within a certain
large part of Allen’s algebra was obtained in [Drakengren and
Jonsson, 1998]. This result (as well as most similar results)
was achieved by computer-assisted exhaustive search. How-
ever, it was noted in [Drakengren and Jonsson, 1998] that, for
further progress, theoretical studies of the structure of Allen’s
algebra are required. There are some theoretical investiga-
tions of the structure of Allen’s algebra, (see, e.g., [Hirsch,
1996; Ladkin and Maddux, 1994]). However they gener-
ally allow more operations on relations than originally used
in [Allen, 1983], which makes them inappropriate for classi-
fying complexity within the interval algebra. In this paper we
systematically use an algebraic method that is similar to the
approach taken in [Ligozat, 1998].

The first novel element in our approach is a new uniform
description for all of the maximal tractable subalgebras of
Allen’s algebra which have already been identified (Table 2).
Then we exhibit several new small NP-complete fragments of
the algebra, including the first examples of NP-complete sin-
gletons (Proposition 2). Finally, we fully exploit the algebraic
properties of Allen’s algebra by importing a technique from
general algebra. This technigque has been used in many other
contexts to obtain a description of maximal subalgebras of a
given algebra with a given property (e.g., [Szendrei, 1995]).
Here, for the first time, we systematically apply this tech-
nique to Allen’s algebra to obtain a complete classification of
the complexity of those fragments of the algebra containing a
non-trivial basic relation (Theorem 1). Our method also pro-
vides (as a by-product) a new elementary proof of maximality
of ten tractable subalgebras. In previous papers this proof of
maximality has required extensive computer-aided case anal-
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| Basic relation | Example | Endpoints |

x precedes y p XXX T <y~
yprecededbyz p* yyy
T meets y m XXXX T =y~
y met by z m~’ yyyy
x overlaps y ) XXXX - <y <z,
y overl. by © 0" yyyy |zt <y*
x during y d XXX - >y,
y includes z d ' | yyyyyyy |zt <yt
x starts y s XXX T =y,
y started by = s T | yyyyyyy |zt <yt
« finishes y f xxx |zt =yT,
y finished by z 7! YYYYYYyy |7 >y~
x equals y = XXXX T =y,
yyyy |zt =yt

Table 1: The thirteen basic relations. The endpoint relations
z~ < zt and y— < y* that are valid for all relations have
been omitted.

ysis [Drakengren and Jonsson, 1997a; 1997b].

The paper is organized as follows: in Section 2 we give the
basic definitions of Allen’s algebra and present the known
maximal tractable subalgebras in the new form. Section 3
contains the new classification result, and Section 4 contains
a brief discussion of future extensions.

2 Allen’sAlgebra

Allen’s interval algebra [Allen, 1983] is based on the notion
of relationsbetweenntervals An interval z is represented
as a tuple (z—,z™) of real numbers with 2= < z™*, denot-
ing the left and right endpoints of the interval, respectively.
The possible relations between intervals are the 23 possi-
ble unions of 13 basicintervalrelations which are shown in
Table 1. Relations between intervals will also be written as
collections of basic relations so, for instance, the union of the
basic relations p, m and f=! is written (p m f=1). Allen’s alge-
bra A consists of the 21 possible relations between intervals
together with the operations corverse-—1, intersectionn and
compositiore which are defined as follows:

Vo,y: or 'y & yre

Va,y: z(rNs)y < xry & wsy
Va,y: z(ros)y < Jz: (xrz & zsy)

It follows that the converse of » = (by...b,) is equal to
(by'...b;'). The intersection of two relations can be ex-
pressed as the usual set-theoretic intersection. Using the def-
inition of composition, it can be derived that

(by...bn) o (b ... 05,) = | J{bio b} [ i <m, j <m}.

All algebraic calculations given in Section 3 can be done by
hand; however, a simple table showing the results of the com-
position operation on all pairs of basic relations (which can
be found, e.g., in [Ladkin and Maddux, 1994]) makes such
calculations considerably easier.
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The problem of satisfiability (A4-sAT) of a set of inter-
val variables with relations between them is that of deciding
whether there exists an assignment of intervals on the real line
for the interval variables, such that all of the relations between
the intervals are satisfied. This is defined as follows.

Definition 1 Let X C A be a setof interval relations. An
instancel of A-saT(X) is a set,V, of variablesand a set
of constaints of the form zry whee z,y € V andr € X.
The questionis whether! is satisfiable, i.e., whetherthere
existsa function, f, from V' to the setof all intervals suc
that f(x) r f(y) holdsfor everyconstaint zry in I.

If there exists a polynomial-time algorithm solving all in-
stances of A-SAT(X) then we say that X is tractable. On
the other hand, if A-sAT(X) is NP-complete then we say
that X is NP-complete. Since the problem A-saT(A) is NP-
complete [Vilain et al., 1989], there arises the question of
description of tractable subsets of Allen’s algebra.

Subsets of A that are closed under the operations of inter-
section, converse and composition are said to be subalgbras
For a given subset X of A, the smallest subalgebra containing
X is called the subalgebra genematedby X and is denoted by
(X). Itis easy to see that (X)) is obtained from X by adding
all relations that can be obtained from the relations in X by
using the three operations of A.

It is known [Nebel and Biirckert, 1995], and easy to prove,
that, for every X C A, the problem A-saT({X)) is poly-
nomially equivalent to .4-SAT(X). Therefore, to classify the
complexity of all subsets of A it is only necessary to consider
subalgebras of 4. Obviously, adding relations to a subal-
gebra can only increase the complexity of the corresponding
satisfiability problem. Thus, since A is finite, the problem of
describing tractability in A can be reduced to the problem of
describing the maximaltractable subalgebras in A, i.e., sub-
algebras that cannot be extended without losing tractability.

The known maximal tractable subalgebras [Drakengren
and Jonsson, 1997a; 1997b; Nebel and Biirckert, 1995] are
presented in Table 2. In our proofs as well as in Table 2 we
use the symbol +, which should be interpreted as follows. A
condition involving & means the conjunction of two condi-
tions: one corresponding to + and one corresponding to —.
For example, condition (0)*! C r < (d)*' C r means that
both (0) Cr < (d) Crand (o!) Cr < (d7!) C r hold.
The main advantage of using the 4 symbol is conciseness: in
any subalgebra of A, the + and the — conditions are satisfied
(or not satisfied) simultaneously, and, therefore only one of
them needs to be verified.

In previous papers, the subalgebras from Table 2 were de-
fined in other ways. However, in all cases except for H, it is
very straightforward to verify that our definitions are equiva-
lent to the original ones. The subalgebra A was originally de-
fined as the ‘ORD-Horn algebra’ [Nebel and Biirckert, 1995],
but has also been characterized as the algebra of ‘pre-convex’
relations (see, e.g., [Ligozat, 1998]). Using the latter descrip-
tion it is not hard to show that our definition of # is equiva-
lent. Finally, we note that there is one more known maximal
tractable subalgebra that is not included in Table 2. That sub-
algebra is defined as {0} U {r € A | (=) C r} and the only
basic relation it contains is (=).
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Sp={r|rn(pmod='f")* £ 0 = (p)*! Cr}

Sq={r|rn(pmod=f")* £ = (d=")*F Cr}

So = {r | rN (pmod—f~1)*! £ = (0)*! C r}

Ar = {r|rn(pmod 1 1H)F £ = (s~} Cr}

As = {r|rn(pmod=1)* £ = (s)*! C r}

Az = {r | rn (pmodf)*! # ) = (s)*! g r}

Ag = {r|rn (pmodf-1)* £ = (s)*! Cr}

or {r 1) 7N (pmod)* # ) = (s)*! C r, and }
2)rn({ ) #0=>(=)Cr

H{

&p = {r |r N (pmods)*! # 0 = (p)*' Cr}

£q= {r |7 (pmods)! # 0 = () € r}

Eo = {r | r N (pmods)*! # ) = (0)*! C r}

By = {r|r N (pmods)™" # @ = (f-)*' Cr}

132 ={r | rN(pmods)*! # § = (H*' C r}
={r|rn(pmod—ts )t £ = (f)* Cr}

134 = {r | 7N (pmod~1s)*! # § = (FH)* Cr}

1) r N (pmod~1)*! #£ () = (f‘l)i_1 C r,and }
QrN(ss) #P=(=)Cr

S*:{r

Drn(os)* #0&rn (o )+ #0 = (d)*! Cr,and
2)rN(ds)* # P &rn(d-
3)rn(pm)*F £P&r & (pm)* = (0)F Cr

1) E £ 0 = (0)* Cr, and }

Table 2: Maximal tractable subalgebras of Allen’s algebra.

3 Main Result

Throughout the paper, S denotes a subalgebra of A. We de-
note by bas(S) the set of basic relations in S. Our result is
an extension of the following proposition which was proved
in [Drakengren and Jonsson, 1998].

Proposition 1

1) LetS be a subalgebra of A with |bas(S)| > 3. ThenS is
tractableif andonly if it is containedin oneof thefollowing
7 algebras: Sp, Sy, So, &p, £y, £o, andH. OtherwisesS is
NP-complete

2) LetS bea subalgbra of A sudthat(m) € S or (p) € S.
If S is tractablethenS C Sp, or S C &p, or S C H.
OtherwiseS is NP-complete

We improve this result by showing that any so far unknown
tractable subalgebra can contain only a trivial basic relation.
Throughout the paper, by a trivial basic relation we mean the
equality relation =.

Theorem1 SupposeS is a subalgbra of A containinga
non-trivial basicrelation. ThenS is tractableif and only
if it is containedin oneof the 17 algebraslisted in Table 2.
OtherwiseS is NP-complete

We can assume, without loss of generality, that S con-
tains the relation (=), since it is easy to show that S and
S U {(=)} have the same complexity (up to polynomial-time
equivalence). This implies that the size of bas(S) is odd since
S is closed under converse. By combining Proposition 1(1)
and the previous observation, we may consider only the case
|bas(S)| = 3. By Proposition 1(2), it suffices to consider the
cases Where bas(S) is one of the following sets: {=,s,s™'},
{=,f,i'}, {=,d,d '}, or {=,0,07}.

The rest of this section is organized as follows. In Sub-
section 3.1 we describe some NP-complete sets of relations
which we use in our proofs later. In Subsection 3.2, we give
a complete proof of Theorem 1 for the cases where bas(S) =
{=,s,s7'} and bas(S8) = {=,f,f'}. Finally, in Subsec-
tion 3.3 we give a sketch of a proof of Theorem 1 for the cases
where bas(S) = {=,d,d™"} and bas(S) = {=,0,07'}.
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Finally, we observe that when S is one of the algebras £*,
S*, Ai, or B; (1 < i < 4), then bas(S) is either {=,s,s7'}
or {=,f,f~1}. With the help of computer-aided exhaustlve
search, it was proved in [Drakengren and Jonsson, 1997a;
1997b] that these ten algebras are maximal tractable subalge-
bras of Allen’s algebra. Since we do not use computer-aided
results in Subsection 3.2, our results provide a new elemen-
tary proof of maximality for these algebras.

Throughout this section we shall assume that a non-trivial
relation is also non-empty; this will cause no confusion.

3.1 NP-completenessresults

This subsection contains the NP-completeness proofs that
we need in the sequel. Our reductions are based on the
NP-complete problem BETWEENNESS [Garey and Johnson,
1979]:

INSTANCE: A finite set A and a collection T' of ordered
triples (a, b, ¢) of distinct elements from A.

QUESTION: Is there a total ordering < on A such that for
each (a,b,c) € T, we have eithera < b < corc < b < a?

Let us fix relations R,R,,R>, € A. Then we define
I'(a,b,c,z,y) to be the following problem instance over the
variables {a, b, ¢, z,y}:

{zR1a,xR1b,zR2c,yR2a,yR1b,yRc}.

Further, define I'; = T(a,b,c,z,y) U {aRb,bRc},
Ty = I'(a,b,c,z,y) U {bRa,bRc,aRU R~1c}, and T's =
I'(a,b,c,r,y) U {aRb,cRb,aRU R~ 'c}.

Lemmal LetR € {(p),(d),(0),(s)}, R1, R € A, andlet
I't, I's, I's beasabove If T'; is satisfiablewhile I'y andI's
arenot,then{RU R~1, R, Ry} is NP-complete

Proof.  Polynomial-time reduction from BETWEENNESS.
Let (A, T) be an arbitrary instance of the problem and con-
struct an instance I of A-sAT({RUR™Y, Ry, R»}) as follows:

(1) for each pair of distinct elements a, b € A, add the con-
straintaRU R~'bto I; and
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(2) for each triple (a,b,c) € T, introduce two fresh vari-
ables z,y and add I'(a, b, ¢, z, y) to I.

It is a routine verification to show that I is satisfiable if and
only if (A, T has a solution. m|

The restriction R € {(p), (d), (0), (s)} is imposed to ensure
that we get a natural total ordering in the reduction. Many
other relations such as (dsf) have this property but there are
also relations without this property, e.g., (=) and (mm~1).

Suppose X C A and I is an instance of 4-sAT(X). Let
variables z,y be involved in I. Further, let r € A be the re-
lation defined as follows. A basic relation r' is included in
r if and and only if the instance obtained from I by adding
the constraint zr'y is satisfiable. In this case, we say that r is
derivedfrom X. It can be easily checked that the problems
A-saT(X) and A-SAT(X U{r}) are polynomially equivalent.
Looking now at the definition of the three operations of the
interval algebra, it is easy to see that, generally, one can de-
rive more relations from a given X C .4 than one can gen-
erate using these operations. On the other hand, derivation is
essentially harder to manage while the operations of Allen’s
algebra give us the advantage of employing algebraic tech-
niques. Therefore, in this paper, we use derivation only once
in the proof of the following statement.

Proposition2 Thefollowing subset®f A are NP-complete:

1){(d), (00™")}, {(d™"), (pp™")}, and{(0), (dd~")}.

2) {r} with (ods™ ') C r C (pmods™'f!).

Proof. For part (1), apply Lemma 1 with R = (o), R; = (d),
Ry = (00™!), orwith R = (p), Ry = (d7'), R2 = (pp™"),
or with R = (d), Ry = (0), Ry = (dd™"), respectively.

To prove part (2), let r3 be the union of all basic rela-
tions except for = and s, and consider the instance I'y =
{arb, bre, cra, drb, drc} over the variables a, b, c,d. In the
cases when » = (ods ') or r = (pmods 'f '), it can be
shown that I’y U {dr'a} is satisfiable for every basic relation
r’ C r3 but not satisfiable for any other choice of r'. Hence,
we can derive r3 from r, and we can also derive the relations
ry =rNrzg=7r—(s7')andrs = r4 ory. Itis easy to check
that

(pmods) C r5 C (pmodsf™)

which implies that r5 N =1 = (s). Furthermore, we have
(s) o (s7!) = (= ss7'), and r o r is the disequality relation,
so the relation (ss™!) can be obtained from the relation r.
If R = (s), Ry = r~! and Ry = r, then these relations
satisfy the conditions of Lemma 1 so {(ss™*),7 1,7} is NP-
complete. Since all of these relations can be derived from the
single relation r, it follows that {r} is NP-complete. O

32 Thes/fcase

We will show that if bas(S) = {=,s,s '}, then either S
is NP-complete or S is contained in one of the subalgebras
Sp, 8¢, So, €%, H, orinone of A;, 1 <4 < 4. By using
the obvious symmetry between the relations (s) and (f), it
immediately follows that if bas(S) = {=,f,f~'}, then either
S is NP-complete or contained in one of &p, £y, o, S*, H,
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or B;, 1 < i < 4. For the remainder of this subsection, it is
assumed that bas(S) = {=,s,s '}

Given a relation r, we write r* to denote the relation
r Nr~t. Throughout the proofs we use the obvious fact that
if r; C 7o then, for any r, we have r oy C 7 o ro and
rior C ryor. If bis a basic relation then r, denotes the
least relation » € S such that (b) C r, i.e. the intersection of
all r € S with this property. It is easy to show that the rela-
tion 7y exists in S for every basic relation b, except for two
very simple cases: when every r € S satisfies exactly one of
conditions C (= ss™') andr C (= ff~"). In both cases, we
have S C H.

Lemma 2 If S containstherelation(od), theneveryrelation
in S satisfiescondition3) of A.

Proof. Arbitrarily choose r € S. Since (od) € S, it follows
that ry = ro = (od) and (0)*! C r & (d)*! C r. Fur-
thermore, r; = (s) o (od) = (pmod) € Ssorp C r; and
rm C 1. Since (pm) o (pm) = (p), we have rp Z (pm)
and rm ¢ (pm), which implies that rp N (od) # § and
rmN(od) # 0. Now it follows that (od) C rp and (od) C rm.
Thus, if rn(pm) # @, then (od) C r and r satisfies condition
3) of H. m|

Lemma3 If S containsa non-trivial relation ' with »' C
(= pp~'mm~'ff~') thenS is includedin oneof H, £*, or
Sp, or elseS is NP-complete

Proof. Case 1.7’ = (ff™1)
Since (ff™*) o (s) = (od) € S, it follows that any r € S
satisfies condition 3) of H, by Lemma 2. Now it follows that,
forany r € S, we have (0)*! C r & (d)** C r and also
MHCreE)Cr

Suppose that S ¢ H, i.e. some r € S fails to satisfy
condition 1) or condition 2) of H. Then, using the facts
from the previous paragraph, it can be shown that we can
choose 7 so that (s=!ff*!) C r C (= pmodss~!ff~!) or
(ods™") C r C (= pmodss™'ff~"). In both cases, composing
the relations with (s) from the left we get

(= pmodss™!) C (s) or C (= pmodss™1).

Therefore (= pmodss ') € S, and (pmods™') can be ob-
tained as

(= pmodss~1) N ((= pmodss~*)~! o (od)™!).

Then S is NP-complete, by Proposition 2(2).

Case 2. 7' C (= ff1).

Composing r' and its inverse we get (= ff~='), so we may
assume that ' = (= ff='). If some relation r, € S fails to
satisfy condition 2) of £*, then 7, N ¢’ is either one of (f) and
(f=1), which is impossible under our assumptions, or (ff=*!)
going back to Case 1. Suppose now that each r € S satisfies
condition 2) of £*.

We have 7' o (s) = (ods) € S. If (od) belongs to S then
" N ((s7!) o (od)) = (ff') € S, which implies S C H.
Otherwise we have r N (od)*! # @ = (s)*' C r for every
r € §. Assume a relation r3 € S does not satisfy condi-
tion 1) of £*, that is r3 N (pmod) # @ and (s) Z rs. Since
(pmods) = (s) o’ € S, we have r4 = r3 N (pmods) € S
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and r4 C (pm). This implies r4 o 74, = (p), a contradiction.
Therefore the relations in S must satisfy both conditions of
E* thatis S C &*.

Case 3.7 C (=mm~'ff~') and 7' N (mm~") # 0.
Without loss of generality we may assume that (m) C r'.
Then the relation (' N (' o (s~1)) is equal either to (mm=1)
or to (m). In the former case it follows that the relation
(m) = (mm~) N ((mm~!) o (s7')) belongs to S as well.
A contradiction.

Cased.r' N(pp~") # 0.

We may assume, without loss of generality, that (p) C r’.
Then (p) C (s) or' C (pp~*mm~'ods). Furthermore, (p) C
rs =7 ' N((s)or’) C (pp~'mm="), and we have (p) C r¢ =
rso(s ') C (pp 'm). If (p') Z re thenrgorg = (p) € S,
a contradiction. Otherwise we have (pp~') = 7§ € S. Then
(p) Cr < (p~') Crholds for every r € S.

We have (s™*)o(pp~") = (pp~'mod~'f~') € S. Forevery
non-empty r; C (modf~1), we have ((s)or7)N(pp~*) = (p).
Therefore no such r; belongs to S. We conclude that, for any
r €S, ifrn(mod 'f ') # @ then (p) C r, which means that
S C Sp. O

We assume further that, for every non-trivial r € S, we have
r N (00~ 'dd~'ss™!) # 0. In the next four lemmas we con-
sider the case when S contains a non-trivial relation ' with
r'N(ss™!) = 0. In view of the assumption just made we may
consider that ' is either rq or ro. It is not hard to verify that
these four lemmas indeed cover all possible cases for r4 and
ro.

Lemma4 SupposeyN(ss™') = 0. If rgN (oo~ 'dd™") =
(d) or (dd~*) C rq thenS C Sy.

Proof. Case 1.rq N (oo~'dd™") = (d).

By assumption, the relation r satisfies condition (d) C rq C
(= pp~'mm~'dff~). Letr;, be calculated as rq N ((s) o rg).
Then we have (d) C 71 C (pp~'mm~'d). By minimal-
ity of rq we get (d) C rqy C (pp~'mm~'d). Calculat-
ing r; again, we get (d) C rq C (pp 'm 'd). Since
(pp~') & S, and since we have (m~'d) C rg o (s) only
if (p7') C rq, we may assume that ry is either (pd), or
(p~d), or (p~*m='d). The first case is impossible because
of (pd) N ((p'd") o (s)) = (). Let (p*d) C rq C
(p~'m~'d). Then (p 'm 'o 'df) = rdo(s) € S. Suppose S
contains a non- empty subrelation ro of (p~ m‘lo‘lf) Then
r3 =rgN(rao(s™")) is a non-empty subrelation of (p~'m~")
implying that (p~') = r3 o r3 € S, a contradiction. There-
fore, for every r € S, we have r N (p~'m~'o™ ') # 0§ =
(d) C r, which means that S C S.

Case 2. (dd~') Crg N (oo 'dd™1).

Suppose a relation 74 € S satisfies both 4 € (= ss™)
and (dd~') € r4. Then it is not hard to verify that either
((s~*)ors)Nry or (rso(s)) Nry contains exactly one of (d)
and (d~") which contradicts the minimality of r4. Thus, for
every r € Ssuchthatr ¢ (= ss™*), we have (dd™*) C r.
This implies that S C Sy. O

Lemma5 Supposeo N (ss™') = . If ro N (00~ 'dd™") =
(0) or (00™!) C rg thenS C So.

KNOWLEDGE REPRESENTATION AND REASONING

Proof. Similar to the previous lemma. m|

Lemma6 If rq = r,-1 andrgn (oo "'dd™"ss
thenS C .

Proof. As in the proof of Lemma 4, we can obtain (o~'d) C
rqg C (pp~ 'm0~ df). If (po~'d) C rqthen (rqo(s™"))* =
(pp~!) € S, a contradiction. Therefore we have( ‘1d)
rq € (p~'m~'o~'df),and (p~'m~ oldf—rg )eS.
If some non- empty subrelation r; of ( belongs to
Sthenry = ri N (rp 0 (s7h)) is a non-empty subrela-
tion of (p™'m~!). Then ro o ro = (p~') which contra-
dicts our assumptions. Therefore, for every » € S, we have
N (p~'m~'o™'f) # @ = (d) C r, which means that
S C Sd‘ O

) = (071q)

Lemma7 If ry = ro andryN (oo 'dd~'ss™') =
S C H or S is NP-complete

Proof.  As in the previous lemmas,
that (od) C rq C (pp~'mm~'od). It follows that
rqg = 0 and (pmod) = (s) ory € S. Furthermore,
(00~ 'dd~'fi~") = ((s7') o (pmod))* € S and (od) =
(pmod) N (oo~ 'dd~'ff~') € S. By Lemma 2, we know
that every r € S satisfies condition 3) of 7. Suppose some
r1 € S does not satisfy condition 1) of #. Then r; can
be chosen so that (s7'f') C r, C (— pmodss ™ 'ff )
or (os7!) C r; C (= pmodss‘lff B @) Cn
then (fi=*) = (r; N (oo~'dd*ff~!))* € S which contra-
dicts our assumptions. Further, if (od) Z 7; then r; N
(oo~'dd~'ff~') = (f~') € S, a contradiction. Therefore
we may assume that (ods™*f"!) C r; C (= pmodss™f™1).
Now it can be checked that r, = 71 N (77! o (0~'d™)) sat-
isfies (ods ') C ro C (pmods™'f~'). Then {ry} is NP-
complete by Proposition 2(2). One can proceed similarly if
condition 2) of A failsin S. O

(od) then

it can be shown

It remains to consider the case when each non-trivial » € S
satisfies 7 N (ss™*) # 0.

Lemmas8 If r N (ss™') # @ for anynon-trivial » € S then
S C A; forsomel < i < 4.

Proof. Case 1.7p N (ss™') = (s71).
We have (ps~') C rpand (s) € rp. Letry = (s ')orp € S.
Then it is easy to check that (pmod~*s™*f~!) C 7, and that
ry N (= s) = 0. It follows that r; = (pmod~'s™'f~'), since
otherwise r} is non-empty and r§ N (ss™') = . No non-
empty subrelation of (pmod~'f~") can belong to S. There-
fore, forany r € S, 7 N (pmod~*f~1) # @ implies (s7*) C r.
Hence S C A;.

Case2.rqN(ss™') =(s7").
The proof |5 similar to Case 1; the only change is that r; =
rgo(s™'), and we deduce thatry = (p~'m~'o~"'ds~'f), and,
hence, S C A,.

Case 3.7 N (ss™') = (s71).
In view of Cases 1 and 2 we may assume that (os™') C rg C
(= p~*mm~tod~tsTH). Letry = (s7!) org. Itis easy to
check that

(od™'s™H" 1) Cry

C (p~'*m~tootd=ts7 1Y),
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Since r§ # (00™'), we obtainr; C (p~'m~'od™'sT' ). It
can straightforwardly be verified that if r; # (od~!s™*f™1),
thenry = (ryor)* € S, butra N (pp~'ss™) = (pp7'),
which contradicts the assumption made. Therefore, r; =
(od~'s™'f~1), and (pmod~'s'f~') = r; or; € S. Hence,
forany r € S, r N (pmod='f~1) # @ implies (s=*) C r, and
we have S C A;.

Case4d.rmnN(ss™') = (s7).
Similarly to Case 3, we inferthat S C A;.

Case 5. (s) is contained in each of rp, ¢, 7o, and rm.
We have r¢N (ss ') # (. Thenit follows that if (s) C r¢ then
S C Ajz. Otherwise, (s7') C r¢and we have S C Ajy. O

3.3 Thed/o case

Suppose bas(S) = {=,d,d™'}. We give a sketch of a proof
that either S is contained in Sy or in £y (and therefore is
tractable), or else it contains (oo~?) or (pp~') (and then it is
NP-complete by Proposition 2(1)).

Let sym(S) = {r*|r € S}. First it can be shown that
either sym(S) is contained in Sy or in £y, or else S contains
(0o™*) or (pp~*). Then one can check, similarly to Lemma 3,
that if there exists a non-trivial » € S such thatrn(dd ') =
then r satisfies r C (= ss™') orr C (= ff~'), and in this
case, once again, S is contained in Sy or in £y, respectively,
or else S contains (oo™') or (pp~*). Finally, we assume that
each non-trivial » € S satisfies » N (dd~"') # @, and then
the required result can be proved by analysing the minimal
relations rp, rm, o, rs, and ry, as in the proof of Lemma 8.

The case bas(S) = {=,0,07'} is very similar to the pre-
vious one. The only essential difference is that the relation
(pp™") cannot belong to S; otherwise we get (o) o (0) =
(pmo) and (p) = (pp~") N (pmo) € S, a contradiction.

4 Conclusion

We have proved that any so far unknown tractable fragment
of Allen’s algebra can contain no other basic relation than
(=). We believe that, by extending the algebraic techniques
used to establish our result, it will be possible to show that
there are in fact no other forms of tractability in Allen’s alge-
bra. In other words, we conjecture that all maximal tractable
subalgebras are already identified. However, the proof of this
conjecture requires a more elaborate algebraic argument than
the proofs in this paper, since in the general case we have no
particular relation to start with. Algebraic techniques similar
to the one used in this paper can also be applied to the study
of the complexity in other temporal and spatial formalisms.
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Abstract

Until now, interval-based temporal Description
Logics (DLs) did—if at all—only admit TBoxes of
a very restricted form, namely acyclic macro defini-
tions. In this paper, we present a temporal DL that
overcomes this deficieny and combines interval-
based temporal reasoning with general TBoxes. We
argue that this combination is very interesting for
many application domains. An automata-based de-
cision procedure is devised and a tight EXPTIME-
complexity bound is obtained. Since the presented
logic can be viewed as being equipped with a con-
crete domain, our results can be seen from a differ-
ent perspective: we show that there exist interesting
concrete domains for which reasoning with general
TBoxes is decidable.

1 Motivation

Description Logics (DLs) are a family of formalisms well-
suited for the representation of and reasoning about concep-
tual knowledge. Whereas most Description Logics represent
only static aspects of the application domain, recent research
resulted in the exploration of various Description Logics that
allow to, additionally, represent temporal information, see,
e.g., [Artale and Franconi,2000] for an overview. One ap-
proach for temporal reasoning with DLs is to use so-called
concrete domains. Concrete domains have been proposed
as an extension of Description Logics that allows reason-
ing about “concrete qualities” of entities of the application
domain such as sizes, weights or temperatures [Baader and
Hanschke,1991]. As was first described in [Lutz et al.,1997],
if a “temporal” concrete domain is employed, then Descrip-
tion Logics with concrete domains are a very useful tool for
temporal reasoning. Ontologically, temporal reasoning with
concrete domains is usually interval-based but may also be
point-based or even both.

In this paper, we define a temporal Description Logic based
on concrete domains which uses points as its basic temporal
entity, but which may also be used as a full-fledged interval-
based temporal DL. More precisely, the presented logic 7DL
extends the basic Description Logic .ALC with a concrete do-
main that is based on the rationals and predicates < and =.
The well-known Allen relations can be defined in terms of
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their endpoints [Allen,1983] thus allowing for (qualitative)
interval-based temporal reasoning. Since it is an impor-
tant feature of DLs that reasoning should be decidable, we
prove decidability of the standard reasoning tasks by using an
automata-theoretic approach which also yields a tight EXP-
TIME complexity bound.

Most DLs allow for some kind of TBox formalism that is
used to represent terminological knowledge as well as back-
ground knowledge about the application domain. However,
there exist various flavours of TBoxes with vast differences
in expressivity. To the best of our knowledge, all interval-
based DLs and all DLs with concrete domains defined in
the literature admit only a very restricted form of TBox, i.e.,
sets of acyclic macro definitions. Compared to existing De-
scription Logics that are interval-based or include concrete
domains, the distinguishing feature of our logic is that it is
equipped with a very general form of TBoxes that allows ar-
bitrary equations over concepts. Thus, the presented work
overcomes a major limitation of both families of Description
Logics.

Our results can be viewed from the perspective of interval-
based temporal reasoning and from the perspective of con-
crete domains. For the temporal perspective, we claim that
the combination of general TBoxes and interval-based tempo-
ral reasoning is important for many application areas. In this
paper, we present process engineering as an example. From
the concrete domain perspective, our results can be viewed as
follows: in [Lutz,2001], it is shown that, even for very simple
concrete domains, reasoning with general TBoxes is undecid-
able. It was an open question whether there exist interesting
concrete domains for which reasoning with general TBoxes
is decidable. In this paper, we answer this question to the
affirmative. This paper is accompanied by a technical report
containing full proofs [Lutz,2000].

2 Syntax and Semantics

In this section, we introduce syntax and semantics of the De-
scription Logic TDL.

Definition 1. Let N¢, Ng, and N be mutually disjoint and
countably infinite sets of concept names, roles, and concrete
features. Furthermore, let N,z be a countably infinite sub-
set of Ng. The elements of N, are called abstract features.
A path u is a composition f; - - f,g of n > 0 abstract fea-
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tures f1, ..., fn and one concrete feature g. The set of 7 DL-
concepts is the smallest set such that

1. every concept name is a concept

2. if C' and D are concepts, R is a role, g is a concrete fea-
ture, uy, us are paths, and P € {<, =}, then the follow-
ing expressions are also concepts: =C, C' 11 D, C U D,
dR.C,VR.C\, Juy,us.P, and g1.

A TBox axiom is an expression of the form C' C D with C
and D are concepts. A finite set of TBox axioms is a TBox.

Throughout this paper, we will denote atomic concepts by the
letter A, (possibly complex) concepts by the letters C, D, E,
roles by the letter R, abstract features by the letter f, concrete
features by the letter g, paths by the letter u, and elements of
the set {<, =} by the letter P. We will sometimes call the
TBox formalism introduced above general TBoxes to distin-
guish it from other, weaker formalisms such as the ones in
[Nebel,1990]. As most Description Logics, T DL is equipped
with a Tarski-style semantics.

Definition 2. An interpretation I is a pair (Az,-%), where
A7 is a set called the domain and -T is the interpretation
function mapping each concept name C to a subset C” of
A7z, each role name R to a subset RZ of A7 x Az, each
abstract feature f to a partial function fZ from Az to Az,
and each concrete feature g to a partial function g from
Az to the rationals Q). For paths u = f;--- f,g, we set
uf(a) == g*(fX(--- (ff(a))--+)). The interpretation func-
tion is extended to arbitrary concepts as follows:

(-C) .= A\ C*
(cnbD)Y :=c*np? (CubD)?:=c*uD’
(AR.C)t :={a e Az | {b] (a,b) € RE}nCT # 0}
(VR.C)! :={a € Az |{b] (a,b) € R} C C*}
(Juy,uz.P)’ :={a € Az | 3q1,¢2 € Q : uf(a) = q1,
uz(a) = q2,q1Pg>}

(g1)* := {a € Az | g*(a) is undefined}

An interpretation Z is a model of a TBox 7T iff it satisfies

¢t C D? for all axioms C T D in T. T is a model of a
concept C iff CT # 0.

If g(a) = x for some g € N.p, a € Az, and x € Q, then we
call x a concrete successor of a in Z. We write T for ALI-A
and | for =T, where A is a concept name. Moreover, we
write uT withu = f1 -+« frgforVfi.- -V fr.gt.

Definition 3 (Inference Problems). Let C' and D be con-
cepts and 7 be a TBox. C subsumes D w.rt. T (written
D Ty C)iff DT C C7 for all models Z of 7. C is satisfi-
able w.r.t. T iff there exists a model of both 7 and C'.

It is well-known that (un)satisfiability and subsumption can
be mutually reduced to each other: C T+ D iff C 1 =D is
unsatisfiable w.r.t. 7 and C is satisfiable w.r.t. T iff C Z+ L.

We now discuss the relationship between 7 DL and De-
scription Logics with concrete domains.

Definition 4 (Concrete Domain). A concrete domain D is a
pair (Ap, ®p), where Ap is a set called the domain, and ®p
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is a set of predicate names. Each predicate name P € ®p is
associated with an arity n and an n-ary predicate PP C A%L.

The concrete domain is usually integrated into the logic by a
concept constructor Juy, . . ., u,. P, with semantics

(Fui, ..., un.P)t :={a € Az |ul(a) =gifor1 <i<n
1 n) € PP}

It is obvious that 7DL can be viewed as being equipped with
the concrete domain Do := (Q, {<,=}), where < and =
are binary predicates with the usual semantics. For most DLs
with concrete domains, it is required that the set of predi-
cates is closed under negation and contains a name Tp for
Ap. This property ensures that every concept can be con-
verted into an equivalent one in the so-called negation normal
form (NNF). The NNF of concepts, in turn, is used as a start-
ing point for devising satisfiability algorithms. It is not hard
to see that D is not admissible in this sense. However, as
we will see in Section 4, the conversion of 7 DL-concepts
into equivalent ones in NNF is nevertheless possible.

and (qq, ...

3 Temporal Reasoning with 7D L

Although 7 DL does only provide the relations “="and “<”
on time points, it is not hard to see that the remaining relations
can be defined by writing, e.g., Jus, u1.< U Jug, us.= for
Juy, us.>. However, we claim that 7D L cannot only be used
for point-based temporal reasoning but also as a full-fledged
interval-based temporal Description Logic. As observed by
Allen [1983], there are 13 possible relationships between two
intervals such as, for example, the meets relation: two inter-
vals i1 and - are related by meets iff the right endpoint of i1
is identical to the left endpoint of io—see [Allen,1983] for an
exact definition of the other relations. As we shall see, these
13 Allen relations (as well as the additional relations from
the Allen algebra, see [Allen,1983]) can be defined in 7T DL.
In the following, we present a framework for mixed interval-
and point-based reasoning in 7 DL and apply this framework
in the application area of process engineering

The representation framework consists of several conven-
tions and abbreviations. We assume that each entity of the
application domain is either temporal or atemporal. If it is
temporal, its temporal extension may be either a time point
or an interval. Left endpoints of intervals are represented by
the concrete feature ¢, right endpoints of intervals are repre-
sented by the concrete feature r, and time-points not related
to intervals are represented by the concrete feature ¢. All this
can be expressed by the following TBox 7 *:

Point = 3t,t.=114t N rt  Interval = 3¢, r.< M1 ¢T
ATemporal = t1 114171 Interval 3 3¢, ¢, =01 3r,r.=
Here, C' = D is an abbreviation for {C' C D, D C C}. Let
us now define the Allen relations as abbreviations. For exam-
ple, 3(F, F').contains is an abbreviation for IF¢, F'{.< I

IF'r,Fr.< where F, F' € (N,p)*, i.e., F and F' are words
over the alphabet N, . Note that

3(F, F').contains C7~ JF.Interval 11 3F" Interval.

Similar abbreviations are introduced for the other Allen rela-
tions. We use self to denote the empty word. For example,
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3(F, self).starts is an abbreviation for £, £.= M IFr,r.<.
Intuitively, self refers to the interval associated with the ab-
stract object at which the 3(F), self).starts concept is “evalu-
ated”.

Since we have intervals and points available, we should
also be able to talk about the relationship of points and in-
tervals. More precisely, there exist 5 possible relations be-
tween a point and an interval [Vilain,1982], one example be-
ing startsp that holds between a point p and an interval ¢ if
p is identical to the left endpoint of . Hence, we can define
3A(F't, F').startsp as an abbreviation for 3F't, F'{.= and sim-
ilar abbreviations for beforep, duringp, finishesp, and afterp.

This finishes the definition of the framework. We claim
that the combination of interval-based reasoning and general
TBoxes is important for many application areas such as rea-
soning about action and plans [Artale and Franconi,2000].
The examples presented here are from the area of process en-
gineering that was first considered by Sattler in a DL context
[Sattler,1998]. However, Sattler’s approach does not take into
account temporal aspects of the application domain. We show
how this can be done using 7 DL thus refining Sattler’s pro-
posal.

Assume that our goal is to represent information about an
automated chemical production process that is carried out by
some complex technical device. The device operates each day
for some time depending on the number of orders. It needs a
complex startup and shutdown process before resp. after op-
eration. Moreover, some weekly maintenance is needed to
keep the device functional. Let us first represent the underly-
ing temporal structure that consists of weeks and days.

Week = Interval M [ 1 3Jday,.Day 1
1<i<T

3(day,, self).starts M 3(day,, self).finishes M
15|:|<7 3(day;, day,, ,).meets I

Inext.Week M 3(self, next).meets

The axiom states that each week consists of seven days,
where the ¢’th day is accessible from the corresponding week
via the abstract feature day,. The temporal relationship be-
tween the days are as expected: Monday starts the week,
Sunday finishes it, and each day temporally meets the suc-
ceeding one. Note that this implies that days 2 to 6 are during
the corresponding week although this is not explicitly stated.
Moreover, each week has a successor week that it temporally
meets. We now describe the startup, operation, shutdown, and
maintenance phases.

Day = Interval 1
dstart.Startup M dop.Operation M Ishut.Shutdn 1M
Jstart o £, £.> M J(start, op).meets 1
3(op, shut).meets M Ishut o r, r.<
Week C Imaint.Maintenance M 3(self, maint).contains
Here start, op, shut, and maint are abstract features and “o”
is used for better readability (i.e., paths fi - - - f.g are written
as fy o---o fr o g). The TBox implies that phases are re-

lated to the corresponding day as follows: startup via starts
or during, shutdown via during or finishes, and operation via
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during. Until now, we did not say anything about the tempo-
ral relationship of maintenance and operation. This may be
inadequate, if, for example, maintenance and operation are
mutually exclusive. We can take this into account by using
additional axioms

Week Ll 3J(maint,day, oop).OVLP C L (%)

1<i<7

where OVLP is replaced by equal, overlaps, overlapped-by,
during, contains, starts, started-by, finishes, or finished-by
yielding 9 axioms.

Until now, we have modelled the very basic properties of
our production process. Let us define some more advanced
concepts to illustrate reasoning with 7 DL. For example, we
could define a busy week as

BusyWeek = Week M [ 1 (3day; o start, day;.starts I
1<i<7 -
== 3day; o shut, day; finishes)

i.e., each day, the startup process starts at the beginning of the
day and the shutdown finishes at the end of the day. Say now
that it is risky to do maintenance during startup and shutdown
phases and define

RiskyWeek = Week M~ [ 1 (3maint, day; o start.before LI
1<i<7 )
='=" Jmaint, day, o shut.after)

expressing that, in a risky week, the maintenance phase is
not strictly separated from the startup and shutdown phases.
A TDL reasoner could be used to detect that BusyWeek C
RiskyWeek, i.e., every busy week is a risky week: in a busy
week, the week is partitioned into startup, shutdown, and op-
eration phases. Since maintenance may not OVLP with op-
eration phases (see (x)), it must OVLP with startup and/or
shutdown phases which means that it is a risky week. We
can further refine this model by using mixed point-based and
interval-based reasoning, see [Lutz,2000] for examples.

4 The Decision Procedure

In this section, we prove satisfiability of 7 DL-concepts w.r.t.
TBoxes to be decidable and obtain a tight EXPTIME com-
plexity bound. This is done using an automata-theoretic ap-
proach: first, we abstract models to so-called Hintikka-trees
such that there exists a model for a concept C and a TBox T
iff there exists a Hintikka-tree for C and 7. Then, we build,
for each 7DL-concept C' and TBox 7T, a looping automa-
ton A(c,7) that accepts exactly the Hintikka-trees for (C, 7).
In particular, this implies that A, 7 accepts the empty lan-
guage iff C' is unsatisfiable w.r.t. 7.

Definition 5. Let M be aset and k& > 1. A k-ary M-tree
is a mapping T : {1,...,k}* — M that labels each node
a € {1,...,k}* with T(a) € M. Intuitively, the node cvi
is the i-th child of a. We use € to denote the empty word
(corresponding to the root of the tree).

A looping automaton A = (Q,M,I,A) for k-ary
M -trees is defined by a set () of states, an alphabet M,
a subset I C () of initial states, and a transition rela-
tion A C Q x M x Q*. A run of A on an M-tree
T is a mapping r : {1,...,k}* — @ with r(e) € I
and (r(a),T(a),r(al),...,r(ak)) € A for each a €
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U1 < <

< <
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Figure 1: A constraint graph containing no <-cycle that is
unsatisfiable over IN.

{1,...,k}*. A looping automaton accepts all those M -trees
for which a run exists, i.e., the language £(A) of M-trees
accepted by A is

L(A) = {T | thereisarunof A onT}.

In [Vardi and Wolper,1986], it is proved that the emptiness
problem for looping automata is decidable in polynomial
time.

A Hintikka-tree for C' and 7 corresponds to a canonical
model for C' and 7. Apart from describing the abstract do-
main Az of the corresponding canonical model Z together
with the interpretation of concepts and roles, each Hintikka-
tree induces a directed graph whose edges are labelled with
predicates from { <, =}. These constraint graphs describe the
“concrete part” of Z (i.e., concrete successors of domain ob-
jects and their relationships).

Definition 6. A constraint graphis apair G = (V, E), where
V is a countable set of nodesand E C V xV x{=, <} aset of
edges. We generally assume that constraint graphs are equal-
ity closed, i.e., that (vy,ve, =) € E implies (va,v1,=) € E.
A constraint graph G = (V, E) is called satisfiable over M,
where M is a set equipped with a total ordering <, iff there
exists a total mapping ¢ from V' to M such that 6(v;) P 6(v2)
for all (v1,vs, P) € E. In this case, ¢ is called a solution
for G.

A <-cycle () in G is a finite non-empty sequence of nodes
Vg, --.,Vp—1 € V such that (1) for all 7 with i < k, we have
(v, Vi1, P) € E, where P € {<,=} and @, denotes ad-
dition modulo k and (2) (v, vig,1, <) € E for some i < k.

The following theorem will be crucial for proving that, for
every Hintikka-tree, there exists a corresponding canonical
model. More precisely, it will be used to ensure that the con-
straint graph induced by a Hintikka-tree, which describes the
concrete part of the corresponding model, is satisfiable.

Theorem 7. A constraint graph G is satisfiable over M with
M € {Q, R} iff G does not contain a <-cycle.

Note that Theorem 7 does not hold if satisfiability over IN is
considered due to the absence of density: if there exist two
nodes v; and v, such that the length of <-paths (which are
defined in the obvious way) between v; and v, is unbounded,
a constraint graph is unsatisfiable over IN even if it contains
no <-cycle, see Figure 1.

The decidability procedure works on 7 DL-concepts and
TBoxes that are in a certain syntactic form.

Definition 8 (Path Normal Form). A 7 D/L-concept C is in
path normal form (PNF) if, for all subconcepts Ju;, us.P of
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C, we have either (1) u; = ¢g; and us = go, 2)uy; = fg; and
Uz = g2, 0r 3)u; = g1 and us = fgo for some f € Nyp
and ¢g1,92 € N.p. A TDL TBox 7 is in path normal form
iff all concepts appearing in 7 are in path normal form.

Lemma 9. Satisfiability of TDL-concepts w.rt. TDL-
TBoxes can be reduced to satisfiability of T DL-concepts in
PNF w.r.t. T DL-TBoxes in PNF.

Proof Let C' be a TDL concept. For every path u =
fi--- fagin C, we assume that [g], [fng], .-, [f1 - fng] are
concrete features. We inductively define a mapping A from
paths u in C' to concepts as follows:

Ag) = T Afw) = Glful, flu]- =) 1 3FA(u)

For any 7TDL-concept C, a corresponding concept p(C') in
PNF is obtained by replacing all subconcepts Ju;, us. P of
C with J[uq], [uz].P 1 A(u1) M A(uz) and g1 with [g]T. We
extend the mapping p to TBoxes in the obvious way. It is
easy to check that the translation is polynomial and that a
concept C' is satisfiable w.r.t. a TBox T iff p(C') is satisfiable

w.r.t. p(T). a

Hence, it suffices to prove that satisfiability of concepts in
PNF w.r.t. TBoxes in PNF is decidable. Moreover, we can
assume all concepts and TBoxes to be in NNF.

Definition 10 (NNF). A concept C' is in negation normal
form (NNF) if negation occurs only in front of concept names.
Every concept can be transformed into an equivalent one in
NNF by eliminating double negation and using de Morgan’s
law, the duality between 3 and V, and the following equiva-
lences:

ﬂ(ﬂul, UQP)
—(g71)
where ~ denotes the exchange of predicates, i.e., < is = and

= is <. With nnf(C'), we denote the equivalent of C' in NNF.
A TBox 7T is in NNF iff all concepts in 7 are in NNF.

Note that transformation to NNF preserves PNE. We
often refer to TBoxes 7 in their concept form Cy:

Cr= . [ 7’nnf(—C u D).

CDe

3U1,U,2.ﬁ U Jug,uy.< U urt U ust
39,9.=

We now define Hintikka-trees for concepts C' and TBoxes T
(in PNF and NNF) and show that there exists Hintikka-tree
for C and T iff there exists a model for C' and 7.

Let C be a concept and 7 a TBox. With cl(C, T), we de-
note the set of subconcepts of C' and C'y. We assume that
existential concepts AR.D in cl(C,T) with R € Ng \ Nyr
are linearly ordered, and that £(C, T %) yields the i-th ex-
istential concept in cl(C,7T). Furthermore, we assume the
abstract features used in cl(C, T') to be linearly ordered and
use F(C,T,i) to denote the i-th abstract feature in c/(C, T).
The set of concrete features used in cl(C, T) is denoted with
G(C,T). Hintikka-pairs are used as labels of the nodes in
Hintikka-trees.

Definition 11 (Hintikka-set, Hintikka-pair). Let C' be a
concept and 7 be a TBox. A set U C cl(C, T) is a Hintikka-
set for (C, T) iff it satisfies the following conditions:
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(H1) Cr e V¥,

(H2) if C; N Cy € ¥, then {Cy,C2} C ¥,

(H3) if C; UCy € U, then {C1,C2}NT # 0,

(H4) {A,—A} Z ¥ for all concept names A € cl(C,T),

(H5) if gt € ¥, then Juj,us.P ¢ ¥ for all concepts
Fuq, us. P withuy = gorus = g.

We say that f € N,r is enforced by a Hintikka-
set ¥ iff either 3f.C € ¥ for some concept C' or
{afgl,gg.P, Hgl,fgg.P} nw 75 () for some g1,92 € Nep
and P € {<,=}. A Hintikka-pair (¥, x) for (C, T) consists
of a Hintikka-set ¥ for (C, 7") and a set  of tuples (g1, g2, P)
with g1, g2 € G(C, T) such that

(H6) if (91,92, P) € x. then {g11, 921} N ¥ = 0.

With I'(c 1), we denote the set of all Hintikka-pairs for
(C,T). A path u (of length 1 or 2) is enforced by (¥, x)
iff either  is a node in x or {Ju, u’.P, Iu’, u.P} N # () for
some path v’ and P € {<,=}.

Intuitively, each node « of a (yet to be defined) Hintikka-
tree 1" corresponds to a domain object a of the corresponding
canonical model Z. The first component ¥, of the Hintikka-
pair labelling « is the set of concepts from cl(C, T satisfied
by a. The second component Y, states restrictions on the
relationship between concrete successors of a. If, for exam-
ple, (g1,92,<) € Xa then we must have gZ(a) < gZ(a).
Note that the restrictions in y, are independent from con-
cepts 4g1, g2.P € ¥,. As will become clear when Hintikka-
trees are defined, the restrictions in y,, are used to ensure that
the constraint graph induced by the Hintikka-tree 7', which
describes the concrete part of the model Z, does not contain
a <-cycle, i.e., that it is satisfiable. This induced constraint
graph can be thought of as the union of smaller constraint
graphs, each one being described by a Hintikka-pair labelling
anode in 7. These pair-graphs are defined next.

Definition 12 (Pair-graph). Let C be a concept, 7 a TBox,
and p = (¥, x) a Hintikka-pair for (C, 7). The pair-graph
G(p) = (V, E) of pis a constraint graph defined as follows:
1. V is the set of paths enforced by p
2. E= XU {(U,l,U,Q,P) | Hul,uQ.P € ‘IJ}

An edge extension of G(p) isaset E' C V xV x{<,=}such
that for all fg1, fg2 € V, we have either (fg2, fg1,<) € E'
or (fg1,fg2, P) € E' forsome P € {<,=}.If E' is an edge
extension of G(p), then the graph (V, EU E") is a completion
of G(p).

Note that, due to path normal form and the definitions of
Hintikka-pairs and pair-graphs, we have E'NE = () for every
edge extension E’ of a pair-graph (V, E).

We briefly comment on the connection of completions and
the x-component of Hintikka-pairs. Let a and /3 be nodes in
a Hintikka-tree 7" and let a and b be the corresponding do-
main objects in the corresponding canonical model Z. Edges
in Hintikka-trees represent role-relationships, i.e., if 3 is suc-
cessor of « in 1', then there exists an R € Np such that
(a,b) € RE. Assume 3 is successor of o and the edge be-
tween « and [ represents relationship via the abstract fea-
ture f, i.e., we have fZ(a) = b. The second component y 5 of
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the Hintikka-pair labelling [ fixes the relationships between
all concrete successors of b that “a talks about”. For exam-
ple, if (3fg1,92.=) € ¥, and (Ifgs3,g2- <) € ¥,, where
W, is the first component of the Hintikka-pair labelling «,
then “a talks about” the concrete g;-successor and the con-
crete gs-successor of b. Hence, x s either contains (g3, g1, <)
or (g1, g3, P) for some P € {<,=}. This is formalized by
demanding that the pair-graph G(T'(«)) of the Hintikka-pair
labelling o together with all the edges from the y-components
of the successors of « are a completion of G(T'(«)). More-
over, this completion has to be satisfiable, which is necessary
to ensure that the constraint graph induced by 7" does not con-
tain a <-cycle. An appropriate way of thinking about the x-
components is as follows: at «, a completion of G(T'(«v)) is
“guessed”. The additional edges are then “recorded” in the
x-components of the successor-nodes of a.

Definition 13 (Hintikka-tree). Let C be a concept, 7 be a
TBox, k the number of existential subconcepts in cl(C, T),
and ¢ be the number of abstract featuresin cl(C, 7). A 1+k+
(-tuple of Hintikka-pairs (po, - - -, pr+¢) With p; = (U, x;)
and G(po) = (V, E) is called matching iff

(H7) if 3IR.D € ¥gand £(C, T,i) = AR.D, then D € ¥;

(H8) if {HR.D,VR.E} C Ygand £(C, T,i) = 3R.D, then
Eev,

(H9) if 3f.D € ¥y and F(C,T,i) = f,then D € Uy ;.

(H10) if f is enforced by ¥o, F(C,T,i) = f,and Vf.D €
Uy, then D € \I’k-t-i'

(H11) the constraint graph (V, E'U E') is a satisfiable com-
pletion of G(po), where E' is defined as

U {(fglafglap) | ‘7:(07 T,Z) = f7 (917927P) € Xk+i}'
1<i<e
A k + L-ary I'(¢,)-tree T is a Hintikka-tree for (C,T) iff
T'(«) is a Hintikka-pair for (C, T') for each node « in T', and
T satisfies the following conditions:

(H12) C € ¥, where T'(¢) = (U, Xe),

(H13) forall @ € {1,...,k + £}*, the tuple
(T'(a),T(al),...,T(aj)) with j = k + £ is matching.
For a Hintikka-tree 7" and node o € {1,...,k + £}* with
T(a) = (¥,x), we use Tx(a) to denote ¥ and T} () to
denote x. Moreover, if G(a) = (V, E), we use cpl(T, a) to
denote the constraint graph (V, E U E') as defined in (H11).

Whereas most properties of Hintikka-trees deal with con-
cepts, roles, and abstract features and are hardly surprising,
(H11) ensures that constraint graphs induced by Hintikka-
trees contain no <-cycle. By “guessing” a completion as ex-
plained above, possible <-cycles are anticipated and can be
detected locally, i.e., it suffices to check that the completions
cpl(T, @) are satisfiable as demanded by (H11). Indeed, it is
crucial that the cycle detection is done by a local condition
since we need to define an automaton which accepts exactly
Hintikka-trees and automata work locally. It is worth noting
that the localization of cycle detection as expressed by (H11)
crucially depends on path normal form.

The following two lemmas show that Hintikka-trees are ap-
propriate abstractions of models.
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Lemma 14. A concept C' is satisfiable w.r.t. a TBox T iff
there exists a Hintikka-tree for (C,T).

To prove decidability, it remains to define a looping automa-
ton A(c, 7 for each concept C' and TBox 7 such that A ¢, 1)
accepts exactly the Hintikka-trees for (C, T).

Definition 15. Let C be a concept, 7 be a TBox, k the num-
ber of existential subconcepts in cl(C, T), and £ be the num-
ber of abstract features in cl(C, 7). The looping automaton
Ace,ry = (Q,T(c,1), A, I) is defined as follows:

e Q=T I={(¥,x)€Q|C eV} and

o (), (Y, x")s (¥1,x1),- -5 (i, Xkte)) € Aiff
(¥, x) = (¥,x') and
(T, %), (T1,x1),---» (P, Xk+¢)) is matching.

Note that every state is an accepting state, and, hence, every
run is accepting. The following lemma is easily obtained.

Lemma 16. T is Hintikka-tree for (C,T) iff T € L(Ac,1).

Since the size of cl(C, 7)) is linear in the size of C' and T, it is
straightforward to verify that the size of A(c, 1) is exponen-
tial in the size of C' and 7. This, together with Lemmas 9, 14,
and 16, and the polynomial decidability of the emptiness
problem of looping automata [Vardi and Wolper,1986], im-
plies the upper bound given in the following theorem which
states the main result of this paper. The lower bound is an
immediate consequence of the fact that ALC with general
TBoxes is EXPTIME-hard [Schild,1991].

Theorem 17. Satisfiability and subsumption of 7T DL-
concepts w.r.t. TBoxes are EXPTIME-complete.

5 Conclusion

There are several perspectives for future work of which we
highlight three rather interesting ones: firstly, the presented
decision procedure is only valid if a dense strict linear order is
assumed as the underlying temporal structure. For example,
the concept T is satisfiable w.r.t. the TBox

T:{Tgaglag%< rl aglafg17< rl Hfg2,92,<}

over the temporal structures @ and R (with the natural or-
derings) but not over N. To see this, note that 7 induces a
constraint graph as in Figure 1. Hence, it would be interest-
ing to investigate if and how the presented algorithm can be
modified for reasoning with the temporal structure IN.

Secondly, 7T DL does only allow for qualitative temporal
reasoning. It would be interesting to extend the logic to mixed
qualitative and quantitative reasoning by additionally admit-
ting unary predicates <, and =, for each ¢ € Q.

Thirdly, we plan to extend 7 DL to make it suitable
for reasoning about entity relationship (ER) diagrams. As
demonstrated in, e.g., [Calvanese et al.,1998; Artale and
Franconi, 19991, Description Logics are well-suited for this
task. By using an appropriate extension of 7 DL, one should
be able to capture a new kind of temporal reasoning with ER
diagrams, namely reasoning over ER diagrams with “tempo-
ral” integrity constraints. For example, a temporal integrity
constraint could state that employees birthdays should be be-
fore their employment date. An appropriate extension of
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T DL for this task could be by (unqualified) number restric-
tions, inverse roles, and a generalized version of the concrete
domain constructor Juy, us.P. An extension of the presented
automata-theoretic decision procedure to this more complex
logic seems possible.
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Abstract

We consider the problem of how an agent’s knowl-
edge can be updated. We propose a formal method
of knowledge update on the basis of the seman-
tics of modal logic S5. In our method, an update
is specified according to the minimal change on
both the agent’s actual world and knowledge. We
then investigate the semantics of knowledge update
and characterize several specific forms of knowl-
edge update which have important applications in
reasoning about change of agents’ knowledge. We
also discuss the persistence property of knowledge
and ignorance associated with knowledge update.

1 Introduction and Motivation

The well-studied issues of belief updates and belief revision
[Katsuno and Mendelzon, 1991] are concerned with the up-
date and revision aspects of an agent’s belief with respect to
new beliefs. The notion of belief update has been used, and
often serves as a guideline [Kartha and Lifschitz, 1994], in
reasoning about the effect of (world altering) actions on the
state of the world. Thus if ¢ represents the agent’s belief
about the world and the agent does an action that is supposed
to make 1 true in the resulting world, then the agent’s belief
about the resulting world can be described by ¢ < v, where o
is the update operator of choice.

Now let us consider reasoning about sensing actions
[Scherl and Levesque, 1993; Son and Baral, 2000], which in
their pure form, when executed, do not change the world, but
change the agent’s knowledge about the world. Let sense;
be a sensing action whose effect is that after it is executed the
agent knows whether f is true or not. This can be expressed
as K f v K—f, where K is the modal operator K nows. The
current theory of belief updates does not tell us how to do
updates with respect to such gain in knowledge due to a sens-
ing action. (Note that we can not just have ¢» = f v —f and
use the the notion of belief update, as f v —f is a tautology).
One of our goalsin this paper is to define a notion of knowl-
edgeupdate analogous to belief update, where the original
theory (¢) and the new theory (i) are in a language that can
express knowledge. Such a notion would not only serve as
a guideline to reason about pure and mixed sensing actions
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in presence of constraints, but also allow us to reason about
actions corresponding to forgetting and ignorance

The structure of the rest of the paper is as follows. In Sec-
tion 2 we start with describing the particular modal logic that
we plan to use in expressing knowledge, and describe the no-
tion of k-models analogous to ‘models’ in classical logic. We
then define closeness between k-models and use it to define
a particular notion of knowledge update. In Section 3 we
present alternative characterizations of four particular knowl-
edge update cases — gaining knowledgeignorance,sensing,
andforgetting and show their equivalence to our original no-
tion of knowledge update. Some of these alternative charac-
terizations are based on the formulation of reasoning about
sensing actions, and thus our equivalence results serve as jus-
tification of the intuitiveness of our definition of knowledge
update. In Section 4 we explore sufficiency conditions that
guarantee persistence of knowledge (or ignorance) during a
knowledge update. In Section 5, we conclude and discuss
future directions.

2 Closeness between k-modelsand
Knowledge Update

In this section, we describe formal definitions for knowledge
update. Our formalization will be based on the semantics of
the propositional modal logic S5 with a single agent. In gen-
eral, under Kripke semantics, a Kripke structue is a triple
(W, R, w), where W is a set of possible worlds, R is an equiv-
alence relation on W, and  is a truth assignment function
that assigns a propositional valuation to each world in .
Given a Kripke structure S = (W, R, ), a Kripke interpre-
tation is a pair M = (S,w), where w € W is referred to
the actualworld of M. The entailment relation = between
Kripke interpretations and formulas is defined to provide se-
mantics for formulas of S5 [Fagin and et al, 1995].

In the case of single agent, however, we may restrict our-
selves to those S5 structures in which the relation R is uni-
versal, i.e. each world is accessible from every world, and
worlds are identified with the set of atoms true at the worlds
[Meyer and van der Hoek, 1995]. To simplify a compari-
son between two worlds (e.g. Definition 2), we may view an
atom p € w iff w | p. Therefore, in our context a Kripke
structure (W, R, m) is uniquely characterized by W and we
may simplify a Kripke interpretation as a pair (W, w) which
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we call a k-mode] where w indicates the actual world of the
agent and W presents all possible worlds that the agent may
access. Note that w is in VW for any k-model (W, w).

In our following description, we use a, b, ¢, p, - - - to denote
primitive propositional atoms; ¢, ¢, v, - - - to denote propo-
sitional formulas without including modalities (we also call
them objectiveformulas); and «, 3, 1, - -- and T' to denote
formulas that may contain modal operator K. For conve-
nience, we also use 7' = a3 A - - A oy to represent a finite
set of formulas {«1, - - -, ax } and call T" a (knowledgeyet

Definition 1 (S5 Semantic$ Let P be the setof all primi-
tive propositionsin thelanguage Theentailmentrelation =
undernormal S5semanticss definedasfollows:

1. (W,w) = piff pisprimitive (i.e. p € P) andw [ p;
2. (W,w) E aAgiff (W, w) E aand(W,w) E G,
3. (W, w) | -« iffitis notthecasethat (W, w) E «;
4. (W,w) E Keiff (W, uw') Eaforall w’ € W.

Given a formula ', M = (W, w) is called a k-model of
Tif M = T. We use KMod(T) to denote the set of all k-
models of T'. For objective formulas ¢, M od(¢) denotes the
set of models of ¢, and w |= ¢ denotes that w is a modelof ¢.
For a formula «, we say that 7" entails«, denoted as 7' = «,
if for every k-model M of T, M E a.

Now the basic problem of knowledge update that we would
like to investigate is formally described as follows: given a k-
modelM = (W, w), that is usually viewed as a knowledge
stateof an agent, and a formula y - the agent’s new knowl-
edge that may contain modal operator X, how do we update
M to another k-model M’ = (W', w') such that M’ | p
and M’ is minimally differentfrom M with respect to some
criterion. To approach this problem, we first need to provide
a definition of closenesgetween two k-models with respect
to a given k-model.

Definition 2 (k-model ClosenesglLet M = (W, w), M, =
(W1, w1) and My = (Wa, wy) bethreek-modelsWe say M,
isas close to M as M, denotedas My <jpy Mo, if:

L (wp\wUw\w) C (w2 \ wUw\ wy); or
2. w; = ws andoneof thefollowing conditionsholds:

() if W C Wy, then(a) there existsomeg and sud
that M = K¢ and M,y [ K¢ and M £ Ko
and M, | K4, or (b)forany¢ if M = K¢ and
M, = K¢, thenMs = K¢;

(i) if Wy, C W, thencondition(a) aboveis satisfied,
or (c)forany¢ if M = K¢ andM; = K¢, then
M; = K¢,

(iiiy if W ¢ Wy andW; ¢ W, thenconditions(b) and
(c) aboveare satisfied.

We denoteM; <y M- if My <m M and M, gM M.

In the above definition, condition 1 simply says that the
symmetric differences between w and w is not bigger than
that between w and ws, while in condition 2, (i), (ii) and
(iii) express that different preferences are applied to com-
pare knowledge between M; and M, with respect to M.
For convenience, given a k-model M, if we denote KM =
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{¢ | forall w € W,w | ¢}, then (a) is equivalent to
KM\ KMy # 0§ and KMy \ KM # @; (b) is equiva-
lentto KM \ KM, C KM \ K Ms,; and (c) is equivalent
to KMy \ KM C KM, \ KM. Also (b) and (c) together
present a difference on both knowledge decrease and increase
between M, and M5 interms of M. Itis also easy to see that
<as is a partial ordering.

Note that during the comparison between two k-models,
we give preference to the change of the actual world over the
change of the knowledge about the world. (The closeness cri-
terion between actual worlds that we use is the commonly
used criterion [Winslett, 1988] based on symmetric differ-
ence). For instance, if the actual world of a k-model A1 is
closer to the actual world of M than the actual world of an-
other k-model M, we will think A is closer to M and the
comparison of knowledge between AM; and M, is ignored.
Only when both M; and M5 have the same actual world, we
will compare the knowledge of AM; and M, in terms of M.
This seems to be intuitive to us. In fact, the comparison be-
tween actual worlds determines the actual distancebetween
two k-models to the given k-model M. If M, and M, have
the same actual distance to M, the knowledgelistancds then
taken into account.

Basically, condition (i) (or (ii) resp.) in Definition 2 de-
fines a knowledge preference based on knowledge decrease
(or increase resp). That is, if M, onlylooses knowledge from
M (or only gains some knowledge to M, resp.), then M, is
preferred over those k-models that have both knowledge de-
crease and increase from A, i.e. (a), and also preferred over
those k-models that only loose more knowledge from M (or
add more knowledge to M, resp.) than M does, i.e. (b) or (c)
respectively. Condition (iii), on the other hand, deals with the
mixed situation that A/, has both knowledge decrease and in-
crease from M . In this case, a combined difference on knowl-
edge decrease and increase is applied to determine the knowl-
edge distance, i.e. (b) and(c). Conditions (i), (ii) and (iii) can
be illustrated by the following figures respectively.

Figure 1: M; <pr M, under the condition w; = ws and
W C Wi (a) or (b) holds.

Definition 3 (k-model Update) Let M = (W, w) be a k-
modeland i a formula. Ak-modelM’ = (W', w') is called
a possible resulting £-model after updatingM with g if and
onlyif thefollowing conditionshold:

1. My

2. there doesnot exist anotherk-modelM " = (W, w")
suhthat M" = pandM" < M'.
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We denotethe setof all possibleresultingk-modelsafter up-
dating M with p as Res(M, ).

Figure 2: My <pr M under the condition w; = w» and
W1 C W: (a) or (c) holds.

Figure 3: M; <ar M, under the condition wy = wa, W ¢
Wy and W, ¢ W: (b) and (c) hold.

Examplel Let ' = Ke A -Ka A =Kb A K(a V b) and
u = K—c. We denote

wo = {a, b, c}, wy = {a,c}, wy = {b,c},

ws = {c}, ws = {a, b}, ws = {a},

we = {b}, wy = 0.
Clearly, My = ({wo, w1, wa},wg) is a k-model of
T. Consider the update of My with u. Let My =
({wa, ws, we}, wa). Now we show that M; is a possible re-
sulting £-model after updating M, with z.

Since (wg \ wa U wy \ wo) = {c}, we first consider any
possible k-model M’ = (W', w') such that (wg \ v’ U w' \
wy) C {c}. Clearly, the only possible w’ would be wy itself.
Let M’ = (W', wq), where W’ is a subset of {wq, - - -, wr}.
However, since ¢ € wy, there does not exist any W' such that
M' | K-c. Therefore, from Definition 2, only condition
2 can be used to find a possible M’ such that M’ < M.
So we assume M’ = (W' ws). On the other hand, from
My and My, it is easy to see that KMy = {c,a V b} and
KM, = {=c,aV b} Then we have K My \ KM; = {c}
and K M;\K My = {—c}. lgnoring the detailed verifications,
we can show that there does not exist such M’ = (W', w,)
satisfying KMo\ KM’ = KM'\ KMy =0.m

Based on the £-model update, updating a formula (know!-
edge set) 7" in terms of another formula 4 is then achieved by
updating every k-model of 7" with 4.

For simplicity, here we only consider the prime formulas ¢ in

KM inthesensethat if ¢ € K M, then thereis not another 3y such
that =y Dgandy € KM.

KNOWLEDGE REPRESENTATION AND REASONING

Definition 4 (Knowledge Update) Let 7" and i be two for-
mulas. Theupdate of 7" with i, denotedasT ¢ u, is defined

by KMod(T o ) = Unre ke moagry Res(M, p).

3 Characterizing Knowledge Update

In this section, we first investigate basic properties of -
models, then provide alternative characterizations for differ-
ent types of knowledge update and then show their equiva-
lence with respect to our original characterization.

Proposition1 Let M, = (W1, w1) and My = (Ws, ws) be
two k-models.Thenthefollowing propertieshold:

. ¢ € KMy iff Wy C Mod(4);

. Wy C Wy iff KMy C K M;;

KM, = KM, iff W, = Wo;

. LetM' = (W, UWs, w'), thenK M’ = KMy N K Ms;

. Letw’ € Wi N Wy and M’ = (W1 n Wg,w/), then
KMy UKMs C KM’

o~ W N P

Given a set of k-models S and a k-model A, let <js be an
orderingon S as we defined in Definition 2. By Min(S, <)
we mean the set of all elements in S that are minimal with re-
spect to ordering <as. The following theorem shows that our
knowledge update can be characterized by a minimal change
criterion based on an ordering on k-models.

Theorem1 LetT andyu betwo formulas.ThenK Mod(T ¢
1) = Unrex modery Min(K Mod(p), <nr).

Proof: To prove the result, we only need to show that for each
k-model M of T, Res(M,p) = Min(KMod(p),<n).
Let M’ € Res(M,u). Since M’ = pu, M' € KMod(u).
On the other hand, according to Definition 3, for any

M" € KMod(u), we have M’ <p M". That
is, M' € Min(KMod(u),<pr). S0 Res(M,u) C
Min(KMod(p), <) Similarly, we can show

Min(KMod(p),<ar) C Res(M, p). B

While the above theorem presents a general minimal
change property of our knowledge update, we now give al-
ternative characterizations of the update of 7" with x when y
has some specific forms. These specific forms present some
of the important features of knowledge update, and their al-
ternative characterization is handy when the use of the no-
tion of knowledge update becomes an overkill. For exam-
ple, the alternative characterization of sensingupdatebe-
low is a much simpler characterization that is used in rea-
soning about sensing actions [Scherl and Levesque, 1993;
Son and Baral, 2000]. We now introduce a notation that
will be useful in our following discussions. Let W be a
set of worlds and w € W. By W(%:4) we denote the set
{w'|w' e Wandw' | ¢ iffw | ¢}.

Proposition2 GivenT' and K¢ whee ¢ is objectiveand
T = ¢. ThenM' = (W' w') is a k-modelof T' o K¢ if
and only if ther existsa k-modelM = (W, w) of T' sud
thatw = w’ andW’ = W)
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The above proposition reveals an important property about
knowledge update: to know some fact, the agent only needs
to restrict the current possible worlds in each of her £-models,
if this fact itself is already entailed by her current knowledge
set. We call this kind of knowledge update gainingknowledge
update

Example2 LetT = a A —=Ka A Kb. Suppose wg = {a, b},
wy = {a}, wy = {b} and w3 = (. Then T has one k-model
M = ({wg, wa}, wg). Updating M with Ka, according to
our k-model update definition, we have a unique resulting &-
model M’ = ({wo}, wg). Indeed, this result is also obtained
from Proposition 2. m

As a contrary case to the gaining knowledge update, we
now characterize an agent ignoring a fact from her knowl-
edge set which we call ignorance update i.e. updating
T with =K¢. From Definition 1, it is easy to see that
T o ¢ = —K¢. However, it should be noted that updat-
ing T' o =¢ can not be used to achieve 7' o = K¢. Con-
sider a k-model M = ({{a,b},{a}},{a,b}). Updating
M with =K a we have a possible resulting k-model M’ =
({{a,b},{a}, {b}},{a,b}), while updating M with —a will
lead to a possible result M = ({{a,b},{a}, {b}}, {b}).
Note that both A7/ and M entail =Ka, but M’ <3 M"
according to Definition 2.

Proposition3 GivenT andyu = —K ¢ whee ¢ is objective
M' = (W', w') is a k-modelof T' o =K ¢ if andonlyif there
existsa k-modelM = (W, w) of T sud that

(i) if M = K¢, thenw' = wandW’' = W U {w*}, whee

w* E g,
(i) otherwisew’ = wandW’' = W.

Example3 Suppose 7' = -Ka A ~KbA K(a Vb) A Ke
and the agent wants to ignore c¢. Let wy = {a,b,c}, w1 =
{a,c}, Wy = {b,C}, w3 = {C}v wq = {aab}v Wy = {Cl},
wsg = 4{b}, wy = 0. Clearly, T has three k-models:
My = ({wo, w, wa}, wo), My = ({wo, wr, w2}, wy), and
My = ({wo, w1, ws}, we). From Proposition 3, T o = K¢
has the following twelve k-models: ({wq, w1, w2, w; }, w;),
wherei =4,5,6,7and j =0,1,2. 1

Now we consider the case when y is of the form K ¢v K—¢
where ¢ is objective. Updating 7" with this type of 1 is partic-
ularly useful in reasoning about sensing actions [Scherl and
Levesque, 1993; Son and Baral, 2000] where K¢ Vv K—¢
represents the effect of a sensing action after whose execu-
tion, the agent will know either ¢ or its negation. We refer to
such an update as a sensingupdate The following proposi-
tion characterizes the update of 7" with a formula of the form
K¢ v K—¢. Itis interesting to note that the sufficient and
necessary condition for a k-model of 7' o (K¢ V K—¢) is
similar to the one presented in Proposition 2.

Proposition4 GivenT andy = K¢ V K—¢ wheke ¢ is ob-
jective M’ = (W', w') isak-modelof T' o (K¢ V K—¢) if
andonlyif there existsa k-modelM = (W, w) of T sud that
w=w andW’' = W) orw=w' andW’ = W, ~¢)

Proof: Let u = K¢V K—¢ and M’ = (W (%) w). From
the definition of W (%) it is easy to see that M’ = p.
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Considerany M" = (W' w") where M" |= prand w"” # w.
According to the condition 1 of Definition 2, M’ <3 M".
So M" can not be a k-model of T o u. In other words, each
k-model of T o 1 must have a form of M = (W", w).
Then from Theorem 1, to prove the result, it is sufficient to
prove for k-model M” = (W" w) where W" # W(w:4)
or W" # W9 M’ <jr M". This can be shown in the
same way as in the proof of Proposition 2. m

Example4 Suppose 7' = Kb A =Ka A =K—a represents
the current knowledge of an agent. Note that 7" implies that
the agent does not have any knowledge about a. Consider the
update of 7" with 4 = Ka vV K-a which can be thought of
as the agent trying to reason — in the planning or plan veri-
fication stage — about a sensing action? that will give her the
knowledge about a. Let wy = {a, b}, w; = {b},wy = {a}
and ws = 0. Itis easy to see that My = ({wo, w1}, wo)
and M; = ({wo, w1}, wy) are two k-models of 7". Then ac-
cording to the above proposition, it is obtained that M| =
({wo}, wo) and M{ = ({w1}, wy) are the two k-models of
Top n

As another important type of knowledge update, we con-
sider the update of 7" with y = = K¢ A =K—¢. This up-
date can be thought of as the result of an agent forgettingher
knowledge about the fact ¢. We will refer to such an update
as a forgettingupdate The following proposition shows that
in order to forget ¢ from 7', for each k-model of the current
knowledge set, the agent only needs to expand the set of pos-
sible worlds of this model with exactly onespecificworld.

Proposition5 GivenT andy = —-K¢ A - K—¢ whee ¢ is

objective M’ = (W', w') is a k-modelof T" o x if andonly if

ther existsa k-modelM = (W, w) of T' sud that

() if M E K¢, thenw' = wandW’' = WU {w*}, whee

w* e,

(i) if M = K—¢, thenw' = wandW' = W U {w*},
wheew* = ¢;

(iii) otherwisew’ = wandW’' = W.

Proof: Let y = -K¢ A =K—¢ and M = (W, w) be a k-
model of 7. Then it is easy to see that for two k-models
M' = (W' w')yand M = (W" w") such that M’ |= u and
M" & p,and v’ = wand w” # w, M’ <p M". So M"
can not be a k-model of 7" ¢ u. In other words, a k-model of
T oy must have a form M’ = (W', w).

From Theorem 1, to prove the result, we only need to show
that for any k-model A" = (W", w) such that M" |= p and
W'+ Wu{w}, M <y M".

Let M = (W U {w*},w), where w* = -0 if M E K¢
and w* = ¢ if M = K—¢. We first prove that for any k-
model M" = (W",w) such that M" = p and W does not
have a form of W U {w;}, M’ <pr M".

Suppose M = K¢. Clearly M’ |= p.

Casel. Consider a k-model M = (W" w) where W' =

2Such reasoning is necessary in creating plans with sensing ac-
tions or verifying such plans. On the other hand after the execution
of a sensing action the agent exactly knows either a or —a, and can
simply use the notion of belief update.
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W U {w*} C W". Note that M"" = p as well. However,
from Proposition 1, we have KM"” C KM’ C KM. So
M’ <y M" according to Definition 2 (i.e. condition (b)).
Case2. Suppose W' C W’ (proper set inclusion). Without
loss of generality, we assume that W" = W U {w*} \ {w;}
where w; € W. This follows that W ¢ W' and W' ¢ W.
Soitisthecasethat KM\ KM"” # (@and KM"\ KM # 0.
On the other hand, we have W C W', from Definition 2 (i.e.
condition (a)), we have M’ <;r M".

Case3. Now suppose W ¢ W’ and W’ ¢ W'. Without
loss of generality, we can assume that W = W U{w*, w;} \
{w;}, where w; € Wand w*, w; € W. Again, this results to
the situation that W ¢ W" and W“ ¢ W. ¢From the above
discussion, it implies that M’ <;; M".

Following the same way as above, we can prove that under
the condition that M = K—¢ and M’ = (W U {w*}, w)
where w* |= ¢, for any k-model M" = (W', w) such that
M" = pand W' does not have a form of WU {w;} M’ <
M,

Now we show that for any k-model A that is of the form
M" = (WU{w;},w) and w; isany world such that w; |= —¢
ifME K¢orw;, E¢if M E K-¢, M' £y M" and
M" £y M'. Suppose M’ <pr M". Since W C WU {w*},
then according to Definition 2, condition (a) or (b) should
be satisfied. As W C W U {w;}, condition (a) can not be
satisfied. So condition (b) must be satisfied. That is, for
any ¢ such that M | K and M’ = K¢, M" | K1
However, this implies that KM \ KM’ C KM \ KM",
andalso KM n KM"” C KM n KM’. From Proposition
1 (Results 2 and 4), it follows that W U W/ C W U W",
that is, W U {w*} C W U {w; }. Obviously, this is not true.
Similarly, we can show that M £, M’. That means, both
M’ and M" are in Res(M, u). This completes our proof. m

Example5 Suppose T'= Kb A (Ka VvV K—a) represents the
current knowledge of an agent. After executing a forgetting
action the agent now would like to update her knowledge with
pu = KaA-K-a Letwy = {a,b},w; = {b},wy =
{a},ws = 0. Itis easy to see that My = ({wo}, wo) and
My = ({w1},wy) are the two k-models of 7. Then us-
ing Proposition 5, we conclude that M} = ({wg, w1}, wo),
M = ({wo, ws}, wo), M3 = ({wy, wo}, wy), and Mz =
({w1, w2}, wy) are the four k-models of 7" o u. Note that
({wo, wa}, we) cannot be a k-model of T o u according to
Proposition 5. m

4 Persistence of Knowledge and Ignorance

Like most systems that do dynamic modeling, the knowl-
edge update discussed previously is non-monotonic in the
sense that while adding new knowledge into a knowledge set,
some previous knowledge in the set might be lost. How-
ever, it is important to investigate classes of formulas that
are persistent with respect to an update, as this may partially
simplify the underlying inference problem [Engelfreit, 1998;
Zhang, 1999]. Given T"and p, a formula « is said to be persis-
tentwith respect to the update of 7" with y, if T = « implies
T o p = a. If ais of the form K¢, we call this persistence
as knowledgepersistencewhile if « is of the form - K ¢, we
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call it ignorancepersistence The question that we address
now is that under what conditions, a formula « is persistent
with respect to the update of 7" with .

As the update of 7" with y is achieved based on the update
of every k-model of 7" with y, our task reduces to the study of
persistence with respect to a k-model update. This is defined
in the following definition.

Definition 5 (Persistencewith respectto k-modelUpdate)

Let 4 and « be two formulasand M be a k-model. « is

persistent with respectto the updateof M with g if for any
"€ Res(M, ), M = o impliesM’ = a.

Clearly a formula « is persistent with respect to the up-
date of 7" with p if and only if for each k-model M of T,
« s persistent with respect to the update of A/ with . To
characterize the persistence property with respect to k-model
updates, we first define a preference ordering on k-models in
terms of a formula.

Definition 6 (Formula CloseneskLet i be a formulaand
M, and M- betwo k-models.We say M is as close to i as
M,, denotedas M, <, Ms, if oneofthefollowingconditions
holds:

1. My € KMod(u);

2. if My, M3 ¢ KMod(p), thenforany M € K Mod(u),
My <yt Mo.

We denoteM; <pu M if My SN M, and M, ZN M.

Intuitively, the above definition specifies a partial ordering
to measure the closeness between two k-models to a formula.
In particular, if M is a k-model of x, then M is closer to u
than all other £-models (i.e. condition 1). If neither A nor
M, is a k-model of y, then the comparison between M, and
M with respect to y is defined based on the k-model prefer-
ence ordering <as for each k-model M of x (i.e. condition
2). Note that if both M, and M, are k-models of y, we have
M, <, M and M, <, M;, and both of them are equally
close to p.

Example6 Let p = Ka A Kb, wg = {a,b}, w; = {b},
wy = {a} and w3 = @. Clearly, x4 has one k-model M —
({wo}, wo). Consider two k-models M; = ({wq, w1}, wo)
and My = ({ws, wa}, wy). Now let us compare which one of
them is closer to p. Since neither My nor M is a k-model of
1, we can use condition 2 in Definition 6 to compare M; and
M. According to Definition 2, it is easy to see that M; <as
M as wo \ w1 Uwy \ wg = {a} # 0. Therefore, we conclude
M <, M. Furthermore, we also have M; <, M>. R

Proposition6 Letyu beaformula. For anytwo k-modelsi/y
and M, if My <, M», thenM, = pimpliesiM; E p.
Proof: Suppose M, = p. Then My € KMod(p). From
Definition 6, we know that for any other k-model M’,
M, <, M'. So My <, M. Butwe have M; <, M,. This
|mpI|es that both A7y and M, are equally close to u. Hence,
M1 IZ H. | |

Given a formula x and a sequence of k-models

My, .-, My, if the relation M, <, M, <, --- <, My
holds, then it means that M; is closer to x than M], Where
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i < j. Now under this condition, if there is another formula
a which satisfies the property that M; = o implies M; | «
whenever ¢ < j, we say that formula « is persistentwith
respect to formula g. In other words, when &-models move
closer to p, «’s truth value is preserved in these k-models.
The following definition formalizes this idea.

Definition 7 (<,-persistencg Leta, ¢ betwoformulas.\We
saythat « is <,-persistent if for any two k-modelsi;/; and
M, Ms E aandM; <, M, impliesM; [ a.

Now we have the following important relationship between
<. -persistence and k-model update persistence.

Theorem2 Let o and i be two formulasand M be a k-
model.« is persistentith respecto theupdateof M with x
if a is <,-persistent.

Proof: Let M’ be a k-model in Res(M,p). Then we
have M’ € KMod(u). So for any k-model A/, we have
M' <, M".So M' <, M. Now suppose o is p-persistent.
It follows that M = a implies M’ = «. As M’ is an
arbitrary k-model in Res(M, u), we can conclude that « is
persistent with respect to the update of M with 4. m

From Theorem 2, we have that <, -persistence is a suffi-
cient condition to guarantee a formula persistence with re-
spect to a k-model update. As will be shown next, we can
provide a unique characterization for p-persistence. We first
define the notion of ordering preservation as follows.

Definition 8 (Ordering Preservatior) Giventwo formulas
a and 3. We saythat ordering <, preserves ordering <g
if for any two k-modelsiM; and My, My <, M, implies
My <g M.

The intuition behind ordering preservation is clear. That is,
if <, preserves <g, then for any two k-models M and M5,
whenever M, is closer to « than M-, M; will be closer to
(3 than M, as well. Finally, we have the following important
result to characterize p-persistence.

Theorem 3 Giventwo formulasa andy, o is <, -persistent
if andonlyif <, preserves<,.

Proof: (=) Suppose « is <, -persistent. That is, for any two
k-models M, and M, M1 <u M, and M5 E o implies
M; | a. So under the constralnt that o is p-persistent,
whenever M, <, M,, we have M; <, M. That means,
<, preserves ga.

(<) Suppose <,, preserves <,. From Definition 8, we
have that for any two k-models M; and M», My <, M,
implies M; <, M. Now suppose M; <, M,. So we have
M, <. M. From Proposition 6, we have that My E «
implies M, = «. From this it follows that o is <, -persistent.

5 Conclusion and Future Directions

In this paper we developed the notion of knowledge update —
an analogous notion to belief update, that is useful in charac-
terizing the knowledge change of an agent in presence of new
knowledge. Our notion is particularly relevant in reasoning
about actions and plan verifications when there are sensing
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actions. We presented simpler alternative characterization of
knowledge update for particular cases, and showed its equiv-
alence to the original characterization. Finally we discussed
when particular knowledge (or ignorance) persists with re-
spect to a knowledge update.

We believe our work here to be a starting point on knowl-
edge update, and as evident from the research in belief up-
date and revision in the past decade. A lot remains to be
done in knowledge update. For example, issues such as itera-
tive knowledge update, abductive knowledge update, minimal
knowledge in knowledge update, etc. remain to be explored.
Similarly, in regards to reasoning about actions, additional
specific cases of knowledge update need to be identified and
simpler alternative characterization for them will be needed
to be developed. Finally, we are currently working on estab-
lishing complexity results for knowledge update.
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Abstract

A family of resource-bounded paraconsistent in-
ference relations is introduced. These relations
are based on S — 3 entailment, an inference rela-
tion logically weaker than classical entailment and
parametrized by a set S of variables. Their proper-
ties are investigated, especially from the computa-
tional complexity point of view. Among the strong
features of our framework is the fact that tractabil-
ity is ensured each time |S| is bounded and that
binary connectives behave in a classical manner.
Moreover, our family is large enough to include
both S — 3 inference, the standard inference rela-
tions based on the selection of consistent subbases
and some additional forms of paraconsistent rea-
soning as specific cases.

1 Introduction

Few would dispute the fact that classical entailment is not
suited to common-sense inference. One of its main draw-
backs is its inability to deal with inconsistency. Indeed, any
formula is a logical consequence of a contradiction. Such
a trivialization of inference is often referred to as ex falso
quodlibet sequitur and classical entailment is said to be ex-
plosive (i.e., not paraconsistent).

Many approaches have been proposed so far to address this
issue. Some of them, like belief revision, aim at preventing
inconsistencies from being generated; other approaches aim
at removing inconsistencies once they appeared. Comple-
mentary to them, many approaches deal with inconsistencies.
Among them are various paraconsistent logics, argumenta-
tive logics, belief merging and the so-called coherence-based
approach! to inconsistency handling. Unfortunately, exist-
ing paraconsistent inference relations are typically intractable
(see [Cayrol et al., 1998] [Nebel, 1998]).

In this paper, we show that trivialization in presence of
inconsistency and intractability can be handled within a
uniform framework. A family of paraconsistent resource-
bounded inference relations is presented. Our starting point

'In this approach, beliefs are represented by a belief base B, i.e.,
a finite set of propositional formulas; some consistent subbases of
B that are preferred w.r.t. a given selection policy are first selected,
then inference amounts to classical inference from some of them
[Pinkas and Loui, 1992] [Benferhat ef al., 1993].
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is the notion of S — 3 inference [Schaerf and Cadoli, 1995]
and the coherence-based approach to inconsistency handling
[Pinkas and Loui, 1992] [Benferhat et al., 1993]. In S — 3
logic, every propositional symbol is interpreted in a weak
way, allowing it to be both true and false at the same time, ex-
cept for the variables of a given set S that are interpreted clas-
sically. Tractability is ensured by limiting the size of S. In-
terestingly, S — 3 entailment proves sufficient to handle some
inconsistencies, those that are not reachable when classical
inference is limited to the variables of S. In order to han-
dle the remaining inconsistencies while avoiding trivializa-
tion, we introduce a family of inference relations which are to
S — 3 entailment what the inference relations of the standard
coherence-based approach are to classical entailment. Specif-
ically, consistency is restored by removing variables (from
S) instead of removing some explicit beliefs from the belief
base. The computational complexity of these inference rela-
tions is identified, and some other properties are investigated.
Among the strong features of our framework is the fact that
tractability is ensured each time a computational bound |S|
is set. Moreover, binary connectives behave in a classical
manner while it is not the case for many paraconsistent log-
ics. Finally, our framework is general enough to encompass
both S — 3 logic [Schaerf and Cadoli, 1995], the standard
coherence-based approach to inconsistency handling [Pinkas
and Loui, 1992] [Benferhat e al., 1993] and some systems
for paraconsistent reasoning given in [Priest, 1991] [Besnard
and Schaub, 1998] as specific cases.

2 Formal preliminaries

In the following, we consider a propositional language
PRO Ppgs inductively defined from a finite set P.S of propo-
sitional symbols, the boolean constants true and false and
the connectives —, A, V. For every formula ¢ from PRO Ppg,
Var(¢) denotes the symbols of P.S occurring in ¢. As usual,
every finite set of formulas is considered as the conjunctive
formula whose conjuncts are the elements of the set.

Every formula ¢ from PRO Ppg is interpreted in a classi-
cal way, unless stated otherwise. In order to avoid any am-
biguity, we sometimes refer to 2-interpretations, 2-models,
2-consistent and 2-inconsistent formulas instead of the usual
notions of (respectively) interpretations, models, consistent
formulas and inconsistent formulas.

For the sake of simplicity, we assume that every formula ¢
of PROPpg is in Negation Normal Form (NNF), i.e., only
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variables are in the scope of any occurrence of — in ¢. For in-
stance, —a V (b A —¢) is in NNF while the (classically equiv-
alent) formula —(a A =(b A —¢)) is not. Nevertheless, this
assumption could be given up easily (cf. Section 4.4).

We assume the reader familiar with the complexity classes
P, AP[O(log n)], AL, and II% of the polynomial hierarchy
(see [Papadimitriou, 1994] for details).

3 S — 3inference

Our family of inference relations is based on S — 3 logic
[Schaerf and Cadoli, 1995], a multivalued logic which can
be viewed as a generalization of Levesque’s logic of limited
inference [Levesque, 1984]. In S — 3 logic, every proposi-
tional variable is interpreted in a weak way, allowing it to be
both true and false at the same time, except for the variables
of a given set S.

Definition 3.1 Let S be a subset of PS.

e An S —3-interpretation over PS is a mapping I from the
set Lpg of all literals over PS to BOOL = {0, 1} s.t.
Sor every literal | of Lpg, we never have I(1) = I(=l) =
0, and we always have I(l) = 1 — I(=l) whenever the
variable of | belongs to S. true is always interpreted as
1 while false is always interpreted as 0.

e An S—3-interpretation I is an S —3-model of a NNF for-
mula X iff the formula obtained by replacing in ¥ every
occurrence of =l by false (resp. true) when I(—l) =0
(resp. 1), then every occurrence of | by false (resp.
true) when I1(1) = 0 (resp. 1) evaluates classically to 1.

e Let B be a belief base (i.e., a conjunctively-interpreted
finite set of formulas from PROPpg). Let vy be a for-
mula from PROPpg. v is an S — 3 consequence of B,
noted B |=% v, iff every S — 3-model of B is an (S — 3-)
model of 7.

A formula is said to be S — 3 consistent when it has an
S — 3-model. A 3-interpretation (resp. 3-model) is just an
() — 3-interpretation (resp. () — 3-model) and a formula is
3-consistent when it has a 3-model. Every formula from
PROPpg which does not contain any occurrence of false
is 3-consistent (the 3-interpretation I s.t. I(l) = 1 for every
literal [ of Lpg is a 3-model of it).

As shown in [Schaerf and Cadoli, 1995], for every S C
PS, the corresponding inference relation =% is an approxi-
mation of |= by below: if B =% + then B = .

Interestingly, the limited power of S — 3 inference enables
some inconsistencies to be handled:

Example 3.1 Let B = {(-a V b),a, (-cVb), (=bVd),(cA
—d), e, (meV f)}. B is (2-)inconsistent.
o Let S ={c,d,e}. We have BIEL aNcA—dAbA—b
Ae A fbut B [£3 d.
o Let S = {b,c,d,e}. We have B |=% false. Here, B =3,
is explosive: any formula is an S — 3 consequence of B.

Tractability of S — 3 entailment is ensured by limiting the
size of S. To be more specific, the time complexity of S — 3

inference is in O(2!51.|B|.]y|) when B is a CNF formula’

2Combining both Theorem A.3 from [Schaerf and Cadoli, 19951,
Lemma 3.1 and Theorem 4.1 from [Cadoli and Schaerf, 1996], this
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and -y is a clause [Schaerf and Cadoli, 1995]. Accordingly,
the complexity of S — 3 inference depends essentially on the
number of variables in S.

4 Resource-bounded paraconsistent inference

4.1 Dealing with inconsistency

Adhering to S — 3 entailment is a way to prevent some incon-
sistencies from being harmful, namely those which are deriv-
able only if classical reasoning over some variables outside
S is performed. In the previous example with S = {c, d, e},
while we have both B =% b and B |=% —b, we do not have
B =% d.

However, restricting S to an arbitrary subset of the vari-
ables occurring in B is not sufficient to avoid trivialization in
every situation (see the previous example). In order to deal
with the remaining inconsistencies, we suggest to focus on
some subsets S’ of S, those for which the corresponding in-
ference relations are not explosive. The approach is similar
to the standard coherence-based approach to inconsistency
handling, except that the inference relation is weakened by
removing variables from S instead of removing explicit be-
liefs from B. Formally, we first need a notion playing a role
similar to the notion of consistent subbase in the standard
coherence-based approach.

Definition 4.1 Let B be a belief base. Let S C PS and Sy C
S s.t. B £% false. A consistent subset S” of S w.rt. B

and Sy is a subset of S containing Sy and s.t. B |3, false.
S(B, S, Sy) denotes the set of all consistent subsets of S w.r.t.
B and Sy.

In this definition, Sy is a given set of variables which must
be interpreted classically. In our framework, Sy plays a role
similar to the one played by integrity constraints. Requiring
the existence of such a set Sy (possibly empty) imposes that
B is 3-consistent (which is not a strong assumption).

In the following, we adhere to a skeptical approach (every

preferred consistent subset is considered):
Definition 4.2 Let B be a belief base and Sy be a subset
of PS s.t. B l#%o false. Let P be a selection policy s.t.
Sp(B,S,Sy) is a subset of S(B, S, So) and let v be a for-
mula from PROPpg. 7 is a consequence of B w.r.t. P and
So, noted B k5%, iff ¥S' € Sp(B, S, Sp), B =%, .

Now, we can define selection policies for consistent subsets
that are similar to the ones defined for consistent subbases
in the standard coherence-based approach [Pinkas and Loui,
1992] [Benferhat et al., 1993] [Benferhat et al., 1995].
Definition 4.3 Ler B be a belief base. Let S = (So, ..., S})
be a stratification’® of a given subset of PS where Sy is s.t.
B [£%, false.

e The set Spo(B,S,Sy) of all preferred consistent sub-
sets of S w.r.t. B and Sy for the possibilistic policy is
the singleton {Uf:_& S;}, where s is either the smallest
index (1 < s < j)s.t. Uf:() S; is an inconsistent subset
of Sw.rt. B and Sy or j + 1 if S is consistent w.r.t. B.

result can be easily generalized to the case where B is any NNF
formula and «y is a CNF formula; in this situation, S — 3 inference
can still be decided in time linear in the size of the belief base.

3 A stratification of S is a totally ordered partition of it.
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e ThesetSco(B, S, So) of all preferred consistent subsets
of S wrt. B and Sy for the linear order policy is the
singleton {|J!_, Si}, where S! (i € 0,...,j) is defined
by S; = S; if S; U U;;é S} is a consistent subset of S
w.r.t. B and Sy, 0 otherwise.

e The set Szp(B, S, So) of all preferred consistent subsets
of S w.rt. B and Sy for the inclusion-preference policy
is {S' | S' is a consistent subset of S w.r.t. B and Sy
and ¥S" # S' st S" € S§(B,S,S), Vi € 0,...,j
(MI<i(S'NS =5"NnS))=5nNnS;, ¢S"NS;)}

e The set Sce(B,S,So) of all preferred consistent sub-
sets of S w.r.t. B and Sy for the lexicographic policy is
{S"| S" is a consistent subset of S w.r.t. B and Sy and
VS" £ S st 8" € S(B,S,S), Vi €0,...,7 (VI <
i(]S"' NS =|5"NSi) = |5"'NS;| >|5"NSi|)}

These definitions assume that a stratification of the given
set S of variables is available. Such a stratification is the for-
mal counterpart of the preferential information used to dis-
criminate among consistent subsets.

Here is an example showing the variety of conclusions that
can be drawn in our framework (if both a formula vy and its
negation are consequences of B, the truth of v given B must
be considered as doubtful):

Example 4.1 Let B = {(-a V b),a, (-cV b), (=bV d), (c A
=d), e, (meV f)}. With S = (0,{a,b,c,d,e}) or

S = (0,{a}, {b,c,d},{e}), a, ¢, ~d and e are consequences
of B (but their negations are not) whatever P among the four

policies considered above. Moreover:
o With S = (0,{a,b,c,d,e}):
- wrt. PO (or LO), none of b, =b, f and —f are
consequences of B.
- wrt. IP, f is a consequence of B, but b and —b
are not.

— wrt. LE, band f are consequences of B, but their
negations are not.

o With S = (0,{a},{b,c,d},{e}):

— wrt. PO, bis a consequence of B, but f and —f
are not.

—wrt. LO, TP or LE, band f are consequences of
B, but their negations are not.

Clearly enough, in the case where B [£2 false, all our

inference relations B h:?’so coincides with B [=%. Accord-

ingly, S — 3 inference can be recovered as a specific case in
our framework in this situation.

The next proposition states that one of our basic objectives
(avoiding trivialization) is always reached.

Proposition 4.1 None of the relations B hsg’so with P
among PO, LO, TP, LE is explosive.

4.2 Instantiating our framework

There are many ways to define a stratified set S from a strati-
fied belief base (SBB) B *. First, Sy can be defined as the set

“Upstream to our work are several techniques that aim at deriving
a SBB from a “flat” belief base, see [Benferhat, 2000] for a survey.
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of all variables from the certain beliefs (i.e., pieces of knowl-
edge) of B when available, provided that such a set is small
enough and satisfies B bé350 false. Otherwise, Sy is defined
as .

Defining S is known as a difficult problem in the general
case [Schaerf and Cadoli, 1995]. Interestingly, when B is a
SBB, it is possible to exploit the given preferential informa-
tion so as to define S. A very natural way consists in con-
sidering in priority the variables of the most plausible beliefs
until a preset bound b on the size of S is reached. Formally,
we consider the following set of variables S°:

Definition 4.4 Ler B = (Ay,...,Ay) be a SBB. Let b be a
positive integer. Let Sy be a subset of PS s.t. B bégo false

and |Sp| < b. The inference level® of B given b and Sp, noted
i% is the smallest i (i € 0.k — 1) s.t. S? = SP,,, where the
sequence (S?) is inductively defined by S§ = Sp and (Vi €
1...,k=1)Sb =S, UVar(A;) if|S_,UVar(A;)| < b,
St = Sb_, otherwise. We define S° as Sf%.

Finally, once both Sy and a flat set S are available, a strat-
ification of S can be easily derived from the given stratifica-
tion of B. Basically, once Sy has been taken into account, it
is reasonable to give more importance to the variables of S
that belong to the more plausible beliefs. Loosely speaking,
we want to reason as much as classically as possible from
the most plausible beliefs in order to take into account their,
possibly conflicting, classical consequences: inconsistencies
must not be ignored when supported by plausible beliefs.

Definition 4.5 Ler B = (Aq,...,Ay) be a SBB, S a subset
of PS and Sy a subset of S. The stratification of S induced by
B given So is S = (S0, .., Sk+1) .. Si = (SNVar(4Ay)) \
U;;é Sy for everyi € 1.k, and Sp11 = S\ Ufzo S

There are many other ways to derive a stratification of S.
For instance, in the situation where we are ready to give more
credit to facts than to rules, we can take advantage of the
notion of degree of definiteness® of a variable (as defined in
[Besnard and Schaub, 1998]) to achieve this goal from a CNF
belief base B.

4.3 Logical properties and cautiousness

Some logical properties. As in the standard coherence-based
approach, it is easy to give a preferential models semantics

to each of our relations RE’SO. Indeed, B |:z7S)’S°'y holds iff
every preferred (Sp—)3-model of B w.r.t. P is a (Sp—)3-
model of v, where the preferred (Sp—)3-models of B w.r.t. P
are exactly the S’ — 3-models of B with S' € Sp(B, S, Sp).
Thus, when S = (), PS), the preferred 3-models of B w.r.t.
TP are the 3-models of it encoding worlds that are “as normal
as possible” (i.e., as close as possible to 2-interpretations).

SAt a first glance, the computation of the inference level of a
belief base looks like the computation of the inconsistency level
for possibilistic belief bases. However, the former is guided by
computational motivations, only; especially, it is not the case that
B [~£%, false in the general case.

®Roughly, every variable x of S occurring in B can be associated
with the size of one of the smallest clauses of B containing z; a
stratification of S is obtained by considering = before y whenever
the score attached to x is smaller than the score attached to y.
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Another strong point of our approach is that our inference
relations exhibit a limited form of syntax-sensitivity. Indeed,
the binary connectives A and V of our language behave in a
classical manner: the set of S —3 models of pA) (resp. pV))
is the intersection (resp. union) of the set of S — 3 models of
¢ and the set of S — 3 models of 1. As a consequence, given a
stratification S = (So, . ..,.S;), every formula from B (and B
itself!) can be turned into a CNF formula without modifying

the corresponding inference relations I:UTS)’SU. The possibility
of normalizing the belief base under CNF is particularly im-
portant for readibility reasons and the practical computing of

the inference relations hg’s‘). Moreover, this valuable prop-
erty is usually not satisfied by paraconsistent logics (e.g., the
one given in [da Costa, 1974], the one given in [Lin, 1987], or
the standard coherence-based approach). Contrastingly, like
any paraconsistent inference relation, our relations do not sat-
isfy left logical equivalence. For the same reason, they do not
satisfy right weakening (since they satisfy reflexivity). Fi-
nally, unlike S — 3 inference [Schaerf and Cadoli, 1995] ,
they are not monotonic’ (neither in S nor in B) in the general
case.

Example4.2 Let B = {a,(—a V b),(-a V ¢),~c}, B’ =
{a (—|a vV b),(maVc),-e,-al, S = (0,{a}), and S’ =
P}g We have B hﬂIP 0 bur B’ }%gp 50h and
°b. Similar counter-examples can be easily found

for the other policies.

This is not very surprising: while monotonicity is a highly
desirable property when B is consistent, this is not the case
otherwise. It is natural that the epistemic status of beliefs
changes when more evidence is got through the incorpora-
tion of additional explicit beliefs or through an improvement
of inferential capabilities. Specifically, increasing the compu-
tational effort can lead to discover inconsistencies that were
hidden before.

Cautiousness. In the spectrum of inference relations in
our framework, one extreme bound corresponds to the case
S = (), while at the other extreme bound, we have S = PS.
None of these two extreme cases can be considered as a “rea-
sonable” inference relation for common-sense reasoning. On
the one hand, the latter case corresponds to an ideal agent,
with unlimited inferential capabilities: =% coincides with
. Accordingly, if B is 2-consistent, all our inference rela-

tions B hsﬁjgso coincide with B |= (admittedly, this contrasts
with many paraconsistent inference relations). On the other
hand, the former case corresponds to an agent with very lim-
ited reasoning capabilities. Indeed, if S = §), all our inference
relations correspond to Levesque’s 3-entailment [Levesque,
1984]. This inference relation is tractable and avoids trivi-
alization (as long as B does not contain any occurrence of
false). However, with this inference relation, disjunctive syl-
logism can never be applied: it is not possible to conclude b
from a A (—a V b). This suggests that cautiousness must be
taken into account as an important criterion in the choice of a
relation.
"Nevertheless, we have a “stratumwise” m0n0t0n1c1ty property:
for P e {PO,LO,IP, ES} for every ¢ € 0,...,5 — 1, if
_____ orenSign) " This property is helpful
to check whether B |:::P S‘ny in an incremental fashion.
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In the case where S is a consistent subset, all our inference
relations coincide with =%, so they are just as cautious as
|:?§, and the size of S can be viewed as a degree of cautious-
ness. In the remaining case, our inference relations are more
cautious relations than =% but this is what is expected since
trivialization must be avoided. In this situation, our inference
relations do not coincide in the general case, and results simi-
lar to the corresponding ones in the standard coherence-based
approach can be obtained; especially, the less cautious infer-
ence relations correspond to the £O and LE policies.

Proposition 4.2

. kgo,so is more cautious than hﬂﬁo 0 and hﬂép’s‘), but
the converse does not always hold.

IP,s
® Fxs ’

is more cautious than hgs,so but the converse
does not always hold.

) Izgo,sg cannot be compared with hi?)“% and Izgs,sg
W.r.t. cautiousness in the general case.

4.4 A general framework

Our framework is quite general. As evoked previously, it in-
cludes S — 3 inference as a specific case. As a consequence,
it also includes the inference relation F7, p of the three-valued
logic LP ® [Priest, 1989] with {1, £} as designated truth val-
ues, defined by:

Definition 4.6

e An LP- lnterpretanon I over PS is a mapping from PS
to THREFE = {0, 2,1}.

o The semantics of a formula in an L P-interpretation I is
defined inductively by:

I(true) =1 and I(false) = 0;

- I(=¢) =1-1(¢);
= I(¢ Ap) = min(1(¢), I());
- I(¢ V) = max(I(9), [(y)).

e [isan LP-model of ¥ iff I(¥) > 0.

o ¥ 1 p v holds iff every LP-model of ¥ is an
(LP-)model of .

Indeed, it is not very difficult to prove that Frp coin-
cides with |:g More interestingly, let < be the prefer-
ence ordering over L P-interpretations defined by I < J iff
{v € PS|I(z) = 1} C {x € PS| J(z) = 1}, then, the
relation k1 p,, defined by ¥ Frp,, v iff every minimal LP-
model of ¥ w.r.t. < is an (LP-)model of v, can be recovered

IP,S .
as a specific case of our kg P50 relation:

Proposition 4.3 Let ¥ and ~ be two formulas from
PROPps. We have S Frp,, v iff {S} Ko7

Our work is also closely related to the approach to para-
consistent reasoning given in [Besnard and Schaub, 1998]. In
this work, every formula ¥ of PROPpg is associated to a
default theory (£*, Dpg) where:

8 LP is also known as.J3, see [Epstein, 1990].
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e Y% is a formula in the language PROPpg+ where
PS* = {2z |z € PS}U{z~ |z € PS}; X% is ob-
tained by replacing in ¥ every occurrence of a positive
literal z by the positive literal z* and every occurrence
of a negative literal -z by the positive literal .

e Dpg = {0, |z € PS} is aset of default rules
R
(xersh)A(zez)

0y =

Among the inference relations that can be defined from
(%, Dpg) is skeptical signed inference; a formula v of
PROPpgs is a skeptical signed consequence of X, noted
¥ FF v iff v* belongs to every extension of (XF, Dpg).

Interestingly, the relation - can be recovered as a specific

case of our Izgp’so relation.

Proposition4.4 Let X and ~ be two formulas from
PROPps. We have © +£ v iff {} k5.

Finally, our approach encompasses as well the skeptical
inference relations )* of the standard coherence-based ap-
proach® as defined in [Pinkas and Loui, 1992] [Benferhat et
al., 1993] [Benferhat et al., 1995].

Proposition 4.5 Ler B = (A4, ..., Ag) be a SBB.

We associate to B in polynomial time the belief base

Bpew = {new; j, ~new;; V ¢;j | i € Ai}

and the stratification S =

(Var(B),{newi ; | ¢1,; € A1},...,{newy ;| ¢r; € Ar})
where all the new; ; are new variables (not occurring in
B). For every selection policy P among PO, LO, TP, LE

and every formula -y not containing a new variable, we have
B RP iff Buew ki 7P,

Focusing on variables instead of beliefs gives less syntax-
sensitivity and some flexibility that is hardly achieved by the
standard coherence-based approach. For instance, let us as-
sume that B gathers beliefs stemming from two different
sources of information. The first source states a A b while the
second source states —a A —b. The two sources are equally
reliable; however, the first source is more reliable to what
concerns b while the second source is more reliable to what
concerns a. With P € {ZTP,LE}, the standard coherence-
based approach gives ({a A b, ~a A =b}) ~Fa V —b, but the
expected conclusion is just the negation of a V —b! Indexing
variables with sources, we can express in our framework that
b from source 1. is more reliable than a from source 1. and
the opposite holds when source 2. is considered. Indeed, with
B ={(-a1Va)A(-aVai)A(—a2Va)A(-aVaz) A (—by V
b) N (ﬁb\/bl)/\ (ﬁbg \/b) A ("beg) Aai Abi A—as /\—|b2}, P e
{PO,LO,IP,LE}, and S = ({a,b},{b1,a2},{a1,b2}),
we have B k% %°~a Ab and we do not have B k5 °aV —b.

4.5 Dealing with intractability

Despite the generality of our framework, our inference rela-
tions are just as hard as the corresponding ones in the standard
coherence-based approach when the size of .S is not bounded.

° A converse polynomial encoding based on =+ transformation ex-
ists as well; we omit it here due to space limitations.
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| L || CLAUSE / LITERAL Mg)’bo |

PO || AflO(log n)]-complete
LO AF-complete
P [I%-complete
LE AF-complete

Table 1: Complexity of inference.

Definition 4.7 For every selection policy P, CLAUSE }35’50

is the following decision problem:
o Input: A belief base B, a subset S of PS, a subset Sy
of Ss.t. B bé?éo false and a CNF formula ~y.

e Query: Does B k5"~ hold ?

LITERAL }3753’50 is the restriction of this problem to the case
where 7y is a conjunction of literals.

Proposition 4.6 The complexity of CLAUSE }35’50

ERAL h?’so is reported in Table 1.

Interestingly, limiting the size of S is sufficient to ensure
tractability. The next proposition shows that our second ob-
jective is reached in this case:

and LIT-

Proposition 4.7 The complexity of CLAUSE hsg’so from a
belief base B given a stratification S = (So,...,S;) of a
bounded set of propositional variables is in P.

The main reason is that when |S| < b, there is only
2% subsets of S, which is a constant when b is a constant.
Accordingly, the naive algorithm consisting in generating
Sp(B,S,Sy) by filtering out the preferred consistent ele-
ments of 2°, and testing for every of the resulting elements S’
whether or not B =g/ 7 holds runs in time O(2%°.| B|.|y]),
hence in O(|B]|.|y|) for a constant b, for every B and a CNF
query 7.

Of course, this is a “trick” in some sense but we can hardly
do better: unless P = NP, there is no tractable inference re-
lation that is general enough to include = as a specific case.
In addition, we argue that focusing on B |=% as a tractable
approximation of B |= in order to design a paraconsistent in-
ference relation is not so bad, especially when compared with
other possible choices. Indeed, let B F be a tractable ap-
proximation by below of B = upon which we want to build
a tractable paraconsistent inference relation. Requiring that
such a tractable paraconsistent relation coincides with B
whenever B F is not explosive and is obtained by weaken-
ing B F through the removal of some beliefs of B otherwise
limits the spectrum of interesting relations F. For instance,
considering the restriction B F,,;; of B = where only unit-
refutation derivable consequences of B are considered would
lead to a complex semantics with respect to which A and V
do not behave classically [Crawford and Etherington, 1998];
considering the restriction By .1, |= of B |= where Byopy, is
the subset of Horn clauses of B would not lead to a tractable
relation [Cayrol et al., 1998] [Nebel, 1998].

5 Other related work

A close look at the Al literature shows that both trivialization
and intractability can be handled by considering infraclassi-
cal inference relations, i.e., approximations by below of B |=.
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What is quite surprising is the fact that the two issues have
usually not been addressed together.

On the one hand, the proof theory of any paraconsistent
logic limits the set of admissible proofs to a strict subset (i.e.,
an approximation by below) of the classical proofs in the ob-
jective of avoiding trivialization. In the standard coherence-
based approach, the focus is laid on some preferred consistent
subbases of B, which can be considered as approximations of
B by below. Preferred subbases can also be defined by split-
ting the belief base B into several micro-theories character-
ized by their sets of variables, and selected in a dynamic way
by looking at the variables occurring in the queries [Chopra
and Parikh, 1999]. Unfortunately, for all these approaches,
the corresponding inference relations are typically at least as
hard as classical inference in the general case.

On the other hand, many approximation techniques have
been developed so far to deal with the intractability is-
sue (e.g., [Levesque, 1984] [Crawford and Kuipers, 1989]
[Schaerf and Cadoli, 1995] [Selman and Kautz, 1996]
[Dalal, 1996] [Crawford and Etherington, 1998]); in such ap-
proaches, the inference relation or the knowledge base itself
are approximated into computationally easier one(s). How-
ever, the trivialization issue is typically not addressed. For
instance, the inference relation defined in [Selman and Kautz,
1996] is always explosive when B is inconsistent, while the
ones given in [Schaerf and Cadoli, 1995] [Crawford and
Etherington, 1998] are explosive in the general case when B
is inconsistent.

6 Conclusion

The main contribution of this paper is a family of resource-
bounded paraconsistent inference relations. In contrast to
many approaches to inconsistency handling, the computa-
tional issue is very central in our framework. Especially, the
computational resources can be tuned to give rise to realis-
tic, computationally viable, inference relations. Nevertheless,
our framework is general enough to encompass S — 3 logic,
the standard coherence-based approach to inconsistency han-
dling, and some other systems for paraconsistent reasoning as
specific cases.

Several additional families of inference relations could be
defined in our framework. Analyzing their computational and
logical properties is a topic for further research.
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Abstract

The ability to handle exceptions, to perform iter-
ated belief revision and to integrate information
from multiple sources are essential skills for an in-
telligent agent. These important skills are related in
the sense that they all rely on resolving inconsistent
information. We develop a novel and useful strat-
egy for conflict resolution, and compare and con-
trast it with existing strategies. Ideally the process
of conflict resolution should conform with the prin-
ciple of Minimal Change and should result in the
minimal lossof information. Our approach to min-
imizing the loss of information is to weaken infor-
mation involved in conflicts rather than completely
removing it. We implemented and tested the rela-
tive performance of our new strategy in three differ-
ent ways. We show that it retains more information
than the existing Maxi-Adjustment strategy at no
extra computational cost. Surprisingly, we are able
to demonstrate that it provides a computationally
effective compilation of the lexicographical strat-
egy, a strategy which is known to have desirable
theoretical properties.

Introduction

The University of Newcastle
Newcastle, NSW 2308, Australia

{daniel,maryanng@cafe.newcastle.edu.au

to build the consistent knowledge base wheis the number

of ranks in the knowledge base. The obvious disadvantage
of Adjustment, however, is that it can remove more formulae
than is necessary to restore the consistency of the knowledge
base if the independence of information is not made explicit.
In order to overcome this shortcoming another strategy called
Maxi-Adjustmentvas introducedWilliams, 1994 and im-
plementedWilliams and Sims, 2000 Maxi-Adjustment has
proved to be a useful strategy for real world applications e.g.
software engineerinfWilliams, 1994, information filtering
[Lauetal, 2004 and intelligent payment systerfid/ong and
Lau, 2000. The main idea of Maxi-Adjustment is to solve
conflicts at each rank of priority in the knowledge base. This
is done, incremently, starting from the information with high-
est rank. When inconsistency is encountered in the knowl-
edge base, then all formulas in the rank responsible for the
conflicts are removed. The other formulas are kept, and the
process continues to the next rank.

Clearly Maxi-Adjustment keeps more information than Ad-
justment, since it does not stop at the first rank where incon-
sistency is met. Even though Maxi-Adjustment propagates
more information than Adjustment, one can still argue that
Maxi-Adjustment removes too much information because it
adopts a sceptical approach to the way it removes the conflict
sets at each rank.

The purpose of this paper is to describe a significant improve-
ent to Maxi-Adjustment. We call this systeDisjunctive

Information modeling and management is a fundamental ac-, =~ = . ) : SR
o : : ; : ~Maxi-Adjustmentand denote it by DMA. The idea is simi-
tivity of intelligent systems. Intelligent systems require ro Igr to Maxi-Adjustment, except that information is weakened

such as exception handling, iterated revision and the integrér—]Stead of being removed when conflicts are detected. So in-

tion of information. In this paper we develop a novel andstead of removing all formulas involved in conflicts, as it is

useful strategy for conflict resolution which can be appliedd(.)ne II? MaXPAdIthstmenF,{DMtAtLakes the|rd|5{ur:ﬁt|ons [{Da'r'k
to exception handling, iterated revision, and information in-'/'S€- ' th€ rESUTLIS consistent, then we move to e next ranx.
tegration. Throughout we assume that the available informa.'—f the re;ult is still |ncon'S|ster}t,.then_ we r_eplaqe the formulas

conflicts by all possible disjunctions involvirgy formu-

tion is given as ordered knowledge bases, i.e. a ranking Ls'in the conflict sets and again if the result is consistent we
information as logical sentences. Solving conflicts in our con-2> ! : gan It urtt Istent w
ove to the next layer, and if it is inconsistent we consider

text means computing a consistent knowledge base. One well ~. i £ sizet 5 etc. Th | h It
known system that can deal with conflicts in knowledge base ISjunctions of Size4, 5, €tc. 1he only case where all Tor
mulas responsible for conflicts are removed is when the dis-

is the so-calledAdjustmeniprocedurgWilliams, 1994. In "' > © . . .
essence, Adjustment propagates as many highly ranked folunction of all these formulas is inconsistent with the higher
X riority information.

mulas as possible, and ignores information at and below thg .
highest rank where an inconsistency is found. The main ad- his paper focuses on the DMA strategy from the theoretical
vantage of this system is its computational efficiency. Fo#’jlnd experimental perspectives. In particular,

example, it only needs at mosbg,n calls to a SAT solver e We show that DMA is equivalent to the well known
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lexicographical strategy[Benferhat et al, 1993; the formulae inK will have the lowest value, namely and
Lehmann, 1996 More precisely, we show that for an the other interpretations will be ranked with respect to the
inconsistent basé& if dpara(K) is the classical base highest formulae that they falsify. Namely:
obtained using DMA, andi..,(K) is the set of all  Hasinition 1 vu e Q,
lexicographically maximal consistent subbasesrof
then: o 0 V(¢“ kz) e K,w }: ¢z

Vb, Spara(K) F 0 iff VA € Spen(K), Ao, FEW) = { maz{k; : (ds, ki) € K and w I ¢;) otherwise.
In other words, we obtain the surprising and computa-

tionally useful result that DMA provides a “compila- | "€N, givensx associated with a knowledge basg the
tion” of lexicographical systems. models ofK are the interpretations s.t. ki (w) = 0.

e Itis well known that computing conflicts is a hard task, . . .
and we are able to show that DMA works even if the con-3 AdJUStment and Max"AdJUStment
flicts are not explicitly computed. For this, we propose3.1 Stratified vs ranked knowledge base

an alternative, but equivalent, approach to DMA caIIedWe have seen that ranked information is repre-
whole-DMA where disjunctions are built on the whole ¢ taq by means of knowledge bases of the form

stratum when we meet inconsistency instead of only oy~ _ {(di ki) + i = 1 n}. We sometimes also
’ = iy : = 1,...,n}

the conflicts. represent this basé< in a stratified form as follows:

e We also propose another equivalent alternative to DMAK = {S;,...,S,} where S; (i = 1,...,n) contains

called iterative-DMA where instead of considering dis- classical formulas o having the same rank and which are
junctions of size (3,4, etc) on the initial set of conflicts, more reliable than formulas &; for j > i. So the lower the

we only compute disjunctions of size 2 but on new setsstratum, the higher the rank.

of conflicts. In this representation, subbases are also stratified. That

e Lastly, we compare these different implementations ofS: if A is a subbase ofK’ = {5;,...,5,}, then

DMA experimently, and contrast their applicability. A = {Ay,..., A} such thatd; C S5, j = 1,....n.
(A; may be empty).

2 rdered information in hn’ F Conversely, we can represent a stratified base
dee ed k ormatio Spohn’s OC K = {5,...,5,} using a weighted knowledge base
ramewor by associating formulas of each stratato the same rank;.

We consider a finite propositional language denotedblyet ~ These ranks should be such that>...>k,.
Q be the set of interpretations.denotes the classical conse-

guence relation, Greek lettefsy, ... represent formulas. Let us now introduce the notion of conflicts and kernel which
We use Spohn’_s orc_jinal conditional functi¢Bpohn, 198}3_ will prove useful in the subsequent discussion:

]trameworllz, which is also known as the Kappa funcnonDefinitionz Let K = {Si,...,5,} be a stratified base. A
rameworx. conflictin K, denoted by, is a subbase oK such that:

At the semantic level, the basic notion of Spohn’s ordinal con- | )
ditional function framework is a distribution called an OCF, e C L (inconsistency),
denoted byx, which is a mapping fronf2 to A/, such that e Vo, p € C,C — {¢} ¥L (minimality).

Jw, k(w) = 0. N is the set of natural numbers(w) can be o ) )
viewed as the degree of impossibility of Definition 3 LetC be the set of all possible conflicts .

By conventions(w) = 0 means that nothing preventsrom ~ We define the kernel df, denoted byternel(K), as the set
being the real world, and(w) = +occ means thaw is cer- of formulas of which are involved in at least one conflict in

tainly not the real world The lowerx(w) is, the more ex- € i-€. kernel(K) is the union of all conflicts irk’.

pected it is, i.e. ifs(w) < k(w') thenw is said to be more  Formulas inK which are not involved in any conflict i

plausible than’. _ are calledreeformulas.
In practice, OCF distributions over all possible worlds are not

available, however a ranked knowledge base provides a con3.2 The problem
pact representation of an OCF distributiotilliams, 1994. 5, 4im in this paper is to address the problem of iden-
Since we will be working with ranked knowledge basesiining conflicts for the purposes of drawing plausible in-
throughout, we define a knowledge base to be ranked. In pafayences from inconsistent knowledge bases, iterated revi-
ticular, a knowledge base is a set of weighted formulas of thejqn ang information integration. Our technique for resolv-
form K = {(¢, ki) : i = 1,...,n} whereg; is a classical jny conflicts can be used: (i) to build a transmutation for
formula andk; is a positive number representing the level of jio ateq belief revisiofwilliams, 1994 where the new in-
priority of ¢;. The higherk;, the more important the formula ¢5mation can be incorporated into any rank, and (ii) for
P;. _ o theory extraction[Williams and Sims, 2000which pro-
Given K, we can generate a unique OCF dlstnt_)utu_)n, devides a natural and puissant mechanism for merging con-
noted byr, such that all the interpretations satisfying all gjcting information. Without loss of generality we focus
!Note that the notion of impossible worlds-¢o) does not exist 0N a particular case of revision where some new informa-
in original works of Spohn. tion ¢ is added to some ranked knowledge baseNamely,
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given a knowledge bask, and a new formulg we com-  The idea in Maxi-Adjustment also involves selecting one
pute §(K U {(p,+00)}), the classical (not stratified) con- consistent subbase froft’ denoted byda a(K,). The
sistent subbase o U {(¢,+0c0)}. Then, ¢ is said to difference is that it does not stop at the first rank where it
be a plausible consequence BfU {(¢,+00)} iff (K U  meets inconsistency. Moreover, conflicts are solved rank by
{(¢,+00)}) F 4. In the rest of this paper we simply write rank. We start from the first rank and take the formulas-of
K, instead of U {(¢, +00)}. In a stratified form we write  which do not belong to any conflict ifyo} U S;. Let.S] be
{S0,51,...,5,} whereSy = {¢}. We briefly recall two the set of these formulas. Then, we move to the next rank
important methods to computé K U {(¢, +00)}): Adjust-  and add all formulas which are not involved in any conflict
mentand Maxi-Adjustment We will illustrate them using a in S] U S5, and so on. It is clear that Maxi-Adjustment keeps
simple example. We point the reader [illiams, 1994; more formulas than the Adjustment.
1994 for more details.

] Example 1(using Maxi-Adjustment)
3.3 Adjustment First, we havei, 4 (K-.) = {—c}.
From a syntactical point of view, the idea of AdjustmentistoThere is no conflict in dya(K-.) U S then
start with formulas having the highest rank/f, and to add ~ dama(K-c) < {—¢,maV =bV ¢,~d V c,me V c}.
as many prioritized formulas as possible while maintainingNow, S> contradicts 6y 4(K-.) due to the conflicts
consistency. We stop at the highest rank (or the lowest strafd, ~d V ¢,—=c} and {e,—e V ¢,~c}. Then, we do not
tum) where we meet inconsistency called the inconsistencdd the clauses fromS; involved in these conflicts:
rank of K., denoted byinc(K,). Opa(Koe) = dpa(K-e) U{f,~fV-gVc}
Note that a more efficient binary search based algorithniNow, Sz contradicts dy a(K-.) due to the conflicts
which only needd.ogsn consistency checks has been devel-{a,b,—a vV —b V ¢,=c} and {f,g,—~f V =g V ¢, ~c}.
oped and implementédWilliams and Sims, 2000 The se- Since all the clauses, exceph, from the stra-
lected base will be denoted by (K ). Note that the process tum S3 are involved in one conflict, we only add
of selecting the consistent base using the Adjustment for nek t0 dara(K-.).  Finally, we get: dya(K-.) =
pieces of information placed in the highest rank is identical{ —~¢,—~a V =b V ¢,—~d V ¢,=e V ¢, f,~f V =g V ¢, h}.
to that used in possibilistic logi®uboiset al, 1994. Note thatdps 4 (K-.) - h.
One can easily see that this is not a completely satisfactory
way to deal with the inconsistency since formulas with rank4
lower thanInc(K,) are ignored even if they are consistent
with the selected base. Although Maxi-Adjustment retains more information than
A formula ¢ is said to be an Adjustment consequence ofAdjustment, it can still be argued that it is too cavalier in the
K, denoted byK, F4 v, if §4(K,) F 9. One important  way it solves the conflicts.
property of Adjustment is that it is semantically well defined. In this section, we propose a new strategy which is a
More precisely, we have the following soundness and comsignificant improvement of Maxi-Adjustment. The com-
pleteness resulti(,, -4 © iff Vw € Pref(sk,),w F ¥, putation of the consistent base is essentially the same as
wherePref(rr,) is the set of interpretations which satisfy in Maxi-Adjustment, the only difference is when we meet
¢ and have minimal rank in the OCF distributief, given  an inconsistency at some rank, instead of removing all the

Disjunctive Maxi-Adjustment

by Definition 1. formulas involved in the conflicts at this rank we weaken
Example 1 Let K = {S;, Sz, S5} be such that them, by replacing them by their pairwise disjunctions. If the
Sy ={(~aV-bVe3),(~dVec,3),(meVe3)} result is consistent then we move to the next rank, else we
Sy =1{(d,2), (e,2), (f,2),(~f Vg Ve, 2)} and replace these formulas by their possible disjunctions of size
Sy = {(a,1), (b, 1), (g,1), (h, 1)}. Letyp = —c. 3. If the result is consistent then we move to the next rank,
First, we haved 4 (K_.) = {~c}. else we add the disjunctions of sizef these formulas, and
There is no conflict id 4 (K _.) U S; then so on. We summarize this process in Algorithm 1:

da(K-e) «— {—¢,maV —bVe,~dVe eV ch. ) . . - :
Now, S, contradictss 4 (K _.) due to the conflictd, —d v Notation: d;,(C) is the set of all possible disjunctions
¢, ~c} and{e, —e V ¢, ~c}. Then, we do not add the stratum of sizek between formulas of'. If k£ >|C'| thend,(C) = 0.

S5 and the computation @f4 (K-.) is achieved, and we get

Sa(K-.) = {~¢,~aV =bVe,~dVe, —eVc} Example 1(using DMA)
Note thats 4 (K_.) I/ h, even ifh is not involved in any con-  First, we havek'B = {~c}.
flictin K_... There is no conflict il B U S, then
KB — {-¢,maV -bVc,~dVe eV c}.
3.4 Maxi-Adjustment Now, S, contradicts/’ B due to the conflict§d, —d V ¢, ¢}

and {e,—e V ¢,—c}. We do not add the clauses frof
involved in these conflictsk B «— KB U {f,~f V gV c}.

Now we create all the possible disjunctions of siz&vith

C = {d,e}: do(C) = {dV e}. SinceKB U ds(C) is
inconsistent, and we cannot create larger disjunctions, we do
?http://cafe.newcastle.edu.au/systems/saten.html not add anything fron%, to K'B.

Maxi-Adjustment[Williams, 1996 was developed to ad-
dress the problem of discarding too much information for
applications like software engineerifiilliams, 1998 and
information filtering[Lau et al,, 2004.
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Algorithm 1: DMA (K, ¢) of considering all possible disjunctions of sizef elements
Data: a stratified knowledge bae= {Si,...,S,}; of S; which are inkernel (K BU.S;), we consider all possible

a new sure formulap ; disjunctions of sizg of S; without computing a kernel. This
is justified by the following proposition:

Result: a consistent subbagea, 4 (K,)
Proposition 1 Let KB U S be inconsistent. Le€’ be the

beg}gB —{o}: subset ofS in kernel(KB U S), andF' = S — C be the set
for i — 1ton do of remaining formulas. Let;(C) (resp.d;(5)) be the set of
if KBU S, is consistenthen KB « KB U S, all possible disjunctions of sizefrom C' (resp..S). Then,
else KBUd;(C)UF = KBUJd,;(5).
Let C be the subset &f; in kernel of K BU S;; Proof (sketch)
KB — KBU{¢p:¢c S;and¢ ¢ C}; Let us assume that;_,(S) U K B is inconsistent, and show that
k—2; d;j(SYUKB=d;(C)UKBUF.
while k < |C]and K BUd,,(C) isinconsistent It is clear thatd;(C) C d;(S). Hence it is enough to show that
do KBUd;(S) - F.
| k—k+1; Let A be a conflict of KB U d;_1(S), and {¢1,...,¢,} be a
if k S |C| then KB — KB U dk(c) : subset of4d in dj,1(S). Let§0 cF. . .
L - Then{p V ¢1,...,0 Vn} C d;(S), with ¢p; # @ sincep ¢ A
return KB (becausep is free).
end Now sinceK B U A is inconsistent thed B - —)1 V - -+ V =)y,

Applying successive resolutions betwegp V ¥1,...,¢ V 9, }
and—iy V - - - V —1)y, leads to entailp.

Rence there is no need to consider disjunctions containing free
formulas since they will be subsumed. a

Please note at this rank, we do not add more information tha|
Maxi-Adjustment.

Now, S3 contradicts KB due to the conflicts
{a,b,—a V =b V ¢,—c} and {f,g,~f V =g V ¢,—c}. h

is not involved in any conflict. Thed{B «— KB U {h}.

We now create all the possible pairwise disjunctions with
C = {a,b,g}: d2(C) = {aV baV gbV g} Since

With the help of this proposition, the “else” block in the
DMA algorithm is replaced by
else

T / k2
KBUdy(C) is inconsistent, we creat(C) = {a VbV g}. . N . .
Since K B U d3(C) is consistent, we add;(C') to KB and WZ'E fflu dx(S:) Is inconsistent and: <| S | do

the algorithm stops.
Thendpara(Ky) = {—c,—aV-bVe,~dVe,—eVe, f,~fV
—gVeh,aVvVbVgl
which is equivalent td —¢, —a V —b, —d, —e, f, g, h,a V b}.
II\DAZQ_ng?JZ?mzg{%(;g;ormatlon from the last stratum than First, we h_aveKB = (=},

) S, is consistent withiK B. Then,KB «+— KB U S;.

Definition 4 A formulas) is said to be a DMA consequence Now, S, contradictsk B. We compute all possible pairwise
of K and ¢, denoted by, Fpapa ¢, ifitis inferred from  disjunctions withS,. dy(Ss) ={d Ve, dV f,dV —fV-gV

if £ <|S;|then KB «— KB Ud(S:)
to obtain the whole DMA algorithm.

Example 1(using whole DMA)

dpma(K,). Namely K, Fpya o iff Spara(Ky) F . c,eV f,eV fV-ogVel
) ) Since,K B U S, is inconsistent, we compute all possible dis-
5 Two other implementations of DMA junctions of size3 between formulas of,. We getds(Sz) =

In the previous section we have shown a way to com{dVeVf,dVeV—fV-gVc}whichis consistent with 3.
pute 5par4(K,) using the computation of the kernel. In Then,KB — KB U d(5s). _
this section, we propose two alternative ways to computélOW. Ss is inconsistent withi' B. We compute all possible
Spama(K,). The first approach, called whole-DMA(), ~ Pairwise disjunctions witths. d>(S3) = {a Vb,aV g,aV
does not compute the kernel. The main motivation for this al/; bV 9,6V h, gV h} which is still inconsistent with< B. We
ternative is that computing the kernel is in general hard. Fohaveds(Ss) ={aVbVg,aVvbVh,bV gV h,aV gV h}
the second approach, called iterative-DMAZ, when in- ~ Which is consistent withiC B, thenK'B — KB U ds(Ss).
consistency is (again) met after weakening the kernel, thehl€NCedw para(K-c) = {-c,maV-bVe,~dVe, meV ¢, dV
rather than weakening the original kernel by considering itV /> dVeV~fV-gVe,aVbvg,aVbVh,bVgVh,aVgVh}
disjunctions of size3, we only weaken the newly computed Which is equivalenttq—c, ~a V —b, =d, —e, f,~g,a V b, h}.
kernel obtained by considering disjunctions of sizeThe  Then, itis equivalent topara (K-c).
jrﬂﬁgtviﬁﬂg)” fgfrm:j:s? proachisto reduce the size of added (d'55.2 Iterative Disjunctive Maxi-Adjustment

- . - The idea of this alternative implementation of DMA is as fol-
5.1 Whole Disjunctive Maxi-Adjustment lows: letS; be inconsistent withk B. Let C' and F' be the
We propose a slightly modified version of the DMA algo- kernel and the remaining formulas 8f.
rithm. The idea is that wheR B U S; is inconsistent, instead Now assume thak’ B U F' U dy(C) is still inconsistent. Then
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rather than weakening' again by considering disjunctions 6 DMA: Compilation of lexicographical
of size3, we only weaken those formulasda(C) which are inferences

. . : X )
still responsible for conflicts. Namely, we spiit(C) into C The aim of this section is to show thatM A is a compila-

andF’ which respectively represent the kernel and remaining. . . ; hah
formulas ofd»(C). Then instead of takings B U F' U d3(C) g[|on of the lexicographical system, hence it satisfies the AGM

as in DMA, we takek B U F U F' U do(C"). The algorithm postulated Alchourron et al, 1984. First let us recall the
becomes: ' lexicographical inference.

Algorithm 2: IDMA (K, ¢) 6.1 Lexicographical inference

The lexicographical systemBenferhat et al, 1993;
Lehmann, 199bis a coherence-based approach where an in-
consistent knowledge base is replaced by a set of maximally
preferred consistent subbases. The preference relation be-

Data: a stratified knowledge bage= {S1,..., 5.} ;
a new sure formulap

Result: a consistent subbas@ a4 (K)

begin , tween subbases is defined as follows:
KB — {p}, i1,
while i < n do Definiton5 Let A = {A4;,...,4,} and B =
if KB U S; is consistenthen {B4,..., B,} be two consistent subbasesrof
L KB+~ KBUS;;i+i+1; A is said to be lexicographically preferred 8, denoted by
else A >, B, iff
LetC C S; beinkernel(KB U S;) ; Jk st.| Ag[>| Bi| andVj < k, | A; |=] B;|.
L Si—{¢:¢€Siand¢ & C}; Let dr...(K,) denotes the set of all lexicographically pre-
if| C'|=1theni —i+1lelseS: — SiUd2(C):  ferred subbases df,,, those which are maximal w.r.t: 1.,
return KB Then, the lexicographical inference is defined by:
end Definition 6 A formulay is said to be a lexicographical con-

sequence of(,, denoted by, 1., ¢, if itis a classical

Proposition 2 Let K B U F U d;(C') be inconsistent. Then, consequence of all the elementsip, (K., ), namely
KBUFUd,(C)= KBUFUF Udy(C"), VA€ Opea(Kop), AT 1.

whereF” andC” are kernels fromi; (C). \EJ(aerlgél (c<()ntin1)1ed){A | whered = { ,

. . . We havedy.(K-.) = ,B} whereA = {—¢,—a Vv -bV
The proof is a corollary of Prop. 1 and the following lemma: e, —d N ¢, e N ¢, fy—f N —g Ve, by and B = {—c, ~a v
Lemmal Let A be a set of formulas. LB = d;(A) and  —pv e, =dVe,—eVe, f,~fV-gVe,b, h}.
C = d;+1(A) be the set of all possible disjunctions 4fof For example, we have
sizei andi + 1 respectively. Ther(/ = d3(B). K_¢FresaVbsinceAlavbandB - aVb.

This lemma means that taking all disjunctions of sizthen

reconsidering all disjunctions of siZeagain on the result is 6.2 Basic steps of the compilation

the same as considering all disjunctions of sizel. The aim of this section is to show that DMA is equivalent
to the lexicographical system. DMA offers a clear advantage

Example 1(using iterative DMA) over the lexicographical system because it obviates the need

First, we havekk B = {~c}. to explicitly computey ;... (K, ) which may be exponential in

There is no conflictilk BU S;. Then,KB «— KB U S. size. Formally, we will show the following equivalence:

Ss isinconsistent witHs B due to the conflict§—c, —~dVe, d} Kyt rew )& Ky Fpyath 1)

and{-c,—e V c,e}. We add{f,—f vV -g V ¢} to KB. The _ _ _

disjunctiond V e is still inconsistent withi’ B, then we move  Note thatdpar4 (K, ) is a classical consistent base.

to Ss.

S3 contradictsk B due to the conflict§a, b, maV —bVe,—c}  Example 1(continued) _ _ _

and{f,g,—~f Vg Vc,—c}. his notinvolved in any conflict. Let us first show that applying the lexicographical system on

Then,KB «— KB U {h}. K_.. gives the same results as applying DMA &n,..
We now create all the possible pairwise disjunctions withindeed,K—.. Fre, ¢ iff A+ andB 1)
C ={a,b,g}: d2(C)={aVbaVgbVg} iff AV BFiff {-c,—aV —b,—~d,—e, f,—g,aV b h}

K BUd,(C) is inconsistent due to the conflittc, —a\Vv—-bVv  (after removing subsumed formulasinv B)

e, f,~fVagVeaVvgbVgl. avbindy(C)isnotinvolved  iff opara(K-c) F 9 iff Ko tFpaa .

in the conflict, thenrKk B «+— KB U {a V b}.

Now, we take the pairwise disjunctions with = {a v  To show (1) we follow the following steps:

g,bV g} dx(C) = {aVvbVvgl KBUdyC)is con- Step l:iwe construct a new bage’ from K s.t.

sistent. However, there is no need to add bV g to KB /

sincea V b already belongs t& B. Henced;para(K-.) = KoFrea & Kobay @
{=¢,maV -bVe,~dVe,—eVe f,=fV-gVeaVbh} Namely, applying lexicographical system @1, is equiva-
which is equivalent td —c, —a V =b, =d, e, f,~g,a Vv b,h}.  lentto applying Adjustment t&’,.

Hence, it is equivalent tép s 4 (K-.).

KNOWLEDGE REPRESENTATION AND REASONING 113



Step 2:in the second step we show that K' ={{(¢1VdaVP3V s, 5)}; {(d1Vh3V by, 4); (d1V P2V
G1,4); (¢1V d2 V d3,4) }5 {(91 V 62, 3); (91 V ¢3,3); (1 V

!
Kobav < KoFpuay 3) ?4, 3); (62 y}(b?(vm, ?;)%; {(¢)1,(2); <¢>)z}v}¢3, 2); (62 V 4, 2);
i i x i i 3V ¢4,2)};{(P2,1); (¢3,1); (¢a, 1) }}.
gzl\i/ln;\etlg,;pplymg Adjustment t, is equivalent to applying We can easily check thaty (w) = 3 andk i/ (w') = 2 while
e Ao >rex,x Awr. This is due to the fact that the disjunction
Step 1: Constructing K’ o2 V ¢3 V ¢4 has a rank higher than,. Hence, there is a

In order to show the proof of (2), we need to rewrite the |exi_co|mp§ns’2tion eff?]ct. S0, in Erde_r t? recover t?]e Ieﬂcogrell(phfi-
; e i .. cal orderg; must have a rank strictly greater than the rank o
cographical system at the semantic level, which is |mmed|ate¢2 V sV da. Away to do this is to significantly differentiate

Definition 7 LetK = {Si,...,5,}. Letw andw’ betwo in-  the different ranks associated with strata. For this, we asso-
terpretations, and4,,, A, be the subbases composed of all ¢jate to each formulép;;, k;) € S; the rankN*: whereN is
formulas of K satisfied byv andw’ respectively. very large.N should be s.tvi, N* > ¥, ;N*_ Such an\'

Then,w is said to be Iexic/o_graphically preferred to’ w.rt.  gyvays exists. It means that the rank given to a stratum must
K, denoted by >prep i W', iff Ay >1eo Aur (using Defini- e greater than the sum of all the ranks of the less reliable
tion 5). strata.

Proposition 3 Letd,...(K) be the set of lexicographical pre- Following these two ideady” is formally constructed as fol-

ferred consistent subbasesigt lows: ' '

Let A, be the set of formulas iR satisfied byv. Then, Let K = {S1,...,5,}, andy a new sure information:

i. If wis minimal w.rt.> e, x the_nAL? € OLex(K) 1. We define a new bage:

1. -VA € 0pex(K),Jw E A s.t..w is mlnlmz:;\I w.r.t.->Lem7K. B ={(¢i;, N*):i=1,nand ¢;; € S;}.

Using Prop. 3, at the semantic level, (2) is equivalent to: 2. K' = {(D;(B),a,)} whereD;(B) is the set of all pos-
KK (w) < KK, (') iff w > Len ke, W' (4) sible disjunctions of siz¢ between formulas oB, and

a; is the sum of ranks of formulas iR; (B).
where KK, is the OCF associated tﬁ; obtained from
Definition 1.

Let us now show how to construdt’ from K such that it  Proposition 4 K¢, 4 ¢ iff Ko b peq 3.
satisfies (4). For this, we use two intuitive ideas.

Then we have:

Step 2: Adjustment on K/, = DMA on K,

The following proposition shows that the baséconstructed
tin Step 1 allows us to recover the lexicographical system.

The first idea is that Adjustment is insensitive to the numbe
of equally reliable formulas falsified while lexicographical
system is not (i.e. cardinality of conflict sets). Assume tha
we have a bas& = {(¢,i),(¢,i)} which contains two Proposition5 Let K = {Si,...,S,} be a stratified base,
formulas with a same rank. Then, the rank (using Def. 1)and ¢ be a sure formula. Lefk” be a base constructed in
associated with an interpretation falsifying one formula  Step 1. Then,

has a same rank as an interpretation falsifying two formulas. K, Fat e K,Fpyua .

However, if we use the lexicographical system, an interpreép o 15 the lack of space, we skip the proof of Prop. 5 and
tation falsifying one formula is preferred to an interpretation;) ;strate its main ideas by an example. The idea is to simplify

falsifying two formulas. Now one can check that if we ; / ; ;
construct a knowledge basel — {(6. 1), (,7), (6 1, 2i)} the computation of 4 (K7,) until recoveringipasa(K,).

from K by adding the disjunctiory v ¢ with a higher Example 2 Let K = {51, 52} whereS; = {—a V =bV ¢}
rank, then equation (4) is satisfied. So the first idea is t@and Sy = {a,b,g}. Lety = —c.
add disjunctions with the rank equal to the sum of ranks ofFirst it can be checked that
formulas composing the disjunctions. Opma(K-e) ={-c,maV-bVec,aVb, g}

Let NV be a large number. Using Step 1, we have:
The second idea is related to the notion of compensation. T® = {(—a V bV ¢, N?), (a,N), (b, N), (g, N)}.
illustrate this idea, let us now consid&r = {S;,S2} such  The baseK’ obtained from Step 1 (after removing tau-
thatS; = {¢1} and Sy = {2, ¢3,¢4}. The intuition be- tologies): K/ = {(-a VvV =bV cV g,N? + N),(-a V
hind this example is to show that ranks associated with thesb vV ¢, N?),(a VbV g,3N), (a V b,2N), (a V g,2N), (b V
formulas should satisfy some constraints in order to recovey, 2N), (a, N), (b, N), (g, N)}.
the lexicographical inference. Indeed, let us for instance asSince we apply Adjustment @{Y_, the first idea is to ignore
sociate the ranR with ¢, and the rank with ¢, ¢3, ¢4. Let  formulas in K’ . under the inconsistency level (see Section
w andw’ be two interpretations such thdt, = {{¢1},{}}  3.3). We can check thdinc(K’_.) = N. Then,is(K”,)
andA, = {{}, {¢2, ¢3, ¢4} }. A, means thaw satisfies all s the classical base (obtained by ignoring the ranks) associ-
formulas of S; but falsifies all formulas of5;. A, means ated with{(—c, +00), (maV -bVcV g, N>+ N), (=aV-bV
thatw’ satisfies all the formulas &, but falsifies all the for- ¢, N2), (aVbVg,3N), (aVb,2N),(aVg,2N),(bVg,2N)}.
mulas ofS;. Following the suggestion of the first idea, let us The second idea is that subsumed disjunctions are not added.
add all possible disjunctions. We obtain: In this example, sincea vV —-bV canda V b,aV g,bV g will
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belong tod 4 (K..) then there is no need to keep the disjunc-weakened), but a computational cost must be paid. DMA is a
tions—a VvV -bVecVgandaVbVg. tradeoff between these two policies.

Lastly, the other disjunctions can be refined. Sid¢e=

{=¢,—a V =bV ¢, a,b} is inconsistent, then all disjunctions 8 Conclusion

constructed frong and this conflictC' are reduced tg.
Therefore, we havés(K',.) = {—c¢,—aV =bV ¢,aV b, g}
which is equivalenttépyra (K-¢).

We introduced a new family of computationally effective
strategies for conflict resolution which can be used for ex-
ception handling, iterated belief revision and merging infor-
mation from multiple sources. The most important feature of
7 Experimental results our strategy is that it relies on weakening conflicting infor-
mation rather than removing conflicts completely, and hence
We now present some experimental results which illusdis retains at least as much, and in most cases more, informa-
trate the different behaviour of each strategy. We used &on than all other known strategies. Furthermore, it achieves
propositional logic implementation of the stratedieswe  this higher retention of information at no extra computational
chose 8 inconsistent bases at random from the DIMACSOst. We compared and contrasted three implementations of
challenge (aim-50-no) containing 50 variables each and 86U New strategy with existing ones from a theoretical stand-
clauses for the first 4, 100 clauses for the others. Then wR0!Nt "’gl‘d tby Tleas'?hr ing their relative ﬂiﬁoir?ﬁ“%emxve v;{ere
o . : so able to show the surprising result that the olic
stratified the bases with 20 clauses per strata, keeping tErovides a compilation ofrihe ngicographical system F\3vhic)r/1
clauses in their qngmal order. It appeare_*d that each time thg, \,own to have desirable theoretical properties. DMA of-
conflicts were discovered and weaken in the second stratgers the clear advantage of obviating the need to explicitly
no more appeared in the remaining strata. The followingcompute the set of all preferred subbases which can be hard.
table gives the number of clauses in the second strata afténother pleasing result is that the DMA strategy can be im-
applying a given strategy. WDMA (resp. IDMA) stands for plemented as whole-DMA where the need to explicitly com-

whole-DMA (resp. iterative DMA). pute the culprits responsible for the conflicts is not required.
i(él_auses té t(2) tg tg t(5) tg t(7) tg References
MAJ' 17 7 8| 18| 13 7| 10| 17| [Alchouronetal, 1989 C. E. Alchourbn, P. Girdenfors and D.
DMA 17| 54| 49| 18| 21| 60| 35| 18 MakinsonOn the logic of theory change: Partial meet contrac-
WDMA | 168 | 149 | 153 | 161 | 161 | 155 | 152 | 160 tion and revision functionsJournal of symbolic logic, 50:510-
IDMA | 17| 54| 49| 18| 21| 60| 35| 18 530, 1985

éBenferhalet al, 1993 S. Benferhat, C. Cayrol, D. Dubois, J.
Lang, H. Prade. Inconsistency management and prioritized
syntax-based entailmerieroc. IJCAI, France, 640-645.

There are no differences between DMA and IDMA becaus
on these examples consistency was either restored using
do(C) (t2,t3,15,16,t7) or all the clauses involved in a conflict _ . L
h;gle) t(o were rem)oved Whole-DMA clearly hides the[Dubm_set al, 1994 D. Dubois, J. Lang, H. PradePossibilistic
information contained in the knowledge base by generatin logic. Handbook of Logic in Al and Log. Prog., (3), 439-513.
a |arge number of clauses but timewise its fast. Let us no Lau et aI., 200(] R. Lau, A.H.M. ter HOfStede, P.D. Bruza and K.F.

take a look at the time spent computing each strategy. Wong._BeIit_af R_evision and Possibilistic Logic for Adaptive In-
formation Filtering AgentsProc. IEEE (ICTAI), Canada, 19-26.
time (s) t1 | t2 ] t3 t4 | t5| t6 | t7 8 [Lehmann, 1996 D. Lehmann. Another perspective on default rea-
Adj. 00|/00|00] OO|0O0O|00]|O00]| 0.0 soning. Annals of Mathematics and Artif. Intel., 15, 61-82.
’E)AI\A/IA igg 82 gcl) ggs g% 82 ig ggg [Spohn, 198B W. Spohn. Ordinal conditional functions: A dy-
WDMA | 0.1 0'1 0.1 01 0'1 0'1 0‘1 01 namic theory of epistemic states. In: Causation in Decision,
IDMA 129 | 061211329 60| 03| 12| 308 Belief Change and Statistic,(2), Reidel, Dordrecht, 105-134.

- ' . [Williams, 1994 M. A. Williams. Transmutations of knowledge
These results can be interpreted as follows: computing the  systems. Proc. KR'94, 619-629.

set of clauses involved in conflicts (kernel) is costly, so all
methods relying on this information will require small KB'’s
to revise. This can be achieved for instance using modula[r - - o ] o
KB's, a common practice in knowledge engineering. Williams, 1998. M. A. Williams. Applications of Belief Revision.
Interestingly, since the three DMA approaches we introduced g'ggr?;‘;‘iag“ons a”\(j Cihange in Logic Databases, LNAI 1472,
are logically equivalent, we can propose one way to effi- -3, Springer Veriag.

on satisfiability testing. This method can be used for instance AN object-oriented web-based revision and extraction en-
if the knowledge base is hidden to the final user, and thatonly ~ 9"¢ P;\‘ljl\‘jl'R?f ;ggolnth\llprksléop °”t Nogmonotonfb F:ea't
the queries are important. On the other hand, if the knowledge z(t)tm'r/]/%réiv or /abs/cs)Allog(l)g%SQICJmpu er science Abstrac
base itself is important for the user, such that the revised base b 019 ' o )
must be as “close” as possible to the original one, an IDMA Wong and Lau, 2000 O. Wong and R. LaPossibilistic Reasoning

; ; ; for Intelligent Payment AgentsProc. of the2™? Workshop on
approach should be used (only necessary information will be Al in Electronic Commerce (AIEC’ 2000), 1-13.

[Williams, 1996 M. A. Williams. A practical approach to belief
revision: reason-based change. Proc. KR'96, 412-421.

3ADS: http://cafe.newcastle.edu.au/daniel/ADS/
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Abstract

A general framework for update-based planning
is presented. We first give a new family of
dependence-based update operators that are well-
suited to the representation of simple actions and
we identify the complexity of query entailmen-
t from an updated belief base. Then we introduce
conditional, nondeterministic and concurrent up-
dates so as to encode the corresponding types of
action effects. Plan verification and existence are
expressed in this update-based framework.

1 Introduction

Three subareas of Al seem significantly connected and still,
in the literature, work in each of these areas has been so far
disconnected, up to a few exceptions. These areas are (a)
belief update, (b) reasoning about action and change, and (c)
planning in nondeterministic environments.

Belief update (a) mainly focuses on determining how a be-
lief state should evolve after adding a new piece of informa-
tion reflecting an explicit evolution of the world; how beliefs
persist is studied in depth (this often — yet not always — relies
on an assumption of minimal change), as well as causality
and dependence between pieces of information; in particu-
lar, disjunctive information (reflecting uncertainty about the
world after update) is taken into account, and many theoret-
ical results exist (characterization of operators thanks to rep-
resentation theorems, and computational complexity results).

Reasoning about action (b) focuses on the nature of pieces
of information to take account for (preconditions for exe-
cutability, direct changes, indirect changes or ramifications,
static laws of the domain) and on the nature of the actions
themselves (determinism, conditional effects, normal and/or
exceptional effects, concurrent execution...) using sophisti-
cated languages, generally more expressive than those of be-
lief update but slightly less worked from a theoretical point
of view (especially to what concerns representation theorems
and complexity results — yet some results exist).

Finally, while (a) and (b) care on determining the conse-
quences on the agent’s current belief state of, respectively, a
new piece of information and the execution of an action, most
of the previous works about planning (c) are centered on plan
generation; algorithmic developments have been pushed for-
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ward especially when actions are very simple — like in STRIPS
— but less so when they are more complex .

Our purpose is to show how existing works on belief update
can be extended so as to represent complex actions represen-
tations and planning in nondeterministic environments.

After some formal preliminaries (Section 2), we introduce
in Section 3 a new family of update operators based on literal
dependence. Such operators generalize existing dependence-
based operators but grasp in a better way the incorporation
of the effects of an action in a belief base. Interestingly, this
generalization has no influence on computational properties
since the complexity of query entailment from an updated be-
lief base is just as hard as classical entailment in the general
case (unlike other operators like Winslett’s PMA — unless the
polynomial hierarchy collapses). Then we show in Section 4
how the effects of more sophisticated (ontic) actions can be
represented in our framework by generalizing our family of
update operators to deal with conditionals, nondeterminism
(distinct from disjunction!) and concurrency; this establish-
es a closer parallel between updates and effects of complex
actions such as considered in action languages. In Section
5, we show how to use our (extended) update operators so
as to compute the effect of a (possibly conditional) plan in a
nondeterministic domain. We successively consider the case
where the environment is fully observable and unobservable.
Complexity results for plan verification and plan existence are
given for both cases. Finally, connections to related work are
discussed in Section 6, before the concluding section.

2 Formal preliminaries

We consider a propositional language PROPpg built up
from a finite set PS of propositional variables and the
boolean constants T and L. Propositional formulas are de-
noted by A, B etc. and interpretations over P.S (or worlds)
are denoted by w etc. We represent them as tuples or con-
junctions of literals over PS. In the following, we will i-
dentify every propositional formula A with its set of models
Mod(A).

Let LIT be the set of literals of the language, i.e., LIT =
U,epsiz, —z}. We recall that a formula A is in Nega-

'Only a few recent works such as [McCain and Turner, 1998],
[Rintanen, 1999] and [Ferraris and Giunchiglia, 2000] considered
planners with nondeterministic actions represented in sophisticated
action languages.
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tive Normal Form iff it makes use of the connectives A,
V, —, only and the scope of negation connectives appear-
ing in A includes propositional symbols only. For instance,
A ==((—a Ab)V (a A c)) is equivalent to the NNF formu-
la (aV —b) A (ma V —c) 2. Alz + C] denotes the formula
obtained by uniformly replacing every occurrence of propo-
sitional variable z by the formula C. A[l < C] denotes the
formula obtained by replacing in a uniform way every posi-
tive (resp. negative) occurrence of literal [ in the NNF of A
by C (resp. =C). We denote by Lit(A) C LIT the set of
literals appearing in the NNF of A. In the previous exam-
ple, Lit(A) = {a,-a,—b,~c}. Forany L C LIT, we note
NEG(L) = {~l|1 € L}, supposing =—z identified with .
Lastly, if w is a world and L a consistent set of literals from
LIT, then Force(w, L) is the world that gives the same truth
value as w to all variables except the variables of literals of L
and Force(w,L) E /\;c; I Forinstance, if w = (a, -b, c, d)
and L = {b, ~d} then Force(w, L) = (a,b,c,d).

A belief update operator ¢ maps the propositional belief
base (a formula) B representing the initial beliefs of a given
agent and an input formula A reflecting some explicit evolu-
tion of the world [Katsuno and Mendelzon, 1991], to a new
set of beliefs B ¢ A held by the agent after this evolution has
taken place. Katsuno and Mendelzon [Katsuno and Mendel-
zon, 1991] proposed a general semantics for update. The
most prominent feature of KM updates (distinguishing up-
dates from revision) is that update must be performed model-
wise, i.e., Mod(B o A) = |J,pwo A

Finally, we assume the reader familiar with some basic no-
tions of computational complexity (see [Papadimitriou, 1994]
otherwise).

3 A new family of dependence-based updates

Many proposals for update operators have been made. Re-
cently, several authors showed that there are good reasons for
building a belief operator from a dependence relation [Do-
herty et al., 1998] [Herzig and Rifi, 1999]. The dependence-
based update of a belief base B by an input formula A con-
sists in first forgetting in B all information “relevant” to A
(leaving unchanged the truth value of variables not relevant
to the update), and then expanding the result with A. What
remains to be defined is the notion of “being relevant to”.

3.1 Formula-variable dependence

A formula-variable dependence function is modelled a map-
ping Dep from PRO Pps to 2F~. Many choices for Dep are
possible (see [Herzig and Rifi, 1999] for details). Whatever
the choice, the dependence-based update of a world w by a
formula A w.r.t. Dep, denoted by w op,p A, is the set of all
worlds w' such that w' |= A, and for every propositional vari-
able x from PS such that z ¢ Dep(A), w and w' assign the
same truth value to x.

Interestingly, the complexity of query entailment from
an updated belief base is “only” CONP-complete when
dependence-based updates are considered [Liberatore, 2000]

2Note that when A is built up from the connectives A, V, -, =,
it can be turned into an equivalent NNF formula in linear time by
“pushing down” every occurrence of = and removing double nega-
tions. Abusing words, we call the resulting formula the NNF of A.
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while entailment when most usual other operators - like
Winslett’s PMA - are used is at the second level of the poly-
nomial hierarchy.

3.2 Formula-literal dependence

Forgetting everything about the variables involved in the up-
date often leads to forgetting too much. Consider a robot
being told to go to a room with two doors 1 and 2, and to
ensure that at least one of them is red (possibly by painting
one of the doors), which can be represented as an update by
redlVred2. Suppose now that both doors are initially red:
B = redlAred2. Then, using any dependence function
Dep s.t. {redl, red2} C Dep(redlVred2), we get
Bopep (redlVred2) = red1Vred2. Thus, we forgot that
both doors were already red. Clearly, this is not what is ex-
pected: intuitively, we should not forget that doors 1 and 2
are red, because updating by red1Vred2 has no negative
influence on redl nor on red2. Hence, only negative oc-
currences of redl and red2 should be forgotten before ex-
panding by the input formula, not positive ones.

This may not be a problem in some contexts, but clearly,
when reasoning about actions, these update operators make
us forget too much and therefore do not handle the frame
problem correctly. In order to cope with this limitation, we
introduce a new family of dependence-based update opera-
tors. Such operators generalize existing ones because they
are based on formula-literal dependence [Lang et al., 20001,
a more general notion than formula-variable dependence.

(From now on, a formula-literal dependence function is
a mapping Dep : PROPps — 21T, Many full-sense
Dep can be considered. Like formula-variable dependence
functions, Dep(A) can be basically defined as Lit(A) or
DepLit(A), where the latter is defined as follows:

Definition 1 (FL independence) [Lang et al., 2000] Let A
be a formula from PROPpg and (= x or —x) be a literal
from LIT. A is literal-independent of z iff Alz + T| =
A, and A is literal-independent of —z iff Alz + 1] = A.
Finally, A depends on l iff it is not literal-independent of l.
We denote by DepLit(A) the set of literals A depends on.

Thus, A = (aVb)A(—aVc)A(aVbV—c) is literal-dependent
on a, —a, b and ¢; but not on —¢, because it is equivalent to
(aVb) A (—aV c), and —c does not appear in the NNF of the
latter.

More sophisticated dependence functions can also be de-
signed by considering explicit dependence (binary) relations
6 on LIT. One of them is Dep(A) = Ujepiy(a)6(!) (and

similarly with DepLit(A)). We can also take into account
persistent literals, i.e., literals remaining true whatever hap-
pens, such as = alive (contrarily to alive). For exam-
ple, Dep(A) = DepLit(A) N N EG(Pers) where Pers is a
given set of persistent literals is a possible dependence func-
tion. Clearly, persistent literals cannot be taken into account
by formula-variable dependence. The other way round, every
formula-variable dependence function can be simulated by a
formula-literal dependence function.

3.3 Update based on formula-literal dependence

Definition 2 The update w opep A of the world w by the for-
mula A w.r.t Dep is the set of all worlds W' s.t. W' |= A and
there exists L C Dep(A) s.t. w = Force(w', NEG(L)).

KNOWLEDGE REPRESENTATION AND REASONING



The next result gives us a way to compute B op., A =
Uswenmoa(s) w ©pep A in practice. We first need to define

literal forgetting [Lang et al., 2000].

Definition 3 (literal forgetting) For a formula B and L C
LIT, ForgetLit(B, L) is the formula inductively defined by
(1) ForgetLit(B,0) = B;

(2) ForgetLit(B,{l}) = B[l + T]V (-l A B);

(3) ForgetLit(B,{l} UL) = ForgetLit(ForgetLit(B, L), {l})

Proposition 1
B opep A= AN ForgetLit(B, NEG(Dep(A))).
)

Example 1 B = (-aV-d)A(aVb)A(aVevd), A = dand let
us take Dep = DepLit. We have ForgetLit(B, Dep(A)) =
ForgetLit(B,{d}) = (maV-d)A(aVb); hence Bopep, A =
dA—aAb.

Interestingly, for all the update operators based on literal
dependence listed above, we have the following complexi-
ty result (this slightly extends Theorem 15 from [Liberatore,
20001)):

Proposition 2 Given three formulas A, B and C,
Bopep A =" C is coNP-complete.

If DepLit(A) C Dep(A), then A and ForgetLit(B,
NEG(Dep(A))) are strongly separable, in the sense that,
if | € DepLit(A), then =l ¢ DepLit(ForgetLit(B,
NEG(Dep(A)))) holds. This is an important property from
a computational point of view when CNF queries are consid-
ered since:

Proposition 3 If C and D are two strongly separable for-
mulas, then they are separable in the sense of Levesque
[Levesque, 1998], i.e., for every clause E, we have C A D |=
EiffC=FEorD E E.

Accordingly, one global entailment test can be replaced by
two local (simpler) entailment tests, and exponential savings
can be achieved this way in practice. Now, clausal entailment
from a Forget Lit formula reduces to clausal entailment from
a classical formula:

Proposition 4 Let EE be a non-tautological clause. Then

Forget(B,L) E Eiff B= Vierumy\rl-

Alltogether, the two previous propositions give us some
tractable restrictions for clausal query entailment from an up-
dated belief base. Let us say that a formula is tractable when
it belongs to a class of formulas for which clausal entailmen-
t is known as tractable (e.g., the Horn CNF class). When
opep satisfies DepLit(A) C Dep(A), A is a tractable for-
mula for which literal-(in)dependence can be tested in poly-
nomial time and B is a tractable formula, then determining
whether B op., A |= C can be achieved in polynomial time
for every CNF formula C'. This is the case for instance when
Dep = DepLit, B is a Horn CNF formula and A is a set of

binary clauses®.

3Here, clausal entailment from the updated base Bopep A is even
easier than clausal entailment from the corresponding expanded base
B A A since determining whether A A B |= C'is cONP-complete in
this situation — tractable classes are known not to mix well.
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4 Updates and actions

The aim of this section is to show that belief update is not far
from being able to determine the effects of an arbitrary action.
In order to do so, we introduce the notion of extended input.
Definition 4 (extended inputs) Extended inputs are defined
inductively as follows:

o cvery formula A of PRO Ppg is an extended input;

o if ® and ¥ are extended inputs then ® UV is an extended
input (nondeterminism);

o if ® and VU are extended inputs then ®||¥ is an extended
input (concurrency);

o if ® and V are extended inputs and C' is a formula of
PROPpg then if C then ® else V is an extended
input (conditional ).

Definition 5 (updates by extended inputs) Let ¢ be an ar-
bitrary update operator, w a world and ® an extended input.
We define the update of w by ® inductively as follows:

e if A € PROPpg, then w o A is given

by the definition of ¢;

¢ Wwo(PUT)=(wod)U (wo V),
wod
woW

ifwEC

° WO ifCthen@else\If:{ if w = -C

. 0o (B]F) = wo (I(®]|D))
where T'(®||V)) is defined inductively by:
®ATif®,¥ e PROPps
L(Q|Ty) UT(P||Wy) if ¥ =T, UT,
if C then(® o ¥y) else (P o Uy)
if ¥ = (if C then ¥; else ¥5)
[(U||®) otherwise

As before, B o ® = U,,crr0q(8)(w ¢ ).

wo (P UT) is a nondeterministic update, namely, w is non-
deterministically updated by ® or by ¥. This has been first
introduced by Brewka and Hertzberg [Brewka and Hertzberg,
1993], who have observed that w ¢ (A U B) is in general d-
ifferent from w ¢ (A V B). In the case where & = A and
¥ = B are simple propositional formulas, updating w by
A U B intuitively means that a nondeterministic action has
been performed, whose possible effect is either A or B, and
that (quoting from [Brewka and Hertzberg, 1993]) the planner
has no way to know whether one of the postcondition is al-
ready satisfied and nondeterministically choose to update by
A or by B. A first example is the toss action, representable
by the extended input head U — head. Another example
(adapted from [Brewka and Hertzberg, 1993]): recall the red
doors example (Section 2). If the robot is told to paint door
1 or door 2 in red but has no way to know whether one of
the doors is already red (because it has no sensors), then the
action should be modelled by redl U red2. On the other
hand, the action consisting of an update by red1 Vred2 cor-
responds to a context where the robot can check whether one
of the doors is initially red (and leaves the world unchanged
if this is the case). The introduction of these two kinds of
nondeterministic actions needs both standard disjunction and
U. Note that we have Bo (AUC) = (BoA)V (BoC).

wo if C then ® else VY is a conditional update: the ini-
tial model is updated by ® or by ¥ depending on whether w

L(9||¥) =
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satisfies the branching condition C' or not. In the case where
® = A and ¥ = D are simple propositional formulas, we
have Boif C then Aelse D = (BAC)oAV(BA-C)oD.
Conditional updates are needed for action with conditional ef-
fects, such as the well-used turkey shooting action, which cor-
responds to an update by if loaded then (—alive A—loaded)
else T. Conditional actions are not well handled with pure
unconditional updates.

w ¢ (®||¥) is a concurrent update. It basically works by
gathering conjunctively all possible combinations of alterna-
tive results, and then performing the corresponding updates
separately; in particular, B o ((A; U A5)||(B1 U Bz)) =
BO(Al /\Bl)VBO(Al /\BQ)\/BO(AQ/\Bl)\/BO(AQ/\BQ).
This can be easily generalized to the case where more than t-
wo extended inputs must be considered as concurrent update
formulas. Concurrent updates aim at representing compactly
independent effects of actions. Consider the action of loading
the gun which has two independent effects, namely: (1) the
gun is loaded and (2) the turkey goes hiding if it is not deaf.
It corresponds to the concurrent update by o = (loaded || 1 £
—deaf then hidden else T). Concurrency can as well be
used for concurrent (or parallel) actions®.

Consider parallel actions having some inconsistent effects.
As the effect of the update by their combination is an empty
set of models, this has no impact on the final result. This
means that our notion of action compatibility is very loose.
For instance, if w = (a, b, ¢) and if we have two actions « and
[ corresponding to the extended inputs & = (a Ab) U (a A ¢)
and 8 = na U -bthenw o (af|f) = (woL)U(wo L)U
(wo L)U(wo(an-bAc)) = {(a,—b,c)}. More precisely,
two nondeterministic actions « = A; U...U 4, and =
B; U ... U B, are compatible (i.e., concurrently executable)
iff there is an effect A; of « and an effect B; of § such that
A; A Bj is consistent’.

The previous definition is independent of the choice of a
particular update operator. In the case of a dependence-based
operator, the complexity results established in Section 3 en-
able us to say that the prediction problem (i.e., the problem
of determining if the execution of an action in a given belief
state leads to satisfying a given formula) is CONP-complete®.

Note that usual ramification methods, such as the use of
integrity constraints or causal rules (see [Doherty et al., 1998]
for their handling in an update framework) can be added on
top of our framework. We do not discuss them since it is not

“Note that our notion of concurrency differs from concurrency in
dynamic logic which is defined by (wo®)N(wo¥). Like in language
C [Giunchiglia and Lifschitz, 19981, concurrency means that the ef-
fects of the concurrent actions must be gathered before being used as
inputs for belief update. Consider for instance the two actions “open
the door” and “open the window”, corresponding to the updates
door and window, applied concurrently to the initial state w = (=
door ,— window). For any dependence-based update operator ¢
for which door and window are independent we get wo door
= ( door,— window), w¢ window = (- door, window), and
thus (wo door) N (we window) = P, while with our definition
we get the intended result w ¢ (door || window) = w ¢ (door A
window) = (door, window).

>Other notions of compatibility can be represented in our frame-
work. They are not developed further due to space limitations.

®If the update operator was instead T15-complete, as many oper-
ators are, then extended update would be II5-complete too.
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a contribution of our paper.

5 Update-based planning

5.1 Definitions

In the following, we consider standard ontic actions, which
are meant to act on the world, and do not have any other ef-
fects on the knowledge state of the agent than the realization
of its ontic effects. In our framework, a standard ontic action
a is described by an extended input, denoted by a as well
(thus, we identify the action and its effects, which will not
lead to ambiguities), and determining its effects on a world w
simply consists in updating w by a.

What is missing now in order to define a plan is the notion
of update sequences.

Definition 6 (plans) Given a finite set of standard ontic ac-
tions ACTp, (branching) plans are defined inductively by:

e )\ (empty plan) is a plan;
e for any extended input o € ACTp, « is a plan;
e if w1 and ms are plans, then 71; 7 is a plan;

e if 1 and o are plans and C' is a propositional formula,
then if C then m else w9 is a plan.

Thus, plans are sequential and conditional extended up-
dates (these extended updates being themselves conditional,
nondeterministic and concurrent)’. At the plan level, nonde-
terministic choice and parallel composition are not allowed.

Definition 7 (planning problems) A planning problem is a
triple P = (I, ACTo, G) where:

o [ is a propositional formula representing the knowledge
on the initial state;

e ACTo ={ay,...,a,} isaset of standard ontic actions;
e (@ is a propositional formula representing the goal.

Note that these definitions do not mention anything regard-
ing observability. They can therefore be used as generic def-
initions. What changes when various assumptions about ob-
servability are made is the type of plans allowed. When ful-
1 observability is assumed, any branching is allowed, while
with unobservability, branching is never allowed. With par-
tial observability we may branch only on conditions whose
truth value can be determined by the agent.

Definition 8 (trajectories) A trajectory 7 is a nonempty se-
quence T = {(wo,...,wr) of models (T > 0). If 7 =
(Wo, -y wr), then length(r) = T. If w is a plan and I an
initial knowledge base, T is a possible trajectory for (I, )
w.rt. ACTo iff (1) wo = I and (2) one of the following con-
ditions holds:

1. m=XandT =0;
2. m€ ACTop andT =1 and wy € Mod(wy o 7);
"Note that 1 f .. then .. else is used both at the action and at
the plan levels. Formally, both structures are identical but both kinds
of conditionals do not share the same purpose; especially, observ-

ability considerations may restrict the range of allowed branching
conditions at the plan level, but not at the action level.
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3. w = my; wo and T can be decomposed in two subtrajec-
tories 11 = (wo, ---,Wi), T2 = (Wi, ..., wT), S.1. T1 is a
possible trajectory for (I,71), and 15 is a possible tra-
Jectory for (wi, m2));

4. 1 =1f C then m else s and

e cither wy = C and 7 is a possible trajectory for
(Ia 7T1)

e or wg E —C and T is a possible trajectory for
([, 71'2).

Definition 9 (succeeding plans) A plan w is a succeeding
plan for a planning problem P = (I, ACTo,G) iff every
possible trajectory T for (I, ) is 5.t. Wiengtn(r) = G-

5.2 Fully observable environments

Under full observability, any plan is allowed. Let us consider
the complexity of plan verification and existence.

Proposition 5 (complexity of plan verification/existence)
Suppose that the update operator used ¢ is one of the
dependence-based operator given in the previous sections.

1. determining whether 7 is a succeeding plan for P =
(I, ACTo, G) is coNP-complete;

2. determining whether there exists a succeeding plan w for
P = (I,ACTo,G) is EXPTIME-complete, and deter-
mining whether there exists a succeeding plan w of poly-
nomially bounded length for P is PSPACE-complete.

Point 1. is a key result. It is a strong generalization of Theo-
rem 20 from [Liberatore, 2000]. Point 2. is easier to establish:
the upper bounds are a byproduct of Point 1., and the low-
er bounds are derived from Littman’s results on probabilis-
tic planning [Littman, 1997]. These results (especially Point
1.) show that update-based planning in fully observable en-
vironments is not harder than STRIPS-based nondeterministic
planning, which (somewhat) means that the facilities brought
with the use of update are “for free”.

5.3 Unobservable environments

Definition 10 (unbranching plans) An unbranching plan is
a (possibly empty) sequence av; ...; ar of standard ontic ac-
tions, or equivalently a plan in which no if ... then ...
else appears at the outer level®.

Trajectories and succeeding plans are defined the same way
as above. The following property, reformulating succeeding
plans in terms of iterated updates, is almost straightforward:

Proposition 6 Let 1 = ag;...;ar be an unbranching plan,
and P = (I, ACTo,G) a planning problem. Then 7 is a
succeeding plan for P iff ((..(I o a1) oaz) o..) oar E G.

Proposition 7 (complexity of plan verification/existence)
Suppose the update operator used ¢ is one of the dependence-
based operator given in the previous sections.

1. determining whether an unbranching plan 7 is a suc-
ceeding plan for P = (I, ACTo, G) is CONP-complete.

SHowever, if ... then ... el se may appear inside the extended
inputs, for representing conditional effects.
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2. determining whether there exists a succeeding un-
branching plan w for P = (I,ACTo,G) is
EXPSPACE-complete, and determining whether there
exists a succeeding unbranching plan 7 for P of polyno-
mially bounded length is ¥5-complete.

The EXPSPACE-hardness result is a direct consequence
of a result from [Haslum and Jonsson, 1999]. The latter
point (X5-completeness) is similar to results in [Baral ez al.,
1999] and in [da Costa er al., 19971, which again suggests
that dependence-based updates can be added “for free”.

6 Related work

[Brewka and Hertzberg, 1993] were the first to use belief up-
date operators for representing actions with conditional and
nondeterministic effects. In Sections 3 and 4, we truly fol-
low in their steps. They use Winslett’s PMA update opera-
tor, which has been shown in many places to possess severe
drawbacks (both from the points of view of expressivity and
complexity). By making use of further advances in belief up-
date, especially in what concerns dependence-based update,
we were able to go much further than they did towards the
practical computation of plans (and as well by allowing for
concurrent actions, conditional plans and epistemic actions).
See also the transition-based update-like operators of Cordier
and Siegel [Cordier and Siegel, 1995].

[Fargier et al., 2000] use dependence-based update for
one-stage decision making processes (that can be viewed as
degenerated planning problems). Their use of a formula-
variable dependence is, as we show in Section 3, not the best
choice for reasoning about action, and they do not use nonde-
terministic updates, nor sequences of updates.

[del Val and Shoham, 1994] point out some corre-
spondances between the Katsuno-Mendelzon postulates and
generic properties of action (by rewriting KM postulates in
the situation calculus and showing that each KM postulate
can be expressed as a specific property of actions), which en-
able them to give some intuitive reasons to accept or reject
some of the KM postulates. Rather than practically propos-
ing action languages based on belief update operators as we
did, their work remains at the meta-level and made us think
that such an update-based framework for planning was feasi-
ble.

[Shapiro et al., 2000] represent iterated updates as well
as epistemic actions in the situation calculus. They distin-
guish between ontic actions (leading to updates) and epis-
temic (leading to revisions). They represent the set of possi-
ble worlds (or situations) explicitly, while, using STRIPS-like
representation and a propositional formalism, we represent it
in a compact way, which makes our framework very different
from theirs.

A line of work which is parallel to ours is the planning as
satisfiability frameworks with actions languages, especially
[Giunchiglia, 2000] based on the language C and [McCain
and Turner, 1998] based on the causal theory developed by
the authors. The main differences between these languages
and update is in the handling of disjunction: the literal com-
pletions used in [Giunchiglia, 2000] and [McCain and Turn-
er, 1998] require that dynamic laws expressing the effects of
actions have a single literal in their head. The exact links
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between these expressive languages and belief update is an
interesting topic for further research. [Geffner, 1996] also
makes use of causal theories for actions and planning, and
uses plausibility functions to distiguish various levels of ex-
ceptionality in the effects of actions.

7 Conclusion

In this paper, we have presented a new update-based frame-
work for planning. Our contribution is manyfold. We have in-
troduced a new family of dependence-based update operators,
based on formula-literal dependence, which includes existing
dependence-based operators as specific cases, suits better the
needs of reasoning about action, and whose computational
complexity is not being above that of classical entailment. We
have also shown how belief update has to be augmented with
conditionals, nondeterminism and concurrency in order to be
fully adapted to the representation of actions. Third, we have
shown how to define (conditional or unconditional) plans in
our framework. Finally, we have shown that the complexi-
ty of plan verification and existence in our framework is not
higher than with a STRIPS-like representation.

This work calls for several perspectives. One of them con-
cerns the introduction of partial observability in our frame-
work. The simplest way to do it consists in considering that a
fixed set of formulas is directly observable; allowed branch-
ing conditions are in this case formulas whose truth value can
be determined from the truth values of these formulas. A
more expressive solution consists in allowing for epistemic
actions in the framework. Unlike ontic actions, epistemic
actions leave the world unchanged and therefore do not im-
ply an update, but instead, a knowledge expansion. In or-
der to distinguish between facts and knowledge, an epistemic
modality /C can be introduced. Plans can be defined in a sim-
ilar way as before except for branching conditions, for which
we allow only for epistemically interpretable branching con-
ditions as in [Herzig et al., 2000].

Acknowledgements

The third author has been partly supported by the IUT de Lens
and the Région Nord/Pas-de-Calais.

References

[Baral et al., 1999] C. R. Baral, V. Kreinovich, and R. Tre-
jo. Computational complexity of planning and approxi-
mate planning in presence of incompleteness. In Proc. of
1JCAI’99, pages 948-955, 1999.

[Brewka and Hertzberg, 1993] G. Brewka and J. Hertzberg.
How to do things with worlds: on formalizing actions and
plans. J. of Logic and Computation, 3(5):517-532,1993.

[Cordier and Siegel, 1995] M.O. Cordier and P. Siegel. Pri-
oritized transitions for updates. In Proc. of ECSQARU’95,
pages 142—-150. LNAI 946, Springer-Verlag, 1995.

[da Costa et al., 1997] C. da Costa, F. Garcia, J. Lang, and
R. Martin-Clouaire. Possibilistic planning: Representation
and complexity. In Proc. of ECP’97, pages 143—-155,1997.

[del Val and Shoham, 1994] A. del Val and Y. Shoham. De-

riving properties of belief update from theories of action.
J. of Logic, Language, and Information, 3:81-119, 1994.

124

[Doherty et al., 1998] P. Doherty, W. Lukasziewicz, and
E. Madalifiska-Bugaj. The PMA and relativizing change
for action update. In Proc. of KR’98, pages 258-269, 1998.

[Fargier ef al., 2000] H. Fargier, J. Lang, and P. Marquis.
Propositional logic and one-stage decision making. In
Proc. of KR’2000, pages 445-456, 2000.

[Ferraris and Giunchiglia, 2000] P. Ferraris and
E. Giunchiglia. Planning as satisfiability in nonde-
terministic domains. In Proc. of AAAI’00, pages 748-753,
2000.

[Geffner, 1996] H. Geffner. A qualitative model for tempo-
ral reasoning with incomplete information. In Proc. of
AAAI’96, pages 1176-1181, 1996.

[Giunchiglia and Lifschitz, 1998] E. Giunchiglia and V. Lif-
schitz. An action language based on causal explanation:
Preliminary report. In Proc. of AAAI’'9S, pp. 623-630,
1998.

[Giunchiglia, 2000] E. Giunchiglia. Planning as satisfiabil-
ity with expressive action languages: Concurrency, con-
straints, and nondeterminism. In Proc. of KR’2000, pages
657-666, 2000.

[Haslum and Jonsson, 1999] P. Haslum and P. Jonsson.
Some results on the complexity of planning with incom-
plete information. In Proc. of ECP’99, 308-318, 1999.

[Herzig and Rifi, 1999] A. Herzig and O. Rifi. Propositional
belief update and minimal change. Artificial Intelligence,
115:107-138, 1999.

[Herzig et al., 2000] A. Herzig, J. Lang, D. Longin, and
T. Polacsek. A logic for planning under partial observ-
ability. In Proc. of AAAI’2000, pages 768—773, 2000.

[Katsuno and Mendelzon, 1991] H. Katsuno and A. Mendel-
zon. Propositional knowledge base revision and minimal
change. Artificial Intelligence, 52:263-294, 1991.

[Lang et al., 2000] J. Lang, P. Liberatore, and P. Marquis.
Propositional independence, part I: formula-variable de-
pendence and forgetting. Technical report, IRIT, 2000.

[Levesque, 1998] H. Levesque. A completeness result for
reasoning with incomplete first-order knowledge bases. In
Proc. of KR’98, pages 14-23, 1998.

[Liberatore, 2000] P. Liberatore. The complexity of belief
update. Artificial Intelligence, 119:141-190, 2000.

[Littman, 1997] M. L. Littman. Probabilistic propositional
planning: Representations and complexity. In Proc. of
AAAI’97, pages 748-754, 1997.

[McCain and Turner, 1998] N. McCain and H. Turner. Satis-
fiability planning with causal theories. In Proc. of KR’98,
pages 212-223, 1998.

[Papadimitriou, 1994] Ch. Papadimitriou.
complexity. Addison—Wesley, 1994.

Computational

[Rintanen, 1999] J. Rintanen. Constructing conditional plans
by a theorem prover. Journal of Artificial Intelligence Re-
search, 10:323-353, 1999.

[Shapiro et al., 2000] S. Shapiro, M. Pagnucco, Y. Lespé-
rance, and H. J. Levesque. Iterated belief change in the sit-
uation calculus. In Proc. of KR’00, pages 527-538, 2000.

KNOWLEDGE REPRESENTATION AND REASONING



Causality and Minimal ChangeDemystified

Maurice Pagnucco
ComputationaReasonindgsroup
Departmenbf Computing
Divisionof ICS
MacquarieUniversity
NSW, 2109,Australia

norri @cs. ng. edu. au

Abstract

The Principle of Minimal Change is prevalentin
various guisesthroughoutthe developmentof ar-
eassuchasreasoningaboutaction, belief change
andnonmonotonigeasoningRecentiteraturehas
witnessedhe proposabf severaltheoriesof action
thatadoptanexplicit representatioof causality It
is claimedthatanexplicit notionof causalityis able
to dealwith theframeproblemin amannemotpos-
siblewith traditionalapproachebasedon minimal
change.

However, suchclaims remainuntestedby all but

representatie examples. It is our purposehereto

objectiely testtheseclaimsin an abstractsense;
to determinewhetheran explicit representatiomf

causalityis capableof providing somethinghatthe

Principle of Minimal Changeis unableto capture.
Working towards this end, we provide a precise
characterisatioof thelimit of applicabilityof min-

imal change.

1 Intr oduction

The problemof reasoningaboutactionandchangehasbeen
oneof the major preoccupation$or artificial intelligencere-
searchersincethe inceptionof the field. One of the early
tenetsapplied when reasoningabout such phenomenavas
that as little as possibleshould change in the world when
performingan action, what we might call the Principle of
Minimal Change.! This principleis manifestin mary guises:
preferential-stylesystems[Shoham, 198§, persistenceap-
proachegKrautz, 1984, circumscription[McCarthy 198(,
etc. Overtheyears,aspect®f this principle have beencalled
into questioneadingto avarietyof suggestefixes:fixedver-
susvariable predicatesn circumscription,occludedfluents
[Sandevall, 1989, frame fluents[Lifschitz, 199d, to name
but a few. Moreover, in the more recentliterature explic-
it representationsf causalityhave found favour [Lin, 1995;
McCain and Turner, 1995;1997; Thielschey 1997. How-
ever, what is not clear—beyond somesimple representatie

Although, one might be temptedto say that the Principle of
Minimal Changes moregenerain scope.
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examples—isthe purchaseafforded by explicitly represent-
ing causalityover the more traditional minimal changeap-
proacheslt is thisimbalancethat this paperseekgo redress
in aclearandobjectivemanner In fact,theresultswe present
herehave furtherreachingconsequencesjiving a ratherlu-
cid characterisationf the extent of applicability of minimal
change By this we meanthat,givenaframework for reason-
ing aboutactionandchangejt will be clearwhethersucha
framawvork canbe modelledby minimal changeoncecertain
propertieof theframeavork canbe established.

We achiese our aimsthrougha correspondencbketween
two formal systemswhich we call dynamicsystemsndpref-
erential modelsrespectiely. Intuitively, the dynamicsystem
is an abstractmodelling of the dynamicdomainundercon-
sideration(the behaiour of which we wish to reasorabout).
Essentially this abstractmodel captureshe domainat hand
by aresultfunctionR(w, a) whichreturnsthe stategof the
domain)thatcould possiblyresultfrom the applicationof an
actionwith directeffectsa (i.e., postconditionsat theinitial
statew. A preferentialmodelon the otherhandis a formal
structurethatencodeghe Principalof Minimal Changein an
abstractandquite generalmanner With the aid of preferen-
tial modelswe areableto provide a precisecharacterisation
of the classof dynamicsystemsthat are amenablgo theo-
ries of action basedon minimal change;we call suchdy-
namic systemaminimisable Having a precisecharacterisa-
tion of minimisabledynamicsystemswe canthenexamine
whethertheoriesof actionadoptinganexplicit representation
of causality which we shall call causaltheoriesof actionare
capableof forms of reasoninghatcannotbe capturecby the
Principleof Minimal Changemoreprecisely we canexam-
ine whethercausaltheoriesof action are applicableoutside
the scopeof minimisabledynamic systems. According to
the resultsreportedherein, the logic of action proposedby
Thielscher[1997 is indeedapplicableto non-minimisable
dynamicsystemswhereasperhapsurprisingly McCainand
Turner’s causaltheoryof action[McCainand Turner, 1995
hasa rangeof applicability thatis subsumedy the classof
minimisabledynamicsystems.

In the following sectionwe introduceboth dynamicsys-
temsandpreferentiamodels.Moreover, we stateclearly the
notion of minimal change that we shall adopthere. In Sec-
tion 3 we examinethe formal propertieshatthe resultfunc-
tion of adynamicsystemmustobey in orderfor it to be min-
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imisable Section4 presentananalysisof someof thetheo-
riesof actionfoundin theliterature.We endwith adiscussion
andconclusionsincluding pointersto future work.

2 Dynamic Systemsand Preferential Systems

As mentionedabove, the main resultsin this paperwill be
achieved by demonstratinga correspondencéetweentwo
formal systemsThefirst, calleda dynamicsystemis mean-
t to sene asa generalabstractionof domains(suchasthe
blocks world, or the domaindescribedy the Yale Shooting
Problem etc.), for which theoriesof actionare designedo
reasorabout. Our maininterestshall bein the propertiesof
the dynamicsystems resultfunction. In particular we shal-
| formulatenecessanand sufficient conditionsunderwhich
the systems resultfunction canbe characteriseéh termsof
an appropriatelydefinedminimisationpolicy. Minimisation
policies are in turn encodedby our secondformal system
calleda prefeential model Dynamicsystemsandpreferen-
tial modelsareformally definedbelow.

2.1 Dynamic Systems

Throughoutthis article we shall be working with a finitary
propositionallanguagel the details of which shall be left
open? We shalloftenreferto £ asthe objectlanguage. We
shall call the propositionalvariablesof £ fluents The setof
all fluentswill bedenotedoy F. A literal is eitherafluentor
the negationof afluent. We shalldenotethe setof all literals
by Z.. A stateof £ (alsoreferredto asan objectstate)is a
maximally consistentsetof literals. The setof all statesof
L is denotedby M. For asetof sentence&? of £, by [G]
we denotethe setof all statesof £ thatsatisfyG, i.e. [G] =
{r € M :rF G}. Finally, for asentencep of £ we shall
use[y] asanabbreviationfor [{¢}].

Definition 2.1 A dynamicsystemis a triple W = (S, A4, R)
whee,

¢ Sisanonemptysubsebf M, theelement®fwhich we
shall call valid states.

¢ A is a nonemptyset of sentence®f £. Theintended
meaningof the sentenceén A is that they correspond
to the postconditiongor direct effecty of actions. For
simplicity, we shall identify actionswith their postcon-
ditionsandreferto thesentences 4 asactions.

e R:SxA— 25, is calledtheresultfunction

Intuitively, theresultfunction R (w, «) returnsthe setof ob-
ject statesconsideredo be possibleresultantstatesafter ap-
plying the actionwith postconditionn atthe objectstatew.
If for acertainw, a, it happenshatR (w, o) =, thisis taken
to meanthata is notapplicableat w.

2.2 Extensionsof the Object Language

Despitethe mary differentways in which the principle of
minimal changehasbeenencodedMcCarthy 1980;Winslet-
t, 1988; Katsuno and Mendelzon, 1992; Doherty 1994;

2By alanguageyve intendall well formedformulaeof thatlan-
guage.
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Sandevall, 1994, a featurethatis commonto all theseap-
proachess the existenceof an ordering < on statesused
to determinewhich inferencesare dravn aboutthe effect-
s of actions. In someof theseapproache$Winslett, 1988;
KatsunoandMendelzon,1992; Sandevall, 1996 the order
ing < is definedoverthe set M of objectstates.For exam-
ple, accordingto the PossibleModels Approach(PMA), the
ordering<,, associateavith an (initial) statew is definedas
follows: forarny r,r' € M, r <, r' if andonlyif Diff(w,r)
C Diff(w,r').2 Thereare however mary theoriesof action
for whichthe ordering< is definednot overthe setof object
statesput ratheroveranextendedsetof meta-statesConsid-
er, for example,a theoryof actionbasedon circumscription
[McCarthy 1980. Circumscriptions minimisationpolicy in-
ducesanordering< thatis definedover a setof meta-states
M., generatedrom the setof objectstatesM  with the
additionof the abnormalitypredicate Ab. More precisely if
the objectlanguagehasn fluents,andm actions,therewill
be 2™ objectstatesin M ; with the addition of the abnor
mality predicateAb, eachobjectsstatew “splits” into 27*™
meta-statesall of which agreewith w on the truth value of
then (object)fluents,anddiffer only on the valueof the ab-
normality predicateAb for eachpair of (object) fluent and
action. Thustherewill be a total of 27+("x™) meta-states
overwhichtheordering< is defined.

As we prove laterin this paper moving the minimisation
policy from objectstatesto meta-statesesultsin significan-
t gainsin the rangeof applicability of minimal changeap-
proaches.Given the major role of meta-statein our study
in therestof this sectionwe introducesomefurther notation
andformally definethe conceptgelatedto meta-states.

A propositionallanguagel’ is calledan extensionof £ if
andonly if firstly, £’ is finitary andsecondlytheproposition-
al variablesof £ areincludedin £'. If £’ is anextensionof
L we shallrefer to the additional propositionalvariablesof
L' (i.e.,thosethatdo notappeaiin £) ascontrol variablesor
control fluents* We shallsaythat £’ is a k-extensionof £,
for anaturalnumberk € IN, if andonly if £’ is anextension
of £ andit containspreciselyk controlfluents. Clearly, ary
0-extensionof L is identicalwith L.

For anextensionl' of £, any maximally consistensetof
literalsof £’ is calleda meta-state For a setof sentence$’
of £', we definethe restrictionof G to £, denotedG /L, to
bethesetG N L. Finally, we definetherestrictionto £ of a
collectionV of setsof sentencesf £’, denotedV /L, to be
the setconsistingof therestrictionto £ of theelementof V;
insymbols,V /L' ={G/L:G e V}.

2.3 Preferential Models

Having formally definedmeta-stateg& remaingo introducea
generaimodelthatencodeshe conceptof minimisationover
meta-states.

Definition 2.2 A preferentialstructurefor £ is a triple ¢/ =
(£',8',0) whee:

3For ary two statesw, z, Diff(w, z) denoteshe symmetricdif-
ferenceof w andz.

4Lik e the abnormalitypredicate control fluentsaremeantto be
variablesguidingthe minimisationpolicy.

KNOWLEDGE REPRESENTATION AND REASONING



e ['isanextensionof L.

¢ S'isanonemptycollectionof maximallyconsistensets
of literals of £'; we shall call the elementof S’ valid
meta-states

e ¢ is a functionmappingead objectstatew € M, to
a (partial) preorder over M, (the setof all maximal-
ly consistensetsof literals of £'); we shall denotethe
preorder assignedo w, by <,,.°

As mentioned earlier a preferential structure &/ =
(£',S',8) is meantto bethebasisfor encodingormally (and
in a quite abstractmanner)the conceptof minimal change.
More precisely let w € M, beary objectstate. The pre-
order<,, associatedvith w representshe compaative sim-
ilarity of meta-stateso w. Using <,, (andthe principle of
minimal change)onecanthendeterminethe statesR (w, a)
thatcanpossiblyresultfrom theapplicationof anactiona to
w by meanf thecondition(M) givenbelow:

(M) R(w,a) = (min([a]z, <w)NS') / L.

In the above condition, [a] ., denotesthe setof meta-states
consistentvith thesentencer andmin([a]zr, <) is theset
of suchmeta-statethatareminimal (“most preferred”)with
respecto <,,.

The intuition behind condition (M) shouldbe clear Es-
sentially we selectthosemeta-statesonsistentvith formula
a (representinghe postconditiorof anaction)thataremini-
mal underthe ordering<,,, filter outthe valid onesandthen
restrict theseto the languageof the dynamicsystemunder
consideration.

We shallsaythata preferentialstructureld = (£',S’, 6) is
a preferential modelfor the dynamicsystemW = (S, A, R)
if its resultfunction canbe reproducedrom i by meansof
condition(M); morepreciselyif andonly if for allw € S and
a € A, condition(M) is satisfied.If adynamicsystemi? has
apreferentiamodel M, we shallsaythat W is minimisable
moreaver, if thereare preciselyk control fluentsin £', we
shallsaythatW is k-minimisableor thatit hasa preferential
modelwith degreek. Clearly, if a dynamicsystemiV hasa
preferentiaimodelwith degreek for somek € IN it alsohas
apreferentiamodelwith degreem for ary m > k.

3 Minimisable Dynamic Systems

Ouraimin this sectionis to provide a characterisatioof the
classof minimisabledynamicsystemsin termsof conditions
imposedon theresultfunctionR.

Let W = (S, A, R) beadynamicsystemuw a statein S,
anda, o' ary two actionsin .A. Considerthe conditions(P1)
- (P3)below:

(P1l) Ifw e Sandr € R(w, a),thenr F «
(P2) IfweSandka+ o, thenR(w, a) = R(w, o)
(P3) IfakFd,weS, reR(w,d)andr € [a], then

r € R(w, a)

We shallalsouse<,, to referto thestrict (non-refleive) partof
<w.
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Theseconditionscan be interpretedquite simply. Con-
dition (P1) saysthat the postconditionsof an action (i.e.,
«) shouldbe true at all possibleresultantstates. Condition
(P2)is anirrelevanceof syntaxconditionstatingthatactions
having logically equivalentpostconditionshouldpredictthe
sameresultantstates.Condition(P3) stateghatif a stater is
chosenasa possibleoutcomeof anactiona’, thenr should
alsobe chosemasa possibleoutcomeof any actiona which
is strongerthana’ andconsistentwith r. (NB: a - o' im-
plies[a] C [@']). Thislastconditionis similar to the choice
theoreticconditionknow as(a) in theliterature[Sen,1977.
Thesethree,simply statedconditionssuffice to exactly char
acterisethe classof minimisabledynamicsystems.

Theorem 3.1 A dynamicsystenis minimisablef andonly if
it satisfieghe conditions(P1)— (P3).

Theorem3.1 is the centralresultof this article. Whatis
perhapssurprisingaboutthis theoremis that it managego
provide a characterisatiomf minimality definedover meta-
statesvia conditionson the result function, which operates
on objectstates

The proof of Theorem3.1 is omitteddueto spacelimita-
tions. Themostinterestingpartof the proofis a construction
that,givenadynamicsystemi¥ with n fluentssatisfying(P1)
— (P3),generates preferentiaimodelfor W with degree2™.
An immediatecorollaryof thisis that,if adynamicsystemis
atall minimisable thenit is minimisablewith degree2™. We
shall call the smallestnumberk for which a minimisabledy-
namicsystemiW hasa preferentiaimodelwith degreek, the
minimality rank of W. As alreadymentioned the corollary
below follows directly from the proof of Theorem3.1.

Corollary 3.1 Theminimalityrankof a minimisabledynam-
ic systemwith n fluentsis no greaterthan2”.

Having provideda generakharacterisationf minimisable
dynamicsystemdy meansof (P1)— (P3),we shallnow turn
to specialcasesMore preciselywe shallimposecertaincon-
straintson preferentiamodelsandexaminetheirimplications
on minimisabledynamicsystemssia condition(M).

The first suchconstraintis totality on the preordersof a
preferentialmodel. More precisely we shall saythata pref-
erentialmodell/ = (£',S', 0) is linear if andonly if all pre-
ordersin @ aretotal (sometimegeferredto as connectedl
We shallsaythatadynamicsystemiV = (S, A, R) is strictly
minimisableif andonly if W hasalinearpreferentiaimodel.
In the presenceof (P1) — (P3), condition (P4) belon char
acterisegreciselythe classof strictly minimisabledynamic
systemsThetermR (w, A’) in (P4),whereA’ is asubsebf
A, is usedasanabbreviationfor J . 4 R(w, ).

(P4) For ary nonemptyA’ C A suchthatR(w,a') # @
for all o/ € A', thereexistsa nonemptysubsetB of
R(w, A"), suchthatR (w, a) = [a]NB, foralla € A
suchthat[a] C [A'] and[a] N B # 0.
Condition(P4) essentiallysaysthat, undercertaincondition-
s, a collectionof statesl containsa subsetB of “best” ele-
ments.Consequentlywheneeranactiona is suchthatall a-
statesarecontainedn V, andmoreover, amongthe a-states
therearesomeof the“best” elementf V, thenary statere-
sultingfrom a isamongthose'best” a-stateqi.e., R (w, ) =
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[a] N B). Noticethat(P4)collapsedo the (muchmorefamil-
iar) condition (P4) below, whenever R(w, «) is definedfor
all pairsof statesw, andsentences:. In the principal case
howeverwhereR is definedoverapropersubsebf M, x L,
(P4) is strictly wealer than(P4).

(P4) If R(w,a), R(w,a') # 0, R(w,a) C [&'], and
R(w,a') C [a], thenR(w, @) = R(w, ).

This is essentiallythe (U6) postulateof Katsuno and
Mendelzon[1997. It is also found as property (3.13) in
Gardenford1988,p. 57].

Theorem 3.2 A dynamicsystenis strictly minimisablef and
onlyif it satisfiesgheconditions(P1)— (P4).

A direct consequencef the (only-if part of the) above
proofis thefollowing corollary.

Corollary 3.2 Theminimalityrank of a strictly minimisable
dynamicsystems no greaterthan1.

Corollary 3.2 shaws that by imposingtotality on the pre-
ordersof the preferentialmodel, we get very closeto zero-
minimisable dynamic systems. Very closeindeed, but not
quitethere.In this paperwe do not provide a completechar
acterisatiorof zero-minimisablalynamicsystemsasit is not
centralto our aimshere;we do however provide somepre-
liminary resultsin this direction. More precisely consider
the conditions(P5) — (P7) belowv (we implicitly assumehat
w € S in eachcase):

(P5) If ([a] —=S)UR(w,a) C ['], then[a]NR(w,a’) C
R(w, ).

(P6) If [a] C S, thenR(w,a) # 0.
P7) R(w,a)NR(w,a") C R(w,a V')

Condition (P5) saysthatif all non-valid a-statestogether
with thosea-states‘chosen”by the resultfunctionarecom-
patible with anotheraction’s postconditions(a'), then ary
a-stateschosenwhen performinga’ shouldalso be chosen
whenperforminga. Notice thatthis conditionimplies con-
dition (P3) above. (P6) statesthat the result function must
returnat leastonepossibleresultantstateif all statessatisfy-
ing the postcondition®f theactionarevalid. (P7)saysthatif
astater is chosemasa possiblenext statewheneithera or o’
is performed,thenr shouldalsobe choserwhenthe action
(with postcondition) V ' is performed.

Theorem 3.3 Everyzen-minimisabledynamicsystensatis-
fiesthe conditions(P1) — (P3), (P5)— (P7).

The corverseof Theorem3.3is nottruein general.How-
ever, for arestrictedclassof dynamicsystemsyhichwe cal-
| dense the conditions(P1) — (P3) and (P5) — (P7) suffice
to characteriseero-minimisability More precisely we shall
saythata dynamicsystemis denseif andonly if every sen-
tenceof the objectlanguagel correspondso anaction(i.e.,
A= L).

Theorem 3.4 If adensalynamicsystensatisfie{P1)—(P3),
(P5)— (P7),thenit is zeo-minimisable
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We concludethis sectionwith abrief commentbn previous
framewvorksthatencodethe conceptof minimal change Per
hapsthe framewnork mostclosely relatedto our own comes
from theareaof theorychange andit is theonedevelopedby
KatsunoandMendelzon[1997 for modellingbeliefupdate
We shallleave a detailedcomparisorbetweerthe conditions
presentedhereinandthe postulateproposedy Katsunoand
Mendelzon(known asthe KM postulate} for future work.
Herewe simply notethat the main differencebetweenthet-
wo is thatthe KM postulatesare designedto apply only to
densezero-minimisabledynamicsystems.

4 Causality and Minimal Change

Recallthatoneof the mainmotivationsfor this work wasthe
desireto formally evaluateclaimsaboutthe strengthof causal
theoriesof actionover onesbasedon the notion of minimal
changeln this sectionwe usetheforegoingresultsto analyse
two of the mostprominentcausaltheoriesof action,thefirst
developedby McCainand Turner[1999, andthe secondby
Thielschef1997.

4.1 McCain and Turner

McCainandTurner[1995 have developedatheoryof action
that representgausalityexplicitly. In their framework they
introducea causalconnectve = where¢ = 1 canberead
as"“¢ causes)” andreferredto asa causalrule. Here¢ and
1) arepropositionalsentenceghatdo not contain=- (i.e., =
cannotbe nested).They thenintroducethe notion of causal
closure Cp(T) for a setof sentence§ with respecto a set
of causalrules D asthe smallestset closedunderclassical
deductionthatincludesI’ and appliescausalrulesin the di-
rectionof the“arrow” (i.e., no contrapositte—theinterested
readeris referredto the citation above for the full details).
The notation~, refersto the correspondingcausal)conse-
quenceelation: '~ if andonly if v € Cp(T). Theresult
functioncanbe definedusingthefollowing fixed-pointequa-
tion to befoundin McCainandTurner[1995.

MT) 7 € RET(w, a)iffr={p € 2
{a}rpp}

We cannow establisithefollowing results.

:(wnr)u

Theorem4.1 For any setof causalrules D, theresultfunc-

tion RY T (w, «) definecby meanof (MT), satisfiegshecon-
ditions(P1)— (P3).

From Theorem4.1it follows thatthe theoryof actionde-
velopedby McCainan Turneris applicableonly to minimis-
able dynamicsystems. This is a most curiousresultfor it
shaws that the conclusionsdravn with the aid of causality
(asencodedby McCain and Turner) can be reproducedby
anappropriatelydefinedminimisationpolicy. It is alsoespe-
cially interestingn light of recentresultsreportedby Peppas
etal. [1999 who shav that for McCain and Turner's ap-
proachit is in generalnot possibleto constructan ordering
over objectstatessuchthatthe minimal objectstatessatisfy-
ing the postcondition®f anactionarethosepredictedby the
McCain and Turner fixed-pointequation. This tells us that
this approachis not zero-minimisable. We have, however,
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justshown thatthis approachs minimisablein amoregener
al sansdi.e., if oneconsideraneta-statesjothis systemhas
aminimality rankgreaterthanzero.

4.2 Thielscher

We shall not describeThielschers [1997 approachin depth
here. However, the underlyingprinciple is to considertra-
jectoriesof state-efiect pairs eachof which is the result of
applyinga causallaw at a previous state-efect pair (starting
with theinitial stateandactionpostcondition).The resultant
statesarethoseat the end of a trajectorywherecausallaws
no longerapply We notethat Thielschers systemdoesnot
satisfy postulategP1) — (P3) and henceis not minimisable.
In particular Thielschers resultfunction, which we denote
by RT violatescondition(P1); the postconditionf the ac-
tion donot necessarihave to hold afterapplyingthe action.
Whatwould be of someinteresthowever, is to generatdrom
RT anew resultfunctionR’ thatchoosesmongtheresultant
statesselectechy R the onesthatsatisfythe postconditions
of the occurringaction;in symbols,R’ =[a] N RT. Onecan
thenexaminewhetherthe new function R’ satisfiesthe con-
ditions(P2)and(P3). We leave this for futureinvestigation.

5 Discussion

Let us take a stepback and examinewhat we have accom-
plishedthusfar. The mainresultreportedhereinis a charac-
terisationof the classof dynamicsystemsamenablgo min-
imisation,in termsof conditionson the resultfunction. Ex-
isting causaltheoriesof actionscanthenbe assessedgainst
theseconditionsto determinethe addedvalue (if ary) of ex-
plicit representationsf causality Thisis clearlyasignificant
steptowards“demystifying” the (comparatie) strengthsand
weaknessegsf thenotionsof causalityandminimal changen
reasoningaboutaction. Admittedly thoughin this paperwe
have not giventhe whole story (especiallyasfar as“demys-
tifying” causalityis concerned) Whatis missingis a gener
ic modelof the useof the conceptof causalityin reasoning
aboutaction(in the sameway that preferentialstructuresare
suchamodelfor the conceptof minimality), basedon which
ageneralformalcomparisorbetweercausalityandminimal-
ity canbe made.Until sucha genericmodelis available,the
bestthatcanbedoneis evaluationsof specificcausatheories
of action(suchasthe onesby McCainand Turner[1995 or
Thielsche{1997) againstthe conditions(P1)— (P3). There
is of coursestill alot of valuein suchassessmentshowving
for examplethatall existing causalapproachesatisfythese
conditionswould be strongevidencein supportof the claim
thatminimality subsumesausality(atleastasfarastherange
of applicability is concerned).Shaving, on the otherhand,
thatsomecausabpproacthviolatesoneof theconditions(P1)
— (P3), would prove that causalityis essentiain reasoning
aboutactionsinceit coversdomainsthat are “unreachable”
by minimal changeapproaches.Similar (althoughwealer)
conclusionscanbe drawvn from the satishction or violation
of (P4) and (P5) — (P7). We have alreadywitnessedthat
Thielschers[1997 approachdoesnot satisfycondition(P1).
Thussomecausalapproacheslo indeedgo beyond whatis
possiblewith minimal change.More work needso be done
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hereto properlyclassifycausalapproachebothin regardto
eachother (with respecto the differentcausalnotionsthey
employ) and also with regardto the Principle of Minimal
Change.

It shouldbe noted,thatwhenassessing theoryof action,
apartfrom its rangeof applicability, a secondcriterion that
is equallyimportantis the concisenessf its representation-
s (a solutionto the frameproblemoughtto be both correct
and concis®. In this article, concisenesfiasbeenleft out
of the picturealtogether Whatwe have mainly doneherein
wasto axiomaticallycharacteriseertainclassef dynamic
systemsavhoseresultfunction’® canbereproducedn terms
of preorders<,, on states.No consideratiorwasgivenasto
whether<,, canbe represented¢onciselyor not. As far as
ourresultsareconcerneddescribing<,, couldbeas“expen-
sive” aslisting the frameaxiomscorrespondindo R, which
of coursedefeatsthe whole purposeof using minimality. A
muchmoreusefulresult(for practicalpurposesyvouldbeone
that characteriseshe classof what we might call concise-
ly minimisabledynamicsystems;that is, dynamicsystems
whoseresultfunctionR canbereproducedy preorders<,,,
whichin turn canbe representedoncisely?

Similar considerationspply to causality Characterising
the classof dynamicsystemdor which causality(in onefor-
m or another)canduplicatethe resultfunction, althoughan
interestingtheoreticalresult, would not fully addresgheis-
sueof theapplicabilityof causalityin reasoningaboutaction.
Furtherwork would be requiredto identify the domainsthat
areamenabldo concisecausaldescriptions.

Notice, also,thatin casesvheretherangeof applicability
doesnot differentiatebetweencausaland minimality-based
approaches;oncisenessonsiderationsnay well favour one
overtheother More preciselyif theclassof domainsatfocus
is within the rangeof applicability of both causaland mini-
mal changeapproachesthe determiningfactorin choosing
betweenthe two could be the “information cost” associated
with the usageof eachapproach.

Notice that, while the conceptof minimality hastypically
beenusedin the literatureto dealwith the frame and rami-
fication problems the natureof condition(M) is suchthatit
requiresminimality to dealwith the qualificationproblemas
well. Indeed,via condition(M), the preordersof a preferen-
tial modelare used,not only to determinethe set of states
R(w, a) thatresultfrom the applicationof anactiona atan
initial statew (frameandramificationproblems) but alsoto
determinewhetherq is at all applicableat w (qualification
problem). The latter is decidedbasedon whetherR(w, o)
is the emptysetor not (cf. McCainandTurner[1995 who
claim this is a derivedqualificatior). One could arguethat
suchanadditionalburdenis perhapgoo muchfrom minimal-
ity to carry (or thatit is even counterintuitive), and maybe,
if liberatedfrom it, minimality could be usedin mary more
situations.Moreformally, considetthecondition(M’) below:

81t shouldbe notedthatall existing approachethatarebasecn
theconcepbf minimalchangeareindeedof thatnaturethatis, their
preorderson stateshave a concisedescription typically in theform
of a second-ordeaxiom (sometimesoupledwith limited domain-
specificinformation).
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M) If R(w,a) # @, then

(min([a]z, <) NS') / L.

Clearly (M") is wealer than (M). In fact, it is exactly the
wealening of (M) that is neededto disengageminimality

from the qualification problem. It would be a worthwhile
exerciseto reproducethe resultsof this article, having re-

placed (M) with (M’). The classof minimisable systems
couldbelarger, andmoreoer, we conjecturehatunder(M’),

strictly minimisablesystemsare a propersubclassof zero-
minimisabledynamicsystems.

We concludethis sectionwith a remark on minimality
ranks.Preliminaryconsiderationsuggesthatthereis aclose
relationbetweertheminimality rankof adynamicsystemon
the onehand,andits ontologicalpropertieson the othet For
example,domainswhereactionshave no ramifications tend
to have lower minimality ranksthandomainswhereramifi-
cationsdo appear If this connectioncanbe generalisednd
formally proved,theminimality rankof adomaincouldsene
asa precisemeasureof its compleity. More work however
needgo bedonein thisdirection.

R(w,a) =

6 Conclusions

We have developeda formal framewnork within which we

wereableto formulatenecessargndsuficientconditionsun-

derwhich adynamicsystemis minimisable;thatis, its result
functioncanbereproducedy anappropriatelydefinedmin-

imisation policy. What is particularly pleasingaboutthese
conditionsis thatthey arefew in numberandrelatively easy
and intuitive to understand.Our original motivationin this
studywasto answerthe questionasto whetherrecentlypro-
posedtheoriesof actioninvolving explicit representationef

causalityare capableof forms of reasoningnot possiblevia

minimal change.We have seenthatthis is not the casewith

someapproache¢McCain and Turner[1995) but in other

s (Thielscher{1997) the causalreasoningcannotbe charac-
terisedby the Principleof Minimal Change Perhap®f wider
significancas thefactthattheresultsreportechereclearlyin-

dicatethe rangeof applicability of the Principle of Minimal

Changepnesimply needdo verify threepropertiegviz. (P1)
—(P3)).

This work opensup mary interestingavenuesfor future
work, various of which were mentionedin the discussion.
Oneof the morepressings to considera variety of theories
of action, particularly causalones,andverify which proper
ties they satisfy This taskis well underway and resered
for a muchlengthierwork. Also of muchinterestwould be
to furthercategoriselevelsof minimisability andwhatdistin-
guishesthemtogetherwith the varioustheoriesof action at
thoselevels of minimisability.
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EPDL: A Logic for Causal Reasoning
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Abstract

This paper presents an extended system EPDL of
propositional dynamic logic by allowing a propo-
sition as a modality for representing and specify-
ing direct and indirect effects of actions in a unified
logical structure. A set of causal logics based on the
framework are proposed to model causal propaga-
tions through logical relevancy and iterated effects
of causation. It is shown that these logics capture
the basic properties of causal reasoning.

Keywords: causality, reasoning about actions,
common-sense reasoning

1 Introduction

Causality plays a basic role in human reasoning. The philo-
sophical study of causality dates back to the origin of the dis-
cipline. Al research in causality finds its impetus in consider-
ations from commonsense reasoning, especially the ramifica-
tion problem. It has been found that propagations of effects
cannot be appropriately specified by domain constraints (a set
of pure logical expressions) ([Lin 1995;McCain and Tuner
1995; Thielscher 1997]). Not only the causation between ac-
tions and fluents but also the causation between fluents has to
be explicitly represented and specified. It is obvious that these
two kinds of causation bear some essential similarities and so
might be formalized with a similar logical structure. This is
of importance not just in ontology. From the methodological
point of view, we might take advantage of such a similarity
to propose a provably correct theory of causality. We have
both a good understanding of, and formalisms for the direct
effects of actions. However, causal propagation is often con-
fused with logical relevancy and persistence of fluents.

In this paper, we introduce a formalism for representing
and specifying both the direct and indirect effects of actions
in a unified logical structure. Our framework is based on dy-
namic logic. We do so not only because the dynamic logic is
one of the typical formalisms for reasoning about action (c.f.
the preface of [Harel 1979]) but also because the modal ex-
pression of causal relation is one of the main approaches to
causation in philosophy ([Brand 1976]) and in Al ([McCain
and Turner 1995;Giordano et al. 2000]).

In dynamic logic, causation between an action and its ef-
fects is expressed by the modal formula [a] A, where o is a
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(primitive or compound) action and A is a property. For in-
stance, [Shoot]—-alive is read as “the action Shoot causes
a turkey to be dead”. In many cases, the effects of an ac-
tion can be further propagated through causal relations be-
tween fluents. For instance, if a turkey is shot down, its death
will cause the turkey to be unable to walk: —alive causes
—walking. However, this cannot be formally expressed in
dynamic logic. Obviously it cannot simply written as either
—alive — —walking or [-alive]~walking. The first ex-
pression is obviously unsuitable because of the directionality
of causation. The second one is not allowed in the syntax of
dynamic logic. Therefore, our idea for expressing indirect ef-
fects of actions in dynamic logic is to extend the traditional
dynamic logic language by allowing a proposition as a modal-
ity, say [¢] for proposition . If we allow a proposition as a
modality?, we will have a way to unify the treatment of the
causation between action and proposition and between propo-
sitions, likewise the treatment of direct and indirect effects of
actions.

In this paper, we first present such an extended system of
the propositional dynamic logic(PDL). The system serves
as a formal platform for causal reasoning on which a set of
causal logics are constructed to show how to build a causal
logic satisfying our intuitions of causal reasoning with dif-
ferent domains. An inference mechanism on action descrip-
tions is introduced to facilitate reasoning with action laws and
causal laws. Finally, an application of our approach to the
ramification problem is briefly presented and the computa-
tional complexity of some causal logics is discussed.

2 Extended Propositional Dynamic Logic

In this section, we extend the PDL by introducing proposi-
tional modalities, relative axioms and the intended semantics.
The extended system is called EPDL.

2.1 Languageof EPDL

The alphabet of the language Lrpp1. 0f the extended propo-
sitional dynamic logic consists of a countable set Flu of flu-
ent symbols and a countable set Actp of primitive action
symbols.

LA similar approach has been used by [Ryan and Schobbens
1997] to model knowledge updates and counterfactuals. Besides the
motivation, however, the semantics and deduction system are quite
different from ours.
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Propositions (¢ € Pro), formulas (4 € Fma) and actions
(o € Act) are defined by the following BNF rules:

pu=[]-0]e1 =@

Az=f|-A| A - A | [a]4d ]| [plA

axz=alajo|aUay | a* | A?

where f € Fluand a € Actp.

The intended meaning for [a] A is “a (always) causes A if
a is executable”. The dual operator {«)A, defined as usual,
reads as “a is executable and possibly (or may) cause(s) A”.
For instance, (Spin)-loaded says that “spinning a gun may
cause it to be unloaded”. (a) T means “« is executable”.

The formula [p]A, where ¢ is a proposition, represents
propositional causation, reading as “y causesA”. For ex-
ample, [short-circuit]ldamaged says that “a short-circuit
causes the circuit to be damaged”.

Notice the difference between [¢] and [¢?]. 7 is an ac-
tion, called test action, which can be compounded with other
actions but ¢ can not be compounded with actions.

2.2 Semantics

The semantics for EP DL is the standard semantics for PDL
plus the interpretation of propositional causation.

As usual, a model for EPDL is a structure M =
(W,R,V),where R ={R, : « € Act} U{R, : ¢ € Pro}.
The meanings of W, {R, : @ € Act} and V are the same
as the ones for a PDL model. For any proposition ¢, R,
similar to R,, is a binary relation on W'.

The satisfaction relation M =, A can be defined as usual.
For instance:

M =, [7]A iff for any (w,w') € Ry, M =, A, where
v € Act UPro.

As in any modal logic, A € Fma is valid in M, written as
MEAIfM|E, Aforallw € W. |= A means that A is
valid in all models.

The conditions of standard models for program connec-
tives are as usual. For instance, the condition for test action
is: “(w,w) € Ra? Iff M =, A”.

The conditions of standard models for propositional causa-
tion are as follows:

o Cow: If M =y @, then (w,w) € R,.
o Cop: If =1 & o, thenR,, =R,,.

The condition Cow is one half of the test action seman-
tics. It implies Ry2 C Ry,. S0 |= [¢]A — [p7?]A. Note that
= [¢?]A & (¢ = A). Thus |= [¢]A — (¢ — A). This re-
flects the essential difference between the causal relation and
the material implication. The difference between them is ob-
vious. Semantically, to verify ¢ — A, we only need to check
the truth-values of ¢ and A in the current world whereas to
verify [¢] A, not only the current world but also other related
worlds have to be considered. In other words, a causal rela-
tion is action-relevant in the way that it is sensitive to both the
history and the future evolution of the system under consid-
eration.

The condition C'c i shows that propositional causations we
consider are syntax-independent. Although it is not necessar-
ily true in practical reasoning, it is certainly a way to make a
causal theory simple.
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2.3 Deductive system

The axiomatic system for EPDL consists of the following
axiom schemes and inference rules:

(1). Axiom schemes:

o all tautologies of propositional calculus.

e all axioms for compound programs 2.

e EK:F [7](A — B) = ([y]A = [7]B) (Extended K)

o CW: I [p]A — [¢7]A (Causal Weakening)

(2). Inference rules:

e MP: FromtF Aand+ A — B, infer - B. (Modus
Ponens)

e EN: FromF A infer I [y]A. (Extended Necessitation)

e CE: From F ¢ « ¢ infer k- [p]A < [¢]A. (Cause
Equivalence)

where ¢, p1,92 € Pro, A € Fma, a € Act and v €
Pro U Act.

EK and EN are the extensions of the Axiom K and Ne-
cessitation N of PDL, respectively. They convey the mes-
sage that propositional causation [¢] will be treated as the
standard dynamic modality. The EK specifies propagation
of causations under logical implication. The inference rule
EN says that tautologies can always be caused.

The axiom CW and the inference rule C'E are new, spec-
ifying propositional causation. CW corresponds to the se-
mantic condition Cow, which reflects the standard way to
find and judge a causal relation. The rule CE (RCEC in
conditional logic ([Nute 1984])) exactly corresponds to the
semantic condition Cog.

Note that if we add an extra axiom “[p?]A — [¢]A” into
the deductive system, EPDL will collapse to PDL (pre-
cisely, PDL plus a duplicate of each test action, denoted by
PDL™). So the consistency of this axiomatic system is obvi-
ous.

Following the standard technique of using canonical mod-
els and filtration, we can prove that the deductive system for
EPDL is sound and complete.

Theorem1 + A if and only if |= A.

EPDL also preserves the finite model property, so it is
decidable.

2.4 Reasoningwith action descriptions

In reasoning about a dynamic system, we generally specify
the system by a set of domain-dependent axioms to describe
preconditions, qualifications and effects of actions, causal re-
lations and other domain constraints. Such a set is called an
action description or domain description, which can be any
finite set of EPD L formulas.

Example1 Consider the circuit of the following figure.
Let Flu = {swi, sws, light} and Actp = {Toggle,
Toggles}. Then the circuit can be specified by the follow-

ing action description:

—sw; — [Toggle;]sw; !/
sw; — [Toggle;|—sw; Wi SW2
[sw1 A swa]light light
[—sw1 V —swe]-light
(Toggle;) T
1=1,2

2See [Goldblatt 1987] or any other dynamic logic book.

Y=

I}
L
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The first two formulas describe the direct effects of action
Toggle; and Toggles. The middle two specify the causal re-
lations among the fluents in the circuit. “{T'oggle;) T” means
the action T'oggle; is always executable. [

We can easily see that a formula in an action description is
different from an ordinary formula. For instance, the sentence
“sw; — [Togglei]—swy” in an action description means
that “whenever switch 1 is on, toggling it will cause it to
be off”. In situation calculus language, it can be expressed
as Vs(swi(s) = —swi (result(Toggley, s))). A similar ex-
pression in dynamic logic is [any](swi — [T'oggle;]-swy),
where any is a special action, meaning “any action”. With
the help of [any], a sentence in an action description can be
easily differentiated from an ordinary formula. In [Goranko
and Passy 1992], it was shown that [any] can be an Ss-
modality. Therefore, if we want to introduce any formally
as [Prendinger and Schurz 1996] and [Castilho et al. 1999]
did, we must extend our system further by adding all the ax-
ioms of S5 and an extra axiom “[any]4A — [a]A”, stating
that any is a universal action.® Instead of doing this, how-
ever, we prefer a simpler way to deal with action description
by treating it as a set of extra axioms (domain axioms).

Definition 1 Let X be an action description. A formula A is
Y-provable, written as F* A, if it belongs to the smallest set
of formulas which contains all the theorems of EPDL, all
the elements of X, and is closed under M P and EN.*

Example 2 Consider the action description in Example 1.
We can easily prove the following consequences:

1. F¥ (swy A swa) < light

2. F¥ swy — [Toggle | -light

The first expression shows that the causal laws “[sw; A
swa)light” and “[-swy V —swsy]-light” imply the domain
constraint “(swy A swy) < light”. The second inference
relation reflects the propagation of effects of action T'oggle,
through the causal law [—swy V —swo]-light. O

Note that the action description X is not complete. All the
frame axioms were left out. For such an incomplete action de-
scription, a solution to the frame problem is necessary. Oth-
erwise, we can not even derive the following very intuitive
consequence:

FE —swy A —swy — [Toggler; Toggles)light

We will not include a solution to the frame problem in this
paper. A solution to the frame problem based on EPDL has
been presented in a separated paper ° There are also several
other PDL-based solutions to the problem in the literature

3This process is not necessary if the underlying language is finite.
Additionally, [Castilho et al. 1999] treated [any] as S4-modality.

“Note that we do not require that X-provability is closed under
CE. In fact, it is provable in the following sense:

If- @ < 4, then =[] A < [p] A.

>The basic idea of that paper is postponing the listing of
frame axioms till a query arises in order to reduce the re-
quirement of frame axioms. We proved that the required
frame axioms for answering a query only depend on the ob-
jects involved in the query and possibly some objects in ac-
tion description. The manuscript of the paper is available at
ftp://ftp.cse.unsw.edu.au/pub/users/ksg/Working/action3.zip.
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which can be easily embedded in EPDL ([Prendinger and
Schurz 1996;Castilho et al. 1999]).

A standard model M is called a £-model if M = B for
any B € X. A is Z-valid, written by =% A, if it is valid in
every ¥-model. Then we have

Theorem 2 (Soundness and completeness of X-provability)
F= Aifand only if =% A.

3 Logicsfor Causal Propagation

EPDL provides a unified syntax and inference mechanism
for reasoning about both direct effects and indirect effects of
actions. It is a minor extension of the classical propositional
dynamic logic.

We did not endow E P D L with unlimited ability for causal
reasoning. For instance, in Example 1, it is obvious that one
of the switches being off will cause the light to be off. How-
ever, we cannot prove in EPDL that H* [-sw,]-light or
F= [—sw2]-light. The reason for our decision is that causal-
ity is a relation sensitive to context, time, domains and so on.
It seems impossible to have a universal causal logic to sat-
isfy all kinds of applications. Instead, we introduce some op-
tional inference laws for causality in order to form a flexible
platform for causal reasoning.

Let us consider the following plausible laws of causality:

AND: FplA—=[pAyY]A

OR: Fp]AANY]A = [pVylA
Chn: F[pAyp]A — [¢][t]A (Chaining)
PsC: F A— [p]A (Pseudo-Causation)

These laws are not hard to understand even though they are
not necessarily widely acceptable. For instance, the first one
says that if ¢ causes A, then it still causes A with any extra
fact. The second one says that if individually ¢ and v cause
A, having one will cause A.

Chn says that if ¢ and ¢ are the causes of A, then these
causes can be chained into a nested causation. For instance,
in the circuit of Example 1, we could say that the closing of
switch 1 causes that the closing of switch 2 causes the light
to be on.

PsC says that everything can cause a true statement.

We can easily find examples in everyday reasoning to ver-
ify or refute any of these laws . For instance, on one hand by
AN D we can say that if raining causes wet, then raining
and shining cause wet as well; on the other hand, AN D im-
plies the following intuitive inference rule in the presence of
CE:

LC :ift ¢ — ¢, thenk [¢]A — [p] A.

This law, named as RC K in conditional logic, reflects the
regularity of causal propagation through logical relevancy.

It can be proved in EPDL that PsC' implies the following
law:

Clps : F [¢][t)]A — [ A ] A (Collapsing)

We call it the collapsing of cause-effect chain. Sometimes
it is a good simplification for causal reasoning. However, it
could be harmful if the cause-effect chain matters.

We can also find some pros and cons for the other laws. In
fact, we do not intend to persuade people to believe in these
laws but try to introduce a hierarchy of causal logics to meet
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different requirements of causal reasoning. We refer to these
logics as:

EPDL, = EPDL+ AND
EPDL, = EPDIL; +OR

EPDL3; = EPDLy + Chn
EPDLy = EPDL3 + PsC

Note that all the laws are independent. So we can combine
them in any fashion. We suggest that in practice such laws
should be recombined, or new axioms be introduced to form
partic%lar systems of causal reasoning for particular applica-
tions.

The following properties are the corresponding conditions
on standard models for the associated laws:

Canp: Rony CR,

Cor : R,vy C R, URy.
CChn : R¢, ¢} R¢ g R<P/\¢
Cpsc: Ry, C Ry

where R;q is the identity relation.

Note that all conditions Ccg, Canp, Cor, Conn and
Cpsc together imply:

1. Ryvy = R, URy.

2. R<p/\¢ =R<p 0R¢ =R¢0R¢

Therefore the conditions for EPDL4 models force the
accessibility relations of propositional causation to be a
Boolean lattice on the subsets of the identity relation. For-
tunately, the gap between causation and implication (or test
action) still exists. So EP DL, does not collapse to PDL™.

Proposition1 £, [¢]e. Therefore =4 [p?7]A — [p]A

Proof.  Let £ be a language of EPDL in which Flu = {fi,
f2}and Actp = {}. Let M = (W, R, V) be a standard model of
EPDL,where W = {w,w'}, Ry, = {(w,w), (w',w')}, Ry, =
{(w,w)}, Ry, = {(w, )}, Repy = {(w,w), (w', ")}, V(1) =
{w'}, V(f2) = {w}. Let Ryry = R,NRy and R¢v¢ = R,URy.
Then M isan EPDL4 model. We have M =, [f17]f1, but M [~y

O O

Accessibility relation for [f1?].  Accessibility relation for [f1].

This proposition differentiates our approach to causal-
ity from the counterfactual-based approaches where Self-
Causation is generally accepted.

The following theorem gives the soundness and complete-
ness of each logic, where ;(=;) represents the syntactical
(semantic) entailment in each logic.

Theorem3 +; Aifandonlyif =, A(i=1,---,4).

Decidability of each logic can be also proved in a similar
way with EPDL. Y-provability is readily extended into each
logic.

®These logics form a chain between PDL and PDL™:
EPDL<EPDL<EPDL;<EPDL3<EPDL4s<PDL".
The ordering shows the degree of closeness between causation
and implication in each logic.
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4 Reasoning with Causal Laws

Two kinds of causal relations have been explicitly distin-
guished in the philosophy of causality: causal laws and
causal instances. Roughly speaking, a causal relation is a
causal law if it exists everywhere whereas a causal instance
only exists in some particular worlds. Interestingly, most of
our intuition about causal reasoning comes from reasoning
with causal laws. For instance, Transitivity is generally ac-
cepted as a property of causal reasoning. However, if you
are not an EPDL, reasoner, it does not hold for causal in-
stances. More precisely, [¢]¢ A [)]A = [¢]A is not a tautol-
ogy in EPD L3 or lower. The reason is: even if ¢ can cause
1) to be true in any accessible worlds and ¢ can cause A to
be true in any accessible world, ¢ does not necessarily cause
A to be true in all its accessible worlds because v does not
necessarily cause A in ¢’s accessible worlds. However, if we
express Transitivity in the following form:

“If []y, [¢¥]x € =, then F> [p]x”
it will be valid in any causal logic. This means that if both
[(,0]¢ and [+]x are causal laws, [¢]x will be a derived causal
law.

We call a formula [¢]y a causal law if it is in an action
description. A general question is: Given a set ¥ of causal
laws, what other causal laws can be derived?, or formally,
whether = [¢]a)?

4.1 Propertiesof causalreasoning

Firstly, let’s show some basic properties of causal reasoning
with causal laws. The following theorem is a summary of
properties of EPDL and its extensions.

Theorem4 Let X be any action description. Then

1. If = [p]y and - 3 — x, then F= []x (Right Weakening).

2. If F= []ep and = [4]x, then F7 [@]x (Transitivity).

3. If = [p]ep and FE []x, then FE [¢] (3 A x) (Conjunction)

4, 1f % [p]x and F ¢ < 4, then = [¢]x (Left Logical Equiva-
lence).

5. 1f -2 []ep and F [][4]x, then F= [¢]x (Chain Effects).

6. If FT [x]e and F ¢ — x, then T [y (Left Strengthening).

7. IfFT [ V ¥]x, then FT [¢]x A [¢0]x (Disjunctive Antecedents).
8. IfF¥ [p]x and F¥ [¢]x, then 3 [©V4]x (Reasoning by Cases).
9. If ¥ [y and F§ [ A 2b]x, then 3 [¢]x (Cumulative Transi-
tivity).

10. IfFE [@ Atp]x, then F¥ []x V[¢]x (Conjunctive Antecedents).

Note that the majority of acceptable properties of causal
reasoning have been exhibited by EPDL. Some properties,
for instance, Conjunctive Antecedents, are not desirable for
all situations. This implies that not all the causal logics are
applicable to any domain. Nevertheless, the list of prop-
erties gives us criteria for selecting the best suitable causal
logic for reasoning about particular systems. We could also
use them to compare the logics we presented in the paper
and other causal theories’. For instance, [McCain and Tuner
1995]’s causal theory is different from all the causal logics
we consider because it does not satisfy Reasoning by Cases

[Schwind 1999] provided a comparative tableaux showing some
of these properties satisfied by the main formalisms of causality in
Al, which could be helpful for such a comparison.
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(see [Giordano et al. 2000]) but satisfies Cumulative Transi-
tivity. Those universal causal theories [Geffner 1992;Turner
1999;Giordano et al. 2000](basically using ¢ — C1 to ex-
press causation between ¢ and 1)) satisfy almost all the prop-
erties except Chain Effects or Pseudo-Causation®. On the
other hand, if we take McCain and Turner’s causal explana-
tion ([McCain and Turner 1997]) as semantics for causal re-
lation, causal reasoning in EP DL and its extensions is sound
in the following sense:

Let & = {[x]A : F¥ [x]A\}G = 1,---,4). Itcan be
proved that if I is causally explained according to X, then
it is causally explained according to X} for any 4. In other
words, X¥ is a conservative expansion of ¥ with respect to
the causal explanation semantics.

Some properties are not expected for causal reasoning.
Besides the Self-Causation (Proposition 1), Contraposition
is generally not acceptable for causal reasoning([Mackie
1974]). For instance, [~alive]-walking does not imply
[walkinglalive. The following example shows that even in
EPDL,, contraposition is not valid.

Example3 Let ¥ = {[-fi]f2}. Based on the proof of
Proposition 1 we have £y [ f2]f1. O

Nonmonotonicity sometimes is an attractive property of
reasoning. Unfortunately (or fortunately), EPDL and its ex-
tensions are monotonic in both the following senses:

a). If = [y, then F=YA [l

b). If -2 [p]e, then B3 [ A x]o fori > 1.

We do not think that nonmonotonicity is essential to causal
reasoning. We can use causal logic in the meta-level to build
monotonic or nonmonotomic systems for satisfying various
applications. Nevertheless, it is still interesting to investigate
nonmonotonic extensions of EPDL. For instance, the fol-
lowing axiom from conditional logic could be a promising
substitute for AN D°®:

CV -+ ([p]A A =[p]=x) = [p A x]A.

4.2 Application to the ramification problem

Before we present some further properties of EPDL, let us
consider an application of the logic. [Foo and Zhang 2001]
presented a unified solution to the ramification problem. The
main idea is the following. Suppose that we are given the
initial state Sy of a dynamic system,
which is a maximal consistent set of
fluent literals. A possible next state
S of the system after performed an
action should consist of three parts:
the direct effects E, the unchanged
part U and the indirect effects I. So S
According to the causation-based idea to the ramification
problem, the indirect effects I should be caused by the direct

8Conjunctive Antecedents is always satisfied by such a logic but
it is not acceptable for most cases of causal reasoning.

°If we conceive the causal relation o]y as a nonmonotonic in-
ference relation |~ v, then AN D will be Monotonicity and CV
will be Rational Monotonicity[Kraus et al. 1990] (One might have
found some similarities between the logics EPDL; and the logics
in [Kraus et al. 1990]). Note that a significant difference between
causal reasoning and nonmonotonic reasoning is that causal reason-
ing is not necessarily reflexive.
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effects E and the unchanged part U.2° This idea can be for-
malized in our terminology as > [EUUJI, where ¥ consists
of all the causal laws about the system'’. Therefore, a state
S is a possible next state of the initial state Sy if and only if
FE [EUU]I, whereU = SonSand I = S\(EUU).

This provides a unified approach to the ramification prob-
lem. We can choose different causal logics (not just the
ones we presented here) to satisfy different applications
against criteria of, for instance, inferential strength, expres-
sive power, computational complexity and so on. This moti-
vated us to provide a set of causal logics rather than a single
one.

The results in the following section show that such a choice
could be important at least for the solution to the ramification
problem.

4.3 Characteristic theorem and complexity of
reasoningwith causallaws

A common misunderstanding in Al seems to be that an action
theory in dynamic logic is prohibitively expensive in compu-
tation because the complexity of theorem proving of proposi-
tional dynamic logic is exponential. However, dynamic logic
is highly expressive. It can express any complicated pro-
gram. Therefore decidability may be the best result we can
expect. The extended propositional dynamic logic for action
and causation preserves decidability. With the same expres-
sive power, however, the other formalisms of action may need
second-order logic.

In this subsection, we argue that if we focus on causal
reasoning with causal laws, the computational complexity in
some causal logics can be lowered. First, we give a character-
ization theorem for EP DL and some of its extensions. This
theorem shows that causal reasoning in these logics can be
transformed into the classical propositional logic.

Theorem5 Let ¥ be a set of causal lawsand D(X) = {¢ —
¥ : [p]Y € B}. Then

1L F [l it DEYU{N: N e & @ & X} F .
2. FP [pwiff DE)U{A: XN € &F o — x} 2.
[

3. B [p]w iff there exist @1, - -, SUCh that - ¢ <> (1 V
-V pp,) and FT [ ]e for each k(1 < k < n).

The results in the theorem are a little bit complicated but
still quite intuitive. D(X) can be read as the domain con-
straints implied by the causal laws Y. Take EPDL; as an
example. Theorem 5 shows that given a set of causal laws
¥, acausal law [p]¢ is derivable if ¢ logically implies some
causes whose effects logically imply +) under the domain con-
straints. It is easy to see that the computational complexity
of causal reasoning with causal laws in these three logics is
in PNP | so it is significantly lower than the complexity of
PDL.

The characterization theorems for EPDL3 and EPDL,
are still open problem. The one for EPD L3 could be fairly

°Note that the unchanged part should be considered as the causes
of indirect effects because making something unchanged is also a
kind of effect of actions.

e overloaded the set of literals to the conjunction of the set.
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complicated. Relatively, the one for EPDL,4 might be sim-
pler because we can transform a causal law into a normal
form.

Example4 Consider the circuit in Example 1. The causal re-
lation in this circuit can be described by the following causal
laws:

v { [sw1 A sws] light }

[-swy V —sw] —light

Suppose that the initial state Sg is {—sw1, swq, —light}.
Since I [sw1 A —light]—sws, the only possible next state
is S = {sws, swe, light} after performed an action T'oggle;
if we use EPD L, as the meta-logic for reasoning. Note that
EPDL, is enough for this example because we need not con-
sider the disjunctive or nested causal laws here. O

[Foo and Zhang 2001] provided a more general approach
to deal with more complicated domains, which can also be
applied in this framework.

5 Conclusion

We have presented an extended system EPDL of proposi-
tional dynamic logic for reasoning about causality. The ex-
tended propositional dynamic logic provides a unified formal-
ism for reasoning about (direct and indirect) effect of actions.
The extension is so slight that only two axioms and two in-
ference rules were added. It has been shown that the resul-
tant system captures the basic properties of causal reasoning.
Such simplicity may reflect the essential similarity between
direct and indirect effect of actions.

EPDL was then extended with a set of extra axioms on
causal propagation. A series of causal logics were designed
and the properties of these logics in causal reasoning with
causal instances and causal laws are discussed, respectively.
However, presenting these logics is not the main purpose of
the work. We aimed to show in this paper how to construct
causal logics for satisfying different applications in different
domains. We believe that the representation of causation in
dynamic logic affords the flexibility to accommodate differ-
ent varieties of causal reasoning while retaining a core that
captures their uncontroversial aspects.

There is a lot of work left for the future. Besides
the nonmonotonic extensions, characterization theorems for
EPDLsand EPD Ly, and complexity analysis of causal rea-
soning, a comprehensive comparison needs to be done with
other formalisms of causality in Al and philosophy.
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Abstract

The qualification problem refers to the difficulty
that arises in formalizing actions, because it is diffi-
cult or impossible to specify in advance all the pre-
conditions that should hold before an action can be
executed. We study the qualification problem in the
setting of the situation calculus and give a simple
formalization using nested abnormality theories, a
formalism based on circumscription. The formal-
ization that we present allows us to combine a so-
lution to the frame problem with a solution to the
qualification problem.

1 Introduction

Two problems that are important in logical formalizations
of commonsense reasoning are the frame problem and the
qualification problem [McCarthy, 1977; 1980]. While the
frame problem has received a lot of attention in the litera-
ture in recent years [Lin and Shoham, 1991; Lifschitz, 1991;
Kartha and Lifschitz, 1994; Sandewall, 1994; McCain and
Turner, 1995; Thielscher, 1997; Giunchiglia er al., 1997,
Shanahan, 1997; Mcllraith, 20001, the qualification problem
has not been studied as carefully(see however the discussion
in the section on related work). In this paper, we clearly de-
fine what we mean by the qualification problem and intro-
duce a formalization of the problem using nested abnormality
theories [Lifschitz, 1995]. This formalization has the advan-
tage that solutions to the frame problem can be incorporated
smoothly with the solution to the qualification problem. We
also point out problematic aspects of the current approaches
to the qualification problem.

The qualification problem [McCarthy, 1980] refers to the
difficulty that one has in formalizing an action, because it is
difficult or impossible to enumerate all the preconditions that
need to be satisfied before the action can be performed. One
of the more well known examples that illustrate this problem
is the potato in the tailpipe example due to McCarthy. The
example is as follows: The action of starting a car results in
the engine running. However, there are many implicit precon-
ditions to the action of starting the car, for instance that there
is no potato in the tailpipe, the battery is not dead etc. The
problem is how to formalize such examples without getting
bogged down in the representation of all such preconditions.
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Let us examine the example in a little more detail. The
action of starting the car (without any qualifications) can be
formalized in the situation calculus [McCarthy and Hayes,
1969] as follows:

—Holds(EngineRunning, s) D
Holds(EngineRunning, Result(StartCar, s)). (1)

To take into account various preconditions of the action
StartCar, we could modify (1) by adding preconditions to its
antecedent as in,

—Holds(EngineRunning, s) A —=H olds(PotatoInTailPipe, s)
D Holds(EngineRunning, Result(StartCar, s)).

However, note that we will be able to include in the lan-
guage of our axiomatization only a subset of all the precon-
ditions that can affect the outcome of an action, because we
cannot foresee all of them. For instance, a factor that could
affect the outcome of the action StartCar is the presence (or
absence) of a mysterious ray. We would include facts about
this ray in the language of our axiomatization only when we
are given that this is a relevant fact.

Let us then start by fixing the language. Even then, it
would be difficult to foresee all the circumstances (in the lan-
guage) that can affect an action. Thus the qualification prob-
lem does not vanish when the language is fixed, but takes on a
slightly different flavor. Now the key question becomes how
one can axiomatize the domain of interest in such a way that
on learning a new precondition for an action, one is able to
incorporate this additional knowledge in a modular fashion
in the axiomatization. Note that adding preconditions to the
antecedent, as we have done in axiom (2) is not very modular.

Thus, it seems that there are really two related, but distinct
aspects to the qualification problem.

1. The problem of how to smoothly incorporate various ad-
ditions to the language of an axiomatization. The addi-
tion into the axiomatization of the facts pertaining to the
mysterious ray and its effect on starting the car is an in-
stance of this. Note that here the language of the axiom-
atization changes as a result of incorporating the change.
This aspect of the qualification problem is related to
McCarthy’s notion of elaboration tolerance! [McCarthy,

' According to McCarthy, “a formalism is elaboration tolerant to
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1998]. This aspect is also related to the problem of
how to move between axiomatizations (in different lan-
guages) that axiomatize a domain in different levels of
detail.

2. The problem of how to represent the qualifications to an
action, when the language of the axiomatization is fixed.
The chief issues here are

(a) Whether we can easily incorporate the fact that an-
other circumstance (in the language) qualifies an
action without drastically modifying the original
axiomatization. For instance, we would like to
achieve this by adding a new sentence into the lan-
guage. Again, this is because of our desire for an
elaboration tolerant solution.

(b) To see whether the conclusions that are sanctioned
formally agree with our intuitions.

Note that the two aspects share a desire for elaboration tol-
erance, so that a solution for one aspect is likely to contribute
to a solution for the other. The current paper deals only with
the second of the two aspects of the qualification problem.

The rest of the paper is organized as follows. In the next
section, we explain our formalization and give an example of
the kind of results that can be proved using our formalization.
We then survey related work, summarize the key contribu-
tions of this work and point out directions for future work.

2 Formalization

Since our aim is to convey the key ideas, we will explain our
formalization via an example, but will indicate at the appro-
priate places how one would generalize. The example we use
is a slightly extended version of the potato in the tailpipe ex-
ample from [Thielscher, 1996]. The example consists of ex-
tending the basic potato in the tailpipe scenario with another
action, PutPotato. The result of this action is to put the potato
in the tailpipe, unless this action is qualified. This action is
qualified if the potato is so heavy that it cannot be lifted.

Following McCarthy [McCarthy, 1986], here are some ax-
ioms that capture the scenario:

—Holds(EngineRunning, s) A = Ab(StartCar, s) D
Holds(EngineRunning, Result(StartCar, s)),  (3)

—Holds(PotatoInTailPipe, s) A ~Ab(PutPotato, s) D
Holds(PotatoInTailPipe, Result(PutPotato, s)), (4)

Holds(PotatoInTailPipe, s) D Ab(StartCar,s), (5)

Holds(HeavyPotato, s) D Ab(PutPotato, s), (6)

—Holds(EngineRunning, Sp). @)
the extent it is convenient to modify a set of facts expressed in the

formalism to take into account new phenomena or changed circum-
stances”.
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Here Ab is an abnormality predicate that will be mini-
mized. The advantage of this representation is that as we
think of new qualifications, they can be easily incorporated
into the theory by means of axioms such as (5) and (6).

However, it should be noted that we are rarely interested
in solving the qualification problem in isolation. We also
need to ensure that the truth values of the fluents do not
change without a reason, so that we are able to obtain the
intuitively expected results. To see this, let T' be the the-
ory consisting of axioms (3), (4), (5), (6) and (7). Let
T' be the theory obtained by minimizing Ab in T. We
would like 7" to entail the formula —Ab(PutPotato, Sp) and
consequently —Holds(HeavyPotato, Sp). Although, intu-
itively we would then conclude that the fluent HeavyPotato
remains false after executing an action in Sp (since
there are no actions that change the truth value of
that fluent), 7" is not strong enough to entail formu-
lae such as —Holds(HeavyPotato, Result(StartCar, Sp)),
—Holds(HeavyPotato, Result(PutPotato, Sp)) etc.  This
shows that we need to combine a solution to the frame prob-
lem with a solution to the qualification problem to enable us
to draw the intuitively expected conclusions.

The formalism that we use that helps us in tackling the
frame problem and the qualification problem in sequence,
without the solutions interfering with each other is the formal-
ism of nested abnormality theories (NATSs) [Lifschitz, 1995].
The main feature of NATS is that the effect of a circumscrip-
tion can be restricted to a part of the theory called a block.
Formally, a block is of the form {C1,...,Cp, : ®1,...,®,},
where C4,...,C), are function and/or predicate constants
and ®,,...,®,, are axioms, possibly containing an abnor-
mality predicate Ab. The block corresponds to the circum-
scription of Ab in the theory consisting of ®4,..., ®,,, with
Ci,...,Cy, allowed to vary. Note that each of ®¢,..., P,
itself may be a block.

Formally, the semantics of NATs is defined by a map g that
translates blocks into sentences of the underlying language.
We define g as follows:

g{C’l, . ,Cm : (I)l, RN (I)n} = EIabG(ab),
where

Here CIRC stands for the circumscription of Ab in
g®1 A ...\ g®P, withCy,...,C,, allowed to vary (see [Lif-
schitz, 1993a] for the formal definitions). For a sentence ®
that does not include Ab, g® is is equivalent to ®.

Since we need to consider the frame problem, we will need
to axiomatize the commonsense law of inertia, according to
which the truth values of fluents persist unless they are ab-
normal. Using ideas from [Kartha and Lifschitz, 1995], we
formalize this as

—Ab(f,a,s) D Holds(f,s) = Holdsr(f,a,s), (8)

and denote it by LI. Here Holdsg is a new predicate, ex-
plicitly defined outside the block solving the frame problem
as

Holdsg(f,a,s) = Holds(f, Result(a, s)).
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The role of this predicate for solving the frame problem can
be explained roughly as follows—by “factoring away” the re-
sult function, we are able to focus attention only on the situ-
ation s and the situation that we obtain after action a is per-
formed in s. For more details and intuitions, the reader is
referred to [Kartha and Lifschitz, 1995].

In our formalization, we will formalize the effect of per-
forming an action using the Holdspg predicate. Thus, for in-
stance, the axioms (3) and (4) will become

—Holds(EngineRunning, s) A = Ab(StartCar, s) D
Holdsg(EngineRunning, StartCar, s),  (9)

—Holds(PotatoInTailPipe, s) N\ = Ab(PutPotato, s) D
Holdsg(PotatoInTailPipe, PutPotato, s). (10)

Let T, denote the conjunction of axioms that formalize the
effect of performing an action using the predicate Holdsg.
Then each formula of T is of the syntactic form

pref 4(s) A—Ab(A, s) D Holdsp(F, A, s)

or
prep 4(s) A =Ab(A, s) D ~Holdsg(F, A, s).

where preﬁ 4 (s) denotes a finite conjunction of formulas of
the form Holds(F,s) or =Holds(F,s). In our example, T,
thus stands for the conjunction of (9) and (10).

Similarly, let 17, stand for the conjunction of axioms that
formalize the qualifications. Syntactically, these axioms are
of the form

quala(s) D Ab(A, s)
where qual 4(s) is a finite disjunction of conjunction of for-
mulas of the form Holds(F,s) and =Holds(F,s). In our
example, T, is the conjunction of (5) and (6).

Let T,ps stand for the conjunction of axioms that formalize
the observations.These axioms are a finite conjuncion of for-
mulas of the form Holds(F, Sp) and ~Holds(F, Sp). In our
case, Typs 1s (7).

We also introduce the uniqueness of names and domain
closure axioms for fluents and actions. For instance, in our
example, the uniqueness of names axiom for fluents consists
of the following axiom.

EngineRunning # HeavyPotato N\
EngineRunning # PotatoInTailPipe N\
HeavyPotato # PotatoInTailPipe.

The domain closure axiom for fluents is

f = EngineRunning V
f = PotatoInTailPipe V
f = HeavyPotato.

Let UNA and DCA denote respectively the uniqueness of
names axioms and the domain closure axioms for fluents and
actions.

We need two technical devices for our axiomatization.
Firstly, we need to include an existence of situation axiom
([Baker, 1991]) (denoted ES) that states that corresponding
to every set of fluents, there is a situation in which exactly
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these fluents hold. For our example, the existence of situation
axiom consists of the conjunction of

ds(—Holds(EngineRunning, s) \
—Holds(PotatoInTailPipe, s) A
—Holds(HeavyPotato, s)),

and seven other similar formulae asserting the existence of a
situation corresponding to other possible truth values of the
three fluents.

Secondly, we need to include a formula which states that
there is a situation distinct from Sy where exactly those flu-
ents that hold in Sy hold. Formally, this formula is

ds[s # So AV f[Holds(f,s) = Holds(f,So)]]-

This formula is denoted ESI (for existence of situation for
the initial situation).
We are now ready to give our formalization.

UNA,
DCA,
{Holds, Holdsg, Result, Sy :
ES,
ESI,
Holdsg(f,a,s) = Holds(f, Result(a, s)),
{Holdsg :
L,
Te,
Tqua:

obs»

}
1.

The inner block solves the frame problem. Note that
the abnormality predicate that is being circumscribed in this
block is the ternary one that occurs in LI, not the binary one
occurring in Te. Also, Tjyq and Ty, do not contain any oc-
currence of Holdsg and Ab(f,a, s), and hence do not play
any role in the circumscription of the inner block 2. The outer
block minimizes the binary Ab and solves the qualification
problem. The existence of situations axioms ensure that the
binary abnormalities are minimized over all situations. The
strategy of first solving the frame problem and then the qual-
ification problem can also be found in [Ginsberg and Smith,
1988; Lin and Reiter, 1994].

Let N be the NAT that encodes our example. By entailment
relation for N, we will mean the circumscriptive entailment
relation for NATs (for details, see [Lifschitz, 1995]). As a
representative of the kind of results we can prove, we state
the following theorem.

Theorem 1 The following set of formulae are entailed by N.
1. =Holds(HeavyPotato, Sp) A

—Holds(PotatoInTailPipe, Sy).
2. Yas(Holds(HeavyPotato, s) =

Holds(HeavyPotato, Result(a, s))).

3. = Holds(EngineRunning, Result(PutPotato, Sp)).
4. —Holds(EngineRunning, Result(StartCar, S1)) where
S1 = Result(PutPotato, Sp).

>This can also be achieved by moving Tyyq and T,ps from the
inner to the outer block.
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The first formula states that the fluents HeavyPotato and
PotatolnTailPipe do not hold in the initial situation. This is
intuitively expected, since we are given no information as
to whether these fluents hold in the initial situation and we
would like to assume that these do not hold if we can do so in
order to minimize the abnormalities.

The second formula shows that the value of the fluent
HeavyPotato does not change as a result of performing an
action. Again, this is expected from a solution to the frame
problem, as there are no actions that can change the truth
value of the fluent HeavyPotato. The third formula fol-
lows from the solution of the frame problem for the fluent
EngineRunning and (7).

The fourth formula shows that if you put potato in the
tailpipe and then start the car, the engine does not start. This
is because as a result of performing the first action PutPotato,
the second action StartCar becomes qualified.

Without the ES and ESI axioms, we would not be able to
obtain the desired conclusions from our formalization. To see
this, let us consider a formalization, N1, of our example that
differs from N only in that N; does not include ES and ESI.
Define a structure M/ with the universe of situations, | M |,
defined as {0}, the universe of fluents, | M |, is defined as

{PotatoInTailPipe, EngineRunning, HeavyPotato}, the uni-
verse of actions is defined as {StartCar, PutPotato}, the in-
terpretation of the predicate Holds defined as Holds™ =
{(PotatoInTailPipe,0)} and the interpretation of Result,
Result™ defined as Result™(A,0) = 0, where A ranges
over the actions. It is easy to check that M is a model of N;.
Hence, we see that Ny (= ~Holds(PotatoInTailPipe, Sy).
We noted that NV entails the formula

—Holds(HeavyPotato, Sp). Clearly, this formula
will not be entailed if T,;s includes the formula
Holds(HeavyPotato,Sy).  This shows that adding an
observation does not reduce the set of models of N, but
changes them. Hence the solution that we present here does
not have the restricted monotonicity property [Lifschitz,
1993b] with respect to observation sentences. In general, we
do not expect this property to be obeyed by solutions to the
qualification problem.

3 Related Work

McCarthy [McCarthy, 1986] has suggested using circum-
scription to solve the qualification problem. The use of Ab
in our formalization is based on his abnormality predicate,
but several ideas in our formalization such as the use of the
Holdsp predicate and the use of the existence of situations
axiom for solving the qualification problem are new. Also,
we consider how to combine a solution to the frame problem
with a solution to the qualification problem.

In his brief paper on the qualification problem, Elkan
[Elkan, 1995] suggests using a context mechanism for for-
malizing the qualification problem, but does not present any
such formalization. He criticizes a particular formalization of
the qualification problem based on default logic on the ground
that all the potential qualifications to an action need to made
explicit in that formalization. While the criticism is on the
mark for the particular formalization, it seems that a formal-
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ization in default logic that uses an abnormality predicate will
not suffer from this criticism.

Lifschitz [Lifschitz, 1987] formalizes the qualification
problem by circumscribing a predicate precond. His formal-
ism is less expressive than ours, since it does not permit one to
express that an action is qualified if two fluents are simultane-
ously true. Also, his formalism is embedded within a causal
language known to have difficulties with domain constraints®
[Baker, 1991].

Thielscher [Thielscher, 1996] claims that global minimiza-
tion of abnormalities fails to solve the qualification problem.
The example that he uses is the one that we have formalized in
the previous section as a NAT. The question that Thielscher
raises is as to what would happen if we perform the action
PutPotato followed by the action StartCar. He claims that if
we globally minimize abnormalities, there would be a model
where the action PutPotato does not have its intended effect
(because that action is qualified) and hence in that model the
engine would start after performing the action StartCar.

It should be noted that Thielscher gives only an informal
argument for the claim, not a formal proof. His claim seems
to be based on the fact that he is considering a propositional
language and does not consider abnormalities to have situa-
tional arguments. As we have shown, the unintended model
does not arise in our formalization.

Thielscher represents qualifications in the form

a disqualified after [a;.. .., a,],

which indicates that after performing the sequence of actions
ai,...,ay,, action a becomes disqualified. To specify such
axioms, it is necessary to precompute what the effect of dif-
ferent sequences of actions should be, which is cumbersome.
In contrast, our formalization allows us to specify qualifica-
tions directly in terms of fluents. However, Thielscher con-
siders the issue of “miraculous qualifications”, an issue that
we do not consider.

Mcllraith [Mcllraith, 2000] addresses the frame, ramifica-
tion and qualification problem within the context of the situ-
ation calculus. In contrast to the approach presented in this
paper, Mcllraith compiles a set of effect axioms and ramifica-
tion constraints into a set of successor state axioms. It should
be noted that such a compilation is possible only when the ef-
fect axioms and ramification constraints follow a syntactic re-
striction. (Theories with such a syntactic restriction are called
solitary stratified theories in [Mcllraith, 2000]). Whether the
approach presented in this paper coincides with that in [McIl-
raith, 2000] when restricted to the case of solitary stratified
theories remains open.

4 Conclusions and Future Work

We have presented a simple formalization of the qualification
problem based on NATs and and have shown how to combine
a solution to the frame problem with this formalization. We

3By domain constraints, we mean formulae that relate fluents in
the same situation. An example of a domain constraint that we may
wish to include in our example is Holds(PotatoInTailPipe, s) D
—Holds(EngineRunning, s).
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have also argued that this formalization offers several advan-
tages in comparison with existing approaches.

Theorem 1 pertains only to the example presented in this
paper. This raises the question as to how we can evaluate
the general applicability of the formalization presented here.
One way is by proving theorems about what the formaliza-
tion does and does not entail. For instance, we can prove that
the inner block (that solves the frame problem) generates con-
clusions identical to the ones sanctioned by a A-like [Gelfond
and Lifschitz, 1993] language. Evaluating that the outer block
handles qualifications correctly is harder. One approach is to
test that the formalization yields intutively expected results
on a test suite. A more principled approach is to define a
language formalizing intuitions about qualifications and then
prove soundness and completeness theorems along the lines
of [Kartha, 1993]. Both these approaches are currently being
pursued.

One direction for future work is to investigate how the
ideas presented in this paper can be generalized to handle do-
main constraints. In the presence of domain constraints, the
situation is more complicated for the following reasons.

e The existence of situations axiom needs to be changed,
since now, all possible combination of fluents are not
consistent.

¢ As pointed out by [Ginsberg and Smith, 1988] and [Lin
and Reiter, 1994], some domain constraints can act as
constraints on the performability of an action (these are
called qualification constraints) whereas some other syn-
tactically indistinguishable domain constraints give rise
to indirect effects (these are called ramification con-
straints).

The first of the above complications can be handled, for in-
stance, by including a block that formalizes a nonmonotonic
version of the existence of situations axiom, as in [Kartha and
Lifschitz, 1994].

The second difficulty is more serious. If all the constraints
are ramification constraints, then solutions to the frame prob-
lem shown here can be easily extended (along the lines of
[Giunchiglia et al., 1997]). If we have both ramification and
qualification constraints, we need to separate the set of con-
straints into these two sets and consider them separately.
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Computing Strongest Necessary and Weakest Sufficient Conditions of First-Order
Formulas

1

In [Lin, 2000, Lin proposes the notion of weakest sufficient
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Abstract

A technique is proposed for computing the weakest
sufficient (wsc) and strongest necessary (snc) con-
ditions for formulas in an expressive fragment of
first-order logic using quantifier elimination tech-
niques. The efficacy of the approach is demon-
strated by using the techniques to compute snc'’s
and wsc'’s for use in agent communication applica-
tions, theory approximation and generation of ab-
ductive hypotheses. Additionally, we generalize re-
cent results involving the generation of successor
state axioms in the propositional situation calculus
via snc’s to the first-order case. Subsumption re-
sults for existing approaches to this problem and a
re-interpretation of the concept édrgettingas a
process of quantifier elimination are also provided.

Introduction

and strongest necessary conditions for a propositionder

a propositional theory', where the techniques for generating
the resulting formulas may be parameterized to contain only

a restricted subset of the propositional variable®irin ad-

dition, he investigates a number of methods for automatically
generating snc’s and wsc's, several based on the generation of
prime implicates and a preferred method for computing snc’s

and wsc’s based on the notion fofigetting[Lin and Reiter,

1994. Snc’s and wsc’s have many potential uses and appli-
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formulaa is a minimal satisfiable term logically implying

and a prime implicate is a minimal satisfiable clause which
is logically implied bya. The relation between prime impli-
cants/implicates and wsc’s/snc’s is used by Lin in his inves-
tigation of methods for automatically generating wsc’s and
snc’s. Generating prime implicants and implicates for propo-
sitional formulas is intractable and in the general case, the
same applies for wsc’s and snc’s.

Lin’s results apply to the propositional case and his algo-
rithms for automatically generating snc’s and wsc’s are em-
pirically tested. For the propositional case, we propose a dif-
ferent method for computing snc’s and wsc’s that is based
on second-order quantifier elimination techniques and has the
following advantages:

e The general method applies to the full propositional lan-
guage and snc’s and wsc's are generated directly for ar-
bitrary formulas rather than propositional atoms.

e When applying second-order quantifier elimination, one
substantially simplifies the propositional case consid-
ered by Lin and often gets a more efficient computation
method.

¢ A non-trivial fragment of the propositional language is
isolated where snc’s and wsc's for formulas in this frag-
ment can be generated efficiently and are guaranteed to
be so.

e The quantifier elimination algorithms which provide the
basis for automatically generating snc’'s and wsc'’s for
arbitrary propositional formulas are implemented.

cations ranging from generation of abductive hypotheses to One of the most interesting and potentially fruitful open
approximation of theories. In fact, special cases of snc’s angroblems regarding snc’s and wsc’s is generalization to the
wsc's, strongest postconditions and weakest precondition§iyst-order case and developing associated methods for au-

have had widespread usage as a basis for programming latematically computing snc’s and wsc's. [hin, 2004, Lin

guage semantid®ijkstra, 1978.
Weakest sufficient and strongest necessary conditions for

propositional formulas are related to prime implicants and

implicates, respectively. Classically, a prime implicant of a

*Supported in part by the WITAS project grant under the Wal-
lenberg Foundation, Sweden.

tSupported in part by the WITAS project grant under the Wal-
lenberg Foundation, Sweden and KBN grant 8 T11C 009 19.

1This paper received the best paper award at the KR’00 Confer-
ence, Breckenridge, Colorado, 2000.
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states,

There are several directions for future work. One of
them is to extend the results here to the first-order case.
This can be a difficult task. For instance, a resulLim
and Reiter, 1997shows that forgetting in the first-order
case cannot in general be expressible in first-order logic.
As a consequence, we expect that strongest necessary
conditions of a proposition under a first-order theory can-
not in general be expressible in first-order logic either. It
seems that the best hope for dealing with the first -order
case is to first reduce it to the propositional case, and then
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try to learn a first-order description from a set of propo- and the formulaa = Vz.CanMove(z). ClearlyT (£ «.
sitional ones. Quite often, it is useful to hypothesize a preferred explana-
With Lin, we agree that the task is difficult. We also agreetion ¢ for a under a theory” whereT' A ¢ |= a, ¢ is minimal
that in the general case snc’s and wsc’s for a proposition oin the sense of not being overly specific and where the ex-
first-order formula under a first-order theory is not always ex-Jlanation is constrained to a particular subBesf symbols
pressible in first-order logic. In fact, the techniques we pro4n the vocabulary. Clearly, the weakest sufficient condition
pose provide a great deal of insight into why this is the case for the formulac on P underT provides the basis for a
and in addition define a non-trivial fragment of first-order minimal preferred explanation af whereT = ¢ — a.
logic where snc’s and wsc's are guaranteed to be expressible the case ofP = {HasW heels}, the weakest sufficient
in first-order logic. condition would be¢p = Vz.HasWheels(z), and in the
Rather than using indirect techniques to reduce a first-ordetase ofP = {HasW heels, Car} the wsc would bep =
case to the propositional case and then try to learn a first-ord&tz. HasW heels(x). Generating abductive hypotheses is just
description from a set of propositional ones as Lin suggest®ine application of wsc's. There are many other applications
we propose a more direct method and provide techniques forhich require generation of wsc’s or snc's, several of which
the automatic generation of snc’s and wsc’s for a first-ordefre described in section 5.
fragment. Given a theor¥ and a formulax in this fragment,
we simply append appropriate quantifiers over relational varil.2  Paper Structure
ables inT' A a (or T — a) and use second-order quantifier |, section 2, we begin with preliminaries and state the the-
elimination techniques to reduce the second-order formula t§,e - \hich provides the basis for second-order quantifier
a logically equivalent first-order formula representing the SnGyjimination techniques. In section 3, we define snc’s and
or the wsc for underT". Complexity results are provided for \yses for propositional formulas under propositional theo-

this fragment, but the method works for full first-order logic. jeg a5 second-order formulas with quantification over propo-
In this case, depending on the natureloanda, the tech-  gjii5na1 symbols, show how the elimination techniques are
.applied and provide complexity results for the technique. In
Section 4, we generalize to the first-order case using primarily
Mhe same techniques, but with quantification over relational
symbols. In section 5, we demonstrate both the use of snc’s
Snd wsc’s in addition to the reduction techniques by provid-
ing examples from a number of potentially interesting appli-
e N . cation areas such as agent communication languages, theory
quantifier elimination techniques, see dlslmnnengaret al., approximation, generation of abductive hypotheses and gen-
1999. eration of successor state axioms in the situation calculus. In
1.1 Weakest Sufficient and Strongest Necessary section 6, we relate the proposed techniques to the notion of

Conditions forgettingwhich serves as a basis for Lin’s techniques and in
so doing, prove subsumption results. In section 7, we con-
clude with a discussion about these results.

not a reduction, but simply because the elimination algorith
can not find a reduction.

We compute these conditions using extensions of resul
described in the work ofDohertyet al, 1997; 1998; Non-
nengart and Szalas, 1998For a survey of these and other

In the following, we will be dealing with the predicate cal-
culus with equality, i.e. we assume that the equality,is

always a logical symbol. The following definitions describe o .
the necessary and sufficient conditions of a formuleela- 2 Preliminaries

t'V'Z_e(_j_to a subsep of relation symbc_>|_s under a thealy The following Theorem 2.2 has been provedonnengart
Definition 1.1 By a necessary condition of a formui@on  and Szalas, 1998 It allows us to eliminate second-order
the set of relation symbolB under theoryl' we shall under-  quantifiers from formulas which are in the form appearing
stand any formula containing only symbols id® such that  on the left-hand side of the equivalences (1), (2). Such for-
T |= a — ¢. Itis astrongest necessary conditiatenoted by  mylas are calledemi-Horn formulasv.r.t. the relational vari-
SNC(e; T'; P) if, additionally, for any necessary conditign  aple® - see alsdDohertyet al, 1996. Observe, that in the

of a on P underT, we have thal” |= ¢ — ¢. ® context of databases one remains in the tractable framework,
Definition 1.2 By a sufficient condition of a formula. on  since fixpoint formulas over finite domains are computable in
the set of relation symboB under theoryI’ we shall under-  polynomial time (and space) - see dAybiteboulet al,, 1996;
stand any formulg containing only symbols it® such that Ebbinghaus and Flum, 19R5Of course, the approach is ap-

T = ¢ — a. Itis aweakest sufficient conditipdenoted by  plicable to areas other than databases, t00).

WSC(e; T; P) if, additionally, for any sufficient conditioth
of @ on P underT’, we have thal’ = ¢ — ¢. ®

The setP in Definitions 1.1 and 1.2 is referred to as the obtained frome by substituting each occurrence oby t.
target language

To provide some intuition as to how these definitions carﬁq)'A(@) 's the least fixpoint operator andb.A(®) is de-

X ned as-p—®.-A(®).
be used, consider the theory Let A(z) be a formula with free variables. Then by

T = {Va.[HasWheels(z) - CanMove(z)], A(z)[a) we shall mean the application df(z) to arguments
Vz.[Car(z) — HasW heels(z)]}, a.n

Notation 2.1 Let e, ¢t be any expressions andany subex-
pression ofe. By e(s := t) we shall mean the expression
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Theorem 2.2 Assume that all occurrences of the predicateOn the other hand, the minimal satisfying (5) is given by
variable® in the formulaB bind only variables and that for- equivalence
mula4 is positive w.r.t.®. [3q.(Th A a)] = ¢.

o if Bis negative w.r.t® then This proves Lemma 3.1.1.
38Vy [A(®) — @(§)] A [B(—®)] By definition, any sufficient conditio for a satisfies
B[&(D) := u(7).A(@)[f]] ) Th |= ¢ — a,i.e. by the deduction theorem for propositional

=R calculus, alsd= Th — (¢ — «a),i.e. = (ThA¢) — a.

e if Bis positive w.r.t.® then Thus also= Vq.[(Th A ¢) — «] which is equivalent to
o ~ = Y@.[(Th A —a) — ¢
Jevy[e(y) —» A(®)] A [B(®)] = Sinceg is required not to contain symbols frapnwe have
B[2(7) := v®(7)-A(®)[F]. ®)
F [32.(Th A —a)] = —¢. (6)

=

[ ]
) ) Maximizing ¢ is the same as minimizing¢. On the other

Example 2.3 Consider the following second-order formula: hand, the maximap satisfying (6) is given by equivalence
eVavy[(S(z,y) V 2(y, 7)) = 2(z,y)]

N—%(a,b) V Vz(~%(a, 2))]] ®3)
According to Theorem 2.2(1), formula (3) is equivalent to: whichis equivalent to
1 (z,9).(S (2, ) V B(y,2))[a,b] v "3 (ThA=e)] = 6.
Vz(~p®(z,v).(S(z,y) V ®(y, z))[a, 2]). (4)  whichis equivalent to

" V3.(Th = a)] = ¢.

Observe that, whenever formulain Theorem 2.2 does not
contain®, the resulting formula is easily reducible to a first-
order formula, as in this case bqi®(7).4A andv®(y).A are
equivalent toA. In fact, this case is equivalent to the lemma
of Ackermann (see e.gDohertyet al, 1997). Semi-Horn
formulas of the form (1) and (2), wheté does not contain
®, are callechon-recursive semi-Horn formulas

[3G.(Th A —)] = .

This proves Lemma 3.1.2.

The quantifiers over propositions can be automatically
eliminated using the DLS algorithm (séBoherty et al,
1997). For instance, all eliminations in Example 3.3 can be
done using the algorithm. Theorem 2.2 reduces in the propo-
sitional case to Proposition 3.2. It is worth emphasizing here
that propositional fixpoint formulas are equivalent to propo-

1e J
3 The Propositional Case sitional formulas:

In this section, we define snc’s and wsc's for propositionalProposition 3.2 Assume that the propositional formulis
formulas under propositional theories as second-order fo?OSItvE W.r.t. propositiofp.

mulas with quantification over propositional symbols, show 4 if the propositional formulaB is negative w.r.tp then
how the elimination techniques are applied and provide com-

plexity results for the technique. We start with the following Jp. [A(p) = pl A[B(=p)] = Blp:=up.A(p)] (7)
lemma.
Lemma 3.1 For any formulax, any set of propositional sym- o if Blis positive w.r.tp then
bols P and theory'h: I.[p — A@)] A [B(p)] = Blp:=vp.A(p)]. (8)
1. the strongest necessary condit8NC(a; Th; P) is de-
fined by3g.[Th A a], "
2. the weakest sufficient conditisdSC(a; T'h; P) is de- Observe that in the case when an input formula is a con-
fined byVg.[Th — «a], junction of propositional semi-Horn formulas of the form in
whereg consists of all propositions appearingdth ande:  thelhs of (7) or a conjunction of formulas of the form in the
but not inP. Ihs of (8), the length of the resulting formula is, in the worst

case0(n?), wheren is the size of the input formula. Other-

Proof - The proof of the lemma for both the strongest nec-jse the result might be of exponential length, as in the case
essary and weakest sufficient conditions are similar, but wgg o algorithm given ifiLin, 2000

provide both for clarity.
By definition, any necessary conditiah for o satisfies Example 3.3 Consider the following examples ofLin,
Th |= a — ¢, i.e. by the deduction theorem for propositional 2004.
calculus, als¢= Th — (o« — ¢),i.e. = (ThAa) - ¢. Thus —
alsol= V@.[(Th Aa) — ¢]. Sinceg is required not to contain %In the first iteration towards the fixpoint, one replages A

symbols fromz, we have with false. In the next disjunch in A is replaced by this result. The
fixpoint, a propositional formula, is then always reached in at most
E33.(ThAa)] — ¢. (5)  twoiterations.
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1. 71 = {q — (p1 A p2)}. Now, according to Lemma 3.1, conjunction of semi-Horn formulas of the form (1) or a con-
SNC(g; T1; {p1,p2}) is defined by formuladg.[(¢ —  junction of semi-Horn formulas of the form (2). On the other
(p1 A p2)) A g], which, according to Proposition 3.2, is hand, one should be aware that in other cases the reduction is
logically equivalent tdp; A p2). not guaranteed. Thus the elimination of second-order quanti-
Condition SNC(q; Ty; {p1}) is defined by formula fiersis guaranteed for any formula of the foBd.[Th A o,

3¢3p,.[(g = (p1Ap2)) Aq], which, according to Propo- WhereT'h A a is a conjunction of semi-Horn formulas w.r.t.
sition 3.2, is logically equivalent tp, (observe thap, all relational variables ifp.* Observe also, that in the case

is equivalent to the semi-Horn formula— ps). when an input formulais a (_:onju_nction of semi-Horn formu-
las of the form (1) or a conjunction of formulas of the form
2. = {g — (p V p)} We have that ;) ihe |ength of the resulting formula is, in the worst case,
SNC(g; To; {p1,p2}) is defined by the formula 2y wheren is the size of the input formula.
J¢.[(g — (p1 V p2)) A q], which, according to

Proposition 3.2, is logically equivalent {p; V p»). Example 4.2 Consider the following examples
Condition SNC(q; T2; {p1}) is o!efirjed b_y the formula 1. T, = {Vz.[Ab(z) — (Bird(z) A —Flies(z))]}.
Jg3p2.[(g — (p1 V p2)) A g], which is logically equiva- Consider the ~strongest necessary condition
lenttoT. SNC(Ab(2); Ty; { Bird, Flies}). According to

3. T5 = {(p A q) — s}. The formulaSNC(p A g; T3; {s}) Lemma4.1, itis equivalent to
is equivalent tadp, ¢.[((p A q) — s) A (p A g)], which, 3Ab.[Ve.(Ab(z) —

according to Proposition 3.2, is logically equivalensto ) )
. ) (Bird(z) A ~Flies(z))) A Ab(z)]. 9
Observe that we work with formulas more directly than pro- _ _
posed in Lin’s approach, where a new proposition has to be By Lemma 2.2, formula (9) is equivalent (Bird(z) A

introduced together with an additional condition that the new ~ —Flies(z)).
proposition is equivalent to the formula in question. 2. Ty = ({Vo.[Parent(z) — 3z.(Father(z,z) V
" Mother(z, z))]}. Consider the strongest necessary con-

In summary, propositional snc’s or wsc’s can be generated ~ dition SNC(Parent(y); Ts; { Mother}). According to
for any propositional formula and theory. In the case thatthe ~ Lemma4.1, itis equivalent to
conjunction of both is in semi-Horn form, this can be done JParent, Father.[Va.(Parent(z) —
more efficiently. These results subsume those of [Liim, ’ e
2004 in the sense that the full propositional language is cov-  32-(Father(z, z) V Mother(z, z)) A Parent(y)]. (10)
ered and we work directly with propositional formulas rather

" In this case, formula (10) is not in the form re-
than propositional atoms.

quired in Lemma 2.2, but the DLS algorithm eliminates
. the second-order quantifiers and results in the equiva-
4 The First-Order Case lent formula T, which is the required strongest nec-

In this section, we generalize the results in section 3 to the ~ ©Ssary condition.  Consider no®NC(Parent(y) A
first-order case using primarily the same techniques, but with V%, v-(~Father (u, v)); Ts; {Mother}). It is equiva-
quantification over relational symbols. The following lemma entto
can be proved similarly to Lemma 3.1. The deduction theo- 3Parent, Father.[Vz.(Parent(z) —
rem for first-order logic is applicable, since the theories are ’ o

assumed to be closed. z.(Father(z, z) V Mother(z,z)) A

. P t .(=Fath 11
Lemma 4.1 For any formulax, any set of relation symbols arent(y) A Vu, v.(~Father(u,v))], (1)

P and a closetitheoryTh: i.e. after eliminating second-order gquantifiers, to
1. the strongest necessary condit®NC(a; T'h; P) is de- 3z.Mother(y, z).
fined by3®.[Th A a], n
2. the weakest sufficient conditidSC(c; Th; P) is de- In summary, for the non-recursive semi-Horn fragment of
fined byve.[Th — a], first-order logic, the snc or wsc for a formukaand theoryT’
where® consists of all relation symbols appearingih and IS guaranteed to be reducible to compact first-order formulas.
a butnotinP. = For the recursive case, the snc’s and wsc’s are guaranteed to

» _bereducible to fixpoint formulas. In the context of databases,
Observe that a second-order quantifier over the relationahjs case is still tractable. The techniques may still be used for
variable® can be eliminated from any semi-Horn formula the fuy| first-order case, but neither reduction nor complexity

w.r.t. @. In such a case the resulting formula is a fixpoint for- resy|ts are guaranteed, although the algorithm will always ter-
mula. If the formula is non-recursive, then the resulting for-minate.

mula is a first-order formula. The input formulacanalsobea

- 4For universal quantificatio/®. A, one simply negates the for-
3In fact, it suffices to assume that the set of free variabléEfof mula @®.-A), and assuming:A can be put in to semi-Horn form,

is disjoint from the set of free variables af one eliminates the existential quantifiers and negates the result.
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5 Applications We shall show, that the use of the notion of strongest nec-
sary condition can substantially reduce the complexity of

In this section, we demonstrate the use of the techniques b .
asoning.

applying them to a number of potentially useful application
areas. Example 5.2 In [Kautz and Selman, 199Ghe following
clauses, denoted [, are considered:

5.1 Communicating Agents
(CompSci A Phil A Psych) — CogSci (12)

Agents communicating, e.g. via the Internet, have to use the

same language to understand each other. This is similar or  ReadsMcCarthy — (CompSci V CogSci) (13)
related to computing interpolants. ReadsDennett — (Phil V CogSci) (14)
Assume an agend wants to ask a querg) to agentB. ReadsKosslyn — (Psych v CogSei) (15)

Suppose the query can be asked using teRnS such that

the terms fron5 are unknown for ager. LetT'(R,S) bea  and reasoning with this theory was found to be quite compli-
theory describing some relationships betwgkandS. Itis  cated. On the other hand, one would like to check, for in-
then natural for agem to first compute the strongest neces- stance, whether a computer scientist who reads Dennett and
sary conditiorSNC(Q; T'(R, S); R) with the target language Kosslyn is also a cognitive scientist. Reasoning by cases,
restricted toR and then to replace the original query by the suggested ifKautz and Selman, 1996shows that this is
computed condition. The new query might not be as goodhe case. One can, however, substantially reduce the theory
as the previous one, but is the best that can be asked. Tlaad make the reasoning more efficient. In the first step one
following example illustrates the idea. can notice that notion®hil and Psych are not in the con-
sidered claim, thus might appear redundant in the reasoning
process. On the other hand, these notions appear in disjunc-
tions in clauses (14) and (15). We then consider

Example 5.1 Assume an agenfi wants to select from a
database all personssuch thatHigh(z) A Silny(z) holds.
Assume further, that both agents know the tedhigh and
Sound. Unfortunately, the database agent does not know th&NC(CompSci A ReadsDennett A ReadsK osslyn;

termSilny.®> Suppose, further that lives in a world in which T. _{Phil. P 1
the conditionVy.[Silny(y) — Sound(y)] holds. It is then i ~{Phil, Psych}), (16)
natural forA to consider where—{Phil, Psych} denotes all symbols in the language,

other thanPhil and Psych. After some simple calculations

SNC(High(z) A Silny(z); Vy.[Silny(y) — Sound(y)]; one obtains the following formula equivalent to (16):

{High, Sound})
_ (13) A [CompSci A ReadsDennett A ReadsK osslyn|
to be the best query that can be asked. According to Lemma A [(CompSci A (ReadsDennett A ~CogSci)

4.1 thi dition i ivalent to:
IS condition Is equivalent to A (ReadsKosslyn A =CogSci)) — CogSci] (17)
dSilny.[Vy.[Siln — Sound(y)|AHigh(z)ASiln
wny [ y [ ! y(y) ou (y)] " (.’IZ) ! y(z), which easily reduces to

which, by a simple application of Theorem 2.2, is equivalent )
to High(z) A Sound(z). ™ (13) A CompSci A ReadsDennett A

ReadsKosslyn A (—CogSci — CogSci). (18)

5.2 Theory Approximation .
N . . Thus the strongest necessary condition for the formula
The concept of approximating more complex theories by sim-

pler theories has been studied[Kautz and Selman, 1996; CompSci A\ ReadsDennett A ReadsK osslyn
Cadoli, 199%, mainly in the context of approximating ar- o
bitrary propositional theories by propositional Horn clausesimplies CogSci and, consequently, the formula also implies
The concept of approximate theories is also discussiddén ~ CogSci.
Carthy, 2000. Now, observe that strongest necessary and Assume that one wants to calculate the weakest suf-
weakest sufficient conditions provide us with approximationdicient condition of being a computer scientist in terms
of theories expressed in a richer language by theories etf  {ReadsDennett, ReadsKosslyn, ReadsM cCarthy,
pressed in a simpler language. CogSci}. We then consider

The approach by Lin ifiLin, 2004 allows one only to ap- e . )
proximate simple concepts on the propositional level. The WSC(CompSci; T; —{ Phil, Psych, CompSci}).  (19)

generalization we introduce allows us to approximate any fiafter eliminating quantifiers ove®Phil, Psych, CompSci
nite propositional and first-order theory which is semi-Hornfrom the second-order formulation of the wsc, one obtains

w.r.t. the eliminated propositions or relational symbols. the following formula equivalent to (19):
In the following example, considered [iKautz and Sel- _
man, 199§ approximating general clauses by Horn clauses ReadsMcCarthy A =CogSci.

results in the exponential blow up of the number of clauses.l_husthe weakest condition that, together with theBrguar-

5In Polish “Silny” means “Strong”, but the database agent does@Nt€es that a person is a computer scientist is that the person
not know the Polish language. reads McCarthy and is not a cognitive scien#ist.
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5.3 Abduction

The weakest sufficient condition corresponds to a weakest ab-

duction, as noticed ifLin, 2000.
Example 5.3 Consider theory
T = {Vz.[HasW heels(z) — CanMove(z)],
Vz.[Car(z) — HasW heels(z)]}.

Assume one wants to check whether an object can move. ®

There are three interesting cases:

1. to assume that the target languagfisisW heels} and
consider

WSC(CanMove(z); T; { HasW heels}),
which is equivalent to

VCanMove, Car.[/\ T — CanMove(z)]

2. to assume that the target languagiar} and consider
WSC(CanMove(z); T;{Car}),
which is equivalent to

VHasW heels, Car.[/\ T — CanMove(z)]

3. to assume that the target
{HasW heels, Car} and consider

WSC(CanMove(z); T; { HasW heels, Car}),
which is equivalent to

VCanMove.[/\ T — CanMove(z)].

language

e Move(o,t,7) - the robot is performing the action of
moving the objecb from location: to locationj

e At(o,1) - initially, the objecto is in the locatiory

e Atl(o, j) - after the actiomove(o, i, j), the objecb is
in locationj

e AtR(i) - initially, the robot is at location

AtR1(y) - after the actiomove(o, ¢, j), the robot is at
locationy

e H (o) - initially, the robot is holding the objeet

e H1(o) - after the actiorM ove(o, 1, ), the robot is hold-
ing the objecb.

Assume that the background theory contains the following
axioms, abbreviated by:

Vo.(At(o,1)) A Yo.(—At(0,2)),
Vo.[H (o) = H1(0)],

Vo, i, j.[(AtR(i) A At(o,i) A H(0) A Move(o,i, j)) —
(AtR1(7) N At1(o,5))].

The goal is to find the weakest sufficient condition on the
initial situation ensuring that the formuld¢1(package, 2)
isholds. Thus we consider

WSC(Atl(package,2); T; {H, At, AtR, Move}).

The approach we propose is based on the observation that
WSC(Atl(package,2);T;{H, At, AtR}) =
VHIVAt1VAtR1.(/\ T — Atl(package,2))

After eliminating second-order quantifiers we obtain the fOl-After some 5imp|e calculations which can be performed

lowing results:

1. WSC(CanMove(z); T; {HasW heels}) =
HasW heels(z)

2. WSC(CanMove(z);T;{Car}) = Car(z)

3. WSC(CanMove(z);T;{HasW heels,Car}) =
Vz.[Car(z) — HasW heels(z)] — HasW heels(z).

automatically using the DLS algorithm we ascertain that
WSC(Atl(package,2); T;{H, At, AtR, Move}) is equiva-
lent to:

[Vo.At(o, 1) A Yo.~At(o,2)] — [H (package) A
Ji.(AtR(i) A At(package,i) A Move(package,i,2))],

which, in the presence of axioms of thed@yeduces to:

The first two conditions are rather obvious. The third one

might seem a bit strange, but observe that{Car(z) —
HasW heels(z)] is an axiom of theoryf". Thus, in the third
case, we have that

WSC(CanMove(z); T; { HasW heels, Car}) =
HasW heels(z).

5.4 Generating Successor State Axioms

[H (package) A
Ji.(AtR(i) A At(package,i) A Move(package,i,2))] (20)

and, sinceAt(package,i) holds in the theonyl only for :
equal tol, formula (20) reduces to:

H (package) A AtR(1) A Move(package, 1,2).

Thus, the weakest condition on the initial state, making sure
that after the execution of an action the package is in location
2, expresses the requirement that the robot is in locatjon

Example 5.4 Consider the problem of generating suCCessof, s the package and that it executes the action of moving
state axioms in a robot domain. This problem, in the Proposig, o package from locatiohto location2. =

tional framework, is considered [hin, 200d. On the other
hand, a first-order formulation is much more natural and com . . _ .
pact. We thus apply first-order logic rather than the proposi-6 Fo_rge_ttlng a_nd ngntlfler E!lmmat'on_

tional calculus and introduce the following relations, insteadrorgetting is considered {.in and Reiter, 1994; Lin, 2040

of propositions as considered]inin, 2000° : as an important technique for database progression and com-

_ o _ puting wsc’s and snc’é. Given a theoryl’ and a relation
®Note that even this formalization can be generalized furtherfo— —

more than one action and transition, but we retain the correspon- "The forgetting operator for propositional logic is well-known in
dence to the original example for clarity. the literature agliminant(see[Brown, 1990).
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" 1998.
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definitions for weakest sufficient and strongest necessary coffikKautz and Selman, 1996H. Kautz and B. Selman. Knowl-
ditions in terms of 2nd-order formulas and provided the basis edge compilation and theory approximatiodournal of
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ate wsc’s and snc’s for both the propositional case and a non: . . . . -
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eral first-order case, the techniques can also be applied, byt . .
; VicCarthy, 2000 J. McCarthy. Approximate objects and ap-
reductions are not always guaranteed, even though the algUVIproximate theories. In A.G. Cohn, F. Giunchiglia, and

rithm will always terminate. ;
This work generalizes that of Lin which only deals with B. Selman, editor3tR200Q pages 519-526, 2000.

the propositional case and it provides more direct methodENonnengart and Szalas, 1998. Nonnengart and A. Sza-
for generating snc’s and wsc’s via syntactic manipulation. We las. A fixpoint approach to second-order quantifier elim-
have also demonstrated the potential use of this idea and theseination with applications to correspondence theory. In
techniques by applying them to a number of interesting appli- E. Orlowska, editorlogic at Work: Essays Dedicated to
cations. Finally, we have re-interpreted the notion of forget- the Memory of Helena Rasiowaolume 24 ofStudies in
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in restricted first-order situation calculus based action theo- A szalas. Elimination of predicate quantifiers. In H.J.
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As a final Observation, the quantifier elimination algorithm Soning. Essays in Honor of Dov Gabbay' Partphges
considered here has been implemented as an extension to the159_181. Kluwer, 1999.

original DLS algorithm described ifDohertyet al, 1997,
for both the propositional and 1st-order cases.
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Abstract

DLTR is an expressive Description Logic (DL) with
n-ary relations, particularly suited for modeling
database schemas. Although DLR has constituted
one of the crucial steps for applying DL technology
to data management, there is one important aspect
of database schemas that DLs, including DLR, do
not capture yet, namely the notion of identification
constraints and functional dependencies. In this pa-
per we introduce a DL which extends DLR and
fully captures the semantics of such constraints,
and we address the problem of reasoning in such a
logic. We show that, verifying knowledge base sat-
isfiability and logical implication in the presence of
identification constraints and nonunary functional
dependencies can be done in EXPTIME, thus with
the same worst-case computational complexity as
for plain DLR. We also show that adding just
unary functional dependencies to DLTR leads to un-
decidability.

1 Intr oduction

In the last years, Description Logics (DLs) have been suc-
cessfully applied to data management [Borgida, 1995; Kirk
etal., 1995; Calvanese etal., 1998b; 1999]. One of the ba-
sic ideas behind applying DLs to data management is that
database schemas can be expressed as DL knowledge bases,
so that DL reasoning techniques can be used in several ways
to reason about the schema. In [Calvanese et al., 1998a;
1998b], a very expressive DL with n-ary relations, called
DLR, is introduced, and it is shown how database schemas
can be captured by this logic. Also, suitable mechanisms for
expressing queries over DLR schemas have been added, and
techniques for reasoning over queries have been designed.
Notably, the investigation on DLR has led to the design of
new DL systems effectively implementing powerful reason-
ing techniques [Horrocks etal., 1999].

Although the above mentioned work has been the crucial
step for applying DL technology to data management, there is
one important aspect of database schemas that DLs, including
DLR, do not capture yet, namely the notion of identification
constraints and functional dependencies. ldentification con-
straints (also called keys) are used to state that a certain set
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of properties uniquely identifies the instances of a concept.
A functional dependency on a relation is used to impose that
a combination of a given set of attributes functionally deter-
mines another attribute of the relation. It is easy to see that
functional dependencies can be used to model keys of a re-
lation, i.e., attributes that are sufficient to identify tuples of
the relation. Both types of constraints are commonly used in
database design and data management.

The question addressed in this paper is as follows: can we
add identification constraints and non-unaryfunctional de-
pendencies to DLR and still have EXPTIME associated rea-
soning techniques? Somewhat surprisingly, we answer posi-
tively to the question, by illustrating an approach that allows
us to incorporate both types of constraints in DLR. In par-
ticular, we adapt the DLTR reasoning algorithm in such a way
that reasoning on a DLR schema with both types of con-
straints and with ABoxes, can be done with the same worst-
case computational complexity as for the case of plain DLR.
Also, the proposed technique can be incorporated into present
DL systems, such as the one described in [Horrocks et al.,
1999]. We also show that adding to DLR unary functional
dependencies leads to undecidability of reasoning. Observe,
however, that the presence of such functional dependencies is
typically considered as an indication of bad schema design in
databases.

Both identification constraints and functional dependen-
cies have been extensively investigated in the database liter-
ature (see [Abiteboul etal., 1995], Chapters 8, 9). However,
database models lack the kinds of constraints expressible in
expressive DLs, and therefore none of the results developed
in the context of databases can be used to solve our problem.

In the last years, there have been some attempts to add
identification constraints to DLs. In [Calvanese etal., 1995],
these constraints are modeled by means of special primitive
concepts in an expressive DL, and it is shown that this mech-
anism allows some inference on keys to be carried on. The
limitation of this approach is that several interesting seman-
tic properties of keys are not represented in the knowledge
base. In [Borgida and Weddell, 1997; Khizder etal., 2001], a
general mechanism is proposed for modeling path functional
dependencies, and a sound and complete inference system
for reasoning on such constraints is presented. Path func-
tional dependencies are sufficiently expressive to model both
identification constraints and functional dependencies. How-
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ever, the DLs considered are limited in expressiveness. In
particular, union, negation, number restrictions, general in-
clusion axioms, inverse roles and n-ary relations are not part
of the considered language, and therefore useful properties
of database schemas cannot be represented. The proposal
presented in this paper fully captures the semantics of both
identification constraints and functional dependencies in an
expressive DL with all the above features.

The paper is organized as follows. In Section 2, we re-
call the DL DLR. In Section 3, we illustrate the mechanism
for specifying identification constraints and functional depen-
dencies in DLR knowledge bases. In Section 4, we discuss
the modeling power of the resulting logic, called DLR ;z4. In
Section 5, we describe how we can extend the DLR reason-
ing technique in order to take the new types of constraints
into account, and in Section 6 we show that minor extensions
of DLR 4 leads to undecidability of reasoning. Finally, Sec-
tion 7 concludes the paper.

2 Description Logic DLR

We focus on the Description Logic DLR, which is able to
capture a great variety of data models with many forms of
constraints [Calvanese et al., 1998a; 1999]. The basic ele-
ments of DLR are conceptqunary relations), and n-ary re-
lations

We assume to deal with a finite set of atomic relations (hav-
ing arity between 2 and n,,,,) and atomic concepts, denoted
by P and A, respectively. We use R to denote arbitrary re-
lations and C to denote arbitrary concepts, respectively built
according to the following syntax:

R == Tn ‘ P | (Z/TLC) | -R ‘ R1|_|R2
C = Ti|A|-C|CinGC | (Sk[iR)

where n denotes the arity of the relations P, R, Ry, and Ry,
1 denotes a component of a relation, i.e., an integer between 1
and n, and k denotes a non-negative integer. Observe that
we consider only concepts and relations that are well-typed
which means that: (i) only relations of the same arity » are
combined to form expressions of type R1 M Ry (which inherit
the arity n); (ii) 7 < n whenever i denotes a component of a
relation of arity n.

We introduce the following abbreviations: 1 for —Tq;
C,uCy for ﬁ(ﬁCll_IﬁCg); Ci = Cy for =C1UCy; (Z k [Z]R)
for =(< k—1[i|R); 3[;] R for (> 1[{]R); V[¢] R for —3[i]-R.
Moreover, we abbreviate (i/n:C) with (i:C) when n is
clear from the context.

A DLR TBoxis constituted by a finite set of inclusionas-
sertions where each assertion has one of the forms:

01202 RlERQ

with Ry and R, of the same arity.

The semantics of DLR is specified as follows. An inter-
pretationZ is constituted by an interpretation domain AZ,
and an interpretation function - that assigns to each con-
cept C a subset CZ of AT and to each relation R of arity
n a subset RZ of (AZ)™ such that the conditions in Figure 1
are satisfied. In the figure, ¢[¢] denotes the ¢-th component
of tuple ¢. Observe that, the “—" constructor on relations is
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T, < (af)y
rr ¢ T2
(i/n:C) = {teTI|t[i]e C?}
(R = T;\R*
(RiMR)Y = RINR:
T = AT
AT C AT
(-C)F = AT\ C?
(CinCy)t = ocinc?
(kR = {acAf|g{t e R |tli]]=a} <k}

Figure 1. Semantic rules for DLR (P, R, R, and R, have
arity n, and fo denotes the cardinality of the set o)

used to express difference of relations, and not the comple-
ment [Calvanese etal., 1998a]. An interpretation Z satisfies
an assertion C; T Cs (resp., Ry C Ry) if C C CF (resp.,
RY C RY).

We introduce a generalized form of DLR ABox. We con-
sider an alphabet of new symbols, called Slolem constants
(sk-constants) Intuitively, an sk-constant denotes an indi-
vidual in an interpretation, in such a way that different sk-
constants may denote the same individual.

A genearlizedDLR ABox(or simply ABox in the follow-
ing) is constituted by a finite set of assertions, called ABox
assertions, of the following types:

C(x) R(xq,...,2zp) x#y x=y
where R is a relation of arity n, and z, y, x4, ..., x, are sk-
constants.

The notion of interpretation is extended so as to assign to
each sk-constant = an individual zZ € AZ. An interpretation
7 satisfies
C(z)ifzt € OF;
R(x1, ... ) if (2F, ..
x#yifat £yt

o x=yifal =47

If 7 isaDLR TBox, and A isa DLR ABox of the above
form, then = 7 U A is called a DLR knowledg base
An interpretation is a modelof K if it satisfies every assertion
in K. A knowledge base K is satisfiableif it has a model.
An assertion « (either an inclusion, or an ABox assertion) is
logically impliedby K if all models of K satisfy a.

Logical implication and knowledge base satisfiability are
mutually reducible to each other. For one direction, K is
unsatisfiable iff X = T; C L. For the converse di-
rection, it is possible to show that X = C; C C; iff
KU{T; CI1)(PM(2:C1M~Cs))} is unsatisfiable, where
P is a new binary relation. Similarly, X = Ry T Ry iff
KU{T: C 3P N(2:31)(C1N~=Cy)))} is unsatisfiable,
where again P is a new binary relation. Finally, £ = C(«)
iff U {—~C(«)} is unsatisfiable.

It follows from the results in [Calvanese et al., 1998a],
that checking a DLR knowledge base for satisfiability is
EXPTIME-complete.

,zL) € RT;
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3 Identification and Functional Dependency
Assertions

We extend DLR with identification constraints and func-
tional dependencies. The resulting DL, called DLR 4, al-
lows one to express these constraints through new kinds of
assertions in the TBox.

An identificationassertionon a concept has the form:

(id C [i1] Ry, .., [in] Rn)

where C' is a concept, each R; is a relation, and each i; de-
notes one component of R;. Intuitively, such an assertion
states that two instances of C' cannot agree on the participa-
tionto Ry, ..., Ry viacomponents i, . .., i, respectively.
A functional dependencyssertionon a relation has the
form:
(fd Ry, ... in — 7)

where R is arelation, h > 2,and i, ..., 4, j denote compo-
nents of R. The assertion imposes that two tuples of R that
agree on the components i1, . . . , iy, agree also on the compo-
nent j.

We assign semantics to these assertions by defining when
an interpretation satisfies them. Specifically:

e An interpretation Z  satisfies the assertion
(id C [i1]Ry,...,[in)Ry) if, for all a,b € CT
and forall t1,s1 € R%,... tn, s, € RE, we have that:

a=tifi1] = - = tplinl,

b=siir] = -+ = sp[in],

tj[i] = Sjm, forj S {1,...,}1},
and for ¢ # i

impliesa = b

e An interpretation Z  satisfies the assertion
(fd R iy,...,i, — j) if, for all t,s € RZ, we
have that:
tlia] = slia], ..., tlin] = slin] implies t[j] = s[j]

A DLR;zq knowledge base isaset K = 7 U AU F of
assertions, where 7 U A is a DLR knowledge base and F is
a set of identification and functional dependency assertions.

Note that unary functional dependencies (i.e., functional
dependencies with 2 = 1) are ruled out in DLR ;z4. We will
come to this in Section 6. Note also that the right hand side
of a functional dependency contains a single element. How-
ever, this is not a limitation, because any functional depen-
dency with more than one element in the right hand side can
always be split into several dependencies of the above form.
Also, to verify whether a functional dependency with more
than one element in the right hand side is logically implied
by a DLR 4 knowledge base, it suffices to verify whether
each of the functional dependencies in which it can be split,
is logically implied by the knowledge base.

4 Modeling in DLR 4

DLR zq captures database schemas expressed in several data
models . For example, Entity-Relationship schemas can be
represented already in DLR, by modeling each entity as a
concept, and each relationship as a relation [Calvanese etal.,
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1998b; 1999]. Attributes of entities are modeled by means
of binary relations, and single-valued or mandatory attributes
are expressible through the use of number restrictions. At-
tributes of relationships can be modeled in several ways, for
instance through special (n + 1)-ary relations, where n is
the arity of the relationship. Also, integrity constraints such
as is-a, cardinality, existence, and typing constraints are ex-
pressible by means of inclusion assertions. Finally, unary
keys (keys constituted by a single attribute) can be modeled
through number restrictions. Non-unary keys cannot be rep-
resented in DLR, while they are obviously expressible in
DLR 4.

Example 1 Suppose that Person and University are concepts,
Enrolledin is a binary relation between Person and University,
and StudentCode is an (optional) attribute (modeled as a bi-
nary relation) of Person associating to each student (a person
who is enrolled in a university) a code that is unique in the
context of the university in which she is enrolled. Such a sit-
uation can be represented by the following DLR ;;q TBoX:

Enrolledin T (1:Person) 1 (2: University)
StudentCode L (1:Person) M (2: String)

Person LC (< 1[1]StudentCode)
(id Person [1]StudentCode, [1]Enrolledin)

Note that, the notion of student is modeled by the concept
Person M 3[1]Enrolledin and, in the conceptual modeling ter-
minology, this concept is a weak entity, i.e., part of its identi-
fier is external through the relationship Enrolledin.

We additionally want to model the notion of exam in our
application. An exam is a relationship involving a student, a
course, a professor, and a grade. In an exam, the combination
of student and course functionally determines both the pro-
fessor, and the grade. This can be represented by adding the
following assertions to the TBox:

Exam C (1:(Person M 3[1]Enrolledin)) M
(2:Course) 1 (3 : Person) M (4 : Grade)

(fd Exam 1,2 — 3) (fd Exam 1,2 — 4) .

Observe that generally, in conceptual data models, if an at-
tribute (or a relationship) L is part of a key for an entity E,
then in the database schema it must be the case that F has
a single and mandatory participation in L, i.e., each instance
of E has exactly one associated value for L [Abiteboul etal.,
1995]. This is not required in DLR 4 (but can be asserted
when needed), where one can define an attribute as part of a
key of an entity, even if the attribute is multi-valued or op-
tional.

We have mentioned that unary functional dependencies are
not allowed in DLR ;3. However, this limitation does not
prevent one from defining unary keys for relations. Indeed,
the fact that component i is a key for the relation R can al-
ready be expressed in DLR by means of the assertion:

T1 C (< 1[i]R)

The above observation also implies that functional dependen-
cies in the context of binary relations, which are by defini-
tion unary, are expressible in DLR ;z4. Indeed, such func-
tional dependencies correspond to key constraints, which are
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expressible as specified above. For example, the functional
dependency 1 — 2 in the context of the binary relation R can
be expressed by specifying that component 1 is a key for R.
Thus, the only functional dependencies that are not admitted
in DLR 44 are unary functional dependencies in the context
of non-binary relations. This is because they lead to unde-
cidability of reasoning, as shown in Section 6. Note also, that
the presence of such functional dependencies is considered as
an indication of bad design in the framework of the relational
data model (see [Abiteboul etal., 1995], Chapter 11). In fact,
a unary functional dependency in the context of an n-ary re-
lation (with n > 2) represents a hidden relationship between
the arguments of the relation, which may cause several mod-
eling problems.

The possibility of defining identification constraints sub-
stantially enriches the modeling power of DLs. In particu-
lar, it is possible to show that, even if only binary relations
are allowed in a DL, then the use of identification constraints
permits simulating the presence of n-ary relations in such a
logic. For example, a relation with arity 3 can be modeled
by means of a concept and 3 binary relations. Number re-
strictions are used to state that every instance of the concept
participates in exactly one instance of the binary relation, and
a suitable identification assertion states that the combination
of the three binary relations form a key for the concept. Ob-
viously, DLR ;zq further increases the modeling power by al-
lowing the explicit use of n-ary relations, and the possibility
of imposing functional dependencies in the context of rela-
tions.

5 Reasoningon DLR ;4

First of all we observe that, when reasoning in DLR ¢4, iden-
tification assertions of the form (id C' [i]R), where R is a
binary relation, are equivalent to DLR assertions T C (<
1[{[(RM (i:C))), where j=2if i=1,and j=1if i=2.
Hence, in the following, without loss of generality, we will
not consider such identification assertions.

Next we show that we can reduce logical implication in
DLR;q to knowledge base satisfiability. As already ob-
served in Section 2, logical implication of inclusion and
ABox assertions can be reduced to knowledge base satisfi-
ability. We show that the same can be done also for identifi-
cation and functional dependency assertions.

Given an identification assertion

KR = (ld C [il]Rl, ey [Zh]Rh)
we define the ABox A, constituted by the following asser-
tions:

e C(z), C(y), and © # y, where z and y are new sk-
constants;

e R;(t;) and R;(s;), with j € {1,...,h}, where ¢;
and s; are tuples of new sk-constants with ¢;[i;] =
S [Z]] =Y, and tJ[Z] = 8 [l] for ¢ 7& Z]
Similarly, for a functional dependency assertion

R = (deZl,

8

7ih _)j)

we define A, constituted by the following assertions:
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e R(t), R(s), and t[j] # s[j], where ¢ and s are tuples of
new sk-constants with ¢[i;] = s[i;], for j € {1,...,h}.

From the semantics of identification and functional depen-
dency assertions it is immediate to see that A, provides a
concrete counterexample to . Hence it follows that, given a
DLR s knowledge base I, K = « if and only if LU A, is
unsatisfiable.

Theorem 2 Logical implicationin DLR ;4 canbereduced
to knowledg basesatisfiability

We now present a reasoning procedure for knowledge base
satisfiability in DLR ;44

DLR ;g TBoxes (which in fact are DLR TBoxes since
they do not include identification and functional dependency
assertions) have the tree-model property [Calvanese et al.,
1998a], which is true for most DLs. In particular, if a DLR
TBox admits a model, it also admits a model which has the
structure of a tree, where nodes are either objects or (reified)
tuples, and edges connect tuples to their components. Ob-
serve that in such models identification and functional depen-
dency assertions (which in DLR ;4 are non-unary) are triv-
ially satisfied, since there cannot be two tuples agreeing on
more than one component. As an immediate consequence we
have that, given a DLR ;z; TBox 7 and a set of identification
and functional dependency assertions F, 7 U F is satisfiable
iff 7 is so. This implies that, in absence of an ABox, logi-
cal implication of inclusion assertions can be verified without
considering identification and functional dependency asser-
tions at all.

When we add an ABox, then we may still restrict the at-
tention to models that have the structure of a tree, except for
a cluster of objects representing the sk-constants in the ABox
(see again [Calvanese et al., 1998a]'). We call such mod-
els clusteedtreemodels On such models, identification and
functional dependency assertions are always satisfied, except
possibly for the cluster of sk-constants. Hence we can con-
centrate on verifying such assertions on the objects and tuples
appearing in the ABox only.

Given a DLR ;¢4 knowledge base K, we define a saturation
of K as an ABox A, constructed as follows:

o for each sk-constant = occurring in /C, and for each iden-
tification assertion (id C [i1]Ry, ..., [in])Ry) in K, A4
contains either C'(z) or =C(z);

o for each tuple ¢ of sk-constants occurring in an assertion
R(t) of K,
— for each identification assertion
(id C [i1]Ry,...,[in]Rs) in K, for each R,
( € {1,...,h}) having the arity of R, A, contains
either R;(t) or =R, (1),
— for each functional dependency assertion
(fd R iy,...,in — j) in K, such that R’
has the arity of R, A, contains either R'(t) or
-R/(¢);

In fact, [Calvanese et al., 1998a] makes use of inclusion asser-
tions involving nominals, i.e., concepts having a single instance. It
is immediate to verify that such inclusion assertions correspond to
the kind of generalized ABoxes we adopt here.
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e for each pair of sk-constants x and y occurring in C, A,
contains either x = y or = # y.

Note that the size of a saturation is polynomial in the size of
K. Note also that there are many (actually, an exponential
number) of different saturations of /C, one for each possible
set of choices in the items above.

On a saturation one can immediately verify whether an
identification or functional dependency assertion of /C is vio-
lated Indeed, for all sk-constants and tuples of sk-constants
appearing in the saturation, membership or non-membership
in the relevant relations and concepts appearing in the asser-
tions that could be violated is explicitly asserted (after sub-
stituting each sk-constant with a representative of its equiv-
alence class according to the equalities). Hence, it suffices
to verify whether the semantic condition of the assertion is
violated, considering relations and concepts appearing in the
assertion as primitives. Once such a check on the identifica-
tion and functional dependencies is done, it remains to verify
whether A, is consistent with the other assertions of .

Theorem 3 ADLR; knowledg baseX = 7T U AU Fis
satisfiableif andonlyif there existsa satuiation A, of K that

doesnotviolatetheidentificationandfunctionaldependency

assertionsn X andsud thatthe DLR knowled@ base7 U
AU A, is satisfiable

Proof (sketch). “<” Assume that there exists a satura-
tion A, that does not violate the identification and functional
dependency assertions in C and such that 7 U . AU A is satis-
fiable. Then there exists a clustered tree model of 7UAUA,,
and such interpretation is also a model of K.

“=" Assume that K is satisfiable. Then from a model Z of
K one can directly construct a saturation for which Z satisfies
all assertions. O

The above result provides us with an upper bound for rea-
soning in DLR 454, matching the lower bound holding already
for DLR.

Theorem 4 Satisfiabilityandlogical implicationin DLR 4,
are EXPTIME-complete

Proof (sketch). By Theorem 2, logical implication in
DLRsq reduces to knowledge base satisfiability in DLR jzq.
By Theorem 3, satisfiability of a DLR;zq knowledge base
K = 7 U AU F reduces to solving a (possibly exponen-
tial) number of tests, where each test involves one saturation
A, and consists in directly verifying all identification and
functional dependency assertions in A, (a polynomial step)
and checking the satisfiability of the DLR knowledge base
7 U AU A, (an exponential step). O

6 Unary functional dependenciesn DLR

One might wonder whether the method described in the previ-
ous works also for unary functional dependencies. Actually,
this is not the case since unary functional dependencies are
not trivially satisfiedin tree structured interpretations. For
example, it may happen that two tuples of a relation R agree
on say component 1 and not component 2, and therefore vio-
late the functional dependency (fd R 1 — 2).
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Figure 2: Grid structure enforced by Kr

Indeed, we show that if we allow for unary functional
dependencies, then reasoning in DLR ;;q becomes undecid-
able. To do so we exhibit a reduction from the unconstrained
quadrant tiling problem[van Emde Boas, 1997], which con-
sists in deciding whether the first quadrant of the integer grid
can be tiled using a finite set of square tile types in such a
way that adjacent tiles respect adjacency conditions. Tiling
problems are well suited to show undecidability of variants
of description and dynamic logics [van Emde Boas, 1997;
Baader and Sattler, 1999]. The crux of the undecidability
proof consists in enforcing that the tiles lie on an integer grid.
Once the grid structure is enforced, it is typically easy to im-
pose the adjacency conditions on the tiles. In our case we
exploit unary functional dependencies to construct the grid.

Formally, atiling systems atriple T' = (D, H, V) where D
is a finite set of elements representing tile types and H and V
are two binary relations over D. The unconstainedquadmant
tiling problemconsists in verifying the existence of a tiling
consistenwith 7', i.e., a mapping 7 from IN x IN to D such
that ((i, §), 7(i + 1,5)) € Hand (7(i,5),7(i,j +1)) € V,
for ¢, j € IN. Such a problem is undecidable, more precisely
I13-complete [Berger, 1966; van Emde Boas, 1997].

From a tiling system 7" = (D, H,)V) we construct a
DLR;sq knowledge base ICr as follows. The basic idea is to
enforce the grid structure shown in Figure 2, where squares
represent tuples of arity 4 and circles represent objects. Each
object depicted using a bold circle and labeled i, j represents
the node (7, j) of the grid. Numbers labeling arrows repre-
sent components of tuples. A pair of letters X, Y inside a
tuple represents the fact that the tuple is an instance of the re-
lations X and Y. In particular we use four relations of arity 4:
A, B,C, and D. The gray box in the figure represents how a
tile would be placed in such a grid.

We enforce the grid structure by means of the following
assertions in /Cr:

6] T4 C 3IE(ANC)NI[E(AND)N
AE(BNC)N3[E(BND)
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(fdA2—3) fdB2—3) fldC2—1) (fdD1—2)
(fdA4—1) fdB4—1) fdC3—4) (fd D4 — 3)

We enforce the adjacency conditions on the tiles of the first
quadrant by using one concept for each tile type in D and
introducing in KC7 the following assertions: for each D; € D

D; CVA](BND=@3:p, p,yern i) N
VRBI(ATC=(1:p, p,yer Di) M
V(AN D=3:p, p,)ev Di)) M

vRI(BNC=Q1:np, p,ev Di))

Finally, to represent the origin of the tiling we use the con-
cept Co = (3[1] T4) M p,cp Di Then the tiling problem as-
sociated to 7" admits a solution if and only if 7 = Cp C L.
Indeed, from a tiling consistent with 7" one obtains immedi-
ately a model of I with an object satisfying Cy. Conversely,
from a model Z of K with CZ +# ), we can construct a tiling
consistent with T". The first set of assertions impose that a
portion of Z has exactly the structure depicted in Figure 2
(observe that not the whole model necessarily has a grid struc-
ture, but only a portion corresponding to the first quadrant).
The second set of assertions impose on such a portion only
that instances of concepts representing tile types respect the
adjacency conditions. As a consequence of such a reduction
we obtain the following result.

Theorem 5 Knowled@ basesatisfiability (and thuslogical
implication) in DLR ;¢ extendedwith unary functional de-
pendenciess undecidable

The reduction above can be easily modified to show that, if
we allow for nominals[Tobies, 2000], then even n-ary func-
tional dependencies lead to undecidability. For example, we
may use one nominal o and relations of arity 5 instead of 4.
Then we can force the fifth component of all tuples to be the
object o by means of the assertion T5 C (5:0) and we can
enforce the grid structure as above, by adding component 5
to the antecedent of the functional dependencies above (thus
getting binary functional dependencies). Observe that, since
all tuples agree on component 5, such binary functional de-
pendencies are actually mimicking the unary dependencies in
the previous reduction.

7 Conclusions

DLR 4 extends DLR by fully capturing identification con-
straints on concepts and functional dependencies on relations.
We have shown that reasoning in the presence of such con-
straints remains EXPTIME decidable. We have also shown
that adding to DLR just unary functional dependencies on
non-binary relations, usually considered an indication of bad
design in data modeling, leads to undecidability.

The approach presented in this paper can be extended in
several ways. For example, our technique can be directly ap-
plied to reasoning in DLR,., extended with identification
and functional dependency constraints. Moreover, we are
working on the following extensions: (i) using chaining in
specifying identification constraints, in the spirit of [Borgida
and Weddell, 1997]; (ii) introducing a notion of functional
dependency between properties of concepts; (iii) query con-
tainment and query answering using views in the presence of
identification constraints and functional dependencies.

160

References

[Abiteboul etal., 1995] S. Abiteboul, R. Hull, and V. Vianu.
Foundationsof Databases Addison Wesley Publ. Co.,
Reading, Massachussetts, 1995.

[Baader and Sattler, 1999] F. Baader and U. Sattler. Expres-
sive number restrictions in description logics. J. of Log.
andComp, 9(3):319-350, 1999.

[Berger, 1966] R. Berger. The undecidability of the dominoe
problem. Mem.Amer Math. Soc, 66:1-72, 1966.

[Borgida and Weddell, 1997] A. Borgida and G. E. Weddell.
Adding uniqueness constraints to description logics (pre-
liminary report). In Proc. of DOOD’97, pages 85-102,
1997.

[Borgida, 1995] A. Borgida. Description logics in data man-
agement. IEEE Trans.on Knowled@ and Data Engineer
ing, 7(5):671-682, 1995.

[Calvanese etal., 1995] D. Calvanese, G. De Giacomo, and
M. Lenzerini. Structured objects: Modeling and reason-
ing. In Proc. of DOOD’95, volume 1013 of LNCS pages
229-246. Springer-Verlag, 1995.

[Calvanese etal., 1998a] D. Calvanese, G. De Giacomo, and
M. Lenzerini. On the decidability of query containment
under constraints. In Proc. of PODS’98 pages 149-158,
1998.

[Calvanese etal., 1998b] D. Calvanese, G. De Giacomo,
M. Lenzerini, D. Nardi, and R. Rosati. Description logic
framework for information integration. In Proc. of KR'98,
pages 2-13, 1998.

[Calvanese etal., 1999] D. Calvanese, M. Lenzerini, and
D. Nardi. Unifying class-based representation formalisms.
J. of Artificial IntelligenceResearh, 11:199-240, 1999.

[Horrocks etal., 1999] 1. Horrocks, U. Sattler, and S. Tobies.
Practical reasoning for expressive description logics. In
Proc.of LPAR’99 number 1705 in LNAI, pages 161-180.
Springer-Verlag, 1999.

[Khizder etal., 2001] V. L. Khizder, D. Toman, and G. E.
Weddell. On decidability and complexity of description
logics with uniqueness constraints. In Proc.of ICDT 2001,
2001.

[Kirk etal., 1995] T. Kirk, A. Y. Levy, Yehoshua Sagiv, and
Divesh Srivastava. The Information Manifold. In Pro-
ceedingsf the AAAI 1995 Spring Symp.on Information
Gatheringfrom HeteiogeneousDistributed Enviroments
pages 85-91, 1995.

[Tobies, 2000] S. Tobies. The complexity of reasoning with
cardinality restrictions and nominals in expressive descrip-
tion logics. J. of Artificial IntelligenceReseath, 12:199-
217, 2000.

[van Emde Boas, 1997] P. van Emde Boas. The convenience
of tilings. In Compleity, Logic, and Recusion Theory
volume 187 of Lecture notesin pure and applied mathe-
matics pages 331-363. Marcel Dekker Inc., 1997.

KNOWLEDGE REPRESENTATION AND REASONING



High Performance Reasoning with Very Large Knowledge Bases:
A Practical Case Study

Volker Haarslev and Ralf Moller
University of Hamburg, Computer Science Department
Vogt-Kolln-Str. 30, 22527 Hamburg, Germany

http://kogs-www.informatik.uni-hamburg.de/ haarslev|moeller/

Abstract Syntax | Semantics
We present an empirical analysis of optimization Concepts
techniques devised to speed up the so-called TBox A AT C AII (A is a concept name)
classification supported by description logic sys- —C AII \C .
tems which have to deal with very large knowledge cnb | CnD
bases (e.g. containing more than 100,000 concept Cub | Cfub?
introduction axioms). These techniques are inte- JR.C | {ac€Az|3be Az:(a,b) e RE,be (T}
grated into the RACE architecture which imple- VR.C | {ac€ Az|Vbe Az:(a,b) eRT = bec (T}
ments a TBox and ABox reasoner for the descrip- 3..S | {a€Az]||{be Az|(a,b) € ST}|| > n}
tion logic ALCNH +. The described techniques 3.mS | {a€Az| |{be Az|(a,b) € ST}|| < m}
consist of adaptions of previously known as well Roles
as new optimization techniques for efficiently cop- R ’ RI C As x Ag

ing with these kinds of very large knowledge bases.
The empirical results presented in this paper are
based on experiences with an ontology for the Uni-
fied Medical Language System and demonstrate a
considerable runtime improvement. They also in-
dicate that appropriate description logic systems
based on sound and complete algorithms can be
particularly useful for very large knowledge bases.

1 Introduction

In application projects it is often necessary to deal with
knowledge bases containing a very large number of axioms.
Furthermore, many applications require only a special kind
of axioms, so-called concept introduction axioms. Usually
it has been argued that only systems based on incomplete
calculi can deal with knowledge bases containing more than
100,000 axioms of this kind. In this contribution we present
an empirical analysis of optimization techniques devised to
improve the performance of description logic systems applied
to this kind of knowledge bases. The analysis is based on the
RACE! architecture [Haarslev and Méller, 2000a] which sup-
ports inference services for the description logic ALCNH g+
[Haarslev and Méller, 2000b].2

As example knowledge bases we consider reconstructions
of important parts of the UMLS (Unified Medical Language
System) [McCray and Nelson, 1995] by using description
logic representation techniques. The reconstruction is de-
scribed in [Hahn et al., 1999; Schulz and Hahn, 2000] and

"URL: http://kogs-www.informatik.uni-hamburg.de/ race/
2 A convenient pronunciation of ALCN'H g+ is ALC-nature.
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|| - || denotes the cardinality of aset,S € S, n,m € N, n > 0.

TBox Axioms ABox Asserh
Syntax | Satisfied if OX AASSCTLIONS
ReT | RE= (RI)JF Syntax Satisfied if
RCS |RTcCS? a:C aIIESI I
CCD | cCZcp? (a,b):R | (a%,b") €R

Figure 1: Syntax and Semantics of ACCNHp+.

introduces a specific encoding scheme that uses several con-
cept introduction axioms which represent subset as well as
composition aspects of conceptual descriptions (words) men-
tioned in the UMLS metathesaurus.

The paper is structured as follows. We first introduce the
syntax and semantics of ALCNHg+ and characterize the
form of axioms occurring in the UMLS knowledge bases. Af-
terwards we describe the following five complementary op-
timization techniques: (1) topological sorting for achieving
a quasi definition order; (2) a method to cluster siblings in
huge taxonomies; (3) a technique for efficiently addressing
so-called domain and range restrictions; (4) exploitation of
implicit disjointness declarations; (5) subset/superset caching
for increasing runtime performance and reducing memory
requirements. The effectiveness of these techniques is as-
sessed using the empirical results obtained from processing
the UMLS knowledge bases.

We briefly introduce the description logic (DL)
ALCNHp+ [Haarslev and Moller, 2000b] (see the ta-
bles in Figure 1) using a standard Tarski-style semantics.
ALCNHp+ extends the basic description logic ALC by
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role hierarchies, transitively closed roles (denoted by the set
T in Figure 1), and number restrictions. Note that the com-
bination of transitive roles and role hierarchies implies the
expressivity of so-called general inclusion axioms (GClIs).
The concept name T is used as an abbreviation for C L —C.

If R, S are role names, then R C S is called a role inclusion
axiom. A role hierarchy R is defined by a finite set of role
inclusion axioms. The concept language of ALCNH g+ syn-
tactically restricts the combinability of number restrictions
and transitive roles due to a known undecidability result in
case of an unrestricted syntax [Horrocks et al., 1999]. Only
simple roles may occur in number restrictions. Roles are
called simple (denotes by the set S in Figure 1) if they are
neither transitive nor have a transitive role as descendant.

If C and D are concept terms, then C C D (generalized con-
cept inclusion or GCI) is a terminological axiom. A finite set
Tx of terminological axioms is called a terminology or TBox
w.r.t. to a given role hierarchy R.> A terminological axiom of
the form A C C s called a concept introduction axiom and C
is called the primitive (concept) definition of A if A is a con-
cept name which occurs only once on the left hand side of the
axioms contained in a TBox 7. A pair of GClIs of the form
{AC C, CC A} (abbreviated as A = C) is called a concept
definition axiom and C is called the (concept) definition of A
if A is a concept name which occurs only once on the left
hand side of all axioms contained in a TBox 7.

An ABox A is a finite set of assertional axioms as defined
in Figure 1. The ABox consistency problem is to decide
whether a given ABox A is consistent w.r.t. a TBox 7 and
a role hierarchy R. An ABox A is consistent iff there exists
a model 7 that satisfies all axioms in 7 and all assertions in
A. Subsumption between concepts can be reduced to con-
cept satisfiability since C subsumes D iff the concept -C 1 D
is unsatisfiable. Satisfiability of concepts can be reduced to
ABox consistency as follows: A concept C is satisfiable iff
the ABox {a:C} is consistent.

The DL reconstruction of important parts of the UMLS in-
troduces a specific scheme where a set of concept introduc-
tion axioms is used to represent subset as well as composi-
tion aspects of conceptual descriptions (words) mentioned in
the UMLS metathesaurus. For instance, for the notion of a
‘heart’, the following concept introduction axioms for heart
structures (suffix ‘s’), heart parts (suffix ‘p’) and heart enti-
ties (no suffix) are declared (see [Schulz and Hahn, 2000] for
details):

ana_heart C ana_heart_s M ana_hollow_viscus I
umls_body_part_organ_or_organ_component

ana_heart_s C ana_hollow_viscus_s Il
ana_cardiovascular_system_p

ana_heart_p C —ana_heart M ana_heart_s T
3. ; anatomical_part_of _ana_heart

Note the implicit disjointness declared between
ana_heart_p and ana_heart. The following role axiom
is generated as well.

anatomical_part_of _ana_heart C
anatomical_part_of _ana_hollow_viscus

3The reference to R is omitted in the following if we use 7.
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It is beyond the scope of this paper to discuss the pros and
cons of specific modeling techniques used in the UMLS re-
construction. In the next section, optimization techniques for
efficiently dealing with these kinds of knowledge bases are
presented.

2 Optimization Techniques

Modern DL systems such as RACE offer at least two
standard inference services for concept names occurring in
TBoxes: classification and coherence checking. Classifica-
tion is the process of computing the most-specific subsump-
tion relationships between all concept names mentioned in
a TBox 7. The result is often referred to as the taxonomy
of 7 and gives for each concept name two sets of concept
names listing its “parents” (direct subsumers) and “children”
(direct subsumees). Coherence checking determines all con-
cept names which are unsatisfiable.

Expressive DLs such as ALCNH g+ allow GCIs which
can considerably slow down consistency tests. A true GCI is
a GCI of the form C T D where C is not aname and C C D is
not part of a pair representing a concept definition axiom. A
standard technique (GCI absorption) [Horrocks and Tobies,
2000] which is also part of the RACE architecture performs
a TBox transformation which precedes classification and co-
herence checking. The axioms in a TBox are transformed in
a way that true GCIs can be absorbed into (primitive) concept
definitions which can be efficiently dealt with by a technique
called lazy unfolding (e.g. see [Baader er al., 1994]). Lazy
unfolding dynamically expands a concept name by its (prim-
itive) definition during an ABox consistency test. The true
GClIs remaining after the GCI absorption are referred to as
global axioms.

Our findings indicate that state-of-the-art techniques cur-
rently employed for fast classification of TBoxes have to be
extended in order to cope with very large knowledge bases of
the above-mentioned kind. In the following we describe these
extensions.

2.1 Topological Sorting for Quasi Definition Order

For TBox classification the RACE architecture employs the
techniques introduced in [Baader et al., 1994]. The parents
and children of a certain concept name are computed in so-
called ‘top search’ and ‘bottom search’ traversal phases, re-
spectively. These phases can be illustrated with the following
example. Assume a new concept name A; has to be inserted
into an existing taxonomy. The top search phase traverses the
taxonomy from the top node (T) via the set of children and
checks whether A; is subsumed by a concept node. Basically,
if A; is subsumed by a node A;, then the children of A; are
traversed. The top search phase determines the set of parents
of A;. When the top search phase for A; has been finished, the
bottom search phase for A; analogously traverses the taxon-
omy from the bottom node via the set of parents of a node.
The bottom search phase determines the set of children of A;.

Using the marking and propagation techniques described
in [Baader er al., 1994] the search space for traversals can
usually be pruned considerably. It is always advantageous to
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avoid as many traversals as possible since they require the use
of “expensive” subsumption tests. This is even more impor-
tant for very large TBoxes.

Let us assume, a TBox to be classified can be transformed
such that no global axioms remain but cyclic (primitive) con-
cept definitions may exist. According to [Baader et al., 1994]
we assume that a concept name A ‘directly uses’ a concept
name B if B occurs in the (primitive) definition of A. The
relation ‘uses’ is the transitive closure of ‘directly uses.” If
A uses B then B comes before A in the so-called definition
order. For acyclic TBoxes (i.e. the uses relation is irreflexive)
containing concept introduction axioms only, the set of con-
cept names can be processed in definition order, i.e. a con-
cept name is not classified until all the concept names used
in its (primitive) definition are classified. In this case the set
of children of a concept name to be inserted consists only of
the bottom concept. Thus, if concept names are classified in
definition order, the bottom search phase can safely be omit-
ted for concept names which have only a primitive definition
[Baader et al., 1994].

In order to avoid the bottom search phase it is possible to
impose a syntactical restriction on TBoxes for less expressive
DLs, i.e. to accept only concept axioms in definition order,
i.e. the (primitive) definitions do not include forward refer-
ences to concept names not yet introduced. However, for an
expressive DL such as ALCNH g+, which offers cyclic ax-
ioms and GClIs, in general, the bottom search phase cannot be
skipped.

The UMLS TBoxes contain many forward references oc-
curring in value (e.g. V R . C) and existential restrictions (e.g.
JR. C). Thus, the definition order of concept names has to
be computed in a preprocessing step. As a refinement we
devised a slightly less strict notion of definition order which
works more efficiently. We assume a relation ‘directly refers
to’ similar to ‘directly uses’ but with references occurring in
the scope of quantifiers not considered. This simplification
reduces the overhead caused by computing the ‘directly refers
to’ relation. It is correct since subsumption between concept
names with primitive definitions cannot be caused via quan-
tifiers occurring in the concept definitions. Again ‘refers to’
is the transitive closure of ‘directly refers to’. The ‘refers
to’ relation induces a partial order relation on sets of con-
cept names. All concept names involved in a cycle become
members of one set while the remaining concept names form
singleton sets. A topological sorting algorithm is used to se-
rialize the partial order such that a total order between sets of
concept names is defined. This serialization is called a quasi
definition order.

During the classification of a TBox with RACE the sets
of concept names are processed in quasi definition order. For
each singleton set whose member has a primitive concept de-
finition, the bottom search can be skipped. Let A C C be a
concept introduction axiom and A is to be inserted into the
taxonomy. The ‘refers to’ relation and the quasi definition
order serialization ensure that either all concept names that
are potential subsumees of A are inserted after A has been
inserted into the subsumption lattice or the bottom search is
indeed performed. The quasi definition order is conservative
w.r.t. the potential subsumers (note that ALCNH p+ does not

KNOWLEDGE REPRESENTATION AND REASONING

support inverse roles). Moreover, in a basic subsumption test
the subsumption lattice under construction is never referred
to. Thus, strict definition order classification is not necessary.

Note that in [Baader et al., 1994] no experiments are dis-
cussed that involve the computation of a serialization given
a TBox with axioms not already in (strict) definition order.
Topological sorting is of order n + e where e is the number of
given ‘refers to’ relationships. Thus, we have approximately
O(n log n) steps while the bottom search procedure requires
O(n?) steps in the worst case.

2.2 Adaptive Clustering in TBoxes

Experiments with the UMLS TBoxes showed that the well-
known techniques described in [Baader et al., 1994] exhibit
considerable performance deficiencies in case of (rather flat)
taxonomies where some nodes have a large number of chil-
dren. Therefore, in the RACE architecture a special cluster-
ing technique is employed.

If the top search phase finds a node (e.g. A) with
more than 6 children, the 6 children are grouped into a
bucket (e.g. Aneyw), 1.e. a (virtual) concept definition ax-
iom A, = A1 LI... LAy is assumed and A,,.,, 1S inserted
into the subsumption lattice with {A} being its parents and
{A1...Ag} being its children. A, is also referred to as a
bucket concept. Note that bucket concepts (e.g. Apeq) are
considered as virtual in the sense that the external interface
of RACE hides the names of virtual concepts in a transparent
way.

Let us assume, a certain concept name B is to be inserted
and a node A with its children {Ay,..., A} is encountered
during the top search phase. Instead of testing for each child
A; (i € {1..0}) whether A; subsumes B, our findings suggest
that it is more effective to initially test whether the associated
virtual concept definition of A, does not subsume B us-
ing the pseudo model merging technique (e.g. see [Horrocks,
1997, Haarslev et al., 2001]) which provides a ‘cheap’ and
sound but incomplete non-subsumption test based on pseudo
models derived from concept satisfiability tests. Since in most
cases no subsumption relation can be found between any A;
and B, one test possibly replaces 6 “expensive” but wasted
subsumption tests. On the other hand, if a subsumption rela-
tion indeed exists, then clustering introduces some overhead.
However, since the UMLS TBoxes mostly contain concept
introduction axioms, the pseudo model of —A,,.,, being used
for model merging is very simple because the pseudo model
basically consists only of a set of negated primitive concept
names (see [Haarslev et al., 2001] for further details about
pseudo model merging in RACE). The adaptive clustering is
designed in a way that it still works even if a quasi definition
order cannot be guaranteed (e.g. due to the presence of de-
fined concepts or GCls). Therefore, a bucket becomes obso-
lete and has to be removed from a concept node if a member
of this bucket gets a different concept node as parent.

For best performance, the number of children to be
kept in a bucket should depend on the total number of
known children for a concept. However, this can hardly
be estimated. Therefore, the following adaptive strategy
is used. If more and more concept names are “inserted”
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into the subsumption lattice, the number of buckets in-
creases as well. If a new bucket is to be created for a
certain node A and there are already o buckets clustering
the children of A, then two buckets (those buckets with
the smallest number of children) of A are merged. For in-
stance, merging of the buckets Apew = A1 L...UA, and
Bhew = B1 U ... LB, means that the bucket Apey 1S “re-
defined” as Apew = A1 U...UA,UB;U...UB, and the
bucket By is reused for the new bucket to be created (see
above).* Whether hierarchical clustering techniques lead to
performance improvements is subject to further research.

The current evaluation of clustering with buckets uses a
setting with § = 10 and o = 15.

2.3 Dealing with Domain and Range Restrictions

Some UMLS TBoxes contain axioms declaring domain and
range restrictions for roles. For instance, the domain C of
a role R can be determined by the axiom 3.; RC C and
the range D by the axiom T T VR.D. Domain restric-
tions increase the search space during a consistency test
since they have to be represented as disjunctions of the form
(-3 RuC

It is possible to transform a domain restriction of
the form 3.; RC C into an equivalent inclusion axiom
of the form -CLC 3.y R and to absorb the transformed
axiom if no inclusion axiom of the form CLC ... ex-
ists. However, the transformation is not applicable to
the UMLS TBoxes since they contain domain restrictions
(e.g. 3J-; anatomical_part_of_ana_heart C ana_heart_p) as
well as inclusion axioms (e.g. ana_heart_p C —ana_heart T
ana_heart_s 3. ; anatomical_part_of _ana_heart) violating
the above-mentioned precondition. Hence, in order to apply
the topological sorting optimization, it was necessary to in-
corporate domain restrictions into an ABox consistency test
because global axioms may not exist in order to apply the
topological sorting technique.

If GCIs representing domain restrictions for roles have
been absorbed, they are dealt with by RACE with a gener-
alized kind of lazy unfolding. Whenever a concept of the
form 3R. D or 3., R is checked for unfolding, it is replaced
by CM3R.Dor Cn3d., RifaGCI of the form 3,; ST C
has been absorbed (R a sub-role of S). This technique is
valid since 3. ; R C C can be represented as the global axiom
d.9o RUC and the unfolding scheme of RACE guarantees
that C is added if an R-successor will be created due to 3R . D
or 3., R. A role assertion (a, b) : R is unfolded to {(a, b):R,
a:C}. If lazy unfolding is applied, domain restrictions have
to be considered w.r.t. the ‘directly refers to’ relationship in a
special way.

Note that, in principle, RACE also supports the absorp-
tion of GClIs of the form —A C C; (but only if no concept
introduction axiom of the form A = C;, and no concept de-
finition definition axiom of the form A = C, for A exists).
Some knowledge bases can only be handled effectively if the
absorption of axioms of the form —A C C; is supported.

“Note that due to subsequent merging operations, n and m need
not be equal to 6.
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In contrast to domain restrictions, range restrictions for
roles do not introduce new disjunctions. However, it is al-
ways advantageous to keep the number of global axioms to
be managed as small as possible. Therefore, GCIs express-
ing range restrictions for roles are absorbed and concepts of
the form 3R. C or 3., R are unfolded to 3R.CT1VS.D or
3., RMOVS.DifaGClof the form T C VS.D (R asub-role
of S) has been absorbed. A role assertion (a, b) : R is unfolded
to {(a,b):R, b:D}.

2.4 Exploiting Disjointness Declarations

As has been discussed in [Baader et al., 1994], it is important
to derive told subsumers> for each concept name for marking
and propagation processes. Besides told subsumers, RACE
exploits also the set of “told disjoints®”. In the ‘heart’ exam-
ple presented above, ana_heart is computed as a told disjoint
concept of ana_heart_p by examining the related concept in-
troduction axioms. If it is known that a concept B is a sub-
sumer of a concept A then A cannot be a subsumee of the told
disjoints of B. This kind of information is recorded (and prop-
agated) with appropriate non-subsumer marks (see [Baader et
al., 1994] for details about marking and propagation opera-
tions) in order to prune the search space for traversals caus-
ing subsumption tests. Exploiting disjointness information
has not been investigated in [Baader er al., 1994].

2.5 Caching Policies

RACE supports different caching policies (see also [Haarslev
and Moller, 2000a] for caching in RACE). Two types of
caches are provided which can be used together or alterna-
tively. Both cache types are accessed via keys constructed
from a set of concepts. The first cache (called equal cache)
contains entries about the satisfiability status of concept con-
junctions already encountered. This cache only returns a hit
if the search key exactly matches (i.e. is equal to) the key of a
known entry. For instance, the key for a concept conjunction
CyM... MG, is the (ordered) set {Cy,...,C,} of concepts.

The second cache type consists of a pair of caches. The
subset cache contains only entries for satisfiable concept con-
junctions while the superset cache stores unsatisfiable con-
cept conjunctions. These caches support queries concerning
already encountered supersets and subsets of a given search
key (see also [Hoffmann and Kohler, 1999; Giunchiglia and
Tacchella, 2000]). For instance, if the subset (satisfiability)
cache already contains an entry for the key {Cy, Cp, C3} and
is queried with the key {Cy, C3}, it returns a hit, i.e. the con-
junction C; M Cs is also satisfiable. Analogously, if the super-
set (unsatisfiability) cache already contains an entry for the
key {D3,D3,Ds} and is queried with the key {Dy,...,Ds},
it returns a hit, i.e. the conjunction D, M ... M Dg is also un-
satisfiable. If the equal cache is enabled, it is the first refer-
ence, i.e. only if an equal cache lookup fails, the superset or
subset caches are consulted.

For instance, A1, A; are told subsumers of A for a concept in-
troduction axiom A T A; M Az if Aj, A2 are concept names.

®For instance, Ay, A; are told disjoints of A for a concept intro-
duction axiom A C —A; M —A, if A;, A, are concept names.
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3 Empirical Results for UMLS Classifications

The performance of the RACE system is evaluated with dif-
ferent versions of the UMLS knowledge bases. UMLS-1 is a
preliminary version whose classification resulted in many un-
satisfiable concept names. UMLS-1 contains approximately
100,000 concept names and for almost all of them there exists
a concept introduction axiom of the form A T C where C not
equal to T. In addition, in UMLS-1 80,000 role names are
declared. Role names are arranged in a hierarchy.

UMLS-2 is a new version in which the reasons for the in-
consistencies have been removed. The version of UMLS-2
we used for our empirical tests uses approximately 160,000
concept names with associated primitive concept definitions
and 80,000 hierarchical roles.

Originally, the UMLS knowledge bases have been devel-
oped with an incomplete description logic system which does
not classify concepts with cyclic definitions (and, in turn, the
concepts which use these concepts). Due to the treatment of
cycles in the original approach [Schulz and Hahn, 20001, the
cycle-causing concepts are placed in so-called :implies
clauses, i.e. these concepts are not considered in concept sat-
isfiability and subsumption tests. For the same reason, the
UMLS reconstruction uses : implies for domain and range
restrictions of roles, i.e. domain and range restrictions are also
not considered in concept satisfiability and subsumption tests.

With RACE, none of these pragmatic distinctions are nec-
essary. However, in order to mimic the original behavior
and to test more than one TBox with RACE, for each of the
knowledge base versions, UMLS-1 and UMLS-2, three dif-
ferent subversions are generated (indicated with letters a, b
and c). Version ‘a’ uses axioms of the style presented above,
i.e. the : implies parts are omitted for TBox classification
(and coherence checking). In version ‘b’ the : implies part
of the original knowledge base is indeed considered for clas-
sification by RACE. Thus, additional axioms of the following
form are part of the TBox.

ana_heart C Jhas_developmental_fo . ana_fetal_heart 1
Jsurrounded_by . ana_pericardium

Version ‘c’ is the hardest version. Additional axioms
express domain and range restrictions for roles. For in-
stance, the following axioms are included in the TBox for
anatomical_part_of_ana_heart.

3. 7 anatomical_part_of _ana_heart C ana_heart_p

T C Vanatomical_part_of _ana_heart . ana_heart

Thus, for the performance evaluation we have tested 6 dif-
ferent knowledge bases. All measurements have been per-
formed on a Sun UltraSPARC 2 with 1.4 GByte main mem-
ory and Solaris 6. RACE is implemented in ANSI Common
Lisp and for the tests Franz Allegro Common Lisp 5.0.1 has
been used. The results are as follows.

If the generalized unfolding technique for domain and
range restrictions is disabled in RACE, even a small subset
(with a size of ~5%) of the UMLS TBoxes with GCIs for
domain and range restrictions could not be classified within
several hours of runtime. Furthermore, the equal cache had
to be disabled for all UMLS TBoxes in order to reduce the
space requirements during TBox classification.
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Figure 2: Evaluation of the topological sorting and clustering
techniques for UMLS2a-c (see explanation in text).

Without clustering and topological sorting, UMLS-1a can
be classified in approximately 11 hours (1636 concept names
are recognized as unsatisfiable). With clustering and topolog-
ical sorting enabled, only 5.5 hours are necessary to compute
the same result for UMLS-1a. The second version, UMLS-
1b, requires 3.6 hours (with optimization) and 6.1 hours
(without optimization). The reason for the enhanced perfor-
mance with more constraints is that in this version already
47855 concept names are unsatisfiable. With domain and
range restrictions we found that even 60246 concept names
are unsatisfiable. The computation times with RACE are 3.4
hours (with optimization) and 8.7 hours (without optimiza-
tion). Up to 500 MBytes of memory are required to compute
the classification results. For UMLS-1, checking TBox co-
herence (see above) requires approximately 10 minutes.

The new second version, UMLS-2, contains an additional
part of the UMLS ontology and, therefore, is harder to deal
with. Furthermore, there are no unsatisfiable concept names,
i.e. classification is much harder because there are much more
nodes in the subsumption lattice. In UMLS-1, due to the large
number of unsatisfiable concepts, the subsumption lattice is
rather small because many concept names “disappear” as syn-
onyms of the bottom concept. For UMLS-2, checking TBox
coherence (see above) requires between 15 and 50 minutes
(2a: 16 min, 2b: 19 min, 2¢: 51 min).

The results for classifying the UMLS-2 TBoxes are shown
in Figure 2. A comparison of setting 1 (all optimizations en-
abled) and setting 2 (clustering disabled) reveals that cluster-
ing is a very effective optimization technique for the UMLS-
2 TBoxes. The result for setting 3 (topological sorting dis-
abled) and UMLS-2a/b supports the fact that topological sort-
ing is also very effective. The runtime result for setting 3
and UMLS-2c is due to removed buckets (see Section 2.2).
This is very likely to happen if topological sorting is disabled
and apparently shows a dramatic overhead for UMLS-2c. If,
in setting 4, both clustering and topological sorting are dis-
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abled, runtimes increase only to a limited extent. Moreover,
according to the evaluation results, UMLS-2b does not re-
quire more computational resources than UMLS-2a (see the
discussion about : implies from above). Only the incorpo-
ration of domain and range restrictions cause runtimes to in-
crease. For the UMLS-2 TBoxes up to 800 MBytes of mem-
ory are required. For other benchmark TBoxes (e.g. Galen
[Horrocks, 1997] with approx. 3000 concepts) our results in-
dicate an overhead of ~5% in runtime. This is caused by the
presence of many defined concepts and a small average num-
ber of concept children in the taxonomy. In summary, the
results for the UMLS TBoxes clearly demonstrate that clus-
tering is only effective in conjunction with topological sorting
establishing a quasi-definition order.

4 Conclusion

In this paper enhanced optimization techniques which are es-
sential for an initiative towards sound and complete high per-
formance knowledge base classification are presented. Thus,
fast classification of very large terminologies which mostly
consist of concept introduction axioms now has become pos-
sible with description logic systems based on sound and com-
plete algorithms.

A final comment concerning the significance of the UMLS
knowledge bases used for the empirical evaluation is appro-
priate. Even though the UMLS knowledge bases do not make
use of defined concepts or arbitrary GCls, a large number of
concept introduction axioms and a possibly large role hier-
archy can be called the standard case in many practical ap-
plications. Furthermore, some UMLS TBoxes (version ‘c’)
demand the absorption of GCIs expressing domain and range
restrictions for roles. Without this new technique even a very
small subset of these TBoxes cannot be classified within a
reasonable amount of time. If description logics are to be
successful in large-scale practical applications, being able to
deal with very large knowledge bases such as those based on
the UMLS is mandatory.

Even with the above-mentioned optimization techniques,
dealing with 160,000 concept names is by no means a trivial
task. Large knowledge bases reveal even slightly less than
optimal algorithms used for specific subproblems. Thus, ex-
periments with very large knowledge bases also provide feed-
back concerning lurking performance bottlenecks not becom-
ing apparent when dealing with smaller knowledge bases. To
the best of our knowledge, RACE is the only DL system
based on sound and complete algorithms that can deal with
this kind of very large knowledge bases.

We would like to thank Stefan Schulz for making the
UMLS reconstruction available.
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Abstract

We proposeL ¢, anextensionof circumscription
by allowing propositionalcombinationsand nest-
ing of circumscriptve theories. As shown, Lifs-
chitz's nestedabnormalitytheories(NATS, intro-
ducedin AlJ, 1995) are naturally embeddednto
this language We analyzethe complexity of £ ciyc
and NATs, andin particularthe effect of nesting.
The latteris found a sourceof compleity, asboth
formalisms are proved to be PSRACE-complete.
We identify casesof lower compleity, including
a tractablecase. Our resultsgive insight into the
“cost” of usingL ¢y resp.NATsasahostlanguage
for expressingptherformalisms suchasnarratives.

1 Intr oduction

Circumscriptionis a very powerful methodfor knowledge
representatioandcommon-senseasoningyhich hasbeen
usedfor a variety of tasks,including temporalreasoninggdi-
agnosisandreasoningn inheritancenetworks. Thebasicse-
mantical notion underlying circumscriptionis minimization
of the extensionof selectedpredicates. This is especially
usefulwhena predicateis meantto represenan abnormal-
ity condition,e.g.,abird which doesnotfly. Circumscription
is appliedto a formula T, eitherpropositionalor first-order
andit is usedto eliminatesomeunintendednodelsof 7'
Since the seminaldefinition of circumscriptionin [Mc-
Carthy 1980, several extensionshave beenproposed(see,
e.g.,Lifschitz's survey [1994)), all of themretainingthe ba-
sic ideaof minimization. In this paper we proposeL girc, @
languagevhich extendspropositionakircumscriptionin two
importantandrathernaturalways:

1. ononehand,we allow the propositionalcombinationof
circumscriptve theories;

2. ontheotherhand,we allow nestingof circumscriptions.

As for theformerextension we claim thatit canbe useful
in several cases.As an example,whendifferentsourcesof
knowledgeCirc(Ty) andCire(Ty) comingfrom two equally
trustableagentswho perform circumscriptionare to be in-
tegrated, it seemsplausibleto take their disjunction, i.e.,

KNOWLEDGE REPRESENTATION AND REASONING

ThomasEiter Georg Gottlob
Institut fur Informationssysteme
TechnischdJniversitat Wien
Favoritenstrass®, A-1040Wien, Austria
eiter@r.tuw en. ac. at
gottl ob@lbai .t uw en. ac. at

Circ(Ty) V Circ(T). In L gy, all propositionalconnec-
tivesareallowed.

As for the latter extension,the original ideaof nestedab-
normality theories (NATS) has beenproposedby Lifschitz
[1999, andits usefulnesgor the formalizationof narratives
hasbeenshown by Baraletal. [199§. Nestingcircumscrip-
tion is usefulfor the modularizatiorof a knowledgebase As
anexampleconcerningdiagnosiof anartifactdesignedn a
modularway, e.g.,acar, apieceof knowledgeCirc(Ty) may
modelthe intendedbehaior of a subpart,e.g., the engine.
Analogously Circ(T>) may modelthe intendedbehavior of
the electricalpart. Furtherunintendednodelscanbe elimi-
natedby takingthecircumscriptiorof asuitablepropositional
combinationof Cire(Ty), Circ(T>), and a plain proposi-
tional formulaencodingobsenations.

In this paper we aremainly concernedvith the computa-
tional propertiesof £ ¢i. andNATs andwith their relation-
shipto plain circumscription.In particular we tacklethefol-
lowing questions:

e CanNATsbeembeddednto L gy ?

e What is the precise compleity of reasoningunder
nestedcircumscription? By reasoning we meanboth
modelcheckingandformulainferencefrom an £ ;.. Or
NAT theory

e Isthereasimplerestrictionof NATs (andthusof £ gr.)
for which somerelevantreasoningasksarefeasiblein
polynomialtime?

We areableto give a satistctoryanswerto all theseques-
tions. In particular in Section3, afterproviding aprecisedef-
inition of £ ¢, we provethemainresultsaboutits complex-
ity: modelcheckingandinferenceareshonvn to be PSRACE-
complete(the latter evenfor literals); morewer, complexity
is provento increasew.r.t. thenesting.Ilt appearshatnesting,
andnot propositionalcombination,is responsiblgor the in-
creasdn compleity. Similar resultsareprovenfor NATs in
Section4, wherewe alsoprove thatevery NAT canbeeasily
(andpolynomially) translatednto aformulaof £ giyc.

Given the high compleity of nestedcircumscription,we
look for significantfragmentsf thelanguage# whichcom-

plexity is lower, andfocuson Horn NATS: it is provenin Sec-

We remindthat Circ(T:) V Cire(Tz) # Cire(Ti V Ts) in
generaltake,e.g.. 71 =a A b, T> =b).
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tion 4 thatherenestingcanbe efficiently eliminatedif fixed
variablesarenotallowed,andbothmodelcheckingandinfer-
encearepolynomial. Section5 compares ¢;-. andNATsto
other generalization®f circumscriptionsuchas prioritized
circumscription[Lifschitz, 1985;1994 and theory curbing
[Eiteretal., 1993;Eiter andGottlob,2004.

Our resultsprove that the expressve power that makes
L cir. andNATs usefultoolsfor themodularizatiorof knowl-
edgehasindeeda cost,becauseéhe complexity of reasoning
in suchlanguagess higherthanreasoningn a“flat” circum-
scriptive knowledgebase Anyway the PSRACE upperbound
of the compleity of reasoning,and the similarity of their
semanticawith that of quantifiedBooleanformulas(QBFs),
malesfastimplementationgpossibleby translatingtheminto
a QBF andthen using one of the several available solvers,
e.g.,[Rintanen,1999. This approachcould be usedalsofor
implementingmeaningfufragmentof NATSs, suchastheone
in [Baraletal., 1999, althoughthis might be inefficient, like
usingafirst-ordertheoremproverfor propositionalogic.

GiventhatQBFscanbe polynomiallyencodednto NATS,
we canshaw (in thefull paper)thatnestedcircumscriptionis
moresuccinctthanplain (unnestedyircumscription;.e., by
nesting Circ operatorgor NATS), we canexpresssomecir-
cumscriptve theoriesin polynomialspace while they could
be written in exponentialspaceonly, if nestingwerenot al-
lowed. In this sensewe addnew resultsto the compaative
linguisticsof knowledg representatiofGogicetal., 1995.

2 Preliminaries

We assumea finite set At of propositionalatoms,and let
L(At) (for short, £, if At doesnot matteror is clearfrom
the context) be a standardpropositionallanguageover At.
For ary formulay € £, we denoteby mod(p) the set of
its models. CapitalsP, @), Z etc standfor orderedsetsof
atoms,which we alsoview aslists. If X = {z1,..., z,}
andX’ = {z1,..., z,}, thenX < X' denotegheformula
/\?Zl(xi - .'L";)

The extension of a model M on atoms A is denoted
by M[A]. We denoteby <p.; the preferencerelation on
modelswhich minimizes P in parallel while Z is varying
and all other atomsare fixed; i.e., M <p,z M' (M is
more or equally preferableto M) iff M[P] C M'[P] and
M[Q] = M'[Q], where@ = At\ PU Z andC and=
are taken componentwise.As usual, M <p,z M’ means
M <p,z M'AM # M'.

We denoteby Circ(p; P; Z) thesecond-ordecircumscrip-
tion [Lifschitz, 1989 of the formulay wherethe atomsin P
areminimized,the atomsin Z float, andall otheratomsare
fixed,whichis definedasthefollowing formula:

Circ(p; P; Z) =
@lP; ZIANP'Z'((p[P'; Z'| AN\P <P) - P<P'). (1)

Here P’ and Z' arelists of freshatoms(not occurringin ¢)
correspondingo P and Z, respectiely. The second-order
formula (1) is a quantifiedBooleanformula (QBF) with free
variableswhosesemanticss definedin the standardvay. Its
models,i.e., assignmentso the free variablessuchthat the
resultingsentencaes valid, arethe modelsM of ¢ which are
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P; Z-minimal whereamodel M of ¢ is P; Z-minimal,if no
model M’ of ¢ existssuchthat M’ <p,z M.

3 Languagelcir

The languagel ¢;. extendsthe standardpropositionallan-
guage/L (over a setof atomsAt) by circumscriptve atoms.
Formulasof L ¢;,. areinductively built asfollows:

1. a € Lo, fOreverya € At;
2. if @, 9 arein Lgyre, thenp A ¢ and—g arein L oipe;

3. if ¢ € Loy and P, Z aredisjoint lists of atoms,then
Circ(p; P; Z) isin L gire (calledcircumscriptiveatomn).

FurtherBooleanconnectves(v, —, etc)aredefinedasusual.
The semantic®f any formulap from £ ¢, IS givenin terms
of modelsof a naturallyassociatedBF 7(y), which is in-
ductively definedasfollows:

1. 7(a) = a, if pisanatoma € At;

2. 7(p Ap) = 7(p) AT(¢) andr(—p) = -7(p);
3. 7(Circ(p; P; Z)) =
r(plP; Z) AYP'Z (r(g[P'; Z')) A P' <P) - P<P').

Notethatin 3, the second-ordedefinition of circumscrip-
tion is usedto mapthe circumscriptve atomto a QBF which
generalizeshe circumscriptionformulain (1). In particular
if ¢ is an“ordinary” propositionalformula (¢ € £), then
7(Circ(ip; P; Z)) coincideswith theformulain (1).

Example 1 Considertheformula

p = Circ(Circ(a V b;a; b) V Circ(bV ¢; b; ¢); a; c).
Applying rule 3 to inner circumscriptionswe get 7(¢) =
Circ((b A —a) V (¢ A =b);a;c). Applyingrule 3 again we
getr(p) = (maA-bAc)V(maAb)=-aA(bVc).

As usual,we write M = ¢ if M is a modelof ¢, and
¢ | 9 if ¢ is alogical consequencef ¢.

Eliminating fixed letters

As shown in [deKleer andKonolige, 1989, thefixed letters
canberemovedfrom anordinarycircumscription.The same
techniquecan be appliedfor formulasfrom L ;.. aswell.
More precisely let ¢ = Clire(y; P; Z) bea circumscriptve
atom. For eachletterq ¢ P U Z, introducea freshletter g,
addq,G to P, andadda conjunctqg < —Gto ). Lety' =
Circ(y'; P'; Z) betheresultingcircumscriptve atom. Then,
thefollowing holds.

Proposition1 ¢ and ' are equivalentmodulothe setof all
auxiliary letters g.

Using this equivalence,we can eliminateall fixed letters
from aformulaa € L¢irc, by replacingeachcircumscriptve
atome in a with ', wherethefreshatomsg are madefloat-
ing inside’ andoutsidep. Notethatthe resultingformula
o' hassizepolynomialin thesizeof a.

3.1 Complexity results

Let the Circ-nestingdepth(for short,nestingdepth)of ¢ €
L cire, denotednd(y), be the maximumnumberof circum-
scriptive atomsalongary pathin theformulatreeof .
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Theorem1 Modelchedkingfor £ g, i.€., decidingwhether
a giveninterpretation M is a modelof a givenformulay €
Lcire, 1S PSRACE-complete If nd(¢) < k for a constant
k > 0, thentheproblemis completefor Af,  [O(logn)], i.e.,
polynomialtime with O(logn) manycalls to an oracle for
P wheen is theinputsize

Proof: (Sketch)Clearly, ary formulay € £ ¢, Canbeen-
coded by definition,toaQBF (i) (notnecessarilyn prene
form) in polynomial time. Thusdeciding, M | ¢ is in
PSRACE. By aninductive agument,we canseethatfor ary
circumscriptve atomy = Circ(y; P; Z) suchthatnd(p) <
k, decidingM = ¢ isin IIf. Thusfor ary Booleancom-
bination ¢ of atomsand circumscriptve atomsey, . .., @,
suchthatnd(y) (= maxj2, nd(y;)) <k, decidingM = ¢
is possiblein Afﬂ ||, i.e.,polynomialtime with oneroundof
parallel =7’ oraclecalls. SinceAf || = Af,;[O(logn)],
this provesthe membershipartfor nd(p) < k.

PSRACE-hardnessf M = ¢ for generaly follows di-
rectlyfrom thePSIACE-hardnessf modelcheckingfor NAT
theoriesshowvn below in Theorem4, andfrom the fact that
NATs canbe polynomial-timeembeddednto £ ;.. (Corol-
lary 2). Similarly, from the respectie resultson NATs we
obtainthatfor circumscriptve atomsy with nd(y) < k the
problemis IIF -hard (andthusII} -complete).

The AL, [O(logn)]-hardnessart for the casewhere ¢
is a Booleancombinationof formulaseys,...,¢om € Lcir
suchthatmax?; nd(y;) < k is thenshavn by areduction
from deciding, given m instances(Mi, ¢1),....(Mn, ©m)
of the model checkingproblemfor circumscriptve atoms,
whetherthe numberof yes-instanceamongthem s even.
The Af,,[O(log n)]-completenessf this problemis anin-
stanceof Wagners[1990 generaresultfor all IIF -complete
problems Moreover, we mayusethatall instancegreondis-
joint alphabetandtheassertiodWagner199Q that(M;, ;)
is ayes-instancenly if (M;y1,p;+1) is ayes-instancefor
alli € {1,...,m—1}. Then,we candefine

21 n
¢ =€+ Vocoicm (/\jz:o @i N Njzait _“Pj)

wheree is afreshletter TheinterpretationM = |J*, M; U
{e} isamodelof ¢ if andonly if thenumberof yes-instances
among(Mi,¥1),..., (My,,vn) is even. Clearly, ¢ and M
canbeconstructedn polynomialtime. O

Theorem 2 Deciding givenformulasy, 1 € L ¢4 Whether
¢ |= ¢ is PSRACE-complete Hardnessholdsevenif ¢ € L.

If the nestingdepthof ¢ and v is boundedby the constant
k > 0, thenthe problemis HkP+1-compIete

Proof: The problemis in PSRACE (resp.,l‘[kp+1): An in-
terpretationd/ suchthatM = ¢ A —) canbe guessednd
verifiedin polynomialspace(resp.,AfH [O(logn)], thusin
polynomialtime with anoraclefor II¥). Hencethe problem
isin NPSRACE = PSRACE (resp.,Hfﬂ). Hardnesdollows
from the polynomial time embeddingof NATSs into £ g
(Corollary2) andTheorem3. O

Corollary 1 Decidingsatisfiability of a givenformulay €
L cire 1S PSACE-complete If the nestingdepthis bounded
by a constantt > 0, thenthe problemis EkPH-complete
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4 NestedAbnormality Theories(NATS)

Lifschitz [1995] proposedhe hierarchicaluseof the circum-
scriptionprinciple,appliedto building blocksof amorecom-
plex theory Thismethodwasusedg.g.,in [Baraletal., 1994
for definingthe formal semantic®f narratives.

We assuméehattheatomsAt includea setof distinguished
atomsAb = {aby, ..., abs} (Whichintuitively representb-
normality properties).Blodks are definedasthe smallestset
suchthatif ¢y, ..., ¢, aredistinctatomsnotin Ab, andeach

of By, ..., B, iseitheraformulain £ orablock,then
B={c,...,¢m : By,...,Bp},
is a block [Lifschitz, 1995, wherecy, .. ., ¢, arecalledde-

scribed by this block. The nestingdepth of B, denoted
nd(B), is 0 if every B; is from £, and1 + max{nd(B;) |
1 <4 < n} otherwise.

A nestedabnormality theory (NAT) [Lifschitz, 1994 is
acollectionT = By,..., B, of blocks; its nestingdepth,
nd(T), is definedasmax{nd(B;) | 1 <i < n}.

The semanticof a NAT T is definedby a mappingo (7))
to a QBF asfollows: o(T) = Agcyo(B), wherefor ary
block B={C: By,...,B,},

o(B) = 3Ab.Circ(\;_, 0(B;); Ab; C)

giventhato (B;) = B; if B; isaformulain L.

Thus, a standardcircumscription Circ(y; P; Z), where
¢ € L, is equivalentto aNAT T = {Z : ¢} whereP
is viewed as the set of abnormalityletters Ab; notice that
nd(T) = 0.

We notethefollowing usefulproposition.

Proposition2 Let7 = By,...,B, beanyNAT. Let 7’ =

Z : By,...,B,} whee Z is any subsetof the atoms(dis-
joint with Ab). Then,7 and 7" havethe samemodels.

Indeed,7" hasvoid minimizationof Ab (makingeachab;
in Abfalse)andfixedandfloatingletterscanhave ary values.

Embedding NATs into £ gire

In thetranslatiorno(7°), theminimizedlettersAb areunderan
existential quantifier and thus “projected” from the models
of theformula Cire(- - -). We can,moduloauxiliary letters,
eliminateexistentialquantifiersasfollows:

1. Renameevery quantifierdAb in o(7T) suchthat every
quantifiedvariableis differentfrom ary othervariable.

2. In every circumscriptve subformula Circ(p; P; Z) of
therenamedormula, addto the floating atomsall vari-
ableswhicharequantifiedin ¢ (includingsubformulas).

3. Dropall quantifiers.

Leto*(7T) betheresultingformula. Notethatits sizeis poly-
nomial (quadratic)n thesizeof o(T).

Example2 LetAB={ab;,abs} andT ={z: T1, ab, & 2z},
where 71 = {z : aby & —abs, aby < z}. Then,

o(T) = Faby,abs.Circ(a(Ty) A (aby ¢ 2); aby, abs; 2),
whee
o(T1) = Faby,abs.Circ((abi ¢ —abs) A (aby > 2);

aby, abs; 2).
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In Stepl, werenameab; andab, in o(7;) to abs and aby,
respectivelyandaddin Step2 abs, ab, to thefloatingletter z
of 7. After droppingquantifieisin Step3, we obtain:

o*(T) = Circ(a*(T1) A (aby < 2); aby, abs; 2, abs, aby),
o*(T1) = Circ((abs <> —aby) A (abs <> 2); abz,aby; 2).

Let A*(T) bethesetof atomsfrom Step3 of theembedding
a*(T). Thefollowing result,which canbe provenby induc-
tion onthenestingdepthof 7T, stateghe correctnessf o*.

Proposition3 For any NAT 7, the formulas o(7) and
o*(T) are equivalentmoduloA* (7).

Corollary 2 Moduloauxiliary letters, NAT is (semantically)
a fragmentof £ ¢;,., and polynomial-timeembeddedia o*.

Noticethatis not possibleto addin Step2 of theembedding
o*(T) thequantifiedvariablesin ¢ to thefixedatoms.

Example 3 Reconsidethe NAT 7 in Ex. 2. Notethat 0 is
the uniquemodelof ¢(7). Theformulaoc*(7;) has,if we
disregard aby, aby (Which are fixedin it), the modelsiM; =
{abs, z} and My = {abs}. They giverise to thetwo models
N; = {aby, z,abs} and Ny = {abs} of 6*(T1) A (aby > 2),
of which N5 is aby, aby; abs, aby, z-minimal.
However, if abs, aby were fixedin o*(T), thenboth Ny

and N> would be modelsof o*(T), asthey are aby, abs; z-
minimal. Theefore, Proposition3 wouldfail.

Eliminating fixed letters

Every fixedletterq canberemovedfrom a NAT 7 similarly

asfrom aformulay € Lg;.. However, we musttake into

accountthata fixed letter ¢ may not be simply declaredasa

minimizedletterin the rewriting, sincethereis a specialset
Ab of minimizedletterwhich hasrestricteduses.We surpass
this by introducingtwo specialabnormalitylettersab, and

ab, in Ab, andby addingthe formula (g < ab,) A (ab, <

-ab,) asanew blockto 7, awell asab, > —ab, in every
otherblock of 7. Theletterq is declaredloatingin 7.

4.1 Complexity of NATs

Ordinary circumscriptioncan expressa QBF sentenced =
VX 3Yy (wherey € L) asfollows. Letu beafreshvariable.

Lemma 1 (cf. [Eiter and Gottlob, 1993) & is true if and
onlyif Circ(p;u;Y) = —u, wheep = V u.

This circumscriptioncanbe easilystatedasa NAT. Set
Ti ={Y,u:p,u < ab}.

ThenLemmal impliesthat7; | —w iff ® is true. In fact,
denotefor ary interpretation) andsetof atomsS by ¢,,(.S)
theassignmento S asgivenby M. Then,everymodel M of
71 mustbe, if wefix theatomsin X to ¢, (X), amodelof ¢
suchthatM k= w if andonly if ¢[ X/t (X)] is unsatisfiable.

Starting from this result, we prove PSRACE-hardnes®f
inferenceT = ¢ from a NAT theory 7. The basictech-
nigueis to introducefurther variablesasparametes V' into
theformula® from Lemmal, which arekeptfixedatthein-
nerlevels. At a new outermostevel to beaddedthe letteru
is usedfor evaluatingthe formulaat a certainlevel. We must
in alternationrminimize andmaximizethe valueof w.

172

Considetthecaseof aQBF & = VX3Yy[V], whereV are
free variablesin it, consideredas“parameters”.We nest7;
into thefollowing theory7s:

To={XUY,u:T1,u < —ab}
This amountgo thefollowing circumscription:
o(T2) = JabCirc(FabCirc(p A (urab); ab; Y, u)A

(u>—ab); ab; X UY,u).

The outercircumscriptionminimizesab andthusmaximizes
u. o(T2) is, by Proposition3, equivalentto theformula
a*(Tz) Circ(a*(T1) A (ur—az);a2; X UY, u,a1),
c*(T1) = Circ(pA(uerar);ar;Y,u)
modulothe atomsa; anda,. Thefollowing canbe shown:
Lemma2 7; = wu if and only if for every assignment
s(V), the QBF 3XVYY-¢[V/s(V)] is true (i.e., ®[V/s(V)]
is false).

It follows from the lemmathat deciding,givena NAT 72
of nestingdepthl andy € £, whetherT; = v is I -hard.

We generalizethis patternto encodethe evaluationof a
QBF

® = Qanananfl . 'VXQHXI’L/}; n Z ]-7 (2)
wherethequantifiersy); alternateinto inference] |= ¢ from

aNAT theoryT asfollows.
Lety = 9 Vu, whereu is afreshatom.Defineinductively

Il

Tt = {Xi,u:p,u <+ ab},
T = {X1,...,Xok,u: Tag—1,u ¢ —ab},
Tok+1 = {X1,..., Xogy1,u: Tog, u <> abl,

for all 2k,2k + 1 € {2,...,n}, andlet 7y = { : ¢}. Note
that 7o is equivalentto ¢, andthatnd(7;) = ¢ — 1, for all
i € {1,...,n} while nd(75) = 0. We obtainthefollowing.
Lemma 3 For everyn > 1, 7,—1 hassomemodel,and

e if nisodd,thenT, ; | uiff ® isfalse i.e., - ® istrue;

e if niseventhenT,_; | —wu iff ® istrue.

This statementanbe provedby inductiononn > 1.

Lemma4 Model chedking for NATSs, i.e., decidingwhether
a giveninterpretation M is a modelof a givenNAT 7, isin
PSFACE.If nd(T) < k for constant; > 0, thenit isin IT} , .

Proof: For k = 0, the problemamountdo modelchecking
for ordinarycircumscriptionwhichis in coNP. For k > 0,
we cantestrecursvely for eachblock B of T whetherM isa
modelof eachblock By, ...,B, in B={C: By,...,Bp},
andthatnomodelN of By, . .., B, existssuchthatN < 43,c
M. Therecursiondepthis linear, andthe procedureunsin
quadraticspace Moreover, if nd(T) is boundedy aconstant
k, thenthe checkfor M andthe existenceof N witnessing
that M is not modelof B, canbe donein nondeterministic
polynomialtime with anoraclefor I1f . Thus,the problemis
in PSRACE (resp.,inIIf, ). O

The constructionin Lemma2 shavs how it is possible
to polynomially embedQBF evaluationinto inferencewrt a
NAT. In turn, Proposition3 shavs thata NAT canbe polyno-
mially embeddednto an L ¢;,. formula. The following the-
oremhighlightsthe consequencesf suchrelationson com-
plexity of inferencewrt a NAT.
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Theorem 3 Deciding givena NAT theory7 anda proposi-
tional formula ¢, whether7 = ¢ is PSRACE-complete If
nd(T) < k for constantt > 0, thenit is I}, ,-complete

Proof: Thehardnesgpartfollowsfrom Lemma3 above. As
for the membershipart,amodel M of T suchthat M £ ¢
canbe guesseandverifiedin PSRACE (resp.,with the help
of aIl;, ,-oracle). Thusthe problemis in co-NPSRCE =

PSRACE (resp. 11}, ,). O

The next theoremshaws that the upperboundson model
checkingfor NATs have matchinglower bounds (Thisis ex-
pectedfrom Theorem3: if modelcheckingwerein the Poly-
nomialHierarchy(PH), thenalsoinferencewould bein PH.)

Theorem4 Givena NAT theory7 andaninterpretationM,
decidingwhetherM = T is PSRACE-complete If nd(T") <
k for a constantk > 0, thenthe problemis Hfﬂ—complete

Proof: (Sketch)By Lemma4, it remainsto shav the hard-
nessarts.Notethatfor & = 0, thisis immediatefrom results
in [EiterandGottlob,1993. We canslightly adaptthe above
encodingof QBFsinto NATs. Givena QBF @ asin Eq. (2),
letthe NATs 7y, ..., T, beasthere,with the only difference
thaty = v Vv u is replacedoy

¢ = (WVuV (X, Av))A(XpAv) = X U---UX,_1Uey),

wheree,, = {u} if n is oddande,, = {-u} otherwise.Here
v is anew letter, defined(i.e., floating) in 7,, andfixedelse-
where; X, resp.X;U- - -UX,,_; Ue, is viewedasconjunction
of itsformulas.Let 7y, ..., 7, betheresultingNATs.

DefineM = U, X; U {v,u} if nisoddand M =
Ui, X; U {v} if nis even. Notethat M |= ¢’ and M is,
modulowu, theonly candidatdor amodelof 7} in which X,
andv aretrue: ary suchmodelmustsatisfyy', andif X, Av
aretrue,thenall otheratomshave a uniquetruth value.

It holdsthat M is a modelof 7, iff the QBF & is false
(resp.,true). It follows that model checkingis PSRACE-
hardandIIy, ,-hardif nd(T) < k for constantk; notethat
nd(7T))=n-1.0

4.2 A polynomial-time fragment

We callablock{C : By, ..., B,} Horn, if eachB; isaHorn
CNFif B; € £, andrecursvely B; is Hornotherwise A NAT
T is Horn, if eachof its blocksis Horn.

In [CadoliandLenzerini, 1994, it wasshowvn thatdeciding
Circ(p; P;0) = —u, wherey is a propositionalHorn CNF
and v is an atom, is coNP-complete. That s, alreadyfor
Horn NATs 7 without nesting(i.e., nd(7) = 0) inferenceis
intractable andnestingmay furtheraddon complexity.

Horn NATs without fixed letters
The techniqueof remaoving fixed lettersfrom a Horn NAT
doesnot work, sinceit usesnon-Hornclauses.Thus,Horn
NATs without fixed lettersdo not immediatelyinherit com-
plexity, in particularintractability, from generaHorn NATs.
In fact, for this classwe obtainpositive results. Note that
herestill minimization of atomsgq is possiblevia auxiliary
atomsab, € AbandHornaxiomsq — ab,, ab, — ¢ginT.
Call ary P; Z-minimal modelof a NAT T suchthatP =
At \ AbandZ = ( aminimalmodelof 7.
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Theorem5 Let7 beaHorn NAT withoutfixedletters. Then,
(1) 7 hasa least(i.e., a uniqueminimal) model,and (2) T
is equivalento a Horn CNF (7). Furthermoee, both(7)
and M (7") are computablén polynomialtime

Proof: (Sketch)Let, for any Horn CNF 4 andmodelM C
At, beyy™ the Horn CNF resultingfrom ¢ aftersubstituting
eachab; € Ab by T (true)if M |= ab; andby L (false)if
M = —ab; andsubsequergtandardsimplifications.

Let 7 beasingleblock B = {Z : By,...,B,}, where
Z = At \ Ab. DefinetheHorn CNF ¢(B) recursvely by

¢(B) :== /\B,-EL BzMO A /\Bi-g[; o(B;),
whereM, = My(B) is theleastmodelof theHorn CNF

¢(B) = /\BieL B; A /\B,-¢£ SD(Bi):

and
M(B) := Mo[At \ Ab] (= My[Z]).

Then,byinductiononnd(B) >0, wecanshaw that(1) M (B)
is theleastmodelof B, and(2) ¢(B) is equialentto B.

Let, for any formulaa, block B, NAT T etc denote||«||,
| B|l, || T etctherepresentatiosizeof therespectie object.

Obviously, we can computep(B) inductvely. For the
Horn CNFs+(B) andy(B), we have || (B)|| < ||B|| and
le(B)|| < ||BJ|- Of the model My, we only needits re-
striction My[A] to the atoms A occurringin B (all other
atomsare irrelevant for computing(B)). We can com-
pute My[A] from ¢(B) in O(||B||) time (recallthatthe least
modelof aHorn CNF « is computablén O(||«||) time), and
Ap, e B from Mo[A] in O(|| B|) time. Overall, it fol-
lowsthatfor 7 = B, we cancomputebothy(7) andits least
model M (7)) in time O(#b(T)||T1|), where#b(T) is the
numberof (recursve)blocksin 7, thusin polynomialtime.

By Prop.2, we canreplacea multiple block 7 = By, ...,
B, by T'" = {At\ Ab : By,...,B,}, whichis Horn and
withoutfixedletters,andobtainanalogousesults.O

Using sophisticatedlatastructuresthe (relevant partsof)
modelsM, (B) abore canbe computedncrementallywhere
eachclausein ¢(B) is fired atmostonce.Overall, o(7) and
M(T) arecomputablén O(||T|) time. We thushave:

Theorem 6 (Flat Normal Form) EveryHorn NAT 7 with-
out fixedletters can be rewritten to an equivalentHorn NAT
{Z : ¢} withoutfixedletters,where ¢ € L isaHorn CNFin
O(||T])) time(i.e., in linear time).

Thus, nestingin Horn NATs without fixed lettersdoesnot
increaseéheexpressvenessandcanbeefficiently eliminated.
We notesomeeasycorollariesof the previousresult.

Corollary 3 Decidingsatisfiability of a givenHorn NAT T
withoutfixedletters is polynomial.

Corollary 4 Modelcheding for a givenHorn NAT 7 with-
outfixedlettersandmodelM is polynomial.

For theinferenceproblem,we obtainthefollowing result.

Theorem7 Givena Horn NAT 7 without fixed letters and
¢ € L, decidingT kE ¢ is coNP-complete If  is a CNR
thenthe problemis polynomial.
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Proof: Sincemodelcheckingis polynomial,the problem
is clearly in coNP. The coNP-hardnesgart follows from
coNP-completenessf validity checkingfor agiveny € L
(askwhether{Z : T} |= ¢, whereZ containsall letters).

We canreduceT = ¢ to o(T) E zp in O(||'T]]) time,
wherep(T) isaHorn CNF. If ¥ = AL, «; is a CNF of
clausesy;, thelattercanbe checledin O (m||o(T)|| + [[¥|)
time, thusin O (m||T||+|]¢||) time (checky(T) E «;, which
is O(||le(T)]| + |lasl]) time,foralli € {1,....m}). O

5 Other Generalizationsof Circumscription

As we have discussedabove, fixed letters can be removed
from £ ¢, andNAT theoriesrespectiely. Usingthesetech-
nigues,the hardnesgesultsof Sections3.1 and 4.1 canbe
sharpenedo theorieswithout fixedletters.

Prioritized circumscription generalizescircumscription
Circ(p; P; Z) by partitioningthelettersP into priority levels
P, >P, > --- > P,, andinformally pruningall modelsof ¢

whicharenotminimalon P;, while ZU P, U- - -U P, floats
andP, U---U P;_; isfixed,fori = 1,...,n (cf. [Lifschitz,

1994)). This canbe readily expressedasthe nestedcircum-
scriptionCire(- - - Cire(Cire(p; P1; ZUPU - -UR,,); P2; ZU

P;U---UPR,)---). Thisgeneralizationiffersfrom £ ¢;. and
NATs: The compleity doesnot increase asinferenceand
model checkingremainIIZ -completeand coNP-complete,
respectiely. Intuitively, the reasonis that prioritization al-

lows only for arestrictedchangeof therole of the samdetter
in iterations(floating to minimized and minimizedto fixed)
andforbidsreconsideringninimizedletters.

Curbing is yet anotherextensionof circumscription Eiter
etal., 1993;EiterandGottlob,200d. Ratherthanthe (hierar
chical)useof circumscriptiorappliedto blocks,curbingaims
at softeningminimization,andallows for inclusive interpre-
tation of disjunctionwhereordinary circumscriptionreturns
exclusivedisjunction.Semantically Curb(p; P; Z) for afor-
mulay € L isthesmallessetM C mod(y) whichcontains
all modelsof Circ(p; P; Z) andis closedunderminimal up-
perboundsin mod(¢). A minimal upperbound(mub) of a
set M’ of modelsin mod(y) is amodelM € mod(p) such
that(1) M' <p,z M, for every M’ € M', and(2) thereex-
istsnoN € mod(y) satisfyingitem 1 suchthatN <p., M'.
For example, = a Vv b hastwo minimal models,if all
lettersareminimized(P = At = {a,b}): {a} and{b}. The
model{a, b} is notaminimal modelof , butis acurbmodel
of ¢. Thus, Curb(a V b) = a V b. On the otherhand, if
At = {a,b,c}, thenCurb(a V b) = (a V b) A —c is different
from a V b; the unsupportedetter ¢ is setto false. Note that
Circ(a V b) = (a + —b) A cis differentfrom Curb(a V b).
Like for £¢i-. andNATSs, inferenceand model checking
for Curb(p; P; Z) are PSRACE-complete[Eiter and Gott-
lob, 200d. However, in the first-ordercase the formalisms
have differentexpressieness.Let us considertheoriesin a
function-freelanguageunderdomainclosure (DC) and the
uniguenamesassumptior(UNA), i.e., the (finite) “datalog”
case.In this case curbingcanexpresssomeproblemswhich
L cire andNATSs cannot. We can, e.g.,write a (fixed) inter
preterT7 in this languagefor curbingvarying propositional
3CNFformulasy, inputasgroundfactsF'(y), suchthatthe
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curbmodelsof 77 U F(y) andy arein 1-1 correspondence.
Noticethatcurbingsuch3CNFsy is PSRACE-completeand
thus,by well-known resultsin compleity, thisis notexpress-
ible by afixed £ gi,. or NAT theory(unlessPH=PSRCE).
Furtherrelationshipdetweenl ¢;,. resp.NATs andcurb-
ing, aswell asotherexpressie KR formalisms[Baraletal.,
2000;PollettandRemmel, 1997, remainto be explored.
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Abstract

We provide a perspective on knowledge compila-
tion which calls for analyzing different compila-
tion approaches according to two key dimensions:
the succinctness of the target compilation language,
and the class of queries and transformations that
the language supports in polytime. We argue that
such analysis is necessary for placing new compila-
tion approaches within the context of existing ones.
We also go beyond classical, flat target compila-
tion languages based on CNF and DNF, and con-
sider a richer, nested class based on directed acyclic
graphs, which we show to include a relatively large
number of target compilation languages.

1 Introduction

Knowledge compilation has emerged recently as a key di-
rection of research for dealing with the computational in-
tractability of general propositional reasoning [Darwiche,
1999a; Cadoli and Donini, 1997; Boufkhad et al., 1997,
Khardon and Roth, 1997; Selman and Kautz, 1996; Schrag,
1996; Marquis, 1995; del Val, 1994; Dechter and Rish, 1994;
Reiter and de Kleer, 1987]. According to this direction, a
propositional theory is compiled off-line into a target lan-
guage, which is then used on-line to answer a large number
of queries in polytime. The key motivation behind knowl-
edge compilation is to push as much of the computational
overhead into the off-line phase, which is amortized over all
on-line queries. But knowledge compilation can serve other
important purposes as well. For example, target compilation
languages and their associated algorithms can be very sim-
ple, allowing one to develop on-line reasoning systems for
simple software and hardware platforms. Moreover, the sim-
plicity of algorithms that operate on compiled languages help
in streamlining the effort of algorithmic design into a single
task: that of generating the smallest compiled representations
possible, as that turns out to be the main computational bot-
tleneck in compilation approaches.

There are three key aspects of any knowledge compilation
approach: the succinctness of the target language into which
the propositional theory is compiled; the class of queries that
can be answered in polytime based on the compiled represen-
tation; and the class of transformations that can be applied
to the representation in polytime. The Al literature has thus
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far focused mostly on target compilation languages which are
variations on DNF and CNF formulas, such as Horn theo-
ries and prime implicates. Moreover, it has focused mostly
on clausal entailment queries, with very little discussion of
tractable transformations on compiled theories.

The goal of this paper is to provide a broad perspec-
tive on knowledge compilation by considering a relatively
large number of target compilation languages and analyz-
ing them according to their succinctness and the class of
queries/transformations that they admit in polytime.

Instead of focusing on classical, flat target compilation lan-
guages based on CNF and DNF, we consider a richer, nested
class based on representing propositional sentences using di-
rected acyclic graphs, which we refer to as NNF. We identify
a number of target compilation languages that have been pre-
sented in the Al, formal verification, and computer science
literature and show that they are special cases of NNF. For
each such class, we list the extra conditions that need to be
imposed on NNF to obtain the specific class, and then identify
the set of queries and transformations that the class supports
in polytime. We also provide cross-rankings of the different
subsets of NNF, according to their succinctness and the poly-
time operations they support.

The main contribution of this paper is then a map for decid-
ing the target compilation language that is most suitable for a
particular application. Specifically, we propose that one starts
by identifying the set of queries and transformations needed
for their given application, and then choosing the most suc-
cinct language that supports these operations in polytime.

This paper is structured as follows. We start by formally
defining the NNF language in Section 2, where we list a num-
ber of conditions on NNF that give rise to a variety of tar-
get compilation languages. We then study the succinctness
of these languages in Section 3 and provide a cross-ranking
that compares them according to this measure. We consider
a number of queries and their applications in Section 4 and
compare the different target compilation languages according
to their tractability with respect to these queries. Section 5
is then dedicated to a class of transformations, their applica-
tions, and their tractability with respect to the different tar-
get compilation languages. We finally close in Section 6 by
some concluding remarks. Proofs of theorems are omitted for
space limitations but can be found in [Darwiche and Marquis,
2001].
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2 The NNF Language

We consider more than a dozen languages in this paper, all
of which are subsets of the NNF language, which is defined
formally as follows [Darwiche, 1999a; 1999b].

Definition 2.1 Let PS be a finite set of prop. variables. A
sentence in NNF pg is a rooted, directed acyclic graph (DAG)
where each leaf node is labeled with true, false, X or =X,
X € PS; and each internal node is labeled with \ or V and
can have arbitrarily many children. The size of a sentence
in NNF pg is the number of its DAG edges. Its height is the
maximum number of edges from the root to some leaf in the
DAG.

Figure 1 depicts a sentence in NNF, which represents the
odd parity function (we omit reference to variables P.S when
no confusion is anticipated). Any propositional sentence can
be represented as a sentence in NNF, so the NNF language is
complete.

It is important here to distinguish between a representa-
tion language and a target compilation language. The former
should be natural enough to enable one to encode knowledge
directly, while the latter should be tractable enough to permit
some polytime queries and/or transformations. We will con-
sider a number of target compilation languages that do not
qualify as representation languages from this perspective, as
they are not suitable for humans to construct or interpret. We
will also consider a number of representation languages that
do not qualify as target compilation languages.!

For a language to qualify as a target compilation language,
we require that it permits a polytime clausal entailment test.
Therefore, NNF does not qualify as a target compilation lan-
guage (unless P=NP) [Papadimitriou, 19941, but many of its
subsets do. We define a number of these subsets below, each
of which is obtained by imposing further conditions on NNF.

We will distinguish between two key subsets of NNF: flat
and nested subsets. We first consider flat subsets, which result
from imposing combinations of the following properties:

o Flatness: The height of each sentence is at most 2. The
sentence in Figure 4 is flat, but the one in Figure 1 is not.

e Simple-disjunction: The children of each or-node are
leaves that share no variables (the node is a clause).

o Simple-conjunction: The children of each and-node are
leaves that share no variables (the node is a term). The
sentence in Figure 4 satisfies this property.

Definition 2.2 The language £-NNF is the subset of NNF
satisfying flatness. The language CNF is the subset of f-
NNF satisfying simple—disjunction. The language DNF is the
subset of £ -NNF satisfying simple—conjunction.

CNF does not permit a polytime clausal entailment test and,
hence, does not qualify as a target compilation language (un-
less P=NP). But its DNF dual does.

! Admittedly, the notion of a representation language is not a for-
mal one, yet the distinction is important. For example, we believe
that when proposing target compilation languages in Al, there is
usually an implicit requirement that the proposed language is also
a representation language. As we shall see later, however, the most
powerful target compilation languages are not suitable for humans
to specify or interpret directly.
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The following subset of CNF, prime implicates, has been
quite influential in computer science:

Definition 2.3 The language PI is the subset of CNF in
which each clause entailed by the sentence is subsumed by
a clause that appears in the sentence; and no clause in the
sentence is subsumed by another.

A dual of PI, prime implicants IP, can also be defined.?

Definition 2.4 The language 1P is the subset of DNF in
which each term entailing the sentence subsumes some term
that appears in the sentence; and no term in the sentence is
subsumed by another term.

We now consider nested subsets of the NNF language,
which do not impose any restriction on the height of a sen-
tence. Instead, these subsets result from imposing one or
more of the following conditions: decomposability, determin-
ism, smoothness, decision, and ordering. We start by defining
the first three properties. From here on, if C is a node in an
NNF, then Vars(C') denotes the set of all variables that label
the descendants of node C.

e Decomposability [Darwiche, 1999a; 1999b]. An NNF
satisfies this property if for each conjunction C' in the
NNF, the conjuncts of C' do not share variables. That
is, if C4,...,C), are the children of and-node C, then
Vars(C;) N Vars(C;) = 0 for i # j. Consider the and-
node marked in Figure 1(a). This node has two children,
the first contains variables A, B while the second con-
tains variables C, D. This and-node is then decompos-
able since the two children do not share variables. Each
other and-node in Figure 1(a) is also decomposable and,
hence, the NNF in this figure is decomposable.

e Determinism [Darwiche, 2000]: An NNF satisfies this
property if for each disjunction C' in the NNF, each
two disjuncts of C' are logically contradictory. That
is, if Cq,...,C), are the children of or-node C, then
C; N Cj |= false for i # j. Consider the or-node
marked in Figure 1(b), which has two children corre-
sponding to sub-sentences ~A A B and =B A A. These
two sub-sentences are logically contradictory. The or-
node is then deterministic and so are the other or-nodes
in Figure 1(b). Hence, the NNF in this figure is deter-
ministic.

e Smoothness [Darwiche, 2000]: An NNF satisfies this
property if for each disjunction C' in the NNF, each
disjunct of C' mentions the same variables. That is,
if Cq,...,C, are the children of or-node C, then
Vars(C;) = Vars(Cj) for i # j. Consider the marked
or-node in Figure 1(c). This node has two children, each
of which mentions variables A, B. This or-node is then
smooth and so are the other or-nodes in Figure 1(c).
Hence, the NNF in this figure is smooth.3

The properties of decomposability, determinism and
smoothness lead to a number of interesting subsets of NNF.

2Horn theories (and renamable Horn theories) represent another
target compilation subset of CNF, but we do not consider it here
since we restrict our attention to complete languages only.

3 Any sentence in NNF can be smoothed in polytime, while pre-
serving decomposability and determinism. Preserving flatness, how-
ever, may blow-up the size of given NNF.
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Figure 1: A sentence in NNF. Its size is 30 and height is 4.

Figure 2: On the left, a sentence in the BDD language. On the
right, its corresponding binary decision diagram.

Definition 2.5 The language DNNF is the subset of NNF sat-
isfying decomposability; d-NNF is the subset satisfying de-
terminism; s-NNF is the subset satisfying smoothness; d-
DNNF is the subset satisfying decomposability and determin-
ism; and sd-DNNF is the subset satisfying decomposability,
determinism and smoothness.

Note that DNF is a strict subset of DNNF [Darwiche, 1999a;
1999b]. The following decision property comes from the lit-
erature on binary decision diagrams [Bryant, 1986].

Definition 2.6 (Decision) A decision node N in an NNF sen-
tence is one which is labeled with true, false, or is an or-node
having the form (X A a) V (=X A ), where X is a variable,
a and f are decision nodes. In the latter case, dVar(N) de-
notes the variable X.

Definition 2.7 The language BDD is the subset of NNF, where
the root of each sentence is a decision node.

The NNF sentence in Figure 2 belongs to the BDD subset.
The BDD language corresponds to binary decision dia-
grams (BDDs), as known in the formal verification literature
[Bryant, 1986]. Binary decision diagrams are depicted using
a more compact notation though: the labels ¢rue and false
are denoted by 1 and 0, respectively; and each decision node

or
T
and and
£ 4% b is denoted by ¢ . The BDD sentence on the left
of Figure 2 corresponds to the binary decision diagram on the
right of Figure 2. Obviously enough, every NNF sentence that
satisfies the decision property is also deterministic. There-
fore, BDD is a subset of d-NNF.
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Figure 3: The set of DAG-based languages considered in this
paper. An edge L; — L, means that L; is a subset of L.
Next to each subset, we list the polytime queries supported
by the subset but not by any of its ancestors (see Section 4).

As we show later, BDD does not qualify as a target compila-
tion language (unless P=NP), but the following subset does.

Definition 2.8 FBDD is the intersection of DNNF and BDD.

That is, each sentence in FBDD is decomposable and satis-
fies the decision property. The FBDD language corresponds
to free binary decision diagrams, as known in formal verifica-
tion [Gergov and Meinel, 1994]. An FBDD is usually defined
as a BDD that satisfies the read-once property: on each path
from the root to a leaf, a variable can appear at most once.
Read-once is equivalent to the decomposability of BDDs.*

A more influential subset of the BDD language is obtained
by imposing the ordering property:
Definition 2.9 (Ordering) Ler < be a total ordering on the
variables PS. The language OBDD. is the subset of FBDD sat-
isfying the following property: if N and M are or-nodes, and
if N is an ancestor of node M, then dVar(N) < dVar(M).

The OBDD. language corresponds to the well-known or-
dered binary decision diagrams [Bryant, 1986].

The languages we have discussed so far are depicted in Fig-
ure 3, where arrows denote set inclusion. The figure contains
one additional language that we have not discussed yet:

*FBDDs are also known as read-once branching programs.
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Figure 4: A sentence in language MODS.

Definition 2.10 MODS is the intersection of sd-DNNF and
DNF.

Figure 4 depicts a sentence in MODS. As we show later, MODS
is the most tractable NNF subset we shall consider (together
with OBDD.). This is not surprising since from the syntax
of a sentence in MODS, one can immediately recover the sen-
tence models.

3 On the Succinctness of Compiled Theories

We have discussed more than a dozen subsets of the NNF lan-
guage. Some of these subsets are well known and have been
studied extensively in the computer science literature. Others,
such as DNNF [Darwiche, 1999b; 1999a] and d-DNNF [Dar-
wiche, 2000], are relatively new. The question now is: What
subset should one adopt for a particular application? As we
argue in this paper, that depends on three key properties of
the language: its succinctness, the class of tractable queries it
supports, and the class of tractable transformations it admits.

Our goal in this and the following sections is to construct a
map on which we place different subsets of the NNF language
according to the above criteria. This map will then serve as a
guide to system designers in choosing the target compilation
language most suitable to their application. It also provides an
example paradigm for studying and evaluating further target
compilation languages. We start with a study of succinctness’
in this section [Gogic et al., 1995].

Definition 3.1 (Succinctness) Let Ly and Lo be two subsets
Oof NNF. L is at least as succinct as Ls, denoted iy < Lo, iff
for every sentence o € Lo, there exists an equivalent sentence
B € Ly where the size of B is polynomial in the size of o.°

The relation < is clearly reflexive and transitive, hence,
a pre-ordering. One can also define the relation <, where
L1 < L2 lfle S L2 and L2 ﬁ L1.

Proposition 3.1 The results in Table 1 hold.

Figure 5 summarizes the results of Proposition 3.1 in terms
of a directed acyclic graph.

A classical result in knowledge compilation states that it
is not possible to compile any propositional formula « into a

3> A more general notion of space efficiency (model preservation
for polysize reductions) exists [Cadoli et al., 1996], but we do not
need its full generality here.

®We stress here that we do not require that there exists a function
that computes 3 given « in polytime; we only require that a polysize
B exists. Yet, our proofs in [Darwiche and Marquis, 2001] contain
specific algorithms for computing /3 from « in certain cases.
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Figure 5: An edge L; — Ly indicates that L; is strictly more
succinct than Lo, Ly < Lo; Ly = Ly indicates that L; and
L, are equally succinct, L; < Ls and Ly < L;. Dotted
arrows indicate unknown relationships.

polysize data structure 8 such that: « and § entail the same
set of clauses, and clausal entailment on 3 can be decided in
time polynomial in its size, unless NP C P/poly [Selman and
Kautz, 1996; Cadoli and Donini, 1997]. This last assump-
tion implies the collapse of the polynomial hierarchy at the
second level [Karp and Lipton, 1980], which is considered
very unlikely. We use this classical result from knowledge
compilation in some of our proofs of Proposition 3.1, which
explains why some of its parts are conditioned on the polyno-
mial hierarchy not collapsing.

We have excluded the subsets BDD, s-NNF, d-NNF and
f -NNF from Table 1 since they do not qualify as target com-
pilation languages (see Section 4). We kept NNF and CNF
though given their importance. Consider Figure 5 which de-
picts Table 1 graphically. With the exception of NNF and
CNF, all other languages depicted in Figure 5 qualify as target
compilation languages. Moreover, with the exception of lan-
guage PI, DNNF is the most succinct among all target compi-
lation languages—we know that PT is not more succinct than
DNNF, but we do not know whether DNNF is more succinct
than PT.

In between DNNF and MODS, there is a succinctness order-
ing of target compilation languages:

DNNF < d-DNNF < FBDD < OBDD. < MODS.

DNNTF is obtained by imposing decomposability on NNF; d -
DNNF by adding determinism; FBDD by adding decision; and
OBDD. by adding ordering. Adding each of these properties
reduces language succinctness.

One important fact to stress here is that adding smoothness
to d-DNNF does not affect its succinctness: the sd-DNNF
and d-DNNF languages are equally succinct. It is also inter-
esting to compare sd -DNNF (which is more succinct than the
influential FBDD and OBDD. languages) with MODS, which
is a most tractable language. Both sd-DNNF and MODS are
smooth, deterministic and decomposable. MODS, however, is
flat and obtains its decomposability from the stronger con-
dition of simple-conjunction. Therefore, sd-DNNF can be
viewed as the result of relaxing from MODS the flatness and
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[ L [ NNF | DNNF [ d-DNNF | sd-DNNF | FBDD | OBDD< | DNF [ CNF | PI [ IP | MODS |
NNF < < < < < < < < < < <
DNNF z < < < < < < [ £ [ 2 [< <
aomE | £F | £ < < < < Z | £ [ ? [ * <

sd-DNNF £F £F < < < < £ £ ? ? <
FBDD Z Z £ £ < < L | £ [ £ % <
OBDD< Z Z Z Z Z < L | £ [ £ % <
DNF Z Z % % % % < [ Z T £ < <
CNF £ £ £ £ £ £ £ < < £ <
PI £ £ £ £ £ £ £ £ < £ ?
ip £ £ £ £ £ £ £ £ £ < <
MODS £ £ £ £ £ £ £ £ £ £ <

Table 1: Succinctness of target compilation languages. * means that the result holds unless the polynomial hierarchy collapses.

simple-conjunction conditions, while maintaining decompos-
ability, determinism and smoothness. Relaxing these condi-
tions moves the language three levels up the succinctness hi-
erarchy, although it compromises only the polytime tests for
entailment and equivalence as we show in Section 4.

4 Querying a Compiled Theory

In evaluating the suitability of a target compilation language
to a particular application, the succinctness of the language
must be balanced against the set of queries and transforma-
tions that it supports in polytime. We consider in this sec-
tion a number of queries, each of which returns valuable
information about a propositional theory, and then identify
target compilation languages which provide polytime algo-
rithms for answering such queries.’

The queries we consider are tests for consistency, validity,
implicates (clausal entailment), implicants, equivalence, and
sentential entailment. We also consider counting and enumer-
ating theory models.®

From here on, L denotes a subset of language NNF.

Definition 4.1 (CO, VA) L satisfies CO (VA) iff there exists
a polytime algorithm that maps every formula X from L to 1
if ¥ is consistent (valid), and to O otherwise.

One of the main applications of compiling a theory is to en-
hance the efficiency of answering clausal entailment queries:

Definition 4.2 (CE) L satisfies CE iff there exists a polytime
algorithm that maps every formula ¥ from L and every clause
v from NNF to 1 if ¥ |= «y holds, and to O otherwise.

A key application for clausal entailment is in testing equiv-
alence. Specifically, suppose we have a design expressed as
a set of clauses A? = A; @ and a specification expressed
also as a set of clauses A® = A ; B, and we want to test
whether the design and specification are equivalent. By com-
piling each of A? and A® to targets 'Y and I'* that support a
polytime clausal entailment test, we can test the equivalence

"We restrict our attention in this paper to the existence of poly-
time algorithms for answering queries, but we do not present the al-
gorithms themselves. The interested reader is referred to [Darwiche,
1999b; 2000; 1999a; Bryant, 1986] for some of these algorithms and
to the proofs of theorems in [Darwiche and Marquis, 2001] for oth-
ers.

80ne can also consider computing the probability of a proposi-
tional sentence, assuming that all variables are probabilistically in-
dependent. For the subsets we consider, however, this can be done
in polytime whenever models can be counted in polytime.
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[ L [COTVAJTCE]IMJEQTJSET]CT]JME |
NNF o o o o o o o o
DNNF V4 o V4 o o o o v
d-NNF o o o o o o o o
s-NNF o o o o o o o o
f -NNF o o o o o o o o
aowr | vV [V IV [ V[ ? [ o V]V
sd-DNNF vV vV vV vV ? o vV vV
BDD o o o o o o o o
FBDD vV V vV vV ? o V vV
OBDD< VIVIVIVIVIVIVIV
DNF / o / o o o o v
CNF o V4 o / o o o o
PI VI IVIVIVIVIVI]e v
P VIVIVIVIVIVI] o v
MODS VIVIVIVIVIVIVIV

Table 2: Subsets of the NNF language and their corresponding
polytime queries. / means “satisfies” and o means “does not
satisfy unless P = NP.”

of A% and A® in polytime. That is, A% and A* are equivalent
iff [ |= j3; for all j and I'* |= «; for all 4.

A number of the target compilation languages we shall
consider, however, support a direct polytime equivalent test:

Definition 4.3 (EQ, SE) L satisfies EQ (SE) iff there exists
a polytime algorithm that maps every pair of formulas ¥, ®
fromLitolif¥ =® (X | ®) holds, and to 0 otherwise.

Note that sentential entailment (SE) is stronger than clausal
entailment and equivalence. Therefore, if a language L satis-
fies SE, it also satisfies CE and EQ.

For completeness, we consider the following dual to CE:

Definition 4.4 (IM) L satisfies IM iff there exists a polytime
algorithm that maps every formula ¥ from L and every term
v from NNF to 1 if vy |= X holds, and to 0 otherwise.

Finally, we consider counting and enumerating models:

Definition 4.5 (CT) L satisfies CT iff there exists a polytime
algorithm that maps every formula X from L to a nonnegative
integer that represents the number of models of X (in binary
notation).

Definition 4.6 (ME) L satisfies ME iff there exists a poly-
nomial p(.,.) and an algorithm that outputs all models of an
arbitrary formula ¥ from L in time p(n,m), where n is the
size of ¥ and m is the number of its models (over variables
occurring in X).

Proposition 4.1 The results in Table 2 hold.

The results of Proposition 4.1 are summarized in Figure 3.
One can draw a number of conclusions based on the results in
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this figure. First, NNF, s -NNF, d-NNF, f -NNF, and BDD fall
in one equivalence class that does not support any polytime
queries and CNF satisfies only VA and IM; hence, none of
them qualifies as a target compilation language in this case.
But the remaining languages all support polytime tests for
consistency and clausal entailment. Therefore, simply impos-
ing either of smoothness (s-NNF), determinism (d-NNF),
flatness (£-NNF), or decision (BDD) on the NNF language
does not lead to tractability with respect to any of the queries
we consider—neither of these properties seem to be signif-
icant in isolation. Decomposability (DNNF), however, is an
exception and leads immediately to polytime tests for both
consistency and clausal entailment, and to a polytime algo-
rithm for model enumeration.

Recall the succinctness ordering DNNF < d-DNNF <
FBDD < OBDD. < MODS from Figure 5. By adding
decomposability (DNNF), we obtain polytime tests for consis-
tency and clausal entailment, in addition to a polytime model
enumeration algorithm. By adding determinism to decom-
posability (d-DNNF), we obtain polytime tests for validity,
implicant and model counting, which are quite significant. It
is not clear, however, whether the combination of decompos-
ability and determinism leads to a polytime test for equiva-
lence. Moreover, adding the decision property on top of de-
composability and determinism (FBDD) does not appear to in-
crease tractability with respect to the given queries’, although
it does lead to reducing language succinctness as shown in
Figure 5. On the other hand, adding the ordering property on
top of decomposability, determinism and decision (OBDD.),
leads to polytime tests for sentential entailment and equiva-
lence.

As for the succinctness ordering NNF < DNNF < DNF
< IP < MODS from Figure 5, note that DNNF is obtained by
imposing decomposability on NNF, while DNF is obtained by
imposing flatness and simple-conjunction (which is stronger
than decomposability). What is interesting is that DNF is less
succinct than DNNF, yet does not support any more polytime
queries; see Figure 3. However, the addition of smoothness
on top of flatness and simple-conjunction (MODS) leads to five
additional polytime queries, including equivalence and entail-
ment tests. '

We close this section by noting that determinism appears to
be necessary (but not sufficient) for polytime model counting:
only deterministic languages, d-DNNF, sd-DNNF, FBDD,
OBDD. and MODS, support polytime counting. Moreover,
polytime counting implies a polytime test of validity, but the
opposite is not true.

°Deciding the equivalence of two sentences in FBDD, d-DNNF,
or in sd-DNNF, can be easily shown to be in CONP. However, we
do not have a proof of cONP-hardness, nor do we have deterministic
polytime algorithms for deciding these problems. Actually, the latter
case is quite unlikely as the equivalence problem for FBDD has been
intensively studied, with no such algorithm in sight. Note, however,
that the equivalence of two sentences in FBDD can be decided prob-
abilistically in polytime [Blum e al., 1980].

10Formally, we also need determinism to obtain MODS (see Defi-
nition 2.10). But given flatness, simple-conjunction and smoothness,
we can obtain determinism by simply removing duplicated terms.
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5 Transforming a Compiled Theory

A query is an operation that returns information about a the-
ory without changing it. A transformation, on the other hand,
is an operation that returns a modified theory, which is then
operated on using queries. Many applications require a com-
bination of transformations and queries.

Definition 5.1 ( A C,VC) L satisfies AC (VC) iff there ex-
ists a polytime algorithm that maps every finite set of for-
mulas X1, ...,%, from L to a formula of L that represents
SiA A, (B V-V E,).

Definition 5.2 (=C) L satisfies —C iff there exists a polytime
algorithm that maps every formula ¥ from L to a formula of
L that represents —X..

If a language satisfies one of the above properties, we will
say that it is closed under the corresponding operator. Closure
under logical connectives is important for two key reasons.
First, it has implications on how compilers are constructed
for a given target language. For example, if a clause can be
easily compiled into some language L, then closure under
conjunction implies that compiling a CNF sentence into L is
easy. Second, it has implications on the class of polytime
queries supported by the target language: If a language L
satisfies CO and is closed under negation and conjunction,
then it must satisfy SE (to test whether A |: I', all we have
to do, by the Refutation Theorem, is test whether A A =T
is inconsistent). Similarly, if a language satisfies VA and is
closed under negation and disjunction, it must satisfy SE by
the Deduction Theorem.

It is important to stress here that some languages are closed
under a logical operator, only if the number of operands is
bounded by a constant. We will refer to this as bounded-
closure.

Definition 5.3 (ABC, VBC) L satisfies ABC (VBC) iff
there exists a polytime algorithm that maps every pair of for-
mulas Y and ® from L to a formula of L that represents X N ®
(XV ).

We now turn to another important transformation:

Definition 5.4 (Conditioning) /[Darwiche, 1999a] Let ¥ be
a propositional formula, and let y be a consistent term. The
conditioning of T on vy, noted ¥ | vy, is the formula obtained
by replacing each variable X of ¥ by true (resp. false) if X
(resp. =X) is a positive (resp. negative) literal of y.

Definition 5.5 (CD) L satisfies CD iff there exists a polytime
algorithm that maps every formula ¥ from L and every con-
sistent term 7y to a formula from L that represents X | .

Conditioning has a number of applications, and corre-
sponds to restriction in the literature on Boolean functions.
The main application of conditioning is due to a theorem,
which says that ¥ A+ is consistent iff ¥ | «y is consistent [Dar-
wiche, 1999b; 1999a]. Therefore, if a language satisfies CO
and CD, then it must also satisfy CE. Conditioning also plays
a key role in building compilers that enforce decomposabil-
ity. If two sentences A; and A, are both decomposable (be-
long to DNNF), their conjunction A; A A is not necessarily
decomposable since the sentences may share variables. Con-
ditioning can be used to ensure decomposability in this case
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since Ay A Ay is equivalent to \/_ (A1 | y) A (A2 | 7) Ay,
where «y is a term covering all variables shared by A; and
As. Note that Vv(Al | v) A (Az | ¥) A v must be de-
composable since A; | v and A, | v do not mention vari-
ables in . The previous proposition is indeed a general-
ization to multiple variables of the well-known Shannon ex-
pansion in the literature on Boolean functions. It is also
the basis for compiling CNF into DNNF [Darwiche, 1999a;
1999b].

Another critical transformation we shall consider is that of
forgetting [Lin and Reiter, 1994]:

Definition 5.6 (Forgetting) Let > be a propositional for-
mula, and let X be a subset of variables from PS. The for-
getting of X from X, denoted 3X.%, is a formula that does
not mention any variable from X and for every formula o that
does not mention any variable from X, we have ¥ |= « pre-
cisely when XX | a.

Therefore, to forget variables from X is to remove any ref-
erence to X from Y, while maintaining all information that
Y captures about the complement of X. Note that 3X.3Y is
unique up to logical equivalence.

Definition 5.7 (FO, SFO) L satisfies FO iff there exists a
polytime algorithm that maps every formula ¥ from L and
every subset X of variables from PS to a formula from L
equivalent to 3X.%X. If the property holds for singleton X,
we say that L satisfies SFO.

Forgetting is an important transformation as it allows us
to focus/project a theory on a set of variables. For exam-
ple, if we know that some variables X will never appear
in entailment queries, we can forget these variables from
the compiled theory while maintaining its ability to answer
such queries correctly. Another application of forgetting is in
counting/enumerating the instantiations of some variables Y,
which are consistent with a theory A. This query can be an-
swered by counting/enumerating the models of 3X.A, where
X is the complement of Y. Forgetting also has applications
to planning, diagnosis and belief revision. For instance, in
the SATPLAN framework, compiling away fluents or actions
amounts to forgetting variables. In model-based diagnosis,
compiling away every variable except the abnormality ones
does not remove any piece of information required to com-
pute the conflicts and the diagnoses of a system [Darwiche,
1999b]. Forgetting has also been used to design update oper-
ators with valuable properties [Herzig and Rifi, 1999].

Proposition 5.1 The results in Table 3 hold.

One can draw a number of observations regarding Table 3.
First, all languages we consider satisfy CD and, hence, lend
themselves to efficient application of the conditioning trans-
formation. As for forgetting multiple variables, only DNNF,
DNF, PI and MODS permit that in polytime. It is important
to stress here that neither FBDD nor OBDD. permit polytime
forgetting of multiple variables. This is noticeable since some
of the recent applications of OBDD. to planning depends cru-
cially on the operation of forgetting and it may be more suit-
able to use a language that satisfies FO in this case. Note,
however, that OBDD. allows the forgetting of a single vari-
able in polytime, but FBDD does not allow even that. d-
DNNF is similar to FBDD as it satisfies neither FO nor SFO.
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[T [ CD ] FO [ SFO [ AC [ ABC [[ VC [ VBC [ -C ]

NNF v ° v v Vv v Vv
DNNF v/ v v/ o o v/ V/ o
d-NNF \/ o ? \/ V4 ? ? ?
swr [V iio T v I v v I v v IV
£-NNF V o V . v ° v V/
d-DNNF V4 o o o o o o ?
sd-DNNF V4 o o o o o o ?
0 vl o I v I v I v IV 1 vV 1V
FBDD v o o . o ° o v
OBDD < Vi o v . vV . v v
oy VIV I vl e v T v v I
CNF V o V V vV . v °
PI V4 / V4 . ° . v .
1P V4 ° o . / . ° .
MODS V4 / V4 . / . ° .

Table 3: Subsets of the NNF language and their polytime
transformations. \/ means “satisfies,” ® means “does not sat-
isfy,” while o means “does not satisfy unless P=NP.”

It is also interesting to observe that none of the target com-
pilation languages is closed under conjunction. A number
of them, however, are closed under bounded-conjunction, in-
cluding OBDD., DNF, IP and MODS.

As for disjunction, the only target compilation languages
that are closed under disjunction are DNNF and DNF. The
OBDD. and PI languages, however, are closed under
bounded disjunction. Again, the d-DNNF and FBDD lan-
guages are closed under neither.

The only target compilation languages that are closed un-
der negation are FBDD and OBDD., while it is not known
whether d-DNNF or sd-DNNF are closed under this opera-
tion. Note that d-DNNF and FBDD support the same set of
polytime queries (equivalence checking is unknown for both)
so they are indistinguishable from that viewpoint. Moreover,
the only difference between the two languages in Table 3 is
the closure of FBDD under negation, which does not seem
to be that significant in light of no closure under either con-
junction or disjunction. Note, however, that d - DNNF is more
succinct than FBDD as given in Figure 5.

Finally, OBDD. is the only target compilation language
that is closed under negation, bounded conjunction, and
bounded disjunction. This closure actually plays an impor-
tant role in compiling propositional theories into OBDD.
and is the basis of state-of-the-art compilers for this purpose
[Bryant, 1986].

6 Conclusion

The main contribution of this paper is a methodology for an-
alyzing propositional compilation approaches according to
two key dimensions: the succinctness of the target compi-
lation language, and the class of queries and transformations
it supports in polytime. The second main contribution of the
paper is a comprehensive analysis, according to the proposed
methodology, of more than a dozen languages for which we
have produced a knowledge compilation map, which cross-
ranks these languages according to their succinctness, and
the polytime queries and transformations they support. This
map allows system designers to make informed decisions on
which target compilation language to use: after the class of
queries/transformations have been decided based on the ap-
plication of interest, the designer chooses the most succinct
target compilation language that supports such operations in
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polytime. Another key contribution of this paper is the uni-
form treatment we have applied to diverse target compilation
languages, showing how they all are subsets of the NNF lan-
guage. Specifically, we have identified a number of simple,
yet meaningful, properties, including decomposability, deter-
minism, decision and flatness, and showed how combinations
of these properties give rise to different target compilation
languages. The studied subsets include some well known lan-
guages such as PI, which has been influential in AI; OBDD.,
which has been influential in formal verification; and CNF
and DNF, which have been quite influential in computer sci-
ence. The subsets also include some relatively new languages
such as DNNF and d-DNNF, which appear to represent in-
teresting, new balances between language succinctness and
query/transformation tractability.
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Abstract

The complexity class PP consists of all decision
problems solvable by polynomial-time probabilis-
tic Turing machines. It is well known that PP
is a highly intractable complexity class and that
PP-complete problems are in all likelihood harder
than NP-complete problems. We investigate the
existence of phase transitions for a family of PP-
complete Boolean satisfiability problems under the
fixed clauses-to-variables ratio model. A typi-
cal member of this family is the decision prob-
lem #3SAT(> on/ 2): given a 3CNF-formula, is
it satisfied by at least the square-root of the total
number of possible truth assignments? We pro-
vide evidence to the effect that there is a critical
ratio 73 » at which the asymptotic probability of
#3SAT(> 2"/2) undergoes a phase transition from
1 to 0. We obtain upper and lower bounds for r3 2
by showing that 0.9227 < 7135 < 2.595. We
also carry out a set of experiments on random in-
stances of #3SAT(> 27/2) using a natural modi-
fication of the Davis-Putnam-Logemann-Loveland
(DPLL) procedure. Our experimental results sug-
gest that r3 » ~ 2.5. Moreover, the average number
of recursive calls of this modified DPLL procedure
reaches a peak around 2.5 as well.

1 Introduction and Summary of Results

During the past several years, there has been an intensive
investigation of random Boolean satisfiability in probabil-
ity spaces parametrized by a fixed clauses-to-variables ratio.
More precisely, if k¥ > 2 is an integer, n is a positive in-
teger and r is a positive rational such that rn is an integer,
then Fy(n,r) denotes the space of random kCNF-formulas
with n variables z1,...,x, and rn clauses that are gener-
ated uniformly and independently by selecting k variables
without replacement from the n variables and then negat-
ing each variable with probability 1/2. Much of the work
in this area is aimed at establishing or at least providing ev-
idence for the conjecture, first articulated by [Chvdtal and

*Research of the authors was partially supported by NSF Grants
No. CCR-9610257, CCR-9732041, and 11S-9907419
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Reed, 1992], that a phase transition occurs in the probability
pr(n,r) of a random formula in F(n,r) being satisfiable,
as n — 00. Specifically, this conjecture asserts that, for ev-
ery k > 2, there is a positive real number 7 such that if
r < rg, then lim,_, o pr(n,r) = 1, whereas if r > ry, then
lim,, o0 pr(n,r) = 0.

So far, this conjecture has been established only for £ =
2 by showing that 5 = 1 [Chvdtal and Reed, 1992;
Fernandez de la Vega, 1992; Goerdt, 1996]. For k > 3,
upper and lower bounds for r; have been obtained ana-
lytically and experiments have been carried out that pro-
vide evidence for the existence of r; and estimate its ac-
tual value. For £ = 3, in particular, it has been proved
that 3.26 < r3 < 4.596 [Achlioptas and Sorkin, 2000;
Janson et al., 2000] and extensive experiments have sug-
gested that r3 ~ 4.2 [Selman er al., 1996]. Moreover, the
experiments reveal that the median running time of the Davis-
Putnam-Logemann-Loveland (DPLL) procedure for satisfia-
bility attains a peak around 4.2. Thus, the critical ratio at
which the probability of satisfiability undergoes a phase tran-
sition coincides with the ratio at which this procedure requires
maximum computational effort to decide whether a random
formula is satisfiable.

Boolean satisfiability is the prototypical NP-complete
problem. Since many reasoning and planning problems in
artificial intelligence turn out to be complete for complexity
classes beyond NP, in recent years researchers have embarked
on an investigation of phase transitions for such problems.
For instance, it is known that STRIPS planning is complete
for the class PSPACE of all polynomial-space solvable prob-
lems [Bylander, 1994]. A probabilistic analysis of STRIPS
planning and an experimental comparison of different algo-
rithms for this problem have been carried out in [Bylander,
1996]. In addition to STRIPS planning, researchers have also
investigated phase transitions for the prototypical PSPACE-
complete problem QSAT, which is the problem of evaluat-
ing a given quantified Boolean formula [Cadoli et al., 1997,
Gent and Walsh, 1999]. Actually, this investigation has
mainly focused on the restriction of QSAT to random quan-
tified Boolean formulas with two alternations (universal-
existential) of quantifiers, a restriction which forms a com-
plete problem for the class II,P at the second level of the
polynomial hierarchy PH. The lowest level of PH is NP,
while higher levels of this hierarchy consist of all decision
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problems (or of the complements of all decision problems)
computable by nondeterministic polynomial-time Turing ma-
chines using oracles from lower levels (see [Papadimitriou,
1994] for additional information on PH and its levels). An-
other PSPACE-complete problem closely related to QSAT is
stochastic Boolean satisfiability SSAT, which is the problem
of evaluating an expression consisting of existential and ra-
nodmized quantifiers applied to a Boolean formula. Exper-
imental results on phase transitions for SSAT have been re-
ported in [Littman, 1999] and [Littman et al., 2001].
Between NP and PSPACE lie several other important com-
plexity classes that contain problems of significance in ar-
tificial intelligence. Two such classes, closely related to
each other and of interest to us here, are #P and PP. The
class #P, introduced and first studied by [Valiant, 1979a;
1979b], consists of all functions that count the number of
accepting paths of nondeterministic polynomial-time Turing
machines. The prototypical #P-complete problem is #SAT,
i.e., the problem of counting the number of truth assign-
ments that satisfy a CNF-formula. It is well known that nu-
merous #P-complete problems arise naturally in logic, al-
gebra, and graph theory [Valiant, 1979a; 1979b]. Moreover,
#P-complete problems are encountered in artificial intelli-
gence; these include the problem of computing Dempster’s
rule for combining evidence [Orponen, 1990] and the prob-
lem of computing probabilities in Bayesian belief networks
[Roth, 1996]. Recently, researchers have initiated an exper-
imental investigation of extensions of the DPLL procedure
for solving #SAT. Specifically, a procedure for solving #SAT,
called Counting Davis-Putnam (CDP), was presented and ex-
periments on random 3CNF formulas from the space Fs(n, r)
were carried out in [Birnbaum and Lozinskii, 1999]. The
main experimental finding was that the median running time
of CDP reaches its peak when r ~ 1.2. A different DPLL ex-
tension for solving #S AT, called Decomposing Davis-Putnam
(DDP), was presented in [Bayardo and Pehoushek, 2000];
this procedure is based on recursively identifying connected
components in the constraint graph associated with a CNF-
formula. Additional experiments on random 3CNF-formulas
from F3(n,r) were conducted and it was found out that the
median running time of DDP reaches its peak when r ~ 1.5.
In the case of the NP-complete problems KSAT, k& > 3,
the peak in the median running time of the DPLL procedure
occurs at the critical ratio at which the probability of satisfi-
ability appears to undergo a phase transition. Since #SAT is
a counting problem (returning numbers as answers) and not
a decision problem (returning “yes” or “no” as answers), it
is not meaningful to associate with it a probability of getting
a “yes” answer; therefore, it does not seem possible to cor-
relate the peak in the median running times of algorithms for
#S AT with a structural phase transition of #SAT. Nonetheless,
there exist decision problems that in a certain sense embody
the intrinsic computational complexity of #P-complete prob-
lems. These are the problems that are complete for the class
PP of all decision problems solvable using a polynomial-time
probabilistic Turing machine, i.e., a polynomial-time nonde-
terministic Turing machine M that accepts a string x if and
only if at least half of the computations of M on input x are
accepting. The class PP was first studied by [Simon, 1975]

184

and [Gill, 1977], where several problems were shown to be
PP-complete under polynomial-time reductions. In partic-
ular, the following decision problem, also called #SAT, is
PP-complete: given a CNF-formula ¢ and a positive inte-
ger i, does ¢ have at least ¢ satisfying truth assignments?
This problem constitutes the decision version of the count-
ing problem #SAT, which justifies the innocuous overload of
notation. Another canonical PP-complete problem, which is
actually a special case of #SAT, is MAJORITY SAT: given a
CNF-formula, is it satisfied by at least half of the possible
truth assignments to its variables? In addition, several eval-
uation and testing problems in probabilistic planning under
various domain representations have recently been shown to
be PP-complete [Littman et al., 1998].

It is known that the class PP contains both NP and coNP,
and is contained in PSPACE (see [Papadimitriou, 1994]).
Moreover, as pointed out by [Angluin, 19801, there is a tight
connection between #P and PP. Specifically, P#F = PFP,
which means that the class of decision problems computable
in polynomial time using #P oracles coincides with the class
of decision problems computable in polynomial time using
PP oracles. This is precisely the sense in which PP-complete
problems embody the same intrinsic computational complex-
ity as #P-complete problems. Moreover, PP-complete prob-
lems (and #P-complete problems) are considered to be sub-
stantially harder than NP-complete problems, since in a tech-
nical sense they dominate all problems in the polynomial hi-
erarchy PH. Indeed, the main result in [Toda, 1989] asserts
that PH C PP = P#P_ In particular, Toda’s result implies
that no PP-complete problem lies in PH, unless PH collapses
at one of its levels, which is considered to be a highly improb-
able state of affairs in complexity theory.

In [Littman, 19991, initial experiments were carried out
to study the median running time of an extension of the
DPLL procedure on instances (¢, i) of the PP-complete deci-
sion problem #SAT in which ¢ was a random 3CNF-formula
drawn from F3(n,rn) and i = 2¢, for some nonnegative inte-
ger t < n. These experiments were also reported in [Littman
et al., 20011, which additionally contains a discussion on pos-
sible phase transitions for the decision problem #SAT and pre-
liminary results concerning coarse upper and lower bounds
for the critical ratios at which phase transitions may occur (in
these two papers #SAT is called MAJSAT). As noted earlier,
the main emphasis of both [Littman, 1999] and [Littman et
al.,2001] is not on #SAT or on PP-complete problems, but on
stochastic Boolean satisfiability SSAT, which is a PSPACE-
complete problem containing #SAT as a special case.

In this paper, we embark on a systematic investigation of
phase transitions for a large family of PP-complete satisfi-
ability problems. Specifically, for every integer £ > 3 and
every integer t > 2, let #kSAT(> 27/t) be the following de-
cision problem: given a kKCNF-formula ¢ with n variables,
does ¢ have at least 2"*/* satisfying truth assignments? In
particular, for ¢ = 2 and for every k > 3, we have the de-
cision problem #kSAT(> on/2)y: given a kCNF-formula, is
it satisfied by at least the square-root of the total number of
possible truth assignments? Clearly, each problem in this
family is a restriction of the decision problem #SAT. Note
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that, while an instance of #SAT is a pair (¢, ), an instance
of #kSAT(> Qn/t) is just a kKCNF-formula ¢; this makes it
possible to study the behavior of random #kSAT(> 27/t) in
the same framework as the one used for random kSAT. One
may also consider the behavior of random MAJORITY kSAT,
k > 3. In Section 3.2, however, we observe that the asymp-
totic behavior of random MAJORITY kSAT is trivial and that,
in particular, it does not undergo any phase transition. In con-
trast, the state of affairs for random #kSAT(> on/ ty will turn
out to be by far more interesting.

We first show that, for every k¥ > 3 and every ¢t > 2, the
problem #kSAT(> 27/t) is indeed PP-complete. We con-
jecture that each of these problems undergoes a phase tran-
sition at some critical ratio r;; of clauses to variables: as
n — oo, for ratios r < ry ¢, almost all formulas in Fj,(n,r)
are “yes” instances of #kSAT(> 27/t). whereas for ratios
T > T, almost all formulas in Fy(n,r) are “no” instances
of #kSAT(> 2™/t). As a first step towards this conjecture,
we establish analytically upper and lower bounds for rj ;. A
standard application of Markov’s inequality easily yields that
(t=1)

T(k—lg(lw is an upper bound for 7 ; (this was also

implicit in [Littman et al., 2001]). Using an elementary argu-
ment and the fact that the probability of satisfiability of ran-
dom 2CNF-formulas undergoes a phase transition at r, = 1,
we show that (1 — 1/¢) is a coarse lower bound for ry ;. In
particular, these results imply that the critical ratio 735 of
#3SAT(> 2"/?) obeys the following bounds: 0.5 < 735 <
2.595. After this, we analyze a randomized algorithm, called
Extended Unit Clause (EUC), for #3SAT(> 2"/2) and show
that it almost surely returns a “yes” answer when r < 0.9227;
therefore, r3 o > 0.9227. Although EUC is a simple heuris-
tic, its analysis is rather complex. This analysis is carried
out by adopting and extending the powerful methodology of
differential equations, first used by [Achlioptas, 2000] to de-
rive improved lower bounds for the critical ratio r3 of random
3CNF-formulas.

Finally, we complement these analytical results with a set
of experiments for #3SAT(> 2"/2) by implementing a modi-
fication of the Counting Davis-Putnam procedure (CDP) and
running it on formulas drawn from F3(n,rn). Our experi-
mental results suggest that the probability of #3SAT(> 2"/2)
undergoes a phase transition when r = 2.5. Thus, the
2.595 upper bound for r3 » obtained using Markov’s inequal-
ity turns out to be remarkably close to the value of 3 » sug-
gested by the experiments. Moreover, the average number of
recursive calls of the modified CDP procedure reaches a peak
around the same critical ratio 2.5.

2 PP-completeness of #kSAT(> 2"/)

In Valiant [Valiant, 1979al, the counting problem #SAT was
shown to be #P-complete via parsimonious reductions,
i.e., every problem in #P can be reduced to #SAT via a
polynomial-time reduction that preserves the number of solu-
tions. Moreover, the same holds true for the counting versions
of many other NP-complete problems, including #kSAT, the
restriction of #SAT to KCNF-formulas. We now use this fact
to identify a large family of PP-complete problems.
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Proposition 2.1: For every integer k > 3 and every integer
t > 2, the decision problem #KSAT(> 21/t is PP-complete.
In particular, #3SAT(> 2"/2) is PP-complete.

Proof: For concreteness, in what follows we show that
#3SAT(> 2/2) is PP-complete. Let ) be the following
problem: given a 3CNF-formula # and a positive integer i,
does 9 have at least 2! satisfying truth assignments? Since
#3SAT is a #P-complete problem under parsimonious re-
ductions, there is a polynomial-time transformation such that,
given a CNF-formula ¢ with variables zy,...,z,, it pro-
duces a 3CNF-formula i) whose variables include x1, ..., z,
and has the same number of satisfying truth assignments as
(. Consequently, ¢ is a “yes” instance of MAJORITY SAT
(i.e., it has at least 2"~ ! satisfying truth assignments) if and
only if (¢»,n — 1) is a “yes” instance of (). Consequently, Q)
is PP-complete.

We now show that there is a polynomial-time reduction
of ) to #3SAT(> 2"/2). Given a 3CNF-formula ¢ with
variables z1,...,2z, and a positive integer i, we can con-
struct in polynomial time a 3CNF-formula x with variables
Z1,-.-,%p,Y1,---,Yn that is tautologically equivalent to the
CNF-formula ¢ A yp—i41 A -+ - A yp. Itis clear that #x =
2"~ i), where #x and #1) denote the numbers of truth as-
signments that satisfy x and ¢ respectively. Consequently, 1/
has at least 2° satisfying truth assignments if and only if x has
at least 2 = 22"/2 satisying truth assignments. ll

3 Upper and Lower Bounds for #kSAT(> 2"/%)

Let X,"" be the random variable on Fj(n,r) such that
X,""(¢) is the number of truth assignments on z1,...,z,
that satisfy ¢, where ¢ is a random kCNF-formula in
Fi.(n,r). Thus, ¢ is a “yes” instance of #kSAT(> 27/t) if
and only if X;"" () > 2"/t. We now have all the notation in
place to formulate the following conjecture for the family of
problems #kSAT(> 2"/t), where k > 3 and ¢t > 2.

Conjecture 3.1: For every integer £ > 3 and every integer
t > 2, there is a positive real number r, ; such that:

o If 7 < 7y, then limy, oo Pr[X}" > 278 = 1.
o If 7 > 1y, then limy, o0 Pr[X}"" > 278 = 0.

We have not been able to settle this conjecture, which ap-
pears to be as difficult as the conjecture concerning phase
transitions of random kSAT, k£ > 3. In what follows, how-
ever, we establish certain analytical results that yield upper
and lower bounds for the value of ry ¢; in particular, these
results demonstrate that the asymptotic behavior of random
#kSAT(> 2"/?) is non-trivial.

3.1 Upper Bounds for #kSAT(> 2"/%)

Let X be a random variable taking nonnegative values and
having finite expectation £(X ). Markov’s inequality is a ba-
sic result in probability theory which asserts that if s is a pos-
itive real number, then Pr[X > s] < @ The special case
of this inequality with s = 1 has been used in the past to ob-
tain a coarse upper bound for the critical ratio r, in random
kSAT. We now use the full power of Markov’s inequality to
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obtain an upper bound for r ;. As usual, 1g(z) denotes the
logarithm of  in base 2.

Proposition 3.2: Let k > 3 and t > 2 be two integers. For
(t—1) 1

every positive rational number v > = —le2F =)

lim Pr[X;"" > 2"/ = 0.

n—oo
It follows that if 7, ¢ exists, then ry,; < @ m. In
particular, r3 o < %m ~ 2.595.

Proof: For every truth assignment a on the variables
Z1,...,Ty, let I, be the random variable on Fy(n,r) such
that I (p) = 1, if « satisfies ¢, and I,(¢) = 0, other-
wise. Each I, is a Bernoulli random variable with mean
(1 —1/2F)™. Since X" = ¥,1,, the linearity of expecta-
tion implies that E(X,"") = (1 — 1/2k)m2n. By Markov’s
inequality, we have that

Pr[X;:ﬂ“ > 2n/t] <(1- I/Qk)rn2(1—1/t)n'

It follows that if r~ is such that (1 — 1/2%)72(1=1/t) < 1, then
lim,, 0o Pr[X;"" > 2%/*] = 0. The result then is obtained
by taking logarithms in base 2 in both sides of the above in-
equality and solving for . il

Several remarks are in order now. First, note if k is kept
fixed while ¢ is allowed to vary, then the smallest upper bound
is obtained when ¢ = 2. Moreover, the quantity m
is the coarse upper bound for the critical ratio r; for random
kSAT obtained using Markov’s inequality. In particular, for
random 3S AT this bound is ~ 5.91, which is twice the bound
for r3 > given by Proposition 3.2.

Let MAJORITY kSAT be the restriction of MAJORITY
SAT to kCNF-formulas, £ > 2. Obviously, a formula ¢
in Fi(n,r) is a “yes” instance of MAJORITY kSAT if and
only if X;""(¢) > 2"~1. Markov’s inequality implies that
Pr[X,"" > 2771 < 2(1 — 1/2%)™, from which it follows
that lim,,_,o, Pr[X;"" > 2"71] = 0, for every k > 2. Thus,
for every k > 2, the asymptotic behavior of random MAJOR-
ITY KSAT is trivial; in particular, MAJORITY kSAT does not
undergo any phase transition.

3.2 Lower Bounds for #kSAT(> 27/t)

We say that a partial truth assignment « covers a clause c if
it satisfies at least one of the literals of c. We also say that «
covers a CNF-formula ¢ with n variables if a covers every
clause of (. Perhaps the simplest sufficient condition for ¢ to
have at least 2"/ satisfying truth assignments is to ensure that
there is a partial assignment over |n—n/t| variables covering
. The next proposition shows that if r is small enough, then
this sufficient condition is almost surely true for formulas in
Fy(n,r),as n — oo.

Proposition 3.3: Let k > 3 andt > 2 be two integers. If
0 <r < 1-—1/t then, as n — oo, almost all formulas in
Fy.(n,r) are covered by a partial truth assignment on |n —
n/t] variables. Consequently, if 0 < r < 1 — 1/t, then

lim Pr[X;”" >2"/*] =1.

n—oo
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It follows that if ry, ¢ exists, thenry; > 1 —1/t. In particular,
3,2 Z 0.5.

Proof: In [Chvital and Reed, 1992; Fernandez de la Vega,
1992; Goerdt, 1996]), it was shown that if » < 1, then 2CNF-
formulas in F5 ,, , are satisfiable with asymptotic probability
1. Fix aratior < 1—1/t and consider a random formula ¢ in
Fy(n,r). By removing (k — 2) literals at random from every
clause of (, we obtain a random 2CNF-formula ¢* which is
almost surely satisfiable. Let 3 be a satisfying truth assign-
ment of ¢* and let a be the partial truth assignment obtained
from 3 by taking for each clause a literal satisfied by «. Since
r < 1—1/t, we have that « is a truth assignment on [n—n/t]
variables that covers ¢*; hence, a covers p as well. Il

The preceding Propositions 3.2 and 3.3 imply that, unlike
MAJORITY kSAT, for every £ > 3 and every t > 2, the
asymptotic behavior of #kSAT(> 27/t) is non-trivial.

3.3 An Improved Lower Bound for #3SAT(> on/ 2)

In what follows, we focus on #3SAT(> 2"/2). So far, we have
established that if r3 » exists, then 0.5 < r3 o < 2.595. The
main result is an improved lower bound for r3 5.

Theorem 3.4: For every positive real number r < 0.9227,

lim Pr[X;"" > 2"/?] =1.

n—o0

It follows that if r3 » exists, then T3 > > 0.9227.

The remainder of this section is devoted to a discussion
of the methodology used and an outline of the proof of this
result. We adopt an algorithmic approach, which originated
in [Chao and Franco, 1986] and has turned out to be very
fruitful in establishing lower bound for the critical ratio r3 of
random 3SAT (see [Achlioptas, 2001] for an overview). We
consider a particular randomized algorithm, called Extended
Unit Clause (EUC), that takes as a input a 3CNF-formula ¢
on n variables and attempts to construct a small partial as-
signment « covering all clauses of ¢. Algorirthm EUC suc-
ceeds if the number of variables assigned by «a is < [n/2],
and fails otherwise. Our goal is to show that algorithm EUC
succeeds almost surely on formulas ¢ from F3(n, r) for each
r < 0.9227. Consequently, r3 o > 0.9227.

EUC Algorithm:
Fort :=1tondo
If there are any 1-clauses, (forced step)
pick a 1-clause uniformly at random and satisfy it.
Otherwise, (free step)
pick an unassigned variable uniformly at random and remove all
literals involving that variable in all remaining clauses.
Return true if the number of assigned variables is < |n/2];
otherwise, return false.

To analyze the average performance of algorithm EUC we
use the differential equations methodology (DEM), initially
introduced in [Achlioptas, 2000] and described more exten-
sively in [Achlioptas, 2001]. Due to space limitations, we
give only a high-level description of how DEM can be ap-
plied to the analysis of algorithm EUC and also outline the
steps in the derivation of the improved lower bound 0.9227.
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Since DEM was developed to analyze satisfiability testing
algorithms, it should not be surprising that certain modifica-
tions are needed so that it can be applied to counting algo-
rithms, such as EUC. The main component of EUC not han-
dled directly by DEM is the free step, since in a satisfiability
context it is always a better strategy to assign a value to the
selected variable, instead of removing all the literals involv-
ing that variable. We will describe where and how we extend
DEM to handle free steps.

Let V(t) be the random set of variables remaining at iter-
ation ¢ (0 < ¢t < n) and let S;(t) denote the set of random
i-clauses (1 < 7 < 3) remaining at iteration ¢. To trace the
value of |\S;(t)|, we rely on the assumption that, at every it-
eration of the execution of the algorithm being considered,
a property called uniform randomness is maintained. This
property asserts that in every iteration 0 < ¢t < n, condi-
tional on |V (¢)| = n' and |S;(t)| = m/, S;(t) is drawn from
F;(n’,m'). In [Achlioptas, 2001], a protocol, called card
game, is presented; this protocol restricts the possible ways
in which a variable can be selected and assigned. It is shown
that any algorithm obeying that protocol. satisfies the uniform
randomness property. Unfortunately, due to the presence of
the free steps, algorithm EUC does not satisfy the card pro-
tocol, unlike the majority of algorithms for satisfiability an-
alyzed so far. It is tedious, but straightforward, to show that
the natural generalization of the card game in which we allow
the elimination of the literals involving the selected variable
guarantees the uniform randomness property.

We analyze the algorithm EUC by studying the evolution
of the random variables that count the number of clauses in
Si(t), Ci(t) = |Si(t)|. We also need a random variable
F(t) that counts the number of variables assigned up to it-
eration t. We trace the evolution of C;(t) and F'(t) by us-
ing a result in [Wormald, 1995], which states that if a set
of random variables X;(t),1 < j < k evolving jointly
with ¢ such that (1) in each iteration ¢, the random variable
AX;(t) = X;(t+1)—X;(t) with high probability (w.h.p.) is
very close to 1ts expectatlon and (2) X (t) evolves smoothly
with ¢, then the entire evolution of X j(t) will remain close
to its mean path, that is, the path that X;(¢) would follow
if AX;(t) was, in each iteration, the value of its expectation.
Furthermore, this mean path can be expressed as the set of so-
lutions of a system of differential equations obtained by con-
sidering the scaled version of the space-state of the process
obtained by dividing every parameter by n.

As discussed in [Achlioptas, 2001], Wormald’s theorem
guarantees that the value of the random variables considered
differs in o(n) from its mean path. This possible deviation
produces some difficulties in our analysis; indeed, at each it-
eration we need to know the value of C (t) with far more pre-
cision, because depending on the exact value taken by C' (t)
algorithm EUC performs different operations. To settle this
technical difficulty, Achlioptas derived an elegant solution,
called the lazy-server lemma. Intutively, this lemma states
that the aforementioned difficulty can be overcome if, instead
of handling unit clauses deterministically as soon as they ap-
pear, at iteration ¢ we take care of unit clauses with probability
p and perform a free step with probability (1 — p), where p
has to be chosen appropriately.
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An additional technical difficulty remains. As discussed
in [Achlioptas, 20011, condition (2) of Wormald’s theorem
does not hold when the iteration ¢ is getting close to n.
This second problem is fixed by determining an iteration
t* = |(1 — €)n] at which our algorithm will stop the iter-
ative process and it will deal with the remaining formula in
a deterministic fashion. We now modify algorithm EUC by
incorporating the features described above and obtain the fol-
lowing algorithm:

EUC with lazy-server policy:
Fort :=1tot" do
Set U(t) = 1 with probability p
LIFU®) =1
a) If there are 1-clauses,
pick a 1-clause uniformly at random and satisfy it.
b) Otherwise
pick an unset variable uniformly at random
and assign it uniformly at random
2. Otherwise

Pick an unset variable uniformly at random

and remove all literals with that underlying

variable in all remaining clauses.

Find a minimal covering for the remaining clauses.
Return true if the number of assigned variables
is | n/2]; otherwise, return false.
Next, we compute the equation that determine the ex-
pected value for the evolution of Cy(t), Cs(t) and F(t),
conditional on the history of the random variables considered
up to iteration ¢. Let H(¢) be a random variable repre-
senting this history (i.e., H(¢t) = (C(0),...,C(t)), where
C(t) = (C2(t),C5(t), F(t))). Since S;(t) distributes as
F;(n — t,Cy(t)), the expected number of clauses in C;(t)
containing a given literal [ is equal to iC;(t)/2(n — t).
Using this, we obtain the following system of equa-
tions describing the evolution of Cy(t), Cs(t) and F(t).
E(ACs(1)[H(1) = — 2740
E(AC(1)H(1) = ~221
E(AF(t)[H(t)) =

with initial conditions C»(0) =0, C5(0) = rn, F(0) = 0.

It is time to fix the value of p. According to the lazy-server
lemma any value such that

Cs(t)
n—t
would suffice. This inequality is solved by setting

(2C2(8)/(n — 1))
1+ Ca(t)/(n—1t)

3C3 (t)

+ Py T (1-p) 305 (4)

n—t

20, ()

>
b>p —

+(1-p)

=(1+9)

with 6 > 0.

To obtain the set of differential equations associated to the
process, as discussed in [Achlioptas, 2001], we consider the
scaled version of the process, x, c2(x), c3(z), f(z) obtained
by dividing every parameter ¢, C(t), C5(t), F'(t) by n. We
obtain the following differential equations.

den = ()
T T
der = 220 4 (g, 00 () 552 + (1= pla, ea(w) 52

5’; = p(z, Cz(m))
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with p(z, ca(z)) = (1 + 9)% and initial condi-
tions ¢3(0) = r, ¢2(0) = 0 and f(0) = 0. We solve the
system numerically using the utility dsolve of mapple (it is
easy to get c3(z) = r(1 — x)? analytically) for r = 0.9227,
e=10"2and§ = 107°.

Now we are almost done. First, we can see that for every
1 <t < txwhp. So(t) = 0 by testing numerically that
p(z,ca(z)) < 1—10"tif z € [0..1 — 10~?] and appealing to
the lazy-server lemma. Moreover, we get f(1 — 1072) <
0.49978 and, transforming this result back to the random-
ized space-state, we can infer that f(t*) < 0.49978n + o(n).
Similarly, the number of remaining clauses at that iteration is
Cg(t*) + Cg(t*) = CQ(]. — 10_2) + 03(1 — 10_2) + O(TL) <
0.00021n + o(n). Itis easy to verify that the ratio of clauses
to variables at iteration ¢* is smaller than 1, and we can apply
again the argument used to obtain the first naive lower bound
of 1/2 to guarantee that there exists a covering partial assign-
ment with size < 0.00021n. Thus, by adding the previous
quantities, we get 0.49999n < n/2, which means that the
algorithm succeeds.

4 Experimental Results for #3SAT(> 2"/?)

Preliminary experiments were run for random 3CNF-
formulas with 4, 8, 16 and 32 variables on a SUN Ultra
5 workstation. For each space we generated 1200 random
3CNF-formulas with sizes ranging from 1 to 160 clauses in
length. Each clause was generated by randomly selecting 3
variables without replacement and then negating each of them
with probability of 1/2.

Our goal was to test the formulas for being “yes” instances
of #3SAT(> 2"/?), i.e., for having at least as many satisfying
assignments as the square-root of the total number of truth as-
signments. For this, we implemented a threshold DPLL algo-
rithm by modifying the basic Counting Davis-Putnam algo-
rithm in [Birnbaum and Lozinskii, 1999] to include tracking
of lower and upper bounds on the count and early termination
if the threshold is violated by the upper bound or satisfied by
the lower bound.

The results are depicted in Figures 1 and 2. In both figures
the horizontal axis is the ratio of the number of clauses to
number of variables in the space. The ranges of formula sizes
represented in the graphs are 1 to 20, 1 to 40, 1 to 80, and 1
to 160 for the 4, 8, 16 and 32 variable spaces respectively.

The phase transition graphs show for each test point the
fraction of 1200 newly generated random formulas that had a
number of satisfying truth assignments greater than or equal
to the square-root of the total number of truth assignments.
They strongly suggest that 2.5 is a critical ratio around which
a phase transition occurs. The performance graphs show the
average number of recursive calls required to test each for-
mula and they exhibit a peak around the same ratio. In the
test runs a range of 1 to 160 clauses was used for each space
and the run-times on the SUN Ultra 5 were approximately 10,
15 and 35 minutes for the 4, 8 and 16 variable cases, and 7
hours for the 32 variable case.

After a larger set of experiments is carried out, we plan to
apply finite-size scaling to further analyze the phase transition
phenomenon exhibited by #3SAT(> 27/2).
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We conclude by pointing out that in Section 3.1.4
of [Littman et al, 2001] it was suggested that for every
0 < a < 1, the critical ratio of #3SAT(> 2%™) is given aprox-
imately by the formula 4.2(1 — ). By taking @ = 1/2, this
formula suggests that the critical ratio r3 o of #3SAT(> on/ 2)
should be approximately 2.1, which is at odds with our ex-
perimental finding of 2.5 as the approximate value of 73 ».
We stand behind our experimental results; actually, we be-
lieve that this discrepancy is not caused by any significant dif-
ference in the outcome between the experiments carried out
by [Littman et al., 2001] and ours, but rather is due to the way
in which the above formula was extrapolated from the exper-
iments in [Littman et al., 2001]. Specifically, in [Littman et
al., 2001] experiments were carried out by varying « and the
ratio r of clauses to variables, but keeping the number of vari-
ables to a fixed value n = 30. The above formula 4.2(1 — )
was then derived by visual inspection of the resulting sur-
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face. We believe that, instead, the value of the critical ratio
should be estimated by the crossover points of the curves ob-
tained from experiments for different values of the number n
of variables. In any case, we see no theoretical argument or
experimental evidence that a linear relationship between the
critical ratio and a should hold.
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Abstract Decision procedures are hard to find because DLs with in-
] . . tersection and composition (even without converse and role
In the quest for expressive description logics for identity') haven't the tree model property. With composition
real-world applications, a powerful combination of and intersection, we can write concepts whose models are di-
constructs has so far eluded practical decision pro-  rected acyclic graphs. Adding role identity, we can force a
cedures: intersection and composition of roles. relation to be well-founded or a model to be a cyclic graph.
We propose tableau-based decision procedures for For instance, suppose we want to model the tangled web of
the satisfiability of logics extendind £C with the corporate ownerships by using the rotesns, app-board,
intersectiomm, compositior, unionL!, converse— app-CEO (denoting that a corporation owns another com-
of roles and role identityd(-). We show that pany, appoints the company’s board of directors, or its CEO).
1. the satisfiability ofALC(M,0, 1), for which a We can represent the corporations having a doubly indirectly
2-EXPTIME upper bound was given by tree- controlled subsidiary with the concept
automata techniques, isPACEcomplete; . .
2. the satisfiability ofAZC(M. L -~ id(-)), an corpr3(app-boardoowns)r(ownsoapp-CEO).corp
open problem so far, is in NEXPME. If regulators forbid corporations to be owners of themselves,
we can forbid it too, without ad-hoc well-founded constructs:
1 Introduction and Motivations vownsflid(corp)..L
Description Logics (DLs) are a popu|ar know|edge represenwe can also mOdel, self-owned “Chinese-box” CorporatlonS:
tation formalism based azonceptsindroles where concepts J(ownsohas-sharesoapp-board)rid(corp). T
model classes of individuals, and roles model relationships ] ]
between individual§Baaderet al, 2001, Chap. 1 These models are not representable with the “classical” ex-

In the last years, the investigation on DLs has been driveressive DLs such adLC,.., or DLR. . _
by the modeling needs of applications ranging from semi- Here, we consider the DIALC(M,o, L, -, id(-)) which,
structured data to planniniBaaderet al, 2001, Part 1), in addition to the constructs aflLC, providesintersec-
which have stimulated the usage of expressive constructs. F§PN, composition, union, converse of rolesdrole identity.
instance, to model semi-structured data one needs to reprélLC(M,o L) is the fragment without inverse and identity.
sent arbitrary relations (graphs with labeled edges), and use These logics are siblings of three extensions.A£C:
constructs for stating irreflexivity of relations, their transitive “ALCrcq With composition and transitive/reflexive closure of
closure, or their intersection. For reasoning about actiong0l€s but without intersectiofBaaderet al, 2001, Chap R
one may want to express the fact that two long sequences ef£B with intersection, union and negatifiutz and Sattler,
actions (roles) must be completed in parallel. 2000, and possibly conversgustadt and Schmidt, 2001

These applications have called for decision procedure® LR [Calvaneset al, 1999 with intersection and role dif--
to make reasoning services up to the modeling duties (Sefgrgnce but only on atomic roles .and with add|t|_onal limi-
[Baaderet al, 2001, Chap. Ror Sec. 6). Yet, a power- tations. In the correspondence with PDL by Schil@91],
ful combination of constructs has so far eluded this questA£C (M0 L) corresponds to the the *-free and test-free frag-
composition and intersection of roles. There is only an in-ment of IPDL andALC(M,q U, -, id(-)) is the *-free frag-

volved automata-based algorithm by Danddigig4 givinga  ment of Converse-IPD[Harel, 1984. L

2-EXPTIME upper bound. In the next sections we recall some preliminaries. Then

—_—— _ we present our tableau calculus (Sec.3), transform it into al-
This work was done while the author was on leave at IRIT - gorithms (Sec.4), sketch the complexity results (Sec.5), and

Toulouse partly sgpported_ by C_:NR grant 20_3-7-27. Iam g_rea}tly indiscuss related works (Sec.6).

debted to P. Balbiani for directing my attention to logics withinter- ——

section and for countless suggestions and discussions. Discussions 'Role identity is the construct which, given a concéjtallows

with F. M. Donini, I. Horrocks and U. Sattler were helpful. one to build a role connecting each instanc€db itself.
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2 Preliminaries Axiom: If x:A; €S, z:A; €S, andA;MA; C C € 7 then

. . S = Su{xC}.
Let A andP denote atomic concepts and atomic rolesrespec- |
tively. Concepts”, D and rolesR, S are formed as follows: ~ Conjunction: If z:CNDeS thens = S U {:C, :D}.
L Disjunction: If z:C'LID €S then non-deterministically either
RS u= P [ RUS | RoS | RNS | id(C) | R Universal atomic roles: If z:VP.C €S, (z,y): P €S8 then
A TBox7 is a finite set ofinclusionsC C D. In the sequel S = Su{yC}.
we focus on the satisfiability of concepts wrt empty TBoxes.ynjversal role concatenation: If z: VR0 S.C' €S thenS =
However, we will build non-empty TBoxes of inclusions with SU{zVRYS.C}.
a special form during the proof search itself.
AninterpretationZ = (A%, .7) consists of a non-empty set
A7, thedomainof T — whose members are calletements
— and a functionZ, the interpretation functionof Z, that SA:> |:|SAU {mzzvg'Ar-rR’x:VS'AfvS} and7 = T U
maps every concept to a subsetdf and every role to a {Az,rN A s C O}
subset ofAZ x AZ. We refer to Borgid4199€ or Baader et  Universal role union: If z:VRUS.C € S thenS = S U

Universal role intersection: If = : VRN S.C € S then
let A, r and A, s be new atomic concepts and

al. [2001, Chap. Pfor details. {xVR.C,zNS.C}.
An interpretatiorl satisfies a concepf' if there exists an  gyistential restriction: If 2:3R.C €S then lety be a new node
elementd € A” such thatl € C7, i.e. if CT # 0. andS = S U {(z,y):R, y:C}.

Role concatenation: If (z,y): RoS €8 then letz be a new
3 A T.ableau.CaIcqus - _ node andS = S U {(z, 2):R, (z,y):S}.
Taming intersection and composition requires the novel comg o o i ¢ (z,y) : RNS € S thenS = S U
bination of a number of intuitions from the literature and ({2, y):R, (z, y):S}
some new features. They are highlighted here, for the reader YYIELAT Yo T o
familiar with the literature. Role union: If (z,y): RUS €S then non-deterministically

e We use thegraph-based representation of rulder eltherS = SU{(z, y>:ﬁ} orS = SU {(z,):5}
tableau-structures originally due to Kripke and used by Figure 1: The reduction rules fot£C (0, L).
Castillo et al.[1997 and Horrocks and Sattl¢t999.

o We borrow the idea by Danecki984 of pebble games  \yg start with a structure with a single node labeled with
to mark elements linked by botR and S roles so that 4 input concept, and apply the tableau rules to build a

thelabeling an element with both pebbles marks the in--oqy,ced structures without contradictions that can be used as
tersection triggering the insertion of suitable concepts; 5 model forC. If none can be build( is unsatisfiable.

e We internalize pebbles in the calculus by introducing  The reduction rulesin Fig. 1 are applicable to a tableau-
new propositional constants done by De Giacomo and structure S and a set of inclusiong for ALC(M,0 U).
Massacc{1997 for eventualities in CPDL. W.l.o.g. we assume that negation and converse are pushed

e We useskolemization for generating “new” nodes and down to atomic concepts and roles. We also abuse the DL
atomic conceptin the proof search, exploiting the re- Syntax for tableau systeniBuchheitet al, 1993: we write
sults from DL translations into first-order logi¢slus-  # : C € S to indicate thatC € C(z), and(z,y) : R €S
tadt and Schmidt, 2001 whenR € R(xz,y). Thus, byS = S U {2:C} we mean

, _ , _ , that we obtain a new structu® such that\ = N U {«},

. Wee_xpl_0|t some semantical properties of intersecbign ¢/ _ £,C'(y) = C'(y) if y £ = andC’(z) = C(z) U {C),
Balbiani and Vakarelo{2001] to show we are sound. R'(-,-) = R(--). Similarly for roles.

¢ We use the idea ain-the fly modification of TBoxeso- Most rules are close to other tableau approa¢Beshheit
posed by Massac€1994 for the universal modality. etal, 1993; Castilhe@t al, 1997; De Giacomo and Massacci,

e We borrow the idea dfizy unfolding of axiomgroposed ~ 1997; Horrocks and Sattler, 1909 difference is that they
by Horrocks and Tobiek2004 for plain ALC. only label edges with atomic roles whereas we also use com-

plex roles. So, we have rules for reducing these roles.

The role ofpebbleds played by the new atoms introduced
by theuniversal role intersection rule. The idea is that since
We usetableau-structurese. labeled graphs: A, r is new, it can label a nodgonly by reducing/R. A, x.

. thusy must be arnk-successors of. If both A, r and A, s
§=WN,EC0),R(,D label nodey, theny is linked tox by anRM.S role. Then we

whereN is a finite nonempty set of nodes denotediyy, » can add”' to y.

possibly with indices C NV x N is a set of oriented edges; ~ Since we cannot forecast wherk, r and A, s will ap-

C(-) maps nodes to sets of concepts, &, -) maps edges pear, we must potentially check every node. To internalize

to sets of roles. We also use an initially empty TBbx In-  this check into the calculus, we use the ideamthe-fly mod-

clusions of the form4,, kA, s C C are added on-the-fly. ification of TBoxeby [Massacci, 1998 With the intersection

e We use anew role name to denote equivalence of indi-
vidualsbut only for the proof search.
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rule we “update”T with the inc|usionAI7R|—|Az,S C C and Universal converse of roles: If y:VR™.C' €S8, (x,y):R €S
then we use thexiom rule to addC' to nodes on demand. thenS = S U {z:C}.
Notice that we apply théxiom rule only when bothd, . universal role identity: If z:Vid(D).C €S thenS = S U
and A, ¢ are present in the same node. This technique, {z—~DuUC}.
borrowed from the lazy unfolding of Horrocks and Tobies . e )
[200d, works because our inclusions are acyclic. Role converse: If (z,y):R™ €S thenS = SU {{y, z):R} .
Notice also that the new concegt,  introduced by the Role identity: If (z,y):id(C) €S thenS = S U {z~y, :C}
reduction ofz: VRS.C' must depend on the node where goje jgentity distribution: If 2~y € S andz:C €S then
the concept is located. Following Dane¢k84, Pag. 44 S=SU{yC).
one may think that it suffices to make them dependent onl
on the subformula (e.94 r vrs.c), possibly distinguishing
between occurrences. This would be unsound. The conceptRole identity transitivity: If x~y € S andy~z € S for then

S = SU{z~z}.
O [e) -
(VRVENS.O)NE(ReR)N(R0S).~C) Figure 2: The additional reduction rules for andid(-)

is satisfiable but introducing the same “new” concepts at

different nodes for the reduction of the only occurrence ofAlgorithm WORLDS;

VRMS.C would result in a “clash”. By applying the rules of input nodez,; set of concept§; set of inclusions;

Fig. 1, one can see that the pebbigsy gs.c andAs vrs.c output sat if C is satisfiableunsat otherwise;

would propagate along the “wrong” path. variables nodez; labeled grapts;

The generation of new nodes and new atomic concept synbegin
bols may clearly lead to redundant rule applicationsorevento ~ N={z,}; £=0; C(-)={{z,,C)}; R(-,-) = 0;

)ﬁole identity symmetry: If 2y € S thenS = S U {y~x}.

a non-terminating process. However, we do not need to gen-  if CLASH(S) then return (unsat);
erate really “new” nodes or atomic concepts. We can use the  while xz=CHOOSENODE(S,7 )=/=none do
equivalent of skolemizatiofr Hilbert’s e-terms) introduced R=CHOOSERULE(z,S,7);
by Ohlbach and later refined by Hustadt and Schi#2601] “Apply Rtoz, S, T updatingS and7”
for the translations of DLs into first-order logic. if CLASH(S) then return (unsat);

The generation of skolem functions is stan- forall z € A"\ {z,} do ’

dard and we assume that for “new” concepts we
use the function GENCONCEPT(z,R), and for
“new” nodes we useGENNODECONCEPT(z,C) and
GENNODEROLE(z, y, R). So, when reducing::3R.C, we :
call y = GENNODECONCEPT(z,3R.C) and addy:C and ~ €Nd:
(x, y):R to the structure.

if WORLDS(x,C(x),7T)==unsat
then return (unsat);
return sat

Figure 3: The algorithm fodLC(M,0, L)

Definition 1 A tableau structureS and a set of inclusion¥
are reduced for a rul if the application ofR mapsS and

7T into themselves. A structure and a set of inclusions ar
reducedf they are reduced for all rules.

Thereduction rulesn Figure 1 and the additional rules in
é:igure 2 are applicable to a tableau-structSrand a set of
inclusions? for the logic.ALC (Mo, L, -, ¢d(-)).

The rules for-~- might be eliminated if the rule foid(-)
Definition 2 A tableau-structure contains a clash if there is collapses nodes. However, this would complicate the algo-
a nodezx and a concep€ such that{ C, -C} C C(z). rithms, as we would need a unique way for collapsing nodes.

Theorem 1 A conceptC of ALC(M,o L) is satisfiable iff Theorem 2 A conceptC of ALC(M,o U, -, id(+)) is satisfi-
there is a non-deterministic application of the rules in Fig. 1 able iff there is a non-det. application of the rules in Fig. 1,2
to an initially empty TBox and a structure with only one nodeto an initially empty TBox and a structure with only one node
labeled withC leading to a reduced and clash-free structure. labeled withC' yielding a reduced and clash-free structure.

For every feature, the proof cleverly combines the technique . .

from the cited works in the literature. The twist is the sound—i From Calculi to Algorithms

ness of thainiversal role intersection rule. To this extent, we The Pspacealgorithm for ALC(M,o L) is called WORLDS

setAZ , = {y|(x,y) € R} and similarly forS. In words,  after Ladner's WoRLD for modal logicK. Itis plural because

the newly introduced concepts are fulfilled by the appropriateeach call works on a fragment of a Kripke model and not just

individuals R-reachable, of-reachable, fromx. Due to lack  on a set of concepts true for an individual. It is in Fig. 3.

of space, details are left to the full paper. To check the satisfiability of a concegf one calls
Next, we define the tableau rules for the full language. Be WoRLDS(0,{C},0) and applies the rules from Fig. 1.

side converse, the tricky bit is the presence of the intersection In the algorithms, we use the symbol “=" for assignment,

between role identity and complex roleg{C)M R is a self- and “==" for equality testing. We assume all functionalities

loop describing individuals in the clagsthat are in relation  for working with labeled direct graphs, an auxiliary function

R with themselves (e.g. the self-owned companies). To thi€CLASH(S) which detects clashes, and auxiliary procedures

extent we employ an atomic role symbol (not occurring in thefor selecting objectscHOOSENODE selects a node to be re-

input concept) for equality of nodes:. duced;cHOOSERULE selects an applicable rule for a node.
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Algorithm CWORLDS; Search Criteria 3 If 1 & 2o, T2 ~ T3,...Tp_1 ~ T, are

input nodez,; set of concepts; _ present in the structure theamly one noder; € {z1,...2,}
output set of concept®C if C is satisfiablepnsat otherwise; can be selected for the recursive call GWORLDS in the
variables nodex; S labeled graphp> set of concepts; forall cycle. Ifz, is among them, none can be selected.
global variablesset of inclusions;

begin ‘We must return a set of concepts rather thangarsto cope
N={zg): €= 0;C()= {(zg, OV} R(-,-) = 0; with converse gand role |dept|ty. The idea is porrowed from
if CL/A_SHkS) then return_gﬁsat;’ ’ ’ modal logics with symmetric relatiori#lassacci, 2000and
start: while 2=CHOOSENODE(S,T)=/=none do DLs with conversdTobies, 2001 .
R=CHOOSERULE(z,S,T) For example, the conceptRoid(Jid(VR.C).T)oR.~C'is
y " . . unsatisfiable. If we used algorithm &®LDswith the full set
Apply R toz, S and7 updatings and7 of rules it would returrsat. The explanation is that we would

if CLASH(S) then return unsat; introduce a nodg labeled by3id(VR.C).T and would eval-
forall € N\ {z,} do uate the existential concept in the next recursive call. In the
D=CWoRLDS(z,C(x)); recursive call we would addR.C to the initial node (which
if D==unsat then return unsat; would correspond tg) but we could not use this information
else ifC(x)=/=D; to derive a clash in the initial call.
then C(z)= D; The use of skolemization, rather than truly fresh names,
goto start; is necessary to guarantee that ©RLDs is both correct and
return (C(z)) terminating. For instance, if fresh names are used in the recur-
end - sive calls following a restart, the concepR.3S.VS—NT.C
’ Figure 4: The CVWORLDs algorithm would make CVWRLDS non-terminating.

These procedures must work in time polynomial in the size5 Complexity AnaIyS|sl .
of the input and respect the following constraints: We denote by: thesize of the input concefit which must be
Search Criteria 1 A rule is not selected if the structure is proved _(un)satlsflable, measured as_the number of sym_bols.
already reduced for it. A node is not selected if the structure We first prove that WRLDS requires only polynomial

. . space inn. The idea is thatdLC(M,o U) lost the tree-model
is already reduced for all rules applicable to the node. property but kept the cactus-model property

Search Criteria 2 TheExistential restriction rule is selected Loosely speaking, our models can be arranged into the
only for reduction of concepts labeling the initial nogdg shape of a cactus, i.e. a tree in which the edge connecting two
If the procedures cannot select anything respecting the aboyi?des of the tree is not a slim branch but a “fat”, cactus-like

constraints they return the valuene. stem. This fat stem is made by other nodes and edges, but

The tricky bit is showing that the algorithm is insPace 1S Size is polynomially bounded by. Many stems sprout
(Sec. 5). We just highlight the differences from trace-basedom each stem, as in a real cactus, but their number is still
methods used far£C by Ladner[1977, Schmidt-Schauss polynomially bounded. Since the height of the cactus is also

and Smolkd 1991 or Tobies[2001]. polynomially bour_nded we are done. _
The classical tableau-based algorithm.fo£C would have Concepts labeling nodes can be seen as spikes. We must
been identical to ours except for the l&mt cycle: also prove that they aren’'t exponentially many. For most DLs

this is obvious: we only introduce subconcepts of the input
forall 3R.C' € C(z,) do concept. Here, we introduce new atomic concepts.
if WORLD({C} U{D | VR.D € C(z,)})==unsat The next tree lemmata make these intuitions precise. At
then return (unsat) first, we say that the cactus height is polynomially bounded:

In words, for ALC we explore the one-stefi-successors of |emma 1 The call stack ofWoRLDSis at mostO(n) deep.

z, by recursively calling the procedure. So, we only examin . . .
one node,) at every call. ®rhen the size of each cactus stem is bounded:

The WoORLDS algorithm examines the initial node, and ~ Lemma 2 Each invocation ofVORLDs generate a structure
reduces all existential concepts labeling, i.e. all one step  Wwith at mostO(n) nodes.
R-successors of,,. Thus, it builds a fragment of the Kripke  Finally, we say that the the number of spikes is bounded.
structure. However, theeduction of existential-concepts la- .
beling successors nodes is defertedrecursive calls. The Leémma3 The number of new atoms occurring as
rules for intersection and composition may transform a “one{Sub)concepts in the the labels of the nodes of an invo-
"1 F )} ” ) cation of WoRLDsis bounded by)(n?).
step” R-successors into “many-steps” atonfiesuccessors.
Still, the number of intermediatB-steps is linearly bounded To prove Lemma 1 we cannot use the standard proof that
by the size of the input concept. each interaction reduces the modal depth (nesting of universal
The full algorithm is called CVWBRLDS because it returns and existential roles) of the set of concepts labeling a node
a set of concepts. It is shown on Figure 4. The rules that cabecause of théxiom rule. We need a new notion of modal
be applied to the algorithm are those from Fig. 1,2. It mustdepth: we associate different depths to atomic concepts from
respect an additional search constraint: the input concept and to “invented” atomic concepts.
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e if Aisfrom input concept then(dl) =0 Using Lemma 4, we bound the number of concepts label-

o if A, x is an atomic concept introduced by the reductioning @ formula toO (n) - 20 8™ = 29(* 1€ ) and the num--
of one or morer : VRMS.C then d A, ) is equal to  Per of inclusions by doubling the multiplicative constant in
maxg,c{d(C)|z:VRMS.C} ’ theO(nlogn) expression at the exponent.

e d(VR.C) = |R[+d(C) where|R| is the size ofR, mea-  Theorem 5 CWORLDS terminates aftee® (" °z") time.
sured as the number of symbols.

Now by induction on the number of applied rules we can
show that for all nodes # z, and all concept&’ € C(x),
there is a concepb € C(z,) such dD) > d(C). Since the
depth of every concept, and hence the maximal depth ofa s

of concepts, is bounded bywe are done. O(nlog n)
For the proof of Lemma 2, observe that new nodes in thé:)ounded bﬂ Loen ._Then t_he total numbe_:r of restarts for
a structure in a single invocation of CA®LDSis bounded by

structureS can only be created by two rules: the rules reduc-

O(2nlogn
ing existential and the rules reducing composition of rolesO(?) - 2 (2rlogm). The bound on the stack does the rest.

The first rule can only be applied tg,, thus bounding the ‘Fiahili = il i}
nodes so introduced b9 (n). For the second rule, the num- ggggl?sr)i/nﬁl E‘I’)?gTsl,z’\aAtésﬂabnny OMLE(Ma L, -~ id(-)) con
ber of nodes thus introduced is bounded®). '

For Lemma 3, observe that two “new” concepts are intro- An intriguing questionis why the standard technique for
duced only when we reduce an universally quantified role ingiving PsPACEbounds for DLs with converdd@obies, 2001
tersection. The newly generated concepts depend on the samesymmetric modal logicBMassacci, 2000fails here. Ac-
node and on the roles which are immediate subroles of an ircording this technique, we take the “converse-free” algorithm
tersection of roles occurring in the input concept. Hence, byand add some “restarts” (this is what @&LDS does). For
Lemma 2, for each invocation we can create at nig(st-n)  the bound, we observe that (i) restarts add a bounded number
different new concepts. By Lemma 1 the number of nesteaf new concepts (indeed subconcepts of the input concept)
recursive calls of VWRLDSis at mostO(n). When aleaf call and (i) the time wasted by restarts doesn’t matter.

For the proof observe that C®RLDS can be “restarted”
at most finitely many times. More precisely, (i) the set
of concepts returned by CWRLDS is larger or equal to
the initial set upon which CWRLDS is called (in sym-
Bbls C(zy,) 2 C), and (ii) the total number of concepts is

is reached we generated at moXt? - n) different concepts. The argument fails here because converse or role identity
Theorem 3 WORLDS can be implemented using only poly- and intersection plus composition can force ©ALDS to
nomial space im. label a node with exponentially many new atomic concepts.

. To force this exponential generation of concepts, we start
For the proof observe that the stack is at n@(;h) deep by by constructing a concet,, whose model is a cyclic graph
Lemma 1 and for each call of @RLDs at depthi we have with edges labeled by two rolégandS. Looking only at role

e O(n) + O(n) new nodes and at moét(n?) edges, R, the graph is a binary tree with height with G, labeling

e O(n*) concepts for each node and each concepts takin?s root. EachS-edge connects the child node of &redge
at mostO(n) space, o0 its parent. The key feature 6#,, is that we carstart at

. . he root traverse forward a path oR-edgesreach a leaf and
e O(n) roles labeling each edge and each role taking aEhen continue tdraverseS-edges forward to the rootOnce
mostO(n) space there, we cattake anotherk-path and so on. The model of
e O(i - n°) inclusions, which can be added by reducing G,, has a path whose length is exponentiahinPictorially,
a conceptr : VRIMS.C where the number of different G, can be seen as a daisy with exponentially many petals.
zs is bounded by Lemma 22115 occurs in the input  This construction is impossible id£C, ALC with con-
concept and”' either occurs in the input concept or is verse, orALC(M,0, L) because there are always acyclic mod-
one ofO(n?) new concepts invented at apy< i steps.  els. In.ALC we can keep on traversing edges (roles) on
PspacEhardness follows frondLC. Ione pathun';]iI_WTT arrivg a;[]dez.id-er;dh Since the detp))th of_ghed
e . ongest path is linear in the size of the concept to be verifie
gggillcaéyéélmglréetesansﬂab|I|ty of ALC(M,9 L) concepts is we are done. InALC with converse, edges can be qrit_ented
' forward or backward: we get a two-ways path but still it ter-
The NEXPriMe-upper bound ofALC(M,0L,-7,id(-))  minates into a dead-end. With intersection we must check
satisfiability, has a more involved proof. The analogous ofhattwo pathsmeet at certain points but the idea is the same.
Lemma 1 and Lemma 2 can be proved with a similar argu- - s;jj|, CWoRrLDs only uses polynomial space for visiting
ment. The only t\_let is observing f[hat, by Criteria 3,_ We 7 The problems start when we addd@, one or more con-
only reduce the existential concepts in one of the node linke@ents that ask to verify the intersection of two paths. Loosely
by the equality pred|cate“. Th‘{,s! we never recursively calspeaking, one path reaches the top of a petal, the other goes
CWOoRLDS on the nodes “equal” to the root nodg (as for  pack to center, then round another petal and back to the top
thgm the induction would fail). The equivalent of Lemma 3 ¢ the first petal. The problem is that we don’t know a pri-
fails and we only have a global bound: ori which petal we must visit among the exponentially many
Lemma 4 The total number of new atoms occurring as that are available. We can put one of these concepts in each
(sub)concepts in the the labels of the nodes throughout thieaf. Then, the number of pebbles that accumulate in the root,
execution ofWORLDsis bounded by (n") = 20(nlogn), restart after restart, will be exponentialin

KNOWLEDGE REPRESENTATION AND REASONING 197



6 Related Methods Theory, implementation and applications Cambridge Univ.

A number of decision procedures and complexity results for _ Press. 2001. To appear. o

: : : . [Balbiani and Vakarelov, 2001P. Balbiani and D. Vakarelov.
lpg'CS extendingd£C (or multimodalX’) can be found in the Iteration-free PDL with intersection: a complete axiomatization.
literature. Yet, none of them fully tackle our results. Fundamenta Informatica@001. To appear.

With respect to complexity results based on encodingsjgorgida, 1996 A. Borgida. On the relative expressiveness of de-
De Giacomo and Lenzerirli1999 proved the EXRIME- scription logics and predicate logiclJ, 82:353-367, 1996.
completeness of a DL with composition, converse and interfBuchheitet al, 1993 M. Buchheit, F. Donini, and A. Schaerf. De-
section restricted to atomic roles with additional limitations. cidable reasoning in terminological knowledge representation
Calvanese et al[1999 proved the EXRIME-completeness systemsJAIR, 1:109-138, 1993. _
of DLR, where intersection, union and difference of roles ardCalvanesetal, 1999 D. Calvanese, G. De Giacomo, and
allowed but composition is not permitted. Baader and Sattler M. Lenzerini. On the decidability of query containment under
[1999 proved the undecidability of a number of combination [ C;sotir;ﬁggtlrgl& ;srgr;])cmof g;'ﬁigSEpi}:n%;ngséllggﬁb 0. Gas.
of expressive DLs with n_u_mber restrictions and intersection. quet, and A Herzig. Modal tableaux with propagati on rules and
With respect to decision procedures, Horrocks et al. g iral rulesFund. Inf. 32:281-297. 1997.

[1999§ 200(]) tamed expressive DLs with converse and I’0|e'[Danecki, 1984 R. Danecki. Nondeterministic Propositional Dy-
h_leralrchlgs V\_/I_hhere ldntersectlﬁn beftween atomic rolefs Ci’v\n be namic Logic with Intersection is decidable. Broc. of the 5th
simulated. ey do not allow for composition of roles.  Sym. on Comp. ThearkNCS 208, pp.34-53. Springer, 1984.
Baader and Sattlef1999 have proposed an EXPME-  [De Giacomo and Lenzerini, 19P55. De Giacomo and M. Lenz-
calculi for ALC with number restrictions with composition, erini. What's in an aggregate: foundations for description logics
intersection and union of role chains. However, concepts are With tuples and sets. IRroc. of IJCAI'95 pp.801-807, 1995.
restricted to plaind£C. Lutz and Sattlef200d give a deci-  [De Giacomo and Massacci, 199%. De Giacomo and F. Mas-
sion procedure ford LB (ALC plus intersection, union, and sa‘éc"l thmhb'”'rf‘g (::ed“‘:t'on_%”gumfc’de' CtheCk'”g gto tabt'e_aux
negation of roles but without composition). Tobik&001] and-aigoritims or »-onverse nhtormation and ~omputa

) . ; o tion, 162:117-137, 2001. Short versionfnoc. of CADE-96
gives a %PACEalgor'thm for DLs V.V'th number restrictions, [Ganzinger and de Nivelle, 19pH. Ganzinger and H. de Nivelle.
converse and intersection of atomic relations.

A superposition decision procedure for the guarded fragment

In the realm of modal and dynamic logic, Danefk84 with equality. InProc. of LICS'99 pp.295-304, 1999.
has shown, using automata-based techniques, that IPDiGradel and Otto, 1999E. Gradel and M. Otto. On logics with two
(PDL with Intersection) can be decided in 2-EXRE. IPDL variables. TCS 224:73-113, 1999.
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sources are to be more accessible to automated pro-
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complete description of its functionality), and more expres-
sive power would clearly be necessary/desirable in order to
describe resources in sufficient detail. Moreover, such de-
scriptions should be amenablegotomated reasoninithey

are to be used effectively by automated processes.

These considerations have led to the development of
OIL [Fenselet al., 2004 and DAML [Hendler and McGuin-
ness, 2001, two ontology languages that extend RDFS with a
much richer set of modelling primitives. Both languages have
been designed in such a way that they can be mapped onto a
very expressive description logic (D)This mapping pro-
vides them with a formal semantics, a clear understanding of
the characteristics of various reasoning problems (e.g., sub-

sumption/satisfiability), and the possibility of exploiting ex-
isting decision procedures. OIL, in particular, was designed
i so that reasoning services could be provided, via a mapping
1 Introduction to theSHZ Q DL, by the FaCT systerfHorrockset al., 1999;
The recent explosion of interest in the World Wide Web hasHorrocks, 200D
aISO fue”ed intereSt in OntologiéSThiS iS due bOth to the use Unfortunate|y, these mappings are Current|y incomplete in
of ontologies in existing Web based applications and to theifwo important respects. Firstly, any practical ontology lan-
likely role in the future development of the Whlan Heijstet  guage will need to deal witkoncrete datatype@umbers,
al., 1997; McGuinness, 1998; Uschold andiBinger, 1998 strings, etc.JBaader and Hanschke, 199E.g., ontologies
In particular, it has been predicted that ontologies will play aysed in e-commerce may want to classify items according
pivotal role in theSemantic Web-the World Wide Web Con- to weight, and to reason that an item weighing more than
sortium’s vision of a “second generation” Web in which Web 50 kilogrammes is a kind of item that requires special ship-
resources will be more readily accessible to automated proying arrangements. OIL already supports the use of inte-
cesse¢Berners-Lee, 1999 . . gers and strings in class descriptions, and it is anticipated
A key Component of the Semantic Web will be the an-that DAML+OIL, a new |anguage deve|0ped from a merg-
notation of web resources with meta-data that describeﬁ]g of the DAML and OIL efforts, will support (most of) the
their content, with ontologies providing a source of sharetjatatypes defined or definable by XML Schema. However,
and precisely defined terms that can be used in such metgre SHZQ logic implemented in the FaCT system does not
data. This requirement has led to the extension of Welnclude any concrete datatypes, so there is no mechanism for
markup languages in order to facilitate content descriptionteasoning with this part of the language.

and the development of Web based ontologies, €.g., XML ' gecondly, realistic ontologies typically contain references
Schema, RDF (Resource Description Framework), and RDiy named individuals within class descriptions. E.g., “Ital-

SchemdDeckeret al, 200q. RDF Schema (RDFS) in par- jans” might be described as persons who are citizens of
ticular is recognisable as an ontology/knowledge representayia|y where ltaly is a named individualSchaerf, 1994

tion language: it talks about classes and properties (binaryne required functionality can be partially simulated by treat-
relations), range and domain constraints (on properties), andy sych individuals as pairwise disjoint atomic classes (this
subclas_s and subp_rop_erty (subsumption) relatlo_ns. Howeveg the approach taken in the existing Ol FaCT map-
RDFS is a very primitive language (the above is an a|m03bing), but this can result in incorrect inferences.

LThe word ontology has been used—some would say abused— N this paper we will present a new DL that overcomes

in a wide range of contexts. In this paper it will be takentomeana—
formally defined model of (part of) the domain of interest. 2In fact they can be viewed as syntactic variants of such a logic.
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both of the above deficiencies by taking the lodi¢{Q The disjointness of the abstract and concrete domains is
and extending it with individuals(f) and concrete datatypes motivated by both philosophical and pragmatic considera-
(D) to give SHOQ(D). The starting point for these ex- tions. On the one hand, concrete datatypes are considered to
tensions iIsSHQ rather thanSHZ Q (i.e., without inverse be already sufficiently structured by the type system, which
roles), because reasoning with inverse roles is known to bmay include a derivation mechanism and built-in ordering re-
difficult and/or highly intractable when combined with ei- lations; therefore, we do not need the DL mechanism to form
ther concrete datatypes or named individuals: the conceptew datatypes as ifBaader and Hanschke, 19910n the
satisfiability problem is know to be NExpTime hard even other hand, it allows us to deal with an arbitrary conforming
for the basic DLALC augmented with inverse roles and ei- set of datatypes without compromising the compactness of
ther concrete datatypes or named individualetz, 2000;  our concept language or the soundness and completeness of
Tobies, 2000 This hardness result for concrete datatypesour decision procedure.

is not yet directly applicable t§HOQ(D) as it depends on This scheme can be trivially extended to include boolean
comparisons of concrete values (binary predicates), but theombinations of datatypes and number restrictions qualified
addition of such comparisons would be a natural future exwith data types, but to simplify the presentation we will only
tension toSHOQ(D). Moreover, the presence of nominals consider (possibly negated) atomic datatypes and exists/value
in any DL leads to the loss of the tree/forest model prop-estrictions. The type system can be as complex as that
erty, which becomes particularly problematical in the pres-defined for XML schema, or as simple as the one defined
ence of inverse roles, number restrictions, and general axn the OIL ontology languagéFenselet al, 2004, where
ioms. As a result, to the best of our knowledge, there ighe only primitive datatypes are integer and string, and new
no (practicable) decision procedure f§({ZQ with nom-  types are derived by adding minimum and maximum value
inals or converse-DPDL with nominals, the latter being aconstraints. Using the OIL typesystem we could, for ex-
close relative ofSHZ Q from dynamic logicdStreett, 198  ample, define the type (min 21) and use it in the concept
Finally, since individuals and concrete datatypes are muclPerson M Jage.(min 21).

more widely used in ontologies than inverse rol€ercho  Named Individuals Allowing named individuals to occur in
and Rerez, 200D SHOQ(D) is a very useful addition to our  concepts provides additional expressive power that is use-

reasoning armoury. ful in many applicationsnominals(as such individuals can
o ) be called) are a prominent feature of hybrid logiBsack-
2 Preliminaries burn and Seligman, 1998and various extensions of modal

and description logics with nominals have already been in-

In this section, we will describe our choice of concrete stigated (see, e.glSchaerf, 1994: De Giacomo, 1995;

datatypes and named individuals, and introduce the synta receset al, 2000). As we have seen, nominals occur natu-

and semantics SSHOQ(D). . . L X
rally in ontologies as hames for specific persons, companies,
Concrete DatatypesConcrete datatypes are used to represengountries etcetera.
literal values such as numbers and strings. A type system typ- From a semantic point of view, it is important to distinguish
ically defines a set of “primitive” datatypes, suchstisSngor  petween a nominal and an atomic concept/simple class, since
integer, and provides a mechanism for deriving new datatypeghe nominal stands for exactly one individual—in contrast to
from existing ones. For example, in the XML schema typeg concept, which is interpreted as sose of individuals.
system thenonNegativelntegedatatype is derived from the \odelling nominals as pairwise disjoint atomic concepts can
integer datatype by constraining values mbnNegativelnte- |ead to incorrect inferences, in particular with respect to im-
ger to be greater than or equal to zd#iron and Malhorta,  plicit maximum cardinality constraints. For exampleltéfly
2004. is modelled as an atomic concept, then it would not be possi-
~ Inorder to represent concepts such as “persons whose aggs to infer that persons who are citizemsly of Italy cannot
is at least 21", we can extend our concept language with qave dual-nationality (i.e., cannot be citizens of more than
setD of concrete datatypes and concepts .of the fafd  gne country).
andVR.d, whered € D. To be more precise, we assume  Finally, nominals can be viewed as a powerful generali-
that we have a set of datatypBs and, with eachl € D, a  sation of DL Abox individualsSchaerf, 1994 in an Abox
setd® C Ap is associated, wherp is the domain of all  we can assert that an individual is an instance of a concept
datatypes. We will assume that: or that a pair of individuals is an instance of a role (binary

1. the domain of interpretation of all concrete datatypedelation), but Abox individuals cannot be usetide con-
Ap (the concrete domainis disjoint from the domain cepts. For example, iGiuseppe and Italy are Abox in-

of interpretation of our concept language (tilestract ~ dividuals, we could assert that the pa{Biuseppe, Italy)
domain), and is an instance of theitizen-of role, but we could not de-

scribe the conceptalian as aPerson who is acitizen-of

‘ﬂraly. Using nominals, not only can we express this con-

. i cept (i.e.,Person 1 dcitizen-of .Italy), but we can also cap-
whered; is a (possibly negated) cor[1)crete datatype fromy,re Apox assertions with concept inclusion axioms of the
D (where~d is interpreted as\p \ d°). form Giuseppe C Italian (Giuseppe is an Italian) and

We will say that a set of datatypesdsnformingif it satisfies  Giuseppe C dcitizen-of.Italy (Giuseppe is a citizen-of

the above criteria. Italy).

2. there exists a sound and complete decision procedure f
the emptiness of an expression of the faifn. . .NdY2,
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Construct Name| Syntax Semantics
atomic concep€C A AT C AT
abstract roleR 4 R RT C AT x AT
concrete rolRp T TT C AT x AL
nominalsl 0 of C AT 10t =1
datatypeD d dP C Ap
conjunction CnbD (cnDyf=ctTnD?
disjunction cCubD (CuD)f =c*tuD?
negation -C (=C)t = AT\ CT
~d (-d)T = Ap \ d”

exists restriction| 3IR.C (3R.C)E = {z | Fy.
(r,y) € RT andy € CT}
value restriction | VR.C (VR.C)T = {z | Vy.
(z,y) € RT impliesy € CT}
atleast restriction (>nS.C)| (=nS.C)% = {z | 1({y.
(z,y) € ST} N CF) > n}
atmost restriction (<nS.C)| (<nS.C)% = {z | 1({y.
(z,y) € ST}NCT) < n}
datatype exists | 3T.d (3AT.d)* = {x | Jy.
(z,y) € TT andy € dP}
datatype value vT.d (VT.d)T = {z | Vy.

(z,y) € TT impliesy € dP}

Figure 1: Syntax and semantics®HOQ(D)

SHOQ(D) Syntax and Semantics

Definition 1 Let C, R = R4 W Rp, andI be disjoint sets
of concept namesbstract and concretele namesandin-
dividual names

For R and S roles, arole axiomis either a role inclusion,
which is of the formR C S for R,S € R4 or R, S € Rp,
or a transitivity axiom, which is of the forrrans(R) for
R € R4. Arole boxR is afinite set of role axioms.

A role R is calledsimpleif, for = the transitive reflex-
ive closure ofC on R and for each role5, S = R implies
Trans(S) € R.

The set of SHOQ(D)-concepts is the smallest set such

that each concept name e C is a concept, for each individ-
ual nameo € 1, o is a concept, and, faf' and D conceptsR
an abstract role]’ a concrete role$ a simple role, and € D

Some remarks are in order: In the followingRfis clear
from the context, we us€rans(R) instead ofTrans(R) € R.

Please note that the domain of each role is the abstract do-
main, and that we distinguish those roles whose range is also
the abstract domairapstract role$, and those whose range
is the concrete domairt@ncrete roleks In the following, we
useR for the former andl” for the latter form of roles (pos-
sibly with index). We have chosen to disallow role inclusion
axioms of the formil’ C R (or R C T') for R an abstract and
T a concrete role, since each model of such an axiom would
necessarily interpréf (or R) as the empty relation.

Restricting number restrictions to simple roles is required
to yield a decidable logifHorrockset al., 1999.

Next, negation of concepts and datatypes is relativised to
both the abstract and the concrete domain.

As usual, subsumption and satisfiability can be reduced to
each other, and HOQ(D) has the expressive power ito-
ternalisegeneral concept inclusion axiorfidorrockset al,,
1999. However, in the presence of nominals, we must also
add30.0, M...M30.0, to the concept internalising the gen-
eral concept inclusion axioms to make sure that the universal
role O indeed reaches all nominads occurring in the input
concept and terminology.

Finally, we did not choose to makeuaique name assump-
tion, i.e., two nominals might refer to the same individual.
However, the inference algorithm presented below can easily
be adapted to the unique name case by a suitable initialisation
of the inequality relatiosZ.

3 A Tableau for SHOQ(D)

For ease of presentation, we assume all concepts to be in
negation normal form(NNF). Each concept can be trans-
formed into an equivalent one in NNF by pushing negation
inwards, making use of deMorgan’s laws and the following
equivalences:

-3R.C = VYR-C  —-VRC = 3R-C
-3Td = VT.-d -VI.d = 3T.~d
-(<nR.C) = (=(n+1)R.C)
-(Z(n+1)R.C) = (<nR.C)
-(>0R.C) = Cn-C

a concrete datatype, complex concepts can be built using th&e use~ C' to denote the NNF of:C. Moreover, for a con-

operators shown in Figure 1.

The semantics is given by means of an interpretafica
(AZ,.T) consisting of a non-empty domaix?, disjoint from
the concrete domair\p, and a mapping”, which maps

ceptD, we usecl(D) to denote the set of all subconcepts of
D, the NNF of these subconcepts, and the (possibly negated)
datatypes occurring in these (NNFs of) subconcepts.

atomic and complex concepts, roles, and nominals accord2efinition 2 If D isaSHOQ(D)-conceptin NNFR arole
ing to Figurze 1 { denotes set cardinality). An interpretation box, andR%, R5 are the sets of abstract and concrete roles

satisfiesa role inclusion axiomR; T Ry iff
RT C RZ, and it satisfies a transitivity axioffirans(R) iff
RT = (RT)*. An interpretation satisfies a role ba iff it
satisfies each axiom iR.

A SHOQ(D)-conceptC is satisfiablew.r.t. a role boxR
iff there is an interpretatio with CZ # () that satisfiesR.
Such an interpretation is calledmaodelof C w.r.t. R. A
conceptC is subsumedby a concepD w.r.t. R iff C* T D*
for each interpretatiof satisfyingR. Two concepts are said
to be equivalent (w.r.t.R) iff they mutually subsume each
other (w.r.t.R).
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occurring inD or R, a tableaul” for D w.r.t. R is defined
to be a quadrupléS, L, € 4, Ep) such that:S is a set of in-

dividuals,L : S — 2¢(P) maps each individual to a set of
concepts which is a subset of( D), €4 : RY — 25%8
maps each abstract role R% to a set of pairs of individ-

uals,ép : RE — 254D maps each concrete role R to

a set of pairs of individuals and concrete values, and there is
some individuak € S such thatD € L(s). For alls,t € S,
C,C1,Co €c(D), R,S € RY, T, T' € RE, and

ST(s,C):={t €S| (s,t) € E4(S) andC € L(t)},

201



it holds that:

(P1) if C € L(s), then-C ¢ L(s),

(P2) if C1 M Cy € L(s), thenCy € L(s) andCy € L(s),
(P3) if C1 UCy € L(s),thenCy € L(s) or Cy € L(s),

)
) )
(P4) if (s,t) € E4(R)andR £ S, then(s,t) € £4(9),
if (s,t) € Ep(T)andT =T, then(s,t) € Ep(T”)

(P5) if VR.C € L(s) and(s,t) € E4(R), thenC € L(¢),

(P6) if IR.C € L(s), then there is some € S such that
(s,t) € Eo(R) andC € L(t),

(P7) if vS.C € L(s) and(s,t) € £4(R) for someR &S
with Trans(R), thenvVR.C € L(¢),

(P8) if (=nS.C) € L(s), theniST(s,C) = n,

(P9) if (<nS.C) € L(s), thentST(s,C) < n, and

#0

(P10) if {(<nS.C),(=nS.C)} N L(s) and (s,t) €
&A(9), then{C,~C}NL(t) # 0,

(P11) if 0 € L(s) N L(t), thens = ¢,
(P12) if VT.d € L(s) and(s,t) € Ep(T), thent € dP,

(P13) if 3T.d € L(s), then there is somee Ap such that
(s,t) € Ep(T) andt € dP.

Lemma3 A SHOQ(D)-conceptD in NNF is satisfiable
w.r.t. arole boxR iff D has a tableau w.r.R.

Proof: We concentrate onP(11) to (P13), which cover the

the new logical features, i.e., nominals and datatypes; thBodeszo, zo, ..

remainder is similar to the proof found [iMorrockset al,

forest with a symmetric binary relatich between the nodes
of F. For eacho € I” there is adistinguishechodez,, in F
such thab € L(x). We usel(R,o0) € L(y) to represent an
R labelled edge frony to z,,.

Given a completion forest, a node is called anR-
successonf a nodez if, for some R’ with R’ E R, either
y is a successor of andR’ € L((x,y)), or T(R',0) € L(x)
andy = z,. Ancestors and roots are defined as usual.

For a roleS and a noder in F we defineSF (x, C') by

SF(x,C) := {y | yis anS-successor of andC € L(y)}.

A node z is directly blockedif none of its ancestors are
blocked, and it has an ancestdrthat is not distinguished
such thatl(z) C L(2'). In this case we will say that’
blocksz. A node isblockedif is directly blocked or if its
predecessor is blocked.

For a nodexr, L(z) is said to contain alashif

1. for some concept namé € N¢, {4,-A} C L(x),

2. for some roleS, (<nS.C) € L(x) and there are, + 1
S-successorgy, . . ., y, of z with C' € L(y;) for each
0 <i < nandy; #y; foreachd <i < j <n,

3. L(x) contains (possibly negated) datatyphs. . ., d,
such that? N ... N dP is empty, or if

4. for someo € L(x), z # x,.

If 01,...,00 are all individuals occurring irD, the algo-
rithm initialises the completion fore&tto contain? + 1 root
., T, With L(x9) = {D} and L(x,,) =
{0;}. The inequality relation# is initialised with the empty

relation. F is then expanded by repeatedly applying the rules

tableau by taking as its interpretation domain and adding frorr;]Figure |2 _stopfping if a claslh ochrs ifn one of its nodes.
the missing role-successorships for transitive roles. Then, The cotm_p etlonl orr?st 'SOan etew enf, tﬁr so:ne node, i

by induction on the structure of formulae, we prove that, if = (%) contains a clash, or when none of the rules is applica-
C e L(s), thens € CT. (P11) ensures that nominals are ble. If the expansion rules can be applied in such a way that
. L) ; they yield a complete, clash-free completion forest, then the
indeed interpreted as singletons, aRd 2Z) and P13) make 7 e o biofi ,, €Ty e
sure that concrete datatypes are interpreted correctly. algorithm retums D is satisfiablew.r.t. R”, and "D is un

For the converse, each model is by definition of the seman§at|3f'able'v'r't' R otherwise.

tics a tableau. Lemma5 When started with aSHOQ(D) conceptD in

4 A tableau algorithm for SHOQ(D) NNF, the completion algorithm terminates.

From Lemma 3, an algorithm which constructs a tableau folProof: Letm = |cl(D)], k = |[R%], n the maximal number

a SHOQ(D)-conceptD can be used as a decision proce-in atleast number restrictions, add= [I”|. Termination is
dure for the satisfiability of> with respect to a role bo®. a consequence of the following properties of the expansion
Such an algorithm will now be described in detail. Pleaseules: (1) Each rule but th€- or the O-rule strictly extends
note that, due to the absence of inverse ralabset blocking the completion forest, by extending node labels or adding
is sufficient (see alsfBaader and Sattler, 200)0to ensure  nodes, while removing neither nodes nor elements from node.
termination and correctness. (2) New nodes are only generated by theor the >-rule

as successors of a nodefor concepts of the formdR.C
and(>nS.C) in L(z). For a noder, each of these concepts
can trigger the generation of successors at most once—even
though the node(s) generated was later removed by either the
<- or theO-rule. If a successaoy of = was generated for a
conceptS.C € L(z), andy is removed later, then there will
always be somé&-successot of = such thatC € L(z), and
hence thel-rule cannot be applied againtcand3s.C.

and each edgér,y) is labelled with a set of role names  For the>-rule, if y,...,y, were generated by an appli-
L((z,y)) containing roles occurring inl(D) or R. Addi-  cation of the>-rule for a concep{>nS.C), theny, # y;
tionally, we keep track of inequalities between nodes of thas added for each # j. This implies that there will always

1999. Roughly speaking, we construct a modefrom a

Definition 4 Let R be a role box,D a SHOQ(D)-concept
in NNF, R% the set of abstract roles occurringlinor R, and

I” the set of nominals occurring iP. A completion forest
for D with respect taR is a set of tree§ where each node
of the forest is labelled with a set

L(z) C cd(D)U{T(R,0) | R RE ando € T},
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M-rule: if C; N Cy € L(x), z is not blocked, andCy, Co} € L(x),
thenL(x) = L(z) U{C1, Ca}
U-rule: if C; U Cy € L(x), z is not blocked, andCy, Ca} N L(z) = 0,
thenL(z) = L(z) U {C} for someC € {C1, Cs}
J-rule: if IR.C € L(z), (or3T.d € L(x)) = is not blocked, and has noR-successoy with C' € L(y)
(resp. ndl'-successoy with d € L(y)),
then create a new nodewith L((z, y)) = { R} andL(y) = {C} (resp. withL((z, y)) = {T'} andL(y) = {d})
V-rule: if VR.C' € L(z) (orVT.d € L(z)), = is not blocked, and there is d@successoy of x with C' ¢ L(y),
(resp. ar-successoy of x with d ¢ L( ),
thent(y) = L(y) U{C} (resp.L(y) = L(y) U{d})
Vi-rule: if vS.C € L(z), z is not blocked, and there is sonfewith Trans(R) andR S,
and anR-successoy of = with VR.C' ¢ L(y),
thenL(y) = L(y) U{VR.C}
chooserule: {(=nS.C), (<nS.C)} N L(x) # 0, = is not blocked, ang is anS-successor af with {C,~C} N L(y) = 0,
thenL(y) = L(y) U {E} for someE € {C,~C}
>-rule: if (>nS.C) € L(x), x is not blocked, and there are noS-successorgy, . . ., y, of z with C' € L(y;) and
yi £y;forl <i<j<n,
then create: new nodesy,, . .., y, with L((z,y;)) = {S}, L(v;) = {C}, andy; # y; for1 <i < j <n.
<-rule: if (<nS.C) € L(x), z is not blocked, and hasn + 1 S-successorgy, . .., y, With C' € L(y;) for
each0 < i < n, and there exist # j s. t. noty; # y; and, if only one ofy;, y; is distinguished, then it ig;,
then 1.L(y;) = L(y;) U L(y,) and addy # y; for eachy with y # y;, and
if both y;, y; are not distinguished, then 2.((z, y;)) = L({z,v:)) U L({z,y;))
if y; is andy; is not distinguished, then Z(z) = L(z) U {1(S,0) | S € L({z,y,))} for someo € L(y;)
and 3. removeg; and all edges leading tp from the completion forest
O-rule: if o € L(z), « is neither blocked nor distinguished, and mof z,
then, forz distinguished withv € £(z), do 1.L(z) = L(z) U L(x), and
2. if z has a predecessof, thenl(z') = L(z') U{T(R,0) | R € L({z',z))},
3. addy # z for eachy with y # =, and remover and all edges leading tofrom the completion forest

Figure 2: The complete tableaux expansion rulesStHOQ(D)

be n S-successorgy, ...,y of x since neither theg rule  in the case thay is not a successor af but a distinguished

nor theO-rule ever merges two nodeg, y; with y; # yi, node (i.e..] (R, 0) € L(z) andy = z,), and in the case that

and, whenever the- or the O-rule removes a successor of is a concrete value (i.er(y) ¢ S). Due to £12) and P13),

z, there will be some5-successor of z that “inherits” all ~ we do not encounter a clash of the form (3), aRdX) makes

inequalities fromy,. sure that the-rule can be applied correctly. ]
Hence the out-degree of the forest is boundedhy

(3) Nodes are labelled with subsetstfD)U{T(R,0) | R€  Lemma?7 If the expansion rules can be applied to a

R% ando € 17}, so there are at mogt"™** different node  SHOQ(D) conceptD in NNF and a role boxR such that

Iabellmgs Therefore, if a pathis of length at leas2™t*¢,  they yield a complete and clash-free completion forest, then

then, from the blocking condition in Definition 4, there are D has a tableau w.r.&z.

two nodesz,y on p such thatx is directly blocked byy )
Hence paths are of length at magt+*¢. Proof: From a complete and clash-free completion fofgst

we can obtain a tabledll = (S, L', €4, &p) by unravelling

Lemma 6 If a SHOQ(D ) conceptD in NNF has a tableau 88 usual. That is, each element of the tableaupathin the
w.r.t. R, then the expansion rules can be appliedtandR completion forest that starts at one of the root nodes and that,

such that they yield a complete, clash-free completion foresﬂnstead of going to a blocked node, goes to the node that is
blocking this node (we disregard nodes that have datatypes in

Proof: Again, we concentrate on the new features nominalgheir labels).€-successorship for abstract roles is defined ac-

and datatypes and refer the readefHorrockset al., 1999 cording to the labels of edges (i.e. .if € L({(xn, Zpy1)) iN

for the remainder. Given a tabledufor D w.r.t. R, we can F with R' ER, then(zg...zp, 20 ... ZnTnt1) € Ea(R) IN

apply the non-deterministic rules, i.e., the, choose, and  T) and following labels (R, o) (i.e., if |(R,0) € L(z,)inF,

<-rule, in such a way that we obtain a complete and clashthen(xzy ... x,,z,) € £4(R)). E-successorship for concrete

free tableau: inductively with the generation of new nodesyoles is defined following the edges to those (disregarded)

we define a mapping from nodes of the completion for- nodes with datatypes in their labels. Clash-freeness makes

est to individuals in the tableau and concrete values in suchure that this is possible.

a way thatl(z) C L(n(z)) for n(z) € S and, for each To satisfy P8) also in cases where tw@-successorsg;, yo

pair of nodesr, y and each (abstract or concrete) réle if of a nodez with (>nR.C) are blocked by the same node

y is an R-successor oft, then (r(z),n(y)) € E€a(R) or  z, we must distinguish between individuals that, instead of

(m(x),m(y)) € Ep(R). Please note that the latter also holdsgoing toy;, go toz. This can be easily done asidorrockset
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al., 1999, annotating points in the path accordingly. Finally, [Baader and Sattler, 20D0~. Baader and U. Sattler. Tableau

we setl’(zg ... x,) = L(xy). algorithms for description logics. |Rroc. TABLEAUX
It remains to prove thdt satisfies eactrj). (P1) to (P10) 200Q vol. 1847 ofLNAI, pages 1-18, 2000.

completeness (otherwise, tierule was applicable), which Orion Business Books, 1999.

implies that nominals can be found only in the labels of dis

tinguished nodes (note that the definition of blocking is suc : : i

that a distinguished node can never block another orRaR) W3C andlcjjla_ts/Reltzorﬁmendza/ltlon, Oct 2000tp-//

and P13) are due to the fact th&thas no clash of form (3), WWW.W.3.0rg .xm schema- )

and that thed- andv-rule are not applicable. 0 [Blackburn and Seligman, 19b&. Blackburn and J. Selig-
As an immediate consequence of Lemmas 3, 5, 6, and Man. What are hybrid languages? Advances in Modal

7, the completion algorithm always terminates, and answers Logic, vol. 1, pages 41-62. CSLI Publications, 1998.

with “ D is satisfiable w.r.t.R” iff D is satisfiable w.r.t;-R.  [Corcho and Brez, 2000 O. Corcho and A. Gmez Rerez.

Next, subsumption can be reduced to (un)satisfiability. Fi- Evaluating knowledge representation and reasoning ca-

HBiron and Malhorta, 2000 Xml schema part 2: Datatypes.

nally, as we mentioned in Section 8HOQ(D) can inter- pabilities of ontology specification languages. Rroc.
nalise general concept inclusion axioms, and we can thus de- of ECAI-00 Workshop on Applications of Ontologies and
cide these inference problems also w.r.t. terminologies. Problem-Solving Method2000.

. _ . ~ [De Giacomo, 1995 G. De GiacomoDecidability of Class-
Theorem 8 The completion algorithm presented in Defini-  Based Knowledge Representation FormalisRiD thesis,
tion 4 is a decision procedure for satisfiability and subsump-  Universit degli Studi di Roma “La Sapienza”, 1995.

tion of SHOQ(D) concepts w.r.t. terminologies. [Deckeret al, 20040 S. Deckeret al. The semantic web —
. on the respective roles of XML and RDREEE Internet
5 Conclusion Computing 2000.

As we have seen, ontologies are set to play a Réyin the [Fensekt al, 2004 D. Fenselet al. OIL in a nutshell. In
Semantic Web, where they will provide a source of shared Proc. of EKAW-2000LNAI, 2000.

and precisely defined terms for use in descriptions of weljendler and McGuinness, 2007. Hendler and D. L.

resources. Moreover, such descriptions should be amenable pcGuinness. The DARPA agent markup languadgEE
to automated reasoning they are to be used effectively by |ntelligent System<001.

automated processes. .
. [Horrockset al, 1999 |. Horrocks, U. Sattler, and S. Tobies.
We have presented the DEHOQ(D), along with a Practical reasoning for expressive description logics. In

sound and complete decision procedure for concept satisfi- ,

ability/subsumption. With its support for both nominals and Proc. of LPAR’99vol. 1705 ofLNAI, 1999. o
concrete datatypeSHOQ(D) is well suited to the provision [Horrocks, 200D I. Horrocks.  Benchmark analysis with
of reasoning support for ontology languages in general, and FaCT. InProc. TABLEAUX 2000vol. 1847 of LNAI,
web based ontology languages in particular. In addition, the 2000.

SHOQ(D) decision procedure is similar to ti#&+ZQ de-  [Lutz, 200Q C. Lutz. Nexptime-complete description log-
cision procedure implemented in the highly successful FaCT ics with concrete domains. Rroceedings of the ESSLLI-
system, and should be amenable to a similar range of perfor- 2000 Student Sessio?000.

mance enhancing optimisations. [McGuinness, 1998D. L. McGuinness. Ontological issues
The only feature of languages such as OIL and DAML (and for knowledge-enhanced search. Mmoc. of FOIS-98

SHIQ)thatis missing iISHOQ(D) is inverse roles. Its ex- |0S-press, 1998.

clusion was motivated by the very high complexity of reason- . e .

ing that results from the unconstrained interaction of inversdSchaerf, 199K A. Schaerf. Reasoning with individuals in

roles with nominals and datatypes. Future work will include  CONCePt languages.Data and Knowledge Engineering

a detailed study of this interaction with a view to providing 13(2):141-176, 1994.

(restricted) support for inverse roles without triggering the[Streett, 198R R. S. Streett. Propositional dynamic logic of

explosion in complexity. An implementation (based on the looping and converse is elementarily decidabtgorma-

FaCT system) is also planned, and will be used to test empir- tion and Computation4:121-141, 1982.

ical performance. [Tobies, 200D S. Tobies. The complexity of reasoning with
cardinality restrictions and nominals in expressive descrip-
References tion logics. JAIR 12:199-217, 2000.
[Areceset al, 2004 C. Areces, P. Blackburn, and M. Marx. [Uschold"ar}d Qininger, 199]? M. Uschold and
The computational complexity of hybrid temporal logics. M. Grininger.  Ontologies: Principles, methods and
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B. J. Wielinga. Using explicit ontologies in KBS develop-
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Abstract

Weintroducethe SG family of graph-baseénowl-
edge representatiorand reasoningmodels, basi-
cally extensionsof the simple conceptualgraphs
model. Objectsof thesemodelsare colored sim-
ple graphsand are usedto represenfacts rules
and constaints Reasoningsare basedon graph-
theoretic mechanisms,mainly graph homomor
phism. Models of this family are definedby the
kind of objectscomposinga knowledgebase. In
this paper we focus on the formal definitions of
thesemodels,ncludingtheir operationabemantics
andrelationshipswith FOL, andwe studytheir de-
cidability propertiesandcomputationatomplexity.

1 Intr oduction

Conceptualgraphs (CGs) have been proposedin [Sawa,
1984 as a knowledgerepresentatiormnd reasoningmodel,
mathematicallyfoundedon logics andgraphtheory Though
mainly studiedasa graphicalinterfacefor logics or asa di-
agrammaticsystemof logics, their graph-theoretidounda-
tions have beenlessinvestigated. Most works in this area
are limited to simple conceptualgraphs (simple graphsor
SGs)[Sawva, 1984;CheinandMugnier, 1997, corresponding
to the positive, conjunctive andexistentialfragmentof FOL.
This modelhasthreefundamentatharacteristics:

1. objectsarebipartitelabelledgraphs(nodesepresenén-
tities andrelationsbetweerntheseentities);

2. reasoningsare based on graph-theoreticoperations,
mainly agraphhomomorphisntalledprojection

3. itislogically founded reasoning®eingsoundandcom-
pletew.r.t. a FOL semanticzalled®.

Main extensionsof the SG model, keeping projection-
basedoperationsand soundand completesemanticsarein-
ference rules [Gosh and Wuwongse, 1995; Sahat, 1994
and nestedgraphs[Chein et al., 1999; for geneal CGs
[Kerdiles, 1997 introducesan original deductionsystem,
combininganalytictableauxwith projection.

We presentereafamily of extensionf thesimplegraphs
model. The commongroundfor theseextensionss that ob-
jects are colored simple graphsrepresentingacts rules or
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constrints and operationsare basedupon projection; the
deductionproblemasks,given K a knowledgebaseand @
a simple graph (which may represent query a goal, ...),
whetherQ) canbededucedrom K. Accordingto thekindsof
objectsconsideredn X, differentreasoningmodelsare ob-
tained,composinghe SG family. In this paperwe focuson
the formal definitionsof thesemodels,including their oper
ationalsemanticsandrelationshipswith FOL, andwe study
their decidabilitypropertiesandcomputationatomplexity.
In section2 basic definitions and results about simple
graphsare recalled. Section3 presentsan overview of the
SG family. In particular we explain why we considerSGs
graphicalfeaturesas essentiafor knowledgemodelingand
pointoutthatthesepropertiesarepreseredin theSG family.
In next sectionsve studythedifferentmemberof thefamily.

2 BasicNotions: the SG Model

Basicontologicalknowledgeis encodedn a structurecalled
a support Factualknowledgeis encodednto simplegraphs
(SGs),which arebipartitelabelledmultigraphs(therecanbe
severaledgesetweertwo nodes) Elementaryeasoningare
computedoy a graphhomomorphisntalledprojection

Definition 1 (Support) A support is a 4-tuple § =
(T¢,Tr,Z,7). Tc and Tg are two partially ordered finite
sets,respectivelyf concepttypesand relationtypes Rela-
tion typesmaybe of any arity greateror equalto 1. 7 is the
setof individual markersand 7 is a mappingfromZ to T¢.
We denoteby x the genericmarker, whee « ¢ Z. Thepartial
order on Z U {x} consides elementf 7 as pairwise non
comparble andx asits greatestelement.

Definition 2 (Simple Graph) A simplegraph definedon a

supportS, is a bipartite multigraph G = (V, E, \), whee

V = (Vo,VRr). Ve and Vg are the setsof conceptnodes
andrelationnodes F is thesetof edges Edgesincidentona

relationnodeare numbeedfrom 1 to the degreeof thenode

We denoteby G;(r) theit* neighborof a relation noder in

G. Eadh nodehasa label givenby the mapping\. A concept
nodec is labelled by a couple (type(c), marker(c)), whee

type(c)is an elementof T, called its type, and marker(c)
is anelemenbfZ U {x}, calledits marker. If marker(c)= m

is anindividual marker, thentype(c)=7(m). A relationnode
r is labelledby type(r), an elemenbf T'g, calledits type, and

thedegreeof » mustbe equalto thearity of type(r).

205



] Ffrojeqtj

Person @ Person

Cirember, < ember,  Cmeme Cremey Cremey
B I AN i
LResearcher‘ Researcﬁhe[ K“ Researcher: J‘ ‘ Project‘

works—wuth Q

v
Office: #124 office] G

Figurel: Simplegraphs.

In the drawing of a SG, conceptodesarerepresentedy
rectanglesandrelationnodesby ovals. Genericmarkersare
omitted. And sincein our exampleswe usebinary relations
only, numberson edgesarereplacedby directededges:are-
lation nodeis incidentto exactly oneincomingandoneout-
going edge.Fig. 1 showvs two (connectedsimplegraphsas-
sumedo bedefinedoverthe samesupport.

Simple graphscorrespondto the existential conjunctive
and positive fragmentof FOL (by the semanticsp). Types

aremappedo predicatesandindividual markersto constants.

A setof formulas®(.S) is assignedo ary supportS, trans-
lating partial orderson types. Givenary SG G, a formula
®(G) is built asfollows. A termis assignedo eachcon-
ceptnode: a distinct variablefor eachgenericnode,andthe
constantcorrespondingo its marker otherwise. An atom
t(c) (resp.t(c1 ... ¢x)) is associatedo eachconceptnode
(resp.relation node r of arity k), wheret is the type of
the node,andc (resp.c;) is the term assignedo this node
(resp.assignedo G;(r)). Let a(G) be the conjunctionof
theseatoms. ®(G) is the existential closureof a(G). E.g.
the formula assignedo the dashedsubgraptof G in Fig. 1
is 33y (Researcher(z) A Project(y) A Researcher(K) A
member(z,y) A member(K, y)A works-with{z, K)).

Definition 3 (Projection) Let ) and G be two SGsdefined
on a supportS, a projectionfrom @ into G is a mappingm
from Vo (Q) to Vo (G) andfrom Vg(Q) to Vr(G) that pre-
servesdgesandmaydeceasenodelabels:

1. Ver € E(Q),n(c)n(r) € E(G); andif ¢ = Q;(r), then
m(c) = Gi(w(r));

2. Vz € V(Q), Mn(z)) < A=) (if z is a conceptnode
< is the product of the orders on T and Z U {x},
i.e. type(n(z)) < type(x) and marker(w(z)) <
marker(z)).

Wenote@ > G (Q subsumesy) if thereexistsa projec-
tion from @ into G. Typically, @ representsa query G a
fact, and projectionsfrom @) to G defineanswerso @. In
Fig. 1, supposeéReseather < Person thenthereis onepro-
jection from @ into G. Theimageof @ by this projection
is the dashedsubgraphof G. Projectionis soundand com-
pletew.r.t. the semanticsp, up to a normality conditionfor
completenesghenormalformof aSGG istheSGnf(G) ob-
tainedby memging conceptodeshaving the sameindividual
marker. This SG alwaysexists (andis computabldn linear
time with anaive algorithm). Then:let Q andG betwo SGs.
Q > nf(G) & ¥(S),2(G) F ®(Q) [CheinandMugnier,
1994, [GoshandWuwongse 1995.
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For the sale of brevity, we considerin what follows that
SGs(andmorecomplex constructduilt uponSGs)aregiven
in normal form, and put into normal form if neededafter
a modification. And, sincea SG needsnot be a connected
graph,we confusea setof SGswith the SG obtainedby per
forming the disjoint union of its elements.In following defi-
nition for instancethe SG G representa setof SGs.

Definition 4 (SG Deduction) Let G and ) be two SGs. @
canbededucedromgG if ) > G.

The SG deductionproblemis NP-complete[Chein and
Mugnier, 1994. Notethatthe subsumptiorrelationinduced
by projectionover SGsis a quasi-order Two graphsaresaid
to be equivalentif they projectto eachother A SGis said
to be redundantif it is equivalentto one of its strict sub-
graphs. Redundang checkingis an NP-completeproblem.
Eachequivalenceclassadmitsa unique(up to isomorphism)
nonredundangraph[CheinandMugnier, 1997.

3 Overview of the SG Family

From a modeling viewpoint, the simple graphsmodel has
two essentiaproperties. The objects simplegraphsareeas-
ily understandablby anend-useia knowledgeengineeror
even an expert). And reasoningsare easily understandable
too, for two reasons:projectionis a graphmatchingopera-
tion, thuseasilyinterpretableandvisualisable;andthe same
languageis usedat interfaceand operationallevels. It fol-
lows that reasoningscan be explainedin a naturalmanner
to the user stepby step,anddirectly on his own modeliza-
tion (seefor instancethe knowledgeengineeringapplication
describedn [Bos et al., 1997 or experimentsin document
retrieval doneby [Genest200d, wherein bothcasegsherep-
resentatiorianguageis at the expertlevel). The SG family
keepstheseessentiaproperties.

Let us now informally presentthe mostgeneralmodel of
thefamily. Throughouthis sectionwe will useexamplesn-
spiredfrom a modelizationof a knowledgeacquisitioncase
study called Sysiphus-I:it describesa resourceallocation
problemwheretheaimis to assignofficesto personf are-
searchgroupwhile fulfilling constraint§Bagetetal., 1999.

Simple graphsare the basicconstructsuponwhich more
comple constructs,rules and constraints,are defined,and
operationarebasedn projection.A rule expressesknowl-
edgeof form “if A holdsthenB canbeadded”.It is encoded
into a simple graphprovided with two colors, highlighting
the hypothesisandthe conclusionof therule. In drawings,
we representhe hypothesisy white nodesandthe conclu-
sion by gray ones. Rulesare usedin the following way: if
the hypothesisof a rule canbe projectedinto a graph,then
therule is applicableto the graph,andits conclusioncanbe
addedto the graphaccordingto the projection. The rule of
Fig. 2 canbe understoodas “for all personse andy, if x
workswith y, theny workswith z”. It canbeappliedto G of
Fig. 1, addinga relationnode(work-with) with predecessor
[ResearcherK] andsuccessofResearcher].

A constiaint canbea positive constrainior a negative con-
straint,expressinga knowledgeof form “if A holds,somust
B, or“if A holds,B mustnot”. It is alsoa bicoloredsim-
ple graph: the first color definesthe condition part, andthe
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secondcolor the mandatory(or forbidden)part. A graphG
satisfiesa positive constraintC' if ead projectionfrom the
conditionpart of C' into G can be extendedas a projection
of thewhole C. And G satisfiesa negative constraintif no
projectionof C into G canbe extendedasa projectionof the
whole C'. Fig. 2 representshe negative constraint‘two per
sonsworking togethershouldnot shareanoffice”. Thegraph
G of Fig 1 doesnot satisfythis constraintbecauséthereis
aresearchewhoworkswith researcheK” (projectionof the
conditionpartof C') “and they shareoffice #124” (extension
of the projectionto a projectionof thewhole C).

Whenconstraintsareinvolved,we distinguishbetweertwo
kindsof rules:inferencerulesof form “if A thenaddB” and
evolutionrules of form “if A thenadd B, exceptif it brings
inconsisteng”. Now, a knowledgebasecontainsfour sets
representinglifferentkinds of knowledge: a setG of sim-
ple graphsencodingfactualknowledge,asetR of inference
rules, aset€ of evolutionrulesandasetC of constaints

Let usoutlinethedeductionproblem:the problemtakesin
input a knowledgebase(KB) anda goal expressedasa SG,
andaskswhetherthereis a pathof consistentvorlds evolv-
ing from theinitial oneto aworld satisfyingthegoal. Factual
knowledgedescribesan initial world; inferencerulesrepre-
sentimplicit knowledgeaboutworlds; evolution rulesrepre-
sentpossibletransitionsrom oneworld to otherworlds; con-
straintsdefineconsisteng of worlds; a successoof a consis-
tentworld is obtainedby anevolution rule application;solv-
ing theproblemconsistsn finding apathof consistentvorlds
evolving from theinitial oneto aworld satisfyingthe goal.

In the particular caseof the Sysiphus-Imodelization,G
andR describeinitial information (office locations,persons
andgrouporganization),C representsllocationconstraints,
£ consistf oneevolutionrule: “wheneverthereareaperson
andanoffice, try to assigrthis officeto this person”.Thegoal
represents situationwhereeachpersonof the grouphasan
office. A solutionto the problemis aworld obtainedrom the
initial one by a sequencef office assignmentswhereeach
persorhasanoffice, while satisfyingallocationconstraints.

Letusnow specifydefinitionsandnotationsconcerninghe
SG family. RulesandconstraintaredefinedascoloredSGs.

Definition 5 (colored SGs) A coloredsimplegraphis a pair
K = (G, p) whee G is a SGandp is a mappingfromV(G)
into {0,1}. Thenumberassociatedo a nodeis called the
color of the node We denoteby K;, the subgiaph of G in-
ducedby i-colored nodes. The subgaph Ky mustform a
SG(i.e. the neighbos of a relation nodeo% the hypothesis
mustalsobelongto the hypothesis).

A KB is denotecby K = (G, R, &,C). GivenaKB K and
a goal @, the deductionproblemaskswhether@) canbe de-
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ducedfrom K (we note@ > K). If we imposesomeof the

setsR, £ or C to be empty one obtainsspecificreasoning
models. Note thatin the absencef constraintC = §), in-

ferenceand evolution rules have the samebehaior, thusR

and& canbe confused.The SG family is thencomposeaf

thesix following models.

the SG modelfor K = (G, 0, 0, 0)

¢ theSR modelfor K = (G, R, &, 0)
e theSGC modelfor K = (G, 0, 0, C)
e theSRC modelfor K = (G, R, 0, C)

theSEC modelfor K = (G, 0, &, C)
the SREC modelfor K = (G, R, &, C)

Sinceafacthasthesamesemanticasarule with anempty
hypothesisthesetg is only usedin modelsnamesvhenboth
rule setsR and& areempty The hierarchyof thesemod-
elsis representeth Fig. 3. It highlightsthe decidabilityand
compleity of theassociatedieductionproblems.

Truly undecidable

Semi-decidable

% -complete

NP-complete

Figure3: Reasoningnodelshierarchyfor theSG family

4 SGsand Rules: the SR Model

A simplegraphrule (SGrule) embedsknowledgeof form “if
A thenB”. Thefollowing definitionis equivalentto themore
traditionalone(two SGsrelatedwith coreferencéinks) used
in [GoshandWuwongse 1995;Salat, 1994.

Definition 6 (SG Rules) A simplegraphrule R is a colored
SG.Rg) is calledits hypothesisand Ry its conclusion

Deductiondependson the notion of a rule application it
is agraphtransformatiorbaseduponprojection.

Definition 7 (Application of aSGRule) Let G be a SG,
and R bea SGrule. R is applicableto G if there existsa
projection,say, from R, (the hypothesiof R) into G. In
that case theresultof theapplicationof R on G accordingo
m is thegraphG' obtainedby makingthe disjointunionof G
and of a copyof Ry (the conclusionof R), then,for every
edgcr, wheec € R andr € Ry, addingan edge with
the samenumberbetweenr(c) andthe copyof r. G' is said
to beanimmediateR-derivationfromG.

A derivationis naturallydefinedasa (possiblyempty)se-
quenceof rule applications:

Definition 8 (Derivation) LetR bea setof SGrules,andG
bea SG.We call R-derivationfromG to a SGG’ a sequence
of SGsG = Gy, ...,Gr = G' sudthat,for1 <i <k, G;
is animmediateR-derivationfromG;_,, whee R € R.
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To deducea SG (), we mustbe ableto derive a SG into
which @) canbe projected hencethefollowing definition:

Definition 9 (Deductionin SR) Let KX = (G,R) bea KB
andlet @ bea SG.@Q canbededucedromX (notation >
(G, R)) if thereexistsan R-derivationfromg toa SGH sud
thatQ > H.

The semantics® is extendedto translateSG rules: let
Ry and R, betwo SGs,st. Ry = R and R; is the
SGobtainedfrom R, by addingthe neighborsof the rela-
tion nodesof R(;y which areconceptnodesof R). Then
®(R) = Vz1 ... zp (a(Ro) = Ty1 ... yq a(R1)) where
z; are the variablesof a(Ry) andy; are the variablesof
a(R;) that do not appearin a(Ry). The following sound-
nessand completenessesultis obtained: Q > (G,R) <
®(S),®(G), ®(R) E ®(Q) [Sahat, 1994. The SR deduc-
tion problemis semi-decidabl¢CoulondreandSalat, 1994.

5 SGsand Constraints: the SGC Model

Let usnow introduceconstaints which areusedto validate
knowledge. In presencef constraintsdeductionis defined
only onaconsistenknowledgebase.

Definition 10 (Constraints) A positive (resp.negative) con-
straintC' is a colored SG. C|q, is called the trigger of the
constaint, C(y) is calledits obligation(resp.interdiction). A
SGG w-violatesa positive(resp.negative)constiaint C' if
is a projectionof thetrigger of C into thenonredundanform
of G (resp.into G) thatcannotbe extendedresp.thatcanbe
extended}o a projectionof C' asa whole G violatesC' if it
m-violatesC for someprojectionz. Otherwise G satisfies”.

Noticetheremaybetwo equivalentSGs,suchthatonesat-
isfiesa positive constraintandthe otherdoesnot. E.g. given
a constraintC, take G satisfyingC, andthe equivalent(re-
dundant)graph H obtainedby makingthe disjoint union of
G andthetriggerof C. H violatesC'. We havethuschoserto
defineconstrainsatishctionw.r.t. the nonredundantorm of
a SG.This problemdoesnot occurwith negative constraints.

Two constraint; andC, aresaidequivalentif, for ev-
ery graphG, G violatesC, iff G violatesCs. Any negative
constraintC' is equivalentto the negative constraintobtained
from C by coloring all its nodesby 1. Furthermorenega-
tive constraintsareindeeda particularcaseof positive ones:
considerthe positive constraintC’ obtainedfrom a negative
oneC by coloringall nodesof C by 0, thenaddinga concept
nodetypedNot Ther e, coloredby 1, whereNot Ther e is
incomparablawith all othertypesand doesnot appearany-
whereexceptedin C. ThenagraphG violatesC' if andonly
if it violatesC". Positve constraintsstrictly includenegative
constraintsin the sensehatthe associatedonsisteng prob-
lemsarenotin thesamecompleity class(seetheorem 3).

Let us relate our definitionsto other definitions of con-
straintsfoundin the CG literature. Theconstraint®f [Mineau
and Missaoui, 1997 correspondo a particularcaseof our
constraintavherethe trigger andthe obligationare not con-
nected. In turn, our constraintsare a particularcaseof the
minimal descriptie constraintf [Dibie etal., 1994, where
thedisjunctive partis restrictecto onegraph.
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Definition 11 (Consistency/Deductiorin SGC) AKB K =
(G,C) is consistenif G satisfiesall constaintsof C. A SG
@ canbe deducedrom K if K is consistentand ¢ can be
deducedromg.

Note thata () that violatesa constraintof K may still be
deducedrom K. It doesnot mattersince( is a partial rep-
resentationof knowledge deduciblefrom K. How canwe
translatethe notion of consisteng into FOL? For negative
constraintsthe correspondences immediate,andrelieson
projectionsoundnesandcompleteness.

Theorem1 A SG G violates a negative constaint C' =
(C', p) iff &(S),®(G) F &(C'), wheer C' is the SGun-
derlyingC.

Consisteng relative to positive constraintscan be ex-
plainedwith FOL, translating“projection” into a notion of
logical “substitution” betweenthe formulas associatedo
graphs(seefor instancethe S-substitutionof [Chein and
Mugnier, 1992). Another bridge can be built using rules.
IndeedagraphG satisfiesa positive constraintC if andonly
if, considering” asarule,all applicationof C onG produce
agraphequialentto G. Or, morespecifically:

Property 1 A SG G w-violatesa positive constaint C iff,
consideringC asa-rule, theapplicationof C onG accoding
to 7 producesa graphnotequivalento G.

Using soundnessnd completenessf the SR deduction,
andpropertyl, oneobtainsthefollowing relationwith FOL:

Theorem?2 A SGG violatesa positiveconstaint C' iff there
is a SGG' sud that &(S), ®(G), ®(C) F ®(G') and not
?(S),®(G) E ®(G"), whee ®(C) is the translationof C
consideedasarule.

The problem “does a given graph satisfy a given con-
straint?” is co-NP-completéf this constraintis a negative
constrainfwe mustcheckthe absencef projection),but be-
comeslI¥ -completefor a positive one (I is co-NP'F).

Theorem 3 (Complexity in SGC) Consistencyin SGC is
17 -complete(but is co-NP-completef all constaints are
negative).

Sletch of proof: SGC-Consisteng belongsto I sinceit
correspondso thelanguagel. = {z|Vy1 3y R(z, y1, y2)}.
wherez encodesaninstanceG; C and(z, y1, y2) € R iff
y1 is aprojectionIly from C(q) into G, y» is a projectionII
from C into G s.t. T[[Cq)] = TIp. Now, let us considerthe

1Y -completeproblemBS: givenaboolearformulaE, anda
partition{ X, X} of its variablesjs it truethatfor ary truth
assignmentor thevariablesn X thereexistsatruth assign-
mentfor the variablesin X, s.t. E is true? We first show

thatthespecialcasewvhereF is aninstanceof 3-SAT remains
17 -complete(let us call this problem3-SATS). For thatwe
usethe polynomialtransformatiorfrom ary boolearformula
to a setof clausesdescribedn ([Papadimitriou,1994, ex-

ample8.3), followedby a polynomialtransformatiorfrom a
clauseto clauseswith 3 literals. The “new” variablesareput
in the setX,. We thenreduce3-SATS to SGC-Consisteny.

E is mappedo a constraintC': briefly said,thereis onecon-
ceptnodelt:*] for eachvariableandoneternaryrelationnode
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with typer; for eachclausec;. C(q) is composedf all con-
ceptnodescomingfrom variablesin X;. G is composedf
two individual conceptodedt:0] and[t:1] correspondingo
the truth valuesand, for eachclausec; thereis onerelation
nodeof typer; for eachtriple of truth valuesgiving thevalue
trueto ¢;. Note that, since Cp) doesnot containary rela-
tion node,ary truth assignmentor the variablesof X; is a
projectionfrom C(o) to GG, andreciprocally O

Corollary 1 Deductionin SGC is IT¥ -complete

Notethatthetheorem3 canbeusedto showv thatconsistenyg
of minimal descriptve constraintsn [Dibie et al., 1994 is
alsoIll’-complete.

6 Rulesand Constraints: SEC/SRC

Thetwo kindsof rules,inferencerulesR andevolutionrules
&, definetwo alternatve models.In SEC, G is seerastheini-
tial world, root of a potentiallyinfinite treeof possibleworlds,
and £ describeghe possibleevolutions from one world to
others. The deductionproblemaskswhetherthereis a path
of consistentvorldsfrom G to a world satisfying@.

Definition 12 (Deductionin SEC) Let K = (G,€&,C) bea
KB, andlet @ bea SG.Q canbededucedromK if there is
an £-derivationG = Gy, ..., G sudthat, for 0 < i < k,
(G;,C) is consistenand @ canbededucedromGy,.

In SRC, G providedwith R is afinite descriptionof a po-
tentially infinite world, thathasto be consistent Applying a
ruleto G cancreateinconsistenyg, but afurtherapplicationof
a rule may restoreconsisteng. Let usformalizethis notion
of consistencyestoation. Supposehereis a w-violation of
a positive constraintC' in G; this violation (C, r) is saidto
be R-restomble if thereexists an R-derivationfrom G into
G' suchthatthe projection of thetriggerof C into G’ can
be extendedto a projectionof C' asa whole. The violation
of a negative constraintcannever be restored.Note thatthe
‘R-restoratiorcancreatenew violations,thatmustthemseles
beprovenR-restorable.

Definition 13 (Consistency/Deductiorin SRC) AKBK =
(G,R,C) isconsistenif, foranySGG' thatcanbeR-derived
from G, for every constaint C' € C, for every w-violation of
Cin@, (C,n)isR-restoable ASG(Q canbededucedrom
K if K is consistenaind () canbededucedrom (G, R).

Considerfor instancea KB containingthe SGG in Fig. 4,
expressingthe existenceof the number0, a constraintanda
rule, both representedby the coloredSG K. The constraint
assertghat for every integer n, there mustbe an integer n’,
successoofn. If theruleis anevolutionrule,G is seerasan
inconsisteninitial world (thereis nosuccessoof 0in G) and
nothingwill be deducedrom this KB. If theruleis aninfer-
encerule, its applicationimmediatelyrepairsthe constraint
violation, while creatinga new integer, that hasno succes-
sor, thusa new violation. Finally, every constraintviolation
couldeventuallyberepairedby arule applicationandthe KB
shouldbe provenconsistent.

Let uspointoutthatthe SR modelis obtainedfrom SRC
or SEC when(C is empty and SGC is obtainedfrom SRC
(resp.SEC) whenR (resp.£) is empty
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Figure4: Consisteng in SEC/SRC

Theorem4 (Complexity in SEC/SRC) Deductionin SEC
is semi-decidable Consistencyand deductionin SRC are
truly undecidable

Proof: SEC includesSR thusSEC-deductionis not decid-
able. When( is deduciblefrom K, a breadth-firstsearchof
thetreeof all derivationsfrom K, eachgraphbeingchecled
for consisteng, ensureghat Gy, is foundin finite time. For
SRC, we show that checkingconsisteng is truly undecid-
able. Let K be a KB whereC containsa positive constraint
C+ andanegative constrainiC'—, bothwith anemptytrigger.
For proving consisteng, onehasto provethatC~ % (G, R),
and the algorithm doesnot stop in this case(from semi-
decidability of deductionin SR). The sameholdsfor the
complementaryproblem (proving inconsisteng) taking C+
insteadof C—, hencethe undecidability m|

7 Combining Inferenceand Evolution

The SREC modelcombineshoth derivation schemef the
SRC andSEC models. Now, G describesan initial world,
inferencerulesof R completethe descriptionof arny world,
constraint®f C evaluatetheconsisteng of aworld, evolution
rulesof £ try to make evolve a consistenworld into a new,
consistenbne. Thedeductionproblemis: cang evolve into
aconsistentvorld satisfyingthe goal?

Definition 14 (Deductionin SREC) ASGG' is animmedi-
ateR&-evolutionfroma SGG if there existsan R-derivation
from@G into G andanimmediate€-derivationfromG" into
G'. An RE-evolutionfroma SGG to a SGG' is a sequence
of SGsG = Gy,...,Gr = G' sudh that,for1 < i < k,
G; is an immediateRE-evolution from G;_1. Givena KB
K = (G,R, &,C), aSGQ canbe deducedrom K if there
isanRE-evolutionG = Gy, ...,G, wher, for 0 < i < &,
(G;, R,C) is consistentand@ canbededucedrom(Gy, R).

Whené& = (), oneobtainsthe SRC model (thereis only
oneworld). WhenR = (), one obtainsSEC (information
containedin a world is complete). As a generalizationof
SRC, deductionin SREC is truly undecidable.Let us now
considera decidablefragmentof SREC (whichin particular
wassufficient for the Sysiphus-Imodelization).First notea
rule hasonly to be appliedonceaccordingto a givenprojec-
tion; furtherapplicationswith this projectionobviously pro-
duceredundantnformation. Suchapplicationsaresaidto be
uselessA SGG is saidto beclosedw.r.t. arule R if all ap-
plicationsof R on G areuselessGivena setof rulesR, we
note,whenit exists,G’% (theclosureof G w.r.t. R) thesmall-
estgraphderivedfrom G thatis closedw.r.t. everyrulein R.
Whenit exists G, is unique. R is calleda finite expansion
set(f.e.s.)if, for every SGG, its closureG?, exists(andthus
canbecomputedn finite time). If R is afinite expansiorset,
the deductionproblemin the SR modelbecomesiecidable
(butit is nota necessargonditionfor decidability).
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Property 2 (Finite expansionsets) LetX = (G, R,C) bea
KB where R is a finite expansionset. Thenk is consistent
iff ({G },C) is consistentanda SG(@ canbededucedrom
(G, R) iff @ canbededucedrom ({G}, }).

Thefollowing decidablecaseis basedon property2.

Property 3 (Decidablecase) Deductionin SREC is semi-
decidablef R isaf.es.andis decidablef R U £ isaf.es.

Proof: SupposeR is af.e.s. When(@ canbe deducedpne
obtainsananswetin finite time; we proceedasfor SEC (see
proof of theorem4) but consisteng checksare doneon the
graphclosureinsteadof the graphitself. Now, if R U £ is
afe.s., Gy ¢ eXists, thusthe derivation tree s finite, and
consisteng checksmayonly cutsomepartsof thistree. O

A ruleis saidto be range restricted(by analogywith the
so-calledrulesin Datalog, whereall variablesof the head
must appearin the conclusion)if no genericconceptnode
belongsto its conclusion.Then:

Property 4 A setof range restrictedrulesis af.es.

Proof: Sinceall graphsareputinto normalform, anindivid-
ual marker appearsat mostoncein a graph.Thentheclosure
of aSGG canbeobtainedwith aderivationof lengthO(n*),
wheren is the sizeof (G, R) andk is the greatestrity of a
relationtype appearingn arule conclusion. O

8 Conclusion

We proposea family of modelsthat can be seenasthe ba-
sis of a genericmodelingframewnork. Main featuresof this
framawork arethefollowing: a cleardistinctionbetweerdif-
ferentkinds of knowledge,that fit well with intuitive cate-
gories,a uniform graph-basedanguagethat keepsessential
propertiesof the SG model,namelyreadabilityof objectsas
well asreasonings.We guessthis later point is particularly
importantfor the usability of any knowledgebasedsystem.
In our framework, all kinds of knowledgeare graphseasily
interpretedandreasoningsanbe graphicallyrepresenteth
anaturalmanneusingthe graphshemseles,thusexplained
to theuseronits own modelization.

Technicalcontributions,w.r.t. previousworks on concep-
tual graphscanbe summarizedasfollows:

o the representatiorof different kinds of knowledge as
coloredSGs: facts,inferencerules, evolution rulesand
constraints.

o the integration of constraintsinto a reasoningmodel;
moreor lesssimilar notionsof a constrainthadalready
beenintroducedn [Dibie etal., 1998;MineauandMis-
saoui,1997 but wereonly usedto checkconsisteng of
asimplegraph(asin the SGC model). The complexity
of consisteng checkingwasnotknown.

e a systematicstudy of the obtainedfamily of models
with a complexity classificationof associatedconsis-
teng/deductiorproblems.

We establishedinks betweenconsisteng checkingand
FOL deduction.Theoperationabemantic®f modelsinclud-
ing constraints,namely SREC, SRC and SEC, is easyto
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understandbut thereis anunderlyingnon monotonicmecha-
nismwhoseogicalinterpretatiorshouldrequirenonstandard
logics. The definitionof alogical semanticgor thesemodels
is anopenproblem.
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Abstract

Whereas matching in Description Logics is now
relatively well-investigated, there are only very few
formal results on matching under additional side
conditions, though these side conditions were al-
ready present in the original paper by Borgida and
McGuinness introducing matching in DLs. The
present paper closes this gap for the DICN

and its sublanguages: matching under subsumption
conditions remains polynomial, while strict sub-
sumption conditions increase the complexity to NP.

1

The traditional inference problems (like subsumption) in
description logics (DLs) are now well-investigated, which

Introduction

means that there exist complexity results and algorithms fo

a great variety of DLs of differing expressive powW@&onini
et al, 1994 as well as optimized implementations of the al-
gorithms for expressive DLEHorrocks, 1998 In contrast,
matching concepts against patterns is a relatively new infe

ence problem in DLs, which has originally been introduced in

[Borgida and McGuinness, 1996; McGuinness, 196elp

filter out the unimportant aspects of large concepts appeal

ing in knowledge bases of theL&ssic system[Brachmann
et al, 1991. More recently, matching (as well as the more
general problem of unification) has been proposed as a to
for detecting redundancies in knowledge badgmader and
Narendran, 1998nd to support the integration of knowledge
bases by prompting possible interschema assertBmgjida
and Kusters, 200D

All three applications have in common that one wants to ; . ; o .
PP eshown that matching under strict subsumption conditions in

search a large knowledge base for concepts having a c
tain (not completely specified) form. This “form” can be
expressed with the help of so-calledncept patternsi.e.,

concept descriptions containing variables. For example, th

patternD := X M Vchild.(Y 1 Female) looks for concepts
that restrict thechild role to fillers that ard~emale, such as
the concept := (> 1 child) M Vchild.(Female 1 Rich). In
fact, applying the substitutiom := {X +— (>1child), Y —

Rich} to the patternD yields a concept equivalent @, i.e.,
o is a solution (matcher) of the matching problém=’ D.

This type of matching problems has been investigated in
detail for sublanguages of the DI4&CN and AZE in [Baader
et al, 1999 and[Baader and Kisters, 200D respectively. In
particular, it was shown that, for sublanguagesigh/, solv-
able matching problems always have a least matcher (w.r.t.
subsumption), which can be computed in polynomial time.
For sublanguages o€, deciding solvability of matching
problems modulo equivalence is already NP-complete.

In [Borgida and McGuinness, 1996; McGuinness, 1996
the expressivity of matching problems was further enhanced
by allowing for additionalside conditionson the variables
(through theas-construct): a (strict) subsumption condition
is of the formX C’ E (X C’ FE) whereX is a variable
and F a pattern, and it restricts the matchers to substitutions
satisfyingo(X) C o(E) (6(X) C o(E)). Using a sub-
Fumption condition, the matching problem of the above ex-
ample can be written more intuitively a M vchild.Z =’

(> 1 child) n Vchild.(Female M Rich) under the subsump-
tion conditionZ C’ Female. One result of this paper is that

Also more complex sets of subsumption conditions do not ex-

tend the expressive power of matching problems (see below).
However, they are often more convenient to state. In contrast,
ﬁtrict subsumption conditions cannot always be simulated by
pure matching problems. They can, e.g., be used to avoid triv-
ial matches. For example, the pattd := X M Vvchild.Y

&1atches every concept singehild. T = T (where the top

conceptT stands for the set of all individuals). The addi-
tional strict subsumption conditioi —* T ensures that we
can only match concepts with a real restrictionabiiid.
The first (rather restricted) formal results on matching un-
der side conditions were givenBaaderet al., 1999: it was
the small DLFL, is already NP-hard, and that matching un-
der so-called acyclic subsumption conditions can be reduced
fo matching without side conditions. HowevéBaaderet
al., 1999 does not give a complexity upper bound for match-
ing under strict subsumption conditions and the reduction for
acyclic subsumption conditions given there is exponential.
This paper investigates in detail matching under side con-
ditions in sublanguages oAZA. We will show that match-

*This work has been partially supported by the Deutsche Foring under subsumption conditions can be reduced in polyno-

schungsgemeinschaft, DFG Project BA 1122/4-1.

KNOWLEDGE REPRESENTATION AND REASONING

mial time to matching without side conditions. In particular,

213



this implies that solvable matching problems under subsumpwe obtain the description(D) = AT AN BMVr.(B M A).
tion conditions in sublanguages g2\ always have a least The result of applying a substitution to atf’\/-concept pat-
matcher, which can be computed in polynomial time. Fortern is always andZA -concept description. Note that this
acyclic strict subsumption conditions, matching is shown towould no longer be the case if negation were allowed in front
be NP-complete in the sublanguag&s, andFL- of ACN. of concept variables.

Subsumption can be extended to substitutions as follows:
2 Description Iogics the substitutiory is subsumed by the substitutien(c C 1)

Concept descriptionare inductively defined with the help of iff o(X) C 7(X) for all variablesX' € Nx.

a set of conceptonstructors starting with a sefVo of con-  Definition 1 Let C' be an. ACN-concept description and
cept namesand a sefV of role names|n this paper, we con- an ACN-concept pattern. ThenC =’ D is an ACN-
sider concept descriptions built from the constructors showmnatching problemThe substitutiow is a solution(matchey
in Table 1. In the description logi€L,, concept descriptions of C =’ D iff C = o(D).

are formed using the constructors top-concel, €onjunc- | the following, we will abbreviate a matching problem of
tion (C 11 D), and value restrictionv.C’). The description the form¢ =’ ¢'n D asC C? D. This notation is justified
logic FL£, additionally provides us with the bottom concept by the fact that solvesC' —TonDif CC o(D).

(L), and FZ-, also allows for primitive negationP). Fi- A matching problem can either be viewed aslecision
nally, ACN" extendsZL-, with number restrictionsX n r)  proplem where one asks whether the problem is solvable, or
and (< n ) (see Table 1). o __as acomputation problewhere one asks for actual match-
_As usual, the semantics of concept dgscrlptlons is definegs of this problem (if any). Although the computation prob-
In_terms of aninterpretationZ = (A”,-%). The domain e js ysually the more interesting one, the decision problem
A of 7'is a non-empty set and the mterprgtatlonIfunctloncan serve as a starting point for the complexity analysis. In
~~ maps each concept namde Ne to a_setf < IA ar%d general, matching problems may have several (even an infi-
each role name EZNR to a binary relation™ C A" X A% nite number of) solutions, and thus the question arises which
The extension of” to arbitrary concept descriptions is de- matcher to compute. FollowingBorgida and McGuinness,
fined inductively, as shown in the second column of Table 1.1996- Baadegt al. 1999 we will here concentrate on the

One of the most important traditional inference servicesprob|em of computing a least matcher (w.r.t. the ordefing
provided by DL systems is computing the subsumption hi-y, substitutions). -

erarchy. The concept descriptiéhis subsumedy the de- Instead of a single matching problem, we may also con-
scription D (C' € D) iff C* C D holds for all interpreta-  gjger finite system$C, =’ Dy,...,Cp = Dy} of such
tionsZ; C and D areequivalen(C' = D) iff they subsume ) 5pjems, which must be solved simultaneously. As shown
each other(’ is strictly subsumetty D (C C D) iff CC D [Baaderet al, 1999, solving such a system can, however,

andC  D. For all DLs listed in Table 1, subsumption can pe reqyced to solving the single matching problem
be decided in polynomial time using a structural subsumption

algorithm[Borgida and Patel-Schneider, 1994 Vri.Cy M- MVrm.Cry = Yr.Dy M-+ - 117, D,

Matching in description logics N where ther; are pairwise distinct role names.

In order to define concept patterns, we additionally need a The following theorem summarizes the results obtained in
setNx of concept variables, which we assume to be disjoin{Baader and Narendran, 1998; Baaeleal., 1999 for match-
from N¢c U Ni. |nf0rma”y, a.n.AC/\/"COﬂCGpt pattern is an |ng in (Sub|anguages OM:

ACN -concept description over the concept namgsU Nx Theorem 2 Let £ € {FLo, FL.1, FL-, ACN'}. Then there

and the role name&’y, with the only exception that primi- iat | il 1 woh lorithm that ¢
tive negation must not be applied to variables. More formally XSS & polynomial imeé matching aigorithm that computes

concept patterngdenotedD, D’) are defined using the fol- the least matcher of a given systemCefnaEch_i,r’lg problems,
lowing syntax rules: if this system has a solution, and returns “fail” otherwise.

, , Obviously, this implies that the existence of a solution can
D,D'—X|C|DnD |vr.D, be decided in polynomial time. In the sequel, \e4TCH .
whereX € Ny, r € Ny, andC is an ACN -concept descrip-  denote an algorithm according to Theorem 2.
tion. For example, ifX,Y are concept variables, a role
name, and4, B concept names, thed := AN X NVvr.(B N . .
Y) is an ACN -concept pattern, but X is not The notion of In this paper, we focus on more gene_rf_:ll matching problems,
a pattern (and also the notions “substitution” and “matchingthose that allow for additionaide conditions
problem” introduced below) can be restricted to sublanguageBefinition 3 A subsumption conditiois of the formX C7 £
of ALV in the obvious way. whereX is a concept variable andl is a pattern; astrict sub-

A substitutions is a mapping fromVy into the set of all sumption conditions of the formX — E whereX andFE are
ACN -concept descriptions. This mapping is extended to conas above. Aide conditioris either a subsumption condition
cept patterns in the usual way by replacing the occurrences @k a strict subsumption condition. The substitutioratisfies
the variablesX in the pattern by the corresponding conceptthe side conditionX p E for p € {C,C} iff o(X) p o(E).
descriptions(X). For example, if we apply the substitution A matching problem under side conditiaes tupleM :=
o:={X — ANB,Y — A} to the patternD from above, (C =’ D, S), whereC =’ D is a matching problem and

Matching under side conditions
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[ Syntax | Semantics | FLo | FL. [ FL- | ACN |
T AT X X X X
cnbD ctnD? X X X X
vr.C {x e AT |Vy: (z,y) €rt —yeCT} | x X X X
1 0 X X X
-P,P e Ng AT\ P X X
(>nr),nelN {x e AT | #{y| (z,y) € rt} > n} X
(<nr),nelN {x e AT | #{y| (z,y) € rt} < n} X

Table 1: Syntax and semantics of concept descriptions.

is a finite set of side conditions. If the sgtcontains only
subsumption conditions, the¥f is called matching problem
under subsumption conditionIhe substitutiorr is a solu-

tion (matchey of M iff itis a matcher ofC' =’ D that satisfies
every side condition it%.

In the next section, we will restrict the attention to matching

“fail” in the ¢-th iteration or if the algorithm has stopped be-
fore thet-th iteration.

To show that the algorithm is correct, we must show sound-
ness, completeness, and termination, i.e., i) if the algorithm
terminates and returns a substitution, then this substitution in
fact solves the problem; ii) if the algorithm terminates and

problems under subsumption conditions. Section 4 then treaf§turns “fail’, then there indeed is no solution; and iii) the

matching problems under acyclic side conditions.

algorithm halts on every input. The following lemma proves

In order to define matching problems under acyclic sid(_:tsoundness and completeness of the algorithm. The first two

conditions, we say that a variableé directly depend®n a
variableY in S iff S contains a side conditioX p E such
thatY occurs inE. If there aren > 1 variablesXy,..., X,
such thatX; directly depends oX; .1 in S (1 <i <n-—1),
then we say tha¥; dependsn X, in S. The set of side
conditionsS is cycliciff there is a variableX that depends on
itself in S; otherwise,S is acyclic

3 Matching under subsumption conditions

Let £ be one of the DLSFL, , FL-,, ACN. We present a
polynomial time algorithm that, given afi-matching prob-

lems under subsumption conditions, returns a least matcher

(w.r.t. the orderindC on substitutions) if the problem is solv-
able, and “fail” otherwise. In principle, the algorithm iter-
ates the application afiATCH until a fixpoint is reached.

However, the matcher computed in one step is used to mod-

ify the matching problem to be solved in the next step.
Given anZ-matching problem under subsumption conditions
M := (C =" D, S) and a substitution, we define

M, ={C="D}U{o(X)C"E|XC"EcS}.

Recall thato(X) C? E abbreviates the matching problem
o(X) =" o(X) N E. ThusM, is a system ofZ-matching
problems without side conditions, to whieaTCcH, can be
applied.

Algorithm 4 Let M :=(C =" D,S) be an L-matching

problem under subsumption conditions. Then, the algorithm

MATCH%(M) works as follows:
1. o(X) := 1L for all variables X;

2. If MATCH £ (M,) returns “fail”, then return “fail”;
else ifo = MATCH(M,,), then returnc;
elsec := MATCH (M, ); continue with 2.

Let o9 denote the substitution defined in stepf the algo-
rithm, ando, (¢t > 1) the matcher computed in thieth itera-
tion of Step2. Note thato, is undefined ifMATCH ; returns
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items establish a loop invariant.

Lemma5 Let M := (C =’ D, S) be anL£-matching prob-
lem under subsumption conditions.

1. If o, is defined and- is a solution ofM, theno; C 7.
2. If o4, 0441 are defined, thea; C o441.

3. If MATCH%(M) returns the substitution, theno solves
M (soundness).

4. If MATCH; (M) returns “fail”, then M has no solution
(completeness).

PrROOFE 1. Obviously, the claim is true far,. Assume
thato; C 7, and thatr;; is defined. To prove,,; C

T, itis sufficient to show that solves)M,, sinceo, 1 is

the least solution of\/,,,. Sincer solveslM, we know
that it solvesC' =’ D and thatr(X) C 7(E) for all

X C’ E € S. The induction assumptian, C 7 implies
0+(X) C 7(X), and thuss;(X) C 7(E), which shows
thatr solvesM,, .

. Obviously,cg C o;. Now assume that;_; C o;. To-
gether with the fact thad; solves)M,, ,, this implies
thato,,, solves the system/,,, ,. Sinceo, is the least
solution of M, ,, we can conclude; C oy41.

. Assume thab = o;. By definition of MATCHZ, C' =
o¢(D). It remains to show that; solves the side con-
ditions. We know thats; = o1 and oy Solves
M,,. Thus,o4(X) C opy1(E) o+(FE) for every
XC'Ees.

. Assume thamATCH 7 (M) returns “fail,” and thaw; is
the last substitution computed by the algorithm. Now
assume that solvesM. As in the proof of 1. we can
show thatr solvesM,,. Consequently),, is solv-
able, and thusaaTcH(M,,) returns the least matcher
of this system, in contradiction to the assumption that
MATCH%(M) returns “fail” in this step of the iteration.
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Proving termination of Algorithm 4 is more involved, and 1. For every variableéX and everyH € C U {1}, the set
the exact argument depends on the Dlunder considera- UEX contains only suffixes off ;.
tion. Due to the space limitations, in this paper we sketch the ) x X
proof for the DLFL | (see[Baadert al, 2004 for complete 2. For every wordw, if w € Uy~ \ Uy 7, thenw ¢
proofs). The proof depends on the so-called reduced normal U;},x for anyt’ > t.
form of L -concept descriptions, to be introduced next.

It is easy to see that anfL -concept description can
be transformed into an equivalent description that is either

3. If oy and oy, are defined and; # o,y1, then there
exists and € CU{L}, avariableX, and a wordv such

uncti it thatw € UL~ \ UL
T or a (honempty) conjunction of descriptions of the form w H H -
Vry. .- -Vrp. A, wherery, ..., r, arem > 0 (not necessar- A complete proof of these properties can be founfBiaader

ily distinct) roles, andA is the bottom concept or a con- et al, 2004. It also depends on details of the algorithm
cept name. We abbreviaté. - --Vr,,.A by Vri...r,.A,  MATCH., which we have here introduced only as a black box.

wherer; ... 7, is viewed as a word over the alphali®;  Note that these properties would not hold if we did notrese
of all role names. Ifm = 0, then this is the empty word ducednormal forms.

e, and thusve.A is our “abbreviation” forA. In addi- Given these properties, it is now easy to show that the al-
tion, instead ofvw;. A ... M Vw,.A we writeVL.A where  gorithm halts after a polynomial number of steps. In fact,
L = {w,...,w} is afinite set of words oveNr; we de-  Property 1 yields a polynomial upper bound on the size of the

fineV(.A = T. Using these abbreviations, aff , -concept
descriptionC' containing only concept names in the finite set
C C N¢ can be written as

role Ianguageﬁf};x. Property 3 shows that in every step of
the iteration at least one word is removed from one of these
languages, and Property 2 ensures that words that have been

C = YU,.LN M YULA, removed cannot reappear.
AeC To sum up, we have shown the following theorem.

whereUy for H € C U {L} are finite sets of words over Theorem7 Let £ € {FL,,FL-, ACN'}. The algorithm
N (calledrole languagep This representation aff will  yarcHE is a polynomial time algorithm that, given ag
subsequently be called its-labeled normal form matching problem with subsumption conditions, returns a

As an example, consider th&Z -concept description |east matcher of this problem if it is solvable, and “fail” oth-
Ceg = Vr.(LNVr.L) NVrV¥s.ANVs.A. Its FLo-normal  gnwise.

formC., isV{r,rr}.L NV¥{rs,s}.A. _ C
The Tole languages may contain redundant words, i.e., |t Should be noted that the algorithmaTCH ;- does not
words that, when removed, yield equivalent concept descrip/Ork for £ = FL, since this language does not allow for the
tions: i) sincevw.L T Vuwv.L for everyw,v € N}, we botto_m concept, and_thus the |n|t|aI|_zat|or_1 step (Step 1) is not
can requirelU, to be prefix-free, i.e.w,wv € U, im- p055|_ble. However, instead of starting wetl.X) ::VJ_, the
pliesv = & and ii) sincevw. | C Vwv.A, we can require algorithm can also start from the least matchef'ot" D. In

Uan (UL - N%) = 0. Anormal form satisfying these condi- case the side conditions do not introduce new variables (i.e.,
tions is calle(ﬁduced normal form variables not contained i), this modification works and

Obviously, any L, -concept description can be turned Yi€lds a polynomial time matching algorithm. In contrast,
into such a reduced normal form (in polynomial time). In if Néw variables are introduced, then we can sti@aader

our example, the reduced normal form@f, is v{r}..L €t . 2000 that the size of the least matcher may grow
v{s}.A, which is obtained fronC’, by removingrr from  €xponentially in the size of the matching problem, and that
U, = {r,rr} andrs from U4 = {rs,s}. Reduced nor- there exists an exponential time algorithm for computing such
mal forms can be used to characterize equivalencgof- matchers. Never'gheless, the size of the s_ubstltut|ons for vari-
concept descriptions: ables inD can still be bounded polynomially, and if one is

o only interested in substitutions for these variables, then these
Lemma 6 Assume that thé—"ﬁrconcept descrlptloné', D can still be Computed in p0|yn0mia| time.

are given in theirU- and V-labeled reduced normal forms,
respectively. Thea' = Diff Uy = Vi forall H € CU{L}. 4 Matching under acyclic side conditions

Termination of Algorithm 4 for £ = L, Matching under acyclic side conditions (i.e., strict and non-
Let the substitutions, be defined as above. We assume thalsyict acyclic subsumption conditions) is more complex than
everyo(X) is given inU" -labeled reduced normal form, matching under subsumption conditions for two reasons.
and that”' (as defined in Algorithm 4) is itV-labeled reduced First, as already shown iiBaaderet al, 1994, deciding
normal form. Then, termination follows from the fact that ev- o solvability of anFL,-matching problem under strict (and
ery solvable matching problem under subsumption conditiong cyclic) subsumption conditions is NP-hard. It is easy to see
has a matcher that only uses concept names already containgght the same reduction works for the DIEE | , F£_., and

in the matching problem/, denoted by the s€t C N, and  4rn7, Thus, assuming that Bt NP, there cannot exist a
the following three properties of the languagés™ andUy  polynomial time algorithm computing matchers of matching
for H € CU{Ll}. Inthe formulation of these properties we problems under general side conditions.

implicitly assume that the substitutien is defined whenever Second, as shown by the following example, solvable
we talk about one of the Ianguag@lé}x. matching problems under strict subsumption conditions no
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longer need to havelaastmatcher (but rather finitely many ~ The new substitution’ obtained this way solveX, =’
minimal matchers). E%, and since we only modified variables occurringhp,

the side conditions with larger index are still satisfied. How-
A, = X, 11X, under th st acyol subsuripion S, e side condions wih smaller ndex (evn the non.
conditions{X; .1 7 X; [ 1<i<n—-1}U{X, Cc’ T} gp 9

. C .

The pure matching problem enforces that eachmust ~ SClved byo’. To overcome this prObl‘?m"JATCHZJS used to
be replaced by a (possibly empty) conjunction of concepompute the least substitution that (i) solvés=" D, Sc),
names fron{ 4, ..., A, }. Thus, the strict subsumption con- and (i) subsumes’. It can be shown that the second condi-
ditions can only be satisfied i, is replaced by one of these tion (which can be expressed by a system of matching prob-
names,X» by a conjunction of this name with an additional lems) makes sure that the computed substitution still solves
one, etc. From this it is easy to derive that the matchers ofhe strict subsumption conditions from indexo ¢. We can
the pr0b|em are of the fo”owing form: given a permutation now continue the modification process with this substitution.

v ity 4
P := (p1,...,pn) Of (1,...,n), the substitutiors"" is de- Algorithm 9 Let M = (C' =’ D,S) be an £-matching

1 P e ;
fined byo ™ (X;) := Ay, M. .M 4y, (1< i <n). Thus, there  gp1em ynder acyclic side conditions. ThemTcHS works
aren! non-equivalent matchers, and it is easy to see that ea follows:

of them is minimal.

The new contribution of this section is a (non-
deterministic) algorithmMATCHY, that computes match-
ers of £-matching problems under acyclic side conditions o r.— /. 4 .= MATCHE<{C =? D}, Sc);
for L € {FL,,FL-}. This non-deterministic algorithm £ =
matches the lower complexity bound (NP-hard) for the de- 3. If k£ = 0, then returno;

Example 8 Consider theF | -matching problend; ... M

1. If MATCHZ ((C =" D, Sc)) returns “fail”,
then return “fail”;

cision problem in the following sense. The length of every I 0(Xy) p o(E}), then continue with 5.
computation path of this algorithm is polynomially bounded 4 Guess modification’ of o for X, C7 By

in the size of the given matching problem. In case the prob- o'(Ey) = o(Ey), then return “fail’;

lem is not solvable, every computation returns “fail”. Oth- M= {{C =" D}YU{o"(X;) C° X;|1 < j < (},5c);
erwise, the successful computation paths yield all minimal J= i = = sl

If MATCH%(M’) returns “fail”, then return “fail”;
0 = MATCHZ (M)
5. k := k — 1; continue with 3.

matchers.

The algorithm handling acyclic side conditions

In the following, letM = (C =’ D, S) be anL-matching
problem € € {FL.,FL-}) under acyclic side conditions. How to guess modifications
We assume that = {X; p{ E1,..., X, p; E,} for distinct

variablesX;,.... X, and pattemnss, ... E, such thatfz; Here we sketch the modifications f6iC | . (A formal defini-

does not contain the variablés;, . .., X,. (The case where tion for 7, andFL-, can be found ifBaaderet al, 2000.)

not all the left-hand side variables are distinct can be treategecall that the goal is to make(£;) more general by (non-

similarly.) We denote by5- the set of side conditions ob- eterministically) choosing one word from one of its role
tained froms by replacing every, by C. languages and by removing this word by appropriately modi-

Applied to input M, the algorithmmAaTcHE first calls fying the role languages of the variables occurringin

We call this aC-modificationif w is picked from a role lan-
MATCHZ ((C' =7 D, St)). If this yields “fail”, then M is also Wik

E uage corresponding to some atomic concgpin this case,
unsolvable. Otherwise, the computed substitugosolves guag f g pin

p NS - __removing certain words from role languages of the variables
C =’ D, but may still violate some of the strict subsumption ;, © suffices to obtain a minimal modification.

conditions. Starting with the violated side condition with the
largest index, the algorithm tries to modify such that this
side condition is satisfied.

Assume thatX;, —’ E} is this side condition. Since

In case of al-modification wherew is picked from the
role language corresponding to theconcept, the removal
of some wordv in the role language of a variable implicitly
N removes every continuationw’ of v. To correct this effect,
solves.X, & Ej, we know thato(Xy) = o(Eg). Thus,  eyery word in?v}-NR is put back whenever someis re-
we must either makg(Xk) more specific 0 (Ey) Moreé  ayeq. In addition, since is also implicitly removed from
general. Sinc&1ATCH z computes the least solution, the first role languages corresponding to atomic concepts, it is also
option cannot lead to a solution of the overall system. Henceyansferred to such role languages. This ensures that the com-
we must try the second one. The idea (which will be ex-puted substitution is as specific as possible. This is vital both
plained in more detail later) is that we consider the reducedor the proof of correctness and to obtain all minimal solu-
normal form ofo (Ey). We try to makes(E)) more general tjons.
by (non-deterministically) choosing one word from one of itS - The following example illustrates in more detail how the
role languages and by removing this word by appropriatelyyqdifications work.
modifying the role languages of the variables occurring in
E}. Since we want to compute minimal matchers, we makeexample 10 Consider the 7L, -matching problemA 1M
as little changes as possible in order to keep the substitution{r, s}. L =’ X MVr.X, MVr. X3 under the strict subsump-
as specific as possible. tion conditionsX, C° X, X3 7 Xo.
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Executing the above algorithm, we obtain in Step 2 as ini-strongly conjecture that an algorithm similamt@TcH% can

tial solutiono the following substitution: be devised for this purpose.
(X1 V{r, s} L NV{e}. A, Xors V{e}. 1, X V{e}. L. In [Baaderet al, 1999, FL,-matching problems with-
_ . L . . .cyclic subsumption conditions are transformed into equiv-

The iteration begins in Step 3 by checking the second sidgjent ones with acyclic subsumption conditions. Unfortu-
condition, which is violated. Choosing_a-maodification in nately, this approach cannot be extende@fg in a straight-
Step 4, we must choose a word from the role langugde  forward way. Instead, in order to overcome the second re-
corresponding ta. in o(X3) = o(X3). In this case, we can  gyiction, one might try to adapt the general idea of the algo-
only picke. To keep the change minimal, we do not simply ithm matcHE to cyclic side conditions. Hence, one would
remove it, but rather replace it Hy, s} in the role language  first compute the solution to the analogous non-strict match-
corresponding tal. in o(X5). In addition, we tra/nsfex 10 ing problem and then proceed by iteratively modifying the
the role language corresponding4o This yieldso’(Xs) = gqjytion to satisfy the strict side conditions. Proving termina-
v{r,s}..L MV{e}.A. The other variables remain unchanged. {jo of this approach appears to be the main problem.

In this case, the subgtnunaﬂ itself solves theEmatchlng Apart from ACN and its sublanguages, it also seems
problem” considered in Step 4, and thMaTCHZ. (M’)  promising to consider matching problems under side condi-
returnso’. tions in ALE, which extendsFL -, by existential restrictions.

In the second iteration, we find in Step 3 that the first sideSince the aIgorithnMATCH% proposed here is defined on top
condition X, =7 X; no longer holds. In Step 4, we again of an existing algorithm for pure matching problems (with
choose al-modification, and choose the wordfrom the  certain properties), one might similarly take advantage of the
role languager, s} corresponding td_ in o(X;). The mod-  matching algorithm proposed [Baader and Ksters, 200D
ification replaces by rr, rs and adds- to the role language for AZ£-matching problems.
corresponding tol. This yieldso’(X1) := V{rr,rs,s}.L M
V{e,r}.A. Again, this substitution solves/’, and thus the References
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Abstract

Computing the least common subsumer (Ics) has
proved to be useful in a variety of different appli-
cations. Previous work on the Ics has concentrated
on description logics that either allow for number
restrictions or for existential restrictions. Many ap-
plications, however, require to combine these con-
structors. In this work, we present an Ics algorithm
for the description logic ACEN, which allows for
both constructors, thereby correcting previous al-
gorithms proposed in the literature.

1 Introduction

Computing the least common subsumer (Ics) in description
logics (DLs) is an inference task first introduced by Co-
hen, Borgida, and Hirsh [Cohen et al., 1992] for sublan-
guages of CLASSIC. Since then it has found several appli-
cations: as a key operation in inductive learning algorithms
[Cohen and Hirsh, 1994], as a means to measure the sim-
ilarity of concepts for information retrieval [Mdller ef al.,
19981, and as an operation to support the bottom-up con-
struction of DL-knowledge bases [Baader and Kiisters, 1998;
Baader ef al., 1999]. Roughly speaking, the lcs of a set of
concepts is the most specific concept description (among a
possibly infinite number of concept descriptions) that sub-
sumes all of the input descriptions, and as such allows to
extract the commonalities from given concept descriptions,
a task essential for all the mentioned applications.

The first Ics algorithms proposed in the literature were ap-
plicable to sublanguages of CLASSIC, more precisely, DLs
that in particular allow for number restrictions [Cohen et al.,
1992; Cohen and Hirsh, 1994]. More recently, motivated by
the bottom-up construction of knowledge bases in a chemical
engineering application [Sattler, 1998; von Wedel and Mar-
quardt, 20001, the lcs has been investigated for the DL ALE
[Baader et al., 1999], which allows for existential restrictions
instead of number restrictions. Although first empirical re-
sults are encouraging [Baader and Molitor, 2000], they also
show that this application asks for a more expressive DL, one

*This work was carried out while the author was still at the LuFG
Theoretical Computer Science, RWTH Aachen.
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that allows to combine number restrictions and existential re-
strictions. Such a logic can, for example, be used to describe
a reactor with cooling jacket and exactly two inlet valves by
Reactor 11 Jis-coupled-to.Cooling-Jacket M (=2 has-inlet)
M Vhas-inlet.Valve.

In this work, we propose an algorithm for computing the
les of ACEN -concept descriptions. The DL ALEN allows for
conjunction, a restricted form of negation, value restrictions,
existential restrictions, and number restrictions. Similar to
previous approaches [Cohen et al., 1992; Baader and Kiisters,
1998; Baader et al., 1999], our Ics algorithm builds on a struc-
tural characterization of subsumption.

Typically, such a characterization works in two steps. First,
concept descriptions are turned into a structural normal form,
which makes all facts implicitly represented in the description
explicit. Second, the subsumer and the subsumee, given in
structural normal form, are compared syntactically. A sound
and complete characterization then ensures that the structural
normal form indeed contains all implied facts.

Now, given that the structural normal form of concept de-
scriptions can be computed effectively, the Ics of concept de-
scriptions can be obtained by first computing their structural
normal forms and then extracting the “common facts” present
in these normal forms.

For ALEN', however, computing the structural normal form
already requires to (inductively) compute the Ics (see our run-
ning example in Section 3). Consequently, the proof of cor-
rectness of the Ics algorithm needs to be interleaved with the
proof of soundness and completeness of the characterization
of subsumption, making the proofs quite involved. In [Man-
tay, 1999], this approach is in fact pursued. However, in an
attempt to avoid these interleaving proofs, Mantay made un-
proved assumptions concerning the existence and other prop-
erties of the Ics. Moreover, the Ics algorithm presented there
is incorrect in that the computed concept description not nec-
essarily subsumes the input descriptions.

In this work, we devise a more relaxed notion of struc-
tural normal form, which does not involve the Ics computa-
tion and therefore allows to decouple the characterization of
subsumption from the Ics computation. Instead of a single
ALEN -concept description, our normal form consists of a set
of ALEN -concept descriptions, where some of the implicit
facts are not made explicit.

The outline of our paper is as follows: In Section 2, we
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| Construct name | Syntax | Semantics
top-concept T Az
bottom-concept 1 0
concept name P € N¢ P PTCAs
primitive negation, P € N¢ -P Az \ P?
conjunction cnbD ctnD?
existential restrictions forr € Ng | Ir.C | {x € Az |Jy: (z,y) erf Ay € CT}
value restrictions for r € Ng Vr.C | {z €Az |Vy: (z,y) €rt = yeCT}
number restrictions (> nr) {zeAr | #{y: (z,y) €rt} >n}
forr € Ng,n € N (< nr) {z € Az | #{y: (v,y) € rT} < n}

Table 1: Syntax and semantics of ALEN -concept descriptions.

formally introduce the language ACEN and the Ics operation.
Section 3 contains a running example and a discussion of the
main difficulties that occur when computing the Ics. In sub-
sequent sections, this example is used to illustrate the notions
introduced. Section 4 then covers the characterization of sub-
sumption and Section 5 the lcs algorithm. Finally, in Sec-
tion 6, we briefly discuss the results obtained. Due to space
limitations, we cannot give all technical details. These de-
tails as well as complete proofs can be found in [Kiisters and
Molitor, 2000].

2 Preliminaries

Concept descriptions are inductively defined with the help of
a set of constructors, starting with a set N¢ of concept names
and a set Ng of role names. In this work, we consider the
DL ALEN, i.e., concept descriptions built from the construc-
tors shown in Table 1, subsequently called ALEN -concept de-
scriptions.

The semantics of a concept description is defined in terms
of an interpretation T = (Arz,-7). The domain Az of 7 is
a non-empty set of individuals and the interpretation function
L maps each concept name P € N¢ to a set P2 C Az
and each role name r € Ng to a binary relation 77 C Az x
Az. The extension of - to arbitrary concept descriptions is
inductively defined, as shown in the third column of Table 1.

One of the most important traditional inference services
provided by DL systems is computing the subsumption hier-
archy. The concept description C' is subsumed by the descrip-
tion D (C T D) iff C* C D7 holds for all interpretations Z.
The concept descriptions C' and D are equivalent (C' = D)
iff they subsume each other.

In this paper, we are interested in the computation of least
common subsumers.

Definition 1 Given ALEN -concept descriptions C1, . .., Ch,
n > 2, the ACEN -concept description C' is the least com-
mon subsumer (lcs) of Cy, ...,Cy (C = lcs(Cy,...,Cy) for
short) iff (i) C; C C for all 1 < i < n, and (ii) C is the
least concept description with this property, i.e., if C' satis-
fies C; C C' foralll <i<n,thenC C C".

Depending on the DL under consideration, the Ics of two or
more descriptions need not always exist, but if it exists, then
it is unique up to equivalence. The main contribution of this
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paper is to show that in ACEN the Ics always exists and that
it can be computed effectively.

For the sake of simplicity, we consider ALEN -concept de-
scriptions over a set N¢ of concept names and assume Np
to be the singleton {r}. However, all definitions and results
can easily be generalized to arbitrary sets of role names. Fur-
thermore, w.l.o.g., we assume all ACEN -concept descriptions
to be in the following normal form: Each conjunction in an
ALEN -concept description contains
r)

1. at most one number restriction of the form (> n
=(>nr)if

(this is w.l.o.g. dueto (> m )M (> nr)
n > m);

2. at most one number restriction of the form (< n r)
(thisis wlo.g.dueto (K mr)N(<nr)=(<nr)if
n < m);

3. at most one value restriction of the form Vr.C
(this is w.Lo.g. due to Vr.C M Vr.D = Vr.(C 1 D).

3 Running example

In order to highlight the main problems to be solved in the
structural characterization of subsumption and the computa-
tion of the lcs in ACEN, we will use the following ACEN -
concept descriptions:

Cew = E'T(P 1 Al) 1 ET(P I Az) [l 37“.(_|P 1 Al) 1
I (QMAs)NIr.(-Q M A3) N (<2r), and
Dez = (23T)|_|VT.(A1 |—]A2|_|A3).

The key point in the characterization of subsumption and the
Ics computation is to describe the “non-trivial” concept de-
scriptions, say C', subsuming a given concept description,
say C, where “non-trivial” means that C’ does not occur as a
conjunct on the top-level of C'. Subsequently, these concept
descriptions are called induced. It suffices to only consider
induced concept descriptions that are minimal w.r.t. subsump-
tion.

In what follows, we describe the concept descriptions in-
duced by C¢, and D.,. It turns out that some of the concept
descriptions induced by C., correspond to the lcs of certain
subdescriptions in C¢;. As we will see, given the induced
concept descriptions of C,, and D.,, it is easy to determine
the Ics of C.,, and D,. We start with the concept descriptions
induced by C, .
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Number restrictions: Because of the existential restrictions
on the top-level of Cy,, e.g. Ir.(P M Ay) and Ir.(-P M 4y),
we know C,, C (>27),i.e., (>27r)is induced by C¢,. Con-
versely, there is no induced <-restriction, i.e., the most spe-
cific <-restriction subsuming C., is the <-restriction explic-
itly present on the top-level of C.

Existential restrictions: Due to the <-restriction (<27)
on the top-level of C¢,, each instance of C,, has at most
two r-successors. Consequently, some existential restrictions
have to be “merged” to a single existential restriction, where
“merging” means conjoining the concept descriptions occur-
ring in the existential restrictions. For C.,, there are several
ways to merge the five existential restrictions on the top-level
of C¢, into two existential restrictions. The merging process
gives rise to new (derived) concept descriptions, where the
only consistent ones are:

Cl, = FIr(PNQMNA NMAyMA3) N
3T.(‘|P|—]—IQ|_|A1|_|A3)|_|(S2T), and

C2, = Ir(PN-QMNA NAMNA3) M
3T.(‘|P|_|Q|_|A1|_|A3)|_|(S2T).

It is clear that C., = C, U C?,. The existential restrictions
HT.(PﬂAl |_|A2 |—]A3), 3T.(‘|P|_|A1 |—]A3), HT.(QﬂAl |_|A3),
and 3r.(=Q M A; M A3) subsume both C, and CZ,. From
this it can be concluded that these restrictions are induced by
Cey.

As we will see, the induced existential restrictions can be
obtained by picking one existential restriction from each of
the (consistent) derived concept descriptions and applying the
Ics operation to them. In our example, we have, for instance,
P|_|A1 |_|A2 |_|A3 = lcs(PI‘IQI‘IAl |_|A2 |_|A3, P|_|_|Q|_|A1 I
As M A3). However, as explained below, our characterization
of subsumption avoids to explicitly use the Ics by employing
the fact that

les(Ch, . ..

Value restrictions: In view of C., = C}, U C?, it not
only follows that every instance of C,, has exactly two r-
successors but that these r-successors must satisfy the exis-
tential restrictions given in C, and C?,. In either case, all
r-successors belong to A; M Az, and thus, the value restric-
tion Vr.(A; M As) is induced by C.,.

There are two things that should be pointed out here: First,
note that there is an induced value restriction only if the num-
ber of successors induced by existential restrictions coincides
with the number in the <-restriction, because only in this
case, we have “full” information about all r-successors of an
instance of C'. For example, if we consider the concept de-
scription B, := (< 2r) M 3r.(A; M Ap) M 3r.(4; 1 A3z), no
value restriction is induced.

Second, if Vr.C' is the most specific value restriction in-
duced by C, then C” corresponds to the Ics of all concept de-
scriptions occurring in the merged existential restrictions. In

,CR) CDiff C;C Dforalll <i<n. (1)

!The structural subsumption algorithm introduced in [Mantay,
19991, however, computes Vr.A; as a value restriction induced by
E., and thus, is incorrect. For the same reason, the lcs-algorithm
presented in [Mantay, 1999] is incorrect: although the Ics of E.,
and Vr.A; is T, the algorithm returns Vr.A;.
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the example, A1 MAs = les(PMEQMA;NAMN Az, ~PN-QnM
AMAM Az, PO-QMA MAM Az, ~PAQMA; MA;MA3).
Again, using the equivalence (1), we avoid to explicitly com-
pute the Ics in the characterization of subsumption.

It is easy to see that the only (minimal) concept description
induced by Dy, is Ir.(4; M Az M A3).

Now, given the concept descriptions induced by C., and
D, itis not hard to verify that the Ics of C¢, and D,, can be
stated as

(Z 27’) 1 VT.(Al 1 A3) 1 E'T'.(Al I A2 1 A3)

4 Structural characterization of subsumption

In what follows, let C, D be ALEN -concept descriptions in
the normal form introduced in Section 2. Since both C' = L
and D = T trivially imply C' C D, our characterization
of subsumption explicitly checks these equivalences. Oth-
erwise, roughly speaking, each conjunct in D, i.e., each
(negated) concept name, number restriction, existential re-
striction, and value restriction occurring on the top-level of
D, is compared with the corresponding conjuncts in C. For
the existential restrictions and value restrictions, however, it
will be necessary to resort to the concept descriptions derived
from C' by merging existential restrictions (C, and C?, in
the example). If all the comparisons have succeeded, it fol-
lows C' C D. In the remainder of this section, the structural
comparison between C' and D is further explained. Finally,
Theorem 2 establishes the complete characterization of sub-
sumption.

We first need some notation to access the different parts of
the concept descriptions:

e prim(C') denotes the set of all (negated) concept names
occurring on the top-level of C

e min,.(C) :=max{k |CC (Zkr)}

e max,(C) :=min{k | CC (<kr)};

e if there exists a value restriction of the form Vr.C’ on
the top-level of C, then val,.(C) := C'; otherwise,
val,.(C) :=T;

e exr,.(C) := {C" | there exists Ir.C’ on the top-level of
C}l.

Note that min,.(C) is always finite, whereas max, (C) may
be oo, namely if there exists no positive integer k such that
C C (<kr). Although these values need not be explic-
itly present in number restrictions of C, they can be com-
puted in polynomial time in the size of C using an oracle
for subsumption of ACEN -concept descriptions [Kiisters and
Molitor, 2000]. In our example, we get min,.(Ce,) = 2,
max; (Cez) = 2, min.(De,) = 3, and max,.(D.;) = oc.

The structural comparison between the different parts of C'
and D can now be stated as follows (assuming C' # L and
D#£T):

(Negated) concept names and number restrictions:
(cf. Theorem 2, 1.-3.) In order for C' C D to hold, it is
obvious that the following conditions need to be satisfied:
prim(D) C prim(C), max,(C) < max,(D), min.(C) >
min,.(D). Otherwise, it is easy to construct a counter-model
for C C D.
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Existential restrictions: (cf. Theorem 2, 4.) Given D' €
exr,(D), then for C' C D to hold one at first might expect that
there need to exist a C' € exr,.(C) with val,.(C) N C' E D'.
Although this works for ALE -concept descriptions, it fails for
ALCEN, as Cep T Ar.(P M A; M Ay M A3) shows (see Sec-
tion 3). The reason is that in ACEN" <-restrictions may re-
quire to merge existential restrictions, yielding new (implicit)
existential restrictions. To deal with this phenomenon, sets of
derived concept descriptions are considered with certain ex-
istential restrictions merged (see C, and C?, in our running
example).

The result of merging existential restrictions is described
by so-called existential mappings

: {]_7 . _7n} — 2{17...,m},

where n := min{max,(C), |exr,(C)|} and m := |exr,(C)|.
We require « to obey the following conditions:

1. a(i) #Qforall1 <i<mn;

2. Urcicn@(i) ={1,...,m} and a(i) N a(j) = 0 for all

1<i<j<n.
3. Il ¢jnval.(C)# Lforalll <i<n.
j€a(i)

Although the first two conditions are not essential for sound-
ness and completeness of the characterization of subsump-
tion, they reduce the number of existential mappings that need
to be considered.

Given exr.(C) = {Ci,...,Cn}, a yields an ALEN-
concept description C'“ obtained from C' by substituting all
existential restrictions on the top-level of C' with

dr. [—l Cj.

1<isn jea(i)
The set of all existential mappings on C satisfying the con-
ditions (1)—(3) is denoted by I',.(C), where I',.(C) := 0 if
exr,.(C) = 0. It is in fact sufficient to consider I',.(C') mod-
ulo permutations, i.e., modulo the equivalence

a=a' iff there exists a permutation 7 on {1,...,n}
s.t.a(i) =a/(w(i)) forall 1 <14 < n.
In the sequel, for the sake of simplicity, we stay with o €
[, (C) instead of [a]., € ['(C)/~, though.

In our running example, let exr,.(Ce;) =
{C€$717 ey CE$75} Wlth C€$71 = P [l Al, Cew,z = P [l AQ,
etc. Then, I',.(C. ) consists of the two mappings

{1—={1,2,4},2 {3,5}};
{1~ {1,2,5},2+— {3,4}},
and itis C% = C!

te> ! = 1,2 (see Section 3).
For the characterization of subsumption, we will use the
following notation:

exr (C)*:={ [l C;j|1<i<n}
jeali)

a1 =

Qy =

Now, in case exr,.(C) # 0, C C D implies that for each
D' € exr.(D) the following holds: for each « € T',.(C),
there exists C, € exr,(C)® such that C!, Mval,.(C) C D'.
This is what is stated in Theorem 2, 4. Note that, using the
equivalence (1), and provided that the Ics of ALEN -concept
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descriptions always exists, this condition could be rewritten
as: there exists a set M := {C}, € exr.(C)* | a € T',(C)}
with les({C' Mval,.(C) | C' € M}) E D'. However, since
the existence of the Ics is not guaranteed a priori, the Ics can-
not be used in the structural characterization of subsumption,
unless the characterization and the lcs computation are inter-
leaved.

If exr,.(C') = 0, then for all D’ € exr,(D) it must hold,
min,(C) > 1andval,.(C) C D'.

In our running example, C., C Jr.(P M Ay M Ay M Aj)
illustrates the case where exr,.(C) #  and D, C Ir.(4; N
Ao 1 A3) illustrates exr,.(C') = 0.

Value restrictions: (cf. Theorem 2, 5.) Value restrictions
can only be induced for two reasons. First, if max,.(C) = 0,
then C' C Vr.L, and thus, C' C Vr.C" for all concept descrip-
tions C".

Second, the merging of existential restrictions may in-
duce value restrictions. In contrast to induced existential
restrictions, however, one further needs to take care of >-
restrictions induced by “incompatible” existential restric-
tions:

kr(C) = min, (Yrval, (C) NI e cexr, (o) Ir.C").

If exr,.(C) = 0, we define ,(C) := 0. In our example,
Kr(Cez) = 2, kp(Dez) =0, and k. (E,;) = 1.

Now, only if ,(C') = max,(C), value restrictions can be
induced, since only then we “know” all the r-successors of
instances of C'. In our example, . (Cey;) = max,(Cez) = 2,
which accounts for C,, C Vr.(A; M As). Conversely, E.,
Vr.A; since 1 = k,.(E,;) < max, (Ee,) =2

To formally state the comparison between value restric-
tions of C' and D, we use the following notation:

exr,(C)* := U exr,(C)%.
a€el's (C)

One can show that C T D implies val.(C) E val.(D)
provided that x,(C) < max,(C). Incase 0 < x(C) =
max,.(C), however, it suffices if the value restriction of D
satisfies val,.(C) M C' C val,.(D) for all C' € exr,.(C)*.
Again, using the equivalence (1), and provided that the Ics of
ALEN -concept descriptions always exists, this condition can
be restated as val,(C) M lcs(exr,(C)*) C D'. For reasons
already mentioned, we have not employed this variant.

We are now ready to state the structural characterization of
subsumption in ACEN .

Theorem 2 [Kiisters and Molitor, 2000] Let C,D be two
ALEN -concept descriptions with exr,.(C') = {C,...,Cp}.
Then C C D iff C = L, D =T, or the following holds:

1. prim(D) C prim(C);
2. max,(C) < max,(D);
3. min,.(C) > min,(D);
4. forall D' € exr,.(D) it holds that
(a) exr,.(C) =0, min,.(C) > 1, andval,.(C) C D'; or

(b) exr,.(C) # 0 and for each a € T',.(C), there exists
C' € exr,.(C)* such that C' Mval,.(C) C D’; and
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Let C, D be two ALEN -concept descriptions.
If C C D, then c-lcs(C, D) := D, and if D C C, then c-lcs(C, D) := C.
Otherwise, let I (C) = {af’,...,a{ )} and T,(D) = {af, ..., af p)}, and define for £ € {C, D}
{c-les({Ey Nval,.(E),...,E, g Nval.(E)}) | E; € exr, (E)* |1 <i < n(E)}, L (E) #0,
C.(E) = {val.(E)}, ['(E)=0Amin.(E) > 1,
0, min,(E) = 0;
val, (E), 0 < kr(E) < max,(E),
E: = { 1, max,(E) = 0,
c-les({val,(E) M E" | E' € exr,(E)*}), 0 < £,(E) = max,(E)
Define
C'lCS(C, D) = [_IQEprim(C)ﬂprim(D) Q I
(< maz{max,(C), max,(D)} r) N (> min{min,(C), min.(D)} r) M
Meree,(o),prec,(p) Ir-cles(C!, D') 1
Vr.c-les(Cr, Dy),
where
e (< maz{max,(C), max,(D)} r) is omitted if max,(C') = oo or max, (D) = oo, and
[ HC’GCT(CLD’GCT(D) 3T.C-|CS(C,,DI) =T 1fCT(C) =0 or CT(D) = 0.

Figure 1: The recursive computation of the lcs in ACEN.

5. ifval.(D) # T, then
(a) max,(C) =0;or
(b) k.(C) < max,.(C) and val,.(C) C val,.(D); or

(¢c) 0 < K:-(C) = max,(C) and val,.(C) N C" C
val,. (D) for all C' € exr.(C)*.

As known from the literature, [Hemaspaandra, 1999], test-
ing subsumption of ALEN -concept descriptions is PSPACE-
complete. However, our characterization is not intended to
serve as a basis for a polynomial-space subsumption algo-
rithm. It rather yields the formal basis for the Ics algorithm
presented in the next section.

5 Computing the lcs in ACEN

The recursive algorithm computing the lcs of two ALEN -
concept descriptions C' and D is depicted in Figure 1.
For a set C of ALEN-concept descriptions, c-lcs(C)
is computed by iteratively applying the binary c-lcs-
operation, i.e., c-lcs({C1,...,Cyp}) := c-les(C1, c-les(Cy,
o, c-les(Cp—1,Cy) -+ ) forn > 2.

Since the role depth of C' and D is finite, the recursive
computation of c-lcs(C, D) always terminates. The follow-
ing theorem states correctness of the Ics algorithm depicted in
Figure 1. As an immediate consequence, we obtain that the
Ics of two ALEN -concept descriptions always exists. The the-
orem is proved by induction on the role depth of c-lcs(C, D)
and makes heavy use of the structural characterization of sub-
sumption given in Theorem 2.

Theorem 3 [Kiisters and Molitor, 2000] Let C, D be ALEN -
concept descriptions. Then, c-lcs(C, D) = lcs(C, D).
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In the remainder of this section, we illustrate the definition
of c-lcs(C, D) in case that C £ D and D [Z C (since the
special cases C C D, D C C are trivial), using our running
example introduced in Section 3. The conjuncts occurring on
the top-level of c-lcs(C, D) can, as before, be divided into
three parts, namely (1) (negated) concept names and number
restrictions, (2) the existential restrictions, and (3) the value
restriction. These conjuncts are defined in such a way that

(a) the conditions 1.-5. in Theorem 2 for C' C c-lcs(C, D)
and D C c-lcs(C, D) are satisfied, and

(b) c-lcs(C, D) is the least concept description (w.r.t. )
satisfying (a).

For the conditions 1.-3., this is quite obvious, since, for E €
{C, D}, we obtain

e prim(c-lcs(C, D)) = prim(C) N prim(D) C prim(E),
e min,(c-lcs(C, D)) man{min,(C), min.(D)}

IA I

min,(E), and
e max,(c-lcs(C, D)) = maz{max,(C), max,(D)}
> max,(E).

In our running example, prim(c-lcs(Cey, Des)) = 0,
min,.(c-Ics(Cey, Dez)) = 2, and max,.(c-Ics(Cey, Dey)) =
0.

For existential and value restrictions things are more
complicated.  Let us first consider the definition of
exr.(c-lcs(C, D)), i.e., the existential restrictions obtained
from the sets C,(C) and C.(D). Roughly speaking, if
T'.(E) # 0, then C,.(E) contains all (minimal) concept de-
scriptions occurring in an existential restriction induced by E
for E € {C, D}. Each such concept description is obtained
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as the recursively computed Ics of a set of concept descrip-
tions consisting of one concept description from exr,.(E)*
(conjoined with val,.(E)) for each o € T',.(E). In our run-
ning example, each pair of concept descriptions occurring
in the existential restrictions on the top-level of C!  and
C?2,, respectively, yields such an Ics, and thus C,(Ce,) =
{PMA;MA2NA;, QMAIMNAs, ~QMA; MAs, ~PMA; MAs}
(see Section 3).

If min.(E) = 1 and ['(E) = 0, we set C.(E) =
{val,.(E)} since then exr.(E) = (), and Jr.val,.(E) is the
unique minimal existential restriction induced by E. This
case is illustrated by D., in our running example, where
min,(De;) = 3, exr,.(Dez) = 0, and Cp.(Dep) = {A1 1M
Ay Az},

Finally, if min,.(E) = 0, i.e., there exists no existential re-
striction subsuming F, then obviously, no existential restric-
tion can occur on the top-level of a common subsumer of C'
and D. Therefore, we set C,.(E) := ().

Given C,.(C) and C, (D), the lcs of each pair C' € C,.(C)
and D' € C,.(D) gives rise to an existential restriction on the
top-level of the Ics of C' and D. In our example, we obtain
eXFr(C'ICS(Cex,Dex)) = {Al M As M A3,A1 [l Ag}, giV-
ing rise to the existential restrictions 3r.(A; M A2 M A3) and
3r.(A; N A3) (where the latter one can be omitted).

It remains to comment on Vr.c-lcs(C), D). Intuitively,
Vr.EY is the most specific value restriction subsuming E for
E € {C,D}. (Thus, Vr.c-lcs(C}, D¥) is the most specific
value restriction subsuming both C' and D.) If E has no in-
duced value restriction, E* coincides with val,.(E). This is
the case for D.,, where (D, )x = val,.(D¢y) = A1MA2MAs3.
If max,(E) = 0, the fact that E C Vr.L is made explicit by
defining E¥ := L. Finally, if 0 < &,(E) = max,(E), then
the induced value restriction is again made explicit by recur-
sively computing the Ics of the merged existential restrictions
(each conjoined with val,.(E)). In our running example, this
case is illustrated by C¢,: there, val,.(C¢,) = T, but since
Kr(Ceg) = max,(Cey) = 2, we obtain (Cep)r = A1 M A
which is the recursively computed Ics of exr,.(Cey)* =
exr,(CL,) Uexr,.(C?,) (see Section 3).

6 Conclusion and future work

We have presented an algorithm for computing the Ilcs in
ALEN . Tts proof of correctness is based on the structural char-
acterization of subsumption introduced in Section 4. In this
characterization, we avoided to explicitly use the Ics in order
to be able to decouple the characterization of subsumption
and the lcs computation. Interleaving these two tasks caused
previous work on the lcs in ACEN to be incorrect.

Due to the interaction between number restrictions and ex-
istential restrictions the characterization of subsumption and
the lcs computation became much more involved than for the
sublanguages ALE [Baader et al., 1999] and ACN [Cohen
and Hirsh, 1994; Baader and Kisters, 1998]. As an imme-
diate consequence of results shown in [Baader et al., 1999]
for ACE, we obtain an exponential lower bound for the size
of the Ics of two ALEN -concept descriptions. It is, however,
not known whether this bound is tight. The Ics algorithm pre-
sented in Section 5 takes double exponential time [Kiisters
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and Molitor, 2000]. Nevertheless, since a prototype imple-
mentation of the exponential-time Ics algorithm for ALE be-
haves quite well in the chemical process engineering appli-
cation [Baader and Molitor, 2000], the hope is that the lcs
algorithm for ACEN proposed here will also work in realistic
application situations. For evaluation, continuing the work
on ALE, a prototype of the algorithm for ACEN will be im-
plemented using the DL-system FaCT [Horrocks, 1998] for
deciding subsumption in ALEN, which then is to be applied
to the chemical engineering knowledge base.
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is guided by application-specific instances of the
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for comparisons, these approaches do not offer a structural
description of the global merging process.

We propose the new methddCA—MERGE for merging
ontologies following a bottom-up approach which offers a
global structural description of the merging process. For the
source ontologies, it extracts instances from a given set of
domain-specific text documents by applying natural language
processing techniques. Based on the extracted instances we
apply mathematically founded techniques taken fieammal
Concept Analysis [Wille, 1982; Ganter and Wille, 19930
derive a lattice of concepts as a structural resulE=GfA—
MERGE The produced result is explored and transformed to
the merged ontology by the ontology engineer. The extrac-
tion of instances from text documents circumvents the prob-
lem that in most applications there are no objects which are
simultaneously instances of the source ontologies, and which
could be used as a basis for identifying similar concepts.

The remainder of the paper is as follows. We briefly in-
troduce some basic definitions concentrating on a formal def-
inition of what an ontology is and recall the basics of For-
mal Concept Analysis in Section 2. Before we present our
generic method for ontology merging in Section 4, we give

Ontologies have been established for knowledge sharing an@ overview over existing and related work in Section 3. Sec-

are widely used as a means for conceptually structuring do
mains of interest. With the growing usage of ontologies, th
problem of overlapping knowledge in a common domain oc-

tion 5 provides a detailed descriptionlf€A—-MERGE. Sec-

eglion 6 summarizes the paper and concludes with an outlook

on future work.

curs more often and becomes critical. Domain-specific on- ] )
tologies are modeled by multiple authors in multiple settings.2 Ontologies and Formal Concept Analysis
These ontologies lay the foundation for building new domain-|, thjs section, we briefly introduce some basic definitions.

specific ontologies in similar domains by assembling and exye thereby concentrate on a formal definition of what an on-
tending multiple ontologies from repositories.

The process obntology merging takes as input two (or

tology is and recall the basics of Formal Concept Analysis.

more) source ontologies and returns a merged ontology base2il  Ontologies

on the given source ontologies.
ing using conventional editing tools without support is dif-
ficult, labor intensive and error prone. Therefore, several

Manual ontology merg-

There is no common formal definition of what an ontology is.
However, most approaches share a few core items: concepts,
a hierarchical IS-A-relation, and further relations. For sake

systems and frameworks for supporting the knowledge en
gineer in the ontology merging task have recently been pro
posedHovy, 1998; Chalupsky, 2000; Noy and Musen, 2000
McGuinnesset al, 200d. The approaches rely on syntactic
and semantic matching heuristics which are derived from théDefinition: A (core) ontology is a tuple O :=
behavior of ontology engineers when confronted with the task(C, is_a, R, o), where(C is a set whose elements are called
of merging ontologies, i.e. human behaviour is simulated.concepts, is_a is a partial order o€ (i.e., a binary rela-
Although some of them locally use different kinds of logics tion is_.a C C x C which is reflexive, transitive, and anti-

of generality, we do not discuss more specific features like
“constraints, functions, or axioms here. We formalize the core
'in the following way.
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symmetric),R is a set whose elements are callethtion plicitly allows to violate the preservation of semantics in
names (or relations for short), andr: R — CT is a function  trade-off for a more flexible transformation mechanism.
which assigns to each relation name its arity. In [McGuinnesset al, 2000 the Chimaera system is de-

cribed. It provides support for merging of ontological terms

As said above, the definition considers the core elements O?rom different sources, for checking the coverage and correct-

most languages for ontology representation only. Itis POSSlags of ontologies and for maintaining ontologies over time.

ble to map the definition to most types of ontology represens himaera offers a broad collection of functions, but the un-

tation languages. Our implementation, for instance, is base : : :
Al ’ ; ' erlying assumptions about structural properties of the on-
on Frame LogidKifer et al, 1995. Frame Logic has a well tologies at hand are not made explicit.

founded semantics, but we do not refer to it in this paper. Prompt[Noy and Musen, 2000is an algorithm for ontol-

2.2 Formal Concept Analysis ogy merging and alignment embedded in Bggt2000. It

. . starts with the identification of matching class names. Based
We recall the basics of Formal Concept Analysis (FCA) as far, g

h ded for thi A . -“'on this initial step an iterative approach is carried out for per-
as they are needed for this paper. A more extensive oVerviey ming automatic updates, finding resulting conflicts, and
is given in[Ganter and Wille, 1999 To allow a mathematicall aking suggestions to remove these conflicts
description of concepts as being composed of extensions anrg '

. ! : ! ) The tools described above offer extensive merging func-
intensions, FCA starts withfarmal context defined as a triple - : ;
K = (G, M, I), whereG is a set ofobjects, M is a set of tionalities, most of them based on syntactic and semantic

ib d7is a bi lation b d X matching heuristics, which are derived from the behaviour of
attributes, and/ Is a inary re at‘IOI"l Etwfeﬁ an M (|."e. ontology engineers when confronted with the task of merg-
I'c G xM).(g,m) € I'is read bhject g has attributem’”. ing ontologies. OntoMorph and Chimarea use a descrip-
Definition: For A C G, we defined’ := {m € M | Vg € tion logics based approach that influences the merging pro-
A:(g,m) € I} and, forB C M, we defineB’ := {g € G | cess locally, e.g. checking subsumption relationships be-
VYm € B:(g,m) € I'}. tween terms. None of these approaches offers a structural de-
A formal concept of a formal contextG, M, I) is defined  scription of the global merging process CA—MERGE can
as apai(A,B)ywith A CG,BC M,A' = BandB' = A.  be regarded as complementary to existing work, offering a
The setsd and B are called thextent and theintent of the  Structural description of the overall merging process with an
formal concep( 4, B). The subconcept—superconcept rela-  underlying mathematical framework.
tion is formalized by(A41, B1) < (A3, Bs) <= A;CA> There is also much related work in the database commu-
(& B; D B,). The set of all formal concepts of a con- nity, especially in the area of federated database systems. The
text K together with the partial ordet is always a complete work closest to our approach is described[8chmitt and
lattice ! called theconcept lattice of K and denoted b3 (K). Saake, 1998 They apply Formal Concept Analysis to a re-
. . . ) lated problem, namely database schema integration. As in our
A possible confusion might arise from the double use ofpnroach, a knowledge engineer has to interpret the results in
the word ‘concept’ in FCA and in ontologies. This comes grqer to make modeling decisions. Our technique differs in
from the fact that FCA and ontologies are two models foryyq points: There is no need of knowledge acquisition from a
the concept of ‘concept’ which arose independently. In orderyomain expert in the preprocessing phase; and it additionally

to distinguish both notionsye will always refer to the FCA  g,ggests new concepts and relations for the target ontology.
concepts as ‘formal concepts’. The concepts in ontologies

are referred to just as ‘concepts’ or as ‘ontology concepts'. .

There is no direct counter-part of formal concepts in ontolo-4 ~ Bottom-Up Ontology Merging

gies. Ontology concepts are best compared to FCA attributes\g said above, we propose a bottom-up approach for ontol-
as both can be considered as unary predicates on the set of 0fqy merging. Our mechanism is based on application-specific

jects. instances of the two given ontologiés andO- that are to
be merged. The overall process of merging two ontologies is
3 Related Work depicted in Figure 1 and consists of three steps, nafigly

A first approach for supporting the merging of ontologies is instance extraction and computing of two formal conték{s

described irHovy, 1998. There, several heuristics are de- 2Nd Kz, (ii) the FCA-MERGE core algorithm that derives a
scribed for identifying corresponding concepts in different ©0MmMon context and computes a concept lattice,(andhe

ontologies, e.g. comparing the names and the natural |aggeneration of the final merged ontology based on the concept

guage definitions of two concepts, and checking the closene attice.

of two concepts in the concept hierarchy. Our method takes as input data the two ontologies and a

The OntoMorph system{Chalupsky, 200D offers two setD of natural language documents. The documents have to
kinds of mechanisms for translating and merging ontologies.be relevant to both ontologies, so that the documents are de-
syntactic rewriting supports the translation between two dif-Scribed by the concepts contained in the ontology. The doc-
ferent knowledge representation languages, semantic rewrifments may be taken from the target application which re-

ing offers means for inference-based transformations. It exduires the final merged ontology. From the documentsin
we extract instances. The mechanism for instance extraction

!I.e., for each set of formal concepts, there is always a greateds further described in Subsection 5.1. This automatic knowl-
common subconcept and a least common superconcept. edge acquisition step returns, for each ontology, a formal con-
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Figure 1: Ontology Merging Method

text indicating which ontology concepts appear in which doc-
uments.
The extraction of the instances from documents is nece

classified by both ontologies. However, if this situation is
given, one can skip the first step and use the classification
the instances directly as input for the two formal contexts.

The second step of our ontology merging approach com?

prises the=CA—MERGE core algorithm. The core algorithm

\ . séx
sary because there are usually no instances which are already

(0]

the web, which is provided by a WWW provider for tourist
information? The corpus describes actual objects, like loca-
tions, accommodations, furnishings of accommodations, ad-
ministrative information, and cultural events. For the scenario
described here, we have selected two ontologies: The first on-
tology contains 67 concepts and 31 relations, and the second
ontology contains 51 concepts and 22 relations. The under-
lying text corpus consists of 233 natural language documents
taken from the WWW provider described above. For demon-
stration purposes, we restrict ourselves first to two very small
subsetsD; and O, of the two ontologies described above;
and to 14 out of the 233 documents. These examples will
be translated in English. In Subsection 5.3, we provide some
amples from the merging of the larger ontologies.

?.1 Linguistic Analysis and Context Generation

The aim of this first step is to generate, for each ontology
i,1€{1,2}, a formal contex; := (G, M;, I;). The set
of documentdD is taken as object se6(; := D), and the set

merges the two contexts and computes a concept lattice froif concepts is taken as attribute sgf;(:= C;). While these
the merged context using FCA techniques. More precisely, is€ts come for free, the difficult step is generating the binary

computes gruned concept lattice which has the same degree

relationI;. The relation(g,m) € I, shall hold whenever

of detail as the two source ontologies. The techniques apdocumeny contains an instance of. _ _
plied for generating the pruned concept lattice are described The computation uses linguistic techniques as described

in Subsection 5.2 in more detail.
Instance extraction and tHeCA—-MERGE core algorithm
are fully automatic. The final step aderiving the merged

in the sequel. We conceive an information extraction-based
approach for ontology-based extraction, which has been im-
plemented on top of SMES (Saamoken Message Extrac-

ontology from the concept lattice requires human interaction. tion System), a shallow text processor for German [(sku-
Based on the pruned concept lattice and the sets of relatiofiannet al, 1997). The architecture of SMES comprises
namesR; andR., the ontology engineer creates the con- & tokenizer based on regular expressionsiesical analysis
cepts and relations of the target ontology. We offer graphicacomponent including avord and a domain lexicon, and a
means of the ontology engineering environment OntoEdit forchunk parser. The tokenizer scans the text in order to identify
supporting this process. boundaries of words and complex expressions like “$20.00"
For obtaining good results, a few assumptions have to b@" “Mecklenburg-Vorpommern®, and to expand abbrevia-
met by the input data: Firstly, the documents have to be relflons. . _
evant to each Of the source Onto'ogies_ A document from The Iechon contains more than 120,000 stem entries al’ld
which no instance is extracted for each source ontology cafnore than 12,000 subcategorization frames describing infor-
be neglected for our task. Secondly, the documents hav&ation used for lexical analysis and chunk parsing. Further-
to cover all concepts from the source ontologies. Concept§nore, the domain-specific part of the lexicon contains lexical
which are not covered have to be treated manually after ougntries that express natural language representations of con-
merging procedure (or the set of documents has to be excepts and relatlons. Lexical entries may rgferto several con-
panded). And last but not least, the documents must sep&&pts or relations, and one concept or relation may be referred
rate the concepts well enough. If two concepts which arel0 by several lexical entries.
considered as different always appear in the same documents, Lexical analysis uses the lexicon to perforigl) morpho-
FCA-MERGEWIll map them to the same concept in the targetlogical analysis, i. e. the identification of the canonical com-
ontology (unless this decision is overruled by the knowledgemon stem of a set of related word forms and the analysis
engineer). When this situation appears too often, the knowlof compounds(2) recognition of named entitie€3) part-of-

edge engineer might want to add more documents which furspeech tagging, an@) retrieval of domain-specific informa-
ther separate the concepts. tion. While steps (1), (2), and (3) can be viewed as standard

for information extraction approaches, step (4) is of specific
interest for our instance extraction mechanism. This step as-
sociates single words or complex expressions with a concept
In this section, we discuss the three stepgGA—MERGEIN from the ontology if a corresponding entry in the domain-
more detail. We illustrat& CA-MERGE with a small exam-  specific part of the lexicon exists. For instance, the expression
ple taken from the tourism domain, where we have built sev-Hotel Schwarzer Adler” is associated with the concelpt

eral specific ontology-based information systems. Our gent e| . If the conceptiot el is in ontology®, and document
eral experiments are based on tourism ontologies that have

been modeled in an ontology engineering seminar. Differ- 2URL: http://www.all-in-all.com
ent ontologies have been modeled for a given text corpus on 3aregion in the north east of Germany

5 TheFCA-MERGE Method
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Figure 2: The context&, andK, as result of the first step Figure 3: The pruned concept lattice

g contains the expression “Hotel Schwarzer Adler”, then thefFigure 3. It consists of six formal concepts. Two formal con-
relation @,Hot el ) €1; holds. cepts of the total concept lattice are pruned since they are too

Finally, the transitivity of theis_a-relation is compiled SPecific compared to the two source ontologies. In the di-
into the formal context, i.e(g,m)el andm is.a n im- agram, each formal concept is represented by a node.' The
plies (g,n)el. This means that if {Hot el )eI; holds empty nodes are the prune_zd concepts and are usually hldd_en
and Hot el is_a Acconmodati on, then the document from the user. A concept is a subconcept of another one if
also describes an instance of the condeptonmodat i on: ~ and only if it can be reached by a descending path. The in-
(g,Acconmodat i on)€l;. tent of a formal concept consists of all attributes (i. e., in our

Figure 2 depicts the contexi§, andK, that have been application, the ontology concepts) which are attached to the
generated from the documents for the small example ontoloformal concept or to one of its superconcepts. As we are not
gies. E.g., documentoc5 contains instances of the con- interested in the document names, the extents of the contexts
ceptsEvent , Concert, andRoot of ontology ®;, and  are not visualized in this diagram. o _
Musi cal andRoot of ontology®,. All other documents The computation of the pruned concept lattice is done with
contain some information on hotels, as they contain instance€ algorithm TTANIC [Stummeet al, 2000. It is slightly

of the conceptiot el both in®; and inOs. modified to allow the pruning. Compared to other algorithms
for computing concept lattices, TaNIC has — for our pur-
5.2 Generating the Pruned Concept L attice pose — the advantage that it computes the formal concepts

. via theirkey sets (or minimal generators). A key set is a min-
The second step takes as input the two formal cont&xts imal description of a formal concepl’ C M is akey set for

and K, which were generated in the last step, and return ; ; 1oy
a pruned concept lattice (see below), which will be used as Ewnedf(o )r(@a}l(g;)n;eﬁAbli)fgra;? )O(nlél Iggg\”’t{]{ X) ; (;(1’ ]'?r)]

inputin the next step. . other words:K generates the formal concept, B).

First we merge 'ghe two fprmal. contexts into a new formal In our application, key sets serve two purposes. Firstly,
contextK, from which we will derive the pruned conceptlat- oy indicate if the generated formal concept gives rise to a
tice. Bgfore mergmg'the two fom.‘a' contexts, we have ©new concept in the target ontology or not. A concept is new
d|§amb|guate the attribute sets, sirce andC, may con- if and only if it has no key sets of cardinality one. Secondly,
tain the same concepts: Lét; := {(m,i) | m € M;},  the key sets of cardinality two or more can be used as generic

forie{1,2}. The indexation of the concepts allows the pos-names for new concepts and they indicate the arity of new
sibility that the same concept exists in both ontologies, bug|ations.

is treated differently. For instance Ganpgr ound may be
considered as afcconmodat i on in the first ontology, but 5.3 Generating the new Ontology from the

not in the second one. Then the merged formal~conte~xt is ob- Concept L attice
tained byK := (G, M, I) with G := D, M := My UM,  While the previous steps (instance extraction, context deriva-
and(g, (m,1)) € I :& (g, m) € I; . tion, context merging, andiTANIC) are fully automatic, the

We will not compute the whole concept latticel§f as it derivation of the merged ontology from the concept lattice
would provide too many too specific concepts. We restrictrequires human interaction, since it heavily relies on back-
the computation to those formal concepts which are abovgyround knowledge of the domain expert.
at least one formal concept generated by an (ontology) con- The result from the last step is a pruned concept lattice.
cept of the source ontologies. This assures that we remaiprom it we have to derive the target ontology. Each of the
within the range of specificity of the source ontologies. More formal concepts of the pruned concept lattice is a candidate

precisely, thepruned concept lattice is given byB,, (K) :=  for a concept, a relation, or a new subsumption in the target
{(4,B)eB(K) | ImeM: ({m}',{m}") < (4,B)} (with-"  ontology. There is a number of queries which may be used to
as defined in Section 2.2). focus on the most relevant parts of the pruned concept lattice.

For our example, the pruned concept lattice is shown inWe discuss these queries after the description of the general
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strategy — which follows now. Of course, most of the tech- with minimal cardinality are considered, as they provide the

nical details are hidden from the user. shortest names for new concepts and minimal arities for new
As the documents are not needed for the generation of theelations, resp.

target ontology, we restrict our attention to the intents of the For instance, the formal concept in the middle of Fig-

formal concepts, which are sets of (ontology) concepts of thaure 3 has{Hot el -2, Event -1}, {Hot el _1, Event _1},

source ontologies. For each formal concept of the prunednd{Accommodati on 2, Event 1} as key sets. The user

concept lattice, we analyze the related key sets. For each foean now decide if to create a new concept with the default

mal concept, the following cases can be distinguished: nameHot el Event (which is unlikely in this situation), or
1. It has exactly one key set of cardinality 1. to create a new relation with arityiét el ,Event ), e. g., the
2. It has two or more key sets of cardinality 1. relationor gani zesEvent .
3. It has no key sets of cardinality O or 1. Key sets of cardinality 2 serve yet another purpose:
4. 1t has the empty set as key det. {m1,m>} being a key set implies that neithet;is_am,

. . normeis_amy currently hold. Thus when the user does not
The generation of the target ontology starts with all conceptg,qe 5 key set of cardinality 2 for generating a new concept or
being in one of the two first situations. The first case is the

iast The f | ; db | relation, she should check if it is reasonable to add one of the
easiest: The formal concept is generated by exactly one ory,, s hsumptions to the target ontology. This case does not
tology concept from one of the source ontologies. It cangnqy yp in our small example. An example from the large
be included in the target ontology without interaction of the

knowledge engineer. In our example, these are the two formal ntologies is given at the end of the section.
. ; ' There is exactly one formal concept in the fourth
concepts labeled byacat i on_1 and byEvent 1. ere 1S exactly one formal concep e fourth case (as

In the second case. two o more concents of the source o the empty set is always a key set). This formal concept gives
X » W P > SOUTCE Olfiqa 10 a new largest concept in the target ontologyRbet
tologies generate the same formal concept. This 'nd'cateéoncept. It is up to the knowledge engineer to accept or to

that the concepts should be merged into one concept in th’Feject this concept. Many ontology tools require the existence

i:ggnt olr:]tct):]c;gyé. am(aleus‘tirsls'satﬂ(eega\gglfcohr ?f ghf%rrl;]a;ﬁint?)f such a largest concept. In our example, this is the formal
n. xampie, this 1 W concept labeled bRoot -1 andRoot 2.

cepts: The key setfConcert 1} and{Musi cal 2} gen- . )
erate the same formal concept, and are thus suggested toFlnaIIy, the isa order on the concepts of the target ontology

: can be derived automatically from the pruned concept lattice:
?ECT?JL%%E aap Id ;Eezliegég[tgg; srlaé }thg_f;rs é égrthgon- If the conceptg; andc, are derived from the formal concepts

R ; : g A1, By) and(A,, Bs), resp., therr;is_a co if and only if
cept® The latter case is interesting, since it includes two con-( 1,21 20 2
cepts of the same ontology. This means that the set of do p1 2 B (or if explicitly modeled by the user based on a key

CU- . .
ments does not provide enough details to separate these t\%gt of cardinality 2).

concepts. Either the knowledge engineer decides to merggueryingthe pruned concept lattice. In order to support the
the concepts (for instance because he observes that the dignowledge engineer in the different steps, there is a number
tinction is of no importance in the target application), or he of queries for focusing his attention to the significant parts of
adds them as separate concepts to the target ontology. If thefge pruned concept lattice.
are too many suggestions to merge concepts which should be Ty queries support the handling of the second case (in
distinguished, this is an indication that the set of clllocument%,hich different ontology concepts generate the same formal
was not large enough. In such a case, the user might want oncept). The first is a list of all paien., ms) € 1 x Cs
re-launchFCA—-MERGEWith a larger set of documents. with {m1}' = {m2}'. It indicates which concepts from the
When all formal concepts in the first two cases are dealyifferent source ontologies should be merged.
with, then all concepts from the source ontologies are in- 1, oy small example, this list contains for instance the pair
cluded in the target ontology. Now, all relations from the two (Concert 1, Misi cal _2). Inthe larger application (which

source ontologies are copied into the target ontology. PoSsig hased on the German lan : ;
; - guage), pairs a0 1, Ti er -
ble conflicts and duplicates have to be resolved by the OmOIpar k_2) and Zoo_1, Ti er gar t en_2) are listed. We de-

ogy engineer. , cided to merg&Zoo [engl.: zoo] andTi er par k [zoo], but
In the next step, we deal with all formal concepts covered,,+ 760 andTi er gar t en [zoological garden].

by the third case. They are all generated by at least two con- The second query returns, for ontolagy with i € {1, 2}
cepts from the source ontologies, and are candidates for NeWe Jist of pairs(m;, n;) € C»,x C; with {m;} = {n,}’, If
(3] (3 (2 (2 (3 - (3 .

olnt.ology concepts or refations in the target ontology. The dehelps checking which concepts out of a single ontology might
cision whether to add a concept or a relation to the target ONpe subjectto merge. The user might either conclude that some

tology (or to discard the suggestion) is a modeling decision : - .
and is left to the user. The key sets provide suggestions eitht—:?[f these concept pairs can be merged because their differen

- tlation is not necessary in the target application; or he might
for the name of the new concept, or for the concepts WhIChd Y get app g

; ; . ide that th t of ments must xten it
should be linked with the new relation. Only those key setsdgggﬁot 3ifferee?1?ia(t)e ?f?;gonecegts gﬁoﬁgﬁ ended because

“This implies (by the definition of key sets) that the formal con-  In the small example, the list f@?, contains only the pair
cept does not have another key set. (Hot el _1, Accommudat i on_1). In the larger application,

®{Root _1} and{Root _2} are no key sets, as each of them haswe had additionally pairs likeRauni i ches, Gebi et ) and
a subset (namely the empty set) generating the same formal concepfut o, For t bewegungsni t t el ). For the target applica-
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tion, we mergedRkauni i ches [spatial thing] andzebi et supports the user in modeling the target ontology. The pa-
[region], but notAut o [car] andFor t bewegungsmi tt el per described the underlying assumptions and discussed the
[means of travel]. methodology.
The number of suggestions provided for the third situation Future work includes the closer integration of th€ A—
can be quite high. There are three queries which present onlil ERGE method in the ontology engineering environment
the most significant formal concepts out of the pruned con-ONTOEDIT. In particular, we will offer views on the pruned
cepts. These queries can also be combined. concept lattice based on the queries described in Subsec-
Firstly, one can fix an upper bound for the cardinality of the tion 5.3. It is also planned to further refined our information-
key sets. The lower the bound is, the fewer new concepts aréxtraction based mechanism for extracting instances.
presented. A typical value is 2, which allows to retain all con-  The evaluation of ontology merging is an open is§Ney
cepts from the two source ontologies (as they are generategnd Musen, 2000 We plan to uséCA—-MERGEto generate
by key sets of cardinality 1), and to discover new binary rela-independently a set of merged ontologies (based on two given
tions between concepts from the different source ontologiessource ontologies). Comparing these merged ontologies us-
but no relations of higher arity. If one is interested in having ing the standard information retrieval measures as proposed
exactly the old concepts and relations in the target ontologyin [Noy and Musen, 2000will allow us to evaluate the per-
and no suggestions for new concepts and relations, then tHermance ofFCA-MERGE
upper bound for the key set size is setto 1. On the theoretical side, an interesting open question is the
Secondly, one can fix a minimum support. This prunes allextension of the formalism to features of specific ontology
formal concepts where the cardinality of the extent is too lowlanguages, like for instance functions or axioms. The ques-
(compared to the overall number of documents). The defaultion is () how they can be exploited for the merging process,
is no pruning, i. e., with a minimum support of 0 %. It is also and ¢z) how new functions and axioms describing the inter-
possible to fix different minimum supports for different car- play between the source ontologies can be generated for the
dinalities of the key sets. The typical case is to set the miniarget ontology.
imum support to 0% for key sets of cardinality 1, and to a
higher percentage for key sets of higher cardinality. This WayAqknOWIGdgements .
we retain all concepts from the source ontologies, and genT his research was partially supported by DFG and BMBF.
erate new concepts and relations only if they have a certain
(statistical) significance. References
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