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Abstract

When not enough time is available to fully explore
a search tree, different algorithms will visit differ-
ent leaves. Depth-first search and depth-bounded
discrepancy search, for example, make opposite as-
sumptions about the distribution of good leaves.
Unfortunately, it is rarely clear a priori which al-
gorithm will be most appropriate for a particular
problem. Rather than fixing strong assumptions in
advance, we propose an approach in which an al-
gorithm attempts to adjust to the distribution of leaf
costs in the tree while exploring it. By sacrificing
completeness, such flexible algorithms can exploit
information gathered during the search using only
weak assumptions. As an example, we show how a
simple depth-based additive cost model of the tree
can be learned on-line. Empirical analysis using
a generic tree search problem shows that adaptive
probing is competitive with systematic algorithms
on a variety of hard trees and outperforms them
when the node-ordering heuristic makes many mis-
takes. Results on boolean satisfiability and two dif-
ferent representations of number partitioning con-
firm these observations. Adaptive probing com-
bines the flexibility and robustness of local search
with the ability to take advantage of constructive
heuristics.

1 Introduction
Consider the problem of searching a finite-depth tree to find
the best leaf. Many search trees arising in practical applica-
tions are too large to be explored completely. Given a lim-
ited amount of time, one can only hope to search the tree in
such a way that leaves with a greater chance of being optimal
are encountered sooner. For instance, when a node-ordering
heuristic is available, a depth-first search can expand the chil-
dren of a node in the order in which they are preferred by
the heuristic. However, the backtracking order of depth-first
search will visit the second-ranked child of the last internal
branching node before reconsidering the choice at the next to
last branching node. Each decision at which a non-preferred
child is chosen is called a discrepancy [Harvey and Ginsberg,
1995]. Depth-first search will visit the leaf whose path from

the root has all discrepancies below depth i before visiting the
leaf with a single discrepancy at depth i. This corresponds to
an implicit assumption that a single discrepancy at depth i
will lead to a worse leaf than taking discrepancies at every
deeper depth.

Limited discrepancy search [Harvey and Ginsberg, 1995;
Korf, 1996] was designed with a different assumption in
mind. It assumes that discrepancies at any depth are equally
disadvantageous and so visits all leaves with k discrepancies
anywhere in their paths before visiting any leaf with k + 1
discrepancies. Depth-bounded discrepancy search [Walsh,
1997] uses a still different assumption: a single discrepancy
at depth i is worse than taking discrepancies at all depths shal-
lower than i. Motivated by the idea that node-ordering heuris-
tics are typically more accurate in the later stages of problem-
solving, when local information better reflects the remaining
subproblem, this assumption is directly opposed to the one
embodied by depth-first search.

When faced with a new search problem, it is often not ob-
vious which algorithm’s assumptions most accurately reflect
the distribution of leaf costs in the tree or even if any of them
are particularly appropriate. In this paper, we investigate an
adaptive approach to tree search in which we use the costs of
the leaves we have seen to estimate the cost of a discrepancy
at each level. Simultaneously, we use these estimates to guide
search in the tree. Starting with no preconceptions about the
relative advantage of choosing a preferred or non-preferred
child node, we randomly probe from the root to a leaf. By
sharpening our estimates based on the leaf costs we observe
and choosing children with the probability that they lead to
solutions with lower cost, we focus the probing on areas of
the tree that seem to contain good leaves.

This stochastic approach is incomplete and cannot be used
to prove the absence of a goal leaf. In addition, it gener-
ates the full path from the root to every leaf it visits, incur-
ring overhead proportional to the depth of the tree when com-
pared to depth-first search, which generates roughly one in-
ternal node per leaf. However, the problem-specific search
order of adaptive probing has the potential to lead to better
leaves much faster. Since an inappropriate search order can
trap a systematic algorithm into exploring vast numbers of
poor leaves, adaptive probing would be useful even if it only
avoided such pathological performance on a significant frac-
tion of problems.
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After describing the details of an algorithm based on this
adaptive approach, we investigate the algorithm’s perfor-
mance using the abstract tree model of Harvey and Ginsberg
[1995]. We find that adaptive probing outperforms system-
atic methods on large trees when the node-ordering heuristic
is moderately inaccurate, and exhibits better worst-case per-
formance whenever the heuristic is not perfect at the bottom
of the tree. To confirm these observations, we also test the al-
gorithm on two different representations of the combinatorial
optimization problem of number partitioning and on the goal-
search problem of boolean satisfiability. It performs well on
satisfiability and the naive formulation of number partition-
ing, but is competitive only for long run-times when using
the powerful Karmarkar-Karp heuristic.

2 An Adaptive Probing Algorithm
Within the general approach outlined above, there are many
ways to extract information from observed leaf costs. In this
paper, we will evaluate one simple model. We will assume
that the cost of every leaf is the sum of the costs of the ac-
tions taken to reach it from the root. Each position in the
ordered list of children counts as a distinct action and actions
at different levels of the tree are modeled separately. So a
tree of depth d and branching factor b requires db parameters,
one for each action at each level. The model assumes, for in-
stance, that the effects of choosing the second-most-preferred
child at level 23 is the same for all nodes at level 23. This is
just a generalization of the assumption used by discrepancy
search algorithms. In addition, we will estimate the variance
of the action costs by assuming that each estimated cost is
the mean of a normal distribution, with all actions having the
same variance.

This model is easy to learn during the search. Each probe
from the root corresponds to a sequence of actions and results
in an observed leaf cost. If aj(i) is the cost of taking action i
at depth j and lk is the cost of the kth leaf seen, probing three
times in a binary tree of depth three might give the following
information:

a0(0) + a1(0) + a2(1) = l0
a0(0) + a1(1)+ a2(0) = l1

a0(1)+ a1(0) + a2(0) = l2

We can then estimate the aj(i) using a least squares regres-
sion algorithm. In the experiments reported below, a per-
ceptron was used to estimate the parameters [Cesa-Bianchi
et al., 1996]. This simple gradient descent method updates
each cost according to the error between a prediction of the
total leaf cost using the current action estimates, l̂k, and the
actual leaf cost, lk. If d actions were taken, we update each
of their estimates by

η
(lk − l̂k)

d

where η controls the learning rate (or gradient step-size). All
results reported below use η = 0.2, although similar values
also worked well. (Values of 1 and 0.01 resulted in reduced
performance.) This update requires little additional memory,
takes only linear time, adjusts d parameters with every leaf,

and often performed as well as an impractical O(d3) singular
value decomposition estimator. It should also be able to track
changes in costs as the probing becomes more focussed, if
necessary.

Because we assume that it is equal for all actions, the vari-
ance is straightforward to estimate. If we assume that the
costs of actions at one level are independent from those at
another, then the variance we observe in the leaf costs must
be the sum of the variances of the costs selected at each level.
The only complication is that the variance contributed by each
level is influenced by the mean costs of the actions at that
level—if the costs are very different, then we will see vari-
ance even if each action has none. More formally, if X and Y
are independent and normally distributed with common vari-
ance σ2

XY , and if W takes its value according to X with prob-
ability p and Y with probability 1 − p, then

σ2

W = E(W 2) − µ2

W
= p(µ2

X + σ2

XY ) + (1 − p)(µ2

Y + σ2

XY )−
(pµX + (1 − p)µY )2

= σ2

XY + pµ2

X + (1 − p)µ2

Y − (pµX + (1 − p) µY )2

Since we can easily compute p by recording the number of
times each action at a particular level is taken, and since the
action costs are estimates of the µi, we can use this formula
to subtract away the effects of the different means. Following
our assumption, we can then divide the remaining observed
variance by d to distribute it equally among all levels.

Using the model during tree probing is also straightfor-
ward. If we are trying to minimize the leaf cost, then for each
decision, we want to select the action with the lower expected
cost (i.e., the lower mean). As our estimates may be quite in-
accurate if they are based on few samples, we don’t always
want to select the node with the lower estimated cost. Rather,
we merely wish to select each action with the probability that
it is truly best. Given that we have estimates of the means and
variance of the action costs and we know how many times we
have tried each action, we can compute the probability that
one mean is lower than another using a standard test for the
difference of two sample means. We then choose each ac-
tion according to the probability that its mean cost is lower.
To eliminate any chance of the algorithm converging to a sin-
gle path, the probability of choosing any action is clamped at
0.051/d for a depth d tree, which ensures at least one devia-
tion on 95% of probes.

Now we have a complete adaptive tree probing algorithm.
It assumes the search tree was drawn from a simple model
of additive discrepancy costs and it learns the parameters of
the tree efficiently on-line. Exploitation of this information
is balanced with exploration according to the variance in the
costs and the number of times each action has been tried. The
method extends to trees with large and non-uniform branch-
ing factors and depths. The underlying model should be able
to express assumptions similar to those built into algorithms
as diverse as depth-first search and depth-bounded discrep-
ancy search, as well as many other weightings not captured
by current systematic methods.
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3 Empirical Evaluation
We first investigate the performance of this adaptive probing
algorithm using an abstract model of heuristic search. This
gives us precise control over the density of good nodes and
the accuracy of the heuristic. To ensure that our conclusions
apply to more complex domains, we will also evaluate the
algorithm using two NP-complete search problems: the com-
binatorial optimization problem of number partitioning and
the goal-search problem of boolean satisfiability.

3.1 An Abstract Tree Model
In this model, introduced by Harvey and Ginsberg [1995] for
the analysis of limited discrepancy search, one searches for
goal nodes in a binary tree of uniform depth. Goals are dis-
tributed according to two parameters: m, which controls goal
density, and p, which controls the accuracy of the heuristic.
Each node either has a goal below it, in which case it is good,
or does not, in which case it is bad. Clearly, the root is good
and bad nodes only have bad children. The probabilities of
the other configurations of parent and children are:

P(good → good good) = 1 − 2m
P(good → bad good) = 1 − p
P(good → good bad) = 2m − (1 − p)

The expected number of goal nodes is (2− 2m)d, where d is
the depth of the tree.

Following Walsh’s [1997] analysis of depth-bounded dis-
crepancy search, we will estimate the number of leaves that
each algorithm must examine before finding a goal using em-
pirical measurements over lazily (but deterministically) gen-
erated random trees. To provide a leaf cost measure for adap-
tive probing, we continue the analogy with constraint satis-
faction problems that motivated the model and define the leaf
cost to be the number of bad nodes in the path from the root.
(If we were able to detect failures before reaching a leaf, this
would be the depth remaining below the prune.) The results
presented below are for trees of depth 100 in which m = 0.1.
The probability that a random leaf is a goal is 0.000027. By
investigating different values of p, we can shift the locations
of these goals relative to the paths preferred by the heuristic.

Figure 1 shows the performance of depth-first search
(DFS), Korf’s [1996] improved version of limited dis-
crepancy search (ILDS), depth-bounded discrepancy search
(DDS), and adaptive probing on 2,000 trees. A heuristic-
biased probing algorithm is also shown. This algorithm
selects the preferred child with the largest probability that
would be allowed during adaptive probing. Following Walsh,
we raise the accuracy of the heuristic as depth increases. At
the root, p = 0.9 which makes the heuristic random, while at
the leaves p = 0.95 for 75% accuracy. ILDS was modified to
incorporate this knowledge and take its discrepancies at the
top of the tree first.

Adaptive probing quickly learns to search these trees, per-
forming much better than the other algorithms. Even though
DDS was designed for this kind of tree, its assumptions are
too strong and it always branches at the very top of the tree.
ILDS wastes time by branching equally often at the bottom
where the heuristic is more accurate. The ad hoc biased prob-
ing algorithm, which branches at all levels, is competitive
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Figure 1: Probability of finding a goal in trees of depth 100
with m = 0.1 and p linearly varying between 0.9 at the root
and 0.95 at the leaves.
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Figure 2: Performance on trees of depth 100, m = 0.1, and p
varying from 0.9 at the root to 0.98 at the leaves.

with ILDS (and will actually surpass it, given more time) but
fails to exploit the structure in the search space. DFS vainly
branches at the bottom of the tree, ignorant of the fatal mis-
take higher in the tree, and solves almost no problems within
2,000 leaves.

DDS does better when the heuristic is more accurate, since
its steadfast devotion to the preferred child in the middle and
bottom of the tree is more often correct. Figure 2 shows
the algorithms’ performance on similar trees in which the
heuristic is accurate 90% of the time at the leaves. DDS
has better median performance, although adaptive probing
exhibits more robust behavior, solving all 2,000 problems
within 4,000 leaves. DDS had not solved 1.4% of these prob-
lems after 4,000 leaves and did not complete the last one until
it had visited almost 15,000 leaves. In this sense, DDS has
a heavier tail in its cost distribution than adaptive probing.
Similar results were obtained in trees with uniform high p.
Adaptive probing avoids entrapment in poor parts of the tree
at the expense of an initial adjustment period.
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Figure 3: Performance on trees of depth 100, m = 0.1, and p
varying from 0.98 at the root to 0.9 at the leaves.

Even with an accurate heuristic, however, the assumptions
of DDS can be violated. Figure 3 shows what happens in trees
in which the heuristic is accurate at the top of the tree and
random at the very bottom. DDS still has an advantage over
ILDS because a single bad choice can doom an entire subtree,
but adaptive probing learns a more appropriate strategy.

To ensure that our insights from experiments with the ab-
stract tree model carry over to other problems, we also evalu-
ated the algorithms on three additional kinds of search trees.

3.2 Number Partitioning
The objective in a number partitioning problem is to divide
a given set of numbers into two disjoint groups such that the
difference between the sums of the two groups is as small
as possible. It was used by Johnson et al. to evaluate sim-
ulated annealing [1991], Korf to evaluate his improvement
to limited discrepancy search [1996], and Walsh to evaluate
depth-bounded discrepancy search [1997]. To encourage dif-
ficult search trees by reducing the chance of encountering a
perfectly even partitioning [Karmarkar et al., 1986], we used
instances with 64 25-digit numbers or 128 44-digit numbers.1

(Common Lisp, which provides arbitrary precision integer
arithmetic, was used to implement the algorithms.) Results
were normalized as if the original numbers had been between
0 and 1. To better approximate a normal distribution, the log-
arithm of the partition difference was used as the leaf cost.

The Greedy Representation
We present results using two different representations of the
problem. The first is a straightforward greedy encoding in
which the numbers are sorted in descending order and then
each decision places the largest remaining number in a parti-
tion, preferring the partition with the currently smaller sum.
Figure 4 compares the performance of adaptive tree probing
with depth-first search (DFS), improved limited discrepancy
search (ILDS), depth-bounded discrepancy search (DDS),

1These sizes also fall near the hardness peak for number parti-
tioning [Gent and Walsh, 1996], which specifies log102

n digits for
a problem with n numbers.
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Figure 4: Searching the greedy representation of number par-
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Figure 5: Performance on the greedy representation of num-
ber partitioning as a function of nodes generated.

and completely random tree probing. To provide a compari-
son of the algorithms’ search orders, the horizontal axis repre-
sents the number of leaves seen. Adaptive probing starts off
poorly, like random sampling, but surpasses all other algo-
rithms after seeing about 1,000 leaves. It successfully learns
an informative model of the tree and explores the leaves in a
more productive order than the systematic algorithms.

However, recall that adaptive tree probing suffers the max-
imum possible overhead per leaf, as it generates each probe
from the root. (This implementation did not attempt to reuse
initial nodes from the previous probe.) The number of nodes
(both internal and leaves) generated by each algorithm should
correlate well with running time in problems in which the
leaf cost is computed incrementally or in which the node-
ordering heuristic is expensive. Figure 5 compares the algo-
rithms on the basis of generated search nodes. (To clarify the
plot, DFS and ILDS were permitted to visit many more leaves
than the other algorithms.) In a demonstration of the impor-
tance of overhead, DFS dominates all the other algorithms in
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Figure 6: Searching the CKK representation of number parti-
tioning. Each instance had 64 25-digit numbers.

this view, and ILDS performs comparably to adaptive prob-
ing. DFS reuses almost all of the internal nodes on each leaf’s
path, generating only those just above the leaves. Since ILDS
needs to explore discrepancies at every level of the tree, it
will usually need to generate a significant fraction of the path
down to each leaf. DDS, which limits its discrepancies to
the upper levels of the tree, incurs overhead similar to that of
adaptive probing because it never reuses internal nodes in the
middle of the tree.

On instances using 64 numbers, adaptive probing again
dominated DDS, but was clearly surpassed by ILDS. (It per-
formed on par with a version of ILDS that visited discrepan-
cies at the top of the tree before those at the bottom.) This
suggests that, in these search trees, the advantage of adaptive
probing over ILDS and DDS increases with problem size.

The CKK Representation
A more sophisticated representation for number partitioning
was suggested by Korf [1995], based on the heuristic of Kar-
markar and Karp [1982]. The essential idea is to postpone
the assignment of numbers to particular partitions and merely
constrain pairs of number to lie in either different bins or the
same bin. Numbers are considered in decreasing order and
constrained sets are reinserted in the list according to the re-
maining difference they represent. This representation creates
a very different search space from the greedy heuristic.

Figure 6 shows the performance of the algorithms as a
function of leaves seen. DDS has a slight advantage over
ILDS, although adaptive probing is eventually able to learn
an equally effective search order. DFS and random sampling
too often go against the powerful heuristic. As in the greedy
representation, however, interior node overhead is an impor-
tant consideration. Figure 7 shows that DDS and adaptive
probing are not able to make up their overhead, and results
using 128 numbers suggest that these difficulties increase on
larger problems. Bedrax-Weiss [1999] argues that the KK
heuristic is extraordinarily effective at capturing relevant in-
formation and that little structure remains in the space. These
results are consistent with that conclusion, as the uniform and
limited discrepancies of ILDS appear best.
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3.3 Boolean Satisfiability

We also tested on instances of boolean satisfiability. Follow-
ing Walsh [1997], we generated problems according to the
random 3-SAT model with 3.5 clauses per variable and fil-
tered out any unsatisfiable problems. All algorithms used
unit propagation, selected the variable occurring in the most
clauses of minimum size, and preferred the value whose unit
propagation left the most variables unassigned. The cost of
a leaf was computed as the number of variables unassigned
when the empty clause was encountered.

Figure 8 shows the percentage of 200-variable problems
solved as a function of the number of nodes generated. Al-
though Walsh used these problems to argue for the suit-
ability of DDS, we see that both ILDS and purely ran-
dom sampling perform significantly better. (Crawford and
Baker [1994] similarly found random sampling effective on
scheduling problems that had been converted to satisfiability
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problems.) DFS performs very poorly. Adaptive probing per-
forms slightly better than random sampling (this is most no-
ticeable at the extremes of the distribution). Although slight,
this advantage persisted at all problem sizes we examined
(100, 150, 200, and 250 variables).

To summarize: in each search space we examined, the sys-
tematic search algorithms ranked differently in performance.
This makes it difficult to select which algorithm to use for
a new problem. Even when taking its overhead into ac-
count, adaptive probing seemed to perform respectably in ev-
ery search space. The only space in which it was not the best
or near the best was the CKK space for number partition-
ing, in which the node-ordering heuristic is very accurate. Of
course, further work is needed to assess its performance in
very different domains, such as those with a high branching
factor, and against additional methods, such as interleaved
depth-first search [Meseguer, 1997].

4 Related Work
Abramson [1991] used random sampling in two-player game
trees to estimate the expected outcome of selecting a given
move. He also discussed learning a model off-line to predict
outcome from static features of a node. In an optimization
context, Juillé and Pollack [1998] used random tree probing
as a value choice heuristic during beam search, although no
learning was used.

Bresina [1996] used stochastic probing for scheduling, in-
troducing a fixed ad hoc bias favoring children preferred by
the node-ordering heuristic. Adaptive probing provides a way
to estimate that bias on-line, rather than having to specify it
beforehand, presumably using trial and error. By removing
this burden from the user, it also becomes feasible to use a
more flexible model.

The DTS system of Othar and Hansson [1994] uses learn-
ing during search to help allocate effort. Their method learns
a function from the value of a heuristic function at a node to
the node’s probability of being a goal and the expected ef-
fort required to explore the node’s subtree. It then explores
nodes with the greatest expected payoff per unit of effort. In
a similar vein, Bedrax-Weiss [1999] proposed weighted dis-
crepancy search, which uses a training set of similar problems
to estimate the probability that a node has a goal beneath it,
and uses the distribution of these values to derive an opti-
mal searching policy. Adaptive probing is less ambitious and
merely estimates action costs rather than goal probability.

Squeaky-wheel optimization [Joslin and Clements, 1998]
adapts during tree search, although it learns a variable or-
dering for use with a greedy constructive algorithm, rather
than learning about the single tree that results from using
an ordinary variable choice heuristic. The relative benefits
of adapting the variable ordering as opposed to the value or-
dering seem unclear at present. Adaptive probing is slightly
more general, as the squeaky-wheel method requires the user
to specify a domain-specific analysis function for identify-
ing variables that should receive increased priority during the
next probe.

Adaptive tree probing is similar in spirit to iterative im-
provement algorithms such as adaptive multi-start [Boese et

al., 1994], PBIL [Baluja, 1997], and COMIT [Baluja and
Davies, 1998] which explicitly try to represent promising re-
gions in the search space and generate new solutions from that
representation. For some problems, however, tree search is
more natural and heuristic guidance is more easily expressed
over extensions of a partial solution in a constructive algo-
rithm than over changes to a complete solution. Adaptive
probing gives one the freedom to pursue incomplete heuristic
search in whichever space is most suitable for the problem.
It is a promising area of future research to see how the two
types of heuristic information might be combined.

The Greedy Random Adaptive Search Procedure (GRASP)
of Feo and Resende [1995] is, in essence, heuristic-biased
stochastic probing with improvement search on each leaf.
Adaptive probing provides a principled, relatively parameter-
free, way to perform the probing step. Similarly, aspects
of Ant Colony Optimization algorithms [Dorigo and Gam-
bardella, 1997], in which ‘pheremone’ accumulates to repre-
sent the information gathered by multiple search trials, can be
seen as an approximation of adaptive probing.

Adaptive probing is also related to STAGE [Boyan and
Moore, 1998], which attempts to predict promising starting
points for hill-climbing given the values of user-specified
problem-specific features. The discrepancy cost model re-
quires less of the user, however, since the usual node-ordering
function is used as the only problem-specific feature. The tree
structure itself can be used to give the geometry for the search
space model.

Although adaptive tree probing seems superficially like tra-
ditional reinforcement learning, since we are trying to find
good actions to yield the best reward, important details differ.
Here, we always start in the same state, choose several actions
at once, and transition deterministically to a state we have
probably never seen before to receive a reward. Rather than
learning about sequences of actions through multiple states,
our emphasis is on representing the possible action sets com-
pactly to facilitate generalization about the reward of various
sets of actions. We assume independence of actions, which
collapses the breadth of the tree, and additivity of action costs,
which allows learning from leaves. In essence, we generalize
over both states and actions.

5 Possible Extensions
The particular adaptive probing algorithm we have evaluated
is only one possible way to pursue this general approach. It
would be interesting to try more restricted models, perhaps
forcing action costs to be a smooth function of depth, for ex-
ample. It may be worthwhile to distribute variance unequally
among depths. Additional features besides depth might be
helpful, perhaps characterizing the path taken so far.

The algorithm we have investigated here takes no prior ex-
perience into account. An initial bias in favor of the heuris-
tic may be beneficial. Furthermore, it may also be possible
to reuse the learned models across multiple problems in the
same domain.

Adaptive probing can be used for goal search, as we saw
with boolean satisfiability, as long as a maximum depth and a
measure of progress are available. If a measure of leaf quality
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is not available, it may be possible to fit the model using many
small instances of similar problems (or small versions of the
current problem) that can be quickly solved and then to scale
up the model to guide probing on the original problem.

6 Conclusions
It is a widely held intuition that tree search is only appropriate
for complete searches, while local improvement search dom-
inates in hard or poorly understood domains. Adaptive prob-
ing can overcome the strong assumptions that are built into
systematic tree search procedures. By learning a model of the
tree on-line and simultaneously using it to guide search, we
have seen how incomplete heuristic search can be effective
in a tree-structured search space. When the node-ordering
heuristic is very accurate, a systematic discrepancy search al-
gorithm may be more effective. But for problems with un-
known character or domains that are less well-understood, the
robustness of adaptive probing makes it superior. Its flexibil-
ity raises the possibility that, for difficult and messy prob-
lems, incomplete tree search may even be a viable alternative
to local improvement algorithms.
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Abstract

In infinite state spaces,many standardheuristic
searchalgorithmsdo not terminateif the problem
is unsolvable. Under someconditions, they can
fail to terminateevenwhentherearesolutions.We
show how techniquesfrom controltheory, in partic-
ular Lyapunov stability analysis,canbe employed
to provetheexistenceof solutionpathsandprovide
guaranteesthatsearchalgorithmswill find thoseso-
lutions. We studybothoptimal searchalgorithms,
suchasA*, andsuboptimal/real-timesearchmeth-
ods.A Lyapunov framework is usefulfor analyzing
infinite-statesearchproblems,andprovidesguid-
ancefor formulatingsearchproblemsso that they
becometractablefor heuristic search. We illus-
tratetheseideaswith experimentsusingasimulated
robotarm.

1 Introduction
As theboundariesbecomelessdistinctbetweenartificial in-
telligenceand fields more reliant on continuousmathemat-
ics, suchascontrol engineering,it is being recognizedthat
heuristicsearchmethodscanplay usefulroleswhenapplied
to problemswith infinite statespaces(e.g., Boone [1997],
Davies et al. [1998]). However, the theoreticalproperties
of heuristic searchalgorithmsdiffer greatly dependingon
whetherthestatespaceis finite or infinite.

For finite state space problems, a variety of well-
understoodalgorithmsare available to suit different needs.
For example,theA* algorithmfindsoptimalsolutionswhen
they exist, andis also“optimally efficient”—nootherheuris-
tic searchalgorithmhasbetterworst-casecomplexity. Vari-
ants,suchas IDA*, allow morememory-efficient searchat
the costof greatertime complexity. Conversely, suboptimal
searchmethods,suchasdepth-firstsearchor best-firstsearch
with an inadmissibleheuristic,canoften producesomeso-
lution, typically suboptimal,morequickly thanA* canfind
anoptimalsolution[Pearl,1984;RussellandNorvig, 1995].
The RTA* algorithm is able to chooseactionsin real-time,
while still guaranteeingeventualarrival at a goalstate[Korf,
1990]. However, if the statespaceis infinite, noneof these
algorithmsis guaranteedto have the sameproperties.A* is
completeonly if additionalconditionshold on the costsof

searchoperators,andit doesnot terminateif theproblemad-
mits no solution [Pearl,1984]. Suboptimalsearchmethods
maynot terminate,evenif a closedlist is maintained.RTA*
is not guaranteedto constructa path to a goal state[Korf,
1990].

A further difficulty wheninfinite statespacesareconsid-
eredis that the mostnaturalproblemformulationsoften in-
clude infinite actionspaces.To apply heuristicsearch,one
mustselecta finite subsetof theseactionsto be exploredin
any givenstate.In doingso,thepossibilityarisesthatanoth-
erwisereachablegoalsetbecomesunreachable.

Someof thesedifficultiesareunavoidablein general.With
an infinite numberof possiblestates,a searchproblemmay
encodetheworkingsof aTuringmachine,includingits mem-
ory tape. Thus, the questionof whetheror not an infinite-
statesearchproblemhasasolutionis in generalundecidable.
However, it is possibleto addressthesedifficulties for use-
ful subclassesof problems. In this paperwe examinehow
Lyapunov analysismethodscanhelp addressthesedifficul-
ties whenit is applicable.A Lyapunov analysisof a search
problemrelies on domainknowledgetaking the form of a
Lyapunov function. The existenceof a Lyapunov function
guaranteesthat somesolution to the searchproblemexists.
Further, it canbeusedto provethatvarioussearchalgorithms
will succeedin findinga solution.We studytwo searchalgo-
rithms in detail: A* anda simpleiterative, real-timemethod
that incrementallyconstructsa solutionpath. Our maingoal
is to show how Lyapunov methodscan help one analyze
and/orformulateinfinite-statesearchproblemsso that stan-
dardheuristicsearchalgorithmsareapplicableandcanfind
solutions.

Thepaperis organizedasfollows. In Section2 we define
heuristicsearchproblems. Section3 coverssomebasicsof
Lyapunov theory. Sections4 and5 describehow Lyapunov
domainknowledgecanbe appliedto prove that a searchal-
gorithm will find a solutionpath. The relationshipbetween
Lyapunov functionsandheuristicevaluationfunctionsis also
discussed.Section6 containsa demonstrationof theseideas
on a control problemfor a simulatedrobot arm. Section7
concludes.

2 State Space Search Problems
Definition 1 A statespacesearch problem(SSP)is a tuple�
S� G � s0 ��� O1 ��������� Ok 	�
 , where:
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� Sis thestateset.We allow this to bean arbitrary set.� G  Sis thesetof goal states.� s0 �� G is theinitial, or start,state.� � O1 ��������� Ok 	 is a setof search operators. Somesearch
operatorsmaynot beapplicablein somestates.Whena
search operator O j is appliedto a states �� G, it results
in a new stateSuccj

�
s
 andincursa costc j

�
s
�� 0 �

A solutionto anSSPis asequenceof searchoperatorsthat,
whenappliedstartingat s0, resultsin somestatein G. An
optimal solution to an SSPis a solution for which the total
(summed)costof the searchoperatorsis no greaterthanthe
total costof any othersolution.

For infinite statespaces,the infimal costover all solution
pathsmaynot be attainedby any path. Thus,solutionsmay
exist without therebeingany optimal solutions. This possi-
bility is ruledout if thereis a universallowerboundclow � 0
on the cost incurredby any searchoperatorin any non-goal
state[Pearl,1984]. We will usethe phrase“the SSP’s costs
areboundedabovezero” to referto this property.

Note that our definition of an SSPincludesa finite setof
searchoperators� O1 ��������� Ok 	 , someof which may be un-
available in somestates. We have madethis choicepurely
for reasonsof notationalconvenience.Thetheorywepresent
generalizesimmediatelyto thecasein which thereis aninfi-
nite numberof searchoperators,but thenumberof operators
applicableto any particularnon-goalstateis finite.

3 Control Lyapunov Functions
Lyapunov methodsoriginatedin the studyof the stability of
systemsof differentialequations.Thesemethodswerebor-
rowed andextendedby control theorists.The techniquesof
Lyapunov analysisarenow afundamentalcomponentof con-
trol theoryandarewidely usedfor theanalysisanddesignof
controlsystems[e.g.,VincentandGrantham1997].

Lyapunov methodsare tools for trying to identify a Lya-
punov functionfor acontrolproblem.In searchterms,aLya-
punov function is mosteasilyunderstoodasa descentfunc-
tion (the oppositeof a hill-climbing function) with no local
minimaexceptatgoalstates.

Definition 2 Given an SSP, a control Lyapunov function
(CLF) is a functionL : S �� ℜ with thefollowingproperties:

1. L
�
s
�� 0 for all s

�
S�

2. There existsδ � 0 such that for all s �� G there is some
search operator O j such thatL

�
s
�� L

�
Succj

�
s
�
�� δ �

Thesecondpropertyassertsthatatany non-goalstatesome
searchoperatorleadsto a stateat leastδ down on the CLF.
SinceaCLF is non-negative,adescentprocedurecannotcon-
tinue indefinitely. Eventuallyit mustreacha statewherea δ
stepdown on L is impossible;sucha statecanonly bea goal
state.

A CLF is astrongform of domainknowledge,but theben-
efitsof knowing a CLF for a searchproblemarecorrespond-
ingly strong. The existenceof solutionsis guaranteed,and
(suboptimal)solutionscanbe constructedtrivially. Numer-
oussourcesdiscussmethodsfor finding Lyapunov functions

(e.g., Vincent and Grantham[1997], Krstić et al. [1995]).
For many importantproblemsandclassesof problems,stan-
dardCLFshavealreadybeendeveloped.For example,linear
andfeedbacklinearizablesystemsareeasilyanalyzedbyLya-
punov methods.Thesesystemsincludealmostall modernin-
dustrialrobots[VincentandGrantham,1997]. Pathplanning
problemssimilarly yield to Lyapunov methods[Connollyand
Grupen,1993]. Many other stabilizationandcontrol prob-
lems, lesstypically studiedin AI, have alsobeenaddressed
by Lyapunov means,including: attitudecontrolof ships,air-
planes,and spacecraft;regulation of electricalcircuits and
engines;magneticlevitation; stability of networksor queue-
ing systems;andchemicalprocesscontrol(seeLevine[1996]
for references).Lyapunov methodsarerelevant to many im-
portantandinterestingapplications.

The definition of a CLF requiresthat at leastonesearch
operatorleadsdown by δ in any non-goalstate. A stronger
conditionis thatall searchoperatorsdescendon theCLF:

Definition 3 Given an SSP, the set of search operators de-
scendsona CLF L if for anys �� G thereexistsat leastoneap-
plicablesearch operator, andeveryapplicablesearch opera-
tor O j satisfiesL

�
s
�� L

�
Succj

�
s
�
�� δ for somefixedδ � 0 �

4 CLFs and A*
In thissectionweestablishtwosetsof conditionsunderwhich
A* is guaranteedto find an optimal solutionpathin an SSP
with an infinite statespace. We then discussseveral other
searchalgorithms,andthe relationshipof CLFs to heuristic
evaluationfunctions.

Theorem 1 If thereexistsa CLFL for a givenSSP, andeither
of thefollowingconditionsare true:

1. thesetof search operatorsdescendson L, or

2. theSSP’scostsare boundedabovezero,

then A* search will terminate, finding an optimal solution
pathfroms0 to G �

Proof: Undercondition1, thereareonly a finite number
of non-goalstatesreachablefrom a givenstartstates0 � The
only way for an infinite numberof statesto be reachableis
for themto occuratarbitrarily largedepthsin thesearchtree.
But sinceevery searchoperatorresultsin a stateat leastδ
lower on L andL � 0 everywhere,no statecanbeat a depth
greaterthan � L � s0 
 � δ ��� Sincethe CLF implies theexistence
of at leastonesolutionandthereareonly a finite numberof
reachablestates,it follows (e.g., from Pearl[1984], section
3.1), that A* must terminateandreturnan optimal solution
path.

Alternatively, supposeconditions2 holds. The CLF en-
surestheexistenceof at leastonesolutionpath.Let this path
have costC. Sinceeachsearchoperatorincursat leastclow
cost,the f -valueof a nodeat depthd is at leastd � clow. A*
will not expanda nodewith f -value higher thanC. Thus,
no nodeat depthd � � C � clow� will ever be expanded.This
meansA* must terminateand return an optimal solution.
QED.

Theseresultsextendimmediatelyto variantsof A* suchas
uniform costsearchor IDA*. Undercondition1, not only is
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thenumberof reachablestatesfinite, but thesestatesform an
acyclic directedgraphandall “leaves” of the grapharegoal
states. Thus,a greatmany searchalgorithmscansafelybe
appliedin this case. Undercondition2, depth-firstbranch-
and-boundsearchis alsoguaranteedto terminateandreturn
anoptimalsolution,if it is initialized with theboundingcost
C � This follows from nearlythesamereasoningastheproof
for A*.

How do CLFs relateto heuristicevaluationfunctions?In
general,a CLF seemsa goodcandidatefor a heuristicfunc-
tion. It hastheverynicepropertythatit canbestrictly mono-
tonicallydecreasedasoneapproachesthegoal.Contrastthis,
for example,to the Manhattandistanceheuristicfor the 8-
puzzle[RussellandNorvig,1995]. An 8-puzzlesolutionpath
typically goesupanddown ontheManhattandistanceheuris-
tic anumberof times,eventhoughtheultimateeffect is to get
theheuristicdown to a valueof zero.

However, aCLF mighteasilyfail to beadmissible,overes-
timating the optimal cost-to-goalfrom somenon-goalstate.
Notice that the definition of a CLF doesnot dependon the
costsof searchoperatorsof anSSP. It dependsonly on S� G �
andthesuccessorfunction. CLFscaptureinformationabout
the connectivity of the statespacemore than the costsof
searchoperators.

A possible“fix” to theinadmissibilityof a CLF is to scale
it. If a CLF is multiplied by any positive scalar, defininga
new functionL ��� αL, thenL � is alsoa CLF. If a givenCLF
overestimatesthe cost-to-goalfor an SSP, thenit is possible
thatascaled-down CLF would not overestimate.We will not
elaborateon thepossibilityof scalingCLFsto createadmis-
sibleheuristicsin thispaper. Wewill, however, usethescala-
bility of aCLF in thenext section,wherewediscussreal-time
search.

5 Real-Time Search

Lyapunov domainknowledgeis especiallywell suitedto real-
time searchapplications. As mentionedbefore, one can
rapidly generatea solutionpathby a simpledescentproce-
dure. A generalizationof this would be to constructa path
by performinga depth-limitedsearchat eachstepto select
the bestsearchoperatorto apply next. “Best” would mean
thesearchoperatorleadingto a leaf for which thecost-so-far
plus a heuristicevaluationis lowest. We will call this algo-
rithm “repeatedfixed-depthsearch”or RFDS.

Korf [1990] describedthis procedurein a paperon real-
time searchand,rightly, dismissedit becausein generalit is
notguaranteedto produceapathto agoalstate,evenin finite
statespaces.However, theprocedureis appealingin its sim-
plicity andappropriatefor real-timesearchin that thesearch
depthcanbe setto respondto deadlinesfor the selectionof
searchoperators.In thissectionweexamineconditionsunder
which thisprocedurecanbeguaranteedto constructapathto
a goalstate.

Theorem 2 Givenan SSPanda CLF, L, for that SSP, if the
setof search operators descendson L thenRFDSwith any
depthlimit d � 1 and any heuristicevaluationfunctionwill
terminate, constructinga completepathfroms0 to G �

Proof: At eachstep,any searchoperatorthat is appended
to thegrowing solutionwill causeastepdown onL of at least
δ, which inevitably leadsto G � QED.

A moreinterestinganddifficult caseis whensomeof the
operatorsmay not be descending,so that the solution path
maytravel upanddown on theCLF.

Theorem 3 Given an SSPwhosecostsare boundedabove
zero and a CLF, L. Supposethat L is usedas a heuristic
evaluationof non-goalleaves,andthatL

�
s
�� L

�
Succ1

�
s
�
 �

c1
�
s
 for all s �� G. ThenRFDSwith any depthlimit d � 1

will terminate, constructinga completepathfroms0 to G �
NotethatthetheoremassumesthatO1 hasthespecialprop-

ertyL
�
s
�� L

�
Succ1

�
s
�
!� c1

�
s
 . Moregenerally, in eachstate

theremustbesomesearchoperatorthatsatisfiesthisproperty.
It is only for notationalconveniencethat we have assumed
thatO1 satisfiesthepropertyeverywhere.

To proveTheorem3, werequiresomedefinitions.Suppose
RFDSgeneratesa paths0 � s1 ��������� sN � wheresN may or may
notbeagoalstatebut theotherstatesaredefinitelynon-goal.
At the tth step,t � � 0 �������"� N 	 � RFDSgeneratesa searchtree
to evaluatethebestoperatorto selectnext. Let gt bethecost
of thesearchoperatorsleadingupto statest ; let lt betheleaf-
statewith the best(lowest)evaluationin the tth searchtree;
let ct # 1 ��������� ct # n $ t % bethecostsof thesearchoperatorsfrom st
to lt ; andlet ht be the heuristicevaluationof lt—zeroif the
leaf correspondsto a goalstate,andL

�
lt 
 otherwise.Define

ft � gt & ∑n $ t %
i ' 1 ct # i & ht �

Lemma 1 Under theconditionsof Theorem3, ft � ft ( 1 for
t
� � 0 ��������� N � 1 	 �
Proof: ft � gt & ∑n $ t %

i ' 1 ct # i & ht � gt ( 1 & ∑n $ t %
i ' 2 ct # i & ht be-

causest ( 1 is one step along the path to the best leaf of
iteration t. Thus, the inequality we need to establishis

∑n $ t %
i ' 2 ct # i & ht � ∑n $ t ( 1%

i ' 1 ct ( 1 # i & ht ( 1 � Theright sideof this in-
equalityis simply thecostof somepathfrom st ( 1 to lt ( 1 plus
a heuristicevaluation. The left side correspondsto a path
from st ( 1 to lt , plusa heuristicevaluation.

First,supposelt is agoalstate.Thepathfrom st ( 1 to lt will
beincludedamongthoseoverwhich RFDSminimizesat the
tth step.Thus,in this casetheinequalityholds.

If lt is not a goal state,then the searchat iteration t & 1
expandslt . Theevaluationof thepathfrom st ( 1 to Succ1

�
lt 


is
∑n $ t %

i ' 2 ct # i & c1
�
lt 
 & h

�
Succ1

�
lt 
�
)

∑n $ t %
i ' 2 ct # i & c1

�
lt 
 & L

�
Succ1

�
lt 
�
)

∑n $ t %
i ' 2 ct # i & L

�
lt 
� ∑n $ t %

i ' 2 ct # i & ht �
Thus,thispath’scostmeetstheinequality, andsinceRFDS

minimizesover thatandotherpaths,theinequalitymusthold
for thebestpathof iterationt & 1 � QED.

Proof of Theorem 3: SupposeRFDSrunsforeverwithout
constructingapathto agoalstate.Fromthepreviouslemma,
ft
)

f0 for all t � 0. SincetheSSP’scostsareboundedabove
zero, ft � gt � t � clow � For sufficiently larget, thiscontradicts
ft
)

f0 � ThusRFDSdoesconstructa pathto goal.QED.
Theorem3 requiresa relationshipbetweenthe decrease

in a CLF causedby applicationof O1 andthe cost incurred
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by O1. A given CLF may not satisfy this property, or one
maynot know whethertheCLF satisfiesthepropertyor not.
We proposetwo methodsfor generatingaCLF guaranteedto
havetheproperty, assumingthatapplyingO1 to any non-goal
statecausesa decreasein the original CLF of at leastδ, for
somefixedδ � 0 �

Thefirst methodis scaling,which is applicablewhenthere
is amaximumcostchigh thatoperatorO1 mayincurwhenap-
plied to any non-goalstate. In this case,considerthe new
CLF L � � chigh

δ L. For any s �� G � L � � s
�� L � � Succ1
�
s
�
 ��

chigh � δ 
 � � L � s
�� L
�
Succ1

�
s
�
�
*� � chigh � δ 
 � δ � chigh � c1

�
s
 �

Thus,L � is a CLF satisfyingtheconditionsof Theorem3.
A problemwith this schemeis thatoneor bothof thecon-

stantschigh andδ1 maybeunknown. An overestimateof the
constant

chigh
δ1

will produceanew CLF satisfyingthetheorem.
If anoverestimatecannotbemadedirectly, thenascalingfac-
tor canbe determinedon-line, asRFDSruns. Supposeone
definesL � � αL for any initial guessα. Onecan thanper-
form RFDS,checkingthe condition L � � s
!� L � � Succ1

�
s
�
+�

c1
�
s
 every time O1 is applied to somestate. If the con-

dition is violated, updatethe scaling factor, e.g., as α ,
c1 $ s%

L -.$ s%0/ L -1$ Succ1 $ s%2% & ε � for somefixed ε � 0 � This updaterule

ensuresthat the guessα is consistentwith all the dataob-
served so far and will meetor exceed

chigh
δ1

in somefinite
numberof updates.If RFDSdoesnot constructa pathto a
goalstateby thetime thata sufficient numberof updatesare
performed,thenTheorem3 guaranteesthecompletionof the
pathafterward.

A secondmethodfor generatingaCLF thatmeetsthecon-
ditions of Theorem3 is to perform roll-outs [Tesauroand
Galperin,1996;Bertsekaset al., 1997]. In the presentcon-
text, this meansdefining L � � s
 � “the cost of the solution
path generatedby repeatedapplicationof O1 startingfrom
s anduntil it reachesG”. ThefunctionL � is evaluatedby ac-
tually constructingthe path. The readermay verify that L �
meetsthe definition of a CLF andsatisfiesthe requirements
of Theorem3. Performingroll-outs can be an expensive
methodfor evaluatingleavesbecauseanentirepathto a goal
stateneedsto be constructedfor eachevaluation. However,
roll-outs have beenfound to be quiteeffective in bothgame
playingandsequentialcontrol [TesauroandGalperin,1996;
Bertsekasetal., 1997].

6 Robot Arm Example

We briefly illustratethe theorypresentedabove by applying
it to a problemrequiringthe control of the simulated3-link
robotarm,depictedin Figure1. Thestatespaceof thearmis
ℜ6, correspondingto threeangularjoint positionsandthree
angularjoint velocities.Wedenotethejoint positionandjoint
velocity columnvectorsby θ andθ̇. ThesetG of goalstates
is � s � S : 3 s3 ) 0 � 01	 , which is a small hyper-rectangleof
statesin which thearmis nearlystationaryin thestraight-out
horizontalconfiguration.

Thedynamicsof mechanicalsystemssuchasa robotarm
aremostnaturallydescribedin continuoustime. A standard

  1        0.1       1.0
  2        1.0       1.0
  3        1.0       1.0

link   length   mass

θ2θ1

θ3

3
21

Figure1: Diagramof the3-Link RobotArm

modelfor a robotarmis [Craig,1989]:

d
dt

s � d
dt

4
θ
θ̇ 5 � 4

θ̇
H / 1 � θ � θ̇ 
 � τ � V

�
θ � θ̇ 
�� g

�
θ 
�
 5

whereg representsgravitationalforces,V representsCoriolis
andothervelocity-dependentforces,H is the inertiamatrix,
andτ is theactuatortorquesappliedat thejoints.

We develop a set of continuoustime controllers—rules
for choosingτ—-basedon feedbacklinearizationandlinear-
quadratic regulator (LQR) methods [e.g., Vincent and
Grantham,1997]. Thesecontrollersform the basisof the
searchoperatorsdescribedin thenext section.Feedbacklin-
earizationamountsto reparameterizingthe control torquein
termsof avectoru, whereτ � Hu & V & g � Thisputstherobot
dynamicsinto theparticularlysimplelinearform

d
dt

4
θ
θ̇ 5 � 4

θ̇
u 5

to which LQR control designis applicable. An LQR con-
troller is a rule for choosingu, andthusτ, basedon θ andθ̇.
LQR designyields two mainbenefits:1) a simplecontroller
thatcanasymptoticallybring thearmto any specifiedtarget
state,2) a Lyapunov function that canbe usedasa CLF for
the problemof getting to a goal state. We definefive basic
controllers:� C1: An LQR controllerwith θ � �

0 � 0 � 0
 as the target
configuration. This configurationis within G, so C1
aloneis able to bring the arm into G from any initial
position. We usethe associatedLyapunov function as
a CLF for the SSPwe areconstructing:Larm � sTQs,
where Q is a symmetricpositive definite matrix pro-
ducedduringthestandardcomputationsfor theLQR de-
sign.� C2: Choosesτ asanLQR controllerwith targetconfigu-
rationθ � �

0 � 0 � 0
 exceptthatu is multipliedby 2. This
tendsto causehighercontrol torquesthatbring thearm
towardsthetargetconfigurationfaster.
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� C3: Similar toC2, but u is multipliedby 0.5insteadof 2.� C4: An LQR controller that doesnot apply any torque
to the first joint, but regulatesthe secondtwo joints to
configuration

�
θ2 � θ3 
 � �

π � 4 � � π � 2
 . This tendsto fold
thearmin towardsthecenter, soit canswingaroundthe
first joint moreeasily.� C5: Similar toC4, but regulatingthesecondtwo joints to
theconfiguration

�
θ2 � θ3 
 � �

π � 2 � � π 
 �
6.1 Search Operators
We constructtwo setsof fivesearchoperators.In thefirst set
of searchoperators,Ops1, eachoperatorcorrespondsto one
of thefive controllersabove. Succj

�
s
 is definedasthestate

thatwouldresultif thearmstartedin statesandCj controlled
thearmfor ∆ � 0 � 25 time interval.

We definethecostof applyinga searchoperatorto be the
continuoustime integral of the quantity 3 θ � t 
 3 2 & 3 τ � t 
6�
τ0 3 2 � whereθ

�
t 
 are the anglesthe arm goesthroughdur-

ing the∆-time interval, τ
�
t 
 arethejoint torquesapplied,and

τ0 is the torqueneededto hold thearmsteady, againstgrav-
ity, at configurationθ � �

0 � 0 � 0
 � This kind of performance
metric is standardin control engineeringandrobotics. The
term 3 θ � t 
 3 2 reflectsthe desireto move the arm to G; the
term 3 τ � t 
7� τ0 3 2 penalizesthe useof control torquesto the
extentthatthey differ from τ0. Definedthis way, thecostsof
all searchoperatorsareboundedabovezero.

Thesecondsetof searchoperators,Ops2, is alsobasedon
controllersC1 throughC5, but thecontinuous-timeexecution
is somewhat different. Whena controllerCj � j

� � 2 ��������� 5 	
is being applied for a ∆-time interval, the time derivative
of Larm, L̇arm, is constantlycomputed. If L̇arm is greater
than � 0 � 1, the torquechoiceof C1 is suppliedinstead.Un-
der C1, L̇arm

) δ1 8 0 for someunknown δ1 � In this way,
L̇armis boundedbelow zerofor all theOps2 searchoperators,
andthusthey all stepdown Larm by at leastthe (unknown)
amountδ � ∆ � min

�
0 � 1 � δ1 
 with eachapplication.Thecosts

for applyingthesesearchoperatorsis definedin thesameway
asfor Ops1.

6.2 Experiments and Results
We testedA* andRFDSon thearmwith bothsetsof search
operators,averagingresultsover a set of nine initial con-
figurationsθT

0 � �
x � y� � y
 for x

� � � π � � 2π � 3 � � π � 3 	 and
y
� � � π � 2 � 0 � & π � 2 	 � Theorem1 guaranteedthatA* would

find anoptimalsolutionwithin eithersetof searchoperators.
We ranRFDSat a varietyof depthsandwith threedifferent
heuristicleaf evaluationfunctions:zero(RFDS-Z),roll-outs
(RFDS-R),anda scaledversionof Larm (RFDS-S).Because
we did not know an appropriatescalingfactorfor Larm, for
eachstartingconfigurationwe initialized thescalingfactorto
zeroandupdatedit asdiscussedin Section5, usingε � 0 � 01�
All of theRFDSrunsunderOps2 wereguaranteedto generate
solutionsby Theorem2. For theRFDS-RandRFDS-Sruns
with Ops1, Theorem3 provided the guaranteeof producing
solutions.

Theresultsareshown in Figures2 and3, which reportav-
eragesolutioncost, nodesexpandedby the search,and the
amountof virtual time for which the robot arm dynamics

weresimulatedduring the search.Simulatedtime is closely
relatedto the numberof nodesexpanded,except that the
RFDS-Rfiguresalso accountfor the time spentsimulating
the roll-out path to the goal. The actualCPU times used
weremorethananorderof magnitudesmallerthanthesim-
ulatedtimes,andour codehasnot beenoptimizedfor speed.
The “C1 only” row givesthe averagesolutioncostproduced
by controlling the arm usingC1 from every startingpoint.
Achieving this level of performancerequiresno searchat
all. A* with eithersetof searchoperatorsfoundsignificantly
lower costsolutionsthanthoseproducedby C1. TheA* so-
lution qualitieswith Ops1 andOps2 arevery close. We an-
ticipatedthatOps2 resultsmight not beasgood,becausethe
pathsare constrainedto always descendon Larm, whereas
Ops1 allows the freedomof ascending. For this problem,
the effect is small. A* with Ops2 involvedsignificantlyless
searcheffort thanwith Ops1, in termsof both thenumberof
expandednodesand the amountof arm simulationtime re-
quired.

TheRFDS-Z– Ops1 combinationis theonly onenotguar-
anteedto producea solution,and indeed,it did not. Under
Ops2, RFDS-Zis guaranteedto producea pathto a goal for
any searchdepth.At low searchdepths,thesolutionsit pro-
ducedwereworsethanthoseproducedby C1. However, at
greaterdepth,it foundsignificantlybettersolutions,andwith
muchlesssearcheffort thanrequiredby A*.

RFDS-Rwith eithersetof searchoperatorsproducedex-
cellentsolutionsat depthone.This resultis quitesurprising.
Apparentlythe roll-out yields excellent informationfor dis-
tinguishinggood searchoperatorsfrom badones. Another
unexpectedresult is that greatersearchdepthsdid not im-
prove over the depth-oneperformance.Solution quality is
slightly worseand searcheffort increaseddramatically. At
the higher searchdepths,RFDS-Rrequiredmore arm sim-
ulation time thandid A*. This primarily resultedfrom the
heuristicleafevaluations,eachof which requiredthesimula-
tion of anentiretrajectoryto G.

RFDS-Sproducedgoodsolutionswith verylittle searchef-
fort, but greatersearcheffort did not yield asgoodsolutions
asotheralgorithmswereableto produce.RFDS-Sseemsto
bethemostappropriatealgorithmfor real-timesearchif very
fastresponsesareneeded.It producedsolutionsthatsignifi-
cantly improvedover thoseproducedby C1, usingsearchef-
fort thatwaslessthanonetenthof thatof theshallowestroll-
outruns,andlessthanonehundredthof theeffort requiredby
A*.

6.3 Discussion
The arm simulationresultsreflectsomeof the basictheory
and expectationsdevelopedearlier in the paper. The algo-
rithms that wereguaranteedto find solutionsdid, andthose
thatwerenot guaranteedto find solutionsdid not. Thesere-
sultsdependon, amongotherthings,our choiceof the “du-
ration” of a searchoperator, ∆. We ran the samesetof ex-
perimentsfor four otherchoicesof ∆: 1.0,0.75,0.5,and0.1.
Many of thequalitativeresultsweresimilar, includingtheex-
cellentperformanceof roll-outswith adepth-onesearch.

One differencewas that for higher ∆, A* becamemore
competitive with RFDS in terms of searcheffort. Con-
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Algorithm Sol’n Nodes Sim.
Cost Expanded Time

C1 only 435.0 0 0
A* 304.0 11757.4 14690.7
RFDS-Zdepths1-5 ∞ ∞ ∞
RFDS-Rdepth1 305.7 41.3 667.6
RFDS-Rdepth2 307.1 158.6 2001.1
RFDS-Rdepth3 307.1 477.9 5489.8
RFDS-Rdepth4 307.1 1299.0 13214.6
RFDS-Rdepth5 307.1 3199.6 27785.5
RFDS-Sdepth1 354.3 32.9 49.0
RFDS-Sdepth2 371.0 163.2 210.7
RFDS-Sdepth3 359.4 675.3 848.8
RFDS-Sdepth4 343.4 2669.4 3337.6
RFDS-Sdepth5 334.4 9565.3 11952.1

Figure2: Ops1 Results

Algorithm Sol’n Nodes Sim.
Cost Expanded Time

C1 only 435.0 0 0
A* 305.0 4223.3 3492.8
RFDS-Zdepth1 502.8 45.0 40.6
RFDS-Zdepth2 447.8 113.2 94.7
RFDS-Zdepth3 385.2 226.8 192.9
RFDS-Zdepth4 360.9 434.9 374.0
RFDS-Zdepth5 326.7 743.6 648.0
RFDS-Rdepth1 306.4 38.2 479.8
RFDS-Rdepth2 307.8 118.7 1424.1
RFDS-Rdepth3 307.8 333.1 4047.0
RFDS-Rdepth4 307.8 920.7 10085.3
RFDS-Rdepth5 307.8 2359.6 21821.6
RFDS-Sdepth1 355.3 33.0 28.2
RFDS-Sdepth2 370.7 105.1 87.9
RFDS-Sdepth3 359.2 324.3 284.3
RFDS-Sdepth4 342.9 1019.6 920.9
RFDS-Sdepth5 330.3 3011.4 2758.3

Figure3: Ops2 Results

versely, at ∆ � 0 � 1, A* exhaustedthe computer’s memory
andcrashed.The complexity of A* generallygrows expo-
nentiallywith the lengthof theoptimalsolution. For RFDS,
which iteratively constructsa solution,effort is linear in the
lengthof thesolutionit produces.Thecomplexity of RFDS
is moregovernedby the searchdepth,which canbe chosen
independently. Anotherdifferenceobservedat∆ � 1 � 0 is that
RFDS-Zsucceededin producingsolutionsfrom all starting
positionswhenthesearchdepthwasfour or higher.

For all algorithms,solution quality was lower for higher
∆. This is simply becauselower ∆ allows finer-grainedcon-
trol over the trajectorythat the arm takes. The freedomto
choose∆ suggestsanalternative meansfor performingreal-
time search:onecould performa sequenceof A* searches,
initially with ahigh∆ andthendecrease∆ to find solutionsat
finer temporalresolutions.

7 Conclusion
We demonstratedhow domain knowledge in the form of
a Lyapunov function can help one analyzeand formulate
infinite-statesearchproblems.Lyapunov methodsguarantee
theexistenceof solutionsto a problem,andthey canbeused
to show that both optimal and suboptimal/real-timesearch
procedureswill find thosesolutions.Theseresultsprovide a
theoreticalbasisfor extendingtherangeof problemsto which
heuristicsearchmethodscanbe appliedwith a guaranteeof
results.
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Abstract

Of late,new insightinto thestudyof random� -SAT
formulaehasbeengainedfrom the introductionof
aconceptinspiredby modelsof physics,the‘back-
bone’ of a SAT formula which correspondsto the
variableshaving a fixed truth value in all assign-
mentssatisfyingthe maximumnumberof clauses.
In thepresentpaper, we show that this concept,al-
readyinvaluablefrom atheoreticalviewpointin the
studyof thesatisfiabilitytransition,canalsoplayan
importantrole in the designof efficient DPL-type
algorithmsfor solvinghardrandom� -SAT formu-
laeandmorespecifically � -SAT formulae.We de-
fineaheuristicsearchfor variablesbelongingto the
backboneof a � -SAT formulawhich arechosenas
branchnodesfor thetreedevelopedby a DPL-type
procedure.We give in additiona simpletechnique
to magnifytheeffect of theheuristic.Implementa-
tion yieldsDPL-typealgorithmswith a significant
performanceimprovementover thebestcurrental-
gorithms,makingit possibleto handleunsatisfiable
hard3-SAT formulaeup to 700variables.

1 Introduction
The SatisfiabilityProblem,asoneof the basicNP-complete
problems[Garey andJohnson,1979], hasappearedto pos-
sessapropertyof greatinterestwith respectto computational
complexity. RandomCNFformulaein whicheachclausehas
a fixed number � of literals, known as � -SAT formulae,ex-
hibit with respectto satisfiability, a so-calledphasetransi-
tion phenomenonsuchthattheSAT formulaeat thetransition
appearin probability the mostdifficult to solve. This prop-
erty, initially describedin [Mitchell et al., 1992] andsince
studied in numerouspapers[Crawford and Auton, 1993;
GentandWalsh,1994] hasthe following practicalmanifes-
tation. Whenin anexperiment� clauseswith exactly � lit-
erals, ���	� , � , 
 ... (limited to manageablesizesof formu-
lae),over a setof � booleanvariables,arechosenat random
with a fixed ratio �������� , the probability of satisfiability
falls abruptlyfrom near � to near � as � passessomecritical
valuecalled the threshold. Moreover (leaving aside2-SAT�

This work wassupportedby AdvancedMicro DevicesInc.

formulae which are well known to be solvable in polyno-
mial time), at the threshold,for ����� a peakof difficulty
of solvingis observedandthispeakgrowsexponentiallyasa
functionof � . This intriguing propertycorrelatingthe satis-
fiability thresholdwith thehardnessof � -SAT formulae,has
stimulatedmany theoreticalaswell asexperimentalstudies,
eliciting a betterunderstandingof the phasetransitionphe-
nomenonandprogressin solvinghardSAT formulae.
Recently, thesatisfiabilityphasetransitionhasattractedmuch
attentionfrom physicists.Sophisticatedmodelsof statistical
physicshave beenevolvedover thepastfew decadesto pre-
dict andanalyzecertainphasetransitions,and thesecanbe
compared,from atheoreticalviewpoint,with thesatisfiability
transition.Thishasshednew light on thequestion.In partic-
ular in 1999,aninsightfulconceptwasintroduced,the‘back-
bone’of a SAT formula [Monassonet al., 1999]. Theback-
bonecorrespondsto thesetof variableshaving a fixed truth
valuein all assignmentssatisfyingthe maximumnumberof
clausesof a � -SAT formula (cf MaxSAT). The relevanceof
this conceptis connectedto thefact that thenumberof solu-
tions (i.e. satisfyingassignments)of a satisfiablerandom � -
SAT formulahasbeenprovedto bealmostsurelyexponential
asa functionof � up to andat the threshold[Boufkhadand
Dubois,1999], a resultcorroboratedin its MaxSAT version
by thephysicsmodelknown as‘ReplicaSymmetricansatz’.
This conceptof backboneof a � -SAT formulahasturnedout
to play an importantrole in theoreticalstudies,allowing for
example,thescalingwindow of the2-SAT transitionto bede-
termined[Bollobáset al., 2000]. We show in this paperthat
the conceptof backbonecanalsoplay an importantrole in
moreefficiently solvinghard � -SAT formulae.We will focus
particularlyon 3-SAT formulaewhich aretheeasiest� -SAT
formulaeto handle(for ����� ) andthereforeat presentthe
moststudiedin the literature. Thehard3-SAT formulaeare
generatedrandomlywith aratio � around
�� ��� whichappears
experimentallyto becloseto the thresholdvalue. In the last
ten years,the best-performingcompletesolving algorithms
(i.e., thosedefinitelydeterminingwhetherasolutionexistsor
not) have beenbasedon theclassicalDPL procedure[Davis
et al., 1962]. Importantprogresswas achieved, making it
possibleat present,for example,to solve � -SAT hardformu-
lae with 300 variables(and thereforewith 1275clauses)in
roughlythesamecomputingtime asformulaewith 100vari-
ables(and425clauses)tenyearsagounderequivalentcom-
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putingconditions.
The DPL-type procedureswhich have led to this progress
were all designedaccordingto a single viewpoint, that of
dealingwith theclauseswhich remainnotsatisfiedatsucces-
sive nodesof the solving tree,trying mainly to reducethem
asmuchaspossiblein numberandin size. Clausesalready
satisfiedin the courseof solving were not considered.By
usingtheconceptof backbonewe changethis viewpoint, fo-
cusingon theclauseswhich canbesatisfiedin thecourseof
solving, andhow. Thus,we first explain in this paperhow
with this new viewpoint, the size of treesdevelopedby a
DPL-typeprocedurecanbeefficiently reduced.Thenwegive
practicallya simplebranchingheuristicbasedon the search
for variablesbelongingto the backboneof a formula, and
we show that it bringsimmediatelyan improvementin per-
formancecomparedwith the bestcurrentheuristic,this im-
provementincreasingwith thenumberof variables.We fur-
therpresenta techniqueto magnifytheeffectof theheuristic.
Combiningthis heuristicand this techniquein a DPL-type
procedure,we obtainsignificantperformanceimprovements
over existing SAT solvers in the literature,solving unsatis-
fiable hard random3-SAT formulaewith 200 to 600 vari-
ablesfrom 1.2to about3 timesfasterthanby thecurrentbest
suitablealgorithms,particularly satz214[Li, 1999]. More-
over, hard3-SAT formulaeup to 700variablesareshown to
besolvableby our procedurein about25 daysof computing
time,which beginsto berelatively acceptable.Theseexperi-
mentalresultsreportedin thepresentpaperbring anup beat
view in contrastto themisgivingsexpressedin [Li andGer-
ard, 2000] aboutthe possibility to obtain further significant
progresswith DPL-typealgorithms,which went asfar asto
suggestthatthebestcurrentalgorithmscouldbecloseto their
limitations.

2 An approach using the concept of backbone
for designing efficient DPL-type procedures.

In this section,we needto generalizethenotionof backbone
of aSAT formula � . Givenasetof clauses� , no longernec-
essarilyof maximumsize,wedefinethebackboneassociated
to � asthesetof literalsof � having thetruthvalueTRUE in
all assignmentssatisfyingtheclausesof � .
Since the overall performanceof a completealgorithm on
randomSAT formulaedependsessentiallyon how it handles
unsatisfiableformulae, in the remainderof this sectionwe
consideronly unsatisfiable3-SAT formulae.Let, then, � be
anunsatisfiable3-SAT formulawith clausesbuilt onaset  of�!� literals,itself derivedfrom aset " of � booleanvariables.
Let # be the so-calledrefutationtreeof � , asdevelopedby
a DPL-typeprocedure.At eachleaf $ of # , aninconsistency
is detected.Let %	&'$)( bethesubsetof clausesof � satisfied
by the *+&'$)( literalssetto TRUE alongthepath ,-&'$)( from the
root of # to theleaf $ . Call ./&0$)( thesetof assignmentssatis-
fying %	&'$)( . Supposethereis a backbone12&'$)( associatedto%	&'$)( . Fromtheabove-mentionedtheoreticalstudy, this can
beexpectedin practiceoftento bethecaseat theleavesof # .
The inconsistency detectedat $ meansthat �436587:9<;>= assign-
mentsarerefutedaspossiblesolutionsof � . We have thein-
equality: �436587:9<;>=@?BA ./&'$)()A . Equalityobtainspreciselywhen

the setof the *+&'$)( literals constitutesthe backbone1C&'$)( of%	&'$)( . Furthermore,the assignmentsrefutedaspossibleso-
lutionsof � atdifferentleavesof # aredistinct(form disjoint
sets),andtheir total numberequals�D3 . Hence,in lowering
thenumberof leavesof # two factorsintervene,namely: (i)
thesizeof thesets./&0$)( mustbeaslargeaspossible,and(ii)
theequality �D3E587:9<;>=F�GA ./&0$)(HA musthold mostof thetime, at
leastapproximately.
The above considerationsextendto all nodesof # . In this
case,at any node I , �D3E587:9KJL= representsthe potentialmaxi-
mumnumberof assignmentsthat canbe refutedaspossible
solutionsof � at the node I . Accordingto the above view-
point, theglobalconditionin orderbestto reducethesizeof# is that, from the root to a nearestnode I , literals be cho-
senwhich constitutea backbonerelative to somesubsetof
clausesof � . Indeed,the nearerthe node I is to the root,
thesmallertheset %	&MI6( of satisfiedclauseswill tendto be.
Now, thecrucialpoint is thatany assignmentgiving thevalue
FALSE to at leastoneliteral of thebackbone,canberefuted
onthebasisof thesubset%	&NI:( of clausesassociatedto 12&NI:( .
If theset %	&MI6( is of smallsize,it is thento beexpectedthat
any refutationderivedfrom %	&NI6( beshort,i.e. that therefu-
tation treefor all suchassignmentsbe of small size. Let us
illustratethis with the following very simpleexample. Sup-
posethatamongall theclausesof � thereare4 of theform:O &QPSRUT2RUV:(XW)&QPYRUT-R V�(XW)&0P�R T2RUZ[(\W)&QP�R T2R Z[(^] . The
backboneof these4 clausesreducesto theliteral P . Accord-
ing to theabove principle,this literal is a preferentialchoice
for a branchstemmingfrom the root. In the branchof the
literal P , refutationsareobtainedby branchingjust twice,ap-
plying thesameprincipleof bringingforwarda backboneat
the nearestpossiblenode,thuseither T or T will be chosen
indifferently. Note that in this examplethe backbonesearch
principle includesin its generalform thenotionof resolvent
without usingit. Theliteral P couldof coursebeinferredby
applyingclassicalresolution.
We next detaila heuristicanda techniquewhich embodythe
foregoing,if only partially.

2.1 A backbone-variables search heuristic
ConsideragenericnodeI of therefutationtree# of � , andlet�-&MI6( bethereducedformulaatnodeI . Theheuristic(Figure
1) describedbelow aimsat selectingliterals thatmaybelong
to a hypotheticalbackboneassociatedto a subsetof clauses
of � of the smallestpossiblesize. The simpleideasustain-
ing this heuristicis to estimatethe numberof ‘possibilities’
for a given literal Z of �-&MI6( to be constrainedto TRUE in
the clausesof �-&NI6( whereit appears.E.g., if �-&MI6( contains
the clause &0Z_Ra`RabE( , onepossibility for Z to be TRUE is&0`R�bE(dce�f�g F.ih . If in addition ` and b appearj and k
times,respectively, in clausesof �-&MI6( , thenumberof possi-
bilities for Z to beTRUE canbeestimatedasj8k at thissecond
level by settingto FALSE thenecessaryliteralsin theclauses
where ` and b appear. If however ` and b appearin both
binary andternaryclauses,we mustconsiderthe possibility
to be greaterwhen a binary ratherthan a ternaryclauseis
involved, sincea single literal is requiredto have the value
FALSE insteadof two. To evaluatea ’possibility’, we there-
fore weight the relevant binary andternaryclauses.But for
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Set lnmo� andlet MAX beaninteger.
Proc pq&QZ[(lnmrltsu�
computevw&QZ[(
if l+x MAX then

Return y
9Mz!{6|\=~}���9��0=

p�& `�([p�& b�(
else

Return y
9Mz!{6|\=~}���9��0=

&��\jt�!& `t(�s�j��4& `�(L(X&��\j��4& bE(qs�j���& bE([(
end if

Figure1: backbonesearchheuristich

theheuristicevaluation,only theratioof theweightingsmat-
ters.As a first apporximation,we take theratio of probabili-
ties in a randomassignment,i.e. simply a ratio of 2. Within
theheuristicfunction,anevaluationlevel is definedfor Z , as
exemplifiedby the above allusion to a second-level evalua-
tion of Z . To beprecise,theevaluationlevel is thenumberof
ternaryclauseswhich mustsuccessively bebroughtinto play
in order to reachthe conclusionthat Z is TRUE, following
theaforementionedprinciple.Fixing anevaluationlevel thus
limits the numberof ternaryclausesto be usedbeforecon-
cludingthat Z is TRUE. Ontheotherhand,thereis noneedto
limit the numberof binary clausesthatcanbe used,with or
withoutternaryones.Sincebinaryclauses,dueto thefactthat
asingleliteral hasto beFALSE, do notgive riseto combina-
tions,their usedoesnot increasethecomputationalcomplex-
ity of theheuristic.At a givennodeof therefutationtree,all
literalsmustbeevaluatedto thesamelevel soasto guarantee
comparableevaluations. The heuristicfunction p in Figure
1 embodiesthesimpleprinciplesjust stated.Theestimation
level equalsthenumberof recursivecallsto p�&0Z[( , namelythe
constantMAX augmentedby 1. For theformal definitionof
theheuristic,thereremainsto introducetwo typesof setsof
clauses. �+&0Z[( denotesthe setof binary or unaryclausesde-
rivedby eliminating Z , from theclausesof �-&MI6( where Z ap-
pears.Let j � &Q`�( andj � &Q`�( bethenumberof unaryandbinary
clausesrespectively in �+&0`t( . vw&0Z[( is thesetof all binarysub-
clausesderivedfrom ternaryclausesof �-&NI6( suchthateachof
thesebinarysubclausessetto FALSE, implies Z TRUE either
directlyor by virtueof certainunaryclauseshaving thevalue
FALSE. Let ustakeanexampleshowing how to computethe
heuristich. Considerthefollowing setof clauses:
&0PdR �gRC�X(���&QPdR2�H(���& �nR2�wR �!(���&��gRC��R �6(t��&��gR��E(��
& �nRS��R���(t�a& ��RC�!( .
Weevaluatepq&QP8( ontheabovesetof clauseswith MAXsetto
1. Wehave vw&QP8(�� O �qR������qR �4] . To carryout theevaluation,
thesets�+& `�( mustbedeterminedfor eachliteral ` appearing
in theclausesof vw&QP8( , in orderto know thevaluesj��!& `8( and
j���& `t( . We thushave: �i&��E(�� O ��R �����8] , �+& �\(�� O �2RS�8] ,
�+& �6(F� O ������RS��] and �+&Q�!(F� O ��] . With regardto �i&��E( , we
have j � &Q�E(+��� becauseof theunaryclause� , andj � &Q�E(_���
owing to �iR � . Proceedingthusfor all variablesin theclauses
of vw&QP8( , thevalueof p�&0P8( is :

&��Xj � &Q�E(\s�j � &Q�E([(H&��Xj � & �X(\s�j � & �X([(\s-&��\j � & �:(\s�j � & �:(L(X&��\j � &Q�!(\sj � &Q�!([(���&��ws �¡(H&���(qs &��wsu��(X&��4(+�£¢ .
We assessedthe performanceof the heuristc p�&0Z[( in a pure
DPL procedure.At eachnodeof the treedevelopedby the
procedure,theproduct p�&0P�([p�& P�( wascomputedfor every as
yetunassignedvariableP . Thechosenbranchingvariablewas
thatcorrespondingto themaximumvalueof p�&0P�([p�& Pt( at the
nodeunderconsideration.Theproduct p�&0P�([p�& Pt( favorsop-
positeliteralswhichmayeachbelongto adifferentbackbone
relative to a separatesubsetof clauses.The performanceof
this heuristicwascomparedto thatof a heuristicof the type
usedin recentalgorithms. We implementedthe heuristicof
thesolver ”satz214” [Li, 1999], appearingcurrentlyto bethe
fastestfor solvingrandom3-SAT formulae.We solvedsam-
plesof 200random3-SAT formulaehaving from 200to 300
variablesin stepsof 25, and a clauses-to-variablesratio of
4.25. For every considerednumberof variables,the mean
ratioof thecomputationtimewith thesatz214heuristiccom-
paredto the computationtime with the heuristicdescribed
above (“h” heuristic),for a level limited to 3, hasbeenplot-
ted on Figure 2. The smoothline connectingthe consecu-
tive pointsshows the evolution of this meanratio from 200
to 300variables.This ratio is seento be markedly above 1,
it increasesfrom 1.2 to 1.3 with acceleratedgrowth. Table1
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Figure2: meantimeratioof satz214heuristicto “h” heuristic
on hardrandom3-SAT unsatisfiableformulae.

givesthemeansizeof thetreedevelopedwith eitherheuris-
tic. Theseresultsimmediatelydemonstratetheadvantageof
theapproachbasedon theconceptof backbone.

sizeof formulae “ ¤ ” heuristic satz214heuristic

in #vars mean#nodes mean#nodes

200 1556 1647

225 3165 3363

250 8229 8774

275 18611 20137

300 36994 41259

325 77744 93279

350 178813 252397

Table1: averagesizeof treebuilt by satz214heuristicand
“h” heuristiconhardrandom3-SAT unsatisfiableformulae.
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2.2 Picking backbone variables

Thetechniquedescribedin thissectionaimsat improving the
efficiency of the previous heuristicby detectingeither liter-
als whichmustbelongto somebackbonerelative to someset
of clauses,or clausesthatcannotbeassociatedto literalsbe-
longing to a backbone.Only the principlesof the technique
aregivenin this section,togetherwith illustrativeexamples.
A literal Z hasto belongto a backbonerelative to somesetof
clauses,if amongall possibilitiesleadingto Z beingTRUE, at
leastonewill necessarilyhold. Take the simpleexampleof
thefollowing clauses:
Example 1:&Q��R �X(��a& ��Rp8(���&0P¥R ��R p8(/�&Q��R �H(��a& ��R���(��a& P�R��RS�t(t�a&0P�R�nR�H(
Considertheliteral P . At thefirst level, thepossibilitiesthatit
betrueare & �qR p2c£�f�g F.ihd( and &���Rg�/c£�f�g F.ihd( . At the
secondlevel, thesepossibilitiesbecomesimply ��c£�f�g F.ih
and �Sc¦�f�@ �.ih . Necessarilyoneor theotherwill obtain.
Therefore,P belongsto thebackboneassociatedto thegiven
setof clauses.
Conversely, a literal Z in someclausecannotbelongto aback-
bone,if settingto TRUE, it leadsto an inconsistency. This
principlegeneralizestheclassicallocal treatmentof inconsis-
tency detectionat eachnodeof a solvingtree,suchasimple-
mentedin csat, posit, andsatz214. As an example,take the
following clauses:
Example 2:&0P�R2§¨(��a& P�R �@RS�X(��a& P�RC�)(/�
& P�RC�!(��a&0P�R §2R�E(t�a& ��R�E(��a& �iR �@R �X(
Accordingto thecriteriausuallyadoptedby algorithmsin the
literature,only theliteral P or atmostthe2 literals P and P in
theclausesof Example2 will beselectedfor alocal treatment
of inconsistency detection.SettingP to TRUE leadsto anin-
consistency by unit propagation.From the backboneview-
point, P cannot,therefore,belongto a backbone.As men-
tioned,thiscaseis classicallyhandledby existingalgorithms.
Now supposethat,insteadof thesixthclause& �nR¥�E( wehave
the clause & ��R©�¥R�§�( . Unit propagationno longerdetects
aninconsistency. On theotherhand,following our backbone
viewpoint and without changingthe classicalselectioncri-
teria for the local treatmentof inconsistencies(which areof
recognizedefficiency), it is possibleto detectthat the first
clausecontaining P , &0P�RU§�( , cannotcontribute to a set of
clausessuchthat P would belongto a backbonerelative to
this set. Indeed,the only possibility that P be TRUE is that§ be FALSE. An inconsistency now follows, againby unit
propagation.As a consequence,§ is set to TRUE, and the
clause&QP�RS§�( cannotbeassociatedto a backboneincludingP . Thetechniqueinspiredby theprinciplejuststatedis called
pickback.
We briefly mentiontwo otherexampleswhich show thegen-
eralnatureof this principle.
Example 3:& P�RC�E(���&0P¥R�§2R2ª�(t�a& �nR�@R2ªt(t�a& �+R �!([�
& P�R�H(��a& ��R2§2R�H(���& �+R��RS�t(t�a& �@R2ª�R �t(
Setting P to TRUE doesnot lead to an inconsistency. Yet,
setting &0§�Rfªt( to FALSE by ‘pickback’ leads,via unit propa-
gation,to aninconsistency. Wemaythereforeaddthisclause,

&0§2R2ª�( , which subsumes&0P�R2§�R2ª�( .
Example 4:& P�R�H(��a&QP�RC§2R�ª�(t�a&'ª�RS�t(t�a& ª¥RC�!(��
& P�RC�E(���& ��R�gR�H(©��& �FRC§�(q��& ��R �H(t�a& �¨R�+R �E(
SettingP to TRUE doesnot leadto aninconsistency. Yetset-
ting § aloneto FALSE in &0§RCª�( allows to deductthevalue
FALSE for ª , thusvalidatinga strongerpickbackthanin the
previousexample.

3 Experimental results
The“h” heuristicandthetechniquejustdescribedin section2
wereimplementedin aDPL procedure.This implementation
is denotedcnfs(shortfor CNF solver). In this sectioncom-
parative performanceresultsaregiven,pitting cnfsagainst4
solverswhich currentlyappearto be the bestperformerson� -SAT or � -SAT randomformulae.Theseare:TABLEAU in
its versionntab[Crawford andAuton,1993], posit[Freeman,
1996], csat [Dubois et al., 1996], and satz2141 [Li, 1999].
In additionwe consider2 strongsolverssato[Zhang,1997],
rel sat [BayardoandSchrag,1996] which aremoredevoted
to structuredformulaethanto randomformulae.We carried
out our experimentationson random3-SAT formulaegener-
atedasper theclassicalgeneratorsin theliterature(i.e. each
clausedrawn independentlyandbuilt by randomlydrawing
3 amonga fixed number � of variables,thennegatingeach
with probability �� ). In order that the impact of the back-
boneapproachusedin cnfsbeshown with asmuchprecision
aspossible,ourexperimentscoveredawiderangeof formula
sizes,goingfrom 200to700variablesanddrawing largesam-
ples.Thehardwareconsistedof AMD Athlon-equipped2 PCs
runningat 1 GHz undera Linux operatingsystem.Thecom-
parativeresultsthusobtainedarenow to begivenin detail.

3.1 Performance comparison results
Comparative results from 200 to 400 variables
Table2 givesthe meansizesof the solving treesdeveloped
by the 7 programsunderscrutiny, sato, rel sat, ntab, csat,
posit, satz214and cnfs, on samplesof 1000 formulaewith
200and300variables,andon samplesof 500formulaewith
400 variables.Meantreesizesareexpressedasnumbersof
branchingnodes,andarelistedseparatelyfor satisfiableand
unsatisfiableformulae.They arefoundto befrom 8 to about
1.5 times smallerfor cnfs than for the 4 solversntab, csat,
posit andsatz214in the caseof unsatisfiableformulae,and
from 9 to 1.6 timessmallerfor satisfiableformulae;thesera-
tios dependon bothsolver andformulasize. It is important
to observethat thecomputetime ratio of cnfswith respectto
eachof theother6 solversincreaseswith formulasize.Table
3 showshow improvedtreesizesobtainedwith cnfstranslate
into computationtimes.Computetime ratiosof cnfswith re-
spectto ntab, csat,posit andsatz214areseento vary from
26 to 1.3 in theunsatisfiable,andfrom 29 to 1.75in thesat-
isfiable case. Tree size improvementsthus carry over into
equivalentcomputationtime gains. Thesefirst resultsshow,
therefore,that cnfsprovides, in the rangeof formulaefrom

1Thenew satz215has,from ourfirst experiments,similarperfor-
mancesonRandom3-SAT formulaeassatz214

2AdvancedMicro DevicesInc. (http://www.amd.com)
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SAT
Solvers

unsat(N) 200V 850C 300V 1275C 400V 1700C

& (482N) (518Y) (456N) (534Y) (245N) (255Y)

sat(Y)
mean#nodes

(stddev.)
mean#nodes

(stddev.)
mean#nodesin

millions (stddev.)

sato
unsat 14076 (5225) 443313 (109694) -

sat 4229 (4754) 151728(157102) -

rel sat
unsat 1319 (535) 56064 (26136) 2.2 (0.9)

sat 478 (452) 18009(19217) 0.82(0.88)

ntab
unsat 973 (764) 78042 (33222) 3.0 (1.4)

sat 756 (673) 27117(27790) 1.1(1.2)

csat
unsat 2553 (997) 90616 (37729) 3.6 (1.7)

sat 733 (763) 26439 (31224) 1.8 (2.4)

posit
unsat 1992 (754) 82572 (35364) 3.4 (1.7)

sat 789 (694) 34016 (31669) 1.5 (1.4)

satz214
unsat 623 (206) 18480 (7050) 0.56 (0.23)

sat 237 (216) 6304 (6541) 0.21 (0.21)

cnfs
unsat 470 (156) 12739 (4753) 0.37 (0.15)

sat 149 (154) 3607 (4089) 0.12 (0.13)

Table2: averagesizeof treeonhardrandom3-SAT formulae
from 200 to 400variablesfor sato, rel sat, TABLEAU, csat,
POSIT, satz214& cnfssolvers

200 to 400 variables,significantperformanceimprovements
that increasewith formula size,in termsof treesizeaswell
ascomputationtime.

Further performance comparisons with satz214
Pursuingthis line of experimentation,we now offer perfor-
mancecomparisonresultson formulaefrom 400to 600vari-
ableswith the satz214solver, which performsbestof the 6
againstwhichcnfs wasmeasuredup to now.
Wefirst solvedsamplesof 100formulaefrom 400to 600vari-
ablesin incrementsof 20.

Figure 3 shows the meancomputationtime curves (plot-
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Figure3: meancomputationtimeof satz214& cnfson3-SAT
hardrandomunsatisfiableformulaefrom 400to 600variables

ted in thesameway asfor theFigure2) of satz214andcnfs
for theunsatisfiableformulaewithin thesolvedsamples.In-
deed,themostsignificantperformancefigurefor a complete
algorithmis on unsatisfiableformulae. The gain previously
observedbetween200and400variablesis seenfurtherto in-
creasefrom 400to 600.cnfsis 1.85timesfasterthansatz214
for 500variables,and2.78timesfasterfor 600.

SAT
Solvers

unsat(N) 200V 850C 300V 1275C 400V 1700C

& (482N) (518Y) (456N) (534Y) (245N) (255Y)

sat(Y)
meantime
(stddev.)

meantime
(stddev.)

meantime
(stddev.)

sato
unsat 89.2s(84.6s) 18h27m(7h) -

sat 13.2s(38s) 4h (6h40m) -

rel sat
unsat 4.5s(1.9s) 343s(169s) 6h 29m(2h47m)

sat 1.6s(1.6s) 114.3s(123s) 2h 30m(2h40m)

ntab
unsat 0.81s(0.30s) 48.0s(20.6s) 48m15s(23m21s)

sat 0.38s(0.28s) 16.6s(16.8s) 18m5s(19m16s)

csat
unsat 0.47s(0.20s) 29.6s(13.3s) 29m1s(14m36s)

sat 0.15s(0.15s) 9.0s(10.7s) 7m 47s(10m1s)

posit
unsat 0.28s(0.1s) 15.1s(6.6s) 13m7s(6m35s)

sat 0.11s(0.1s) 6.3s(5.9s) 5m 56s(5m36s)

satz214
unsat 0.17s(0.05s) 4.9s(1.8s) 2m 44s(1m09s)

sat 0.07s(0.05s) 1.7s(1.7s) 1m 05s(1m03s)

cnfs
unsat 0.13s(0.04s) 3.7s(1.3s) 1m 50s(0m43s)

sat 0.04s(0.04s) 1.1s(1.2s) 0m 37s(0m40s)

Table3: meancomputationtime on hardrandom3-SAT for-
mulaefrom 200to 400variablesfor sato, rel sat, TABLEAU,
csat, POSIT, satz214& cnfssolvers

Table4 containsprecisecomparedmeanvaluesof treesize

#Vars
#Clauses

unsat(N)
sat(Y)

mean#nodesin
millions (stddev.)

meantime (stddev.)

cnfs satz214 cnfs satz214

500V «~¬ N 8 (3.3) 16.6 (7.2) 49m10s(19s) 91m02s(39s)

2125C �® Y 2.5 (3.8) 6.5 (7.2) 15m24s(23s) 36m21s(40s)

600V ¯>¬ N 178 (71) 857 (373) 23h18m(9h) 64h32m(28h)

2550C «>® Y 37.8 (50) 233 (315) 4h54m(6.5h) 18h20m(24h)

Table4: averagesizeof treeandmeancomputationtime on
hardrandom3-SAT formulaefrom 500and600variables

and computationtime on formulaewith 500 and 600 vari-
ables,listing thesatisfiableandunsatisfiablecasesseparately.
Treesizegainincreaseof cnfsversussatz214maybenoticed
notto carryoverentirelyinto computationtimegainincrease.
Indeed,thegainfactorfor cnfsonunsatisfiableformulaegoes
from 2 for 500variablesto 4.8for 600.Thisprobablyreflects
thehigh costof thebackbone-variablesearchheuristic.One
canthereforehopethat technicalimprovementsof the latter
will leadto yet greatercomputationtime performancegains.
Finally, Figure 4 sumsup, on the whole range200 to 600
variables,theevolutionof thegainratio of cnfsvs satz214in
computationtime andtreesize.Thesecurvesclearlydemon-
stratea complexity functiongainof cnfsover sat214on ran-
dom3-SAT formulae.

Solving hard 3-SAT formulae up to 700 variables
For the reader’s information, Table 5 shows how cnfs per-
formsin computationtimeandnumberof nodeson two sam-
plesof 30 formulaewith 650and700variables,respectively.
Formulaewith 700variables,regardedasquitelargefor com-
pletesolving methods[Selmanet al., 1997] arenow within
reach,and this in approximately600 machinehours on a
single-processor‘domestic’PC.Let usalsoindicatethat for
randomformulaewith 700variables,irrespectiveof theirsat-
isfiability, themeansolvingtimewith cnfsis about300hours.
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unsatisfiableformulaefrom 200to 600variables

#Vars unsat(N) mean#nodesin

millions (stddev.)
meantime (stddev.)

#Clauses sat(Y)

650V ºQ» N 1140 (587) 5 days21h (71h)

2762C º�¼ Y 241 (399) 1 day6h (50h)

700V º�® N 4573(1703) 26days4h (228h)

2975C ºQ¬ Y 653(922) 3 days19h (129h)

Table5: meancomputationtime andaveragesizeof treeof
cnfson largehard3-SAT formulaesup to 700variables

4 Conclusion
In the courseof the last decade,algorithmsbasedon the
DPL procedurefor solvingpropositionalformulaehave seen
a performanceimprovementthatwasquitereal,if muchless
spectacularthanin the caseof stochasticalgorithms. It was
recentlysuggestedthat the performanceof DPL-type algo-
rithmsmightbecloseto their limitations,giving riseto a fear
that subsequentprogressmight be very difficult to achieve
and that large unsatisfiableformulae (e.g., 700 variables)
might remainbeyondreach.We have presenteda DPL-type
algorithm incorporatingmainly a new and simple heuristic
using the backboneconceptrecentlyintroducedfrom mod-
elsof physics.This concepthaschangedtheviewpoint from
whichclassicalheuristicsweredeveloped.Wewerethusable
to improve the currentbestsolving performancefor hard3-
SAT formulaeby a ratio increasingwith formulasize(equal
to 3 for 600variables),andwehaveshown thatsolvingunsat-
isfiableformulaewith 700variableswasfeasible.An impor-
tantlessoncanbedrawn from ourresults.In orderto improve
theperformanceof DPL-typealgorithmssignificantlyandto
enhancethe stateof the art in completesolving, it appears
thata deepunderstandingof thestructureof thesolutionsof
a SAT formula is paramount.This is why experimental,as
well astheoreticalstudiesaimingto furthersuchcomprehen-
sionareessential.
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Abstract

We studythe impactof backbonesin optimization
andapproximationproblems.We show that some
optimizationproblemslike graphcoloring resem-
ble decisionproblems,with problemhardnesspos-
itively correlatedwith backbonesize.For otherop-
timizationproblemslikeblocksworld planningand
traveling salespersonproblems,problemhardness
is weaklyandnegatively correlatedwith backbone
size,while thecostof finding optimalandapprox-
imatesolutionsis positively correlatedwith back-
bonesize. A third classof optimizationproblems
likenumberpartitioninghaveregionsof bothtypes
of behavior. We find that to observe the impactof
backbonesizeon problemhardness,it is necessary
to eliminatesomesymmetries,perform trivial re-
ductionsandfactorout theeffectiveproblemsize.

1 Introduction

Whatmakesa problemhard?Recentresearchhascorrelated
problemhardnesswith rapid transitionsin the solubility of
decisionproblems[Cheesemanet al., 1991;Mitchell et al.,
1992]. Thepictureis, however, muchlessclearfor optimiza-
tion andapproximationproblems.Computationalcomplexity
providesa wealthof (largely negative)worst-caseresultsfor
decision,optimizationandapproximation.Empiricalstudies
likethosecarriedouthereaddimportantdetailto suchtheory.
Oneinterestingnotion,borrowed from statisticalphysics,is
thatof thebackbone. A percolationlattice,whichcanbeused
asamodelof fluid flow or forestfires,undergoesarapidtran-
sition in theclustersizeatacritical thresholdin connectivity.
Thebackboneof sucha latticeconsistsof thoselatticepoints
that will transportfluid from onesideto the otherif a pres-
suregradientapplied. The backboneis thereforethe whole
clusterminusany deadends. The sizeandstructureof this
backbonehasa significant impact on the propertiesof the
lattice. In decisionproblemslike propositionalsatisfiability,
ananalogousnotionof “backbone”variableshasbeenintro-
ducedandshown to influenceproblemhardness[Monasson
etal., 1998]. Here,we extendthisnotionto optimizationand
approximationandstudyits impacton thecostof findingop-
timal andapproximatesolutions.

2 Backbones
In thesatisfiability(SAT) decisionproblem,thebackboneof
aformula � is thesetof literalswhicharetruein everymodel
[Monassonet al., 1998]. The sizeof the backboneand its
fragility to changehave beencorrelatedwith thehardnessof
SAT decisionproblems[Parkes,1997;Monassonetal., 1998;
Singeretal., 2000a;Achlioptasetal., 2000]. A variablein the
backboneis oneto whichit is possibleto assignavaluewhich
is absolutelywrong– suchthatnosolutioncanresultnomat-
ter what is donewith the othervariables.A large backbone
thereforemeansmany opportunitiesto makemistakesandto
wastetime searchingemptysubspacesbeforecorrectingthe
badassignments.Putanotherway, problemswith largeback-
boneshave solutionswhich areclustered,makingthemhard
to find both for local searchmethodslike GSAT andWalk-
SAT andfor systematiconeslikeDavis-Putnam.

The notion of backbonehasbeengeneralizedto the de-
cision problemof coloring a graphwith a fixed numberof
colors, � [Culbersonand Gent, 2000]. As we can always
permutethecolors,a pair of nodesin a � -colorablegraphis
definedto be frozenif f eachhasthesamecolor in every pos-
sible � -coloring. No edgecanoccurbetweena frozenpair.
Thebackboneis thensimply thesetof frozenpairs.

To generalizetheideaof abackboneto optimizationprob-
lems,weconsiderageneralframework of assigningvaluesto
variables.Thebackboneis definedto bethesetof frozende-
cisions: thosewith fixedoutcomesfor all optimal solutions.
In somecases,“decision” just amountsto “assignment”:for
example,in MAX-SAT, thebackboneis simply thesetof as-
signmentsof valuesto variableswhich arethesamein every
possibleoptimal solution. In general,however, the relevant
notion of decisionis obtainedby abstractionover isomor-
phismclassesof assignments.In graphcoloring, for exam-
ple, the decisionto color two nodesthe sameis a candidate
for beingin the backbonewhereasthe actualassignmentof
“blue” to themis not becausea trivial permutationof colors
couldassign“red” instead.

3 Graph coloring
Wefirst considertheoptimizationproblemof findingthemin-
imal numberof colors neededto color a graph. A pair of
nodesin a graphcoloring optimizationproblemis frozenif f
eachhasthe samecolor in every possibleoptimal coloring.
No edgecanoccurbetweena frozenpair without increasing
the chromaticnumberof the graph. The backboneis again
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the setof frozenpairs. In a graphof � nodesand � edges,
we normalize� the sizeof the backboneby �����	��
��������� ,
the maximumpossiblebackbonesize. As with graphcolor-
ing decisionproblems[CulbersonandGent,2000], we inves-
tigate the “frozen development”by taking a randomlist of
edgesandaddingthemto the graphoneby one,measuring
thebackbonesizeof theresultinggraph.Westudythefrozen
developmentin singleinstancessince,aswith graphcoloring
decisionproblems[CulbersonandGent,2000], averagingout
over anensembleof graphsobscuresthe very rapidchanges
in backbonesize.
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Figure 1: Frozendevelopmentin a single 50 nodegraph.
Backbonesize(y-axis)is plottedagainst����� . Thenumberof
edges� is variedfrom � to 
���� in stepsof 1. Backbonesize
is normalizedby its maximumvalue.Thechromaticnumber,
which increasesfrom 2 to 7, is plottedon thesameaxes.
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Figure2: Costto color graphoptimally for thesamegraphs
asFigure1. Nodesvisited(y-axis)is plottedagainst����� .

In Figure1, we plot the frozendevelopmentfor a typical

50 nodegraph. Justbeforethe chromaticnumberincreases,
therearedistinctpeaksin backbonesize.Whenthechromatic
numberincreases,the backbonesizeimmediatelycollapses.
In Figure2, we plot thesearchcostto find theoptimalcolor-
ing for thesame50nodegraph.To find optimalcolorings,we
useanalgorithmdueto MikeTrick which is baseduponBre-
laz’s DSATUR algorithm[Brelaz,1979]. Searchcostpeaks
with the increasesin chromaticnumberandthepeaksin the
backbonesize.Optimizationherecloselyresemblesdecision
sinceit is usuallynothardto provethatacoloringis optimal.
Thereis thusa strongcorrelationbetweenbackbonesizeand
bothoptimizationanddecisioncost.

4 Traveling salesperson problem
We next considerthetravelingsalespersonproblem.A leg in
a traveling salesperson(TSP)optimizationproblemis frozen
if f it occursin everypossibleoptimaltour. TheTSPbackbone
is simplythesetof frozenlegs.WesaythattheTSPbackbone
is completeif f it is of size � . In sucha situation,theoptimal
tourisunique.Notethatit is impossibletohaveabackboneof
size ����
 . It is, however, possibleto haveabackboneof any
size ����� or less. Computingthe TSPbackbonehighlights
a connectionwith sensitivity analysis. A leg occursin the
backboneiff addingsomedistance,� to the corresponding
entry in the inter-city distancematrix increasesthe lengthof
the optimal tour. A TSPproblemwith a large backboneis
thereforemoresensitiveto thevaluesin its inter-city distance
matrix thana TSPproblemwith a smallbackbone.

To explore the developmentof the backbonein TSPopti-
mizationproblems,wegenerated2-D integerEuclideanprob-
lemswith ��� cities randomlyplacedin a squareof length � .
We varied �! �"$#��%�&� from 2 to 18, generating100problemsat
eachintegervalueof �' (" # �)�)� , andfoundthebackboneandthe
optimal tour usinga branchandboundalgorithm basedon
theHungarianheuristic.Thecostof computingthebackbone
limited theexperimentto ��*+��� . Thebackbonequickly be-
comescompleteas �! �" # �)�)� is increased.Figure3 is a scatter
plot of backbonesizeagainstthe cost to find andprove the
tour optimal.

ThePearsoncorrelationcoefficient, , betweenthenormal-
izedbackbonesizeandthelog of thenumberof nodesvisited
to find andprove the tour optimal is just -0.0615.This sug-
geststhatthereis a slight negativecorrelationbetweenback-
bonesizeandTSPoptimizationcost. We took thelog of the
numberof nodesvisited as it variesover 4 ordersof mag-
nitude. This conclusionis supportedby the Spearmanrank
correlationcoefficient, - which is a distribution free testfor
determiningwhetherthereis a monotonicrelation between
two variables.The datahasa Spearmanrank correlationof
just -0.0147.

To explore the differencebetweenoptimizationanddeci-
sion cost,in Figure4 we plot the (decision)costfor finding
the optimal tour. The Pearsoncorrelationcoefficient, , be-
tweenthenormalizedbackbonesizeandthe log of thenum-
ber of nodesvisited to find the optimal tour is 0.138. This
suggeststhatthereis apositivecorrelationbetweenbackbone
sizeandTSPdecisioncost. This conclusionis supportedby
theSpearmanrankcorrelationcoefficient, - which is 0.126.
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Figure 3: Cost to find and prove the tour optimal (y-axis,
logscale)againstnormalizedbackbonesize(x-axis) for 2-D
integer EuclideanTSP problemswith ��� cities placedon a
squareof length � . Nodesvisited by a branchandboundal-
gorithm(y-axis,logscale)is plottedagainstnormalizedback-
bonesize (x-axis). 100 randomproblemsare generatedat
eachintegervalueof �' (" # �)�)� from 2 to 18. Thestraightline
givestheleastsquaresfit to thedata.

TSPis unlike graphcoloring in that optimizationappears
significantlydifferentfrom decision.We conjecturethis is a
resultof thereusuallybeingno easyproofsof tour optimal-
ity. Indeed,the cost of proving tours optimal is negatively
correlatedwith backbonesize. This roughly cancelsout the
positivecorrelationbetweenthe(decision)costof finding the
optimal tour andbackbonesize. But why doesthe cost of
proving tours optimal negatively correlatedwith the back-
bonesize?If we havea smallbackbone,thentherearemany
optimalandnear-optimaltours.An algorithmlikebranchand
boundwill thereforehaveto exploremany partsof thesearch
spacebeforewearesurethatnoneof thetoursis any smaller.

5 Number partitioning
We have seenthat whetheroptimizationproblemsresemble
decisionproblemsappearsto dependon whetherthereare
cheapproofsof optimality. Numberpartitioningprovidesa
domainwith regions whereproofs of optimality are cheap
(andthereis a positivecorrelationbetweenoptimizationcost
andbackbonesize),andregionswhereproofsof optimality
aretypically not cheap(andthereis a weaknegativecorrela-
tion betweenoptimizationcostandbackbonesize).

Onedifficulty in definingthebackboneof a numberparti-
tioningproblemis thatdifferentpartitioningalgorithmsmake
differenttypesof decisions.For example,Korf’sCKK algo-
rithm decideswhetherapairof numbersgoin thesamebin as
eachotheror in oppositebins[Korf, 1995]. Onedefinitionof
backboneis thusthosepairsof numbersthatcannotbeplaced
in thesamebin or thatcannotbeplacedin oppositebins. By
comparison,thetraditionalgreedyalgorithmfor numberpar-
titioning decidesinto which bin to placeeachnumber. An-
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Figure4: Costto find optimal tour (y-axis, logscale)against
normalizedbackbonesize (x-axis) for the 20 city problems
from Figure3. Thestraightline againgivestheleastsquares
fit to thedata.

otherdefinitionof backboneis thusthosenumbersthatmust
be placedin a particularbin. We canbreaka symmetryby
irrevocablyplacingthelargestnumberin thefirst bin. Fortu-
nately, thechoiceof definitiondoesnot appearto becritical
aswe observevery similar behavior in normalizedbackbone
sizeusingeitherdefinition. In whatfollows,wethereforeuse
just theseconddefinition.
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Figure5: Frozendevelopmentaveragedover 100problems.
Averagebackbonesize (y-axis) against �! �" # �%�&����� (x-axis).
Problemscontain� randomnumbersin theinterval 0 �213�)� , and
�! �" # �%�&� is variedfrom � to ��� in stepsof 1. Backbonesizeis
normalizedby its maximumvalue.

In Figure5, weplot thefrozendevelopmentaveragedover
100 problems.The frozendevelopmentin a singleproblem
is very similar. As in [GentandWalsh,1998], we partition
� randomnumbersuniformly distributed in 0 �213�)� . We gen-
erate100 problem instancesat each � and �547698 , and then
prunenumbersto thefirst �' (" # �%�&� bits usingmodarithmetic.
The sizeof the optimal partition is thereforemonotonically
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increasingwith � . We seecharacteristicphasetransitionbe-
haviour: in thebackbonesize. Thereis a very sharpincrease
in backbonesizein the region �<; =�>?�! �" # �)�)�3��+>@
 where
eventhebestheuristicslikeKK fail to find backtrackfreeso-
lutions.By thedecisionphaseboundaryat �' ("$#(�%�)�3��BAC�<; D(E
[GentandWalsh,1998], the backbonetendsto be complete
andtheoptimalsolutionis thereforeunique.This rapidtran-
sition in averagebackbonesizeshouldbecomparedto graph
coloringwhere[CulbersonandGent,2000] typically hadto
look at singleinstancesto seelargejumpsin backbonesize.
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Figure 6: Optimizationcost (y-axis, logscale)againstnor-
malizedbackbonesize(x-axis) for the ��*F��G numberpar-
titioning problemsfrom Figure5. Thestraightline givesthe
leastsquaresfit to thoseproblemswhosebackboneis neither
completenor empty.

In Figure6, wegiveascatterplot for theoptimizationcost
for Korf’s CKK algorithmagainstbackbonesize. The data
fallsinto two regions.In thefirst, optimizationproblemshave
backboneslessthan80% complete.Optimizationin this re-
gion is similar to decisionasproofsof optimality are typi-
cally easy, andoptimizationcostis positively correlatedwith
backbonesize. Datafrom this region with non-emptyback-
boneshasa Pearsoncorrelationcoefficient, , of 0.356,anda
Spearmanrankcorrelationcoefficient, - of 0.388.In thesec-
ondregion,optimizationproblemshavecompletebackbones.
The costof proving optimality is now typically greaterthan
thecostof findingtheoptimalsolution.Dueto therapidtran-
sitionin backbonesizewitnessedin Figure5, weobservedno
problemswith backbonesbetween80%and100%complete.

6 Blocks world planning
Our fourth exampletaken from the field of planningraises
interestingissuesaboutthe definition of a backbone.It also
highlightstheimportanceof consideringthe“effective” prob-
lemsizeandof eliminatingtrivial aspectsof a problem.

We might considera solutionto a blocksworld planning
problemto be the plan andthe backboneto be thosemoves
presentin all optimal(minimal length)plans.However, since
mostmovessimply put blocks into their goal positionsand

are thereforetrivially presentin all plans, almost all of a
planis backbone.A moreinformativedefinitionresultsfrom
considering“deadlocks”. A deadlockis a cycle of blocks,
eachof which hasto be moved beforeits successorcanbe
put into the goal position. Eachdeadlockhasto be broken,
usuallyby putting oneof the blockson the table. Oncethe
setof deadlock-breakingmoveshasbeendecided,generat-
ing the plan is an easy(linear time) problem [Slaney and
Thiébaux,1996]. A betterdefinition of solutionthenis the
setof deadlock-breakingmoves. However, this is not ideal
asmany deadlockscontainonly oneblock. Thesesingleton
deadlocksgive forcedmoveswhich inflatethebackbone,yet
aredetectablein low-orderpolynomialtime andcanquickly
be removedfrom consideration.We thereforedefinea solu-
tion asthesetof deadlock-breakingmovesin a plan,exclud-
ing thosewhich breaksingletondeadlocks.Thebackboneis
thesetof suchmovesthatarein everyoptimalsolution.

We considereduniformly distributedrandomblocksworld
problemsof 100 blocks, with both initial and goal states
completelyspecified. To obtainoptimal solutions,we used
thedomain-specificsolver reportedin [Slaney andThiébaux,
1996] andmeasuredhardnessasthe numberof branchesin
the searchtree. As in [Slaney andThiébaux,1998], we ob-
serveda costpeakasthenumberof towersin the initial and
goalstatesreachesacritical valueof 13–14towers.Wethere-
fore plottedbackbonesizeagainstthenumberof towers,and
foundthatthispeaksaroundthesamepoint (seeFigure7).
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Figure 7: Mean backbonesize for 100 block optimization
problemsagainstnumberof towersin initial andgoalstate.

Although problemhardnessis in a sensecorrelatedwith
backbonesize, this result must be interpretedcarefully be-
causesolutionsizealsopeaksat the samepoint. With more
thanabout13–14towers,few deadlocksexist sosolutionsize,
aswe measureit, is small. With a smallernumberof towers,
theprobleminstanceis dominatedby singletondeadlocks,so
againthesolutionis small.Thesizeof thebackboneasapro-
portion of the solutionsizeshows almostno dependenceon
thenumberof towers.

Another importantfeatureof the blocksworld is that the
numberof blocksin an instanceis only a crudemeasureof
problem “size”. At the heart of a blocks world planning
problemis the sub-problemof generatinga hitting setfor a
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collectionof deadlocks.The effectivesizeof an instanceis
thereforeI thenumberof blocksthathave to beconsideredfor
inclusionin this hitting set.This effectivesizedominatesthe
solutioncost,overshadowing any effect of backbonesize. In
our next experiment,therefore,we filtered out all but those
instancesof effective size35. We obtainsimilar resultsre-
strictingto othersizes.Of 9000randomproblems,335were
of effectivesize35. For eachof those,wemeasuredthehard-
nessof solving two decisionproblems:whetherthereexists
a plan of length ��JLKNM (the optimal plan length),andwhether
thereexistsa planof length � JLKNM ��
 . Thesecanberegarded
asmeasuringthe costof finding an optimal solutionandof
proving optimality respectively.
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Figure8: Costof findinganoptimalsolution( O ) andof prov-
ing optimality ( P ) againstbackbonesizeasa proportionof
solutionsize,for 100blockproblemsof effectivesize35. The
straightlinesgive theleastsquaresfits to thedata.

Figure 8 shows the resultsare similar to TSP problems.
Findinganoptimalsolutiontendsto beharderif thebackbone
is larger, for thefamiliarreasonthatif solutionsareclustered,
mostof the searchspaceis empty. This datahasa Pearson
correlationcoefficient, , of 0.357andaSpearmanrankcorre-
lationcoefficient, - of 0.389.Proving optimality, ontheother
hand,tendsto beslightly easierwith a largerbackbone.This
datahas,Q*R�S�<;'
��E and -T*U�S�2; ��E(= .

7 Approximation and V -backbones
Our definitionof backboneignoresthosesolutionswhich are
closeto optimal. In many real-world situations,we arewill-
ing to acceptanapproximatesolutionthatis closeto optimal.
We thereforeintroducethenotionof the � -backbone: theset
of frozendecisionsin all solutionswithin a factor �W
X���Y� of
optimal.For �Z*[� , thisgivesthepreviousdefinitionof back-
bone.For �\*]
 , the � -backboneis by definitionempty. For
example, the TSP � -backboneconsistsof thoselegs which
occurin all toursof lengthlessthanor equalto � J^KNM �_�9
`�a�Y� .

In Figure9, we give a scatterplot of the sizeof the 
��� -
backbonefor numberpartitioningproblemsagainstthe cost

of finding an approximatesolution within a factor2 of op-
timal. Similar plots areseenfor othervaluesof � . As with
�b*c� , the datafalls into two regions. In the first, problems
have 1/2-backboneslessthan80%complete.Thecostof ap-
proximationin this region is positively correlatedwith back-
bonesize. However, the correlationis lessstrongthanthat
betweenbackbonesizeandoptimizationcost.Datafrom this
region with non-emptybackboneshasa Pearsoncorrelation
coefficient, , of 0.152,anda Spearmanrankcorrelationco-
efficient, - of 0.139. In the secondregion, problemshave
complete1/2-backbones.Thecostof findinganapproximate
solutionsin this regionis now typically ashardasthatfor the
hardestproblemswith incomplete1/2-backbones.
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Figure 9: Cost of finding approximatesolution within fac-
tor 2 of optimal (y-axis, logscale)againstnormalized 
��� -
backbonesize (x-axis) for the �d*e��G numberpartitioning
problemsfrom Figure 5. The straight line gives the least
squaresfit to thoseproblemswhosebackboneis neithercom-
pletenor empty.

8 Related work
First momentmethodscanbe usedto show that, at the sat-
isfiability phasetransition,theexpectednumberof solutions
for a problemis exponentiallylarge. Kamathet al. proved
that,whilst mostof theseproblemshave few or no solutions,
a few have a very large numberof clusteredsolutions[Ka-
mathet al., 1995]. This wasverified empirically by Parkes
who showed that many variablesare frozenalthoughsome
arealmostfree[Parkes,1997]. Hearguedthatsuchproblems
arehardfor local searchalgorithmsto solve assolutionsare
clusteredandnotdistributeduniformly overthesearchspace.

Monassonet al. introducedthe 2+f -SAT problemclass
to studycomputationalcomplexity in NP-completedecision
problems[Monassonet al., 1998]. For fg>hfjiTAk�2; G<
 , ran-
dom 2+f -SAT behaves like the polynomial random2-SAT
problem,whilst for f�lkf i , random2+f -SAT behaveslike
the NP-completerandom3-SAT problem[Monassonet al.,
1998;Singeret al., 2000b]. The rapid changein backbone
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sizeis continuous(secondorder)for fm>	f<i , anddiscontinu-
ous(first

n
order)for fol�f<i . This transitionmayexplain the

onsetof problemhardnessandcouldbeexploitedin search.
Backboneshavealsobeenstudiedin TSP(approximation)

problems[KirkpatrickandToulouse,1985;Boese,1995]. For
example,Boeseshowsthatoptimalandnear-optimaltoursfor
thewell knownATT 532-cityproblemtendedarehighly clus-
tered[Boese,1995]. Heuristicoptimizationmethodsfor the
TSPproblemhave beendevelopedto identify andeliminate
suchbackbones[Schneideretal., 1996].

A relatednotion to the backbonein satisfiability is the
spine[Bollobaset al., 2001]. A literal is in the spineof a
setof clausesif f thereis a satisfiablesubsetin all of whose
modelsthe literal is false.For satisfiableproblems,thedefi-
nitionsof backboneandspinecoincide.Unlikethebackbone,
thespineis monotoneasaddingclausesonly everenlargesit.

9 Conclusions
We have studiedbackbonesin optimizationandapproxima-
tion problems.We have shown thatsomeoptimizationprob-
lems like graphcoloring resembledecisionproblems,with
problemhardnesspositively correlatedwith backbonesize
and proofs of optimality that are usually easy. With other
optimizationproblemslike blocksworld andTSPproblems,
problemhardnessis weakly and negatively correlatedwith
backbonesize,andproofsof optimality thatareusuallyvery
hard. Thecostof finding optimalandapproximatesolutions
tends,however, to be positively correlatedwith backbone
size. A third classof optimizationproblemlike numberpar-
titioning haveregionsof bothtypesof behavior.

Whatgenerallessonscanbelearntfrom this study?First,
backbonesareoftenanimportantindicatorof hardnessin op-
timizationandapproximationaswell asin decisionproblems.
Second,(heuristic)methodsfor identifying backbonevari-
ablesmay reduceproblemdifficulty. Methodslike random-
izationandrapidrestarts[Gomesetal., 1998] mayalsobeef-
fective on problemswith largebackbones.Third, it is essen-
tial to eliminatetrivial aspectsof a problem,like symmetries
anddecisionswhich are trivially forced,beforeconsidering
its hardness.Finally, this andotherstudieshave shown that
thereexist an numberof usefulparallelsbetweencomputa-
tion andstatisticalphysics.It maythereforepayto mapover
otherideasfrom areaslike spinglassesandpercolation.
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Abstract

Within the framework of constraint satisfaction
problem, we proposea new schemeof coopera-
tive parallel search. The cooperationis realized
by exchangingnogoods(instantiationswhich can’t
beextendedto a solution). We associatea process
with eachsolverandweintroduceamanagerof no-
goods,in orderto regulateexchangesof nogoods.
Eachsolver runsthe algorithmForward-Checking
with NogoodRecording. We add to algorithm a
phaseof interpretation,which limits the size of
the searchtreeaccordingto the receivednogoods.
Solversdiffer from eachotherin orderingvariables
and/orvaluesby usingdifferentheuristics.Thein-
terestof our approachis shown experimentally. In
particular, we obtainlinearor superlinearspeed-up
for consistentproblems,like for inconsistentones,
up to abouttensolvers.

1 Introduction
In constraintsatisfactionproblems,oneof maintasksconsists
in determiningwhetherthereexistsasolution,i.e. aninstanti-
ationof all variableswhich satisfiesall constraints.This task
is a NP-completeproblem. In orderto speedup the resolu-
tion of problems,parallelsearchesareused. A basiconeis
independentparallel search whichconsistsin runningseveral
solvers(eachoneusinga differentheuristic)insteadof a sin-
gle solver. Theaim is thatat leastoneof thesolversgetsan
heuristicsuitablefor theproblemwhich we solve. Testedon
thegraphcoloringproblem([HoggandWilliams,1994]), this
approachhasbetterresultsthana classicalresolutionwith a
singlesolver, but thegainsseemlimited. HoggandWilliams
recommendthentheuseof a cooperativeparallelsearch.
A cooperativeparallel search is basedon the sameideasas
theindependentsearchwith in additionanexchangeof infor-
mationsbetweensolvers,in orderto guidesolversto a solu-
tion, andthen,to speedup the resolution. Experimentalre-
sultson cryptarithmeticproblems([Clearwateret al., 1991;
Hogg and Huberman,1993]) and on graph coloring prob-
lem([HoggandHuberman,1993;HoggandWilliams,1993])
show asignificantgainin timewith respectto anindependent
search.In bothcases,theexchangedinformationscorrespond
to partialconsistentinstantiations.

In [MartinezandVerfaillie, 1996], acooperationbasedonex-
changingnogoods(i.e. instantiationswhichcan’t beextended
to asolution)is proposed.Exchangednogoodspermitsolvers
to prunetheir own searchtree. So, one can expect to find
morequickly a solution. Solversrun thealgorithmForward
Checkingwith NogoodRecording(notedFC-NR[Schiex and
Verfaillie, 1993]). The realizedimplementationgathersall
solvers in a singleprocesswhich simulatesthe parallelism.
It is turnedto a monoprocessorsystem. Experimentations
on randomCSPsshow that cooperative searchis betterthan
independentone. However, the weakgain with report to a
singlesolvergivesa doubtaboutefficiency of asuchsearch.

Fromthe ideaof MartinezandVerfaillie, we definea new
schemeof cooperationwith exchangeof nogoods,turnedto
systemswith oneor severalprocessors.We associatea pro-
cesswith eachsolver. Eachsolver runsFC-NR. In orderto
avoid problemsraisedby thecostof communications,we in-
troducea managerof nogoodswhoserole is to regulateex-
changeof nogoods. In addition to sendingand receiptof
messages,we adda phaseof interpretationto FC-NR,in or-
der to limit the sizeof the searchtreeaccordingto received
nogoods.
Our secondmain aim is to answeran openquestion([Mar-
tinezandVerfaillie, 1996]) aboutefficiency of a cooperative
parallelsearchwith exchangeof nogoods.We show experi-
mentallytheinterestof ourapproach.

The plan is as follows. In section2, we give basicno-
tions aboutCSPs,nogoodsandFC-NR. Then, in section3,
wepresentourschemeby describingthemanagerof nogoods
andthephaseof interpretation.Finally, afterprovidingexper-
imentalresultsin section4, weconcludein section5.

2 Definitions

2.1 Definitions about CSPs
A constraint satisfaction problem (CSP) is defined by a
quadruplet

�����������	��
��
.
�

is a set ���� ��������� ����� of � vari-
ables. Eachvariable ��� takes its valuesin the domain

� �
from

�
. Variablesaresubjectto constraintsfrom

�
. Each

constraint� involvesa set
����� �� � �!��������� � �#" � of variables.

A relation

 �

(from



) is associatedwith eachconstraint� such that

 �

representsthe set of allowed $ -upletsover�%� �'&)(�(�(*&+�%�#"
.

A CSPis calledbinary if eachconstraintinvolvestwo vari-
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ables. Let � � and �-, be two variables,we note � � , the cor-
responding. constraint.Afterwards,we consideronly binary
CSPs.However, our ideascanbeextendedto n-aryCSPs.

Given /10 �
suchthat / � ���� ��������� �324� , an instan-

tiation of variablesfrom / is a $ -uplet
�65 � ���������75 2 � from� � &8(�(�(9&:� 2 . It is called consistentif ;��=< �	�7��� 0/ ����5 � ���������>5 2 �@? � �7A < 
 �

, inconsistentotherwise. We
use indifferently the term assignmentinsteadof instantia-
tion. Wenotetheinstantiation

�65 � ���������75 2 � in themoremean-
ingful form

� � �CB 5 � �������@� � 2DB 5 2 � . A solution is a
consistentinstantiationof all variables. Given an instanceE �F�6���>���G�	�>
��

, determinewhether
E

hasa solutionis a
NP-completeproblem.

Given a CSP
E � �����������	��
H�

and an instantiationI � � ��3� B 5 � � ��J B 5 J ��������� ��� B 5 �7� , E � I � �K����L�>��� I � �@���	��
M� I � �7� is theCSPinducedby
I � from

E
with

a ForwardCheckingfilter suchthat:

- ;ON ��PHQ N QSRG�>� , � I � �9�  5 ,T�
- ;ON �>RVU N Q � �>� , � I � �W�  5 ,�< � ,4X ;3� 2 ,�< �	��P�Q $ QRG���65 2 �75 , � < 
H�#"#Y �
- ;ON � N4Z ��
 � Y�Y\[ � I � �9�8
 � Y6Y6[^] �6� , � I � �_&+� , [ � I � �>� .I � is saidFC-consistentif ;-N ��� , � I � �H`�ba

.

2.2 Nogoods: definitions and properties
In thispart,wegivethemaindefinitionsandpropertiesabout
nogoodsandFC-NR([Schiex andVerfaillie, 1993]).
A nogoodcorrespondsto an assignmentwhich can’t be ex-
tendedto a solution. More formally ([Schiex andVerfaillie,
1993]), givenaninstantiation

I
andasubsetc of constraints

( c)0 �
),

� I � c �
is a nogoodif theCSP

�6���>��� c �>
��
doesn’t

haveany solutionwhichcontains
I

. c is calledthenogood’s
justification(we note

��d
thevariablessubjectto constraints

from c ). The arity of the nogood
� I � c �

is the numberof
assignedvariablesin

I
. Wenote

I ? / A
therestrictionof

I
to

variableswhich arebothin
�fe

andin / .
For instance,every inconsistentassignmentcorrespondsto a
nogood.Theconversedoesn’t hold.

To calculatejustificationsof nogoods,we usethe notion
of ”value-killer” (introducedin [Schiex andVerfaillie, 1993])
andwe extendit in orderto exploit it in our scheme.Given
an assignment

I � , the CSP
E � I � � inducedby

I � , and the
set g of nogoodsfound by other solvers, a constraint � 2 ,
(Nih Rkj $ ) is a value-killer of value

5 , from
� , for

I � if
oneof thefollowing conditionsholds:

1. ��2 , is avalue-killerof
5 , for

I ��lm�
2. $ �bR

and
��5 2 �>5 , �n`< 
 �#"#Y � I � � and

5 , < � , � I �6l�� �
3. !��2 B 5 2 � � , B 5 , ��<�g

If a uniquesolver is used,g �oa
(which correspondsto the

definitionpresentedin [Schiex andVerfaillie, 1993]).
Assumethataninconsistency is detectedbecauseadomain� � becomesempty. Thereasonsof failure(i.e. justifications)

correspondto theunionof value-killersof
� � . Thefollowing

theoremformalizesthecreationof nogoodsfrom dead-ends.

Theorem 1 Let
I

beanassignmentand ��� beanunassigned
variable. Let p bethesetof value-killersof

� � . If it doesn’t
remainanyvaluein

� � � I �
, then

� I ? �fq A � p �
is a nogood.

The two next theoremsmake it possibleto createnew no-
goodsfrom existing nogoods.Thefirst theorembuilds a new
nogoodfrom a singleexistingnogood.

Theorem 2 (projection [Schiex and Verfaillie, 1993])
If

� I � c �
is a nogood,then

� I ? �%d A � c �
is a nogood.

In other words, we keep from instantiationthe variables
which are involved in the inconsistency. Thus,we produce
a new nogoodwhosearity is limited to its strict minimum.
Theorem3, we build anew nogoodfrom a setof nogoods:

Theorem 3 Let
I

be an instantiation, ��� be an unassigned
variable. Let p be thesetof value-killers of

� � . Let
I , be

the extensionof
I

by assigningthe value
5 , to � � (

I , �Iir !� �sB 5 ,t� ). If
� I � � c � � , . . . ,

� Ivu � c u � arenogoods,then� I � p r uw
,>x � cT, � is a nogood.

A nogoodcanbeusedeitherto backjumpor to adda new
constraintor to tightenanexistingconstraint.In bothcases,it
follows from theuseof nogoodsapruningof thesearchtree.

FC-NR explores the searchtree like Forward Checking,
During the search,it takes advantageof dead-endsto cre-
ateandrecordnogoods.Thesenogoodsarethenusedasde-
scribedabove to prunethe searchtree. The main drawback
of FC-NR is that the numberof nogoodsis potentially ex-
ponential.So,we limit thenumberof nogoodsby recording
nogoodswhosearity is at most2 (i.e. unaryor binary no-
goods),accordingto thepropositionof Schiex andVerfaillie
([Schiex andVerfaillie, 1993]). Nevertheless,the ideaswe
presentcanbeeasilyextendedto n-arynogoods.

3 Description of our multiple solver
Ourmultiplesolverconsistsof y sequentialsolverswhichrun
independentlyFC-NR on the sameCSP. Eachsolver differs
from anotheronein orderingvariablesand/orvalueswith dif-
ferentheuristics.Thus,eachonehasa differentsearchtree.
The cooperationconsistsin exchangingnogoods. A solver
canusenogoodsproducedby othersolversin orderto prune
apartof its searchtree,whichshouldspeeduptheresolution.

During the search,solvers producenogoodswhich are
communicatedto other solvers. Therefore,when a solver
findsanogood,it mustsendy{z P

messagesto inform its part-
ners. Although the numberof nogoodsis bounded,the cost
of communicationscanbecomevery important,prohibitive
even. So, we add a processcalled ”managerof nogoods”,
whoserole is to inform solversof theexistenceof nogoods.
Accordingly, when a solver finds a nogood,it informs the
manager, which communicatesat oncethis new information
to apartof othersolvers.In thisway, asolversendsonly one
messageandgetsbackmorequickly to the resolutionof the
problem.
Thenext paragraphis devotedto theroleandthecontribution
of managerin ourscheme.

3.1 The manager of nogoods
Role of the manager
The manager’s taskis to updatethe baseof nogoodsandto
communicatenew nogoodsto solvers. Updatethe baseof
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nogoodsconsistsin addingconstraintsto initial problemor
in tightening| theexistingconstraints.To aunary(respectively
binary)nogoodcorrespondsaunary(resp.binary)constraint.
Eachnogoodcommunicatedto manageris addedto thebase.

In orderto limit thecostof communications,themanager
mustinform only solversfor which nogoodsmaybe useful.
A nogoodis saidusefulfor a solver if it allows this solver to
limit thesizeof its searchtree.
The next theoremcharacterizesthe usefulnessof a nogood
accordingto its arity andthecurrentinstantiation.

Theorem 4 (characterization of the usefulness)
(a) a unarynogoodis alwaysuseful,

(b) a binary nogood
� !��� B~} � � , B~� � � c �

is usefulif, in
thecurrentinstantiation,��� and � , areassignedrespec-
tively to } and � ,

(c) a binary nogood
� !� ��B~} � �-, B~� � � c �

is usefulif, in
the current instantiation, � � (resp. �-, ) is assignedto }
(resp. � ), �-, (resp. � � ) isn’t assignedand � (resp. } )
isn’t removedyet.

Proof: see[Terrioux,2001].

From this theorem,we explicite what solvers receive some
nogoods(accordingto their usefulness):

(a) every unarynogoodis communicatedto all solvers(ex-
ceptthesolverwhichfindsit),

(b) binarynogood
� !� ��B�} � �-, B�� � � c �

is communicated
to eachsolver (exceptthe solver which finds it) whose
instantiationcontains��� B�} or � , B�� .

In case(b), wecan’t certify thatthenogoodis useful,because
thesolver mayhave backtrackedbetweenthesendingof the
nogoodby themanagerandits receiptby thesolver.
With aview to limit thecostof communications,only thein-
stantiation

I
of nogood

� I � c �
is conveyed. Communicate

thejustificationisn’t necessarybecausethis nogoodis added
to the problemin the form of a constraint� . Thanksto re-
ceivedinformation,solverscanforbid

I
with justification � .

Contribution of the manager
In this part,we show thecontribution of the managerof no-
goodsto our schemewith respectto a versionwithout man-
ager. The comparisonis basedon the total numberof mes-
sageswhichareexchangedduringall search.
Let g be the total numberof nogoodswhich areexchanged
by all solvers.Wecount � unarynogoodsand � binaryones.
Notethat,amongtheseg nogoods,doublesmayexist. In ef-
fect, two solverscanfind independentlya samenogood.
In a schemewithout manager, eachsolver communicatesthe
nogoodsit finds to y�z P

othersolvers. So, � � y�z P!�
mes-

sagesare sentfor unary nogoodsand � � y�z P!�
for binary

ones.But, in a schemewith manager, nogoodsarefirst sent
to managerby solvers. During all search,solversconvey to
manager� messagesfor unary nogoodsand � for binary
ones.Then,themanagersendsonly � unarynogoodsto ynz P
solvers.These� nogoodscorrespondto � nogoodsminusthe
doubles.Likewise, for binarynogoods,doublesaren’t com-
municated.Furthermore,for the remainingbinary nogoods,
the managerrestrictsthe numberof recipients.Let � be the

numberof messagessentby managerfor binarynogoods.In
our scheme,we exchange�b�:� � y�z P��

messagesfor unary
nogoodsand �8� � messagesfor binaryones.

In theworstcase,theschemewith managerproducesuptog additionalmessagesin comparisonwith theschemewith-
outmanager. But, in general,� and � arelittle enoughsothat
theschemewith managerproducesfewermessages.

3.2 Phase of interpretation
Themethodwhich wearegoingto describeis appliedwhen-
ever a nogoodis received. Solverscheckwhethera message
is receivedafterdevelopinga nodeandbeforefiltering.
In the phaseof interpretation,solvers analyzereceived no-
goodsin orderto limit the sizeof their searchtreeby stop-
ping branchwhich can’t leadto solutionor by enforcingad-
ditional filtering. For unarynogoods,this phasecorresponds
to apermanentdeletionof avalueandto apossiblebackjump.
Method1 detailsthephasefor suchnogoods.

Method 1 (phase of interpretation for unary nogoods)
Let

I
bethecurrent instantiation.Let

� �� ��B�} � � c �
bethe

receivednogood.
We delete} from

� � .
(a) If ��� is assignedto thevalue } , thenwebackjumpto ��� .

If
� � is empty, werecord thenogood

� I ? �%q A � p �
, withp thesetof value-killersof

� � .
(b) If ��� is assignedto � ( � `� } ), wedonothing.

(c) If � � isn’t assigned,wecheck whether
� � is empty.

If
� � is empty, werecord thenogood

� I ? � qnA � p �
, withp thesetof value-killersof

� � .
Theorem 5 Themethod1 is correct.

Proof: see[Terrioux,2001].

For binarynogoods,thephasecorrespondsto enforceanad-
ditional filtering andto a possiblebackjump. Method2 de-
scribestheactionsdoneduringthisphasefor binarynogoods.

Method 2 (phase of interpretation for binary nogoods)
Let

I
bethecurrentinstantiationand

� !� ��B�} � �-, B�� � � c �
bethereceivednogood.

(a) If ��� and � , are assignedin
I

to } and � respectively,
thenwebackjumpto thedeepestvariableamong��� and�O, . If �-, (resp. � � ) is thisvariable, wedeletebyfiltering� (resp. } ) from

� , (resp.
� � ).

(b) If � � (resp. �O, ) is assignedto } (resp. � ) and �-, (resp.� � ) isn’t be assigned,we deleteby filtering � (resp. } )
from

� , (resp.
� � ).

If
� , (resp.

� � ) becomesempty, we record the nogood� I ? � qnA � p �
with p thesetof value-killersof

� , (resp.
� � ).

Theorem 6 Themethod2 is correct.

Proof: see[Terrioux,2001].

Unlike the phaseof interpretationfor unarynogoods,here,
thedeletionisn’t permanent.
Whereasthephaseof interpretationis correct,its additionto
FC-NRmay, in somecases,compromisea basicpropertyof
FC-NR.Thenext paragraphis devotedto this problem.
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3.3 Maintening FC-consistency
We remindfirst a basicpropertyof FC-NR(from FC):

Property 1 Every instantiation built by FC-NR is FC-
consistent.

After a backtrackto thevariable��� , FC-NR(like FC) can-
celsthe filtering which follows the assignmentof � � . So, it
restoreseachdomainin its previousstate. In particular, if a
domainis wipedout afterfiltering, it isn’t emptyafterrestor-
ing. It ensuesthepreserveof theproperty1.
With theadditionof communicationsandof thephaseof in-
terpretation,this propertymay be compromised.For exam-
ple, we considerthe searchtreeexploredby a solver which
cooperateswith otherones.Let

�M�n�  } � � � � �>� � . Thissolver
assignesfirst } to � � , then � to � J . EnforceFC-consistency
after assigning� J removes } from

� �
. The filtering which

follows the assignmentof �!� to ��� deletes� and � from
���

.
Thesolverassignes

�
to � �

, andthen,it visits thecorrespond-
ing subtree.Assumethat this subtreecontainsonly failures
andthat the solver receivesunarynogoodswhich forbid as-
signingvalues � and � to � �

. So the solver backtracksand
recordsa unarynogoodwhich forbids

�
for � �

. It backtracks
again(to � � ) andassignes� J to � � , which raisesa problem,
namely

� �
is empty(dueto permanentremovalsof � , � and�

from
���

by unarynogoods).So, the currentinstantiation
isn’t FC-consistentandtheproperty1 doesn’t hold.
Thenext theoremcharacterizestheproblem:

Theorem 7
Let

I , � ���� B 5 � ��������� � , l�� B 5 , l�� � � , B�� � bea FC-
consistentinstantiation.We considertheexploration by FC-
NRof subtreerootedin �O, B�� . Let g�� bethesetof values
of ��� which remainforbiddenby nogoodsat the endof the
explorationsuch that thesenogoodsarerecordedor received
during this explorationandnoneof themdoesn’t involve �-, .
If all valuesof

� � � I , � are removedduring the exploration,
novalueis restoredin

� � � I , l�� � aftercancellingthefiltering
followingtheassignmentof � to � , if andonly if

� � � I , l�� � 0g�� .

Proof: see[Terrioux,2001].
It ensuesthat, in somecases,the union of receiptsandcre-
ationsof nogoodswith the filtering inducesthe existenceof
emptydomains,andthusproperty1 doesn’t hold.

A solutionconsistsin checkingwhetheradomainis wiped
out aftercancellingthe lastfiltering and,if thereexistssuch
domain,in backtrackinguntil thedomainisn’t empty. It isn’t
necessaryto checktheemptinessof every domain,thanksto
the following lemmawhich determinespotentialorigins of
this problem.

Lemma 1 Onlyrecordingor receiptof a nogoodmayinduce
thelossof property1.

Proof: see[Terrioux,2001].
This lemmaenablesto checkonly theemptinessof domains
which becomeemptyafter recordingor receiving a nogood.
If emptinessis inducedby receiving a nogood,we intro-
ducean additionalphaseof backjump. This phasefollows
every detectionof empty domainafter receiving a nogood
andmakesit possibleto keepon with thesearchfrom a FC-
consistentinstantiation.

Method 3 (backjump’s phase)
If

� � is emptydueto a receivednogood,webackjump:
- until

� � isn’t emptyor until thecurrentinstantiationis
empty, if thenogoodis unary,

- until
� � isn’t empty, if thenogoodis binary.

Notethatwebacktrackto emptyinstantiationonly for incon-
sistentproblems.
Theorem 8 Themethod3 is correct.
Proof: see[Terrioux,2001].

If emptinessis inducedby recordinga nogood,a solution
consistsin recordingonly nogoodswhich don’t wipe out a
domain.However, we communicateall nogoodsto manager.
This solutionis easyto implement,but it doesn’t takeadvan-
tageof all foundnogoods.

4 Experimental results
4.1 Experimental protocol
Wework onrandominstancesproducedby randomgenerator
written by D. Frost,C. Bessìere,R. DechterandJ.-C.Régin.
This generatortakes4 parametersg ,

�
,
�

and � . It builds
aCSPof class

� g �������	� � �
with g variableswhichhavedo-

mainsof size
�

and
�

binaryconstraints( � Q=��Q��'��� lm� �J )
in which � tuplesareforbidden( � Q � Q:� J ).

Experimentalresultswe give afterwardsconcernclasses�\� � �G���-��P!���O� � �
with � which variesbetween433 and447.

Consideredclassesare near to the satisfiability’s threshold
which correspondsto � � �¡�£¢

. However, for FC-NR, the
difficulty’s shapeis observed for � �¤�4��¥

. Every problem
we considerhasa connectedgraphof constraints.

Given resultsare the averagesof resultsobtainedon 100
problemsperclass.Eachproblemis solved15 timesin order
to reducetheimpactof non-determinismof solversonresults.
Resultsof a problemare then the averagesof resultsof 15
resolutions. For a given resolution,the resultswe consider
areonesof thesolverwhichsolvestheproblemfirst.

ExperimentationsarerealizedonaLinux-basedPCwith an
Intel PentiumIII 550MHz processorand256Mb of memory.

4.2 Heuristics
In orderto guaranteedistinctsearchtrees,eachsolver orders
variablesand/orvalueswith differentheuristics.As thereex-
ist few efficient heuristics,from an efficient heuristic ¦ for
choosingvariables,we produceseveral different ordersby
choosingdifferentlythefirst variableandthenapplying ¦ .
We usetheheuristic

�4§�¨�©t�¡ª�«
([BessìereandRégin,1996]),

for which thenext variableto assignis onewhich minimizes
the ratio ¬ s® ¬¬ ¯ ® ¬ (where

� � is the currentdomainof � � and ° �
is thesetof variableswhich areconnectedto � � by a binary
constraint). This heuristic is consideredbetter, in general,
thanotherclassicalheuristics.That’swhy we chooseit.
In our implementation,only the size of domainsvariesfor
eachinstantiation. The degree X ° � X is updatedwhena new
constraintis addedthanksto a nogood.
As regardsthe choiceof next value to assign,we consider
valuesin appearanceorderor in reverseorder. In following
results(unlessotherwisespecified),half solversusethe ap-
pearanceorderto orderdomains,otherhalf reverseorder.
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±
# consistent ²
Problems 2 4 6 8 10 12 14 16

433 76 151.632 145.088 135.303 128.465 110.872 98.330 92.450 86.654
434 70 133.537 143.058 135.602 136.825 128.594 123.678 112.790 97.157
435 66 144.337 145.998 131.788 134.207 121.954 122.111 110.581 106.031
436 62 157.517 138.239 135.508 119.489 110.208 101.167 96.752 91.180
437 61 114.282 138.451 135.791 126.069 120.020 108.559 102.327 90.007
438 37 139.957 153.035 149.573 135.236 133.701 119.713 106.998 96.255
439 39 129.954 127.950 113.481 120.610 107.390 96.568 88.068 79.107
440 31 124.797 127.585 114.503 109.981 100.412 93.810 90.037 82.020
441 25 134.811 133.188 131.791 122.755 113.251 102.487 93.784 87.489
442 13 105.809 136.557 123.936 118.738 105.576 96.864 85.484 75.888
443 10 146.562 131.673 120.268 113.724 100.108 90.449 82.566 75.646
444 8 135.528 137.906 126.939 118.453 107.629 97.878 88.722 77.433
445 3 139.624 122.885 116.870 107.777 99.315 89.736 81.375 73.706
446 2 125.955 127.126 117.049 108.319 98.783 89.387 79.130 73.316
447 3 144.414 132.838 116.935 106.912 94.329 84.449 74.738 65.866

Table1: Efficiency (in %) for consistentandinconsistentproblemsfor classes
�³� � �����O��P��t�O� � �

.

4.3 Results
Efficiency
In this paragraph,we assessthe speed-upandthe efficiency
of our method.Let � � be therun-timeof a singlesolver for
the resolutionof a serieof problemsand ��´ be the run-time
for y solverswhicharerun in parallel.We definespeed-upas
theratio µ

�
µ�¶ andefficiency astheratio µ

�
´ µ�¶ . Thespeed-upis

calledlinearwith reportto thenumbery of solversif it equals
to y , superlinearif it is greaterthany , sublinearotherwise.
Table 1 presentsefficiency (in %) obtained for classes�\� � �G���-��P!���O� � �

with � which variesbetween433 and447.
In table1, up to 10 solvers,we obtain linear or superlinear
speed-upfor all classes(except3 classes).Above10 solvers,
someclasseshave linear or superlinearspeed-up,but most
classeshave sublinearspeed-up.We notealsoa decreaseof
efficiency with theincreaseof numberof solvers.

Accordingto consistency of problems,we observe a bet-
ter speed-upfor consistentproblems(which remainslinear
or superlinear). We note the samedecreaseof efficiency
with the numberof solvers. But, efficiency for inconsistent
problemsis lessimportant,whereasit is greaterthan 1 up
to 10 solvers. It follows the appearanceof sublinearspeed-
up above 10 solvers. This lack of efficiency for inconsistent
problemsinfersadecreaseof efficiency for overallproblems.

Explanations of obtained results
First, we take an interestin explainingobservedgains. Pos-
sibleorignsaremultiple ordersof variablesandcooperation.
Wedefineanindependentversionof ourscheme(i.e. without
exchangeof nogoods).We comparethetwo versionsby cal-
culatingtheratio of therun-timefor theindependentversion
overonefor cooperativeversion.Figure1 presentsresultsob-
tainedfor theclass(50,25,123,439)with anumberof solvers
between2 and8. Weobservesimilar resultsfor otherclasses.
We note first that cooperative versionis always betterthan
independentone. Then, we observe that the ratio is near
1 for consistentproblems(solid line). That meansthat the
good quality of results,for theseproblems,resultsmostly
from multipleordersof variables.However, theratio remains
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Figure1: Ratioindependentsearch/ cooperativesearch.

greaterthan1. So, exchangeof nogoodsparticipatesin ob-
tainedgainstoo.
Finally, for inconsistentproblems(dashedline), ratio is more
importantthanfor consistentones.It increaseswith thenum-
berof solvers.In otherwords,obtainedresultsfor theseprob-
lems aremostly due to cooperationand the contribution of
cooperationincreaseswith thenumberof solvers.
For inconsistentproblems,we mustunderlinethe predomi-
nantrole of valuesheuristics.For eachsolver ¸ (exceptone
if the numberof solversis odd), thereexists a solver which
usesthesamevariablesheuristicas ¸ andthevaluesheuristic
which is reversewith reportto oneof ¸ . Without exchanging
nogoods,thesetwo solversvisit similarsearchtrees.With ex-
changingnogoods,eachoneexploresonly apartof its search
treethanksto receivednogoods.It’s thesamefor consistent
problems,but this effect is lessimportantbecausethesearch
stopsassoonasasolutionis found.

Wefocusthenonpossiblereasonsof efficiency’sdecrease.
With a schemelike our, an usualreasonof efficiency’s lack
is the importanceof cost of communications.Our method
doesn’t make exception. But, in our case,thereis another
reasonwhich explainsthedecreaseof performances.
Wecomparemultiplesolvers ¹�º and ¹ Zº . Bothhave8 solvers.
For orderingvalues,half solversof ¹mº usetheappearanceor-
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der, other half the reverseorder. All solvers of ¹ Zº usethe
appearance» order. We realisethat ¹�º hasa betterefficiency
than ¹ Zº . The numberof messagesfor ¹ Zº is greaterthanfor¹ º . But, aboveall, it’s thesamefor thenumberof nodes.So¹ Zº exploresmoreimportanttrees. ¹�º and ¹ Zº differ in used
heuristicsfor orderingvaluesandvariables. The heuristics
we usefor orderingvariablesareneareachother. Usingtwo
differentordersof valuesaddsdiversity to resolution.Thus,¹�º is morevariousthan ¹9Zº . This differenceof diversityper-
mits to explain thegapof efficiency between¹�º and ¹ Zº .
Thelack of diversityis themainreason(with theincreaseof
numberof communications)of theefficiency’sdecrease.

Number of messages and real contribution of manager
In orderto measuretherealcontributionof manager, wecom-
parethecostsof communicationsin a schemewith manager
andonewithout manager. In presentedresults,we consider
thatthecostof amessageis independentof presenceor notof
themanager, andthatthecommunicationof a binarynogood
is twice asexpensive asoneof a unarynogood(becausea
binarynogoodconsistsof two pairsvariable-value,againsta
singlepair for aunarynogood).Figure2 presentstheratioof
costof communicationsfor a schemewithout managerover
onefor a schemewith manager. Consideredproblems(con-
sistentandinconsistent)belongto class(50,25,123,439). For
information,weobservesimilar resultsfor otherclasses.
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Figure2: Ratiobetweenschemeswith andwithoutmanager.

First,wenoteanincreaseof manager’scontributionwith y .
Thus,wecanhopethatthenumberof solversaboveof which
thecostof communicationspenalizesefficiency is greaterin
a schemewith managerthanonewithoutmanager.

Moreprecisely, we notethatcommunicationsof unaryno-
goodsis moreexpensivein theschemewith manager, wheny
is lessimportant.This resultwasforeseeable.Indeed,in case
of unarynogoods,themanagerremovesonly doubles.As the
probabilitythattwo solversfind simultaneouslythesameno-
goodsis all smallersincetherearefew solvers. We explain
thusthat the schemewith managerbecomesbetterthanone
withoutmanagerwhenthenumberof solversincreases.
Regardingthe cost of communicationsfor binary nogoods,
the schemewith manageris significantly cheaperand this
economyincreaseswith y . Thisresultis explainedby thefact
thatbinarynogoodsare,in general,usefulfor few solvers.
On overall communications,theschemewith manageris the
best,dueessentiallyto thenumberof binarynogoodswhich

is significantlygreaterthanoneof unarynogoods(with a fac-
tor between30 and100).

In conclusion,the managerdoesits job by limiting the
numberof exchangedmessages.It avoids solversa lack of
time due to managementof messages(in particular, receipt
of uselessnogoods).

5 Conclusions and future works
In this paper, from anideaof MartinezandVerfaillie, we de-
fineanew schemeof cooperativeparallelsearchby exchang-
ing nogoodsandwe assessexperimentallyits efficiency. We
observe thenlinear or superlinearspeed-upup to 10 solvers
for inconsistentproblemsandup to 16 solversfor consistent
ones.So,exchangeof nogoodsis anefficient form of coop-
eration.We notea decreaseof efficiency with thenumberof
solvers,dueto theincreasingnumberof communicationsand
to a lackof diversityof solvers.

A first extensionof thiswork consistsin findingseveralef-
ficient anddiverseheuristicsin order to improve efficiency
as well as increasethe numberof solvers. Then, we can
extendour schemeby applyingany algorithmwhich main-
tainssomelevel of consistency, by usingdifferentalgorithms
(which would permit to combinecompletesearchmethods
andincompleteoneslike in [HoggandWilliams, 1993] and
to improve the diversity of solvers),or by generalizingit to
anotherform of cooperationwith exchangeof informations.
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Abstract

We show that nodesof high degreetend to occur
infrequentlyin randomgraphsbut frequentlyin a
wide variety of graphsassociatedwith real world
searchproblems. We then study some alterna-
tive modelsfor randomlygeneratinggraphswhich
have beenproposedto give more realistic topolo-
gies. For example,we show that WattsandStro-
gatz’s smallworld modelhasa narrow distribution
of nodedegree. On the otherhand,Barab́asi and
Albert’s power law model,givesgraphswith both
nodesof high degreeanda small world topology.
Thesegraphsmay thereforebe useful for bench-
marking. We thenmeasurethe impactof nodesof
highdegreeandasmallworld topologyon thecost
of coloring graphs. The long tail in searchcosts
observedwith smallworld graphsdisappearswhen
thesegraphsarealsoconstructedto containnodes
of highdegree.Weconjecturethatthis is aresultof
the small sizeof their “backbone”,pairsof edges
thatarefrozento bethesamecolor.

1 Introduction
How doesthetopologyof graphsmet in practicediffer from
uniform randomgraphs?This is animportantquestionsince
commontopologicalstructuresmay have a large impacton
problemhardnessandmaybeexploitable. Barab́asiandAl-
bert have shown that graphsderived from areasas diverse
asthe World Wide Web, andelectricity distribution contain
morenodesof highdegreethanarelikely in randomgraphsof
thesamesizeandedgedensity[Barab́asiandAlbert, 1999].
As a secondexample, Rednerhas shown that the citation
graphof papersin the ISI catalogcontainsa few nodesof
very high degree[Render, 1998]. Whilst 633,391out of the
783,339papersreceive less than 10 citations,64 are cited
morethan1000times,andonereceived8907citations.The
presenceof nodeswith highdegreemayhaveasignificantim-
pacton searchproblems.For instance,if theconstraintgraph
of a schedulingproblemhasseveralnodeswith high degree,
thenit maybedifficult to solveassomeresourcesarescarce.
As a secondexample,if the adjacency graphin a Hamilto-
niancircuit problemhasmany nodesof highdegree,thenthe
problemmaybeeasysincetherearemany pathsinto andout

of thesenodes,and it is hard to get stuck at a “dead-end”
node.Searchheuristicslike Brelaz’sgraphcoloringheuristic
[Brelaz,1979] aredesignedto exploit suchvariationin node
degree.

This paperis structuredas follows. We first show that
nodesof high degreetend to occur infrequentlyin random
graphsbut frequentlyin a wide variety of real world search
problems.As testcases,we useexactly the sameproblems
studiedin [Walsh, 1999]. We then study somealternative
modelsfor randomlygeneratinggraphswhichgivemorenon-
uniformgraphs(specificallyBarab́asiandAlbert’spowerlaw
model,WattsandStrogatz’s smallworld model,andHogg’s
ultrametricmodel). Finally, we explore the impactof nodes
of high degreeon searchandin particular, on graphcoloring
algorithms.

2 Random graphs
Two typesof randomgraphsarecommonlyused,the

����� �
and the

� ��� �
models. In the

� ��� �
model, graphswith �

nodesand� edgesaregeneratedbysamplinguniformly from
the �
	����������� possibleedges. In the

����� �
model,graphs

with � nodesandanexpectednumberof ���
	������������ edges
aregeneratedby including eachof the �
	������������ possible
edgeswith fixed probability � . The two modelshave very
similar properties,including similar distributions in the de-
greeof nodes.In a random

����� �
graph,theprobabilitythata

nodeis directlyconnectedto exactly � others,� 	!�"� followsa
Poissondistribution. Moreprecisely,

�#	$�"�
%'&)(+*),.-����+/
where � is thenumberof nodes,� is theprobability thatany
pair of nodesareconnected,and , is 	��0�1���2� , theexpected
nodedegree. As the Poissondistribution decaysexponen-
tially, nodesof high degreeareunlikely.

In thispaper, wefocusonthecumulativeprobability, 34	!�5�
which is theprobabilityof anodebeingdirectlyconnectedto� or lessnodes:

34	!�"�
% -6 7 8#9 �#	�:;�=<
Whilst �#	$�"� is smoothlyvaryingfor randomgraphs,it canbe-
have moreerraticallyon real world graphs.The cumulative
probability, which is by definitionmonotonicallyincreasing,
tendsto giveaclearerpicture.Figure1 shows thatthecumu-
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Figure 1: Cumulative probability (y-axis) againstthe nor-
malizednodedegree(x-axis) for random

���>� �
graphswith�?%1@5< A .

lative probability againstthe normalizeddegreefor random
graphsrapidlyapproachesastepfunctionas � increases.The
degreeof nodesthereforebecomestightly clusteredaround
theaveragedegree.

3 Real world graphs
We next studiedthedistribution in thedegreeof nodesfound
in therealworld graphsstudiedin [Walsh,1999].

3.1 Graph coloring
We lookedat somerealworld graphcoloringproblemsfrom
the DIMACS benchmarklibrary. We focusedon the regis-
ter allocationproblemsas theseare basedon real program
code.Figure2 demonstratesthat theseproblemshave a very
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Register data
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Figure2: Cummulative probability (y-axis) againstthe nor-
malizednodedegree (x-axis). “Register data” is the ze-
ronin.i.1 registerallocationproblemwhich is converted
into a graph coloring problem with 125 nodesand 4100
edges.“Randomgraph” is a randomgraphof the samesize
andedgedensity. Otherproblemsin theDIMACSgraphcol-
oringbenchmarkgavesimilar results.

skeweddistribution in thedegreeof their nodes.Otherprob-
lemsfrom the DIMACS benchmarklibrary gave very simi-
lar cumulativeprobabilitydistributionsfor thedegreeof their

nodes.Comparedto randomgraphsof thesamesizeandedge
density, theseregisterallocationproblemshave a numberof
nodesthatareof muchhigherandlower degreethantheav-
erage.For example,thenodeof maximumdegreein Figure2
is directly connectedto 89%of thenodesin thegraph.This
is morethantwice theaveragedegree,andthereis lessthan
a 1 in 4 million chancethata nodein a randomgraphof the
samesizeandedgedensityhasdegreeas large as this. On
theotherhand,thenodeof leastdegreehaslessthanhalf the
averagedegree,andthereis lessthana 1 in 7 million chance
thatanodein a randomgraphof thesamesizeandedgeden-
sity hasdegreeas small as this. The plateauregion in the
middle of the graphindicatesthat therearevery few nodes
with the averagedegree. Most nodeshave eitherhigheror
lowerdegrees.By comparison,thedegreesof nodesin a ran-
domgrapharetightly clusteredaroundtheaverage.A similar
plateauregion aroundthe averagedegreeis seenin mostof
the registerallocationproblemsin the DIMACS benchmark
library.

3.2 Time-tabling
Time-tablingproblemscan be naturally modelledas graph
coloring problems,with classesrepresentedby nodesand
time-slots by colors. We therefore tested some real
world time-tablingproblemsfrom theIndustrialEngineering
archive at the University of Toronto. Figure3 demonstrates
thatproblemsin this datasetalsohave a skeweddistribution
in thedegreeof theirnodes.Otherbenchmarkproblemsfrom
this library gave very similar curves. Comparedto random
graphswith thesamenumberof nodesandedges,thesetime-
tabling problemshave a numberof nodesthat have much
higherandlower degreethanthe average.For example,the
nodeof maximumdegreein Figure3 is directlyconnectedto
71%of thenodesin thegraph.This is nearlythreetimesthe
averagedegree,andthereis lessthana 1 in ��@�B�C chancethat
a nodein a randomgraphof thesamesizeandedgedensity
hasdegreeas large as this. On the otherhand,the nodeof
leastdegreehasapproximatelyonetenthof the averagede-
gree,andthereis lessthana 1 in �D@ 9FE chancethata nodein
a randomgraphof thesamesizeandedgedensityhasdegree
assmallasthis. [Walsh,1999] suggeststhatsparseproblems
in this datasethave moreclusteringof nodesthanthe dense
problems.However, therewasno obvious indicationof this
in thedistributionof nodedegrees.

3.3 Quasigroups
A quasigroupis aLatin square,a � by � multiplicationtable
in whicheachentryappearsjustoncein eachrow or column.
Quasigroupscanmodela variety of practicalproblemslike
sportstournamentschedulingandthedesignof factorialex-
periments.A numberof openquestionsin finite mathematics
about the existence(or non-existence)of quasigroupswith
particularpropertieshave beenansweredusingmodelfind-
ing andconstraintsatisfactionprograms[Fujita et al., 1993].
Recently, aclassof quasigroupproblemshavebeenproposed
asa benchmarkfor generatinghardandsatisfiableproblem
instancesfor local searchmethods[Achlioptaset al., 2000].

An order � quasigroupproblemcanberepresentedasabi-
naryconstraintsatisfactionproblemwith ��B variables,each
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Figure3: Cummulative probability (y-axis) againstthe nor-
malizednodedegree(x-axis). “Time-tablingdata”is theEarl
HaigCollegiatetime-tablingproblemwhichis convertedinto
a graphcoloring problemwith 188 nodesand 4864 edges.
“Random graph” is a randomgraph of the samesize and
edgedensity. Otherproblemsfrom the IndustrialEngineer-
ing archiveat theUniversityof Torontogavesimilar results.

with a domainof size � . The constraintgraphfor sucha
problemconsistsof �G� cliques,one for eachrow andcol-
umn,with eachcliquebeingof size � . Eachnodein thecon-
straintgraphis connectedto �"	��H����� othernodes.Hence,�#	$�"�I%J� if �K%L�5	��M����� and0 otherwise,andthe cumu-
lative probability 34	!�"� is a stepfunction at �%N�"	O�M����� .
As all nodesin theconstraintgraphof a quasigrouphave the
samedegree,quasigroupsmay suffer from limitations as a
benchmark.For example,theBrelazheuristic[Brelaz,1979]
(which triesto exploit variationsin thedegreeof nodesin the
constraintgraph)mayperformlesswell on quasigroupprob-
lemsthanon morerealisticbenchmarksin which thereis a
variability in thedegreeof nodes.

4 Non-uniform random models
As the

� ��P �
and

� ��� �
modelstend to give graphswith a

narrow distributionin thedegreeof nodes,arethereany better
modelsfor randomlygeneratinggraphs?In this section,we
look at threedifferentrandommodels,all proposedby their
authorsto givemorerealisticgraphs.

4.1 Small world model
Watts and Strogatzshowed that graphsthat occur in many
biological, social and man-madesystemsare often neither
completelyregularnor completelyrandom,but have instead
a “small world” topology in which nodesare highly clus-
teredyet the path lengthbetweenthemis small [Wattsand
Strogatz,1998]. Such graphstend to occur frequently in
real world searchproblems[Walsh, 1999]. To generate
graphswith a small world topology, we randomlyrewire a
regular graphlike a ring lattice [Watts and Strogatz,1998;
Gentet al., 1999]. The ring lattice providesnodesthat are
highly clustering,whilst therandomrewiring introducesshort
cutswhich rapidly reducesthe averagepath length. Unfor-
tunately, graphsconstructedin this mannertendnot to have
a wide distribution in the degreeof nodes,andin particular

areunlikely to containany nodesof high degree. For small
amountsof rewiring, �#	$�"� peaksaroundthe lattice degree,
andconvergeson the Poissondistribution found in random
graphsfor moreextensiverewiring.

0

0.2

0.4

0.6

0.8

1

0 0.005 0.01 0.015 0.02 0.025 0.03

cu
m

m
ul

at
iv

e 
pr

ob
ab

ili
ty

, P
(k

)

normalized node degree, k/n

Small world
Random graph

Figure4: Cummulative probability (y-axis) againstthe nor-
malizednodedegree(x-axis).“Small world” is agraphwith a
smallworld topologygeneratedby randomlyrewiring a ring
latticeof 1000nodes,eachwith 10neighborswith a rewiring
probability, �?%��G���DQ . “Randomgraph”is arandomgraphof
thesamesizeandedgedensity.

In Figure4, weplot thecumulativeprobabilityfor thenode
degreesof graphsgeneratedto have a small world topology
by randomlyrewiring a ring lattice.Smallworld graphshave
a distribution of nodedegreesthat is narrower thanthat for
randomgraphswith the samenumberof nodesand edges.
Due to the lack of variability in the degreeof nodes,these
small world graphsmay have limitations asa modelof real
world graphs.Theabsenceof nodesof high degreeis likely
to impactonsearchperformance.For instance,heuristicslike
Brelazwhichtry to exploit variationsin nodedegreearelikely
to find thesegraphsharderto color thangraphswith a wider
variability in nodedegree.Canwe find a modelwith a vari-
ability in thenodedegreethatis similarto thatseenin thereal
world graphsstudiedin theprevioussection?

4.2 Ultrametric model
To generategraphswith morerealisticstructures,Hogg has
proposedamodelbasedongroupingthenodesinto atree-like
structure[Hogg,1996]. In thismodel,anultrametricdistance
betweenthe � nodesis definedby groupingtheminto a bi-
narytreeandmeasuringthedistanceupthis treeto acommon
ancestor. A pair of nodesat ultrametricdistanceR is joined
by anedgewith relative probability �TS . If �U%V� , graphsare
purely random.If �XWY� , graphshave a hierarchicalcluster-
ing asedgesaremorelikely betweennearbynodes.Figure5
givesthecumulativeprobabilitydistribution for thenodede-
greesin a graphgeneratedwith anultrametricdistanceusing
the model from [Hogg, 1996]. Thereis a definitebroaden-
ing of the distribution in nodedegreescomparedto random
graphs.Nodesof degreehigherandlower thanthe average
occurmorefrequentlyin theseultrametricgraphsthanin ran-
domgraphs.For example,onenodein theultrametricgraph
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Figure5: Cummulative probability (y-axis) againstthe nor-
malizednodedegree(x-axis). “Ultrametric” is a graphwith
a ultrametricworld topologygeneratedwith 64 nodes,1008
edges(to giveanaveragedegreeof �#��� ) and�Z%[�G��\ . “Ran-
domgraph”is arandomgraphof thesamesizeandedgeden-
sity.

is connectedto all theothernodes.This nodehasmorethan
twice theaveragedegree,andthereis lessthana 1 in 3 mil-
lion chancethat a nodein a randomgraphof the samesize
andedgedensityhasdegreeas large as this. On the other
hand,the nodeof leastdegreehasjust over half the average
degree,andthereis lessthana 1 in 500 chancethat a node
in a randomgraphof thesamesizeandedgedensityhasde-
greeassmall asthis. Ultrametricgraphsthusprovide a bet-
ter modelof thedistribution of nodedegrees.However, they
lackasmallworld topologyasnodesarenothighly clustered
[Walsh,1999]. Canwe find a modelwhich hasbotha small
world topology(whichhasshown to becommonin realworld
graphs)anda largevariability in thenodedegree(which has
alsobeenshown to becommon)?

4.3 Power law model

Barab́asiandAlbert have shown that real world graphscon-
taining nodesof high degree often follow a power law in
which theprobability � 	!�"� thata nodeis connectedto � oth-
ersis proportionalto � (.] wherê is someconstant(typically
around3) [Barab́asi and Albert, 1999]. Rednerhasshown
thathighly citedpaperstendto follow a Zipf power law with
exponentapproximately-1/2 [Render, 1998]. It follows from
this result that the degreeof nodesin the citation graphfor
highly cited papersfollows a power law with �#	$�"� propor-
tional to � (._ . Suchpower law decaycomparesto theexpo-
nentialdecayin � 	!�"� seenin randomgraphs.

To generatepower law graphs,Barab́asi and Albert pro-
poseamodelin which,startingwith asmallnumberof nodes
( � C ), they repeatedlyaddnew nodeswith � ( �M`�� C ) edges.
Theseedgesare preferentiallyattachedto nodeswith high
degree.They suggesta linearmodelin which theprobability
thatanedgeis attachedto a node : is �

7
�ba�c#� c where � c is

thedegreeof noded . Usinga mean-fieldtheory[Barab́asiet

al., 1999], they show thatsuchagraphwith � nodeshas:

� 	!�"�e% �G��B�	O�?��� C �� �� _
That is, � 	!�"� is proportionalto � (.] where ^X%gf . Note that�#	$�"� is alsoproportionalto ��B , thesquareof theaveragede-
greeof thegraph. In the limit of large � , �#	$�"�ihj B �lk-nm . The
presenceof non-lineartermsin the preferentialattachment
probability will changethe natureof this power law scaling
andmaybea routeto power laws in which thescalingexpo-
nentis differentto 3.
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Figure6: Cummulative probability (y-axis) againstthe nor-
malizednodedegree(x-axis) for graphsgeneratedto have
a simple power law scalingin their nodedegree. Note the
logscaleusedfor the x-axis. “Power law” is a graphcon-
structedby the modified Barab́asi and Albert’s model with� C %[� , �N%[��Q and ��%g����o ; “Random”is a randomgraph
of thesamesizeandedgedensity.

We proposea minor modificationto this model to tackle
theproblemthattheaveragedegree� is boundedby thesize
of the initial graph � C . This will hinder the constructionof
highdensitygraphs(whichwerenotuncommonin theprevi-
oussection).We suggestconnectinganedgeto a node: with
probability prqts#	;��u����

7
� a

7
�
7
� . Eachnew nodeis thencon-

nectedto the graphby approximately� edgeson average.
This modificationis similar to moving from the

� ��P �
to the����P �

modelof randomgraphs.
In Figure6, we plot thecumulative probability for thede-

greeof nodesin graphsgeneratedby thismodifiedmodel.As
with the ultrametricgraphs,we observe a definitebroaden-
ing of the distribution in nodedegreescomparedto random
graphs.Nodesof degreehigherandlower thanthe average
occurmorefrequentlyin thesepower law graphsthanin ran-
dom graphs. For example,the nodeof maximumdegreeis
directly connectedto 70%of thenodesin thegraph.This is
more than threetimes the averagedegree,and thereis less
thana 1 in ��@ 9Fv chancethata nodein a randomgraphof the
samesizeandedgedensityhasdegreeaslargeasthis. Onthe
otherhand,thenodeof leastdegreehasnearlyonefifth of the
averagedegree,andthereis lessthana 1 in �D@)w chancethat
a nodein a randomgraphof thesamesizeandedgedensity
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hasdegreeassmall asthis. Unlike randomgraphsin which
the distrib

x
ution sharpensaswe increasethe size of graphs,

we seea similar spreadin thedistribution of nodedegreesas
thesegraphsareincreasedin size.

Ideally, we want like a methodfor generatinggraphsthat
givesgraphswith bothnodesof highdegreeandasmallworld
topology. Thenodesof high degreegeneratedby the(modi-
fied)Barab́asiandAlbert modelarelikely to keeptheaverage
pathlengthshort.But arethenodeslikely to betightly clus-
tered?Table1 demonstratesthat thesegraphstendto have a
smallworld topologyasthegraphsizeis increased.

� y ybz|{ � S } } z�{ � S ~
16 1.00 1.00 1.00 1.00 1.00
32 1.24 1.24 0.81 0.77 1.05
64 1.57 1.56 0.57 0.43 1.35

128 1.77 1.78 0.39 0.24 1.62
256 1.93 1.89 0.25 0.12 2.12
512 2.07 2.10 0.16 0.06 2.58

Table1: Averagepathlengths( y ) andclusteringcoefficients
( } ) for graphsconstructedto displaya simplepower law in
the nodedegree. The clusteringcoefficient is the average
fraction of neighborsdirectly connectedto eachother and
is a measureof “cliqueness”. Graphshave � nodesandare
generatedby the modifiedBarab́asi andAlbert modelusing� C %�� and ��%��DQ . For comparison,thecharacteristicpath
lengths( y z�{ � S ) andclusteringcoefficients( } z|{ � S ) for ran-
domgraphsof thesamesizeandedgedensityarealsogiven.
The last column is the proximity ratio ( ~ ), the normalized
ratio of the clusteringcoefficient andthe characteristicpath
length(i.e. } � } z�{ � S ��y���y z|{ � S ). Graphswith a proximity
ratio, ~U� � havea smallworld topology.

5 Search

Graphsgeneratedby themodifiedBarab́asiandAlbert model
have botha broaddistribution in degreeof their nodesanda
smallworld topology. Thesearebothfeatureswhicharecom-
mon in real world graphsbut rarein randomgraphs.These
graphsmay thereforebe goodbenchmarksfor testinggraph
coloringalgorithms.They mayalsobeusefulfor benchmark-
ing othersearchproblemsinvolving graphs(e.g. for generat-
ing the constraintgraphin constraintsatisfactionproblems,
theadjacency graphin Hamiltoniancircuit problems,...)

Unfortunatelycoloringgraphsgeneratedby the(modified)
Barab́asiandAlbert modelis typically easy. Most heuristics
basedon nodedegreecanquickly (in many cases,immedi-
ately)find a ����� -coloring. In addition,a � -cliquecanbe
quickly found within the nodesof high degreeshowing that
a �L��� -coloring is optimal. A simplefix to this problemis
to startwith aninitial graphwhich is notaclique.This initial
graphcouldbea ring latticeasin [WattsandStrogatz,1998;
Walsh,1999], or theinter-linking constraintgraphof aquasi-
group as in [Gent et al., 1999]. In both cases,we observe
similar results. The choiceof the initial graphhaslittle ef-
fect on the evolution of nodesof high degree. In addition,

startingfrom a ring latticeor theconstraintgraphof a quasi-
group promotesthe appearanceof a small world topology.
As in [Achlioptasetal., 2000;Gentetal., 1999], wegenerate
problemswith a mixtureof regularstructure(from theinitial
graph)andrandomness(from theadditionof new nodes).
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Figure7: Numberof searchnodes(x-axis)againstprobabil-
ity of visiting this many searchnodes(y-axis) whencolor-
ing graphsgeneratedto have either a power law scalingin
theirnodedegree,asmallworld topologyor apurelyrandom
topology. Notethelogscaleusedfor thex-axis. “Power law”
is a125nodegraphconstructedby themodifiedBarab́asiand
Albert’smodel,startingfrom theconstraintgraphof anorder
5 quasigroup,addingadditionalnodesinto thegraphwith 10
edgeseachon average;“Random” is a randomgraphof the
samesizeandedgedensity;“Small world” is a graphformed
by randomlyrewiring a125nodering lattice,eachnodestart-
ing with 10 neighbours,and eachedgebeing rewired with
probability 1/16. Otherinstancesof power law, randomand
smallworld graphsgeneratedwith thesameparametersgave
similar searchcostdistributions.

In Figure7, weplot thedistribution in searchcostsfor col-
oringgraphswith eitherapower law scalingin theirnodede-
gree,asmallworld topologyor apurelyrandomtopology. To
find optimalcolorings,weuseanalgorithmdueto MikeTrick
which is basedupon Brelaz’s DSATUR algorithm [Brelaz,
1979]. Unlike smallworld graphs,power law graphsdo not
displaya long tail in thedistribution of searchcosts.Whilst
power law graphsare easierto color than randomgraphs,
thereis a largerspreadin searchcostsfor power law graphs
than for randomgraphs. The absenceof a long tail means
that therearelessbenefitswith thesepower law graphsfor a
randomizationandrapidrestartstrategy [Gomeset al., 1997;
1998] comparedto smallworld graphs[Walsh,1999].

5.1 Backbones
Recentefforts to understandthe hardnessof satisfiability
problemshasfocusedon“backbone”variablesthatarefrozen
to a particularvaluein all solutions[Monassonet al., 1998].
It has beenshown, for example, that hard random3-SAT
problemsfrom the phasetransitionhave a very large back-
bone[Parkes,1997]. Backbonevariablesmayleadto thrash-
ing behaviour sincesearchalgorithmscanbranchincorrectly
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onthem.If thesebranchingmistakesoccurhigh in thesearch
tree,they canbe very costly to undo. The ideaof backbone
variablehasbeengeneralizedto graphcoloring [Culberson
andGent,2000]. Sinceany permutationof thecolorsis also
a valid coloring,we cannotlook at nodeswhich musttake a
givencolor. Instead,we look at nodesthatcannotbecolored
differently. As in [CulbersonandGent,2000], two nodesare
frozen in a � -colorablegraphif they have thesamecolor in
all valid � -colorings.No edgecanoccurbetweentwo nodes
that are frozen. The backbone is simply the set of frozen
pairs.

Thepower law graphsgeneratedby themodifiedBarab́asi
andAlbert modelin Figure7 hadvery smallbackbones.In-
deed,in many cases,thereareonly oneor two pairsof nodes
in the backbone.At the startof search,it is thereforehard
to color incorrectlyany of the nodesin oneof thesepower
law graphs.This helpsexplain the lack of a long tail in the
distribution of searchcosts.By comparison,thesmallworld
graphshad backboneswith betweenfifty and one hundred
pairsof nodesin them. At thestartof search,it is therefore
easyto color incorrectlyoneof nodes. This givesrise to a
long tail in the distribution of searchcostsfor backtracking
algorithmslikeBrelaz’s DSATUR algorithm.

6 Conclusions

We have shown that nodesof high degreetendto occur in-
frequentlyin randomgraphsbut frequentlyin a wide variety
of real world searchproblems. As test cases,we usedex-
actly the problemstudiedin [Walsh, 1999]. We thenstud-
ied somealternative modelsfor randomly generatingnon-
uniform graphs. Watts and Strogatz’s small world model
gives graphswith a very narrow distribution in node de-
gree,whilst Hogg’s ultrametricmodelgivesgraphscontain-
ing nodesof high degreebut lacksa small world topology.
Barab́asi and Albert’s power law model combinesthe best
of both models,giving graphswith nodesof high degree
andwith a small world topology. Suchgraphsmay be use-
ful for benchmarkinggraphcoloring, constraintsatisfaction
andothersearchproblemsinvolving graphs. We measured
the impactof both nodesof high degreeanda small world
topology on a graph coloring algorithm. The long tail in
searchcostsobserved with small world graphsdisappears
when thesegraphsarealsoconstructedto containnodesof
highdegree.This maybeconnectedto thesmallsizeof their
“backbone”,pairsof edgesfrozenwith thesamecolor.

What generallessonscan be learnt from this research?
First, searchproblemsmet in practicemay be neithercom-
pletely structurednor completelyrandom.Sincealgorithms
optimizedfor purely randomproblemsmay performpoorly
on problemsthat containboth structureand randomness,it
maybeusefulto benchmarkwith problemgeneratorsthatin-
troduceboth structureandrandomness.Second,in addition
to a small world topology, many real world graphsdisplay
a wide variationin the degreeof their nodes. In particular,
nodesof high degreeoccur much more frequently than in
purely randomgraphs. Third, thesesimpletopologicalfea-
turescanhave a major impacton the costof solving search
problems.We conjecturethat graphcoloring heuristicslike

Brelazareoften able to exploit the distribution in nodede-
gree,preventingmuchof thrashingbehaviour seenin more
uniformgraphs.
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Abstract

The implementation of effective reasoning tools for
deciding the satisfiability of Quantified Boolean
Formulas (QBFs) is an important research issue
in Artificial Intelligence. Many decision proce-
dures have been proposed in the last few years,
most of them based on the Davis, Logemann, Love-
land procedure (DLL) for propositional satisfiabil-
ity (SAT). In this paper we show how it is pos-
sible to extend the conflict-directed backjumping
schema for SAT to QBF: when applicable, it al-
lows to jump over existentially quantified literals
while backtracking. We introduce solution-directed
backjumping, which allows the same for univer-
sally quantified literals. Then, we show how it is
possible to incorporate both conflict-directed and
solution-directed backjumping in a DLL-based de-
cision procedure for QBF satisfiability. We also im-
plement and test the procedure: The experimental
analysis shows that, because of backjumping, sig-
nificant speed-ups can be obtained. While there
have been several proposals for backjumping in
SAT, this is the first time –as far as we know– this
idea has been proposed, implemented and experi-
mented for QBFs.

1 Introduction
The implementation of effective reasoning tools for deciding
the satisfiability of Quantified Boolean Formulas (QBFs) is
an important research issue in Artificial Intelligence. Many
reasoning tasks involving abduction, reasoning about knowl-
edge, non monotonic reasoning, are PSPACE-complete rea-
soning problems and are reducible in polynomial time to the
problem of determining the satisfaction of a QBF. More im-
portant, since QBF reasoning is the prototypical PSPACE
problem, many of these reductions are readily available. For
these reasons, we have seen in the last few years the pre-
sentation of several implemented decision procedures for
QBFs, like QKN [Kleine-Büning, H. and Karpinski, M.
and Flögel, A., 1995], EVALUATE [Cadoli et al., 1998,
Cadoli et al., 2000], DECIDE [Rintanen, 1999b], QUIP [Egly
et al., 2000], QSOLVE [Feldmann et al., 2000]. Most of

the above decision procedures are based on the Davis, Lo-
gemann, Loveland procedure (DLL) for propositional satisfi-
ability [Davis et al., 1962] (SAT). This is because it is rather
easy to extend DLL to deal with QBFs, and also because DLL
is at the core of many state-of-the-art deciders for SAT.

In this paper we show how it is possible to extend
the conflict-directed backjumping schema for SAT (see,
e.g., [Prosser, 1993, Bayardo, Jr. and Schrag, 1997]) to
QBF: when applicable, it allows to jump over existentially
quantified literals while backtracking. We introduce solution-
directed backjumping, which allows the same for universally
quantified literals. Then, we show how it is possible to incor-
porate both conflict-directed and solution-directed backjump-
ing in a DLL-based decision procedure for QBF satisfiability.
We also implement and test the procedure: The experimen-
tal analysis shows that, because of backjumping, significant
speed-ups can be obtained. While there have been several
proposals for backjumping in SAT, this is the first time –as
far as we know– this idea has been proposed, implemented
and experimented for QBFs.

The paper is structured as follows. In Section 2 we intro-
duce some formal preliminaries necessary for the rest of the
paper. In Section 3 we present QUBE, a DLL based decision
procedure for QBFs. Section 4 is devoted to the presentation
of the theoretical results at the basis of the backjumping pro-
cedure presented in Section 5. The experimental analysis is
reported in Section 6. We end the paper with the conclusions
and future work in Section 7. Proofs are omitted for lack of
space.

2 Formal preliminaries
Consider a set P of propositional letters. An atom is an ele-
ment of P. A literal is an atom or the negation of an atom. In
the following, for any literal l,

� jlj is the atom occurring in l; and

� l is :l if l is an atom, and is jlj otherwise.

A clause C is an n-ary (n � 0) disjunction of literals such
that, for any two distinct disjuncts l; l0 in C, it is not the case
that jlj = jl0j. A propositional formula is a k-ary (k � 0)
conjunction of clauses. As customary in SAT, we represent a
clause as a set of literals, and a propositional formula as a set
of clauses. With this notation, e.g.,
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� the clause fg is the empty clause and stands for the
empty disjunction,

� the propositional formula fg is the empty set of clauses
and stands for the empty conjunction,

� the propositional formula ffgg stands for the set of
clauses whose only element is the empty clause.

A QBF is an expression of the form

Q1x1 : : : Qnxn� (n � 0) (1)

where

� every Qi (1 � i � n) is a quantifier, either existential 9
or universal 8,

� x1; : : : ; xn are pairwise distinct atoms in P, and

� � is a propositional formula in the atoms x1; : : : ; xn.

Q1x1 : : : Qnxn is the prefix and � is the matrix of (1).1 For
example, the expression

8x19x28x39x49x5ffx1; x3; x4g; fx1;:x3;:x4;:x5g;
fx1;:x4; x5g; f:x1; x2; x5g;
f:x1; x3; x4g; f:x1; x3;:x4g;
f:x1;:x2;:x3;:x5gg

(2)

is a QBF with 7 clauses.
Consider a QBF (1). A literal l is

� existential if 9jlj belongs to the prefix of (1), and is uni-
versal otherwise.

� unit in (1) if l is existential, and, for some m � 0,

– a clause fl; l1; : : : ; lmg belongs to �, and
– each expression 8jlij (1 � i � m) occurs at the

right of 9jlj in the prefix of (1).

� monotone if either l is existential, l occurs in �, and l
does not occur in �; or l is universal, l does not occur in
�, and l occurs in �.

A clause C is contradictory if no existential literal belongs to
C. For example, the empty clause is contradictory.

The semantics of a QBF ' can be defined recursively as
follows. If ' contains a contradictory clause then ' is FALSE.
If the matrix of ' is the empty set of clauses then ' is TRUE.
If ' is 9x (respectively 8x ), ' is TRUE if and only if 'x or
(respectively and) ':x are TRUE. If ' = Qx is a QBF and
l is a literal, 'l is the QBF obtained from  by deleting the
clauses in which l occurs, and removing l from the others. It
is easy to see that if ' is a QBF without universal quantifiers,
the problem of deciding ' satisfiability reduces to SAT.

3 QUBE
QUBE is implemented in C on top of SIM, an efficient de-
cider for SAT developed by our group [Giunchiglia et al.,
2001a]. A high-level description of QUBE is presented in
Figure 1.2 In Figure 1,

� ' is a global variable initially set to the input QBF.
1Traditionally, the syntax of QBFs allows for arbitrary proposi-

tional formulas as matrices. However, the problem of determining
the satisfiability of a QBF whose matrix is a set of clauses remains

1 ' := hthe input QBFi; Stack := hthe empty stacki;
2 function Simplify()
3 do
4 '0 := ';
5 if (ha contradictory clause is in 'i) return FALSE;
6 if (hthe matrix of ' is emptyi) return TRUE;
7 if (hl is unit in 'i)
8 jlj:mode := UNIT; Extend(l);
9 if (hl is monotone in 'i)

10 jlj:mode := PURE; Extend(l);
11 while ('0

6= ');
12 return UNDEF;

13 function Backtrack(res)
14 while (hStack is not emptyi)
15 l := Retract();
16 if (jlj:mode = L-SPLIT) and
17 ((res = FALSE and jlj:type = 9) or
18 (res = TRUE and jlj:type = 8))
19 jlj:mode := R-SPLIT; return l;
20 return NULL;

21 function QubeSolver()
22 do
23 res := Simplify();
24 if (res = UNDEF) l := ChooseLiteral ();
25 else l := Backtrack(res);
26 if (l 6= NULL) Extend(l);
27 while (l 6= NULL);
28 return res;

Figure 1: The algorithm of QUBE.

� Stack is a global variable storing the search stack, and is
initially empty.

� FALSE, TRUE, UNDEF, NULL, UNIT, PURE, L-SPLIT,
R-SPLIT are pairwise distinct constants.

� for each atom x in the input QBF,

– x:mode is a property of x whose possible values
are UNIT, PURE, L-SPLIT, R-SPLIT, and have the
obvious meaning, and

– x:type is 9 if x is existential, and 8 otherwise.

� Extend(l) deletes the clauses of ' in which l occurs, and
removes l from the others. Additionally, before perform-
ing the above operations, pushes l and ' in the stack.

� Retract() pops the literal and corresponding QBF that
are on top of the stack: the literal is returned, while the
QBF is assigned to '. (Intuitively, Retract is the “in-
verse” operation of Extend).

� Simplify() simplifies ' till a contradictory clause is gen-
erated (line 5), or the matrix of ' is empty (line 6),

PSPACE complete.
2We use the following pseudocode conventions. Indentation in-

dicates block structure. Two instructions on the same line belong
to the same block.“:=” is the assignment operator. The constructs
while hcondi hblocki, do hblocki while hcondi, ifhcondi hblock1i
else hblock2i have the same interpretation as in the C language.
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or no simplification is possible (lines 4, 11). The sim-
plifications performed in lines 8 and 10 correspond to
Lemmas 6, 4-5 respectively of [Cadoli et al., 1998,
Cadoli et al., 2000].

� ChooseLiteral () returns a literal l occurring in ' such
that for each atom x occurring to the left of jlj in the
prefix of the input QBF,

– x and :x do not occur in ', or
– x is existential iff l is existential.

ChooseLiteral () also sets jlj:mode to L-SPLIT.

� Backtrack(res): pops all the literals and corresponding
QBFs (line 15) from the stack, till a literal l is reached
such that jlj:mode is L-SPLIT (line 16), and either

– l is existential and res = FALSE (line 17); or
– l is universal and res = TRUE (line 18).

If such a literal l exists, jlj:mode is set to R-SPLIT, and
l is returned (line 19). If no such literal exists, NULL is
returned (line 20).

It is easy to see that QUBE is a generalization of DLL: QUBE
and DLL have the same behavior on QBFs without universal
quantifiers.

To understand QUBE behavior, consider the QBF (2). For
simplicity, assume that ChooseLiteral returns the negation of
the first atom in the prefix which occurs in the matrix of the
QBF under consideration. Then, the tree searched by QUBE
when ' is (2) is represented in Figure 2. In Figure 2, each
node shows

� the sequence of literals assigned by QUBE before a
branch takes place (first line): for each literal l in the
sequence, we also show the value of jlj:mode; and

� the matrix of the resulting QBF, prefixed by a label (sec-
ond line).

As the result of the computation, QUBE would correctly re-
turn FALSE, i.e., (2) is unsatisfiable.

4 Backjumping
Let ' be a QBF (1). Consider '.

In the following, for any finite sequence � = l1; : : : ; lm
(m � 0) of literals, we write

� Assign(�;�) as an abbreviation for

Assign(lm; : : : ; (Assign(l1;�)) : : :);

where, if 	 is a set of clauses, Assign(l;	) is the set of
clauses obtained from	 by deleting the clauses in which
l occurs, and removing l from the others.

� [Q1x1 : : :Qnxn]� as an abbreviation for the expression
obtained fromQ1x1 : : : Qnxn by removingQixi when-
ever xi or :xi is in �.

� '� as an abbreviation for the QBF

[Q1x1 : : : Qnxn]�Assign(�;�):

Intuitively, if � is a sequence of literals representing an as-
signment, '� is the QBF resulting after the literals in � are
assigned. For example, considering Figure 2, if ' is (2), � is
(F4), and � is :x1;x3, then '� is 9x29x49x5�.

As in constraint satisfaction (see, e.g., [Dechter, 1990,
Prosser, 1993, Bayardo, Jr. and Schrag, 1997]) it may be the
case that only a subset of the literals in the current assign-
ment is responsible for the result (either TRUE or FALSE) of
'� satisfiability. Then, assuming that it is possible to effec-
tively determine such a subset �, we could avoid doing a right
branch on a literal l, if l is not in �. To make these notions
precise we need the following definitions.

A finite sequence � = l1; : : : ; lm (m � 0) of literals is an
assignment for ' if for each literal li in �

� li is unit, or monotone in 'l1;:::;li�1
; or

� li occurs in 'l1;:::;li�1
and for each atom x occurring to the

left of jlij in the prefix of the input QBF,

� x and :x do not occur in 'l1;:::;li�1
, or

� x is existential iff li is existential.

Consider an assignment � = l1; : : : ; lm for '.
A set of literals � is a reason for '� result if

� � � fl1; : : : ; lmg, and

� for any assignment �0 for ' such that

– � � fl : l is in �0g,
– fjlj : l is in �0g = fjlj : l is in �g,

'�0 is satisfiable iff '� is satisfiable.

For example, if ' is (2),

� if � is x1;:x2, then fx1g is a reason for '� result: For
each assignment �0 2 fx1;:x2; x1;x2g, '�0 is unsatis-
fiable, and

� if � is :x1;:x3, then f:x1g is a reason for '� result:
For each assignment �0 2 f:x1;:x3;:x1;x3g, '�0 is
satisfiable.

Intuitively,

� when given an assignment � such that either the matrix
'� is empty or it contains a contradictory clause, we first
compute a reason � for '� result, and

� while backtracking, we dynamically modify the reason
� for the current result. Furthermore, we use � in order
to avoid useless branches: In particular, we avoid doing
a right branch on a literal l if l is not in �.

The theorems in the next subsections —in which we show
how to compute the reason— are an easy consequence of the
following proposition.

Let � be a reason for '� result. We say that

� � is a reason for '� satisfiability if '� is satisfiable, and

� � is a reason for '� unsatisfiability, otherwise.

Proposition 1 Let ' be a QBF (1). Let � = l1; : : : ; lm (m �

0) be an assignment for '. Let �0 be a sequence obtained by
removing some of the literals in �. Let � be the set of literals
in �0.
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F1 : ffx1; x3; x4g; fx1;:x3; x4;:x5g; fx1;:x4; x5g; f:x1; x2; x5g; f:x1; x3; x4g; f:x1; x3;:x4g; f:x1;:x2;:x3;:x5gg

h:x1; Li

F2 : ffx3; x4g; f:x3; x4;:x5g; f:x4; x5gg

h:x3; Li,hx4; Ui,hx5; Ui

F3 : fg

hx3; Ri

F4 : ffx4;:x5g; f:x4; x5gg

h:x4; Li,h:x5; Ui

F5 : fg

hx1; Ri

F6 : ffx2; x5g; fx3; x4g; fx3;:x4g; f:x2;:x3;:x5gg

h:x2; Li; hx5; Ui; h:x3; Pi; hx4; Ui

F7 : ffgg

hx2; Ri; h:x5; Pi; h:x3; Pi; hx4; Ui

F8 : ffgg

Figure 2: QUBE computation tree for (2). U, P, L, R stand for UNIT, PURE, L-SPLIT, R-SPLIT respectively. The prefix is
8x19x28x39x49x5.

� � is a reason for '� unsatisfiability iff the QBF

9jl1j : : : 9jlmj[Q1x1 : : :Qnxn]�Assign(�0;�)

is unsatisfiable.

� � is a reason for '� satisfiability iff the QBF

8jl1j : : :8jlmj[Q1x1 : : :Qnxn]�Assign(�0;�)

is satisfiable.

4.1 Conflict-directed Backjumping
The following Theorem allows us to compute the reason for
'� result when the matrix of '� contains a contradictory
clause. Given a sequence of literals �, we say that a literal
l is FALSE-irrelevant in � if —assuming �0 is the sequence
obtained by deleting l in �— '�0 contains a contradictory
clause.

Theorem 1 Let ' be a QBF. Let � be an assignment for
' such that '� contains a contradictory clause. Let �0 be
a sequence obtained by recursively eliminating a FALSE-
irrelevant literal in �. Let � be the set of literals in �0. Then
� is a reason for '� unsatisfiability.

If ' is (2), this Theorem allows us to conclude, e.g., that
—with reference to Figure 2—

� if � is x1;:x2;x5;:x3;x4, then fx1;:x3; x4g is a rea-
son for '� unsatisfiability, and

� if � is x1;:x2;x5;:x3;:x4, then fx1;:x3;:x4g is a
reason for '� unsatisfiability.

Our next step is to show how it is possible to compute rea-
sons for '� unsatisfiability while backtracking.

Theorem 2 Let ' be a QBF. Let l be a literal. Let �; l be an
assignment for '. Let � be a reason for '�;l unsatisfiability.

1. If l is not in �, then � is a reason for '� unsatisfiability.

2. If l 2 �, and l is universal, then � n flg is a reason for
'� unsatisfiability.

3. If l 2 �, l is existential and monotone in '�, then � nflg
is a reason for '� unsatisfiability.

4. If l 2 �, l 2 �0, �0 is a reason for '
�;l

unsatisfiability,

and l is existential, then (� [ �0) n fl; lg is a reason for
'� unsatisfiability.

If ' is (2), considering Theorem 2 and Figure 2:

� given what we said in the paragraph below Theo-
rem 1, the 4th statement allows us to conclude that
fx1;:x3g is a reason for '� unsatisfiability when � is
x1;:x2;x5;:x3,

� from the above, the 2nd statement allows us to conclude
that fx1g is a reason for '� unsatisfiability when � is
x1;:x2;x5,

� from the above, the 1st statement allows us to conclude
that fx1g is a reason for '� unsatisfiability when � is in
fx1;:x2; x1g.

From the last item, it follows that looking for assignments sat-
isfying '� when � begins with x1, is useless. Given this, our
“backjumping” procedure would have avoided the generation
of the branch leading to (F8) in Figure 2.

4.2 Solution-directed Backjumping
The following Theorem allows us to compute the reason for
'� result when the matrix of '� is empty. Given a sequence
of literals �, we say that a literal l is TRUE-irrelevant in � if
—assuming �0 is the sequence obtained by deleting l in �—
the matrix of '�0 is empty.

Theorem 3 Let ' be a QBF. Let � be an assignment for '
such that the matrix of '� is empty. Let �0 be a sequence
obtained by recursively eliminating a TRUE-irrelevant literal
in �. Let � be the set of literals in �0. Then � is a reason for
'� satisfiability.

With reference to Figure 2, the above Theorem allows us to
conclude that, e.g., f:x1; x4; x5g is a reason for '� satisfia-
bility, if � is :x1;:x3;x4;x5 and ' is (2).

Theorem 4 Let ' be a QBF. Let l be a literal. Let �; l be an
assignment for '. Let � be a reason for '�;l satisfiability.

1. If l is not in �, then � is a reason for '� satisfiability.

2. If l 2 �, and l is existential, then � n flg is a reason for
'� satisfiability.

3. If l 2 �, l is universal and monotone in '�, then � n flg
is a reason for '� satisfiability.

4. If l 2 �, l 2 �0, �0 is a reason for '
�;l

satisfiability, and

l is universal, then (� [ �0) n fl; lg is a reason for '�
satisfiability.

If ' is (2), considering Theorem 4 and Figure 2:
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1 function Backjump(res)
2 wr := InitWr(res);
3 while (hStack is not emptyi)
4 l := Retract();
5 if (l 2 wr)
6 if (res = FALSE and jlj:type = 9) or
7 (res = TRUE and jlj:type = 8)
8 if (jlj:mode = UNIT) or (jlj:mode = R-SPLIT)
9 wr := (wr [ jlj:reason) n fl; lg

10 if(jlj:mode = L-SPLIT)
11 jlj:mode := R-SPLIT;
12 jlj:reason := wr;
13 return l;
14 else wr := wr n flg;
15 return NULL;

Figure 3: A procedure for conflict-directed and solution-
directed backjumping.

� given what we said in the paragraph below Theorem 3,
the 2nd statement allows us to conclude that f:x1; x4g
is a reason for '� satisfiability when � is :x1;:x3;x4,

� from the above, the 2nd statement allows us to conclude
that f:x1g is a reason for '� satisfiability when � is
:x1;:x3,

� from the above, the 1st statement allows us to conclude
that f:x1g is a reason for '� satisfiability when � is
:x1.

From the last item, it follows that looking for assignments
falsifying '� when � begins with :x1, is useless. Given this,
our “backjumping” procedure would have avoided the gener-
ation of the branch leading to (F5) in Figure 2.

5 Implementation in QUBE
A procedure incorporating both conflict-directed and
solution-directed backjumping has been implemented in
QUBE. A high-level description of this procedure is pre-
sented in Figure 3. Consider Figure 3. Assume that ' is the
input QBF and that � = l1; : : : ; lm is the assignment for '
corresponding to the sequence of literals stored in the stack.
Then,

� InitWr(res) initializes the variable wr, storing the reason
for '� result. In our implementation:

� if res = FALSE, '� contains a contradictory clause. Let
C be a clause in ' such that, for each literal l in C, l is
in � or l is universal in '. Then InitWr(res) returns the
set of literals l in � such that l is in C (see Theorem 1).
For example, if ' is (2), and � is x1;:x2;x5;:x3;x4,
then InitWr(res) returns fx1;:x3; x4g.

� if res = TRUE, the matrix of '� is empty. Then
InitWr(res) returns the set of literals in the sequence
obtained from � by recursively eliminating a univer-
sal literal l such that, for each clause C in ', if
l 2 C then there is another literal l0 in the sequence
with l0 2 C (see Theorem 3). For example, if ' is
(2), and � is :x1;:x3;x4;x5, then InitWr(res) returns
f:x1; x4; x5g.

� If l is a literal li in �, jlj:reason is the property of jlj that,
if set, stores the reason for 'l1;:::;li result.

The function QubeSolver in Figure 1 needs to be modified
in two ways. First, if l is a unit in '�, then '

�;l
contains a

contradictory clause. Let C be a clause in ' such that, for
each literal l0 in C, l0 is in �; l or l0 is universal in '. Then,
the set � of literals l0 in �; l such that l0 is in C is a reason
for '

�;l
unsatisfiability. If UnitSetReason(l) is invoked when

l is a unit in '�, and assuming this function returns a set �
defined as above, the instruction

jlj:reason := UnitSetReason(l);

has to be added in line 8. For example, if ' is (2), and
� is x1;:x2;x5;:x3, then x4 is a unit in '�, '�;:x4 con-
tains a contradictory clause, and fx1;:x3;:x4g is stored in
x4:reason. Second, the procedure Backjump(res) has to be
invoked in place of Backtrack(res) at line 25.

Considering the procedure Backjump(res) in Figure 3 —
once the working reason is initialized (line 2) according to the
above— Backjump(res) pops all the literals and correspond-
ing QBFs (line 4) from the stack, till a literal l is reached such
that l belongs to the working reason wr (line 5), jlj:mode is
L-SPLIT (line 10), and either

� l is existential and res=FALSE (line 6); or

� l is universal and res=TRUE (line 7).

If such a literal l exists, jlj:mode is set to R-SPLIT(line 11),
the working reason is stored in jlj:reason (line 12), and l is
returned (line 13). If no such literal exists, NULL is returned
(line 15).

Notice that if l is not in wr, we can safely retract l despite
the other conditions (see statement 1 in Theorems 2, 4): As-
signing l would not change the result of the computation.

If l is in wr, one of the conditions in line 6 or line 7 is
satisfied, but jlj:mode is UNIT or R-SPLIT (line 8), we can
use the results in statement 4 of Theorems 2, 4 to compute
the new working reason (line 9).

If l is in wr but neither the condition in line 6 nor the con-
dition in line 7 is satisfied, then we can retract l and remove l
fromwr (line 14). See the second statement of Theorems 2, 4.

Finally, given the reasons returned by our implementation
of InitWr(res), it is easy to see that neither a universal, mono-
tone literal can belong to the reason of an universal literal
when res=TRUE, nor an existential, monotone literal can be-
long to the reason of an existential literal when res=FALSE.
Thus, the statement 3 in Theorems 2, 4 (included for theoret-
ical completeness) is never applied in our implementation.

Our implementation of QUBE with Backjump is a gener-
alization of the conflict-directed backjumping procedure im-
plemented, e.g., in RELSAT: assuming that our procedure and
RELSAT –without learning– perform the same nondeterminis-
tic choices, the two systems have the same behavior on QBFs
without universal quantifiers.

6 Experimental analysis
To evaluate the benefits deriving from backjumping, we com-
pare QUBE with backtracking (that we call QUBE-BT), and
QUBE with backjumping (that we call QUBE-BJ). For both
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Figure 4: QUBE-BT and QUBE-BJ median CPU time (left) and number of branching nodes (right). 100 samples/point.
Background: satisfiability percentage.

systems, we use the branching heuristics described in [Feld-
mann et al., 2000]). All the tests have been run on a Pentium
III, 600MHz, 128MBRAM.

We first consider sets of randomly generated QBFs. The
generation model that we use is model A by Gent and Walsh
[1999]. In this model, each QBF has the following 4 proper-
ties:

1. the prefix consists of k sequences, each sequence has n
quantifiers, and each two quantifiers in a same sequence,
are of the same type,

2. the rightmost quantifier is 9,

3. the matrix consists of l clauses,

4. each clause consists of h literals of which at least 2 are
existential.

Figure 4 shows the median of the CPU times (left) and num-
ber of branching nodes (right) of QUBE-BT and QUBE-BJ
when k = 4, n = 30, h = 5, and l (on the x-axis) is var-
ied in such a way to empirically cover the “100% satisfiable
– 100% unsatisfiable” transition (shown in the background).
Notice the logarithmic scale on the y-axis. Consider Figure 4-
left. As it can be observed, QUBE-BJ is faster (up-to two
orders of magnitude) than QUBE-BT. QUBE-BJ better per-
formances are due to its minor number of branching nodes,
as shown in Figure 4-right.

QUBE-BT QUBE-BJ
Test File Time Br. Nodes Time Br. Nodes

B*-3ii.4.3 >1200 – 2.340 59390
B*-3ii.5.2 >1200 – 53.500 525490
B*-3iii.4 >1200 – 0.560 18952
T*-6.1.iv.11 31.990 500471 6.860 139505
T*-6.1.iv.12 22.700 298172 2.660 56387
T*-7.1.iv.13 755.760 8932409 117.380 1948541
T*-7.1.iv.14 466.600 4729695 38.720 688621
C*-23.24 604.020 8388653 706.430 8388653

Table 1: QUBE-BT and QUBE-BJ on Rintanen’s bench-
marks. Names have been abbreviated to fit in the table.

We also test QUBE-BT and QUBE-BJ on the structured

Rintanen’s benchmarks.3 These problems are translations
from planning problems to QBF (see [Rintanen, 1999a]). For
lack of space, Table 1 shows QUBE-BT and QUBE-BJ per-
formances on only 8 out of the 38 benchmarks available. On
13 of the other 30 problems, QUBE-BT and QUBE-BJ per-
form the same number of branching nodes, and on the re-
maining 17, none of the two systems is able to solve the prob-
lem in the time limit of 1200 seconds. As before, QUBE-BJ
never performs more branching nodes than QUBE-BT, and
is sometimes much faster. The last line of the table shows that
when the number of branching nodes performed by QUBE-
BT and QUBE-BJ is the same, the computational overhead
paid by QUBE-BJ is not dramatic.

7 Conclusions and Future work

In the paper we have shown that it is possible to generalize the
conflict-directed backjumping schema for SAT to QBFs. We
have introduced solution-directed backjumping. Our imple-
mentation in QUBE shows that these forms of backjumping
can produce significant speed ups. As far as we know, this is
the first time a backjumping schema has been proposed, im-
plemented and experimented for QBFs. It is worth remarking
that the logics of conflict-directed (section 4.1) and solution-
directed (section 4.2) backjumping are symmetrical: Indeed,
it would have been easy to provide a uniform treatment ac-
counting for both forms of backjumping. We decided not
to do it in order to improve the readability of the paper, at
the same time showing the tight relations with the conflict-
directed backjumping schema for SAT.

Beside the above results, we have also comparatively tested
QUBE and some of the other QBF solvers mentioned in the
introduction. Our results show that QUBE compares well
with respect to the other deciders, even without backjump-
ing. For example, of the 38 Rintanen’s structured problems,
DECIDE, QUBE-BJ, QUBE-BT, QSOLVE, EVALUATE are
able to solve 35, 21, 18, 11, 0 samples respectively in less
than 1200s. In this regard, we point out that DECIDE features

3Available at www.informatik.uni-freiburg.de/
˜rintanen/qbf.html.
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“inversion of quantifiers” and “sampling” mechanisms which
seem particularly effective on these benchmarks.

QUBE, the experimental results, and the test sets used are
available at QUBE web page:

www.mrg.dist.unige.it/star/qube.

QUBE, besides the backjumping procedure above described,
features six different branching heuristics, plus an adaptation
of trivial truth (see [Cadoli et al., 1998, Cadoli et al., 2000]).
(See [Giunchiglia et al., 2001b] for a description of QUBE’s
available options.) About trivial truth, backjumping and their
interactions, we have conducted an experimental evaluation
on this. The result is that neither trivial truth is always better
than backjumping, nor the other way around. On the other
hand, the overhead of each of these techniques (on the test
sets we have tried) is not dramatic, and thus it seems a good
idea to use both of them. These and other results are reported
in [Giunchiglia et al., 2001c].

About the future work, we are currently investigating the
effects of using different branching heuristics. Then, we plan
to extend QUBE in order to do some form of “size” or “rel-
evance” learning as it has been done in SAT (see, e.g., [Ba-
yardo, Jr. and Schrag, 1997]).
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Abstract

Much excitement has been generated by the re-
cent success of stochastic local search procedures
at finding satisfying assignments to large formulas.
Many of the problems on which these methods have
been effective are non-Boolean in that they are most
naturally formulated in terms of variables with do-
main sizes greater than two. To tackle such a prob-
lem with a Boolean procedure the problem is first
reformulated as an equivalent Boolean problem.
This paper introduces and studies the alternative of
extending a Boolean stochastic local search proce-
dure to operate directly on non-Boolean problems.
It then compares the non-Boolean representation to
three Boolean representations and presents experi-
mental evidence that the non-Boolean method is of-
ten superior for problems with large domain sizes.

1 Introduction
Much excitement has been generated by the recent success
of stochastic local search (SLS) procedures at finding sat-
isfying truth assignments to large formulas of propositional
logic. These procedures stochasticly search a space of all
assignments for one that satisfies the given formula. Many
of the problems on which these methods have been effective
are non-Boolean in that they are most naturally formulated
in terms of variables with domain sizes greater than two. To
tackle a non-Boolean problem with a Boolean procedure, the
problem is first reformulated as an equivalent Boolean prob-
lem in which multiple Boolean variables are used in place of
each non-Boolean variable.

This encode-and-solve approach often results in compara-
ble, if not superior, performance to solving the problem di-
rectly. Because Boolean satisfiability is conceptually simple,
algorithms for it are often easier to design, implement and
evaluate. And because SLS algorithms for Boolean satisfia-
bility have been studied intensively for more than a decade,
highly-optimised implementations are publicly available.

This paper proposes and studies a new approach to solv-
ing non-Boolean satisfaction problems: that of generalising a
Boolean SLS procedure to operate directly on a non-Boolean
formula by searching through a space of assignments to non-
Boolean variables. In particular, we have generalised Walk-

sat[Selmanet al., 1994], a highly-successful SLS procedure
for Boolean satisfiability problems, to a new procedure, NB-
Walksat[Peugniez, 1998; Frisch and Peugniez, 1998], that
works on formulas whose variables have domains of any fi-
nite size.1

In this way we are able to apply highly-refined SLS tech-
nology directly to non-Boolean problems without having to
encode non-Boolean variables as Boolean variables.

The main question addressed by this paper is how the per-
formance of the direct approach compares to that of the trans-
formational (or encode and solve) approach. In particular we
compare one direct method, NB-Walksat, and three trans-
formational methods by empirically testing their ability to
solve large graph colouring problems and large random non-
Boolean formulas. Our three transformation methods consist
of applying Walksat to the results of three transforms.

Boolean variables are merely a special case of non-Boolean
variables, and, intuitively, the difference between the non-
Boolean and Boolean variables grows as the domain size of
the non-Boolean variable increases. Consequently, one would
expect that in a comparison of encodings for non-Boolean
problems that domain size would be the most important pa-
rameter to consider and that one would find that any differ-
ence in performance between the encodings would increase
when domain size is increased. Ours is the first study to con-
sider this.

Our experimental results show NB-Walksat to be highly
effective, demonstrating that the effectiveness of the Walk-
sat strategies can be transferred from the Boolean case to the
non-Boolean case. On problems with large domain sizes our
direct method is often superior to the transformation methods,
which, in some cases, are ineffective.

In the course of studying this new method of solving non-
Boolean problems with SLS, we make several other new con-
tributions. Most naturally, we have had to generalise the no-
tion of a Boolean formula to that of a non-Boolean formula.
Of the three transformations we use, one is new and one is
an enhanced version of a transformation used by others. In
order to test the effect of domain size on problem solving per-
formance we want a method for generating random formulas
that vary in domain size but are similar in other respects. We

1NB-Walksat and a suite of supporting programs are available at
http://www.cs.york.ac.uk/∼frisch/NB.
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propose such a method and use it in our experiments.

2 Non-Boolean Formulas

Non-Boolean formulas are constructed from propositional
variables, each of which is associated with a finite, non-empty
domain. A non-Boolean assignment maps every variable to
a member of its domain. Atomic non-Boolean formulas (or
nb-atoms) are of the formX/d, whereX is a variable andd
is a member of its domain. This formula is assignedTRUE
by an assignment if the assignment mapsX to d; other-
wise it is assignedFALSE. Molecular non-Boolean formulas
are constructed from atomic non-Boolean formulas and truth-
functional connectives with the usual syntax and Boolean se-
mantics. Observe that though non-Boolean variables can take
on values from a domain of arbitrary size, the semantics is
still two-valued in that every formula is assigned eitherTRUE
or FALSE. As usual, we say that an assignment satisfies a non-
Boolean formula if it maps it toTRUE.

Walksat, and many other Boolean SLS procedures, oper-
ate on Boolean formulas in conjunctive normal form (CNF),
and NB-Walksat, our generalisation of Walksat, operates on
non-Boolean formulas in CNF. A formula, Boolean or non-
Boolean, is in CNF if it is a conjunction of disjunctions of
literals. A literal is either an atomic formula (called a positive
literal) or its negation (called a negative literal). We say that
a CNF formula ispositive if all its literals are positive and
negativeif all its literals are negative.

Non-Boolean formulas generalise Boolean formulas since
a Boolean formula can be transformed to a non-Boolean for-
mula by replacing every atomP with P ′/TRUE, whereP ′ is
a variable whose domain is{TRUE, FALSE}.

We sometimes use terms such as “nb-atom” or “nb-
formula” to emphasise that these syntactic objects are part
of the non-Boolean language. Similar use is made of terms
such as “b-atom” and “b-formula”.

3 NB-Walksat

Walksat is a highly successful SLS procedure for finding sat-
isfying assignments to Boolean formulas in CNF. We have
generalised Walksat to a new system, NB-Walksat, that op-
erates similarly on non-Boolean formulas. Indeed when han-
dling a Boolean formula the two procedures perform the same
search.2 This paper is concerned with version 4 of NB-
Walksat, which we derived from Walksat version 19. This
section describes the operation of NB-Walksat and, since
on Boolean formulas NB-Walksat and Walksat perform the
same search, this section implicitly describes the operation of
Walksat.

The simplest way to understand the operation of NB-
Walksat is to consider it as working on positive CNF nb-
formulas. This can be achieved by considering NB-Walksat’s
first step to be the replacement of every negative literal
¬X/di with X/d1 ∨ · · · ∨X/di−1 ∨X/di+1 ∨ · · · ∨X/dn,
whereX is a variable with domain{d1, . . . , dn}.

2We used this property to help test that NB-Walksat was correctly
implemented.

NB-Walksat operates by choosing a random assignment
and then, until a satisfying assignment is found, repeatedly
selecting a literal from an unsatisfied clause and modifying
the assignment so as to satisfy that literal. Since the selected
literal, X/d, occurs in an unsatisfied clause, the present as-
signment must mapX to a value other thand. The present
assignment is modified so that it mapsX to d, and its map-
ping of all other variable is unmodified. We say that the literal
X/d has beenflipped.

What distinguishes NB-Walksat and Walksat from other
procedures is the heuristic employed for selecting which lit-
eral to flip. Though Walksat provides a range of such heuris-
tics, the greedy heuristic is generally the most effective[Sel-
manet al., 1994] and many reported experiments have used it.
Consequently, it is the greedy version of Walksat that forms
the basis for NB-Walksat and only the greedy heuristic is con-
sidered in this paper.

NB-Walksat with the greedy heuristic chooses a literal to
flip by first randomly selecting a clause with uniform distri-
bution from among all the clauses that are not satisfied by the
current assignment. We say that flipping a literalbreaksa
clause if the clause is satisfied by the assignment before the
flip but not after the flip. If the selected clause contains a
literal such that flipping it would break no clauses, then the
literal to flip is chosen randomly with uniform distribution
from among all such literals. If the selected clause contains
no such literals, then a literal is chosen either (i) randomly
with uniform distribution from the set of all literals in the
clause or (ii) randomly with uniform distribution from among
the literals in that clause that if flipped would break the fewest
clauses. The decision to do (i) or (ii) is made randomly; with
a user-specified probability,Pnoise, the “noisy” choice (i) is
taken.

4 Transforming Non-Boolean Formulas
To transform nb-satisfaction problems to b-satisfaction prob-
lems we map each nb-formula to a b-formula such that the
satisfying assignments of the two formulas correspond. This
paper presents three such transforms, called theunary/unary,
unary/binaryandbinary transforms. Each operates on an ar-
bitrary formula, though our experiments only apply the trans-
forms to CNF formulas. Each transform operates by replac-
ing each atom in the nb-formula with a b-formula that, in a
sense, encodes the nb-atom it replaces. The resulting formula
is known as thekernelof the transformation. The transforms
employ two ways of producing a kernel; we call these two
encodings “unary” and “binary”.

If the unary encoding of the kernel is used, the transform
also needs to conjoin two additional formulas to the kernel,
known as theat-least-oneformula (or ALO formula) and the
at-most-oneformula (or AMO formula). As with the kernel,
two encodings can be used for the ALO and AMO formulas:
unary and binary. The three transforms we use in this paper
arebinary (which uses a binary encoding for the kernel and
no ALO or AMO formula),unary/unary(which uses unary
encodings for the kernel and for the ALO and AMO formulas)
andunary/binary(which uses a unary encoding for the kernel
and a binary encoding for the ALO and AMO formulas).
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The longer version of this paper analyses the sizes of the
formulas produced by all the encodings.

The Unary/Unary Transform The unary/unary transform
produces a kernel by transforming each nb-atomX/d to a
distinct propositional variable, which we shall callX:d. The
idea is that a Boolean assignment mapsX:d to TRUE if and
only if the corresponding non-Boolean assignment mapsX to
d. Thus, the role of an nb-variable with domain{d1, . . . dn}
is played byn b-variables.

Furthermore, one must generally add additional formu-
las to the Boolean encoding to represent the constraint
that a satisfying assignment must satisfy exactly one of
X:d1, . . . , X:dn. This constraint is expressed as a conjunc-
tion of an ALO formula (asserting that at least one of the
variables is true) and an AMO formula (asserting that at most
one of the variables is true). To state that atleast one of
X:d1, . . . , X:dn must be satisfied we simply use the clause
X:d1 ∨ · · · ∨ X:dn. The entire ALO formula is a conjunc-
tion of such clauses, one clause for each nb-variable. To say
that atmostone ofX:d1, . . . , X:dn must be satisfied we add
¬X:di ∨ ¬X:dj , for all i andj such that1 ≤ i < j ≤ n.
The entire AMO formula is a conjunction of all such clauses
produced by all nb-variables.

Notice that these ALO and AMO formulas are in CNF. And
since the transform produces a kernel whose form is identical
to that of the original formula, the entire b-formula produced
by the unary/unary transform is in CNF if and only if the
original nb-formula is.

The Binary Transform The unary/unary transform usesD
b-variables to encode a single nb-variable of domain sizeD
and, hence, uses a base 1 encoding. By using a base 2 en-
coding, the binary transformation requires onlydlog2De b-
variables to encode the same nb-variable.3 If X is a variable
of domain sizeD then the binary transform maps an nb-literal
of the formX/di by taking the binary representation ofi− 1
and encoding this indlog2De Boolean variables. For exam-
ple, ifX has domain{d1, d2, d3, d4} then

X/d1 is mapped to¬X2 ∧ ¬X1 ,
X/d2 is mapped to¬X2 ∧X1 ,
X/d3 is mapped toX2 ∧ ¬X1 and
X/d4 is mapped toX2 ∧X1 .

To see what happens when the domain size is not a power
of two, reconsiderX to have the domain{d1, d2, d3}. If we
mapX/d1, X/d2 andX/d3 as above then there is a prob-
lem in that the Boolean assignment that satisfiesX2 ∧ X1

does not correspond to an assignment of a domain value to
X. One solution to this problem, which has been employed
by Hoos[1998], is to add an ALO formula to ensure that the
extraneousbinary combinationX2 ∧ X1 cannot be satisfied
in any solution.

Here we introduce and use a new and better solution to this
problem in which no extraneous combinations are produced

3We writedxe to denote the smallest integer that is greater than
or equal tox.

and therefore no ALO formula is required. In this example
the extraneous combination is eliminated if

X/d1 is mapped to¬X2,
X/d2 is mapped toX2 ∧ ¬X1 and
X/d3 is mapped toX2 ∧X1.

Here, the transform ofX/d1 covers two binary combinations:
(¬X2 ∧X1) and(¬X2 ∧ ¬X1).

To see what happens in general letX be a variable with
domain {d1, . . . , dn} and let k be 2dlog2 ne − n. Then
X/d1, . . . , X/dk are each mapped to cover two binary com-
binations andX/dk+1, . . . , X/dn are each mapped to cover
a single binary combination.

Notice that this transform generates no extraneous binary
combinations. Also notice that, as a special case, ifn is a
power of two then eachX/di (1 ≤ i ≤ n) is mapped to
cover a single binary combination. Finally, to confirm that
this binary transform requires no AMO formula and no ALO
formula, observe that every Boolean assignment must satisfy
the binary transform of exactly one ofX/d1, . . . , X/dn.

Notice that the binary transformation of a CNF formula is
not necessarily in CNF. However, the binary transformation
of a negative CNF formula isalmostin CNF; it is a conjunc-
tion of disjunctions of negated conjunctions of literals. By
using DeMorgan’s law, the negations can be moved inside of
the innermost conjunctions, resulting in a CNF formula of the
same size. At the other extreme, the binary transformation
of a positive CNF formula is a conjunction of disjunctions
of conjunctions of literals. One way of transforming this to
CNF is to distribute the disjunctions over the conjunctions.
Unfortunately applying this distribution process to the binary
transform of a positive nb-clause produces a CNF formula
that can be exponentially larger than the original clause.

The Unary/Binary Transform The unary/binary trans-
form produces the same kernel as the unary/unary transform.
The ALO and AMO formulas it produces achieve their effect
by introducing the binary encodings of nb-atoms and link-
ing each to the unary encoding of the same nb-atom. Since
the binary encoding requires no ALO or AMO formulas, the
unary/binary encoding requires no ALO or AMO formulas
beyond these linking formulas.

The links provided by the AMO formula state that for each
nb-atom,X/di, its unary encoding,X:di, implies its binary
encoding. For example, if the nb-variableX has domain
{d1, d2, d3, d4} then the AMO linking formula forX is

(X:d1 → (¬X2 ∧ ¬X1)) ∧ (X:d2 → (¬X2 ∧X1)) ∧
(X:d3 → (X2 ∧ ¬X1)) ∧ (X:d4 → (X2 ∧X1)).

The entire AMO formula is a conjunction of such linking for-
mulas, one for each nb-variable.

The links provided by the ALO formula state that for each
nb-atom,X/di, its unary encodingX:di is implied by its bi-
nary encoding. For example, if the nb-variableX has domain
{d1, d2, d3, d4} then the ALO-linking formula forX is

((¬X2 ∧ ¬X1)→ X:d1) ∧ ((¬X2 ∧X1)→ X:d2) ∧
((X2 ∧ ¬X1)→ X:d3) ∧ ((X2 ∧X1)→ X:d4).

The entire ALO formula is a conjunction of linking formulas,
one linking formula for each nb-variable. Observe that both
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the AMO and ALO linking formulas can be put easily into
CNF with at most linear expansion.

5 Experimental Results
This section presents experiments on graph colouring prob-
lems and random nb-formulas that compare the performance
of the four methods, which we shall refer to as NB (non-
Boolean encoding), BB (binary encoding) UU (unary/unary
encoding) and UB (unary/binary encoding). In all experi-
ments, Walksat version 35 was used to solve the Boolean
encodings and NB-Walksat version 4 was used to solve the
non-Boolean encodings, even in cases where the domain size
is 2. Both programs provide the user the option of either com-
piling the program with fixed size data structures or allocating
the data structures when the formula is input at runtime; the
latter option was used in all experiments. All experiments
were run on a 600 MHz Pentium III with 126 megabytes of
memory.

Considerable care must be taken in setting thePnoise pa-
rameter for the experiments. Much work in this area has been
reported without giving the value used forPnoise, and thus
is irreproducible. Setting the parameter to any fixed value
over all formulas is not acceptable; we have observed that a
parameter setting that is optimal for one formula can be sub-
optimal by several orders of magnitude for another formula.
The best option is to report performance at the optimal set-
ting forPnoise, which—in the absence of any known method
to determine thisa priori—we have determined experimen-
tally. This is also the route followed by Hoos[1998] in his
extremely careful work.

In using SLS procedures it is often considered advanta-
geous to restart the search at a new, randomly-selected as-
signment if the procedure has not found a solution after a
prescribed number of flips. This issue is not relevant for the
current study. Since the optimal restart point and the amount
gained by restarting are functions of the procedure’s perfor-
mance without restarts, this study need only be concerned
with the performance without restarts.

Graph Colouring Our experiments used 6 instances of the
graph colouring problem that are publicly available at the
Rutgers Univ. DIMACS FTP site.4

Each problem instance was encoded as a CNF nb-formula.
For each node in the graph the formula uses a distinct variable
whose domain is the set of colours. The formula itself is a
conjunction of all clauses of the form¬X/c ∨ ¬Y/c, such
thatX andY are nodes connected by an arc andc is a colour.

Three Boolean CNF representations of each problem in-
stance were produced by applying the three transforms of
Section 4 to the non-Boolean representation. The longer ver-
sion of this paper proves that a negative CNF nb-formula can
be transformed to a b-formula without the AMO formulas.
So the two unary encodings used here contain only kernels
and ALO clauses. Also because the nb-clauses representing
instances of the graph colouring problem are negative, the bi-
nary transform maps each nb-clause to a single b-clause (as
discussed in Section 4).

4ftp://dimacs.rutgers.edu/pub/challenge/graph/benchmarks/color/

Figure 1 shows the results obtained for solving each prob-
lem instance 101 times with each of the four methods. The
formula size column shows the size (in terms of atom occur-
rences) of the formula input to Walksat or NB-Walksat. All
experiments were run withPnoise set to its optimal value,
which is recored in thePnoise column. The flip rate column
gives the mean flip rate over all 101 runs. The median flips
and median time column gives the sample median of the num-
ber of flips and amount of cpu time taken to solve the prob-
lem.

Examination of these results reveals that over the range of
problems NB and UU have roughly comparable (within a fac-
tor of 2 to 3) solution times.5 With increasing domain size
(number of colours) the NB fliprate drops sharply but the ad-
vantage that NB has in terms of number of flips increases.
These two opposing factors cancel each other, resulting in
the roughly comparable solution times.

On the two problems with small domain size (5 colours)
BB and UB produce solution times that are competitive with
the other methods. However, on three problems with larger
domain size—le45015a with 15 colours and DSJC125.5.col
with 17 and 18 colours—BB and UB do not compete well
with the other methods. On le45025a, a very easy problem
with a domain size of 25, BB has competitive performance
but UB is totally ineffective. We conjecture that UB cannot
solve this very easy problem because the method is highly
sensitive to domain size.

Random Non-Boolean CNF Formulas Since we can con-
trol certain parameters in the generation of random CNF nb-
formulas, they provide a good testbed. In particular, since
this paper is a study of solving problems with domain sizes
greater than two, we would like to know how problem solv-
ing performance varies with domain size. To measure this
we need to select problem instances that have different do-
main sizes but are otherwise similar. Formulating a notion
of “otherwise similar” has been one of the most challenging
problems faced by this research.

We have developed a program that generates random, pos-
itive CNF nb-formulas using five parameters:N , D, C, V
andL. Each generated formula consists of exactlyC clauses.
Using a fixed set ofN variables each with a domain size of
D, each clause is generated by randomly choosingV distinct
variables and then, for each variable, randomly choosingL
distinct values from its domain. Each of the chosen variables
is coupled with each of itsL chosen values to formL ·V pos-
itive literals, which are disjoined together to form a clause.

The simplest conjecture on how to study varying domain
size is to fix the values ofN , C, V , andL and then to sys-
tematically varyD. One can easily see that performance on
this task would just exhibit typical phase-transition behaviour
[Mitchell et al., 1992]: small values ofD would produce
underconstrained problems, which would become critically-
constrained and then over-constrained asD increases. The

5We caution the reader against taking solution time too seriously
as we have found that the ratio of solution times between computers
varies greatly from formula to formula.
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Problem
instance

method Pnoise
setting

formula
size

flip rate
(flips/sec)

median flips median
time (secs)

le4505a NB .560 57,140 34,000 242,000 7.12
5 colours BB .465 137,136 51,000 309,000 6.06
450 nodes UU .600 59,390 119,000 350,000 2.95
5714 arcs UB .453 64,790 232,000 1,700,000 7.34

le4505d NB .703 97,570 17,700 98,700 5.58
5 colours BB .605 234,168 26,100 68,400 2.62
450 nodes UU .719 99,820 65,500 155,000 2.37
9757 arcs UB .597 105,220 132,000 729,000 5.52

le45015a NB .088 245,040 15,400 196,000 12.7
15 colours BB 963,824
450 nodes UU .131 251,790 53,900 1,268,000 23.5
8168 arcs UB 278,340

DSJC125.5.col NB .177 132,294 9,490 495,000 52.2
17 colours BB 544,740
125 nodes UU .11 134,419 49,000 3,350,000 68.4
3891 arcs UB 143,169

DSJC125.5.col NB .202 140,076 8,920 6,850 0.768
18 colours BB .050 591,432 15,200 1,160,000 76.1
125 nodes UU .140 142,326 46,200 34,700 0.751
3891 arcs UB .016 151,826 273,000 1,590,000 5.82

le45025a NB .120 413,000 2,840 638 .224
25 colours BB .088 1,949,360 6,460 2,900 0.449
450 nodes UU .163 424,250 27,400 11,700 0.427
8260 arcs UB 477,350

Figure 1: Results, given to three
significant figures, for 101 sam-
ple runs on each graph colouring
problem. On those rows miss-
ing entries, 11 attempts, each
of 10,000,000 flips, were made
at each of fourPnoise settings
(.083, .167, .25 and .33); no so-
lutions were found.

problem instances generated by this method would not be
similar in terms of their location relative the phase transition.

Our solution to this shortcoming is to varyD and to adjust
the other four parameters so as to put the problem class at the
phase transition—that is, at the point where half the instances
in the class are satisfiable. But for any given value ofD many
combinations of values forN , C, V andL put the problem
class at the phase transition. We determine the values of these
parameters by keepingDV , the size of the search space, at a
fixed value for all problem instances and then requiring all
clauses to have the same “constrainedness”, as measured by
(L/D)V . Mimicking Boolean 3CNF, we setV to three and
aim to keep(L/D)V at 1/8, which is achieved by settingL
to .5D. This follows the constant length model advocated by
Mitchell, Selman and Levesque[1992]. Finally C is set to
whatever value puts the problem class at the phase transition,
which we determined experimentally. Thus, while varyingD,
the parameters that we are holding constant are search space
size, the number of variables constrained by each clause and
the amount of constraint placed on each, and the proportion
of instances with that parameter setting that are solvable.

Our experiments were conducted on domain sizes of 2, 4,
8, 16 and 32. Following the model above we keptDV at a
constant value,260. Then for each domain size, we experi-
mentally located the point of the phase transition. The left-
most column of Figure 2 shows the value ofC (number of
clauses) at which these experiments located the phase transi-
tions.

With the parameters of the random formulas determined,
at each domain size we generated a series of random formu-
las according to the above method and, using a non-Boolean
version of the Davis-Putnam procedure, kept the first 25 satis-
fiable ones.6 At each domain size 101 attempts were made to
solve the suite of 25 formulas with the NB, UU and UB meth-

6A Boolean Davis-Putnam procedure is incapable of solving
Boolean encodings of the instances with larger domain sizes!

ods. The longer version of this paper proves that a positive
CNF nb-formula can be transformed to a b-formula without
the ALO formulas. Since our randomly-generated formulas
are positive, the two unary encodings that are used here con-
tain only kernels and AMO formulas.

The BB method was not attempted since the binary trans-
formation of these random nb-formulas is unreasonably long.
As discussed at the end of Section 4, if the binary transform
is used to produce a CNF b-formula from a positive CNF nb-
formula, the size of the resulting b-formula is exponential in
the clause length of the original nb-formula—which in this
case is3

2D.
The results of these experiments, shown in Figure 2, con-

sistently follow a clear pattern. In terms of both time and
number of flips, all methods show a decline in performance
as domain size grows. However, the decline of UU and UB
is so sharp that UB is ineffective on domain size 16 and UU
is two orders of magnitude slower than NB on domain size
32. On these random formulas, as on the graph colouring
problems, the fliprates of all methods decrease as the domain
size increases. However, on the random problems, unlike
the colouring problems, NB’s fliprate suffers the least from
increasing domain size. Indeed, by the time domain size
reaches 8, NB has a higher fliprate than UU, and this advan-
tage grows as domain size increases. The sharp decline in the
UU fliprate results from the rapid increase in the size of the
UU formulas, which occurs because the size of their AMO
component grows quadratically with domain size.

6 Discussion and Conclusions
The literature reports a number of cases where the transfor-
mation approach has been used to attack a non-Boolean prob-
lem with Boolean SLS. Such problems include the n-queens
problem[Selmanet al., 1992], graph colouring[Selmanet
al., 1992; Hoos, 1998, Chp. 4], the all-interval-series prob-
lem [Hoos, 1998, Chp. 4], the Hamiltonian circuit problem
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Problem method Pnoise
setting

formula
size

flip rate
(flips/sec)

median
flips

median
time (ms)

Domain size 2 NB .586 783 199,000 471 2.36
60 vars UU .550 903 324,000 3,280 10.1
261 clauses UB .440 1023 422,000 8,040 19.1

Domain size 4 NB .431 1,680 131,000 699 5.36
30 vars UU .354 2,040 153,000 12,600 82.9
280 clauses UB .156 2,040 262,000 35,800 137

Domain size 8 NB .332 3,528 80,800 1,050 13.0
20 vars UU .044 4,648 75,900 17,800 235
294 clauses UB .0524 4,160 193,000 431,000 2230

Domain size 16 NB .225 7,248 49,500 3,136 63.4
15 vars UU .018 10,848 35,600 98,900 2, 780
302 clauses UB 8,448

Domain size 32 NB .191 14,736 24,700 5,430 220
12 vars UU .010 26,640 15,400 599,000 38, 900
307 clauses UB 17,040

Figure 2: Results, to three signifi-
cant figures, for a suite of 25 sat-
isfiable non-Boolean CNF formu-
las chosen at random. The values
recorded in the flips and time col-
umn are the flips and time required
to solve a single formula, not the
entire suite. On those rows miss-
ing entries, the median number of
flips to solution of 101 runs at noise
levels .01, .02 and .03 all exceeded
5,000,000.

[Hoos, 1999; 1998, Chp. 7], random instances of the (fi-
nite, discrete) constraint satisfaction problem[Hoos, 1999;
1998, Chp. 7], and STRIPS-style planning[Kautz and Sel-
man, 1992; Kautzet al., 1996; Kautz and Selman, 1996;
Ernst et al., 1997; Hoos, 1998, Chp. 4]. Yet, in spite of
this widespread use of the transformation approach, only two
previous studies have compared the performance of SLS on
different encodings of non-Boolean variables: Ernst, Mill-
stein and Weld[1997] compare unary/unary and binary en-
codings of STRIPS-style planing problems and Hoos[1999;
1998, Chapter 7] compares the unary/unary and binary en-
codings of random constraint satisfaction problems and of
Hamiltonian circuit problems. Other than these two compara-
tive studies, we know of no work that uses Boolean encodings
other than unary/unary.

Although Hoos’ experiments use a clever methodology de-
signed to provide insight into the structure of SLS search
spaces, his study examines only problem instances whose
non-Boolean formulation involves variables with domain size
10. And though the work of Ernst, Millstein and Weld is also
enlightening in many respects, one cannot determine the do-
main sizes of the non-Boolean variables in their encodings
since they do not report the identity of their suite of plan-
ning instances. In contrast to all previous studies, ours con-
siders the effect of varying domain size and hence is able to
confirm the expectation that domain size is generally a crit-
ical parameter. In particular, our study suggests that Hoos’
conclusion—which also appears to be the dominant view in
the community— that UU is a viable alternative to NB is gen-
erally true only for problems with smaller domain sizes. On
problems that require AMO formulas and have large domain
sizes our study shows that NB tends to be the best choice and
is sometimes the only feasible choice.

In almost all work, when non-Boolean problems are en-
coded as Boolean formulas the encoding is done in a single
stage, directly mapping the problem to a Boolean formula.
In some cases this is done manually and in others it is done
automatically. In contrast, we advocate a two-stage approach
in which the problem is first mapped (manually or automati-
cally) to a non-Boolean formula which is then systematically
(and, in our case, automatically) transformed to a Boolean
formula. We conjecture that all Boolean encodings that have
so far been produced by the single stage approach could be

produced by the two stage approach.
It has recently come to our attention that work by Béjar

and Manỳa [1999] in the area of multi-valued logic has in-
dependently led to the development of another generalisation
of Walksat, called Regular-WSAT, that appears to be almost
identical to NB-Walksat. Regular-WSAT operates on a spe-
cial class of signed clauses called regular signed clauses. A
signed clause is a syntactic variant of an NB-clause except
that every variable must be associated with the same domain.
To define regular signed clauses, the domain values first must
be totally ordered. (In certain other settings, the order is only
required to be a lattice.) A signed clause is said to be regular
if, in effect, it is positive and for each literalX/d it contains
it also contains either every literalX/d′ such thatd′ < d or
every literalX/d′ such thatd < d′.

Though Regular-WSAT is presented as a procedure for reg-
ular signed clauses, it appears that it would work on any
signed clause and thus is akin to NB-Walksat. Nor does there
appear to be anything inherent in the presentation of Regular-
WSAT that prevents it from handling variables with differ-
ent domain sizes. However, when operating on a clause con-
taining variables with differing domain sizes it appears that
Regular-WSAT and NB-Walksat use different distributions in
choosing which literal to flip. Regular-WSAT first chooses
a variable from among those in the clause and then chooses
one of the values that appear with that variable, whereas NB-
Walksat simply chooses from among all the literals in the
clause.

Though regular signed clauses are a special class of NB-
clauses, they can be used effectively to encode a range of
problems including graph colouring problems and round-
robin scheduling problems[Béjar and Manỳa, 1999]. The
extra restrictions placed on regular signed clauses can be ex-
ploited to translate them to Boolean clauses more compactly
than can NB-clauses[Béjar et al., 2001]. However, we are
not aware of any attempt to exploit these translations to solve
problems encoded as regular signed clauses.

It would be worthwhile to extend the comparisons made
in this paper to include additional solution methods employ-
ing SLS. As just suggested, the comparisons could include
Boolean translations of regular signed clauses. It would be
especially worthwhile to consider SLS methods, such as min-
conflicts [Minton et al., 1992], that operate directly on the
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original problem or on a constraint satisfaction encoding of
the problem.7

Of the many questions remaining to be addressed by fu-
ture work the biggest challenge facing the study of problem
encodings—including all encoding issues, not just the han-
dling of non-Boolean variables—is the quest for generality.
What can we say about about encoding issues that can guide
us in producing effective encodings of new problems? This
challenge must be decomposed if progress is to be made. This
paper’s biggest contribution towards this end is separating out
the issue of non-Boolean variables and identifying domain
size as a critical parameter.

Finally we claim that, in addition to developing new prob-
lem encodings, the applicability of SLS technology can be
extended by enriching the language on which the SLS oper-
ates. This claim is supported by recent results on pseudo-
Boolean constraints[Walser, 1997] and non-CNF formulas
[Sebastiani, 1994]. Our success with NB-Walksat adds fur-
ther weight to the claim.
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Solving combinatorial problems with regular local search
algorithms. In Harald Ganzinger and David McAllester,
editors,Proc. 6th Int. Conference on Logic for Program-
ming and Automated Reasoning, LPAR, Tbilisi, Georgia,
volume 1705 ofLecture Notes in Artificial Intelligence,
pages 33–43. Springer-Verlag, 1999.
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Abstract

Thealgorithmpresentedhere,BCC,is anenhance-
ment of the well known Backtrack usedto solve
constraint satisfaction problems. Though most
backtrackimprovementsrely on propagationof lo-
cal informations,BCC usesglobal knowledgeof
the constraintgraphstructure(andin particularits
biconnectedcomponents)to reducesearchspace,
permanentlyremovingvaluesandcompilingpartial
solutionsduring exploration. This algorithm per-
formswell by itself, withoutany filtering, whenthe
biconnectedcomponentsaresmall,achieving opti-
mal timecomplexity in caseof a tree.Otherwise,it
remainscompatiblewith mostexisting techniques,
addingonly a negligible overheadcost.

1 Intr oduction
Constraintsatisfactionproblems(CSPs),sincetheir introduc-
tion in theearly60’s,haveflourishedin many branchesof Ar-
tificial Intelligence,andarenow usedin many “real-life” ap-
plications.Sincethesatisfiabilityof a CSPis a NP-complete
problem,mucheffort havebeendevotedto proposefasteral-
gorithmsandheuristics.Backtrackcanbe seenasthe back-
bonefor thoseimprovements:this algorithmfirst extendsa
partialsolutionby assigningavalueto avariable,andundoa
previousassignmentif no suchvaluecanbefound.

Backtracking heuristicstry to restrict searchspace,their
goalcanbeto maximizetheprobabilityof a“goodguess”for
the next assignment(variableandvalueorderings),or to re-
covermoreefficiently from a dead-end(backjumpingandits
variants).Filtering techniquesusepropagationof somelocal
consistency propertyaheadof thecurrentpartialsolution,ef-
fectively reducingvariabledomains;they canbeusedeither
in a preprocessingphase,or dynamicallyduringexploration.
Structure-drivenalgorithmsemergedfrom the identification
of tractableclassesof CSP, suchas trees[Mackworth and
Freuder, 1985]; they often transformthe CSPinto one that
canbesolvedin polynomialtime [Gottlobet al., 1999].

The algorithmpresented,BCC, doesnot fit easily in this
classification. It acceptsany preprocessedorderingof the
variables,aslong asit respectssomepropertiesrelatedto the
biconnectedcomponentsof theconstraintgraph.Thenit ex-
ploits the underlyingtreestructureto reducethrashingdur-

ing thebacktrack,storingpartialsolutionsandremoving per-
manentlysomevalues.Thoughno kind of local consistency
propertyis used,andno look-aheadis performed,BCC per-
formswell whenthegraphcontainssmallbiconnectedcom-
ponents,achieving optimaltimecomplexity in caseof a tree.

After basicdefinitionsaboutCSPs,we presentin Sect.3
the versionof Backtrack usedasthe kernelof BCC. Sect.4
is devotedto definitionsof thevariableorderingscompatible
with BCC.Thealgorithmis presentedin Sect.5, alongwith a
proofof its soundnessandcompletenessandanevaluationof
its worst-casecomplexity. In Sect.6, we compareBCC with
popularbackjumpingor filtering techniques,pointingout the
orthogonalityof theseapproachesandshowing thata mixed
algorithmis possible.Finally, we discusslimitations of our
algorithm,andsuggestamethodto overcomethem.

2 Definitions and Notations

A binary constraint network
�

overa setof symbols� con-
sistsof asetof variables�������
	������������� (denoted��� ���

),
each��� associatedto a finite valuedomain ������� , andof
a setof constraints. A constraint� ��� betweentwo variables
��� and � � is a subsetof �!�#"$�%� . A variable ��� is called
instantiatedwhenit is assigneda valuefrom its domain. A
constraint� �&� betweentwo instantiatedvariablesis saidsat-
isfied if � value�'� � � � value�'� � ���)( � ��� . This test is calleda
consistencycheck between��� and �*� . A consistentinstantia-
tion of asubset+,�-��� ���

is aninstantiationof all variables
in + that satisfiesevery constraintbetweenvariablesof + .
TheCONSTRAINT SATISFACTION PROBLEM (CSP),givena
constraintnetwork

�
, askswhetherthereexistsa consistent

instantiationof �.� ���
, calledasolutionof

�
.

Without lossof generality, wecanconsiderthatconstraints
arealwaysdefinedovertwo differentvariables,andthatthere
is atmostoneconstraint(either �/��� or �0�1� ) betweentwo vari-
ables.Sotheconstraint graphof anetwork (associatingeach
variableto a nodeandconnectingtwo nodeswhosevariables
appearin thesameconstraint)is a nonorientedsimplegraph
withoutloops.In thispaper, wewill considersometotalorder2/3

on ��� ���
, inducingan orientationof this graph: edges

canbe seenasorientedfrom the smallestto the greatestof
their ends. Accordingto this orientation,we candefinethe
predecessors 4657�8� � andthe successors 4:90�8� � of a node � .
Notethat ; 4<5=�8� � ; is thewidthof � [Freuder, 1982].

291SEARCH, SATISFIABILITY, AND CONSTRAINT SATISFACTION PROBLEMS



3 Back to Backtrack
As theBacktrack algorithm(BT) is thekernelof BCC,we
consideredasvital to make it asefficientaspossible,accord-
ing to its usualspecifications:1) variablesareexaminedin a
fixed,arbitraryordering;and2) no informationon theCSPis
known or propagatedaheadof thecurrentvariable.

3.1 Algorithm Kernel

Algorithm 1: BackTrack(
�

)
Data : A nonemptynetwork > .
Result : true if > admitsasolution,false otherwise.

computeOrder (? );
level @ 1;
failure @ false;
while ((level AB 0) and (level AB�C 3<D >7E C 9 	 )) do

currentVariable @ 3
[level];

if (failure) then
if (hasMoreValues (currentVariable)) then

failure @ false;
level @ nextLevel (currentVariable);

elselevel @ previousLevel (currentVariable);

else
if (getFirstValue (currentVariable)) then

level @ nextLevel (currentVariable);

else
failure @ true;
level @ previousLevel (currentVariable);

return (level = C 3FD >7E C 9 	 );
As in [Prosser, 1993], BT is presentedin its derecursived

version:we will latereasilycontrol thevariableto studyaf-
tera successfulor failedinstantiation,withoutunstackingre-
cursive calls. For the sake of clarity, it is written to solve
a decisionproblem,thougha solutioncould be “read in the
variables”. This algorithmshouldconsiderany variableor-
dering,socomputeOrder only builds thepredecessorand
successorsetsaccordingto theimplicit orderonthevariables,
andsortsthepredecessors sets(for soundnessof partial his-
tory). To respectour specifications,if � is the G th variable
accordingto

2 3
, previousLevel( � ) must return G0HJI

andnextLevel( � ) G
KLI . Accordingto this restriction,our
only freedomto improve BT is in the implementationof the
functionsgetFirstValue andhasMoreValues.

3.2 Computing Candidates
Suppose BT has built a consistent instantiation of
��� 	 �������� � 5 	 � . Valuesthat,assignedto � � , would make the
instantiationof �M�N	�����������O� consistent,are the candidates
for ��� . ThenBT is soundandcompleteif getFirstValue
indicatesthefirst candidate,returningfalse whenmissing
(a leaf dead-endat � � , [Dechter and Frost, 1999]), and
successive calls to hasMoreValues iteratethroughthem,
returning false when they have all been enumerated
(internal dead-end). Testingwhethera valueis a candidate
for � is donein at mostwidth(� ) consistency checks.

The iterati ve method: The mostnaturalmethodto imple-
mentgetFirstValue (resp.hasMoreValues) is to it-
eratethroughthedomainof � � , haltingassoonasavaluepass
a consistency checkwith every P in 4657�8��� � , startingat the
first domainvalue(resp.afterthelastsuccessfulvalue).Both

return false when the whole domain has beenchecked.
Thoughin the worst case,the costof is Q��R; �!�R; width �'��� ��� ,
valuesarechecked only whenneeded:this methodis good
whentheCSPis underconstrainedor whenwidth(� � ) issmall.
The partition refinement method: Suppose4<57�'��� � �
��PS	M������1PUTV� , andnote WYX thedomain �!� of ��� . Thencom-
pute W 	 ����Z�RW T suchthat W � containsthe valuesof W � 5 	
satisfyingtheconstraint� �1� . Then W T is thesetof candidates
for ��� . Thoughworstcasecomplexity (whenconstraintsare
“full”) is thesame,it is efficient in practice:if []\_^ 2 I is
theconstraint tightnessof a randomnetwork [Smith,1996],
thentheexpectedsizeof W � 9 	 is �OI#H)^ � "_; W � ; ; sotheex-
pectedtime to compute W!T is ; �!�1; `a^ . Thoughsomecom-
putedcandidatesmaynotbeused,thismethodperformswell
whenconstraintstightnessandvariableswidth arehigh. The
methodhasMoreValues only iteratesthroughthis result.
Storing refinementhistory: A partial history is a traceof
therefinementscomputedin thecurrentbranch of theback-
track tree: so having computedW 	 ��1W T andstoredthese
setsas well as the valuesof P � usedto obtain them, if we
backtrackup to Pcb andcomebackagainlater to ��� , we only
have to refinedomainsfrom Wdb 9 	 to W!T , replacingthepre-
viousvalues.This mechanismis implementedin Alg. 2.

Algorithm 2: getFirstValue( � )
Data : A variable e , belongingto a network > whereBT hascomputed

a consistentinstantiationof all variablesprecedinge . We also
supposethat e hasat leastoneancestor.

Result : Storesrefinementhistory, andreturnstrue unlessthe computed
setof candidatesis empty.

last @ 1;
w @ width(e );
y @gf h [0];
while (last i w and j [last] ABlk and usedVal[last] = y.value) do

y @mf*h [last];
last++;

while ((last i w) and ( j [last-1] ABlk )) do
y @mf*h [last-1];
usedVal[last] @ y.value;j [last] @ k ;
for ( n=o0j [last-1]) do

if ((y.value, v) o constraint(y, x)) thenj [last] @pj [last] q0r v s ;
last++;

success@ (last= w+1) and ( j [last-1] ABlk );
if (success)then value @mj [last-1][0];
return success;

Eachvariable � is assigneda field last (denoted,in an
OOPstyle, � .last or simply last whenthereis no ambi-
guity),afieldvalue pointingto thecurrentvalueof � , avec-
tor containingthesortedvariablesin 4<5=�8� � , andtwo vectors
of size width(x)+1: W containsthe successive refinements,
andusedVal containsthe valuesof the ancestorsusedfor
successiverefinementsof the Wd� . Notethat W [k] containsall
valuesof W [k-1] consistentwith the assignmentof used-
Val[k] to thevariableancestors[k-1]. W [0] is initialized
with the domainof � . The partial history mechanismadds
the samebenefit as Backmarking (BM) [Gaschnig,1979].
Thoughmorememoryexpensive( t��R; � � ;u" width �'� � ��� space,
for eachvariable� � ) thantheusualversionof BM, it is more
resistantto the jumpsforwardandbackwardthatwill beex-
plicited furtherin this paper.
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4 Variables Orderings Compatible with BCC
Let us now definethe particularvariableorderingsthat will
be compatiblewith BCC. Let ��	v������a��T beorderedsubsets
of �.� ���

suchthat ��� ��� ��w T� B 	 � � (their intersectionis not
necessarilyempty), then predset(��� )= w � 5 	� B 	 �*� . We call an
orderingof ��� ���

compatiblewith this decompositionif, for
everysubset� � , for everyvariable� ( � � , if �mx( predset�y� � � ,
then � is greaterthanevery variableof predset�z� � � . Given
suchanordering,theaccessorof ��� is its smallestelement.

4.1 ConnectedComponents
A nonemptygraph{ is connectedif, for everypairof nodes,
thereis awalk from onenodeto theother. A connectedcom-
ponentof { is amaximumconnectedsubsetof ���y{ � .

Now supposea network
�

whoseconstraintgraphadmits|~}��
connectedcomponents,namely �N	c������R��T . We call a

CC-compatibleorderingof thevariablesof
�

anorderingof
��� ���

compatiblewith somearbitraryorderingof thesecon-
nectedcomponents.Shouldwe launchBT on this network,
andshouldcomputeOrder storesuchanordering,a well-
known kind of thrashingcanoccur:if BT failsoncomponent
� � (i.e. it registersa dead-endat the accessorof � � ), thenit
will keepon generatingevery consistentinstantiationof the
variablesin ��	c������a��� 5 	 to repeatthesamefailureon ��� .

Sincethe ��� representindependentsubproblems(a global
knowledgeon the graph),the usualmethodis to launchBT
on eachconnectedcomponent,stoppingthe whole process
whenever some � � admitsno solution. It could alsobe im-
plementedin a simpleway with a slight modificationof the
function previousLevel: if � is the accessorof a con-
nectedcomponent,previousLevel( � ) mustreturn0.

Though very simple, this example illustrates well the
methodweuselater: introducein thevariablesorderingsome
“global” propertiesof thegraph,thenusethemduringback-
track.With aCC-compatibleordering,webenefitfrom thein-
dependenceof thesub-problemsassociatedto theconnected
components;with BCC-compatibleorderings,wewill benefit
from “restricteddependence”betweenthesesub-problems.

4.2 BiconnectedComponents
A graph { is

|
-connectedif theremoval of any

| H�I differ-
ent nodesdoesnot disconnectit. A

|
-connectedcomponent

of { is a maximum
|
-connectedsubgraphof { . A bicon-

nectedcomponent(or bicomponent), is a 2-connectedcom-
ponent.Noteweconsiderthecompletegraphontwo vertices
biconnected.Thegraphof bicomponents(obtainedby repre-
sentingeachbicomponentasanode,thenaddinganedgebe-
tweentwo componentsif they shareanode)is a forestcalled
the BCC treeof { . It is computedin linear time, usingtwo
depth-firstsearch(DFS)traversalsof { [Tarjan,1972]. Fig.1
representsa constraintgraphandits associatedBCC tree.

If we considerthe BCC treeasa rootedforest,a natural
ordering of its nodes(representingbicomponents)is a total
order suchthat children are greaterthan their parent. For
the BCC tree in Fig. 1, choosing� and � asroots,a DFS
couldgive theorder �M�%�1���1�.�1{!�R�l�1�)�R���R�)�R�Y� , anda BFS
(breadth-firstsearch)�M�d�R���1�.�1{!�1���R���1���1���1�]� . BothDFS
andBFStraversalsresultin anaturalordering.

A = {1, 5, 6}

F = {6, 10}

G = {7, 11, 12}

E = {11, 15, 16}

B = {2, 3, 7, 8}

H = {7, 13}

I = {13, 17}

D = {14, 17, 18}

C= {4, 8, 9}13

17 18
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Figure1: A constraintgraphandits BCC tree.
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18A = {1, 2, 3}

F = {3, 4} B = {5, 6, 7, 8}

G = {6, 9, 10}

E = {9, 11, 12}

H = {6, 13}

I = {13, 14}

D = {14, 15, 16}

C= {8, 17, 18}

Figure2: A BCC(DFS,BFS)ordering.

A BCC-compatibleorderingof thevariablesof a network�
is an orderingcompatiblewith a naturalorderingof its

BCC tree (it is also CC-compatible). Suchan ordering, if
computedby a DFS traversal of the BCC tree, and by a
BFStraversalinsidethecomponents,would bedenotedby a
BCC(DFS,BFS)ordering.It canbecomputedin lineartime.

Nodes of the graph in Fig. 2 have been orderedby a
BCC(DFS,BFS)ordering.Accessorsof a bicomponenthave
beenrepresentedin white. Thesecondvariableof a bicom-
ponentis thesmallestvariablein thiscomponent,its accessor
excepted.By example,in Fig. 2, 9 is the secondvariableof
the component��� �R� ��IM[*� . Given a BCC-compatibleorder-
ing, the accessorof a variable is definedasthe accessorof
thesmallest(accordingto thenaturalordering)bicomponent
in whichit belongs.A secondvariableis alwayschosenin the
neighborhoodof its accessor. Tab. 1 givestheaccessorsdeter-
minedby theBCC(DFS,BFS)orderingillustratedin Fig. 2.

Variable 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
Accessor 1 1 1 3 5 5 5 5 6 6 9 9 6 13 14 14 8 8

Table1: Accessorsdeterminedby theorderingof Fig. 2.

Supposea naturalorderingof a BCC treenodes. A leaf
variableis thegreatestvariableappearingin aleafof theBCC
tree.In Fig.2, leafvariablesarecolouredin grey. Wesaythat
a bicomponent� covers a leaf variable P if P is thegreatest
nodeappearingin the subtreerootedby � (including � it-
self). Now, wedefinethecompilersof a leaf variableP asthe
accessorsof thebicomponentscovering P . For theorderingin
Fig. 2, compilersare: cmp�8� � ���UI��R�*� , cmp��I � � ����� �1� � ,
cmp�OI�� � ����� ��IM� ��I�� � andcmp�OIM� � �����*�R�*� .
5 The Algorithm BCC
Thekernelof BCC is BT, asdescribedin Sect.3. Thecall to
computeOrder ordersthe variablesin a BCC-compatible
way, andstoresall informationon accessors,leaf variables
andcompilers.Thispreprocessingtakeslineartime. Wesup-
poseBT is runningon anetwork

�
.
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5.1 Theoretical Foundations
Theorem1 If � is thesecondvariableof somebicomponent,
anycall to previousLevel( � ) cansafely(andoptimally)
returntheindex of its accessorP .

Moreover, no solutionof
�

containsthevariable P instan-
tiatedwith its currentvalue.

A call to previousLevel( � ) meansthat we have de-
tectedsomedead-end(either internalor leaf) at variable � .
The first part of this theoremassertsthat we canbackjump
right to theaccessorof � , without missingany possiblesolu-
tion, andthat it couldbedangerousto backjumpany further
(formal definitionsaboutsafeandoptimalbackjumpscanbe
found,byexample,in [DechterandFrost,1999]). A dead-end
foundat variable13 in Fig. 2 would resultin a backjumpto
variable6. Thesecondpartof thetheoremmeansthatwecan
permanentlyremovethecurrentvalueof P from its domain.

Proof of Theorem1: Thefirst part is provedby showing that
previousLevel( � ) performsa particularcaseof Graph-
BasedBackjumping(GBBJ)[Dechter, 1990]. TheaccessorP
of a secondvariable � is the only variablein 4657�8� � . GBBJ
performsa safebackjumpto the greatestpredecessorof � ,
we have no other choicethan P . It also addsto P a “tem-
poraryneighborhood”containingall otherpredecessorsof �
(Sect.6.1).Thissetbeingempty, notmaintainingit is safe. �

Secondpart relieson the ordering. The following lemma
locatestheleafdead-endsresponsiblefor thedead-endat � .

Lemma 1 Let � be the set of variables that registered a
dead-endafter the last successfulinstantiationfollowing � .
Thenvariablesin � belongto thesubtree � of bicomponents
rootedbythesmallestcomponentcontaining� (theBCCsub-
treeof � , theaccessorof � is alsocalledtheaccessorof � ).

Sketch of proof: A failureis “propagatedupward” in thesame
bicomponentuntil a secondvariable(sincevariablesin the
samecomponent,the accessorapart,arenumberedconsec-
utively by the compatibleordering). At this point, failure is
propagatedto the accessor(the backjumpin the first part of
thetheorem),andthisaccessorbelongsto aparentcomponent
(aconsequenceof thenaturalordering). �

Now supposethere is a solution suchthat P is assigned
the value � , and we prove it is absurd. Let us now con-
sider the subnetwork

�.�
of

�
, containingall the variables

in the the BCC subtreeof � , orderedin the sameway as
in

�
. Let us reducethe domainof P in

� �
to ����� . Then� �

admitsa solution,andBT will find the first one for the
given ordering. Let us now examinethe first leaf dead-end
(at variable ��� ) thatcausedto bypassthis solutionin theBT
on

�
(thanksto Lem.1, it is a variableof

�.�
). Sincewe had

just beforea partof thesolutionof
� �

, thedomainof ��� has
beenemptiedby a variableoutside

� �
(or it would not have

beena solutionof
�.�

). So thereis a constraintbetween� �
andsomevariable� � � in a biconnectedcomponentoutsideof� �

: this is absurd,sincetherewould beanelementarycycle
���c������1����PN��������c�������� � � ����� where � appearsin somean-
cestorof boththecomponentof P andtheoneof � � . Then � �
and � � � would bein thesamebicomponent. �

SincenovariablesmallerthanP is responsiblefor thedead-
endregisteredat � , thebackjumpis optimal. �

Theorem2 We supposepreviousLevel hasbeenimple-
mentedto match specificationsof Th. 1. If � is a leaf vari-
ablenumbered G , anycall to nextLevel( � ), before return-
ing G�KLI , canmark,for everyvariable P beinga compilerof
� , that the current value � of P hasbeencompiledand that
GVKpI is theforwardjump (FJ) for thatvalue(eventuallyeras-
ing previousFJ for that value).

Thereafter, everytimea call tonextLevel shouldreturn
the index of a secondvariable   , if thecurrentvalue � of its
accessor¡ hasbeencompiled,nextLevel cansafely(and
optimally)returninsteadtheforward jumpfor � .

Sketch of proof: This is the dual of Th. 1 secondpart: we
hadshown thatwhensomefailurepropagatesto theaccessor
� of a BCC subtree� , thenno modificationoutside � can
give a consistentinstantiationof � , while keeping� current
value.Now, whenwehavefoundaconsistentinstantiationof
� , thennomodificationoutside� canmakeall instantiations
of � inconsistent,unlessmodifying thecurrentvalueof � . �

A call to nextLevel on a leaf meansthata wholeBCC
subtreehasbeensuccessfullyinstantiated.In Fig. 2, a call to
nextLevel(12)meanswehaveaconsistentinstanciationof
the BCC subtreerootedby the bicomponent{ covering12.
Beforereturning13, this call will storein theaccessorsof {
and � theircurrentvalues���y� � and ���y� � , andmarkthattheFJ
for thesecompiledvaluesis 13. Now we go to 13 andbegin
to instantiatethe subtreecontaining6 (alreadyinstantiated,
andeven compiled)and13, . . . , 16. If thereis a dead-end
at 13,we shouldbackjumpto 6 (seeTh. 1), andpermanently
remove its currentvalue ���y� � (we mustalsoremove it from
its compiledvalues). Otherwise,it meanswe cansuccess-
fully instantiatethis subtreeuntil leaf 16, thenmake a call to
nextLevel. Thiscall updatesall informationfor compilers
of 16, and in particularin 6: the FJ for the compiledvalue
�N�'� � is now 17. Now supposewe have somedead-endat 17.
According to Th. 1, we can backjumpto 8. Now suppose
further failuresmake usbacktrackto 5, thatwe successfully
instantiate,and that we also instantiate6 with its compiled
value.Shoulda call to nextLevel return9, it would mean
thatwe founda consistentinstantiationof thewholecompo-
nent ���*�R� �£¢S�1� � . Thenweknow thereis aconsistentinstanti-
ationof � 5,.. . , 16� , andwe cansafelyjump forwardto 17.

5.2 Implementation
FunctionspreviousLevel andnextLevel (Alg. 3, 4)
naturally encodethe above theorems. nextIndex and
previousIndex assumethepreviousroleof nextLevel
andpreviousLevel (returningG
¤-I ).
Algorithm 3: previousLevel( � )

Data : A variable e .
Result : Theindex of thevariableto beexaminedby BCCafteradead-end.

if (accessor( e ) = x) then return 0;
if (isSecondVariable? ( e )) then

accessor@ accessor( e );
val @ accessor.value ;
for (i = 0; i i width(accessor);i++) do

accessor. j [i] @ accessor. j [i] ¥�r val s ;
return getIndex (accessor( e ));

return previousIndex ( e );
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Algorithm 4: nextLevel( � )
Data¦ : A variable e .
Result : Theindex of thevariableto beexaminedby BCC afterasuccess.

index @ nextIndex( e );
if (isLeaf?( e )) then

for §�o compilers( e ) do§ .compiledValues @p§ .compiledValues q�rR§ .value s ;
addKey/Value( § .FJ, ( § .value, index));

if (index AB�C 3<D >7E C 9 	 ) then
nextVariable @ V[index];
if (isSecondVariable?(nextVariable))then

accessor@ accessor(nextVariable);
if (accessor.value o accessor.compiledValues) then

index @ getKey/Value(accessor.FJ, accessor.value);

return index;

5.3 Worst-CaseComplexity
Lemma 2 UsingtheBCCalgorithm,anyBCCsubtreeis en-
teredat mostoncefor each valuein its accessor’sdomain.

Proof: A consequenceof Th. 1 and 2. Shouldwe entera
BCC subtree� , eitherwe find a consistentinstantiationof
� , and the currentvalue for its accessor� is compiled(so
every time nextLevel shouldreturnthesecondvariable P
for thesmallestbicomponentcontaining� , it jumpsinsteadto
the next subtree);or we have registeredsomedead-endat P
(thanksto Lem.1, this failurecamefrom � ), andthecurrent
valuefor theaccessoris permanentlyremoved. �
Corollary 1 When

�
is a tree, BCCrunsat mostin t.�'¨V©�ª � ,

where ª)�J; ��� ��� ; and ¨ is thegreatestdomainsize.

Proof: Bicomponentsare completegraphswith two nodes
(accessorandsecondvariableP ). They areenteredon P , and
therewill be at most ¨ consistency checkson P . Thereis ª
bicomponents,eachoneenteredat most ¨ time (Lem.2). �

This resultis thesameastheonegivenin [Freuder, 1982],
obtainedby first achieving arcconsistency ( t��y¨U©�ª � ), thenby
a backtrack-freesearch.Preprocessingrequiredfor BCC is
linear, and all possibledead-endscan be encountered,but
BCC benefitsasmuchfrom thesefailuresasfrom successes.
This complexity is optimal [DechterandPearl,1988]. Th. 3
extendsthis resultto any constraintgraph.

Theorem3 Let ª be the numberof bicomponents,
|

be the
sizeof thelargestone, and ¨ bethesizeof thelargestdomain,
thenBCCrunsin theworst casein t.�'¨ T ª � .

Thoughthisworst-casecomplexity is thesameas[Freuder,
1982], BCCshouldbemoreefficientin practice:it backtracks
alongbicomponentsinsteadof generatingall their solutions.

6 BCC and Other Algorithms
ThoughBCC is efficient whenthe constraintgraphcontains
numerousbicomponents,it is nothingmorethana BT inside
thesecomponents.We studyin this sectionhow to improve
BCC with somewell-known BT add-ons,andpoint out that
BCC reducesthesearchtreein anoriginalway.

6.1 Backjumping Schemes
To besound,BCCmustperformavery limited form of Back-
jumping(BJ) (seeTh. 1). Thenaturalquestionis: whatif we
usemoreperformantbackjumps?

Gaschnig’s Backjumping (GBJ) [Gaschnig,1979] is only
triggeredin caseof a leafdead-end.It jumpsbackto thefirst
predecessorof � that emptiedits domain. This backjumpis
safeandoptimalin caseof a leafdead-end.

Graph-basedBackjumping (GBBJ)[Dechter, 1990] is trig-
geredon any dead-end� , andreturnsits greatestpredecessor
P . Safetyis ensuredby addingto P a temporaryset (jump-
backset)of predecessorsconsistingof all thepredecessorsof
� . It is optimalwhenonly graphinformationis used.

Conflict Dir ectedBackjumping (CDBJ)[Prosser, 1993] in-
tegratesGBJandGBBJ.It backjumpsat any dead-endto the
greatestvariablethat removed a value in the domainof � .
The jumpbackset containsonly the predecessorsof � that
removedsomevaluein � . CDBJis safeandoptimal.

Theorem4 Letprevious( � ) bea functionimplementinga
safeBackjumpschemeXBJ, alwaysreturningthe index of a
variable P belongingto a bicomponentcontaining� . Thenif
P is theaccessorof � , andif no further backjumpfrom P will
return in the componentof � , the current valueof P can be
permanentlyremoved.

TheobtainedalgorithmBCC+XBJis soundandcomplete.

Ideaof proof: Restrictionsenableto pasteproofof Th. 1. �
Corollary 2 The algorithms BCC+GBJ, BCC+GBBJ and
BCC+CDBJare soundandcomplete.

Sketch of proof: Seethat BCC+GBBJandBCC+CDBJre-
spectthe specificationsin Th. 4, andthat a backjumpon an
accessorP makesusremovea valueonly if thejumpbackset
of P only containsits predecessors.NotealsothatGBJdoes
not alwaysbackjumpin thesamecomponent(a secondvari-
ablecanbackjumpto the last elementof the parentcompo-
nent,notnecessarilytheaccessor),soBCCspecificbackjump
mustbekeptto makeBCC+GBJsoundandcomplete. �

Finally, we note that these BJ schemesrecover more
quickly from a failure thanBT, but nothingensuresthat this
failurewill not be repeatedover andover. BCC’s behaviour
cannotbeobtainedby suchaBJ mechanism.

6.2 Filtering Techniques
Differentlevelsof arcconsistency canbeusedin algorithms
to prunevaluesthatbecomeinconsistentaheadof thelast in-
stantiatedvariable.A constraint� �&� is saidarc-consistentif,«!¬ � ( ��� ,  ¬ � ( �%��`%� ¬ �1� ¬ � ��( ����� , andconversely.

Maintaining Ar c-Consistency(MAC) [SabinandFreuder,
1994] is believed to be the mostefficient generalCSPalgo-
rithm. This family of algorithmsrely on maintainingsome
kind of arc-consistency aheadof thecurrentvariable.

Theorem5 Let � bethevariablecurrentlystudiedby MAC,
and P be a variable whosedomainwasemptiedby the AC
phase. Let �0	c������a�=T bethebicomponentsbelongingto the
branch of theBCCtree, betweenthecomponent�0	 of � and
thecomponent� T of P . Let   © ����Z�1  T betheir acessors. Then
all valuesfrom their domainsthat were not temporarily re-
movedby theAC phasecanbedefinitively removedbyBCC.

Sketch of proof: Considerthe accessor cT of the component
containingP . If AC propagationhasemptiedthe domainof
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P , considerthefiltereddomain � �T of  cT . This failuremeans
that, shouldwe extend our currentinstantiationof all vari-
ablesuntil � with any assignmentof

¬ ( � �T to   T , this in-
stantiationdoesnot extendto a solution.Thanksto Th. 1, no
instantiationof  cT with thevalue

¬
extendsto asolution. �

Finally, having proventhatBCC andMAC combinetheir
effort to producea goodresult,we point out thatMAC alone
cannotreplaceBCC’s efficiency: perhapsMAC will never
considera valuethathadto beremoveby BCC,but shouldit
considerit, nothingwill restrainMAC to fail againon it.

7 Conclusionand Future Works
WehavepresentedhereavariationonBT calledBCC,whose
efficiency relieson the numberof bicomponentsof the con-
straint graphs. Early testshave shown that, the numberof
componentsincreasing,BCC alonequickly compensatesits
inefficiency insidea componentandits resultsaremorethan
a match for other BT improvements. Moreover, we have
shown thatBCC itself couldbeaddedsomewell-known BT
improvements,suchasBJ, FC or MAC, effectively combin-
ing thebestof two worlds.SoanimprovedBCCcouldbethe
perfectcandidatefor networks whoseconstraintgraphcon-
tainsmany bicomponents.

However, we mustconfessthatsuchconstraintgraphsare
notsocommon...So,apartfrom anoriginal theoreticalresult
expressingthat a network whoseconstraintgraphis a tree
doesnot needanAC phasenor a backtrack-freesearchto be
solvedin t.�'¨ © ª � , whatcanBCCbeusedfor?

Let
�

bea binaryconstraintnetwork of size ª , and ��� and
� � betwo of its variables.Thenwe cantransform

�
into an

equivalentnetwork of ª%H®I variables,by fusioning � � and � �
into a singlevariable ����� . Thedomainof ���&� is composedof
thepairsof compatiblevaluesin theconstraint���&� (it is �!�*"
� � whenthereis no suchconstraint).Any constraint� T£� is
thentransformedin thefollowingway: if � ¬ T � ¬ � �=( � T£� , then
all pairs � ¬ T*��� ¬ ��� ¬ ��� suchthat � ¬ �1� ¬ � belongsto thedomainof
����� arepossiblevaluesfor theconstraintbetween��T and ����� .
The sameconstructionis performedfor constraintsincident
to �*� . Theobtainednetwork is equivalent,but hasnow ª�H
I variables,andits maximumdomaincanhave now size ¨V©
(incident constraintscan have size ¨U¯ ). We can iteratively
fusion

|
differentnodes,obtaininganetwork of size ª=H | K.I ,

but whereavariabledomaincanhavesize ¨ T .
If a constraintgraphadmitsa

|
-separator(a setof

|
nodes

whoseremoval disconnectsthe graph), then, by fusioning
these

|
variablesas indicatedabove, we createat leasttwo

bicomponentssharingtheobtainedvariable.Supposethatwe
canfind in someway separatorsof size

2
k, the fusion of

theseseparatorscreatinĝ bicomponentsof size
2J°

. Then
BCC (without any improvement),will run in time t��y¨ TZ± ^ � .
This decompositionmay be quite efficient when

|
is small

and the separatorscut the graph in a non degenerateway,
keepingthesizeof componentscomparable.This decompo-
sition method(wherepolynomialcasesareobtainedwhen

|
and

°
arebothboundedby a constant)is still to becompared

to theonesstudiedin [Gottlobetal., 1999].
To implementandtestthis decompositionmethod,we are

currently looking for an heuristicthat, given an undirected

simplegraphwith weightededges,find a “small” separator
of thegraphsuchthat:
(1) removal of theseparatorcreatesa graphwhosegreatest

connectedcomponentis assmallaspossible;

(2) productof theweighton edgesthatbelongto thesepa-
ratoris assmallaspossible.

Theweightonedgeswill beinitializedby theconstrainttight-
ness.We believe thatnetworksdesignedby a humanbeing,
whodecomposesaprobleminto subproblemsslightly related
to eachother, will begoodcandidatesfor thisheuristic.
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Abstract

Initial value problems for parametric ordinary dif-
ferential equations arise in many areas of science
and engineering. Since some of the data is uncer-
tain and given by intervals, traditional numerical
methods do not apply. Interval methods provide
a way to approach these problems but they often
suffer from a loss in precision and high compu-
tation costs. This paper presents a constraint sat-
isfaction approach that enhances interval methods
with a pruning step based on a global relaxation of
the problem. Theoretical and experimental evalua-
tions show that the approach produces significant
improvements in accuracy and/or efficiency over
the best interval methods.

1 Introduction
Initial value problems for ordinary differential equations arise
naturally in many applications in science and engineering, in-
cluding chemistry, physics, molecular biology, and mechan-
ics to name only a few. An ordinary differential equation
(ODE) O is a system of the form

u1
0(t) = f1(t; u1(t); : : : ; un(t))

: : :

un
0(t) = fn(t; u1(t); : : : ; un(t))

often denoted in vector notation by u
0(t) = f(t; u(t)) or

u
0 = f(t; u). In addition, in practice, it is often the case that

the parameters and/or the initial values are not known with
certainty but are given as intervals. Hence traditional methods
do not apply to the resulting parametric ordinary differential
equations since they would have to solve infinitely many sys-
tems. Interval methods, pioneered by Moore [Moo79], pro-
vide an approach to tackle parametric ODEs as they return
reliable enclosures of the exact solution at different points in
time. Interval methods typically apply a one-step Taylor in-
terval method and make extensive use of automatic differen-
tiation to obtain the Taylor coefficients [Moo79]. Their major
problem however is the explosion of the size of the boxes
at successive points as they often accumulate errors from
point to point and lose accuracy by enclosing the solution
by a box (this is called the wrapping effect). Lohner’s AWA
system [Loh87] was an important step in interval methods

which features coordinate transformations to tackle the wrap-
ping effect. More recently, Nedialkov and Jackson’s IHO
method [NJ99] improved on AWA by extending a Hermite-
Obreschkoff’s approach (which can be viewed as a general-
ized Taylor method) to intervals. Note that interval methods
inherently accommodate uncertain data. Hence, in this paper,
we talk about ODEs to denote both traditional and parametric
ODEs.

This research takes a constraint satisfaction approach to
ODEs. Its basic idea [DJVH98; JDVH99] is to view the solv-
ing of ODEs as the iteration of two processes: (1) a forward
process that computes initial enclosures at given times from
enclosures at previous times and bounding boxes and (2) a
pruning process that reduces the initial enclosures without
removing solutions. The real novelty in our approach is the
pruning component. Pruning in ODEs however generates sig-
nificant challenges since ODEs contain unknown functions.

The main contribution of this paper is to show that an ef-
fective pruning technique can be derived from a relaxation of
the ODE, importing a fundamental principle from constraint
satisfaction into the field of differential equations. Three main
steps are necessary to derive an effective pruning algorithm.
The first step consists in obtaining a relaxation of the ODE by
safely approximating its solution using, e.g., generalized Her-
mite interpolation polynomials. The second step consists in
using the mean-value form of this relaxation to solve the re-
laxation accurately and efficiently. Unfortunately, these two
steps, which were skeched in [JDVH99], are not sufficient
and the resulting pruning algorithm still suffers from tradi-
tional problems of interval methods. The third fundamental
step consists in globalizing the pruning by considering sev-
eral successive relaxations together. This idea of generating
a global constraint from a set of more primitive constraints is
also at the heart of constraint satisfaction. It makes it possi-
ble, in this new context, to address the problem of dependen-
cies (and hence the accumulation of errors) and the wrapping
effect simultaneously.1

Theoretical and experimental results show the benefits of
the approach. The theoretical results show that the prun-
ing step can always be implemented to make our approach

1Global constraints in ordinary differential equations have also
been found useful in [CB99]. The problem and the techniques in
[CB99] are however fundamentally different.
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faster than existing methods. In addition, it shows that our
approach should be significantly faster when the function f is
very complex. Experimental results confirm the theory. They
show that the approach often produces many orders of magni-
tude improvements in accuracy over existing methods while
not increasing computation times. Alternatively, at similar
accuracy, other approaches are significantly slower. Of par-
ticular interest is the fact that our approach is not dependent
on high-order Taylor coefficients contrary to other methods.

The rest of the paper is organized as follows. Section 2 in-
troduces the main definitions and notations. Sections 3, 4, and
5 describe the pruning component. Sections 7 and 8 present
the theoretical and experimental analyses.

2 Background and Definitions
Basic Notational Conventions Small letters denote real
values, vectors and functions of real values. Capital letters
denote real matrices, sets, intervals, vectors and functions
of intervals. IR denotes the set of all closed intervals � R

whose bounds are floating-point numbers. A vector of inter-
vals D 2 IR

n is called a box. If r 2 R, then r denotes the
smallest interval I 2 IR such that r 2 I . If r 2 R

n , then
r = (r1; : : : ; rn). In this paper, we often use r instead of r
for simplicity. If A � R

n , then 2A denotes the smallest box
D 2 IR

n such that A � D. We also assume that t0; : : : ; tk,
te and t are reals, u0; : : : ; uk are in Rn , and D0; : : : ; Dk are
in IRn. Finally, we use tk to denote ht0; : : : ; tki, uk to denote
hu0; : : : ; uki and Dk to denote hD0; : : : ; Dki.

We restrict attention to ODEs that have a unique solution
for a given initial value. Techniques to verify this hypothe-
sis numerically are well-known [Moo79; DJVH98]. More-
over, in practice, the objective is to produce (an approxima-
tion of) the values of the solution of O at different points
t0; t1; : : : ; tm. This motivates the following definition of so-
lutions and its generalization to multistep solutions.

Definition 1 (Solution of an ODE) The solution of an ODE
O is the function s : R � R

n ! R ! R
n such that s(t0; u0)

satisfies O for an initial condition s(t0; u0)(t0) = u0.

Definition 2 (Multistep solution of an ODE) The multistep
solution of an ODE O is the partial function ms : A �
R
k+1 � (Rn )k+1 ! R ! R

n

ms(tk;uk)(t) = s(t0; u0)(t) if ui = s(t0; u0)(ti) (1 � i � k)

where s is the solution of O and is undefined otherwise.

Since multistep solutions are partial functions, we generalize
the definition of interval extensions to partial functions.

Definition 3 (Interval Extension of a Partial Function)
The interval function G : IR

n ! IR
m is an interval

extension of the partial function g : E � R
n ! R

m if

8D 2 IR
n : g(E \D) � G(D):

where g(A) = fg(x) j x 2 Ag.

Finally, we generalize the concept of bounding boxes, a fun-
damental concept in interval methods for ODEs, to multistep
methods. Intuitively, a bounding box encloses all solutions of
an ODE going through certain boxes at given times.

t 1 t 2

1D

0 0 1s(t ,D )(t )   

D0

s(t ,D )(t )   

2D

t0

1 1 2

Figure 1: Successive Integration Steps

Definition 4 (Bounding Box) Let O be an ODE system, ms

be the multistep solution of O, and ft0; : : : ; tkg � T 2 IR.
A box B is a bounding box of ms over T wrt (tk,Dk) if, for
all t 2 T , ms(tk ;Dk)(t) � B.

3 The Constraint Satisfaction Approach

The constraint satisfaction approach followed in this paper
was first presented in [DJVH98]. It consists of a generic al-
gorithm for ODEs that iterates two processes: (1) a forward
process that computes initial enclosures at given times from
enclosures at previous times and bounding boxes and (2) a
pruning process that reduces the initial enclosures without
removing solutions. The forward process also provides nu-
merical proofs of existence and uniqueness of the solution.
The intuition of the successive integration steps is illustrated
in Figure 1. Forward components are standard in interval
methods for ODEs. This paper thus focuses on the prun-
ing process, the main novelty of the approach. Our pruning
component is based on relaxations of the ODE as described
in the next section. To our knowledge, no other approach
uses relaxations of the ODE to derive pruning operators and
the only other approach using a pruning component [NJ99;
Rih98] was developed independently.

4 Pruning

The pruning component uses safe approximations of the ODE
to shrink the boxes produced by the forward process. To un-
derstand this idea, it is useful to contrast the constraint sat-
isfaction to nonlinear programming [VHMD97] and to ordi-
nary differential equations. In nonlinear programming, a con-
straint c(x1; : : : ; xn) can be used almost directly for pruning
the search space (i.e., the Cartesian products of the intervals
Ii associated with the variables xi). It suffices to take an in-
terval extension C(X1; : : : ; Xn) of the constraint. Now if
C(I 01; : : : ; I

0

n
) does not hold, it follows, by definition of in-

terval extensions, that no solution of c lies in I
0

1 � : : : � I
0

n
.

The interval extension can be seen as a filter that can be used
for pruning the search space in many ways. For instance, Nu-
merica uses box(k)-consistency on these interval constraints
[VHMD97]. Ordinary differential equations raise new chal-
lenges. In an ODE 8 t : u0 = f(t; u); functions u and u’ are,
of course, unknown. Hence it is not obvious how to obtain a
filter to prune boxes.
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t0 t1 t2te t

u0

u1

u2

u2’

u

OK

KO

Figure 2: Geometric Intuition of the Multistep Filter

One of the main contributions of our approach is to show
how to derive effective pruning operators for parametric
ODEs. The first step consists in rewriting the ODE in terms
of its multistep solution ms to obtain

8 t : dms(tk;uk)

dt
(t) = f(t;ms(tk;uk)(t)):

Let us denote this formula 8 t : fl(tk;uk)(t): This rewriting
may not appear useful since ms is still an unknown function.
However it suggests a way to approximate the ODE. Indeed,
we show in Section 6 how to obtain interval extensions of
ms and @ms

@t
by using polynomial interpolations together with

their error terms. This simply requires a bounding box for
the considered time interval and safe approximations of ms
at successive times, both of which are available from the for-
ward process. Once these interval extensions are available, it
is possible to obtain an interval formula of the form

8 t : FL(tk;Dk)(t)

which approximates the original ODE. The above formula is
still not ready to be used as a filter because t is universally
quantified. The solution here is simpler and consists of re-
stricting attention to a finite set T of times to obtain the rela-
tion

8 t 2 T : FL(tk;Dk)(t)

which produces a computable filter. Indeed, if the relation
FL(tk;Dk)(t) does not hold for a time t, it follows that no
solution of u0 = f(t; u) can go through boxes D0; : : : ; Dk

at times t0; : : : ; tk. The following definition and proposition
capture these concepts more formally.

Definition 5 (Multistep Filters) Let O be an ODE and s its
solution. A multistep filter for O is an interval relation FL :
R
k+1 � (IRn)k+1 ! R ! Bool satisfying

ui 2 Di

s(t0; u0)(ti) = ui (0 � i � k)

�
) 8t : FL(tk;Dk)(t):

Proposition 1 (Soundness of Multistep Filters) Let O be
an ODE and let FL be a multistep filter for O. If
FL(tk;Dk)(t) does not hold for some t, then there exists
no solution of O going through Dk at times tk.

How can we use this filter to obtain tighter enclosures of
the solution? A simple technique consists of pruning the last
box produced by the forward process. Assume that Di is a
box enclosing the solution at time ti (0 � i � k) and that we

are interested in pruning the last box Dk. A subbox D � Dk

can be pruned away if the condition

FL(tk; hD0; : : : ; Dk�1; Di)(te)

does not hold for some evaluation point te. Let us explain
briefly the geometric intuition behind this formula by consid-
ering what we call natural filters. Given interval extensions
MS and DMS of ms and @ms

@t
, it is possible to approximate the

ODE u
0 = f(t; u) by the formula

DMS (tk;Dk)(t) = F (t;MS (tk;Dk)(t)):

In this formula, the left-hand side of the equation represents
the approximation of the slope of u while the right-hand rep-
resents the slope of the approximation of u. Since the ap-
proximations are conservative, these two sides must intersect
on boxes containing a solution. Hence an empty intersec-
tion means that the boxes used in the formula do not contain
the solution to the ODE system. Figure 2 illustrates the in-
tuition. It is generated from an actual ordinary differential
equation, considers only points instead of intervals, and ig-
nores error terms for simplicity. It illustrates how this tech-
nique can prune away a value as a potential solution at a given
time. In the figure, we consider the solution to the equation
that evaluates to u0 and u1 at t0 and t1 respectively. Two pos-
sible points u2 and u02 are then considered as possible values
at t2. The curve marked KO describes an interpolation poly-
nomial going through u0; u1; u02 at times t0; t1; t2. To deter-
mine if u02 is the value of the solution at time t2, the idea is to
test if the equation is satisfied at time te. (We will say more
about how to choose te later in this paper). As can be seen
easily, the slope of the interpolation polynomial is different
from the slope specified by f at time te and hence u02 cannot
be the value of the solution at t2. The curve marked OK de-
scribes an interpolation polynomial going through u0; u1; u2
at times t0; t1; t2. In this case, the equation is satisfied at time
te, which means that u2 cannot be pruned away. The filter
proposed earlier generalizes this intuition to boxes. Both the
left- and the right-hand sides represent sets of slopes and the
filter fails when their intersection is empty. Traditional con-
sistency techniques and algorithms based on this filter can
now be applied. For instance, one may be interested in updat-
ing the last box produced by the forward process using the op-
erator Dk = 2fr 2 Dk j FL(tk; hD0; : : : ; Dk�1; ri)(te)g:
The following definition is a novel notion of consistency for
ODEs to capture pruning of the last r boxes.

Definition 6 (Forward Consistency of Multistep Filters)
Let FL be a multistep filter. FL is forward(r)-consistent wrt
tk, Dk and t if

hDk�r+1; : : : ; Dki = 2fhv1; : : : ; vri 2 hDk�r+1; : : : ; Dki j
FL(tk; hD0; : : : ; Dk�r; v1; : : : ; vri)(t)g:

The algorithm used in our computational results enforces for-
ward consistency of the filters we now describe.

5 Filters
Filters rely on interval extensions of the multistep solution
and its derivative wrt t. These extensions are, in general,
based on decomposing the (unknown) multistep solution into
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the sum of a computable approximation p and an (unknown)
error term e, i.e.,

ms(tk;uk)(t) = p(tk;uk)(t) + e(tk;uk)(t):

There exist standard techniques to build p;
@p

@t
and to bound

e;
@e

@t
. Section 6 reviews how they can be derived from gen-

eralized Hermite interpolation polynomials. Here we simply
assume that they are available and we show how to use them
to build filters.

In the previous section, we mention how natural multistep
filters can be obtained by simply replacing the multistep so-
lution and its derivative wrt t by their interval extensions to
obtain

DMS (tk;Dk)(t) = F (t;MS (tk;Dk)(t)):

It is not easy however to enforce forward consistency on a
natural filter since the variables may occur in complex non-
linear expressions. In addition, in ODEs, the boxes are often
small which makes mean-value forms particularly interesting.

5.1 Mean-Value Filters
The mean-value theorem for a function g states that

9� : x < � < m : g(x) = g(m) + g
0(�)(x �m):

A mean-value interval extension G of g in interval I can then
be defined as

G(X) = G(m) +DG(I)(X �m)

for some m in I , where DG is an interval extension of the
derivative of g. In order to obtain a mean-value filter, consider
the ODE
p(tk;uk)

0(t) + e(tk;uk)
0(t) = f(t; p(tk;uk)(t) + e(tk;uk)(t))

where the multistep solution has been expanded to make the
approximations and the error terms explicit. We are thus in-
terested in finding a mean-value interval extension wrt uk of
the function defined as
p(tk;uk)

0(t) + e(tk;uk)
0(t)� f(t; p(tk;uk)(t) + e(tk;uk)(t)):

However, as mentioned earlier, e is not a computable function
and we cannot compute its derivative wrt uk. Fortunately,
it is possible to construct a mean-value filter by considering
the error terms as constants and taking a mean-value interval
extension of the function g(tk;uk; e; de)(t) defined as

p(tk;uk)
0(t) + de� f(t; p(tk;uk)(t) + e):

If G is a mean-value interval extension of g, then the ODE is
approximated by an equation of the form

8t : G(tk;Dk; E(tk;Dk)(t);DE(tk;Dk)(t))(t) = 0

where E and DE are interval extensions of the error term
e and of its derivative wrt t. In the following, we call the
resulting filter an implicit mean value filter.

The implicit mean-value filter for a time t produces an in-
terval constraint of the form

A0X0 + : : :+AkXk = B

where each Xi and B are vectors of n elements and each Ai

is an n�nmatrix. Assuming that we are interested in pruning
the last box Dk, we obtain an operator as
Dk := Dk \ 2fXk j A0D0 + : : :+Ak�1Dk�1 +AkXk = Bg:

The implicit mean-value filter can be turned into explicit
form by inverting the matrix Ak.

t0 t t t t t1 2 3 4 5

X X X X X X0 1 2 3 4 5

Figure 3: Intuition of the Global Filter

Definition 7 (Explicit Mean-Value Filter) Let O be an
ODE u

0 = f(t; u) and rewrite an implicit mean-value filter
for O as

A0X0 + : : :+AkXk = B

where Ai is an n� n matrix and B a vector of n elements.
An explicit mean-value filter for O is given by

Xk = A
�1
k
B �

P
k�1

i=0 A
�1
k
AiXi:

It is simple to make an explicit mean-value filter forward(1)-
consistent, since the variables in Xk have been isolated.

5.2 Global Filters
The explicit mean-value filter produces significant pruning of
the boxes but it still suffers from a dependency problem typi-
cal of interval methods. Consider the application of the filter
at two successive time steps of the method. We obtain expres-
sions of the form

Xk = B
1 �M

1
0X0 + : : :+M

1
k�1Xk�1

Xk+1 = B
2 �M

2
1X1 + : : :+M

2
kXk

Note that the second expression considers all tuples of the
form hv1; : : : ; vki 2 hX1; : : : ; Xki to compute Xk+1. But
only a subset of these tuples satisfy the first equation for a
given v0 2 X0. The key idea to remove this dependency
problem is to use a global filter which clusters a sequence
of k mean-value filters together. Figure 3 gives the intuition
for k = 3. A global filter is then obtained by predicting and
pruning k boxes simultaneously. More precisely, the idea is
to cluster the k successive filters

Xk = B
1 �M

1
0X0 + : : :+M

1
k�1Xk�1

: : :

X2k�1 = B
k �M

k

k�1Xk�1 + : : :+M
k

2(k�1)X2(k�1)

This filter can be turned into an explicit form by substituting
Xk in the second equation,Xk andXk�1 in the third equation
and so on. The resulting system can be written as a system

(Xk : : : X2k�1)
T = B �M(X1 : : : Xk�1)

T

where M is a square nk � nk matrix and B is a vector of nk
elements. It is important to mention that such a global filter
is forward(k)-consistent wrt t2k�1;D2k�1 and t, since the
variables Xk : : :X2k�1 have been isolated. The dependency
problem has thus been reduced to the well-known wrapping
effect which has standard solutions in interval methods.

5.3 The Wrapping Effect
Approximating the set of solutions to an equation by a box
may induce a significant loss of precision. This problem is
known as the wrapping effect and its standard solution is to
choose an appropriate coordinate system to represent the so-
lutions compactly. Let us review briefly how to integrate
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this idea with our proposals. Consider a global filter that
we write as Z1 = A0Z0 + B0. The idea is to introduce
a coordinate transformation Y1 = M1Z1 to obtain a sys-
tem M1Z1 = M1A0Z0 +M1B0 where M1A0 is diagonally
dominant, i.e., the non-diagonal elements are very small com-
pared to the diagonal. If M1A0 is diagonally dominant, then
the wrapping effect induces no or little loss of precision in
computing Yi. Our pruning step can easily accommodate this
idea. Iteration i defines Yi = MiZi and it sends Zi, Yi and
Mi to iteration i + 1 of the main algorithm. Iteration i + 1
will have to solve the system

Zi+1 = (Ai+1M
�1
i

)Yi +Bi+1:

A coordinate transformation is applied once again to obtain

Mi+1Zi+1 = (Mi+1Ai+1M
�1
i

)Yi +Mi+1Bi+1

so thatMi+1Ai+1M
�1
i

is diagonally dominant. The matrices
Mi are computed using QR-factorizations [Loh87].

6 Hermite Filters
We now show how to build interval extensions of p, @p=@t,
e, @e=@t by using Hermite interpolation polynomials [SB80].
Informally, a Hermite interpolation polynomial approximates
a continuously differentiable function f and is specified by
imposing that its values and the values of its successive
derivatives at various points be equal to the values of f and
of its derivatives at the same points. Note that the number of
conditions at the different points may vary.

Definition 8 (Hermite(�) Interpolation Polynomial) Let
ti 2 R; u

(0)

i
= ui 2 R

n and u
(j)

i
= f

(j�1)(ti; ui); i =
0; : : : ; k; j = 0; : : : ; �i � 1. Consider the ODE u

0 = f(t; u).
Let � 2 N

k+1
; �i 6= 0; i = 0; : : : ; k; �s =

P
k

i=0
�i. The

Hermite(�) interpolation polynomial wrt f and (tk;uk), is
the unique polynomial q of degree � �s � 1 satisfying

q
(j)(ti) = u

(j)

i
; j = 0; : : : ; �i � 1; i = 0; : : : ; k:

It is easy to take interval extensions of a Hermite interpolation
polynomial and of its derivatives. The only remaining issue
is to bound the error terms. The following standard theorem
(e.g., [SB80], [Atk88]) provides the necessary theoretical ba-
sis.

Theorem 1 (Hermite Error Term) Let p(tk;uk) be the
Hermite(�) interpolation polynomial wrt f and (tk;uk). Let
u(t) � ms(tk;uk)(t), T = 2ft0; : : : ; tk; tg, �s =

P
k

i=0
�i

and w(t) =
Q

k

i=0
(t� ti)

�i . Then, for i = 1; : : : ; n,
� 9 �i 2 T : ei(tk;uk)(t) =

1
�s!

f
(�s�1)

i
(�i; u(�i))w(t);

� 9 �1;i; �2;i 2 T : ei(tk;uk)
0(t) =

1
�s!

f
(�s�1)

i
(�1;i; u(�1;i))w

0(t) + 1
(�s+1)!

f
(�s)

i
(�2;i; u(�2;i))w(t).

How to use this theorem to bound the error terms? It
suffices to take interval extensions of the formula given
in the theorem and to replace �i; �1;i; �2;i by T and
u(�i); u(�1;i); u(�2;i) by a bounding box for the ODE over T .
In the following, we call Hermite(�) filters, filters based on
Hermite(�) interpolation and we denote a global Hermite(�)
filter by GHF(�). The following novel result is fundamental
and specifies the speed of convergence of Hermite filters. It

Cost-1 Cost-2

IHO � 2b�s
2
c2nN1

+O(�snN2)

GHF 7k3n3 ((�m � 1)2 + 1)knN1

+�mknN2

GHF-1 � (b�s�1

2
c2 + 1)nN1

+O(�snN2)
GHF-2 ( 7

8
�s �

21
4
)�2sn

3 (�s � 2)nN

Table 1: Complexity Analysis.

shows that the order of natural and mean-value Hermite(�)
filters is the sum of the elements in �, i.e., the number of
conditions imposed on the interpolation.

Proposition 2 (Order) Let FL be a natural or mean-value
Hermite(�) filter for ODE u

0 = f(t; u). Let te � tk = �(h),
ti+1� ti = �(h); i = 0; : : : ; k�1, �s =

P
k

i=0
�i and Dk =

2fu 2 R
n j FL(tk; hu0; : : : ; uk�1; ui)(te)g. Then, under

some weak assumptions on f and FL, w(Dk) = O(h�s+1):

7 Theoretical Cost Analysis

We now analyse the cost of our method and compare it to Ne-
dialkov’s IHO(p; q) method [NJ99], the best interval method
we know of. We use the following assumptions. At each
step, the forward process uses Moore’s Taylor method and
the pruning component applies a global Hermite filter to-
gether with coordinate transformations (using Lohner’s QR-
factorization technique). For simplicity of the analysis, we as-
sume that (the natural encoding of) function f contains only
arithmetic operations. We denote by N1 the number of �; =
operations in f , by N2 the number of� operations, and byN
the sum N1+N2. We also assume that the cost of evaluating
@f

(r)
=@u is n times the cost of evaluating f (r). We define �m

as max(�), �s = �0+: : :+�k; p+q+1 = �s; q 2 fp; p+1g.
We also report separately interval arithmetic operations in-
volved in (1) products of a real and an interval matrix (Cost-
1) and (2) the generation of Jacobians (Cost-2). Table 7 re-
ports the main cost of a step in the IHO(p; q) method (IHO in
the table) and our method GHF(�) (GHF in the table). It also
shows the complexity of two particular cases of GHF(�). The
first case (GHF-1) corresponds to a polynomial with only two
interpolation points (k = 1; j�1��0j � 1), while the second
case corresponds to a polynomial imposing two conditions on
every interpolation points (�0 = : : : = �k = 2). Note that
the methods are of the same order in all cases.

The first main result is that GHF-1 is always cheaper than
IHO, which means that our method can always be made to
run faster by choosing only two interpolation points. (The
next section will show that substantial improvement in accu-
racy is also obtained in this case). GHF-2 is more expensive
than GHF-1 and IHO when f is simple. However, when f

contains many operations (which is often the case in prac-
tical applications), GHF-2 can become substantially faster
because Cost-1 in GHF-2 is independent of f and Cost-2 is
substantially smaller in GHF-2 than in GHF-1 and IHO. It
also shows the versatility of the approach that can be taylored
to the application at hand.
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IVP GHF IHO h Precision Time
� p; q IHO GHF Ratio IHO GHF

HILB (2,2,2) 2,3 8E-3 1.8E-1 2.5E-3 72 0.09 0.08
6E-3 3.8E-4 1.6E-5 24 0.12 0.10
4E-3 1.6E-5 2.8E-7 57 0.18 0.15
2E-3 1.5E-7 1.1E-9 136 0.35 0.31
1E-3 2.0E-9 7.8E-12 256 0.70 0.68

BRUS (2,2,2) 2,3 1E-1 1.1E-1 3.3E-4 333 0.56 0.55
7.5E-2 2.2E-4 8.7E-6 25 0.74 0.74
5E-2 1.1E-5 1.9E-7 58 1.10 1.10

2.5E-2 1.5E-7 1.1E-9 136 2.20 2.20
BIO1 (2,2,2) 2,3 1.5E-1 8.9E-3 2.5E-4 36 0.16 0.14

1E-1 2.8E-5 1.0E-6 28 0.23 0.20
5E-2 2.2E-7 2.8E-9 79 0.44 0.42

2.5E-2 2.6E-9 1.6E-11 162 0.87 0.87
2BP (5,5) 4,5 1E-1 3.7E-4 7.2E-6 51 2.10 1.10

7.5E-2 1.0E-6 1.7E-8 59 2.80 1.70
(7,6) 6,6 1.25E-1 1.0E-1 3.0E-4 333 2.20 1.40

1E-1 1.4E-6 9.2E-8 15 2.70 2.00
3BP (2,2,2,2) 3,4 3E-2 6.9E-2 3.5E-4 197 0.55 0.45

2E-2 2.1E-4 6.5E-7 323 0.83 0.72
1E-2 5.3E-8 9.3E-11 570 1.60 1.60

(5,5,5) 7,7 3E-2 2.4E-2 1.4E-4 171 1.30 0.92
2E-2 4.4E-7 1.5E-9 293 1.90 1.40

LOR (3,3) 2,3 1E-2 3.1E+1 4.5E-2 689 2.50 1.90
7.5E-3 4.0E-1 4.9E-3 82 3.30 2.60
5E-3 2.5E-2 2.7E-4 93 5.00 3.90

2.5E-3 3.7E-4 2.0E-6 185 9.90 8.50
BIO2 (4,3) 3,3 6E-3 1.0E-3 4.4E-4 2.3 2.80 2.20

4E-3 4.0E-6 1.2E-6 3.3 4.10 3.20
2E-3 1.1E-8 7.3E-10 15 8.30 6.40

Table 2: Experimental Results.

8 Experimental Analysis
We now report experimental results of our C++ im-
plementation on some standard benchmarks [HNW87;
Loh87] and two molecular biology problems, which are
real-life parametric ODEs given to us by a biologist:

u0 [t0; tf ]
Hilbert quadratic problem (HILB): (2,4) [0,0.15]
Full Brusselator (BRUS): (1,2,1) [0,14]
Two-body problem (2BP): (1,0,0,1) [0,24]
Three-body problem(3BP): (1.2,0,0,-1.05) [0,1.3]
Lorentz system (LOR): (15,15,36) [0,10]
Molecular biology problem (BIO1): (0.1,0.56,0.14) [0,4]
Molecular biology problem (BIO2): (0,0.4,0.3,0.5) [0,3]

Table 2 compares GHF(�) and IHO(p; q) methods of
the same order. It reports the precision at the last step and
execution time (in seconds) of both methods for the same
(constant) stepsize. The experimental results follow the
same assumptions as in the theoretical analysis. The forward
process uses Moore’s Taylor method of order q + 1 (same
order as the predictor used in IHO(p; q)) and a Taylor series
method of order �s to compute a bounding box, except for
2BP and 3BP where we use a series of order 1. The choice
of the evaluation time te involved in GHF(�) has not been
discussed yet. So far we have no theoretical result about
the optimal choice of te. We use a simple binary search
algorithm to determine a good value for te at the beginning
of or during the integration. In our experiments, we chose
te between the last two interpolation points, keeping the
distance constant throughout the integration. Our results
could be further improved by using a variable distance.

The results indicate that our method produces orders of
magnitude improvements in accuracy and runs faster than the
best known method. The gain in precision is particularly sig-
nificant for lower orders. The theoretical results are also con-
firmed by the experiments. When f contains many operations
(e.g. in 3BP), using many interpolation points is particularly

effective. For very complex functions, the gain in computa-
tion time could become substantial. When f is simple, using
few interpolation points becomes more interesting.

As a consequence, we believe that a constraint satisfac-
tion approach to parametric ordinary differential equations is
a very promising avenue that complements well traditional
approaches. The main open issue at this point is the choice
of an optimal evaluation point. This will be the topic of our
research in the coming months.
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Abstract���
-consistenciesform the classof strongconsis-

tenciesused in interval constraintprogramming.
We survey, prove,andgive theoreticalmotivations
to sometechnical improvementsto a naive

���
-

consistency algorithm.Ourcontributionis twofold:
on the one hand, we introduce an optimal � � -
consistency algorithm whosetime-complexity of���
	�������

improvesthe known boundby a factor�
(
	

is the numberof constraints,
�

is the num-
ber of variables,and

�
is the maximalsizeof the

intervalsof thebox). On theotherhand,we prove
that improved boundson time complexity canef-
fectively be reachedfor highervaluesof

�
. These

resultsareobtainedwith veryaffordableoverheads
in termsof spacecomplexity.

Keywords: Strong consistencytechniques,Interval constraint
propagation.

1 Intr oduction
Consistency algorithmsarepolynomialtechniqueswhichaim
at struggling againstthe combinatorialexplosion of brute-
force searchby reducingthe searchspace. Among them,
strong consistencies[Freuder, 1978] denotegeneric algo-
rithms which can be tuned to enforcearbitrary intermedi-
ate levels of consistency. Oneof the most(if not the most)
promisingstrongconsistency techniquesis the classof

���
-

consistencies,where
�

mayvary from � to a maximumvalue
correspondingto globalconsistency.���

-consistency wasintroducedin [Lhomme,1993] asare-
sponseto theproblemcalledearlyquiescence[Davis, 1987]:
when appliedto non-trivial, real-valuedproblems,filtering
techniquesadaptedfrom arc-consistency do not reducethe
searchspaceenoughin practice,andstrongerconsistencies
arethusneededto limit thesizeof thesearchtree.Thebasic
ideais thatgivena solver of level

�����
, eachpossiblevalue

of thevariablescanbeenumerated;if the
�����

solverproves
the inconsistency of the problemobtainedwhenvariable �
is instantiatedto value � , we know that � is not a possible
value for � . This methodcan be appliedto both domain-
basedsolvers (by suppressinginconsistentvaluesfrom do-
mains)andinterval-basedsolvers(by tighteningbounds).

The domain-consistencyobtained, called singleton-
consistencyhas been emphasizedas one of the most
efficient techniquesfor hard finite-domain problems[De-
bruyne and Bessìere, 1997]. This paper deals with the
interval-consistency obtained, called

���
-consistency.���

-consistency has been successfullyapplied to difficult
nonlinear problems, such as a challenging transistor de-
sign application [Pugetand van Hentenryck,1998]. The
important advantageof

���
over path-consistency [Monta-

nari, 1974] and its variants[Dechterand van Beek, 1996;
Sam-Haroudand Faltings, 1996] is that it doesnot require
theuseof thecostlymulti-dimensionalrepresentationsof the
constraintsneededin thesemethods.

Let
�

be the numberof elementsin the widest initial in-
terval,

�
bethenumberof variables,and

	
bethenumberof

constraints;theknownboundof time-complexity for comput-
ing

���
-consistency is

���
	������! "�!�#$���%'&��
: � � is computedin���
	��(�

andeachincreasein thefactor
�

hasacostof
���)���!(�

.
Our aim is to show that this complexity is overestimatedand
that the expectedoptimumis actually

���
	��*���+ "�,���%%�
. We

show that this boundcanbe approachedin the generalcase
andthatit canbeexactly reachedin theespeciallyinteresting
caseof � � .

This resultis obtainedby a cautiousformulationof theal-
gorithm, in which an optimizationpointedout by Lhomme
andLebbah[Lebbah,1999] is integrated.Informally speak-
ing, eachtime an interval is reduced,the

�-�.�
solver per-

forms an incompletecomputation. The optimization is to
storetheresultof thiscomputation,sothatsuccessivecallsto
thesolverdonotneedto berestartedfromscratch.A dynamic
dependency conditionis usedto determinethat someopera-
tions canbe avoided. We thenstudy the costof the cumu-
lation of all theseincompletecomputationsto find improved
boundson time complexity.

Theoutlineof this paperis thefollowing: next sectionin-
troducestherequiredmaterialandterminologyonconstraints
andsolvers. Section3 introducesinterval consistency tech-
niquesandin particular

���
-consistency. We thendefineand

prove two improvementsto a naive algorithmfor computing
it (Section4). A theoreticalanalysisof the resultingalgo-
rithm allowsusto statethenew complexity resultsin Section
5, while the endof the paperis concernedwith conclusions
andperspectives.
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2 Constraints and Solvers
We note / the domainof computation. / is supposedto be
finite and totally ordered: it is thuspossibleto computethe
predecessorandthesuccessorof any element� . Thisassump-
tion mayseemveryrestrictive,but it correspondsto theusual
representationof numberswith computers:in practice,/ is
eitherthe setof the canonicalfloating-pointintervals or the
subsetof theintegersencodedon a givennumberof bits.

2.1 Basicterminology
Let 0 be a finite setof variables. A point 1 is definedby a
coordinate1'2 on eachvariable � , i.e., points are mappings
from 0 to / . A constraint 3 is a setof tuples. For readers
morefamiliar with database-theoreticconcepts[Dechterand
van Beek, 1996], variablesmay also be thoughtof as field
names, pointsastuples, andconstraintsasrelationsor tables.
Pointsmayalsobeseenaslogical valuations.

A CSP4 is asetof constraints.Thesetof solutionsto 4 is
theset 576�8 � 4 � of thepointswhichbelongto all its constraints,
i.e., 576�8 � 4 �-9 : 3<;=3<>?47@ . The problemof constraint
satisfactionis to find (one/all)solution(s)to aCSP. It is aNP-
completeproblemin its decisionalform.

Thecut ACBEDGF � 3 � of asetof points 3 is thesetcontainingthe
pointsof 3 whosecoordinateon � is � : A BEDGF � 3 �H9I: 1J>�3K;1 2 9 �L@ . It is alsoreferredto astheselectionor instantiation
operator. Amongotherproperties,thisoperatoris monotonic:3NMO3QP!RSA BTDGF � 3 � MUA BTD�F � 3"P � .

Thoughthesedefinitionsarefully generalanddo not de-
pendonthewayconstraintsareexpressed,somepointsin this
paperareconcernedwith thespecialcaseof systemsof equa-
tionsandinequationsover / . As anexampleof suchsystems,: ��V �XW ��VZY 9\[^] � 9 Y @ definestheCSP4 9\: 3  ] 3  @ where3  9_:a` � ] Y ]�[(b ; ��V �cW ��VZY 9_[ @ and 3  9?:d` � ] Y ]�[(b ;a� 9Y @ . A solutionis

` � 9 � ] Y 9 � ]�[c9 � b
. Thecut AGe Dgf � 3  �

definestheset
:a` � ] Y ] � b ; ��V �hW ��VZY 9 � @ .

Notations: Throughoutthetext, theconsideredCSPwill
befixedandcalled4 ; consequentlyweshallomit thisparam-
eterin mostdefinitions.

2.2 Inter val-consistency
Wecall search space(i ) thesetof pointsamongwhichsolu-
tionsaresearchedfor. In theinterval-consistency framework
[BenhamouandOlder, 1997], the searchspaceis the carte-
sian productof intervals associatedto every variable. The
successof this representationcomesfrom the fact that it is
a compactandexpressive way to approximatethesolutions.
Wenote 8Ejk2 andlmjk2 thelowerandupperboundsof theinter-
val of possiblevaluesfor variable� . Thesearchspaceis thus
the setcontainingthe points 1 whosecoordinatesare inside
thebounds(n%�o>p0 ] 1'2q>sr$8Ejk2 ] lmjk2*t ). It is calleda box, due
to theobviousgeometricintuition. Whenwereferto aboundj 2 without furtherdetail, it canbe indifferently the lower or
theupperboundof � .

An intuitive way to reasonon boundsis by relatingthem
to the facetsof thebox. Formally, a facetis thesetof points
of thebox whosecoordinateon a givenvariableis fixedto a
bound: it canbe written A BTDgu B � i � for somevariable � and
somebound j 2 of � .

Notations: Given a box i , we note 3Z6 �wvkxZv 1�y � 1 � i � the
property i{z�576�8 � 4 ��|9~}

, which statesthat i containsa
solution.

2.3 Solvers
We define(constraint)solvers asfunctionswhich verify the
following properties:

Definition 1. [Solver] A solveris a function � onboxessuch
that: � � i � Moi (contractance)� � i �m� i�zh576�8 � 4 � (correctness)i.M�iNPcR � � i � M�� � iNP � (monotonicity)� � � � i �k�79 � � i � (idempotence)

Note that we deliberately exclude the case of non-
idempotentsolvers, which are not relevant here. Solvers
are intendedto reducethe searchspace; the key-point is
that they are usually integratedwithin a branch and prune
algorithm, which is guaranteedto find the solutionsonly
if the solver doesnot remove any of them, hencewe call
this essentialproperty correctness. The oppositeproperty
to correctnessis completeness, which statesthe implication� 3Z6 �wvkxZv 1�y � 1 � i � R�� � i ��9I}

. Completesolversareable
to detectall inconsistencies,but areusuallytoo costly to be
consideredpractically.

3 kB-consistency
Thesolverswe now considercanbeseenasfunctionswhich
tightentheintervalsby modifying eachboundin turn; weof-
tenreferto thisprocessasfacetreduction, meaningthatfacets
are“pusheddown”. Solversaredefinedvia local consistency
properties,which characterizethe facetsobtainedwhen the
reductionstops.We now define

���
-consistency inductively,

startingwith abasicconsistency techniquefor thecase
� 9 � .

3.1 2B-consistency� � -consistency is also calledhull-consistency by someau-
thors[BenhamouandOlder, 1997]. On finite domains,it is
the coreof someof the main constraintlogic programming
solvers [Van Hentenrycket al., 1998; Codognetand Diaz,
1996], andit is oftenreferredto aspartial lookahead.

Definition 2. [2B-consistency]A box i is 2B-consistentif
for everybound j 2 wehave:

n!3N>-4 ] A BEDgu B � i � zh3 |9s}
The � � -consistencysolveris the function �  which mapsa
box i to thegreatest� � -consistentboxincludedin i .

This definition meansthat boundsarereduceduntil each
facetof thebox intersectsevery constraint.It canbeproved
that �  is a valid function: thecomputedgreatestbox exists
andis unique;this resultcomesfrom moregeneralproperties
of confluenceof fixpoint computations[Apt, 1999]. Further-
more, �  is a valid solver: correctnessholdsbecausea value� is suppressedfrom avariable� if �%3N>q4 ] AGBTD�F � 4 � z�3 9�} ,
sothatwehave � 3Z6 �wvkxZv 1�y � 1 � A BTD�F � 4 �k� , whichprovesthatthe
solver only removes facetswhich do not containsolutions;
idempotenceis straightforwardandmonotonicitycomesfrom
themonotonicityof theselectionoperator.
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� � -consistency can only be computedfor somespecial
constraintscalled primitive, which correspondto the basic
arithmeticrelationsdefinedby thelanguage.SolverslikePro-
log IV decomposearbitraryconstraints(e.g.,

� �KWp� �"� Y 9U[ )
into suchprimitiveconstraints(��W�� 9 �CP ] �CP Y 9 Y P ] Y P 9 � ).

3.2 kB-consistency
The condition that every facetintersectsevery constraintis
a very rough approximationof (global) consistency.

���
-

consistency relies on the observation that ideally, a facet
shouldbe reduceduntil it containsa solution; sincedecid-
ing whethera facetcontainsa solution is itself a constraint
satisfactionproblem,a solver � ���+ cando for this task.

Definition 3. [kB-consistency] A box i is
���

-consistent
(for

��� � ) if for everybound j 2 wehave:

� ���+ � A BTDCu B � i �Q�H|9s}
The

���
consistencysolver is the function � � such that the

box � � � i � is thegreatest
���

-consistentboxincludedin i .

Informally speaking,boundsarereduceduntil no facetis
rejectedby thesolver � �d�! . Thisdefinitionis recursive: � � -
consistency usesthe � � -consistency solverandcanin turnbe
usedto define� � -consistency, andsoon. Propertiesof con-
fluence, idempotenceandmonotonicityhold for � � . Its cor-
rectnessis a consequenceof the correctnessof � ���! : since� ���+ � A BTDCu B � i �Q�w9s} implies � 3�6 �wvQxZv 1�y � 1 � 4 � , theremoved
facetsdo not containany solution.It is easyto provethat � �
is “stronger”than � ���+ , i.e., that � � � i � M?� ���! � i � (this is
dueto themonotonicityof � ���! ).

Note that the idea of
���

-consistency can be customized
andthatany consistency techniquecanbeusedinsteadof � � -
consistency. Someauthorshave consideredthe useof Box-
consistency [PugetandvanHentenryck,1998] or lazy forms
of arc-consistency [DebruyneandBessìere,1997].

4 Algorithms
We now present the algorithms for computing

���
-

consistency. As far as � � -consistency is concerned,we
only sketchthenotionsrequiredto understandthesubsequent
proofs,and the readeris referredto [BenhamouandOlder,
1997;Lhomme,1993] for furtherexplanations.

We thengive an incrementaldescriptionof the algorithm
for

���
-consistency in thegeneralcase:startingfrom a naive

algorithm,we successively describetwo optimizationsused
by the expertsof this techniqueand suggestedin [Lebbah,
1999] (seealso[Delobel,2000]). The theoreticalinterestof
theseimprovementsshallbestudiedin thenext section.

4.1 Computing 2B-consistency
The algorithm for enforcing � � -consistency is a variantof
theseminalpropagationalgorithm- AC3. It is a “constraint-
oriented”algorithm,which handlesa setof constraintsto be
considered(generallystoredasa queue).It relieson thefact
that every constraint3 relatesa given numberof variables-
we saythat 3 dependson this variable� , or alternatively that3 constrains � . Figure1 describesthealgorithm.

Two pointsareessentialto thecomplexity study:

1 � := �
2 while �?��o� do
3 � := �����Q��� % arbitrary choice of �
4 for eachvariable � constrained by � do
5 reduce ����� while �LBTDC�$u B(�) m¡C¢ � �o�
6 reduce £(��� while �LBTDG¤�u B%�) m¡G¢ � �o�
7 if ¥ ��� ��¦ £(� �k§ has been modified then
8 � := �s¨-�"�ª©L«¬�hZ�ª© depends on � ¦ �ª©7�� ���

Figure1: Thealgorithmfor ®k¯ -consistency

° In the caseof numericconstraints,eachconstraintde-
pendson (at most)� variables;° Lines 5 and 6 of the algorithm can be performedin
boundedtimeusinginterval computations.

4.2 Naive algorithm for kB-consistency
The filtering of a box i by

���
-consistency is computedby

reducingeachof its facetsin turn. In thefollowing algorithm
(Figure2) we usethenotationreduce

�����
while to repre-

sentthecomputationof thenew bound.Thisnotationactually
representsaloop: while thespecifiedconditiondoesnothold,
theboundis iteratively reducedto thenext (whenreducinga
lower bound)or previous(upperbound)element.This loop
may indeedbe optimized,for instanceby trying to remove
several valuesat once,or even by using recursive splitting.
Unfortunately, theseheuristicsdonot improvetheworst-case
complexity: atworst,everyvaluehasto beconsideredin turn
to beeffectively reduced.

1 do
2 for eachbound �*� do
3 reduce �*� while ±7²ª³C´ � �µBEDgu B(�) m¡)¡ �¶�
4 while   is changed

Figure2: Naive algorithmfor ·ª¯ -consistency

The correctnessof this algorithmis straightforwardsince
whenthe ¸J¹,º¼»E½ loopstops,all theboundsare

���
-consistent.

4.3 Storing information
Themostobviousdrawbackof theprecedingalgorithmis that
eachtime a facet A BTDCu B � i � is reconsidered,thesolver � ���! 
is restartedfrom scratchto reduceit. A morecleverapproach
is to storethe resultof this reduction,in orderto reuseit in
thenext steps(Figure3). Thenotationmemorize is a sim-
ple assignment,but it is intendedto expressthe fact that the
memorizedbox hasalreadybeencomputedin the previous
line.

1 for eachbound � � do ¾K¿�¾h¥ � �Q§ :=  
2 do
3 for eachbound � � do
4 ¾J¿Z¾c¥ ��� § := ±7²Z³C´ � ¾K¿Z¾c¥ �*� § ¢q m¡
5 if ¾J¿Z¾h¥ ��� § �¶� then
6 reduce � � while ± ²ª³C´ � �µBEDgu B �) m¡)¡ �o�
7 memorize ±7²Z³C´ � �µBEDgu B �) m¡)¡ into ¾K¿�¾h¥ � �Q§
8 while   is changed

Figure3: ·Z¯ algorithmwith storage
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We usea vector
	 y 	 1 which associatesto every bound

the lastÀ non-emptybox computedwhile reducingit. Whena
bound jk2 is reconsidered,it is possibleto restartthe solver
from thebox

	 y 	 rÁjk2*t�zJi (cf. Line 4), becausewehave:

� ���! � A BEDgu B � i �Q�Â9 � ���+ ��	 y 	 r$j 2 t!z-i �
Proof. Note that the intersection

	 y 	 r$j'2*tÃzÄi is a way
to rewrite

	 y 	 rÁj 2 tÅz A BTDgu B � i � since
	 y 	 r$j 2 t con-

tains only points with value j 2 on � . Since
	 y 	 rÁj 2 t 9� ���+ � A BTDCu B � iNP �Q� for someiNP � i , a directconsequenceof

monotonicityis that � �d�! � A BTDgu B � i �k� M 	 y 	 rÁj 2 t . We also
have � ���! � A BEDgu B � i �Q� MIA BTDgu B � i � (contractance),andthus� ���+ � A BTDCu B � i �Q� M 	 y 	 r$jk2�tJzIA BEDgu B � i �k� . Using mono-
tonicity andidempotencewe prove that � ���! � A BEDgu B � i �Q� M� ���+ ��	 y 	 r$jk2�twzsA BTDCu B � i �Q��9 � ���+ ��	 y 	 r$jk2�twzÃi � . The
otherinclusion

�
is straightforward.

4.4 Avoiding computation
The secondoptimizationrelies on the observation that it is
not worth recomputinga bound j 2 if

	 y 	 rÁj 2 t+M�i , because	 y 	 rÁjk2*t=z�i is thenequalto
	 y 	 rÁjk2*t which is alreadya

fixpoint of thesolver � ���+ . In thealgorithmof Figure4, this
condition is checked in a naive fashionbeforeeachbound
reduction:

1 for eachbound �*� do ¾K¿�¾h¥ �*� § :=  
2 do
3 for eachbound � � do
4 if ¾K¿Z¾c¥ �*� § �Æ   then
5 ¾K¿Z¾c¥ �*� § := ±7²ª³C´ � ¾J¿Z¾h¥ ��� § ¢- m¡
6 if ¾J¿Z¾c¥ � �"§ �o� then
7 reduce �*� while ±7²Z³C´ � �µBEDgu B(�) m¡)¡ �o�
8 memorize ±7²Z³C´ � �LBTDgu B(�) m¡)¡ into ¾K¿Z¾c¥ �*� §
9 while   is changed

Figure4: Algorithm with dynamicdependency checkings

Figure5 is an illustrationof theprecedingconsiderations:
in this figure, bound lmj 2 is reducedbut the global box
still contains

	 y 	 rÁ8¼jkÇ�t (= � ���! � AGÈ DG�$u È � iNP �Q� for someboxiNP � i ). There-computationof bound 8Ej 2 canthereforebe
avoided.

5 Complexity analysis
This sectionis concernedwith the theoreticalstudy of the
algorithms,startingwith thespecialcaseof � � -consistency.
We thenstudythecomplexity of thealgorithmsof Section4,
andpoint out little improvementsneededto compute

���
in

near-optimaltime. As a comparison,we first recall theorigi-
nal complexity resultsgivenin [Lhomme,1993]. As usualin
theliterature[MackworthandFreuder, 1985], thecomplexity
of local consistency algorithmsis expressedasa functionof
thefollowing parameters:

1Technically, boundsmay be seenasvariables,it is thus legit-
imateto usetheir value(c.f. �µBTDCu B(�) m¡ ) or to modify them(as in
“reduce � � while”). Our useof the notation ¾K¿�¾h¥ � �Q§ is slightly
abusive, the intendedmeaningis that thestoredvalueis associated
to thebound,not to its currentvalue.

É+Ê�ËdÌTÍÁÎ%ÏEÐaÑ ÒÔÓ)ÍTÕ�ÖÁ×T×

Î%ÏEÐaÑ ÒØÓ)ÍÙÕH×

Ú�Û ÏÜ Û'ÝÚ�ÛÞÝ
Ü Û Ï

ßTàQá�â�ãQäTåçæZè

äTé�àwêTëÙãkàQä

ìKíZìhî ÚØÛ ÏTïLð

Figure5: An illustrationof thealgorithms

° �¶9 ; 0¬; thenumberof variables,° 	ñ9 ; 4m; thenumberof constraints,° � the numberof elementsin the greatestinterval of the
box.

In general,it is possibleto artificially defineasmany con-
straintsas is wished on a given numberof variables. On
the contrary, it is not possibleto have

�óò � 	 (for ternary
constraints)unlesstheabsurdcaseof disconnectedconstraint
graphsis accepted,thus

�o9U���
	¶�
.

5.1 Complexity of 2B-consistency

The complexity of � � -consistency hasbeendeterminedby
[Lhomme,1993] using an argumentinspired from [Mack-
worth andFreuder, 1985]. We recall this result andgive a
simplerproof:

Complexity 1. The time-complexity for the algorithm com-
puting � � -consistency(seeFigure1) is

�J��	Â�%�
.

Proof. Betweentwo insertionsof aconstraint3 into theset ô ,
thereductionof oneof theintervalsonwhich 3 dependsmust
have occurred. 3 dependson a boundednumberof variables
(3 in our case),andeachinterval may be reducedat most

�
times.Theoverall numberof insertionsof a givenconstraint
into the queueis henceboundedby

���)�%�
, and the number

of insertionsof the
	

constraintsis
�J��	Â�%�

. SinceLines 5
and6 of the algorithmrequireconstanttime, this gives the
complexity.

We also recall the best-caserunning time: when no re-
ductionis obtained(thebox is already� � -Consistent),every
constraintis dequeuedin time õ ��	o� .
5.2 Complexity of the original algorithm

Thecomplexity of theoriginalalgorithmfor
���

-consistency
presentedin [Lhomme,1993] is the sameas the oneof the
naive algorithmpresentedin Figure2. To show that this al-
gorithm runs in time

���
	��*���+ Ù�!�#$����k&��
, we just prove the

following result:

Complexity 2. Thenumberof calls to thesolver � ���+ in the
naive

���
-consistencyalgorithmis

�J�"�Z�!%�
.
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Proof. The worst caseis obtainedwhen re-computingall
facetsö (Line 2 of thealgorithmof Figure2) resultsin a min-
imal reduction(removal of oneelement)of only oneof the
bounds:consequently,

�J�����
applicationsof � �d�! areneeded

to remove oneelement. Sinceone interval is associatedto
eachof the

�
variables,

���
elementsmaybesuppressedone

aftertheotherin theworstcase,hencetheoverall numberof
applicationsof thesolver � �d�! is

�J�"�Z�!%�
.

Note that this complexity doesnot seemto be optimal:
sincewe usethe solver � ���! to testeachelementof every
variable,we could expect an optimal algorithm to perform
only

�J�"�Z���
callsto � �d�! . We shallseehow this presumably

optimalboundcanbereachedin thecaseof � � -consistency.

5.3 3B-consistency

Wenow haveall thetheoreticalelementsathandfor acritical
studyof thealgorithmof Figure4. We first restrictourselves
to thecaseof � � -consistency, whoseexpectedoptimalcom-
plexity is

���
	�������
. Thealgorithmof Figure4 is notoptimal

yet for asimplereason:to suppresssomevalueonagivenin-
terval, it may be neededto apply several � � -consistencies,
eachtime with cost

���
	¶�
. Theproblemis that � � is run on

all constraintsin asystematicway, while only theoneswhich
dependon aboundwhichhasbeenreducedsincethelastrun
shouldbeenqueued.

This situationmay be avoidedwith a finer storageof the
queuesusedby � � -consistency (Figure 6): a queue ÷drÁjk2�t
is attachedto eachfacet j 2 , andeachtime the reductionof
a facetstops,the correspondingqueueis empty. Only the
constraintswhich effectively have to bereconsideredareen-
queued(Line 12). In the following the expressionusing
meansthat �  is run with ÷dr$j 2 t asaninitial queueinsteadof
thequeuecontainingall theconstraintsusedin Figure1:

1 for eachbound � � do ¾K¿Z¾c¥ � �k§ :=  
2 øa¥ �*� § := �
3 do
4 for eachbound �*� do
5 ¾J¿Z¾h¥ ��� § := ±7ù � ¾J¿Z¾h¥ ��� § ¡ using øa¥ �*� §
6 if ¾J¿Z¾h¥ � �Q§ �¶� then
7 reduce �*� while ±7ù � �µBTDCu B(�) m¡)¡ �o�
8 memorize ±7ù � �µBEDgu B(�) m¡)¡ into ¾J¿Z¾h¥ ��� §
9 for eachbound ��ú do
10 if ¾K¿Z¾c¥ � ú § �Æ   then
11 ¾K¿�¾h¥ � ú § := ¾K¿Z¾c¥ � ú § ¢X 
12 øa¥ ��ú § := øa¥ ��ú § ¨J�"���� depends on � � �
13 while   is changed

Figure6: Optimizedhandlingof thequeuesin ûk¯
Notethatthisalgorithmisessentiallythesameastheoneof

Figure4 wherethetestfor inclusionin Line 10andtheinter-
sectionin Line 11areappliedin anoptimizedway. Thesetwo
operationscanbe especiallyeasilycomputedsinceonly the
interval for thevariable� whichhaseffectively beenchanged
hasto becheckedor reduced.

Complexity 3. The algorithm of Figure 6 is optimal
(
�J��	Â��Z���

).

Proof. Severalcallsto thesolver �  mayberequiredto sup-
pressavalue� from agivenvariable.Throughoutthesecalls,
eachconstraintis taken into accountonly if oneof the vari-
ablesonwhichit dependshasbeenreduced(eitherduringthe
currentcomputationof � � -consistency or betweentheprevi-
ouscomputationandthecurrentone).Thecumulatednumber
of constraintinsertionsinto thequeuefor all thecallsrelated
to value � is then boundedby

���
	��%�
. Since

���)�����
such

valuesmaybesuppressed,theglobalcostis
���
	��  ���

.

This boundis correctbecausethe numberof testsof in-
terval inclusionshasbeenoptimized:in thealgorithm,

���
���
interval inclusionsarecheckedevery time oneof the

�J�"�Z���
elementsis effectively removed,andthecostof thesetestsis
then

�J�"�Z�!%�
. Since

�
is
���
	¶�

, this complexity is lessthan���
	�������
.

5.4 Complexity of kB-consistency
We refinethe analysisof the complexity of

���
-consistency.

Figure7 showsthesavingsobtainedby thememorizationpre-
sentedbefore. i  is a facetof somebox. It is reducedby� �ü��� � �

-consistency in orderto show thatthecorresponding
value � is inconsistent.Thevaluessuppressedby

� �X� � � � -
consistency appearastiles on thefigure. Thesecondpartof
the figure shows a casewherethe searchspaceiNP hasbeen
reducedandthe re-computationof

� ����� � �
-consistency is

needed.

ý7þ)ýHÿ �������
� � 	


 ������������
ý7þ)ýHÿ �������
 ���� ������� ������

����� � ��� � �

� �

����� � ��� � �

���

Figure7: Successive reductionsof a facet� BTDGF �) m¡ .
To determinethecomplexity of

���
-consistency, webound

the numberof filterings by
� �h� � � � -consistency (i.e. the

tiles). Thekeypoint is that thealgorithmstoresthe suppres-
sionsobtainedby

� ��� � � � , andavoidscomputingthemsev-
eraltimes.We have thefollowing result:

Complexity 4. Whencomputing
���

-consistency, the num-
berof computationsof

� ��� � � � -consistencyis
�J�"����"!^�

.

Proof. Considerthe computationneededto suppresssome
value � associatedto a variable � (� may be thoughtof as
the bound j 2 of the box).

���)�����
suchvaluesexist. Due to

the memorization,it is neededto re-computethe
� ���O� � �

-
consistency on thefacet ACBEDGF � i � only in thecasewhereone
of thevaluesof thecorrespondingmemorizedbox(

	 y 	 rÁjk2�t )
hasbeenremoved. In the worst case,it may happenthat
no computationof

� ���.� � �
-consistency reducesthe mem-

ory; up to
���)�����

suchcomputationscan thus occur, since���)�����
suppressionsof asinglevalueof thememorymayoc-

cur. Eachtime, the numberof
� �q� � � � -consistenciesthat

arechecked is
���
���

(oneis run on eachfacetof A BTD�F � i � ).
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Theoverallnumberof
� ��� � � � -consistenciesis boundedby���)��Z�"!(�

.

Since the original bound on the numberof
� �Â� � � � -

consistenciesis
���)����"#(�

, we have shown an improvement
of the worst-casebehaviour. We summarizethe resultsfor� � , � � , andstrongerconsistencies(

� P �.� ):
(� � P )B ���
	��a�Ø�)��Z�"!(�¼�%$T�+ ��
(� � P�W � )B ���
	�����w���"��Z�"!^�E�%$T�! ��

6 Conclusion
Investigatingseveral improvementsto a basicalgorithmfor
computing

���
-consistency, we have designedanoptimalal-

gorithmfor � � -consistency,andshownthatimprovedbounds
arereachedfor highervaluesof

�
. Note that the algorithms

presentedhereareveryaffordablein termsof spacecomplex-
ity: thestorageof theboxesneededby thealgorithmsof Fig-
ures4 and6 requiresspace

�J� � �!(�
(
�!

spaceis neededto
storea box for eachfacetat eachlevel andno two applica-
tionsof somesolverfor thesamelevel of

�
maycoexist). The

handlingof thequeuesin thealgorithmof Figure6 requires���
�L	¶�
additionalspace.

In terms of algorithms, our main contribution was to
overview andjustify theoreticallysomeimprovementsbased
on somememorizationof computation. Thoughour purpose
wasnot to discussthepracticalrelevanceof this technique,it
actuallyprovesto be effective on our implementation,since
it allows saving somepercentsof thecomputationsof facets.
Typical benchmarksshow that 5% to 60% of the facetre-
duction may be avoided while computing � � -consistency.
It might be possibleto generalizethesememorizationtech-
niquesto eachlevel of

���
-consistency, andhenceto improve

the theoreticaltime-complexity - to the detrimentof space-
complexity.

Our studyof the complexity of interval consistency tech-
niquesmay be regardedas complementaryto the qualita-
tive resultswhich comparethefiltering obtainedby thealgo-
rithms.For instance,it is well-known that � � -consistency al-
lowsto computemorepreciseintervalsthanBox-consistency
[Collavizzaetal., 1999], but thatit is alsoamorecostlytech-
nique. Sincethe efficiency of constraintsolving dependson
the compromisebetweenthe pruningobtainedandthe time
requiredto achieve it, an interestingperspective is to study
the differencebetweenthe two algorithmsin termsof theo-
reticalcosts.

Notethatour studywasrestrictedto theoriginaldefinition
of
���

-consistency, and that the alternative definition based
on Box-consistency introducedin [Pugetand van Henten-
ryck, 1998] hasnot beenconsidered.SinceBox-consistency
is computedin a very similar way to � � , it seemshowever
that little customizationof our algorithm is neededto han-
dle thiscase.A morechallengingtaskwouldbeto determine
whethersimilaroptimizationsto theonespresentedin thispa-
permaybehelpful in thecombinatorialcase,wheredomains
areconsideredinsteadof intervals.

AcknowledgementsWe expressour gratitude to Olivier
Lhommefor its encouragementsandadvice.
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Abstract

Propagating constraints is the main feature of any
constraint solver. This is thus of prime importance
to manage constraint propagation as efficiently as
possible, justifying the use of the best algorithms.
But the ease of integration is also one of the con-
cerns when implementing an algorithm in a con-
straint solver. This paper focuses on AC-3, which
is the simplest arc consistency algorithm known
so far. We propose two refinements that preserve
as much as possible the ease of integration into a
solver (no heavy data structure to be maintained
during search), while giving some noticeable im-
provements in efficiency. One of the proposed re-
finements is analytically compared to AC-6, show-
ing interesting properties, such as optimality of its
worst-case time complexity.

1 Introduction
Constraint propagation is the basic operation in constraint
programming. It is now well-recognized that its extensive
use is necessary when we want to efficiently solve hard con-
straint satisfaction problems. All the constraint solvers use it
as a basic step. Thus, each improvement that can be incor-
porated in a constraint propagation algorithm has an imme-
diate effect on the behavior of the constraint solving engine.
In practical applications, many constraints are of well-known
types for which specific algorithms are available. These al-
gorithms generally receive a set of removed values for one
of the variables involved in the constraint, and propagate
these deletions according to the constraint. They are usu-
ally as cheap as one can expect in cpu time. This state
of things implies that most of the existing solving engines
are based on a constraint-oriented or variable-oriented prop-
agation scheme (ILOG Solver, CHOCO, etc.). And AC-3,
with its natural both constraint-oriented [Mackworth, 1977]
and variable-oriented [McGregor, 1979] propagation of the
constraints, is the generic constraint propagation algorithm

1This work has been partially financed by ILOG under a re-
search collaboration contract ILOG/CNRS/University of Montpel-
lier II.

2Member of the COCONUT group.

which fits the best this propagation scheme. Its successors,
AC-4, AC-6, and AC-7, indeed, were written with a value-
oriented propagation. This is one of the reasons why AC-3
is the algorithm which is usually used to propagate those
constraints for which nothing special is known about the se-
mantics (and then for which no specific algorithm is avail-
able). This algorithm has a second strong advantage when
compared to AC-4, AC-6 or AC-7, namely, its independence
with regard to specific data structure which should be main-
tained if used during a search procedure. (And following
that, a greater easiness to implement it.) On the contrary,
its successors, while more efficient when applied to net-
works where much propagation occurs ([Bessière et al., 1995;
Bessière et al., 1999]), need to maintain some additional data
structures.

In this paper, our purpose is to present two new algorithms,
AC2000 and AC2001, which, like AC-3, accept variable-
oriented and constraint-oriented propagation, and which im-
prove AC-3 in efficiency (both in terms of constraint checks
and cpu time). AC2000, like AC-3, is free of any data struc-
ture to be maintained during search. AC2001, at the price
of a slight extra data structure (just an integer for each value-
constraint pair) reaches an optimal worst-case time complex-
ity.3 It leads to substantial gains, which are shown both on
randomly generated and real-world instances of problems.
A comparison with AC-6 shows interesting theoretical prop-
erties. Regarding the human cost of their implementation,
AC2000 needs a few lines more than the classical AC-3, and
AC2001 needs the management of its additional data struc-
ture.

2 Preliminaries
Constraint network. A finite binary constraint network
P = (X ;D; C) is defined as a set of n variables X =
fX1; : : : ; Xng, a set of domainsD = fD(X1); : : : ; D(Xn)g,
where D(Xi) is the finite set of possible values for vari-
able Xi, and a set C of e binary constraints between pairs
of variables. A constraint Cij on the ordered set of variables
(Xi; Xj) is a subset of the Cartesian productD(Xi)�D(Xj)
that specifies the allowed combinations of values for the vari-
ables Xi and Xj . (For each constraintCij , a constraint Cji is
defined between (Xj ; Xi), allowing the same pairs of values

3A related paper by Zhang and Yap appears in these proceedings.
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in the reverse order.) Verifying whether a given pair (vi; vj)
is allowed by Cij or not is called a constraint check. A solu-
tion of a constraint network is an instantiation of the variables
such that all the constraints are satisfied.

Arc consistency. Let P = (X ;D; C) be a constraint net-
work, and Cij a constraint in C. A value vi 2 D(Xi) is
consistent with Cij iff 9vj 2 D(Xj) such that (vi; vj) 2 Cij .
(vj is then called a support for (Xi; vi) on Cij .) A value
vi 2 D(Xi) is viable iff it has support in all D(Xj) such
that Cij 2 C. P is arc consistent iff all the values in all the
domains are viable. We achieve arc consistency in P by re-
moving every value which is not viable.

3 A first stab at improving AC-3
3.1 Background on AC-3
Before presenting the algorithm we propose in this section, let
us briefly recall the AC-3 algorithm. We present it with the
structure proposed by McGregor [McGregor, 1979], which is
built on a variable-based propagation scheme. This will be
recommended for the algorithm presented in the next subsec-
tion. The main algorithm (see Algorithm 1) is very close to
the original AC-3, with an initialization phase (lines 1 to 3),
a propagation phase (line 4), and with the use of the func-
tion Revise3(Xi; Xj) that removes from D(Xi) the val-
ues without support in D(Xj) (line 2). But instead of han-
dling a queue of the constraints to be propagated, it uses a
queue4 of the variables that have seen their domain modi-
fied. When a variable Xj is picked from the queue (line 2
of Propagation3 in Algorithm 2), all the constraints in-
volving Xj are propagated with Revise3. This is the only
change w.r.t. the Mackworth’s version of AC-3.5 (This algo-
rithm has been presented in [Chmeiss and Jégou, 1998] under
the name AC-8.)

Algorithm 1: Main algorithm
functionAC (in X : set): Boolean

1 Q ;;
for each Xi 2 X do

for each Xj such that Cij 2 C do
2 if Revise-X(Xi; Xj ; false6) then

if D(Xi) = ; then return false ;
3 Q Q [ fXig;
4 return Propagation-X(Q);

3.2 The algorithm AC2000
If we closely examine the behavior of AC-3, we see that re-
moving a single value vj from a domain D(Xj) (inside func-
tion Revise3) is enough to put Xj in the propagation queue

4We name it a queue, but, as in AC-3, it has to be implemented
as a set since in line 3 of Algorithm 1 and in line 5 of Algorithm 2
we add Xi to Q only if it does not already belong to it.

5In fact, McGregor’s version of the function Revise differs
from Mackworth’s one. Algorithm Revise3 is the Mackworth’s
version [Mackworth, 1977].

6The third parameter is useless for AC-3 but will be used in the
next version of Revise.

Algorithm 2: Subprocedures for AC-3
functionPropagation3 (in Q: set): Boolean

1 while Q 6= ; do
2 pick Xj from Q;
3 for each Xi such that Cij 2 C do
4 if Revise-X(Xi; Xj) then

if D(Xi) = ; then return false ;
5 Q Q [ fXig;

return true ;

functionRevise3 (in Xi; Xj : variable): Boolean
CHANGE false;
for each vi 2 D(Xi) do

if 6 9vj 2 D(Xj)=Cij(vi; vj) then
remove vi from D(Xi);
CHANGE true;

return CHANGE ;

(line 3 of AC in Algorithm 1 and line 5 of Propagation3
in Algorithm 2), and to provoke a call to Revise3(Xi; Xj)
for every constraint Cij involving Xj (lines 3 and 4 of
Propagation3). Revise3 will look for a support for ev-
ery value in D(Xi) whereas for some of them vj was per-
haps not even a support. (As a simple example, we can
take the constraint Xi = Xj , where D(Xi) = D(Xj) =
[1::11]. Removing value 11 from D(Xj) leads to a call to
Revise3(Xi; Xj), which will look for a support for every
value in D(Xi), for a total cost of 1+2+ : : :+9+10+10 =
65 constraint checks, whereas only (Xi; 11) had lost sup-
port.) We exploit this remark in AC2000. Instead of look-
ing blindly for a support for a value vi 2 D(Xi) each time
D(Xj) is modified, we do that only under some conditions.
In addition to the queue Q of variables modified, we use a
second data structure, �(Xj),7 which for each variable Xj

contains the values removed since the last propagation of
Xj . When a call to Revise2000(Xi; Xj ; lazymode) is
performed, instead of systematically looking whether a value
vi still has support in D(Xj), we first check that vi really
lost a support, namely one of its supports is in �(Xj) (line 3
of Revise2000 in Algorithm 3). The larger �(Xj) is, the
more expensive that process is, and the greater the probability
to actually find a support to vi in this set is. So, we perform
this “lazymode” only if �(Xj) is sufficiently smaller than
D(Xj). We use a parameter Ratio to decide that. (See line
1 of Propagation2000 in Algorithm 3.) The Boolean
lazymode is set to true when the ratio is not reached. Other-
wise, lazymode is false, and Revise2000 performs exactly
as Revise3, going directly to lines 4 to 5 of Revise2000
without testing the second part of line 3.

If we run AC2000 on our previous example, we have
�(Xj) = f11g. If j�(Xj)j < Ratio � jD(Xj)j, then for
each vi 2 D(Xi), we check whether �(Xj) contains a sup-
port of vi before looking for a support for vi. This requires
11 constraint checks. The only value for which support is
effectively sought is (Xi; 11). That requires 10 additional

7We take this name from [Van Hentenryck et al., 1992], where
� denotes the same thing, but for a different use.
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Algorithm 3: Subprocedures for AC2000
functionPropagation2000 (in Q: set): Boolean

while Q 6= ; do
pick Xj from Q;

1 lazymode (j�(Xj)j < Ratio � jD(Xj)j);
for each Xi such that Cij 2 C do

if Revise2000(Xi; Xj ; lazymode) then
if D(Xi) = ; then return false ;
Q Q [ fXig;

2 reset �(Xj);
return true ;

functionRevise2000 (in Xi; Xj : variable;
in lazymode: Boolean ): Boolean

CHANGE false;
for each vi 2 D(Xi) do

3 if :lazymode or 9vj 2 �(Xj)=Cij(vi; vj) then
4 if 6 9vj 2 D(Xj)=Cij(vi; vj) then

remove vi from D(Xi);
add vi to �(Xi);

5 CHANGE true;
return CHANGE ;

constraint checks. We save 44 constraint checks compared to
AC-3.

Analysis
Let us first briefly prove AC2000 correctness. Assuming
AC-3 is correct, we just have to prove that the lazy mode does
not let arc-inconsistent values in the domain. The only way
the search for support for a value vi in D(Xi) is skipped,
is when we could not find a support for vi in �(Xj) (line
3 of Revise2000). Since �(Xj) contains all the val-
ues deleted from D(Xj) since its last propagation (line 2
of Propagation2000), this means that vi has exactly the
same set of supports as before on Cij . Thus, looking again
for a support for vi is useless. It remains consistent with Cij .

The space complexity of AC2000 is bounded above by the
sizes of Q and �. Q is in O(n) and � is in O(nd), where d
is the size of the largest domain. This gives a O(nd) overall
complexity. In this space complexity, it is assumed that we
built AC2000with the variable-oriented propagation scheme,
as recommended earlier. If we implement AC2000 with the
constraint-oriented propagation scheme of the original AC-3,
we need to attach a �(Xj) to each constraint Cij put in the
queue. This implies a O(ed) space complexity.

The organization of AC2000 is the same as in AC-3. The
main change is in function Revise2000, where �(Xj) and
D(Xj) are examined instead of only D(Xj). Their total size
is bounded above by d. This leads to a worst-case where d2

checks are performed, as in Revise3. Thus, the overall time
complexity is in O(ed3) since Revise2000 can be called d
times per constraint. This is as in AC-3.

4 AC2001

In Section 3, we proposed an algorithm, which, like AC-3,
does not need special data structures to be maintained dur-
ing search. (Except the current domains, which have to be

maintained by any search algorithm performing some look-
ahead.) During a call to Revise2000, for each vi inD(Xi),
we have to look whether vi has a support in �(Xj), to know
whether it lost supports or not. In this last case, we have to
look again for a support for vi on Cij in the whole D(Xj)
set. If we could remember what was the support found for
vi in D(Xj) the last time we revised Cij , the gain would
be twofold: First, we would just have to check whether this
last support has been removed from D(Xj) or not, instead of
exploring the set �(Xj). Second, when a support was effec-
tively removed from D(Xj), we would just have to explore
the values in D(Xj) that are “after” that last support since
“predecessors” have already been checked before. Adding a
very light extra data structure to remember the last support of
a value on a constraint leads to the algorithm AC2001 that
we present in this section.

Let us store in Last(Xi; vi; Xj) the value that has
been found as a support for vi at the last call to
Revise2001(Xi; Xj). The function Revise2001 will
always run in the lazy mode since the cost of check-
ing whether the Last support on Cij of a value vi has
been removed from D(Xj) is not dependent on the num-
ber of values removed from D(Xj). A second change
w.r.t. AC2000 is that the structure � is no longer nec-
essary since the test “Last(Xi; vi; Xj) 62 D(Xj)” can re-
place the test “Last(Xi; vi; Xj) 2 �(Xj)”. The conse-
quence is that AC2001 can equally be used with a constraint-
based or variable-based propagation. We only present the
function Revise2001, which simply replaces the function
Revise3 in AC-3. The propagation procedure is that of
AC-3, and the Last structure has to be initialized to NIL at
the beginning. In line 1 of Revise2001 (see Algorithm 4)
we check whether Last(Xi; vi; Xj) still belongs to D(Xj).
If it is not the case, we look for a new support for vi in
D(Xj); otherwise nothing is done since Last(Xi; vi; Xj) is
still in D(Xj). In line 2 of Revise2001we can see the sec-
ond advantage of storing Last(Xi; vi; Xj): If the supports
are checked in D(Xj) in a given ordering “<d”, we know
that there isn’t any support for vi before Last(Xi; vi; Xj) in
D(Xj). Thus, we can look for a new support only on the
values greater than Last(Xi; vi; Xj).

Algorithm 4: Subprocedure for AC2001
functionRevise2001 (in Xi; Xj : variable): Boolean

CHANGE false;
for each vi 2 D(Xi) do

1 if Last(Xi; vi; Xj) 62 D(Xj) then
2 if 9vj 2 D(Xj)=vj >d Last(Xi; vi; Xj)^Cij(vi; vj)

then Last(Xi; vi; Xj) vj ;
else

remove vi from D(Xi);
add vi to �(Xi);
CHANGE true;

return CHANGE ;

On the example of Section 3, when (Xj ; 11) is re-
moved, AC2001 simply checks for each vi 2 [1::10] that
Last(Xi; vi; Xj) still belongs to D(Xj), and finds that
Last(Xi; 11; Xj) has been removed. Looking for a new sup-
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AC-3 AC2000 AC2001 AC-6(�)

#ccks time #ccks time #ccks time time
<150; 50; 500; 1250> (under-constrained) 100,010 0.04 100,010 0.05 100,010 0.05 0.07
<150; 50; 500; 2350> (over-constrained) 507,783 0.18 507,327 0.18 487,029 0.16 0.10
<150; 50; 500; 2296> (phase transition) 2,860,542 1.06 1,601,732 0.69 688,606 0.34 0.32
<50; 50; 1225; 2188> (phase transition) 4,925,403 1.78 3,038,280 1.25 1,147,084 0.61 0.66
SCEN#08 (arc inconsistent) 4,084,987 1.67 3,919,078 1.65 2,721,100 1.25 0.51

Table 1: Arc consistency results in mean number of constraint checks (#ccks) and mean cpu time in seconds (time) on a PC
Pentium II 300MHz (50 instances generated for each random class). (*) The number of constraint checks performed by AC-6
is similar to that of AC2001, as discussed in Section 6.

port for 11 does not need any constraint check since D(Xj)
does not contain any value greater than Last(Xi; 11; Xj),
which was equal to 11. It saves 65 constraint checks com-
pared to AC-3.

Analysis

Proving correctness of AC2001 can be done very quickly
since the framework of the algorithm is very close to AC-3.
They have exactly the same initialization phase except that
AC2001 stores Last(Xi; vi; Xj), the support found for each
vi on each Cij . (In line 1 it is assumed that NIL does
not belong to D(Xj).) During the propagation, they di-
verge in the way they revise an arc. As opposed to AC-3,
Revise2001(Xi; Xj) goes into a search for support for
a value vi in D(Xi) only if Last(Xi; vi; Xj) does not be-
long to D(Xj). We see that checking that Last(Xi; vi; Xj)
still belongs to D(Xj) is sufficient to ensure that vi still has
a support in D(Xj). And if a search for a new support
has to be done, limiting this search to the values of D(Xj)
greater than Last(Xi; vi; Xj) w.r.t. to the ordering <d used
to visit D(Xj) is sufficient. Indeed, the previous call to
Revise2001 stopped as soon as the valueLast(Xi; vi; Xj)
was found. It was then the smallest support for vi in D(Xj)
w.r.t. <d.

The space complexity of AC2001 is bounded above by the
size of Q, and Last. Q is in O(n) or O(e), depending on the
propagation scheme that is used (variable-based or constraint-
based). Last is in O(ed) since each value vi has a Last

pointer for each constraint involving Xi. This gives a O(ed)
overall complexity.

As in AC-3 and AC2000, the function Revise2001
can be called d times per constraint in AC2001. But, at
each call to Revise2001(Xi; Xj), for each value vi 2
D(Xi), there will be a test on the Last(Xi; vi; Xj), and
a search for support only on the values of D(Xj) greater
than Last(Xi; vi; Xj). Thus, the total work that can be
performed for a value vi over the d possible calls to
Revise2001 on a pair (Xi; Xj) is bounded above by d

tests on Last(Xi; vi; Xj) and d constraint checks. The over-
all time complexity is then bounded above by d � (d+d) �2 �e,
which is in O(ed2). This is optimal [Mohr and Henderson,
1986]. AC2001 is the first optimal arc consistency algorithm
proposed in the literature that is free of any lists of supported
values. Indeed, the other optimal algorithms, AC-4, AC-6,
AC-7, and AC-Inference all use these lists.

5 Experiments
In the sections above, we presented two refinements of AC-3,
namely AC2000 and AC2001. It remains to see whether
they are effective in saving constraint checks and/or cpu time
when compared to AC-3. AS we said previously, the goal is
not to compete with AC-6/AC-7, which have very subtle data
structure for the propagation phase. An improvement (even
small) w.r.t. AC-3 would fulfill our expectations. However,
we give AC-6 performances, just as a marker.

5.1 Arc consistency as a preprocessing
The first set of experiments we performed should permit to
see the effect of our refinements when arc consistency is used
as a preprocessing (without search). In this case, the chance
to have some propagations is very small on real instances.
We have to fall in the phase transition of arc consistency (see
[Gent et al., 1997]). So, we present results for randomly gen-
erated instances (those presented in [Bessière et al., 1999]),
and for only one real-world instance. For the random in-
stances, we used a model B generator [Prosser, 1996]. The
parameters are< N;D;C=p1; T=p2 >, whereN is the num-
ber of variables, D the size of the domains, C the number of
constraints (their density p1 = 2C=N � (N � 1)), and T the
number of forbidden tuples (their tightness p2 = T=D

2). The
real-world instance, SCEN#08, is taken from the FullRLFAP
archive,8 which contains instances of radio link frequency as-
signment problems (RLFAPs). They are described in [Cabon
et al., 1999]. The parameter Ratio used in AC2000 is set to
0.2. Table 1 presents the results for four classes of random
instances plus the real-world one.

The upper two are under-constrained
(<150; 50; 500=0:045; 1250=0.5>) and over-constrained
(<150; 50; 500=0:045; 2350=0.94>) problems. They repre-
sent cases where there is little or no propagation to reach the
arc consistent or arc inconsistent state. This is the best case
for AC-3, which performs poorly during propagation. We
can see that AC2000 and AC2001 do not suffer from this.

The third and fourth experiments are at the
phase transition of arc consistency for sparse
(<150; 50; 500=0.045; 2296=0:918>) and dense
(<50; 50; 1225=1.0; 2188=0:875>) problems. We can
assume there is much propagation on these problems before
reaching the arc consistent state. This has a significant impact
on the respective efficiencies of the algorithms. The smarter

8We thank the Centre d’Electronique de l’Armement (France).
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MAC-3 MAC2000 MAC2001 MAC6
#ccks time #ccks time #ccks time time

SCEN#01 5,026,208 2.33 4,319,423 2.10 1,983,332 1.62 2.05
SCEN#11 77,885,671 39.50 77,431,840 38.22 9,369,298 21.96 14.69
GRAPH#09 6,269,218 2.95 5,164,692 2.57 2,127,598 1.99 2.41
GRAPH#10 6,790,702 3.04 5,711,923 2.65 2,430,109 1.85 2.17
GRAPH#14 5,503,326 2.53 4,253,845 2.13 1,840,886 1.66 1.90

Table 2: Results for search of the first solution with a MAC algorithm in mean number of constraint checks (#ccks) and mean
cpu time in seconds (time) on a PC Pentium II 300MHz.

the algorithm is, the lower the number of constraint checks
is. AC2001 dominates AC2000, which itself dominates
AC-3. And the cpu time follows this trend.

The lower experiment reports the results for the SCEN#08.
This is one of the instances in FullRLFAP for which arc con-
sistency is sufficient to detect inconsistency.

5.2 Maintaining arc consistency during search
The second set of experiments we present in this section
shows the effect of our refinements when arc consistency
is maintained during search (MAC algorithm [Sabin and
Freuder, 1994]) to find the first solution. We present results
for all the instances contained in the FullRLFAP archive for
which more than 2 seconds were necessary to find a solution
or prove that none exists. We took again 0.2 for the Ratio
in AC2000. It has to be noticed that the original question in
these instances is not satisfiability but the search of the “best”
solution, following some criteria. It is of course out of the
scope of this paper.

From these instances we can see a slight gain for AC2000
on AC-3. On SCEN#11, it can be noticed that with a smaller
Ratio, AC2000 slightly improves its performances. (Ratio
= 0.05 seems to be the best.) A more significant gain can be
seen for AC2001, with up to 9 times less constraint checks
and twice less cpu time on SCEN#11. As for the experiments
performed on random instances at the phase transition of arc
consistency, this tends to show that the trick of storing the
Last data structure significantly pays off. However, we have
to keep in mind that we are only comparing algorithms with
simple data structures. This prevents them from reaching the
efficiency of algorithms using lists of supported values when
the amount of propagation is high, namely on hard problems.
(E.g., a MAC algorithm using AC-6 for enforcing arc con-
sistency needs only 14.69 seconds to solve the SCEN#11 in-
stance.)

6 AC2001 vs AC-6
In the previous sections, we proposed two algorithms based
on AC-3 to achieve arc consistency on a binary constraint
network. AC2000 is close to AC-3, from which it inherits
its O(ed3) time complexity and its O(nd) space complexity.
AC2001, thanks to its additional data structure, has an opti-
mal O(ed2) worst-case time complexity, and an O(ed) space
complexity. These are the same characteristics as AC-6.9 So,

9We do not speak about AC-7 here, since it is the only one among
these algorithms to deal with the bidirectionality of the constraints

we can ask the question: “What are the differences between
AC2001 and AC-6?”.

Let us first briefly recall the AC-6 behavior [Bessière,
1994]. AC-6 looks for one support (the first one or smallest
one with respect to the ordering <d) for each value (Xi; vi)
on each constraint Cij to prove that (Xi; vi) is currently vi-
able. When (Xj ; vj) is found as the smallest support for
(Xi; vi) on Cij , (Xi; vi) is added to S[Xj ; vj ], the list of val-
ues currently having (Xj ; vj) as smallest support. If (Xj ; vj)
is removed from D(Xj), it is added to the DeletionSet,
which is the stream driving propagations in AC-6. When
(Xj ; vj) is picked from the DeletionSet, AC-6 looks for the
next support (i.e., greater than vj) in D(Xj) for each value
(Xi; vi) in S[Xj ; vj ]. Notice that the DeletionSet corre-
sponds to

P
Xj2X

�(Xj) in AC2000, namely the set of val-
ues removed but not yet propagated.

To allow a closer comparison, we will suppose in the fol-
lowing that the S[Xi; vi] lists of AC-6 are split on each con-
straint Cij involving Xi, leading to a structure S[Xi; vi; Xj ],
as in AC-7.

Property 1 Let P = (X ;D; C) be a constraint network. If
we suppose AC2001 and AC-6 follow the same ordering of
variables and values when looking for supports and propa-
gating deletions, then, enforcing arc consistency on P with
AC2001 requires the same constraint checks as with AC-6.

Proof. Since they follow the same ordering, both algorithms
perform the same constraint checks in the initialization phase:
they stop search for support for a value vi on Cij as soon
as the first vj in D(Xj) compatible with vi is found, or
when D(Xj) is exhausted (then removing vi). During the
propagation phase, both algorithms look for a new support
for a value vi on Cij only when vi has lost its current sup-
port vj in D(Xj) (i.e., vi 2 S[Xj ; vj ; Xi] for AC-6, and
vj = Last(Xi; vi; Xj) for AC2001). Both algorithms start
the search for a new support for vi at the value in D(Xj) im-
mediately greater than vj w.r.t. the D(Xj) ordering. Thus,
they will find the same new support for vi on Cij , or will
remove vi, at the same time, and with the same constraint
checks. And so on. 2

From property 1, we see that the difference between
AC2001 and AC-6 cannot be characterized by the number
of constraint checks they perform. We will then focus on the
way they find which values should look for a new support.
For that, both algorithms handle their specific data structures.
Let us characterize the number of times each of them checks

(namely, the fact that Cij(vi; vj) = Cji(vj ; vi)).
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its own data structure when a set �(Xj) of deletions is prop-
agated on a given constraint Cij .

Property 2 Let Cij be a constraint in a network P =
(X ;D; C). Let�(Xj) be a set of values removed fromD(Xj)
that have to be propagated on Cij . If,
A = j�(Xj)j+

P
vj2�(Xj)

jS[Xj ; vj ; Xi]j,
B = jD(Xi)j, and
C = # checks performed on Cij to propagate �(Xj),

then, A + C and B + C represent the number of operations
AC-6 and AC2001 will respectively perform to propagate
�(Xj) on Cij .

Proof. From property 1 we know that AC-6 and AC2001
perform the same constraint checks. The difference is in the
process leading to them. AC-6 traverses the S[Xj ; vj ; Xi]
list for each vj 2 �(Xj) (i.e., A operations), and AC2001
checks whetherLast(Xi; vi; Xj) belongs toD(Xj) for every
vi in D(Xi) (i.e., B operations). 2

Xj

v2

v1

v100

v1

v3

Xi

v51

v50

v0

Figure 1: The constraint example

We illustrate this on the extreme case presented in Figure 1.
In that example, the three values ofXi are all compatible with
the first value v0 of Xj . In addition, (Xi; v1) is compatible
with all the values of Xj from v1 to v50, and (Xi; v2) with all
the values of Xj from v51 to v100. Imagine that for some
reason, the value v3 has been removed from D(Xi) (i.e.,
�(Xi) = fv3g). This leads to A = 1, B = 101, and C = 0,
which is a case in which propagating with AC-6 is much bet-
ter than with AC2001, even if none of them needs any con-
straint check. Indeed, AC-6 just checks that S[Xi; v3; Xj ] is
empty,10 and stops. AC2001 takes one by one the 101 val-

10The only value compatible with (Xi; v3) is (Xj ; v0), which is
currently supported by (Xi; v1).

ues vj of D(Xj) to check that their Last(Xj ; vj ; Xi) is not
in �(Xi). Imagine now that the values v1 to v100 of D(Xj)
have been removed (i.e., �(Xj) = fv1; : : : ; v100g). Now,
A = 100, B = 3, and C = 0. This means that AC2001 will
clearly outperform AC-6. Indeed, AC-6 will check for all the
100 values vj in �(Xj) that S[Xj ; vj ; Xi] is empty,11 while
AC2001 just checks that Last(Xi; vi; Xj) is not in �(Xj)
for the 3 values in D(Xi).

Discussion

Thanks to property 2, we have characterized the amount of
effort necessary to AC-6 and AC2001 to propagate a set
�(Xj) of removed values on a constraint Cij . A � B gives
us information on which algorithm is the best to propagate
�(Xj) on Cij . We can then easily imagine a new algo-
rithm, which would start with an AC-6 behavior on all the
constraints, and would switch to AC2001 on a constraintCij

as soon as A � B would be positive on this constraint (and
then forget the S lists on Cij ). Switching from AC2001 to
AC-6 is no longer possible on this constraint because we can
deduce in constant time that Last(Xi; vi; Xj) = vj when
vi belongs to S[Xj ; vj ; Xi], but we cannot obtain cheaply
S[Xj ; vj ; Xi] from the Last structure. A more elaborated
version would maintain the S lists even in the AC2001 be-
havior (putting vi in S[Xj ; vj ; Xi] each time vj is found as
being the Last(Xi; vi; Xj)). This would permit to switch
from AC-6 to AC2001 or the reverse at any time on any
constraint in the process of achieving arc consistency. These
algorithms are of course far from our initial purpose of em-
phasizing easiness of implementation since they require the
S and Last structures to be maintained during search.

7 Non-binary versions
Both AC2000 and AC2001 can be extended to deal with
non-binary constraints. A support is now a tuple instead of
a value. Tuples in a constraint C(Xi1

; : : : ; Xiq
) are ordered

w.r.t. the ordering <d of the domains, combined with the
ordering of Xi1

; : : : ; Xiq
(or any order used when search-

ing for support). Once this ordering is defined, a call to
Revise2000(Xi; C) —because of a set �(Xj) of val-
ues removed from D(Xj)— simply checks for each vi 2
D(Xi) whether there exists a support � of vi on the con-
straint C for which � [Xj ] (the value of Xj in the tuple) be-
longs to �(Xj). If yes, it looks for a new support for vi
on C. Revise2001(Xi; C) checks for each vi 2 D(Xi)
whether Last(Xi; vi; C), which is a tuple, still belongs to
D(Xi1

)�� � ��D(Xiq
) before looking for a new support for

vi on C.
This extension to non-binary constraints is very simple to

implement. However, it has to be handled with care when
the variable-oriented propagation is used, as recommended
for AC2000. (With a constraint-based propagation, a �(Xj)
set is duplicated for each constraint put in the queue to prop-
agate it.) Variable-based propagation is indeed less precise in

11Indeed, (Xj ; v0) is the current support for the three values in
D(Xi) since it is the smallest in D(Xj) and it is compatible with
every value in D(Xi).
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the way it drives propagation than constraint-based propaga-
tion. Take the constraint C(Xi1

; Xi2
; Xi3

) as an example. If
D(Xi1

) andD(Xi2
) are modified consecutively,Xi1

andXi2

are put in the queue Q consecutively. Picking Xi1
from Q

implies the calls to Revise(Xi2
; C) and Revise(Xi3

; C),
and picking Xi2

implies the calls to Revise(Xi1
; C) and

Revise(Xi3
; C). We see that Revise(Xi3

; C) is called
twice while once was enough. To overcome this weakness,
we need to be more precise in the way we propagate dele-
tions. The solution, while being technically simple, is more
or less dependent on the architecture of the solver in which it
is used. Standard techniques are described in [ILOG, 1998;
Laburthe, 2000].

8 Conclusion
We presented AC2000 and AC2001, two refinements in
AC-3. The first one improves slightly AC-3 in efficiency
(number of constraint checks and cpu time) although it does
not need any new data structure to be maintained during
search. The second, AC2001, needs an additional data struc-
ture, the Last supports, which should be maintained during
search. This data structure permits a significant improvement
on AC-3, and decreases the worst-case time complexity to the
optimal O(ed2). AC2001 is the first algorithm in the litera-
ture achieving optimally arc consistency while being free of
any lists of supported values. Its behavior is compared to that
of AC-6, making a contribution to the understanding of the
different AC algorithms, and opening an opportunity of im-
provement. This is in the same vein as the work on AC-3 vs
AC-4 [Wallace, 1993], which was leading up to AC-6.
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Abstract

The AC-3 algorithm is a basic and widely used arc
consistency enforcing algorithm in Constraint Sat-
isfaction Problems (CSP). Its strength lies in that
it is simple, empirically efficient and extensible.
However its worst case time complexity was not
considered optimal since the first complexity result
for AC-3 [Mackworth and Freuder, 1985] with the
boundO(ed3), where e is the number of constraints
and d the size of the largest domain. In this paper,
we show suprisingly that AC-3 achieves the opti-
mal worst case time complexity with O(ed2). The
result is applied to obtain a path consistency algo-
rithm which has the same time and space complex-
ity as the best known theoretical results. Our exper-
imental results show that the new approach to AC-3
is comparable to the traditional AC-3 implementa-
tion for simpler problems where AC-3 is more effi-
cient than other algorithms and significantly faster
on hard instances.

1 Introduction
Arc consistency is a basic technique for solving Constraint
Satisfaction Problems (CSP) and variations of arc consis-
tency are used in many AI and constraint applications. There
have been many algorithms developed for arc consistency
such as AC-3 [Mackworth, 1977], AC-4 [Mohr and Hender-
son, 1986], AC-6 [Bessiere, 1994] and AC-7 [Bessiere et al.,
1999]. The AC-3 algorithm was proposed in 1977 [Mack-
worth, 1977]. The first worst case analysis of AC-3 [Mack-
worth and Freuder, 1985] gives a complexity of O(ed3),
where e is the number of constraints and d the size of largest
domain. This result is deeply rooted in the CSP literature (eg.
[Wallace, 1993; Bessiere et al., 1999]) and thus AC-3 is typi-
cally considered to be non-optimal. Other algorithms such as
AC-4, AC-6, AC-7 are considered theoretically optimal, with
time complexity O(ed2). As far as we are aware, there has
not been any effort to improve the theoretical bound of AC-3
to be optimal. Here, we re-examine AC-3 for a number of
reasons. Firstly, AC-3 is one of the simplest AC algorithms
and is known to be practically efficient [Wallace, 1993]. The

∗The Logistics Institute Asia-Pacific

simplicity of arc revision in AC-3 makes it convenient for
implementation and amenable to various extensions for many
constraint systems. Thus while AC-3 is considered as being
sub-optimal, it often is the algorithm of choice and can out-
perform other theoretically optimal algorithms.

In this paper, we show that AC-3 achieves worst case op-
timal time complexity of O(ed2). This result is surprising
since AC-3 being a coarse grained “arc revision” algorithm
[Mackworth, 1977], is considered to be non-optimal. The
known results for optimal algorithms are all on fine grained
“value revision” algorithms. Preliminary experiments show
that the new AC-3 is comparable to the traditional implemen-
tations on easy CSP instances where AC-3 is known to be
substantially better than the optimal fine grained algorithms.
In the hard problem instances such as those from the phase
transition, the new AC-3 is significantly better and is compa-
rable to the best known algorithms such as AC-6. We also
show that the results for AC-3 can be applied immediately to
obtain a path consistency algorithm which has the same time
and space complexity as the best known theoretical results. 1

2 Background
In this section we give some background material and no-
tation used herein. The definitions for general CSP follow
[Montanari, 1974; Mackworth, 1977].

Definition 1 A Constraint Satisfaction Problem (N, D, C)
consists of a finite set of variables N = {1, · · · , n}, a set
of domains D = {D1, · · · , Dn}, where i ∈ Di, and a set
of constraints C = {cij | i, j ∈ N}, where each constraint
cij is a binary relation between variables i and j. For the
problem of interest here, we require that ∀x, y x ∈ Di, y ∈
Dj , (x, y) ∈ cij if and only if (y, x) ∈ cji.

For simplicity, in the above definition we consider only bi-
nary constraints, omitting the unary constraint on any variable
[Mackworth, 1977]. Without loss of generality we assume
there is only one constraint between each pair of variables.

Definition 2 The constraint graph of a CSP (N, D, C) is the
graph G = (V, E) where V = N and E = {(i, j) | ∃cij ∈
C or ∃cji ∈ C}.

1A related paper by Bessiere and Regin appears in this proceed-
ings.
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The arcs in CSP refer to the directed edges in G. Throughout
this paper, n denotes the number of variables, d the size of
the largest domain, and e the number of constraints in C.

Definition 3 Given a CSP (N, D, C), an arc (i, j) of its con-
straint graph is arc consistent if and only if ∀x ∈ Di, there
exists y ∈ Dj such that cij(x, y) holds. A CSP (N, D, C) is
arc consistent if and only if each arc in its constraint graph is
arc consistent.

The AC-3 algorithm for enforcing arc consistency on a
CSP is given in figure 2. The presentation follows [Mack-
worth, 1977; Mackworth and Freuder, 1985] with a slight
change in notation and node consistency removed.

procedure REVISE((i, j))
begin

DELETE← false
for each x ∈ Di do

1. if there is no y ∈ Dj such that cij(x, y) then
delete x from Di;
DELETE← true

endif
return DELETE

end

Figure 1: procedure REVISE for AC-3

algorithm AC-3
begin

1. Q← {(i, j) | cij ∈ C or cji ∈ C, i 
= j}
while Q not empty do

select and delete any arc (k, m) from Q;
2. if REVISE((k, m)) then
3. Q← Q ∪ {(i, k) | (i, k) ∈ C, i 
= k, i 
= m}

endwhile
end

Figure 2: The AC-3 algorithm

The task of REVISE((i, j)) in Fig 1 is to remove those in-
valid values not related to any other value with respect to arc
(i, j). We will show in section 3 that different implementa-
tions of line 1 lead to different worst case complexities. As
such, we argue that it is more useful to think of AC-3 as a
framework rather than a specific algorithm. In AC-3, a CSP
is modeled by its constraint graph G, and what AC-3 does is
to revise all arcs (∗, i) = {(k, i)|(k, i) ∈ E(G)} (line 3 in
Fig 2) except some special arc if the domain of variable i is
modified by REVISE((i, j)). A queue Q is used to hold all
arcs that need to be revised.The traditional understanding of
AC-3 is given by the following theorem whose proof from
[Mackworth and Freuder, 1985] is modified in order to facil-
itate the presentation in Section 3.

Theorem 1 [Mackworth and Freuder, 1985] Given a CSP
(N, D, C), the time complexity of AC-3 is O(ed3).

Proof Consider the times of revision of each arc (i, j).
(i, j) is revised if and only if it enters Q. The observation

is that arc (i, j) enters Q if and only if some value of j is
deleted (line 2–3 in fig 2). So, arc (i, j) enters Q at most
d times and thus is revised d times. Given that the number
of arcs are 2e, REVISE(i, j) is executed O(ed) times. The
complexity of REVISE((i, j)) in Fig 1 is at most d2.

The reader is referred to [Mackworth, 1977; Mackworth
and Freuder, 1985] for more details and motivations concern-
ing arc consistency.

3 A New View of AC-3
The traditional view of AC-3 with the worst case time com-
plexity of O(ed3) (described by theorem 1) is based on a
naive implementation of line 1 in Fig 1 that y is always
searched from scratch. Hereafter, for ease of presentation, we
call the classical implementation AC-3.0. The new approach
to AC-3 in this paper, called AC-3.1, is based on the observa-
tion that y in line 1 of Fig 1 needn’t be searched from scratch
even though the same arc (i, j) may enter Q many times, The
search is simply resumed from the point where it stopped in
the previous revision of (i, j). This idea is implemented by
procedure EXISTy((i, x), j) in Fig 3.

Assume without loss of generality that each domain Di is
associated with a total ordering. ResumePoint((i, x), j) re-
members the first value y ∈ Dj such that cij(x, y) holds
in the previous revision of (i, j). The succ(y, D0

j ) function,
where D0

j denotes the domain of j before arc consistency en-
forcing, returns the successor of y in the ordering of D0

j or
NIL, if no such element exists. NIL is a value not belong-
ing to any domain and precedes all values in any domain.

procedure EXISTy((i, x), j)
begin

y ← ResumePoint((i, x), j);
1: if y ∈ Dj then % y is still in the domain

return true;
else

2: while ((y ← succ(y, D0
j ) and (y 
= NIL))

if y ∈ Dj and cij(x, y) then
ResumePoint((i, x), j)← y;
return true

endif;
return false

endif
end

Figure 3: Procedure for searching y in REVISE(i, j)

Theorem 2 The worst case time complexity of AC-3 can be
achieved in O(ed2).

Proof Here it is helpful to regard the execution of AC-3.1
on a CSP instance as a sequence of calls to EXISTy((i, x), j).
Consider the time spent on x ∈ Di with respect to (i, j).
As in theorem 1, an arc (i, j) enters Q at most d times. So,
with respect to (i, j), any value x ∈ Di will be passed to
EXISTy((i, x), j) at most d times . Let the complexity of
each execution of EXISTy((i, x), j) be tl (1 ≤ l ≤ d). tl
can be considered as 1 if y ∈ Dj (see line 1 in fig 3) and
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otherwise it is sl which is simply the number of elements in
Dj skipped before next y is found (the while loop in line 2).
Furthermore, the total time spent on x ∈ Di with respect to
(i, j) is

∑d
1 tl ≤

∑d
1 1 +

∑d
1 sl where sl = 0 if tl = 1.

Observe that in EXISTy((i, x), j) the while loop (line 2) will
skip an element in Dj at most once with respect to x ∈ Di.
Therefore,

∑d
1 sl ≤ d. This gives,

∑d
1 tl ≤ 2d. For each arc

(i, j), we have to check at most d values in Di and thus at
most O(d2) time will be spent on checking arc (i, j). Thus,
the complexity of the new implementation of AC-3 is O(ed2)
because the number of arcs in constraint graph of the CSP is
2e.

The space complexity of AC-3.1 is not as good as the tra-
ditional implementation of AC-3. AC-3.1 needs additional
space to remember the resumption point of any value with re-
spect to any related constraint. It can be shown that the extra
space required is O(ed), which is the same as AC-6.

The same idea behind AC-3.1 applies to path consistency
enforcing algorithms. If one pair (x, y) ∈ ckj is removed, we
need to recheck all pairs (x, ∗) ∈ cij with respect to ckj ◦ cik

(the composition of cik and ckj), and (∗, y) ∈ clk with re-
spect to cjk ◦ clj . The resumption point z ∈ Dk is remem-
bered for any pair (x, y) of any constraint cij with respect to
any intermediate variable k such that cik(x, z), ckj(z, y) both
hold. ResumePoint((i, x), (j, y), k) is employed to achieve
the above idea in the algorithm in fig 4 which is partially mo-
tivated by the algorithm in [Chmeiss and Jegou, 1996].

algorithm PC
begin

INITIALIZE(Q);
while Q not empty do

Select and delete any ((i, x), j) from Q;
REVISE PC((i, x), j, Q))

endwhile
end

procedure INITIALIZE(Q)
begin

for any i, j, k ∈ N do
for any x ∈ Di, y ∈ Dj such that cij(x, y) do

if there is no z ∈ Dk such that cik(x, z) ∧ ckj(z, y)
then

cij(x, y)← false;
cji(y, x)← false;
Q← Q ∪ {(i, x), j} ∪ {(j, y), i}

else ResumePoint((i, x), (j, y), k)← z
end

Figure 4: Algorithm of Path Consistency Enforcing

By using a similar analysis to the proof of theorem 2, we
have the following result.

Theorem 3 The time complexity of the algorithm PC is
O(n3d3) with space complexity O(n3d2).

The time complexity and space complexity of the PC algo-
rithm here are the same as the best known theoretical results
[Singh, 1996].

procedure REVISE PC( (i, x), k, Q)
begin

for any j ∈ N, k 
= i, k 
= j do
for any y ∈ Dj such that cij(x, y) do

z ← ResumePoint((i, x), (j, y), k);
while not ((z 
= NIL) ∧ cik(x, z) ∧ ckj(z, y)

do z ← succ(z, D0
k);

if not ((cik(x, z) ∧ ckj(z, y)) then
Q← Q ∪ {((i, x), j} ∪ {((j, y), i)}

else ResumePoint((i, x), (j, y), k))← z
endfor

end

Figure 5: Revision procedure for PC algorithm

4 Preliminary experimental results
In this paper, we present some preliminary experimental re-
sults on the efficiency of AC-3. While arc consistency can be
applied in the context of search (such as [Bessiere and Re-
gin, 1996]), we focus on the performance statistics of the arc
consistency algorithms alone.

The experiments are designed to compare the empirical
performance of the new AC-3.1 algorithm with both the clas-
sical AC-3.0 algorithm and a state-of-the-art algorithm on a
range of CSP instances with different properties.

There have been many experimental studies on the perfor-
mance of general arc consistency algorithms [Wallace, 1993;
Bessiere, 1994; Bessiere et al., 1999]. Here, we adopt the
choice of problems used in [Bessiere et al., 1999], namely
some random CSPs, Radio Link Frequency Assignment prob-
lems (RLFAPs) and the Zebra problem. The zebra problem is
discarded as it is too small for benchmarking. Given the ex-
perimental results of [Bessiere et al., 1999], AC-6 is chosen
as a representative of a state-of-the-art algorithm because of
its good timing performance over the problems of concern. In
addition, an artificial problem DOMINO is designed to study
the worst case performance of AC-3.

Randomly generated problems: As in [Frost et al.,
1996], a random CSP instance is characterized by n, d, e
and the tightness of each constraint. The tightness of a
constraint cij is defined to be |Di × Dj | − |cij |, the num-
ber of pairs NOT permitted by cij . A randomly gener-
ated CSP in our experiments is represented by a tuple (n,
d, e, tightness). We use the first 50 instances of each
of the following random problems generated using the ini-
tial seed 1964 (as in [Bessiere et al., 1999]): (i) P1: un-
der constrained CSPs (150, 50, 500, 1250) where all gener-
ated instances are already arc consistent; (ii) P2: over con-
strained CSPs (150, 50, 500, 2350) where all generated in-
stances are inconsistent in the sense that some domain be-
comes empty in the process of arc consistency enforcing; and
(iii) problems in the phase transition [Gent et al., 1997] P3:
(150, 50, 500, 2296) and P4: (50, 50, 1225, 2188). The P3
and P4 problems are further separated into the arc consistent
instances, labeled as ac, which can be made arc consistent
at the end of arc consistency enforcing; and inconsistent in-
stances labeled as inc. More details on the choices for P1 to
P4 can be found in [Bessiere et al., 1999].
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RLFAP: The RLFAP [Cabon et al., 1999] is
to assign frequencies to communication links to
avoid interference. We use the CELAR instances
of RLFAP which are real-life problems available at
ftp://ftp.cs.unh.edu/pub/csp/archive/code/benchmarks.

DOMINO: Informally the DOMINO problem is an undi-
rected constraint graph with a cycle and a trigger constraint.
The domains are Di = {1, 2, · · · , d}. The constraints are
C = {ci(i+1) | i < n} ∪ {c1n} where c1n = {(d, d)} ∪
{(x, x + 1) | x < d} is called the trigger constraint and
the other constraints in C are identity relations. A DOMINO
problem instance is characterized by two parameters n and
d. The trigger constraint will make one value invalid during
arc consistency and that value will trigger the domino effect
on the values of all domains until each domain has only one
value d left. So, each revision of an arc in AC-3 algorithms
can only remove one value while AC-6 only does the neces-
sary work. This problem is used to illustrate the differences
between AC-3 like algorithms and AC-6. The results explain
why arc revision oriented algorithms may not be so bad in the
worst case as one might imagine.

AC-3.0 AC-3.1 AC-6
P1 #ccks 100,010 100,010 100,010

time(50) 0.65 0.65 1.13
P2 #ccks 494,079 475,443 473,694

time(50) 1.11 1.12 1.37
P3(ac) #ccks 2,272,234 787,151 635,671

time(25) 2.73 1.14 1.18
P3(inc) #ccks 3,428,680 999,708 744,929

time(25) 4.31 1.67 1.69
P4(ac) #ccks 3,427,438 1,327,849 1,022,399

time(21) 3.75 1.70 1.86
P4(inc) #ccks 5,970,391 1,842,210 1,236,585

time(29) 8.99 3.63 3.54

Table 1: Randomly generated problems

RFLAP AC-3.0 AC-3.1 AC-6
#3 #ccks 615,371 615,371 615,371

time(20) 1.47 1.70 2.46
#5 #ccks 1,762,565 1,519,017 1,248,801

time(20) 4.27 3.40 5.61
#8 #ccks 3,575,903 2,920,174 2,685,128

time(20) 8.11 6.42 8.67
#11 #ccks 971,893 971,893 971,893

time(20) 2.26 2.55 3.44

Table 2: CELAR RLFAPs

Some details of our implementation of AC-3.1 and AC-3.0
are as follows. We implement domain and related operations
by employing a double-linked list. The Q in AC-3 is imple-
mented as a queue of nodes on which arcs incident will be
revised [Chmeiss and Jegou, 1996] . A new node will be put

d AC-3.0 AC-3.1 AC-6
100 #ccks 17,412,550 1,242,550 747,551

time(10) 5.94 0.54 0.37
200 #ccks 136,325,150 4,985,150 2,995,151

time(10) 43.65 2.21 1.17
300 #ccks 456,737,750 11,227,750 6,742,751

time(10) 142.38 5.52 2.69

Table 3: DOMINO problems

at the end of the queue. Constraints in the queue are revised in
a FIFO order. The code is written in C++ with g++. The ex-
periments are run on a Pentium III 600 processor with Linux.

For AC-6, we note that in our experiments, using a sin-
gle currently supported list of a values is faster than using
multiple lists with respect to related constraints proposed in
[Bessiere et al., 1999]. This may be one reason why AC-7 is
slower than AC-6 in [Bessiere et al., 1999]. Our implementa-
tion of AC-6 adopts a single currently supported list.

The performance of arc consistency algorithms here is
measured along two dimensions: running time and number
of constraint checks (#ccks). A raw constraint check tests if
a pair (x, y) where x ∈ Di and y ∈ Dj satisfies constraint
cij . In this experiment we assume constraint check is cheap
and thus the raw constraint and additional checks (e.g. line 1
in Figs 3) in both AC-3.1 and AC-6 are counted. In the tabu-
lated experiment results, #ccks represents the average number
of checks on tested instances, and time(x) the time in seconds
on x instances.

The results for randomly generated problems are listed in
Table 1. For the under constrained problems P1, AC-3.1 and
AC-3.0 have similar running time. No particular slowdown
for AC-3.1 is observed. In the over constrained problems P2,
the performance of AC-3.1 is close to AC-3.0 but some con-
straint checks are saved. In the hard phase transition problems
P3 and P4, AC-3.1 shows significant improvement in terms
of both the number of constraint checks and the running time,
and is better than or close to AC-6 in timing.

The results for CELAR RLFAP are given in Table 2. In
simple problems, RLFAP#3 and RLFAP#11, which are al-
ready arc consistent before the execution of any AC algo-
rithm, no significant slowdown of AC-3.1 over AC-3.0 is ob-
served. For RLFAP#5 and RLFAP#8, AC-3.1 is faster than
both AC-3.0 and AC-6 in terms of timing.

The reason why AC-6 takes more time while making less
checks can be explained as follows. The main contribution
to the slowdown of AC-6 is the maintenance of the currently
supported list of each value of all domains. In order to achieve
space complexity of O(ed), when a value in the currently
supported list is checked, the space occupied in the list by
that value has to be released. Our experiment shows that the
overhead of maintaining the list doesn’t compensate for the
savings from less checks under the assumption that constraint
checking is cheap.

The DOMINO problem is designed to show the gap be-
tween AC-3 implementations and AC-6. Results in Table 3
show that AC-3.1 is about half the speed of AC-6. This can
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be explained by a variation of the proof in section 3, in AC-
3.1 the time spent on justifying the validity of a value with
respect to a constraint is at most 2d while in AC-6 it is at most
d. The DOMINO problem also shows that AC-3.0 is at least
an order of magnitude slower in time with more constraint
checks over AC-3.1 and AC-6.

In summary, our experiments on randomly generated prob-
lems and RLFAPs show the new approach to AC-3 has a satis-
factory performance on both simple problems and hard prob-
lems compared with the traditional view of AC-3 and state-
of-the-art algorithms.

5 Related work and discussion
Some related work is the development of general purpose arc
consistency algorithms AC-3, AC-4, AC-6 , AC-7 and the
work of [Wallace, 1993]. We summarize previous algorithms
before discussing how this paper gives an insight into AC-3
as compared with the other algorithms.

An arc consistency algorithm can be classified by its
method of propagation. So far, two approaches are employed
in known efficient algorithms: arc oriented and value ori-
ented. Arc oriented propagation originates from AC-1 and its
underlying computation model is the constraint graph. Value
oriented propagation originates from AC-4 and its underlying
computation model is the value based constraint graph.

Definition 4 The value based constraint graph of a CSP(N,
D, C) is G=(V, E) where V = {i.x | i ∈ N, x ∈ Di} and
E = {{i.x, j.y} | x ∈ Di, y ∈ Dj , cij ∈ C}.
Thus a more rigorous name for the traditional constraint
graph may be variable based constraint graph. The key idea
of value oriented propagation is that once a value is removed
only those values related to it will be checked. Thus it is more
fine grained than arc oriented propagation. Algorithms work-
ing with variable and value based constraint graph are also
called coarse grained algorithms and fine grained algorithms
respectively. An immediate observation is that compared with
variable based constraint graph, time complexity analysis in
value based constraint graph is straightforward.

Given a computation model of propagation, the algorithms
differ in the implementation details. For variable based con-
straint graph, AC-3 [Mackworth, 1977] is an “open imple-
mentation”. The approach in [Mackworth and Freuder, 1985]
can be regarded as a realized implementation. The new view
of AC-3 presented in this paper can be thought of as another
implementation with optimal worst case complexity. Our new
approach simply remembers the result obtained in previous
revision of an arc while in the old one, the choice is to be
lazy, forgetting previous computation. Other approaches to
improving the space complexity of this model is [Chmeiss
and Jegou, 1996]. For value based constraint graph, AC-4 is
the first implementation and AC-6 is a lazy version of AC-4.
AC-7 is based on AC-6 and it exploits the bidirectional prop-
erty that given cij , cji and x ∈ Di, y ∈ Dj , cij(x, y) if and
only if cji(y, x).

Another aspect is the general properties or knowledge of a
CSP which can be isolated from a specific arc consistency en-
forcing algorithm. Examples are AC-7 and AC-inference. We
note that the idea of metaknowledge [Bessiere et al., 1999]

can be applied to algorithms of both computing models. For
example, in terms of the number of raw constraint checks,
the bidirectionality can be employed in coarse grained algo-
rithm, eg. in [Gaschnig, 1978], however it may not be fully
exploited under the variable based constraint graph model.
Other propagation heuristics [Wallace, 1992] such as propa-
gating deletion first [Bessiere et al., 1999] are also applicable
to algorithms of both models. This is another reason why we
did not include AC-7 in our experimental comparison.

We have now a clear picture on the relationship between
the new approach to AC-3 and other algorithms. AC-3.1 and
AC-6 are methodologically different. From a technical per-
spective, the time complexity analysis of the new AC-3 is
different from that of AC-6 where the worst case time com-
plexity analysis is straightforward. The point of commonality
between the new AC-3 and AC-6 is that they face the same
problem: the domain may shrink in the process of arc con-
sistency enforcing and thus the recorded information may not
be always correct. This makes some portions of the new im-
plementation of the AC-3.1 similar to AC-6. We remark that
the proof technique in the traditional view of AC-3 does not
directly lead to the new AC-3 and its complexity results.

The number of raw constraint checks is also used to eval-
uate practical efficiency of CSP algorithms. In theory, apply-
ing bidirectionality to all algorithms will result in a decrease
of raw constraint checks. However, if the cost of raw con-
straint check is cheap, the overhead of using bidirectionality
may not be compensated by its savings as demonstrated by
[Bessiere et al., 1999].

It can also be shown that if the same ordering of variables
and values are processed, AC-3.1 and the classical AC-6 have
the same number of raw constraint checks. AC-3.0 and AC-
4 will make no less raw constraint checks than AC-3.1 and
AC-6 respectively.

AC-4 does not perform well in practice [Wallace, 1993;
Bessiere et al., 1999] because it reaches the worst case com-
plexity both theoretically and in actual problem instances
when constructing the value based constraint graph for the
instance. Other algorithms like AC-3 and AC-6 can take ad-
vantage of some instances being simpler where the worst case
doesn’t occur. In practice, both artificial and real life prob-
lems rarely make algorithms behave in the worst case except
for AC-4. However, the value based constraint graph induced
from AC-4 provides a convenient and accurate tool for study-
ing arc consistency.

Given that both variable and value based constraint graph
can lead to worst case optimal algorithms, we consider their
strength on some special constraints: functional, monotonic
and anti-functional. For more details, see [Van Hentenryck
et al., 1992] and [Zhang and Yap, 2000].

For coarse grained algorithms, it can be shown that for
monotonic and anti-monotonic constraints arc consistency
can be done with complexity of O(ed) (eg. using our new
view of AC-3). With fine grained algorithms, both AC-4 and
AC-6 can deal with functional constraints. We remark that
the particular distance constraints in RLFAP can be enforced
to be arc consistent in O(ed) by using a coarse grained algo-
rithm. It is difficult for coarse grained algorithm to deal with
functional constraints and tricky for fine grained algorithm to
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monotonic constraints.
In summary, there are coarse grained and fine grained al-

gorithms which are competitive given their optimal worst
case complexity and good empirical performance under vary-
ing conditions. In order to further improve the efficiency of
arc consistency enforcing, more properties (both general like
bidirectionality and special like monotonicity) of constraints
and heuristics are desirable.

[Wallace, 1993] gives detailed experiments comparing the
efficiency of AC-3 and AC-4. Our work complements this in
the sense that with the new implementation, AC-3 now has
optimal worst case time complexity.

6 Conclusion
This paper presents a natural implementation of AC-3 whose
complexity is better than the traditional understanding. AC-
3 was not previously known to have worst case optimal time
complexity even though it is known to be efficient. Our new
implementation brings AC-3 to O(ed2) on par with the other
optimal worst case time complexity algorithms. Techniques
in the new implementation can also be used with path consis-
tency algorithms.

While worst case time complexity gives us the upper bound
on the time complexity, in practice, the running time and
number of constraint checks for various CSP instances are
the prime consideration. Our preliminary experiments show
that the new implementation significantly reduces the number
of constraint checks and the running time of the traditional
one on hard arc consistency problems. Furthermore, the run-
ning time of AC-3.1 is competitive with the known best algo-
rithms based on the benchmarks from the experiment results
in [Bessiere et al., 1999]. Further experiments are planed to
have a better comparison with typical algorithms. We believe
that based on the CELAR instances, the new approach to AC-
3 leads to a more robust AC algorithm for real world problems
than other algorithms.

We also show how the new AC-3 leads to a new algo-
rithm for path consistency. We conjecture from the results
of [Chmeiss and Jegou, 1996] that this algorithm can give a
practical implementation for path consistency.

For future work, we want to examine the new AC-3 in
maintaining arc consistency during search.
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Abstract

A number of reasoning problems involving the ma-
nipulation of temporal information can be viewed
as implicitly inducing an ordering of decisions in-
volving time (associated with durations or order-
ings of events) on the basis of preferences. For
example, a pair of events might be constrained to
occur in a certain order, and, in addition, it might
be preferable that the delay between them be as
large, or as small, as possible. This paper explores
problems in which a set of temporal constraints is
specified, each with preference criteria for mak-
ing local decisions about the events involved in the
constraint. A reasoner must infer a complete so-
lution to the problem such that, to the extent pos-
sible, these local preferences are met in the best
way. Constraint-based temporal reasoning is gener-
alized to allow for reasoning about temporal prefer-
ences, and the complexity of the resulting formal-
ism is examined. While in general such problems
are NP-complete, some restrictions on the shape of
the preference functions, and on the structure of the
set of preference values, can be enforced to achieve
tractability. In these cases, a generalization of a
single-source shortest path algorithm can be used
to compute a globally preferred solution in polyno-
mial time.

1 Introduction and Motivation
Some real world temporal reasoning problems can naturally
be viewed as involving preferences associated with decisions
such as how long a single activity should last, when it should
occur, or how it should be ordered with respect to other ac-
tivities. For example, an antenna on an earth orbiting satellite
such as Landsat 7 must be slewed so that it is pointing at a
ground station in order for recorded science data to be down-
linked to earth. Assume that as part of the daily Landsat 7
scheduling activity a window W = [s; e] is identified within
which a slewing activity to one of the ground stations for one
of the antennae can begin, and thus there are choices for as-
signing the start time for this activity. Antenna slewing on
Landsat 7 has been shown to cause a vibration to the satellite,
which in turn affects the quality of the observation taken by

the imaging instrument if the instrument is in use during slew-
ing. Consequently, it is preferable for the slewing activity not
to overlap any scanning activity, although because the detri-
mental effect on image quality occurs only intermittently, this
disjointness is best not expressed as a hard constraint. Rather,
the constraint is better expressed as follows: if there are any
start times t within W such that no scanning activity occurs
during the slewing activity starting at t, then t is to be pre-
ferred. Of course, the cascading effects of the decision to
assign t on the sequencing of other satellite activities must be
taken into account as well. For example, the selection of t,
rather than some earlier start time within W , might result in a
smaller overall contact period between the ground station and
satellite, which in turn might limit the amount of data that
can be downlinked during this period. This may conflict with
the preference for maintaining maximal contact times with
ground stations.

Reasoning simultaneously with hard temporal constraints
and preferences, as illustrated in the example just given, is
the subject of this paper. The overall objective is to develop
a system that will generate solutions to temporal reasoning
problems that are globally preferred in the sense that the so-
lutions simultaneously meet, to the best extent possible, all
the local preference criteria expressed in the problem.

In what follows a formalism is described for reasoning
about temporal preferences. This formalism is based on a
generalization of the Temporal Constraint Satisfaction Prob-
lem (TCSP) framework [Dechter et al, 1991], with the addi-
tion of a mechanism for specifying preferences, based on the
semiring-based soft constraint formalism [Bistarelli et. al.,
1997] . The result is a framework for defining problems in-
volving soft temporal constraints. The resulting formulation,
called Temporal Constraint Satisfaction Problems with Pref-
erences (TCSPPs) is introduced in Section 2. A sub-class
of TCSPPs in which each constraint involves only a single
interval, called Simple Temporal Problems with Preferences
(STPPs), is also defined. In Section 3, we demonstrate the
hardness of solving general TCSPPs and STPPs, and pinpoint
one source of the hardness to preference functions whose
“better” values may form a non-convex set. Restricting the
class of admissible preference functions to those with convex
intervals of “better” values is consequently shown to result
in a tractable framework for solving STPPs. In section 4, an
algorithm is introduced, based on a simple generalization of
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the single source shortest path algorithm, for finding globally
best solutions to STPPs with restricted preference functions.
In section 5, the work presented here is compared to other
approaches and results.

2 Temporal Constraint Problems with
Preferences

The proposed framework is based on a simple merger of two
existing formalisms: Temporal Constraint Satisfaction Prob-
lems (TCSPs) [Dechter et. al., 1991], and soft constraints
based on semirings [Bistarelli et. al., 1997] 1. The result of
the merger is a class of problems called Temporal Constraint
Satisfaction problems with preferences (TCSPPs). In a TC-
SPP, a soft temporal constraint is represented by a pair con-
sisting of a set of disjoint intervals and a preference function:
hI = f[a1; b1]; : : : ; [an; bn]g; fi, where f : I ! A, and A is
a set of preference values.

Examples of preference functions involving time are:

� min-delay: any function in which smaller distances are
preferred, that is, the delay of the second event w.r.t. the
first one is minimized.

� max-delay: assigning higher preference values to larger
distances;

� close to k: assign higher values to distances which are
closer to k; in this way, we specify that the distance be-
tween the two events must be as close as possible to k.

As with classical TCSPs, the interval component of a soft
temporal constraint depicts restrictions either on the start
times of events (in which case they are unary), or on the dis-
tance between pairs of distinct events (in which case they are
binary). For example, a unary constraint over a variable X
representing an event, restricts the domain of X , representing
its possible times of occurrence; then the interval constraint
is shorthand for (a1 � X � b1) _ : : : _ (an � X � bn).
A binary constraint over X and Y , restricts the values of the
distance Y �X , in which case the constraint can be expressed
as (a1 � Y �X � b1) _ : : : _ (an � Y �X � bn). A uni-
form, binary representation of all the constraints results from
introducing a variable X0 for the beginning of time, and re-
casting unary constraints as binary constraints involving the
distance X �X0.

An interesting special case occurs when each constraint of
a TCSPP contains a single interval. We call such problems
Simple Temporal Problems with Preferences (STPPs), due to
the fact that they generalize STPs [Dechter et. al., 1991].
This case is interesting because STPs are polynomially solv-
able, while general TCSPs are NP-complete, and the effect of
adding preferences to STPs is not immediately obvious. The
next section discusses these issues in more depth.

A solution to a TCSPP is a complete assignment to all the
variables that satisfies the distance constraints. Each solu-
tion has a global preference value, obtained by combining the

1Semiring-based soft constraints is one of a number of for-
malisms for soft constraints, but it has been shown to generalize
many of the others, e.g., [Freuder and Wallace, 1992] and [Schiex
et. al., 1995].

local preference values found in the constraints. To formal-
ize the process of combining local preferences into a global
preference, and comparing solutions, we impose a semiring
structure onto the TCSPP framework.

A semiring is a tuple hA;+;�;0;1i such that

� A is a set and 0;1 2 A;

� +, the additive operation, is commutative, associative
and 0 is its unit element;

� �, the multiplicative operation, is associative, distributes
over +, 1 is its unit element and 0 is its absorbing ele-
ment.

A c-semiring is a semiring in which + is idempotent (i.e.,
a + a = a; a 2 A), 1 is its absorbing element, and � is
commutative.

C-semirings allow for a partial order relation�S over A to
be defined as a �S b iff a+ b = b. Informally,�S gives us a
way to compare tuples of values and constraints, and a �S b
can be read b is better than a. Moreover: + and � are mono-
tone on�S; 0 is its minimum and 1 its maximum; hA;�Si is
a complete lattice and, for all a; b 2 A, a + b = lub(a; b)
(where lub=least upper bound). If � is idempotent, then
hA;�Si is a complete distributive lattice and � is its great-
est lower bound (glb). In our main results, we will assume
� is idempotent and also restrict �S to be a total order on
the elements of A. In this case a + b = max(a; b) and
a� b = min(a; b).

Given a choice of semiring with a set of values A, each
preference function f associated with a soft constraint hI; fi
takes an element from I and returns an element of A. The
semiring operations allow for complete solutions to be evalu-
ated in terms of the preference values assigned locally. More
precisely, given a solution t in a TCSPP with associated
semiring hA;+;�;0;1i, let Tij = hIi;j ; fi;ji be a soft con-
straint over variables Xi; Xj and (vi; vj) be the projection of
t over the values assigned to variables Xi and Xj (abbrevi-
ated as (vi; vj) = t#Xi;Xj

). Then, the corresponding prefer-
ence value given by fij is fij(vj � vi), where vj � vi 2 Ii;j .
Finally, where F = fx1; : : : ; xkg is a set, and � is the
multiplicative operator on the semiring, let �F abbreviate
x1� : : :�xk. Then the global preference value of t, val(t), is
defined to be val(t) = �ffij(vj � vi) j (vi; vj) = t#Xi;Xj

g.
The optimal solutions of a TCSPP are those solutions

which have the best preference value, where “best” is
determined by the ordering of the values in the semir-
ing. For example, consider the semiring Sfuzzy =

h[0; 1];max;min; 0; 1i, used for fuzzy constraint solving
[Schiex, 1995]. The preference value of a solution will
be the minimum of all the preference values associated
with the distances selected by this solution in all con-
straints, and the best solutions will be those with the max-
imal value. Another example is the semiring Scsp =

hffalse; trueg;_;^; false; truei, which is related to solv-
ing classical constraint problems [Mackworth, 1992]. Here
there are only two preference values: true and false, the pref-
erence value of a complete solution will be determined by the
logical and of all the local preferences, and the best solutions
will be those with preference value true (since true is better
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than false in the order induced by logical or). This semiring
thus recasts the classical TCSP framework into a TCSPP.

Given a constraint network, it is often useful to find the
corresponding minimal network in which the constraints are
as explicit as possible. This task is normally performed by
enforcing various levels of local consistency. For TCSPPs, in
particular, we can define a notion of path consistency. Given
two soft constraints, hI1; f1i and hI2; f2i, and a semiring S,
we define:

� the intersection of two soft constraintsT1 = hI1; f1i and
T2 = hI2; f2i, written T1 �S T2, as the soft constraint
hI1 � I2; fi, where

– I1�I2 returns the pairwise intersection of intervals
in I1 and I2, and

– f(a) = f1(a)� f2(a) for all a 2 I1 � I2;

� the composition of two soft constraints T1 = hI1; f1i
and T2 = hI2; f2i, written T1
ST2, is the soft constraint
T = hI1 
 I2; fi, where

– r 2 I1
I2 if and only if there exists a value t1 2 I1
and t2 2 I2 such that r = t1 + t2, and

– f(a) =
P
ff1(a1) � f2(a2) j a = a1 + a2; a1 2

I1; a2 2 I2g, where
P

is the generalization of +
over sets.

A path-induced constraint on variables Xi and Xj is
R
path

ij
= �S8k(Tik 
 Tkj), i.e., the result of performing

�S on each way of composing paths of size two between
i and j. A constraint Tij is path-consistent if and only if
Tij � R

path

ij
, i.e., Tij is at least as strict as Rpath

ij
. A TCSPP

is path-consistent if and only if all its constraints are path-
consistent.

If the multiplicative operation of the semiring is idem-
potent, then it is easy to prove that applying the operation
Tij := Tij �S (Tik
S Tkj) to any constraint Tij of a TCSPP
returns an equivalent TCSPP. Moreover, under the same con-
dition, applying this operation to a set of constraints returns
a final TCSPP which is always the same independently of the
order of application2. Thus any TCSPP can be transformed
into an equivalent path-consistent TCSPP by applying the op-
eration Tij := Tij � (Tik 
 Tkj) to all constraints Tij until
no change occurs in any constraint. This algorithm, which
we call Path, is proven to be polynomial for TCSPs (that is,
TCSPPs with the semiring Scsp): its complexity is O(n3R3

),
where n is the number of variables and R is the range of the
constraints [Dechter et. al., 1991].

General TCSPPs over the semiring Scsp are NP-complete;
thus applying Path is insufficient to solve them. On the other
hand, with STPPs over the same semiring that coincide with
STPs, applying Path is sufficient to solve them. In the re-
maining sections, we prove complexity results for both gen-
eral TCSPPs and STPPs, and also of some subclasses of prob-
lems identified by specific semirings, or preference functions
with a certain shape.

2These properties are trivial extensions of corresponding proper-
ties for classical CSPs, proved in [Bistarellli, et. al., 1997.]

3 Solving TCSPPs and STPPs is NP-Complete
As noted above, solving TCSPs is NP-Complete. Since the
addition of preference functions can only make the problem
of finding the optimal solutions more complex, it is obvious
that TCSPPs are at least NP-Complete as well.

We turn our attention to the complexity of general STPPs.
We recall that STPs are polynomially solvable, thus one
might speculate that the same is true for STPPs. However,
it is possible to show that in general, STPPs fall into the class
of NP-Complete problems.

Theorem 1 (complexity of STPPs) General STPPs are NP-
complete problems.

Proof:
First, we prove that STPPs belong to NP. Given an instance

of the feasibility version of the problem, in which we wish to
determine whether there is a solution to the STTP with global
preference value � k, for some k, we use as a certificate the
set of times assigned to each event. The verification algorithm
“chops” the set of preference values of each local preference
function at k. The result of a chop, for each constraint, is a
set of intervals of temporal values whose preference values
are greater than k. The remainder of the verification process
reduces to the problem of verifying General Temporal CSPs
(TCSP), which is done by non-deterministically choosing an
interval on each edge of the TCSP, and solving the result-
ing STP, which can be done in polynomial time. Therefore,
STTPs belong to NP.

To prove hardness we reduce an arbitrary TCSP to an
STPP. Thus, consider any TCSP, and take any of its con-
straints, say I = f[a1; b1]; : : : ; [an; bn]g. We will now
obtain a corresponding soft temporal constraint containing
just one interval (thus belonging to an STPP). The semiring
that we will use for the resulting STPP is the classical one:
Scsp = hffalse; trueg;_;^; false; truei. Thus the only
two allowed preference values are false and true (or 0 and
1). Assuming that the intervals in I are ordered such that
ai � ai+1 for i 2 f1; : : : ; n � 1g, the interval of the soft
constraint is just [a1; bn]. The preference function will give
value 1 to values in I and 0 to the others. Thus we have ob-
tained an STPP whose set of solutions with value 1 (which are
the optimal solutions, since 0 �S 1 in the chosen semiring)
coincides with the set of solutions of the given TCSP. Since
finding the set of solutions of a TCSP is NP-hard, it follows
that the problem of finding the set of optimal solutions to an
STPP is NP-hard. 2

4 Linear and Semi-Convex Preference
Functions

The hardness result for STPPs derives either from the nature
of the semiring or the shape of the preference functions. In
this section, we identify classes of preference functions which
define tractable subclasses of STPPs.

When the preference functions of an STPP are linear, and
the semiring chosen is such that its two operations maintain
such linearity when applied to the initial preference functions,
the given STPP can be written as a linear programming prob-
lem, solving which is tractable [Cormen et. al., 1990]. Thus,
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Figure 1: Examples of semi-convex functions (a)-(f) and non-semi-
convex functions (g)-(i)

consider any given TCSPP. For any pair of variables X and
Y , take each interval for the constraint over X and Y , say
[a; b], with associated linear preference function f . The in-
formation given by each of such intervals can be represented
by the following inequalities and equation: X � Y � b,
Y � X � �a, and fX;Y = c1(X � Y ) + c2. Then if we
choose the fuzzy semiring h[0; 1];max;min; 0; 1i, the global
preference value V will satisfy the inequality V � fX;Y for
each preference function fX;Y defined in the problem, and
the objective is max(V ). If instead we choose the semir-
ing hR;min;+;1; 0i, where the objective is to minimize the
sum of the preference levels, we have V = f1+ : : :+ fn and
the objective is min(V )

3. In both cases the resulting set of
formulas constitutes a linear programming problem.

Linear preference functions are expressive enough for
many cases, but there are also several situations in which we
need preference functions which are not linear. A typical ex-
ample arises when we want to state that the distance between
two variables must be as close as possible to a single value.
Unless this value is one of the extremes of the interval, the
preference function is convex, but not linear. Another case is
one in which preferred values are as close as possible to a sin-
gle distance value, but in which there are some subintervals
where all values have the same preference. In this case, the
preference criteria define a step function, which is not convex.

A class of functions which includes linear, convex, and
also some step functions will be called semi-convex functions.
Semi-Convex functions have the property that if one draws
a horizontal line anywhere in the Cartesian plane defined by
the function, the set of X such that f(X) is not below the line
forms an interval. Figure 1 shows examples of semi-convex
and non-semi-convex functions.

More formally, a semi-convex function is one such that, for
all Y , the set fX such that f(X) � Y g forms an interval. It
is easy to see that semi-convex functions include linear ones,
as well as convex and some step functions. For example, the
close to k criteria cannot be coded into a linear preference
function, but it can be specified by a semi-convex preference
function, which could be f(x) = x for x � k and f(x) =

2k � x for x > k.

3In this context, the “+” is to be interpreted as the arithmetic
operation, not the additive operation of the semiring.

Semi-Convex functions are closed under the operations of
intersection and composition defined in Section 2, when cer-
tain semirings are chosen. For example, this happens with the
fuzzy semiring, where the intersection performs the min, and
composition performs the max operation. The closure proofs
follow.

Theorem 2 (closure under intersection) The property of
functions being semi-convex is preserved under intersection.
That is, given a totally-ordered semiring with an idempotent
multiplicative operation � and binary additive operation +

(or
P

over an arbitrary set of elements), let f1 and f2 be
semi-convex functions which return values over the semiring.
Let f be defined as f(a) = f1(a)�f2(a), where� is the mul-
tiplicative operation of the semiring. Then f is a semi-convex
function as well.

Proof: From the definition of semi-convex func-
tions, it suffices to prove that, for any given y, the set
S = fx : f(x) � yg identifies an interval. If S is empty, then
it identifies the empty interval. In the following we assume S
to be not empty.

fx : f(x) � yg = fx : f1(x) � f2(x) � yg
= fx : min(f1(x); f2(x)) � yg

(� is a lower bound operator since it is assumed to be
idempotent)

= fx : f1(x) � y ^ f2(x) � yg
= fx : x 2 [a1; b1] ^ x 2 [a2; b2]g

(since each of f1 and f2 is semi-convex)
= [max(a1; a2);min(b1; b2)]

2

Theorem 3 (closure under composition) The property of
functions being semi-convex is preserved under composition.
That is, given a totally-ordered semiring with an idempotent
multiplicative operation � and binary additive operation +

(or
P

over an arbitrary set of elements), let f1 and f2 be
semi-convex functions which return values over the semiring.
Define f as f(a) =

P
b+c=a

(f1(b) � f2(c)). Then f is a
semi-convex function as well.

Proof: Again, from the definition of semi-convex func-
tions, it suffices to prove that, for any given y, the set
S = fx : f(x) � yg identifies an interval. If S is empty, then
it identifies the empty interval. In the following we assume S
to be not empty.

fx : f(x) � yg
= fx :

P
u+v=x

(f1(u)� f2(v)) � yg
= fx : maxu+v=x(f1(u)� f2(v)) � yg

(since + is an upper bound operator)
= fx : f1(u)� f2(v) � y for some u and v

such that x = u+ vg
= fx : min(f1(u); f2(v)) � y for some u and v

such that x = u+ vg
(� is a lower bound operator since it is assumed to be

idempotent)
= fx : f1(u) � y ^ f2(v) � y;

325SEARCH, SATISFIABILITY, AND CONSTRAINT SATISFACTION PROBLEMS



for some u+ v = xg
= fx : u 2 [a1; b1] ^ v 2 [a2; b2];

for some u+ v = x and some a1; b1; a2; b2g
(since each of f1 and f2 is semi-convex)

= fx : x 2 [a1 + a2; b1 + b2]g
= [a1 + a2; b1 + b2]

2

That closure of the set of semi-convex functions requires
a total order and idempotence of the � operator is demon-
strated by the following example. In what follows we assume
monotonicity of the � operator. Let a and b be preference
values with a 6< b, b 6< a, a � b < a, and a � b < b.
Suppose x1 and x2 are real numbers with x1 < x2. Define
g(x) = 1 for x < x1 and g(x) = a otherwise. Also define
h(x) = b for x < x2 and h(x) = 1 otherwise. Clearly, g
and h are semi-convex functions. Define f = g � h. Note
that f(x) = b for x < x1, f(x) = a � b for x1 � x < x2
and f(x) = a for x � x2. Since fxjf(x) 6< ag includes all
values except where x1 � x < x2, f is not semi-convex.

Now consider the situation where the partial order is not
total. Then there are distinct incomparable values a and b that
satisfy the condition of the example. We conclude the order
must be total. Next consider the case in which idempotence
is not satisfied. Then there is a preference value c such that
c� c 6= c. It follows that c� c < c. In this case, setting a =

b = c satisfies the condition of the example. We conclude
that idempotence is also required.

The results in this section imply that applying the Path al-
gorithm to an STPP with only semi-convex preference func-
tions, and whose underlying semiring contains a multiplica-
tive operation that is idempotent, and whose values are to-
tally ordered, will result in a network whose induced soft con-
straints also contain semi-convex preference functions. These
results will be applied in the next section.

5 Solving STPPs with Semi-Convex Functions
is Tractable

We will now prove that STPPs with semi-convex preference
functions and an underlying semiring with an idempotent
multiplicative operation can be solved tractably.

First, we describe a way of transforming an arbitrary STPP
with semi-convex preference functions into a STP. Given an
STPP and an underlying semiring with A the set of prefer-
ence values, let y 2 A and hI; fi be a soft constraint defined
on variables Xi; Xj in the STPP, where f is semi-convex.
Consider the interval defined by fx : x 2 I ^ f(x) � yg
(because f is semi-convex, this set defines an interval for
any choice of y). Let this interval define a constraint on the
same pair Xi; Xj . Performing this transformation on each
soft constraint in the original STPP results in an STP, which
we refer to as STPy. (Notice that not every choice of y will
yield an STP that is solvable.) Let opt be the highest prefer-
ence value (in the ordering induced by the semiring) such that
STPopt has a solution. We will now prove that the solutions
of STPopt are the optimal solutions of the given STPP.

Theorem 4 Consider any STPP with semi-convex preference
functions over a totally-ordered semiring with � idempotent.

Take opt as the highest y such thatSTPy has a solution. Then
the solutions of STPopt are the optimal solutions of the STPP.

Proof: First we prove that every solution of STPopt is an op-
timal solution of STPP. Take any solution of STPopt, say t.
This instantiation t, in the original STPP, has value val(t) =
f1(t1)� :::�fn(tn), where ti is the distance vj�vi for an as-
signment to the variables Xi; Xj , (vi; vj) = t #Xi;Xj

, and fi
is the preference function associated with the soft constraint
hIi; fii, with vj � vi 2 Ii.

Now assume for the purpose of contradiction that t is not
optimal in STPP. That is, there is another instantiation t0 such
that val(t0) > val(t). Since val(t0) = f1(t

0
1)� :::� fn(t

0
n
),

by monotonicity of the�, we can have val(t0) > val(t) only
if each of the fi(t0i) is greater than the corresponding fi(ti).
But this means that we can take the smallest such value fi(t0i),
call it w0, and construct STPw0 . It is easy to see that STPw0

has at least one solution, t0, therefore opt is not the highest
value of y, contradicting our assumption.

Next we prove that every optimal solution of the STPP is a
solution of STPopt. Take any t optimal for STPP, and assume
it is not a solution of STPopt. This means that, for some
constraint, f(ti) < opt. Therefore, if we compute val(t) in
STPP, we have that val(t) < opt. Then take any solution
t0 of STPopt (there are some, by construction of STPopt).
If we compute val(t0) in STPP, since � = glb (we assume
� idempotent), we have that val(t0) � opt, thus t was not
optimal as initially assumed. 2

This result implies that finding an optimal solution of the
given STPP with semi-convex preference functions reduces to
a two-step search process consisting of iteratively choosing a
w, then solving STPw, until STPopt is found. Under certain
conditions, both phases can be performed in polynomial time,
and hence the entire process can be tractable.

The first phase can be conducted naively by trying every
possible “chop” point y and checking whether STPy has a
solution. A binary search is also possible. Under certain con-
ditions, it is possible to see that the number of chop points is
also polynomial, namely:

� if the semiring has a finite number of elements, which
is at most exponential in the number n of variables of
the given STPP, then a polynomial number of checks is
enough using binary search.

� if the semiring has a countably infinite number of ele-
ments, and the preference functions never go to infinity,
then let l be the highest preference level given by the
functions. If the number of values not above l is at most
exponential in n, then again we can find opt in a poly-
nomial number of steps.

The second phase, solving the induced STPy, can be per-
formed by transforming the graph associated with this STP
into a distance graph, then solving two single-source shortest
path problems on the distance graph [Dechter et. al., 1991].
If the problem has a solution, then for each event it is possi-
ble to arbitrarily pick a time within its time bounds, and find
corresponding times for the other events such that the set of
times for all the events satisfy the interval constraints. The
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Figure 2: Non-semi-convex Preference Function for the Landsat
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complexity of this phase is O(en) (using the Bellman-Ford
algorithm [Cormen et. al., 1990]).

The main result of this discussion is that, while general TC-
SPPs are NP-Complete, there are sub-classes of TCSPP prob-
lems which are polynomially solvable. Important sources of
tractability include the shape of the temporal preference func-
tions, and the choice of the underlying semiring for construct-
ing and comparing preference values.

Despite this encouraging theoretical result, the extent to
which real world preferences conform to the conditions nec-
essary to utilize the result is not clear. To illustrate this, con-
sider again the motivating example at the outset. As illus-
trated in Figure 2, suppose an imaging event is constrained to
occur during [B;C], and that the interval [A;D] is the inter-
val during which a slewing event can start to occur. Assuming
the soft constraint that prefers no overlap between the two oc-
currences, the preference values for the slewing can be visu-
alized as the function pictured below the interval, a function
that is not semi-convex. A semi-convex preference function
would result by squeezing one or the other of the endpoints of
the possible slewing times far enough that the interval would
no longer contain the imaging time. For example, removing
the initial segment [A;B] from the interval of slewing times
would result in a semi-convex preference function. Dealing
with the general case in which preference functions are not
semi-convex is a topic of future work.

6 Related work
The merging of temporal CSPs with soft constraints was first
proposed in [Morris and Khatib, 2000], where it was used
within a framework for reasoning about recurring events. The
framework proposed in [Rabideau et. al., 2000] contains a
representation of local preferences that is similar to the one
proposed here, but uses local search, rather than constraint
propagation, as the primary mechanism for finding good com-
plete solutions, and no guarantee of optimality can be demon-
strated.

Finally, the property that characterizes semi-convex pref-
erence functions, viz., the convexity of the interval above any
horizontal line drawn in the Cartesian plane around the func-
tion, is reminiscent of the notion of row-convexity, used in
characterizing constraint networks whose global consistency,
and hence tractability in solving, can be determined by apply-
ing local (path) consistency [Van Beek and Dechter, 1995].
There are a number of ways to view this connection. One
way is to note that the row convex condition for the 0-1 matrix
representation of binary constraints prohibits a row in which
a sequence of ones is interrupted by one or more zeros. Re-
placing the ones in the matrix by the preference value for that

pair of domain elements, one can generalize the definition of
row convexity to prohibit rows in which the preference values
decrease then increase. This is the intuitive idea underlying
the behavior of semi-convex preference functions.

7 Summary
We have defined a formalism for characterizing problems in-
volving temporal constraints over the distances and duration
of certain events, as well as preferences over such distances.
This formalism merges two existing frameworks, temporal
CSPs and soft constraints, and inherits from them their gen-
erality, and also allows for a rigorous examination of compu-
tational properties that result from the merger.
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Abstract

We present a hybrid approach for the 0–1 mul-
tidimensional knapsack problem. The proposed
approach combines linear programming and Tabu
Search. The resulting algorithm improves signifi-
cantly on the best known results of a set of more
than 150 benchmark instances.

1 Introduction
The NP-hard 0–1 multidimensional knapsack problem
(MKP01) consists in selecting a subset of � given objects (or
items) in such a way that the total profit of the selected objects
is maximized while a set of knapsack constraints are satisfied.
More formally, the MKP01 can be stated as follows.

MKP01

�
maximize ��� � subject to� � ���
	 and ��������������

where �
� IN � � , � � IN ��� � and 	�� IN � . The binary
components ��� of � are decision variables: ����� � if the
object ! is selected, � otherwise. �"� is the profit associated to! . Each of the # constraints

�%$ � �&�'	 $ is called a knapsack
constraint.

The special case of the MKP01 with #(�)� is the classical
knapsack problem (KP01), whose usual statement is the fol-
lowing. Given a knapsack of capacity 	 and � objects, each
being associated a profit (gain) and a volume occupation, one
wants to select * ( *+� � and * not fixed) objects such that the
total profit is maximized and the capacity of the knapsack is
not exceeded. It is well known that the KP01 is not strongly
NP-hard because there are polynomial approximation algo-
rithms to solve it. This is not the case for the general MKP01.

The MKP01 can formulate many practical problems such
as capital budgeting where project ! has profit �,� and con-
sume -/. $ ��0 units of resource 1 . The goal is to determine a
subset of the � projects such that the total profit is maxi-
mized and all resource constraints are satisfied. Other impor-
tant applications include cargo loading [Shih, 1979], cutting
stock problems, and processor allocation in distributed sys-
tems [Gavish and Pirkul, 1982]. Notice that the MKP01 can
be considered as a general 0–1 integer programming problem
with non-negative coefficients.

Given the practical and theoretical importance of the
MKP01, it is not surprising to find a large number of stud-
ies in the literature; we give a brief review of these studies in
the next section.

2 State of the Art
Like for many NP-hard combinatorial optimization problems,
both exact and heuristic algorithms have been developed for
the MKP01. Existing exact algorithms are essentially based
on the branch and bound method [Shih, 1979]. These algo-
rithms are different one from another according to the way
the upper bounds are obtained. For instance, in [Shih, 1979],
Shih solves, exactly, each of the # single constrained, re-
laxed knapsack problems and select the minimum of the #
objective function values as the upper bound. Better algo-
rithms have been proposed by using tighter upper bounds,
obtained with other MKP01 relaxation techniques such as la-
grangean, surrogate and composite relaxations [Gavish and
Pirkul, 1985]. Due to their exponential time complexity, ex-
act algorithms are limited to small size instances ( � �(2��3�
and #(�54 ).

Heuristic algorithms are designed to produce near-optimal
solutions for larger problem instances. The first heuristic ap-
proach for the MKP01 concerns for a large part greedy meth-
ods. These algorithms construct a solution by adding, accord-
ing to a greedy criterion, one object each time into a current
solution without constraint violation. The second heuristic
approach is based on linear programming by solving various
relaxations of the MKP01. A first possibility is to relaxe the
integrality constraints and solve optimally the relaxed prob-
lem with simplex. Other possibilities include surrogate and
composite relaxations [Osorio et al., 2000].

More recently, several algorithms based on metaheuristics
have been developed, including simulated annealing [Drexl,
1988], tabu search [Glover and Kochenberger, 1996; Hanafi
and Fréville, 1998] and genetic algorithms [Chu and Beasley,
1998]. The metaheuristic approach has allowed to obtain very
competitive results on large instances compared with other
methods ( � �54��3� and #(�563� ).

Most of the above heuristics use the so-called pseudo–
utility criterion for selecting the objects to be added into a
solution. For the single constraint case (the KP01), this crite-
rion corresponds to the profit/resource ratio. For the general
MKP01, the pseudo–utility is usually defined as �,��78-:9;� .���0
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where 9 is a multiplier for the column vector � � . Notice
that it is impossible to obtain ”optimal” multipliers. Thus the
pseudo–utility criterion may mislead the search.

In this paper, we propose an alternative way to explore the
search space. We use fractional optimal solutions given by
linear programming to guide a neighborhood search (Tabu
Search or TS) algorithm. The main idea is to exploit around
a fractional optimal solution with additional constraints. We
experiment this approach on a very large variety of MKP01
benchmark instances and compare our results with the best
known ones. We show that this hybrid approach outperforms
previously best algorithms for the set of tested instances.

The paper is organized as follows. Next section presents
the general scope of our approach. Section 4 describes the al-
gorithm used to determine promising sub-space of the whole
search space from where we run a TS algorithm. This algo-
rithm is presented in section 5. Finally we give computational
results on a large set of MKP01 instances in section 6.

3 A Hybrid Approach for the MKP01

The basic idea of our approach is to search around the frac-
tional optimum

�� of some relaxed MKP. Our hypothesis is
that the search space around

�� should contain high quality
solutions1.

This general principle can be put into practice via a two
phase approach. The first phase consists in solving exactly
a relaxation MKP of the initial MKP01 to find a fractional
optimal solution

�� . The second phase consists in exploring
carefully and efficiently some areas around this fractional op-
timal point.

Clearly, there are many possible ways to implement this
general approach. For this work, we have done the following
choices. The first phase is carried out by using simplex to
solve a relaxed MKP. The second phase is ensured by a Tabu
Search algorithm.

Let us notice first that relaxing the integrality constraints
alone may not be sufficient since its optimal solution may be
far away from an optimal binary solution. To be convinced,
let us consider the following small example with five objects
and one knapsack constraint:

�������	� 
 � � � -8��2 ��2 � � � 0� � -8�3� ��2 � � � � � � 0 	 �563�
This relaxed problem leads to the fractional optimal solution�� �)- �3���3����� � ��� � 0 with an optimal cost value

�� �563��� 6 while
the optimal binary solution is ������� � -/��� �����3���3����0 with an
optimal cost value � ����� � 234 .

However, the above relaxation can be enforced to give
more precise information regarding the discrete aspect of the
problem. To do this, let us notice that all solutions of MKP01
verify the property: � ���� � �8���(*
� IN with * an integer.
Now if we add this constraint to the relaxed MKP, we obtain

1This hypothesis is confirmed by experimental results presented
later. Of course, the hypothesis does not exclude the possibility that
other areas may contain good solutions.

a series of problems:

MKP[ * ]
�

maximize ��� � s.t.� � ���
	 and ����� � – ��� � and -:� 0 � * � IN

where  -:� 0 is the sum of the components of � , defining a
hyperplane. We have thus several (promising) points

��"! #�$
around which a careful search will be carried out.

To show the interest of this extra constraint, take again the
previous example with *�� �3�"28� 6 , leading to three relaxed
problems:

MKP[ � ] % �� ! � $ � ��2 et
��&! � $ �'- �3� ��� ��� ��� � 0

MKP[ 2 ] % �� ! '($ �52�) et
��&! '($ �'- �3���3� ��� ��� � 0

MKP[ 6 ] % �� ! *($ �5234 et
��&! *($ �'-/��� �����3���3����0

where *+� 6 gives directly an optimal binary solution �"! *($ �� ����� without further search.
In general cases, search is necessary to explore around each

fractional optimum and this is carried out by an effective TS
algorithm (Section 5). In order not to go far away from each
fractional optimum

��+! #�$ , we constraint TS to explore only the
points ���-, such that . � � ��+! #�$/. , the distance between � and��&! #�$ is no greater than a given threshold 0 �2143 2.

To sum up, the proposed approach is composed of three
steps:

1. determine interesting hyperplanes  -:� 0 � * ;
2. run simplex to obtain the corresponding fractional opti-

mum
��&! #�$ ;

3. run Tabu Search around each
��+! #�$ , limited to a sphere of

fixed radius.

4 Determine Hyperplanes 576�8:97;=< and
Simplex Phase

Given an � size instance of MKP01, it is obvious that the �?> �
values � ��*+� � do not have the same interest regarding the
optimum. Furthermore exploring all the hyperplanes  -:� 0 �* would be too much time consuming. We propose, in this
section, a simple way to compute good values of * .

Starting from a 0–1 lower bound � (i.e. a feasible solution
obtained by a previous heuristic), the method consists in solv-
ing, with the simplex algorithm, the two following problems:

MKP  # 1 � [ � ]
�

minimize  -:� 0 s.t.� � ���
	 and ���@� � – ��� � and��� �BA - �C> ��0
Let  # 1 � be the optimal value of this problem. A knap-
sack that holds fewer items than * � $ � �ED  # 1 �	F respects
no longer the constraint ��� �GA - �C> ��0 .

MKP  # . � [ � ]
�

maximize  -:� 0 s.t.� � ����	 and ���@� � – ��� � and��� �BA - �C> ��0
Let  # . � be the optimal value of this problem. It is not
possible to hold more items than * �2143 �IH  # . �KJ without
violate one of the # constraints

�%$ � ���
	 $ .
2This point is discussed more formally in section 5.2.
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Consequently, local search will run only in the hyperplanes -:� 0 � * for which * is bounded by * � $ � and * �2143 . Hence
we compute, using once again the simplex algorithm, the- * �2143 � * � $ � > ��0 relaxed MKP � * � which give us the con-
tinuous optima

��+! #�$ which are used by the TS phase.

5 Tabu Search Phase
A comprehensive introduction of Tabu Search may be found
in [Glover and Laguna, 1997]. We give briefly below some
notations necessary for the understanding of our TS algorithm�������	�

.

5.1 Notations
The following notations are specifically oriented to the
MKP01:
 a configuration � is a binary vector with � components;
 the unconstrained search space , is defined to equal the

set ���������� , including both feasible and unfeasible con-
figurations;
 a move consists in changing a small set of components
of � giving ��� and is denoted by #��� -:� � ��� 0 ;
 in this binary context, the flipped variables of a move
can be identified by their indexes in the � vector: These
indexes are the attributes of the move;
 the neighborhood of � , �)-:� 0 , is the subset of config-
urations reachable from � in one move. In this binary
context, a move from � to ��� ��� can be identified
without ambiguity by the attribute ! if ��� is obtained by
flipping the ! ��� element of � . More generally, we use#��� -:1 � � 1 ' ��� � � � 1 # 0 to denote the move #��� -:� � � � 0 where� !'� � �3�"* � ���$ � � � � � $ � . Such a move is called a* ��� . ����� .

5.2 Search Space Reduction
Regarding the knapsack constraints (

� � � � 	 ), , � ���� �����
is the completely relaxed search space. It is also the largest
possible search space. We specify in this section a reduced
search space ���=, which will be explored by our Tabu
Search algorithm. To define this reduced space, we take the
ideas discussed previously (Section 3):

1. limitation of , to a sphere of fixed radius around the
point

��&! #�$ , the optimal solution of the relaxed MKP � * � .
That is: . � � ��&! #�$/.8� 0 �2143 ;

2. limitation of the number of objects taken in the config-
urations � , that are visited by the tabu search algorithm,
to the constant * (intersection of , and the hyperplane -:� 0 �5* ).

For the first point, we use � ���� � . �8� � ���� . to define the
distance . � � ����. where � et ��� may be binary or continu-
ous. We use the following heuristic to estimate the maximal
distance 0 �2143 authorized from the starting point

��+! #�$ . Let- �3���3�� � � ���3�"! � �� � � �"!$#�� ���� � � � � 0 be the elements of the vec-
tor

��&! #�$ sorted in decreasing order. ! � are fractional compo-
nents of

��&! #�$ and we have: �&%'! � A'! ' A( � � A'!$#)% � .
Let u be the number of the components having the value of

1 in
��&! #�$ . In the worst case, we select ! � items rather than

the 9 components. With  - ��+! #�$ 0 � * that gives 0�! #�$&�2+*+-:9 >), � *�0 . If 9 � * , it follows 0�! #�$ �
� that corresponds
to the case where

��+! #�$ is a binary vector. Depending on the
MKP01 instances, we choose 0 �2143 � � ��� -.*@0�! #�$ �"2/*@0�! #�$ � .Hence, each tabu process running around

��"! #�$ has its own
search space � # :

� # �  ��� �������� � .  -:� 0 � *10 . � � ��&! #�$/. � 0 �2143 �
Note that all � # are disjoint, this is a good feature for a dis-
tributed implementation of our approach.

Finally, in order to further limit TS to interesting areas of� # , we add a qualitative constraint on visited configurations:

��� �&% � � $ �
where � � $ � is the best value of a feasible configuration found
so far.

5.3 Neighborhood
A neighborhood which satisfies the constraint  -:� 0 � * is the
classical add/drop neighborhood: we remove an object from
the current configuration and add another object to it at the
same time. This neighborhood is used in this study. The set
of neighboring configurations �)-:� 0 of a configuration � is
thus defined by the formula:

�)-:� 0 �  � � �2� # 72. � � � � .3� 2 �
It is easy to see that this neighborhood is a special ase of2 ��� . ����� (cf. sect. 5.1). We use in the following sections
indifferently #��� -:� � ��� 0 or #��� -:1"� ! 0 with ���$ � � � � $ and���� � � � �8� . As TS evaluates the whole neighborhood for
a move, we have a time complexity of 3�- - � � *�04*�*�0 for
each iteration of

��� ���5�
.

5.4 Tabu List Management
The reverse elimination method ( 687:9 ), introduced by Fred
Glover [Glover, 1990], leads to an exact tabu status (i.e.#��� -:� � ��� 0 tabu ; ��� has been visited). It consists in stor-
ing in a running list the attributes (pair of components) of all
completed moves. Telling if a move is forbidden or not needs
to trace back the running list. Doing so, one builds another
list, the so-called residual cancellation sequence ( 6=< � ) in
which attributes are either added, if they are not yet in the6=< � , or dropped otherwise. The condition 6=< � �?> corre-
sponds to a move leading to a yet visited configuration. For
more details on this method see [Dammeyer and Voß, 1993;
Glover, 1990]. 687:9 has a time complexity 3 -:1@� � ! ' 0 ( 1@� � !
is the current value of the move counter).

For our specific 2 ��� . ����� move, we need only one trace
of the running list. Each time we meet . 6=< � .3�52 , the move
with 6=< � � and 6=< � � attributes is said tabu. Let 1@� � ! be
the move counter. The following algorithm updates the tabu
status of the whole neighborhood of a configuration � and
corresponds to the equivalence

1@� � ! �A� .8	"9 � 1 ��� ! ��BDC #��� -:1"� ! 0E� .8	"9
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Algorithm 1: UPDATE TABU$ ������� % end of running list
repeat$ � $ � �� � running list ! $ $

if �	��
��� then
��� � 
�����%�
else
��� � 
�����%�
if � 
��� � � ' then� 1 ��� ! 
����� $ ! 
����� $ � $ � ���� 1 ��� ! 
����� $ ! 
����� $ � $ � ���

until
$ � �

This algorithm traces back the running list table from its� !�� � � entry to its � entry.

5.5 Evaluation Function
We use a two components evaluation function to assess the
configurations �'� � : � � -:� 0 �=� $ � 1�� 3 � � � -/. $ � � � 	 $ 0 and� -:� 0 � ��� � . To make a move from � , we take among � � ��)-:� 0 the configuration ��� defined by the following relation:

� � �D�)-:� 0 such that

� � ��� � �D�)-:� 0
� � -:��� 0"!#� � -:��� � 0 or
� � -:��� 0 ��� � -:��� � 0 and ��� ���&A���� ��� �

Random choice is used to break ties.
Each time � � -:� 0 � � the running list is reset and � � $ �is updated. Hence the tabu algorithm explores areas of the

search space where � % � � $ � trying to reach feasibility.

5.6 Tabu Algorithm
Based on the above considerations, our TS algorithm for
MKP01 (

��� ���5�
) works on a series of problems like:

find ��� ,�� ���������� such that� � ���
	 0B� � � � $ �5*=0 . � � ��&! #�$�. � 0 �2143 0 ��� �2% � � $ �
where � � $ � is a strictly increasing sequence. Let . 6 � $ � . be
the running list size. Considering the last feature of our
algorithm given just above (sect. 5.5), . 6 � $ � . is twice the
maximum number of iterations without improvement of the
cost function. The starting configuration � $ � $ � is built with
the following simple greedy heuristic: Choose the * items 1 � �� � � �� 1 # � , which have the largest

��+! #�$ $ � value.

6 Computational Results
All the procedures of

��� ���5�
have been coded in C lan-

guage. Our algorithm has been executed on different kind of
CPU (up to 20 distributed computers like PII350, PIII500,
ULTRASPARC5 and 30). For all the instances solved below,
we run

��� ���5�
with 10 random seeds (0..9) of the standard

srand() C function.
We have first tested our approach on the 56 classical prob-

lems used in [Aboudi and Jörnsten, 1994; Balas and Mar-
tin, 1980; Chu and Beasley, 1998; Dammeyer and Voß, 1993;
Drexl, 1988; Fréville and Plateau, 1993; Glover and Kochen-
berger, 1996; Shih, 1979; Toyoda, 1975]. The size of these
problems varies from � =6 to 105 items and from # =2 to 30
constraints. These instances are easy to solve for state-of-the-
art algorithms. Indeed, our approach finds the optimal value

Algorithm 2: % �'&"()$ � ���*� �
% Move counter+ �����-, � 1 ��� ! $ ! $ . � + � , + � � ,0/ / / , � � .1.3 � 32� 34� 5if 627 + 3 . � � then8�9 � 3 ��:�/ 3 ; 3 ; � 3

else8�9 � 3 � �
; 3 ; � + � .

repeat+ 6 9 � 3 , 8�9=<�> . �
+@? , � ? .

for
��A $CB � A � do
if � 1 ��� ! $ $ ! � $ED� $ � ��� then+ 32� , 3 � . � + � � 32� , � � 3 � . % ��F � + $ , � . evaluation

if
+ � 3 ,�G3 H I�J � ALK 9=<�> .�M + :�/ 3�� 8�9 � 3 . then

if
+ 627 + 3 . B 6 9 � 3 .�N

+ 627 + 3 . � 6 9 � 3 M :�/ 3�� 8�9=<�> . then+ $ O , � O . � + $ , � .+ 6 9 � 3 , 8�9=<�> . �
+ 627 + 3 . ,P:�/ 3 )+ 32� , 3 � . � + � � 32� , � � 3 � . % Restore old values

if 6 9 � 3 D� ?
then+ 3 � O , 3 � O . � + � � 3 � O , � � 3 � O . % Complete move

if 6 9 � 3 � � then������� �
%Reset the running list8�9 � 3 ��:�/ 33 ; � 3

else$ � ����� $ � ���RQ �
running list � running list � $ O � � O�������������2Q '
UPDATE TABU

until 6 9 � 3 � ? N �����CS � 
 / TR/ �

(known for all these instances) in an average time of 1 second
(details are thus omitted). The running list size ( . 6 � $ � . ) is
fixed to 4000.

For the next two sets of problems, the running list size
( . 6 � $ � . ) is fixed to 100000. Hence the maximum number of
moves without improvement is 50000.

The second set of tested instances is constituted of the last
seven (also the largest ones with � � 100 to 500 items, # �
15 to 25 constraints) of 24 benchmarks proposed by Glover
and Kochenberger [Glover and Kochenberger, 1996]. These
instances are known to be particularly difficult to solve for
Branch & Bound algorithms. Table 1 shows a comparison
between our results (columns 4 to 7) and the best known ones
reported in [Hanafi and Fréville, 1998] (column

�U"V
).

GK � � � %�WRX 8 ; # ; $ � ��� ; Y �0:�/ ; ! #�$�0Z ����� � '\[ ]^[�'�] _�`2a4b c � *\c Z * ��� [ Z / / c�]�0d ����� � '\[ * Z c\c e2b2f2g [ � * � ]\] d ] d / / [\[' � ����� � '\[ [ � � `Phib2j  � ' �^Z/� [ c � / /  ]' � ����� � '\[ * �0d [ ePa4j2j ] ' � ]^c\[ ] ] � / / ]^c'�' ����� � '\[ '\[�' � a2`2a4e *�] [ � ' ' * � / / * '�* ' ��� � � [ d '�* � gPa4eP` � '�* � c d  c � * � ���0d / / � '\c'�] [ ��� � '\[ d/� c�' g2jPk4j ���0d d ' ��� '\c Z ��� c / / � '\[
Table 1:Comparative results on the 7 largest GK pb.

Column * � shows the number of items of the best solu-
tion � � with cost � � found by

��� ���	�
. From the table,

we observe that all the results are improved. Columns 1@� � ! �
and l � ��� � give the number of moves and the time elapsed to
reach � � . We know that the algorithm runs 50000 moves af-
ter 1@� � ! � . The search process takes thus an average of 380
seconds for the test problems GK18...GK22, 600 seconds for
GK23 and 1100 seconds for GK24. Last column gives the *
hyperplane’s values visited by

��� ���	�
.

The third set of test problems concerns the 30 largest
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benchmarks ( � � 4��3� items, # � 63� constraints) of OR-
Library3, proposed recently by Chu and Beasley [Chu and
Beasley, 1998].

CB
������� 8 ; # ; $ � ��� ; Y �0:�/ ; ! #�$* � / [ ��� / � ��� [ Z c Z h2h4`4gP`4j � * � �  Z ] � * d  � ' Z / / � *�** � / [ ��� / � ��� ]^c\c  h2h�_Pb�hij � ' Z ��� ] Z c\c '�'\c�] � '\[ / / � * �* � / [ ��� / ' ��� c\c\c � h2hif2f2b2e � ' Z  *\[ d/� � ' � * � '\[ / / � *�'* � / [ ��� / * ��� [�'�*  h2h4`4e2j�h � ' Z  �0Z ' � � [ Z  � '\[ / / � * �* � / [ ��� / ] ��� c�*\[�* h2hif4_PeP` � '   [ d/�^d �  Z ] � '\[ / / � *�** � / [ ��� / [ ��� [\c � ] h2h4`4f2g4_ � * � *�*�* d4� c Z ] � ' Z / / � *�]* � / [ ��� / c ��� * d [�' h2h�_Pj2j2e � ' Z ���  d\d ] ' Z [ � � '\c / / � *�'* � / [ ��� /  ��� ] �0d\d h2h�_�aPhie � ' d Z  [ d * � [ � * � '\[ / / � *�'* � / [ ��� / Z ��� [�'�]  h2h4`2a4b2b � '   [�'�] * � ] d [ � '\[ / / � *�'* � / [ ��� / d ��� c d ]  h2h4k4jP`2` � ' d * d/� ]\] Z c d � '\[ / / � *�'* � / [ ��� / ��� ' �  d\d [ aPhib2j2f2b '\[ � c Z ' Z ��� c '�] d / / '\[�]* � / [ ��� / ��� ' � ]^[�*�] aPh�_�`4fPa '\[ � Z\d ' ��� '�]  Z '�] d / / '\[�]* � / [ ��� / � ' ' � [ Z [�] aPh4`4g2j2e '\[ � c ���  ] � * ��� '�] Z / / '\[�** � / [ ��� / � * ' �  Z *\c aPh4k4g�hij '\[ � [ �  *�' ��� ' � '�] d / / '\[\[* � / [ ��� / � ] ' � [\[\c\c aPh4`2`4g2f '\[ � c�'\[�'�] � '\c�' '�] Z / / '\[�]* � / [ ��� / � [ ' � [  c�' aPh4`4b4_�a '\[�* *�] ' ��� c�*�* '\[ � / / '\[ * � / [ ��� / � c ' � [ � ' aPh4`4b2e2b '\[�' [�]\]  c ����� * '\[ � / / '\[\c* � / [ ��� / �  ' � c�*�*\c aPhif4_ hig '\[�* ] � c Z * d ]  '\[ � / / '\[ * � / [ ��� / �0Z ' �  ' d/� aPh4k4e2jP` '\[�* c�]\] Z\d � ]  [ '\[ � / / '\[ * � / [ ��� / �0d ' � ]^c�'�] aPh�_PfPkPh '\[�' �0Z [�* � *\c Z '\[ � / / '\[\c* � / [ ��� / ' � * ��� c�'  e2j�hif4_Pe *  [ � ' d\Z �  *  * / / *  Z* � / [ ��� / ' � ' d\d\d\Z [ e2j2j2jP`2` *  ]  Z '  Z � [�*�' *  ' / / *  d* � / [ ��� / '�' * � ] d\d [ e2jP`4jPa4b *  [ c�] d '\c ��� c � *  * / / *  d* � / [ ��� / '�* * ���0d *\[ e2jPa4j2j4_ *  [ '\c d/��� ������� *  * / / *  d* � / [ ��� / '�] * � ]\] � ] e2j4_2_ h2h *  c ' � ] Z * *�*�* *  ] / / *  d* � / [ ��� / '\[ ' d c Z\d ] a4g2f2g2f�h *  ] * � ] � * ]^c�' *  � / / * �* � / [ ��� / '\c * � *�'�*�* e2j2e2ePa4b *  * ] *�* d\Z  [  *  ' / / * �* � / [ ��� / '  * � c d ]\] e2j2f2g2g2g *  c *�* Z4��� � *\c\c *  ] / / * Z/�* � / [ ��� / ' Z * � * � [  e2j2e2j2b2j *  ] �  c�]  *\[ � *  ] / / * Z/�* � / [ ��� / ' d * ��� ]^c � e2j2jP`4ePa *  c c d ] Z � [ � *  * / / *  d

Table 2:Comparative results on the 30 largest CB pb.

Table 2 compares our results with those reported in [Chu
and Beasley, 1998] (

��� �
	 ), which are among the best re-
sults for these instances. From the table, we see that our ap-
proach improves significantly on all these results. The aver-
age time of the 50000 last iterations is equal to 1200 seconds
for these instances.

Column “ � * � ” shows that an average of seven hyperplanes
are scanned by the

��� ���	�
procedure for a given instance.

These results can be further improved by giving more
CPU time (iterations) to our algorithm. For example, with. 6 � $ � . � 63�3�3�3�3� , ��� ���	� finds � � � �3��4 � ��� after 6000
seconds for the instance CB30.500.0.

The Chu and Beasley benchmark contains 90 instances
with 500 variables: 30 instances with # =5 constraints, 30
with # � � � and 30 with # � 63� (results detailed just
above). Each set of 30 instances is divided into 3 series with� � 	 $ 7 � ���� � � $ � � ��7 ) � � � ��7�2 and � �(6 7 ) . Table
3 compares, for each subset of 10 instances, the averages of
the best results obtained by

��� �
	 , those obtained more re-
cently by Osorio, Glover and Hammer [Osorio et al., 2000]
(columns 4 and 5) and those by

��� ���5�
(column 6). The

new algorithm of [Osorio et al., 2000] uses advanced tech-
niques such as cutting and surrogate constraint analysis (see

3Available at http://mscmga.ms.ic.ac.uk.

column Fix+Cuts for results). We reproduce also from [Os-
orio et al., 2000], in column <� $ 7�� , the best values ob-
tained by the MIP solver CPLEX v6.5.2 alone.

� �
�������

Fix+Cuts CPLEX 8 ; � 1 �[ ��� ] � ' � c � c � ' � c ��� � ' � c �0d h4a4j2fPa4e � / �^Z����� ' ' �0d [ � * ' �0d [ � ] ' �0d [ � c aPhigP`4jPk � / � ] �* � ] * � '�*\[\[ e2jPa4e2f�h * � '�*\[ Z * � '�*\c � � / � ' ���� ��� ] ���0Z [\c\c ���0Z [ Z ] ���0Z [ d  h2hib2f2j2j � / ' ������ ' ' �  '  [ ' �  ' d  ' �  ' d/� aPh4k2a4g2b � / �^d��* � ] * � '\[\[\c * � '\[\c�' * � '\[  * e2jPa2`2k2` � / �  �* � ��� ] ��� [�]  � ��� [\[�' � ��� [�] d  h2h4`2`i_�k � / [\[ ���� ' ' � c �0Z  ' � c �0Z/� ' � c � [ � aPhifPaPh2h � / '�] �* � ] * � '�*\[�* * � '�*  * * � '�*\c\c e2jPai_Pj4_ � / � [ �
Table 3: Average performance over the 90 largest CB pb.

The column � .�� indicates the average gap values in per-
centage between the continuous relaxed optimum and the best
cost value found: - �� � � � 0 7 �� . � 1 � > �,9���l and <� $ 7�� algo-
rithms were stopped after 3 hours of computing or when the
tree size memory of 250M bytes was exceeded. Our best re-
sults were obtained with . 6 � $ � . � 63�3�3�3�3� and the algorithm
never requires more than 4M bytes of memory. Except for the
instances with #(�54 and � �56 7 ) our approach outperforms
all the other algorithms.

To finish the presentation on Chu and Beasley bench-
marks, Table 4 and 5 show the best values obtained by our
algorithm on the 30 CB5.500 and the 30 CB10.500 instances.

XX
8 ; # ; XX

8 ; # ; XX
8 ; # ;

0 120134 146 10 218428 267 20 295828 383
1 117864 148 11 221191 265 21 308083 383
2 121112 145 12 217534 264 22 299796 385

3 120804 149 13 223558 264 23 306478 385
4 122319 147 14 218966 267 24 300342 385
5 122024 153 15 220530 262 25 302561 384

6 119127 145 16 219989 266 26 301329 385
7 120568 150 17 218194 266 27 306454 383
8 121575 148 18 216976 262 28 302822 382

9 120707 151 19 219704 267 29 299904 379

Table 4: Best values for CB5.500.XX

XX
8 ; # ; XX

8 ; # ; XX
8 ; # ;

0 117779 134 10 217343 256 20 304351 378
1 119190 134 11 219036 259 21 302333 380
2 119194 135 12 217797 256 22 302408 379

3 118813 137 13 216836 258 23 300757 378
4 116462 134 14 213859 256 24 304344 381
5 119504 137 15 215034 257 25 301754 375

6 119782 139 16 217903 261 26 304949 378
7 118307 135 17 219965 256 27 296441 379
8 117781 136 18 214341 258 28 301331 379

9 119186 138 19 220865 255 29 307078 378

Table 5: Best values for CB10.500.XX

To conclude this section, we present our results on
the 11 latest instances proposed very recently by Glover
and Kochenberger (available at: http://hces.bus.
olemiss.edu/tools.html.) These benchmarks con-
tain up to � =2500 items and # =100 constraints, thus are
very large. Table 6 compares our results (columns 4 and 5)
and the best known results taken from the above web site.
Once again, our approach gives improved solutions for 9 out
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of 11 instances. Let us mention that the experimentation on
these instances showed some limits of our approach regard-
ing the computing time for solving some very large instances
( � % � �3�3� ). Indeed, given the size of our neighborhood
( * * - � � *�0 , see Section 5.3), up to 3 days were needed
to get the reported values.

MK GK � � � 8 � ( 8 ; # ; � 1 ���� ����� � � [ *  c\c *  c\c [�' � / '\c �� ' ����� � '\[ * d [ Z * d [ Z [ � � / ]^c �� * � [ � � '\[ [\c\[ � `4fP`4f  Z � / '\c �� ] � [ � � [ � [  c�] `2k4fPk  Z � / ]^c �� [ ' ��� � '\[  [\[  k2`4f2j ��� ] � / '�* �� c ' ��� � [ �  c  ' k4fPk2k d\d � / *�] ��  [ ��� � '\[ �0d ' � [ higPa2a4j '\[ d � / � c ��^Z [ ��� � [ � �0Z\Z/��� hib2b2j2f '\[�' � / � * ��^d � [ ��� � '\[ [ Z/�^Z [ `4b2j2bPk � * � / � ' ���� � [ ��� � [ � [  ' d ' `2k2a4gP` � � � / � ] ���� '\[ ��� � ����� d [�'�* � gP`2a4ePk � '  � � / � ] �
Table 6: Comparison on the lastest 11 MK GK pb.

7 Conclusion
In this paper, we have presented a hybrid approach for tack-
ling the NP-hard 0–1 multidimensional knapsack problem
(MKP01). The proposed approach combines linear progam-
ming and Tabu Search. The basic idea consists in obtaining
”promising” continuous optima and then using TS to explore
carefully and efficiently binary areas close to these continu-
ous optima. This is carried out by introducing several addi-
tional constraints:

1. hyperplane constraint: � � � � $ �5*+� IN ;

2. geometrical constraint: . � � ��+! #�$(. � 0 �2143 ;
3. qualitative constraint: ��� �2% � � $ � .
Our Tabu Search algorithm integrates also some advanced

features such as an efficient implementation of the reverse
elimination method for a dynamic tabu list management in
the context of a special 2-change move.

This hybrid approach has been tested on more than 100
state-of-the-art benchmark instances, and has led to improved
solutions for most of the tested instances.

One inconvenience of the proposed approach is its com-
puting time for very large instances ( � % � �3�3� items). This
is partially due to the time complexity of the neighborhood
used. Despite of this, this study constitutes a promising
starting point for designing more efficient algorithms for the
MKP01. Some possibilities are: 1) to develop a partial eval-
uation of relaxed knapsack constraints; 2) to study more pre-
cisely the relationship between 0 �2143 and � ����� for a given in-
stance; 3) to find a good crossover operator and a cooperative
distributed implementation of the

��� ���	�
algorithm.

Finally, we hope the basic idea behind the proposed
approach may be explored to tackle other NP-hard problems.

Acknowledgement: We would like to thank the reviewers of
the paper for their useful comments.
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Abstract

Boolean linear programs (BLPs) are ubiquitous in
AI. Satisfiability testing, planning with resource
constraints, and winner determination in combina-
torial auctions are all examples of this type of prob-
lem. Although increasingly well-informed by work
in OR, current AI research has tended to focus on
specialized algorithms for each type of BLP task
and has only loosely patterned new algorithms on
effective methods from other tasks. In this paper we
introduce a single general-purpose local search pro-
cedure that can be simultaneously applied to the en-
tire range of BLP problems, without modification.
Although one might suspect that a general-purpose
algorithm might not perform as well as specialized
algorithms, we find that this is not the case here.
Our experiments show that our generic algorithm
simultaneously achieves performance comparable
with the state of the art in satisfiability search and
winner determination in combinatorial auctions—
two very different BLP problems. Our algorithm
is simple, and combines an old idea from OR with
recent ideas from AI.

1 Introduction
A Boolean linear program is a constrained optimization prob-
lem where one must choose a set of binary assignments to
variables x1; :::; xn to satisfy a given set of m linear inequal-
ities c1 � x � b1; :::; cm � x � bm while simultaneously opti-
mizing a linear side objective a � x. Specifically, we consider
BLP problems of the canonical form

min
x2f�1;+1gn

a � x subject to Cx � b (1)

Clearly this is just a special case of integer linear program-
ming (ILP) commonly referred to as 0-1 integer program-
ming.1 Many important problems in AI can be naturally
expressed as BLP problems; for example: finding a satisfy-
ing truth assignment for CNF propositional formulae (SAT)

�Work performed while at the University of Ottawa.
1Although one could alternatively restrict the choice of values to

f0; 1g we often find it more convenient to use f�1;+1g.

[Kautz and Selman, 1996], winner determination in combi-
natorial auctions (CA) [Sandholm, 1999; Fujishima et al.,
1999], planning with resource constraints [Kautz and Walser,
1999; Vossen et al., 1999], and scheduling and configuration
problems [Walser, 1999; Lau et al., 2000]. The two specific
problems we will investigate in detail below are SAT and CA.

In general, BLP problems are hard in the worst case
(NP-hard as optimization problems, NP-complete as decision
problems). Nevertheless, they remain important problems
and extensive research has been invested in improving the
exponential running times of algorithms that guarantee opti-
mal answers, developing heuristic methods that approximate
optimal answers, and identifying tractable subcases and effi-
cient algorithms for these subcases. There is a fundamental
distinction between complete methods, which are guaranteed
to terminate and produce an optimal solution to the problem,
and incomplete methods, which make no such guarantees but
nevertheless often produce good answers reasonably quickly.
Most complete methods conduct a systematic search through
the variable assignment space and use pruning rules and or-
dering heuristics to reduce the number of assignments vis-
ited while preserving correctness. Incomplete methods on the
other hand typically employ local search strategies that inves-
tigate a small neighborhood of a current variable assignment
(by flipping one or a small number of assignments) and take
greedy steps by evaluating neighbors under a heuristic evalu-
ation function. Although complete methods might appear to
be more principled, incomplete search methods have proven
to be surprisingly effective in many domains, and have led
to significant progress in some fields of research (most no-
tably on SAT problems [Kautz and Selman, 1996] but more
recently on CA problems as well [Hoos and Boutilier, 2000]).

In this paper we investigate incomplete local search meth-
ods for general BLP problems. Although impressive, most
of the recent breakthroughs in incomplete local search have
been achieved by tailoring methods to a reduced class of BLP
problems. A good illustration of this point is the CA sys-
tem of Hoos and Boutilier [2000] (Casanova) which is based
on the SAT system of [Hoos, 1999; McAllester et al., 1997]
(Novelty+), but is not the same algorithm (neither of these
algorithms can be directly applied to the opposing problem).
Another example is the WSAT(OIP) system of Walser [1999]
which is an extension of WSAT [Selman et al., 1994] and
achieves impressive results on general ILP problems, but nev-
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ertheless requires soft constraints to be manually created to
replace a given optimization objective.

Our main contribution is the following: Although a va-
riety of research communities in AI have investigated BLP
problems and developed effective methods for certain cases,
the current level of specialization might not be yielding the
benefits that one might presume. To support this observa-
tion we introduce a generic local search algorithm that when
applied to specialized forms of BLP (specifically SAT and
CA) achieves performance that competes with the state of
the art on these problems. Our algorithm is based on com-
bining a simple idea from OR (subgradient optimization for
Lagrangian relaxation) with a recent idea from AI, specifi-
cally from machine learning theory (multiplicative updates
and exponentiated gradients). The conclusion we draw is that
research on general purpose methods might still prove fruit-
ful, and that known ideas in OR might still yield additional
benefits in AI problems beyond those already acknowledged.

2 Background
Research on constrained optimization in AI has become in-
creasingly well informed by extensive foundational work in
OR [Gomes, 2000]. OR has investigated the specific task of
ILP in greater depth than AI, and has tended to place more
emphasis on developing general purpose methods applicable
across the entire range of ILP problems. Complete methods
in OR typically employ techniques such as branch and bound
(using linear programming or Lagrangian relaxation), cutting
planes, and branch and cut to prune away large portions of
the assignment space in a systematic search [Martin, 1999].
This research has yielded sophisticated and highly optimized
ILP solvers, such as the commercial CPLEX system, which
although general purpose, performs very well on the special-
ized problems investigated in AI. In fact, it is still often un-
clear whether specialized AI algorithms perform better [An-
dersson et al., 2000].

Perhaps less well known to AI researchers is that beyond
systematic search with branch and bound, the OR litera-
ture also contains a significant body of work on incomplete
(heuristic) local search methods for approximately solving
ILP problems; see for example [Magazine and Oguz, 1984;
Larsson et al., 1996]. The simplest and most widespread of
these ideas is to use subgradient optimization (which we de-
scribe below).

Our algorithm arises from the observation that the most re-
cent strategies developed for the SAT problem have begun to
use an analog of subgradient optimization as their core search
strategy; in particular the DLM system of [Wu and Wah,
2000] and the SDF system of [Schuurmans and Southey,
2000] (see also [Thornton and Sattar, 1999; Frank, 1997;
Davenport et al., 1994]). Interestingly, these are among the
most effective methods for finding satisfying assignments for
CNF formulae, and yet they appear to be recapitulating a forty
year old idea in OR going back to [Everett, 1963]. Below we
show that, indeed, a straightforward subgradient optimization
approach (with just three basic improvements from AI) yields
a state of the art SAT search strategy that competes with DLM
(arguably the fastest SAT search procedure currently known).

Interestingly, the method we develop is not specialized to
SAT problems in any way. In fact, the algorithm is a general
purpose BLP search technique that can in principle be ap-
plied to any problem in this class. To demonstrate this point
we apply the method without modification (beyond parame-
ter setting) to CA problems and find that the method still per-
forms well relative to the state of the art (although somewhat
less impressively than on SAT problems). In this case we
also find that the commercial CPLEX system performs very
well and is perhaps the best of the methods that we inves-
tigated. Our results give us renewed interest in investigating
general purpose algorithms for BLP that combine well under-
stood methods from OR with recent ideas from AI.

3 The exponentiated subgradient algorithm
To explain our approach we first need to recap some basic
concepts from constrained optimization theory. Consider the
canonical BLP (1). For any constrained optimization problem
of this form the Lagrangian is defined to be

L(x;y) = a � x +

mX
i=1

yi(ci � x � bi) (2)

where ci is the ith row vector of the constraint matrix C

and yi is the real valued Lagrange multiplier associated with
constraint ci. One can think of the multipliers yi simply
as weights on the constraint violations vi

4

= ci � x � bi.
Thus the Lagrangian can be thought of as a penalized ob-
jective function where for a given vector of constraint vi-
olation weights one could imagine minimizing the penal-
ized objective L(x;y). In this way, the Lagrangian turns a
constrained optimization problem into an unconstrained op-
timization problem. In fact, the solutions of these uncon-
strained optimizations are used to define the dual function

D(y) = min
x2f�1;+1gn

L(x;y) (3)

The dual problem for (1) is then defined to be

max
y

D(y) subject to y � 0 (4)

Let D� denote the maximum value of (4) and let P � denote
the minimum value of (1). Note that these are all just defini-
tions. The reason that (4) can be considered to be a dual to
(1) is given by the weak duality theorem, which asserts that
D
�
� P

� [Bertsekas, 1995; Martin, 1999] (see Appendix A).
Therefore, solving minx2f�1;+1gn L(x;y) for any Lagrange
multiplier vector y � 0 gives a lower bound on the optimum
value of the original problem (1). The best achievable lower
bound is achieved by solving the dual problem of maximizing
D(y) subject to y � 0, yielding the optimal value D�. The
difference P �

�D
� is called the duality gap. A fundamental

theorem asserts that there is no duality gap for linear (or con-
vex) programs with real valued variables [Bertsekas, 1995],
so in principle these problems can be solved by dual methods
alone. However, this is no longer the case once the variables
are constrained to be integer or f�1;+1g valued.

Although the dual problem cannot be used to directly solve
(1) because of the existence of a possible duality gap, obtain-
ing lower bounds on the optimal achievable value can still
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Figure 1: Subgradients generalize gradients to nondifferen-
tiable functions. Note that the subgradient is not uniquely
defined at a nondifferentiable point.

prove very useful in various search strategies, ranging from
branch and bound to local search. Obviously there is a natu-
ral desire to maximize D(y) by searching through Lagrange
multiplier vectors for larger values. A natural way to proceed
would be to start with a vector y(0), solve the unconstrained
minimization problem (3), and then update y(0) to obtain a
better weight vector y(1), and so on. The issue is knowing
how to update the weight vector y(0). This question is com-
plicated by the fact that D(y) is typically nondifferentiable,
which leads to the last technical development we will con-
sider: subgradient optimization.

Since D(y) is always known to be concave [Bertsekas,
1995], a subgradient of D (at a point y) is given by any di-
rection vector u such that D(z) � D(y) + (z � y)

>
u for

all z 2 IR
m. (Intuitively, a subgradient vector u gives the in-

creasing direction of a plane that sits above D but touches D
at y, and hence can serve as a plausible search direction if one
wishes to increase D; see Figure 1.) Therefore, to update y,
all we need to do is find a subgradient direction. Here we can
exploit an extremely useful fact: after minimizing L(x;y) to
obtain xy = argminx2f�1;+1gn a � x + y

>
(Cx � b) the

resulting vector of residual constraint violation values vy =

Cxy�b is always a subgradient of D at y [Bertsekas, 1995;
Martin, 1999] (see Appendix B). So, in the end, despite the
overbearing terminology, subgradient optimization is a fun-
damentally simple procedure:

Subgradient optimization: To improve the lower bound
D(y) on the optimal solution of the original problem, take
a given vector of Lagrange multipliers y, solve for a pri-
mal vector x 2 f�1;+1g

n that minimizes the Lagrangian
L(x;y), and update y by adding a proportional amount of the
residual constraint violations vy = Cxy � b to y (maintain-
ing y � 0); i.e. use the rule y0 = y+�vy. Note that this has
the intuitive effect of increasing the weights on the violated
constraints while decreasing weights on satisfied constraints.
Although this update is not guaranteed to increase the value
of D(y) at every iteration, it is guaranteed to move y closer
to y� = argmaxy�0D(y) for sufficiently small step-sizes �
[Bertsekas, 1995].

These ideas go back at least to [Everett, 1963], and have
been applied with great success by Held and Karp [1970] and
many since. Typically, subgradient optimization has been
used as a technique for generating good lower bounds for
branch and bound methods (where it is known as Lagrangian
relaxation [Fisher, 1981]). However, subgradient optimiza-
tion can also be used as a heuristic search method for approx-

imately solving (1) in a very straightforward way: at each iter-
ation simply check if xy is feasible (i.e. satisfies Cxy � b),
and, if so, report a � xy as a feasible objective value (keep-
ing it if it is the best value reported so far); see for example
[Magazine and Oguz, 1984; Larsson et al., 1996].

Interestingly, in the last few years this procedure has been
inadvertently rediscovered in the AI literature. Specifically, in
the field of incomplete local search methods for SAT, clause
weighting schemes turn out to be using a form of subgra-
dient optimization as their main control loop. These proce-
dures work by fixing a profile of clause weights (Lagrange
multipliers), greedily searching through variable assignment
space for an assignment that minimizes a weighted score
of clause violations (the Lagrangian), and then updating the
clause weights by increasing them on unsatisfied clauses—all
of which comprises a single subgradient optimization step.
However, there are subtle differences between recent SAT
procedures and the basic subgradient optimization approach
outlined above. The DLM system of [Wu and Wah, 2000] ex-
plicitly uses a Lagrangian, but the multiplier updates follow a
complex system of ad hoc calculations.2 The SDF system of
[Schuurmans and Southey, 2000] is simpler (albeit slower),
but includes several details of uncertain significance. Nev-
ertheless, the simplicity of this latter approach offers useful
hypotheses for our current investigation.

Given the clear connection between recent SAT procedures
and the traditional subgradient optimization technique in OR,
we conduct a study of the deviations from the basic OR
method so that we can identify the deviations which are truly
beneficial. Our intent is to validate (or refute) the significance
of some of the most recent ideas in the AI SAT literature.

Linear versus nonlinear penalties: One difference between
recent SAT methods and subgradient optimization is that the
SAT methods only penalize constraints with positive viola-
tions (by increasing the weight on these constraints), whereas
standard subgradient optimization also rewards satisfied con-
straints (by reducing their weight proportionally to the degree
of negative violation). To express this difference, consider an
augmented Lagrangian which extends (2) by introducing a
penalty function � on constraint violations

L�(x;y) = a � x +

mX
i=1

yi �(ci � x� bi)

The penalty functions we consider are the traditional linear
penalty �(v) = v and the “hinge” penalty

�(v) =

�
�

1
2

if v � 0

v �
1
2

if v > 0

(Note that v is an integer.) DLM and SDF can be interpreted
as implicitly using a hinge penalty for dual updates on SAT
problems. (However, SDF uses a different penalty for its pri-
mal search.) Intuitively, the hinge penalty has advantages
because it does not favor increasing the satisfaction level of

2The Lagrangian used in [Wu and Wah, 2000] is also quite dif-
ferent from (2) because it includes a redundant copy of the con-
straint violations in the minimization objective. This prevents their
Lagrangian from being easily generalized beyond SAT.
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satisfied constraints above reducing the violations of unsatis-
fied constraints. Below we observe that the traditional linear
penalty leads to poor performance on constraint satisfaction
tasks and the AI methods have an advantage in this respect.

Unfortunately, the consequence of choosing a nonlinear
penalty function is that finding a variable assignment x which
minimizes L�(x;y) is no longer tractable. To cope with this
difficulty AI SAT solvers replace the global optimization pro-
cess with a greedy local search (augmented with randomiza-
tion). Therefore, they only follow a local subgradient direc-
tion in y at each update. However, despite the locally optimal
nature of the dual updates, the hinge penalty appears to retain
an advantage over the linear penalty.

Multiplicativeversus additive updates: The SDF procedure
updates y multiplicatively rather than additively, in an anal-
ogy to the work on multiplicative updates in machine learn-
ing theory [Kivinen and Warmuth, 1997]. A multiplicative
update is naturally interpreted as following an exponentiated
version of the subgradient; that is, instead of using the tradi-
tional additive update y0 = y+��(v) one uses y0 = y�

�(v),
� > 1, given the vector of penalized violation values �(v).
Below we compare both types of update and find that the mul-
tiplicative approach typically works better.

Weight smoothing: [Schuurmans and Southey, 2000] also
introduce the idea of weight smoothing: after each update
y
0
= y�

�(v) the constraint weights are pulled back to-
ward the population average y0 = 1

m

P
m

i=1 y
0
i

using the rule
y
00

= �y
0
+ (1 � �)y0, 0 < � � 1. This has the effect

of increasing the weights of frequently satisfied constraints
without requiring them to be explicitly violated (which led to
a noticeable improvement in SDF’s performance).

Exponentiated subgradient optimization (ESG): The final
procedure we propose follows a standard subgradient opti-
mization search with three main augmentations: (1) we use
the augmented Lagrangian L� with a hinge penalty rather
than a linear penalty, (2) we use multiplicative rather than
additive updates, and (3) we use weight smoothing to uni-
formize weights without requiring constraints to be explic-
itly violated. The parameters of the final procedure are �, �,
and a noise parameter � (see Figure 2).3 Below we compare
four variants of the basic method: ESGh, ESG` (multiplica-
tive updates with hinge and linear penalties respectively), and
ASGh, ASG` (additive updates with each penalty).4

The final ESG procedure differs from the SDF system of
[Schuurmans and Southey, 2000] in many respects. The most
important difference is that ESG can be applied to arbitrary
BLP tasks, whereas SDF is applicable only to SAT problems.
However, even if a generalized form of SDF could be devised,
there would still remain minor differences: First, ESG uses a
constant multiplier � for dual updates, whereas SDF uses an
adaptive multiplier that obtains a minimum difference Æ in
L(x;y) for some primal search direction. Second, SDF uses
a different penalty in its primal and dual phases (exponential

3Software available at http://ai.uwaterloo.ca/�dale/software/esg/.
4Note that when using a linear penalty we employ an optimal

primal search, but when using a hinge penalty we must resort to a
greedy local search to approximately minimize L(x;y).

ESG�(�; �; �) procedure
Initialize y := 1 and x := random f�1;+1g

n

while solution not found and restart not reached
Primal search: Use greedy local search from x to find x0

that locally minimizes L�(x
0
;y) (iff stuck, with probabil-

ity � take a random move and continue); v0 := Cx
0
� b.

Dual step: y
0
:= y�

�(v0); y
00
:= �y

0
+ (1� �)y0.

Update: x := x
0; y := y

00

Figure 2: ESG procedure

versus hinge) whereas ESG uses the same hinge penalty in
both phases. Third, ESG smooths all of the weights, whereas
SDF only smooths weights on satisfied constraints. Finally,
ESG includes a small probability of stepping out of local min-
ima during its primal search, whereas SDF employs a deter-
ministic primal search. Overall, these simplifications allow
for a more streamlined implementation for ESG that yields a
significant reduction in CPU overhead per step, while simul-
taneously allowing application to more general tasks.

4 SAT experiments
We consider applying the BLP techniques to SAT problems.
An instance of SAT is specified by a set of clauses c =

fcig
m

i=1, where each clause ci is a disjunction of ki literals,
and each literal denotes whether an assignment of “true” or
“false” is required of a variable xj. The goal is to find an as-
signment of truth values to variables such that every clause is
satisfied on at least one literal. In our framework, an instance
of SAT can be equivalently represented by the BLP

min
x2f�1;+1gn

0 � x subject to Cx � k� 2 (5)

where 0 and 2 are vectors of zeros and twos respectively, and

cij =

(
1 if xj appears in a negative literal in ci

�1 if xj appears in a positive literal in ci
0 otherwise

An assignment of +1 to variable xj denotes “true”, and an
assignment of �1 denotes “false”. The idea behind this rep-
resentation is that a clause ci is encoded by a row vector ci
in C which has ki nonzero entries corresponding to the vari-
ables occurring in ci, along with their signs. A constraint is
violated only when the f�1;+1g assignment to x agrees with
the coefficients in ci on every nonzero entry, yielding a row
sum of ci �x = ki. If a single sign is flipped then the row sum
drops by 2 and the constraint becomes satisfied.

Note that the zero vector means that the minimization com-
ponent of this problem is trivialized. Nevertheless it remains a
hard constraint satisfaction problem. The trivialized objective
causes no undue difficulty to the methods introduced above,
and therefore the BLP formulation allows us to accommo-
date both constraint satisfaction and constrained optimization
problems in a common framework (albeit in a more restricted
way than [Hooker et al., 1999]).

For this problem we compared the subgradient optimiza-
tion techniques ESG/ASG against state of the art local search
methods: DLM, SDF, Novelty+, Novelty, WSAT, GSAT and
HSAT. However, for reasons of space we report results only
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Avg. Est. Opt. Fail Opt.
Steps Steps % sec

uf50 (100 problems)
CPLEX (10 probs) 49 na 0 .186
ASG`(:12; 0; :02) 500,000 na 100 na
ESG`(2:0; :05; :125) 178,900 143,030 25 43.3
ASGh(:12; 0; :02) 1,194 359 0.3 .027
ESGh(1:2; :99; :0005) 215 187 0 .0009

uf100 (1000 problems)
CPLEX (10 probs) 727 na 0 6.68
ASGh(:2; 0; :02) 3,670 2,170 1.3 0.26
ESGh(1:15; :01; :002) 952 839 0 .004

uf150 (100 problems)
CPLEX (10 probs) 13,808 na 0 275.2
ASGh(:5; 0; :02) 14,290 6,975 1.1 .071
ESGh(1:15; :01; :001) 2,625 2,221 0 .011

Table 1: Comparison of general BLP methods on SAT

for DLM, SDF, and Novelty+, which represent the best of the
last two generations of local search methods for SAT.5 We
ran these systems on a collection of (satisfiable) benchmark
problems from the SATLIB repository.6 Here the SAT solvers
were run on their standard CNF input representations whereas
the BLP solvers were run on BLP transformed versions of the
SAT problems, as given above. (Although alternative encod-
ings of SAT problems could affect the performance of BLP
solvers [Beacham et al., 2001] we find that the simple trans-
formation described above yields reasonable results.)

To measure the performance of these systems we recorded
wall clock time on a PIII 750MHz processor, average number
of primal search steps (“flips”) needed to reach a solution,
and the proportion of problems not solved within 500K steps
(5M on bw large.c). To avoid the need to tune every method
for a restart threshold we employed the strategy of [Schuur-
mans and Southey, 2000] and ran each method 100 times on
every problem to record the distribution of solution times, and
used this to estimate the minimum expected number of search
steps required under an optimal restart scheme for the distri-
bution [Parkes and Walser, 1996]. The remaining parame-
ters of each method were manually tuned for every problem
set. The parameters considered were: Novelty+(walk, noise),
DLM(16 tunable parameters), SDF(Æ; 1��), ESG�(�; 1��; �)

and ASG�(�; 1��; �).7

5Implementations of these methods are available at ai.uwater-
loo.ca/�dale, www.satlib.org, and manip.crhc.uiuc.edu.

6SATLIB is at www.satlib.org. We used three classes of prob-
lems in our experiments. The uf problems are randomly generated
3CNF formulae that are generated at the phase transition ratio of 4.3
clauses to variables. (These formulae have roughly a 50% chance of
being satisfiable, but uf contains only verified satisfiable instances.)
The flat problems are SAT encoded instances of hard random graph
coloring problems. The remaining problems are derived from AI
planning problems and the “all interval series” problem.

7For the large random collections (Tables 1 and 2: flat100–
uf250) the methods were tuned by running on 10 arbitrary problems.
Performance was then measured on the complete collection. Nov-
elty+ parameters were tuned from the published values of [Hoos and
Stützle, 2000]. DLM was tuned by running each of the 5 default pa-
rameter sets available at manip.crhc.uiuc.edu and choosing the best.

Avg. Est. Opt. Fail Opt.
Steps Steps % sec

ais8 (1 problem)
Novelty+(:4; :01) 183,585 20,900 9 .078
SDF(:0004; :005) 4,490 4,419 0 .083
DLM(pars1) 4,678 4,460 0 .044
ESGh(1:9; :001; :0006) 4,956 4,039 0 .043

ais10 (1 problem)
Novelty+(:3; :01) 434,469 340,700 79 1.64
SDF(:00013; :005) 15,000 13,941 0 .40
DLM(pars4) 18,420 14,306 0 .11
ESGh(1:9; :001; :0004) 15,732 15,182 0 .23

ais12 (1 problem)
Novelty+(:5; :01) 496,536 496,536 99 3.0
SDF(:0001; :005) 132,021 97,600 1 3.6
DLM(pars1) 165,904 165,904 3 2.5
ESGh(1:8; :001; :0005) 115,836 85,252 10 1.7

bw large.a (1 problem)
Novelty+(:4; :01) 9,945 8,366 0 .025
SDF(:0001; :005) 3,012 3,012 0 .057
DLM(pars4) 3,712 3,701 0 .028
ESGh(3; :005; :0015) 2,594 2,556 0 .022

bw large.b (1 problem)
Novelty+(:4; :01) 210,206 210,206 12 .82
SDF(:00005; :005) 33,442 33,255 0 1.30
DLM(pars4) 44,361 39,216 0 .34
ESGh(1:4; :01; :0005) 33,750 26,159 0 .40

bw large.c (1 problem)
Novelty+(:2; :01) 3,472,770 1,350,620 52 7
SDF(:00002; :005) 3,478,770 3,478,770 48 313
DLM(pars4) 3,129,450 2,282,900 32 41
ESGh(1:4; :01; :0005) 1,386,050 875,104 5 39

logistics.c (1 problem)
Novelty+(:4; :01) 127,049 126,795 1 .38
SDF(:000009; :005) 15,939 15,939 0 1.40
DLM(pars4) 12,101 11,805 0 .13
ESGh(2:2; :01; :0025) 8,962 8,920 0 .15

flat100 (100 problems)
Novelty+(:6; :01) 17,266 12,914 .03 .019
SDF(:0002; :005) 7,207 6,478 0 .074
DLM(pars4) 9,571 8,314 0 .022
ESGh(1:1; :01; :0015) 7,709 6,779 0 .022

flat200 (100 problems)
Novelty+(:6; :01) 238,663 218,274 27 .34
SDF(:0001; :005) 142,277 115,440 7 1.56
DLM(pars4) 280,401 242,439 31 .77
ESGh(1:01; :01; :0025) 175,721 134,367 14 .47

uf150 (100 problems)
Novelty+(:6; :01) 6,042 3,970 0 .008
SDF(:00065; :005) 3,151 2,262 0 .023
DLM(pars4) 3,263 2,455 0 .008
ESGh(1:15; :01; :001) 2,625 2,221 0 .011

uf200 (100 problems)
Novelty+(:6; :01) 25,917 22,214 1.8 .048
SDF(:0003; :005) 14,484 11,304 .4 .134
DLM(pars4) 13,316 9,020 .1 .030
ESGh(1:23; :01; :003) 10,583 7,936 .2 .039

uf250 (100 problems)
Novelty+(:6; :01) 27,730 24,795 1.8 .055
SDF(:0002; :005) 18,404 13,626 .1 .177
DLM(pars4) 22,686 12,387 .2 .042
ESGh(1:15; :01; :003) 13,486 10,648 .1 .054

Table 2: Comparison of ESGh to specialized SAT methods

338 SEARCH, SATISFIABILITY, AND CONSTRAINT SATISFACTION PROBLEMS



Table 1 compares the different BLP procedures on ran-
dom problems from SATLIB. The most salient feature of
these results is that the linear penalty performs poorly (as an-
ticipated). Here, the traditional ASG` method was unable
to solve any problems in the allotted steps. Table 1 also
shows that multiplicative updates (ESG) were generally su-
perior to additive updates (ASG) regardless of the penalty
function used (at least on random SAT problems). Although
details are omitted, we have also found that some smoothing
(1� � � 0:01) usually improves the performance of ESG but
is generally less beneficial for ASG. CPLEX generally per-
forms poorly in these experiments.

Table 2 shows the results of a larger scale comparison be-
tween ESGh and state of the art local search methods for SAT.
These results show that ESGh tends to finds solutions in fewer
primal search steps (flips) than other procedures. However,
ESGh’s time per flip is about 1.5 to 2 times higher than DLM
and about 2 to 4 times higher than Novelty+, which means
that its overall run time is only comparable to these methods.
Nevertheless, ESGh, DLM and SDF obtain a large reduction
in search steps over Novelty+ on the structured ais and plan-
ning problems (with the notable exception of bw large.c). As
a result, DLM and ESGh both tend to demonstrate better run
times than Novelty+ on these problems. All three methods
(Novelty+, DLM and ESGh) demonstrate similar run times
on the random uf and flat problems.

Note that none of these SAT procedures (other than
ESG/ASG and CPLEX) can be applied to general BLP prob-
lems without modification.

5 CA experiments
The second problem we considered is optimal winner deter-
mination in combinatorial auctions (CA). This problem intro-
duces a nontrivial optimization objective that is not present
in SAT. However, the subgradient optimization approach re-
mains applicable, and we can apply the same ESG/ASG
methods to this task without modifying them in any way.
(Nevertheless, we did conduct some implementation special-
izations to gain improvements in CPU times on SAT prob-
lems.) The CA problem has been much less studied in the AI
literature, but interest in the problem is growing rapidly.

An instance of the optimal winner determination problem
in combinatorial auctions (CA) is given by a set of items c =

fcig
m

i=1 with available quantities q = fqig
m

i=1, and a set of
bids z = fzjg

n

j=1 which offer amounts v = fvjg
n

j=1 for a
specified subset of items. We can represent the bid requests
in a constraint matrix C where

cij =

�
1 if bid zj requests item ci

0 otherwise

The problem then is to find a set of bids that maximizes the
total revenue subject to the constraint that none of the item
quantities are exceeded. If zj 2 f0; 1g this problem can be
expressed as the BLP

max
z2f0;1g

v � z subject to Cz � q (6)

However it is not in our canonical f�1;+1g form. To trans-
form it to the canonical form we use the substitutions x =

2z � 1, a = �v=2 and b = 2q � C1. The minimum so-
lution to the transformed version of this problem can then be
converted back to a maximum solution of the original CA.

For this task we compared the ESG/ASG algorithms to
CPLEX and Casanova [Hoos and Boutilier, 2000], a local
search method loosely based on Novelty+.8 The problems
we tested on were generated by the CATS suite of CA prob-
lem generators [Leyton-Brown et al., 2000], which are in-
tended to model realistic problems. However, our results in-
dicate that these tend to be systematically easy problems for
all the methods we tested, so we also tested on earlier artifi-
cial problem generators from the literature [Sandholm, 1999;
Fujishima et al., 1999]. Some of these earlier generators were
shown to be vulnerable to trivial algorithms [Andersson et al.,
2000] but some still appear to generate hard problems. How-
ever, to push the envelope of difficulty further, we also en-
coded several hard SAT problems as combinatorial auctions
by using an efficient polynomial (quadratic) reduction from
SAT to CA. Unfortunately, space limitations preclude a de-
tailed description of this reduction, but our results show that
these converted SAT problems are by far the most difficult
available at a given problem size.

To measure the performance of the various methods, we
first solved all of the problems using CPLEX and then ran the
local search methods until they found an optimal solution or
timed out. Although we acknowledge that this method of re-
porting ignores the anytime performance of the various meth-
ods, it seems sufficient for our purposes. To give some indi-
cation of anytime behavior, we recorded the fraction of opti-
mality achieved by the local search methods in cases where
they failed to solve the problem within the allotted time.

Table 3 shows a comparison of the different subgradi-
ent optimization procedures on one of the CATS problem
classes. These results show that the linear penalty is once
again weaker than the hinge (but to a lesser extent than on
SAT problems). Interestingly, additive updates appear to
work as well as multiplicative updates on these problems (al-
though the performance of ASG begins to weaken on harder
constraint systems such as those encountered in Table 5).

Table 4 shows the results of a larger comparison between
ESG/ASG, Casanova and CPLEX on the CATS problems and
an artificial problem. These results show that there is very
little reason not to use CPLEX to solve these problems in
practice.9 CPLEX, of course, also proves that its answers are
optimal, unlike local search. Nevertheless, the results show
that ESGh and ASGh are roughly competitive with Casanova,
which is a specialized local search technique for this task.

8Casanova is specialized to single unit CA problems (q = 1), so
we restrict attention to this class. However, ESG/ASG and CPLEX
can be applied to multi-unit CA problems without modification, and
hence are more general. CPLEX was run with the parameter set-
tings reported in [Andersson et al., 2000]. Casanova uses the same
parameters as Novelty+, walk and noise.

9The CPLEX timings show time to first discover the optimum,
not prove that it is indeed optimal. Also note that even though
“steps” are recorded for each of the methods, they are incompara-
ble numbers. Each method uses very different types of steps (unlike
the previous SAT comparison in terms of “flips”) and are reported
only to show method-specific difficulty.
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Note that the large score proportions obtained by all meth-
ods when they fail to find the optimal solution follows from
the fact that even simple hill-climbing strategies tend to find
near optimal solutions in a single pass [Holte, 2001]. It ap-
pears that most of the difficulty in solving these problems is
in gaining the last percentage point of optimality.

Finally, Table 5 shows that Casanova demonstrates inferior
performance on the more difficult SAT!CA encoded prob-
lems. Nevertheless all methods appear to be challenged by
these problems. Interestingly, CPLEX slows down by a fac-
tor of 400 when transforming from the direct SAT encoding
of Section 4 to the SAT!CA encoding used here. By com-
parison the ESG method slows down by a factor of 20K.

6 Conclusion
Although we do not claim that the methods we have intro-
duced exhibit the absolute best performance on SAT or CA
problems, they nevertheless compete very well with the state
of the art techniques on both types of problem. Therefore,
we feel that the simple Lagrangian approach introduced here
might offer a useful starting point for future investigation be-
yond the myriad WalkSAT variants currently being pursued
in AI. Among several directions for future work are to inves-
tigate other general search ideas from the OR literature, such
as tabu search [Glover, 1989], and compare to other local
search methods for ILP problems [Resende and Feo, 1996;
Voudouris and Tsang, 1996] (which do not appear to be com-
petitive on SAT problems, but still offer interesting perspec-
tives on ILP problems in general).

A Weak duality
It is insightful to see why D(y) � P

� for all y � 0. In fact, it is
almost immediately obvious: Note that for any y � 0 we have

D(y) = min
x2f�1;+1gn

L(x;y)

� a � x+ y
>(Cx� b) for all x 2 f�1;+1gn

� a � x for all x such that Cx � b (since y � 0)

and hence D(y) � P

�. From this one can see that the constraint
y � 0 is imposed precisely to ensure a lower bound on P �.

B Subgradient direction
It is also easy to see that the vector of constraint violation values
vy = Cxy � b (where xy = arg minx2f�1;+1gn L(x; y)) must
yield a subgradient of D at y:

D(z) = min
x2f�1;+1gn

a � x+ z
>
(Cx� b)

� a � xy + z
>
(Cxy � b) (since L(xz; z) � L(xy; z))

= a � xy + y
>
(Cxy � b) + (z� y)

>
(Cxy � b)

= D(y) + (z� y)
>
vy
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Avg. Avg. Fail %
sec Steps % Opt.

CATS-regions (100 problems)
ESGh(1:9; :1; :01) 7.2 1416 4.1 99.93
ASGh(:045; 0; :01) 12.7 2457 7.9 99.86
ESG`(1:3; :9; :01) 64.7 7948 77 88.11
ASG`(:01; 0; :01) 48.1 9305 90 93.96

Table 3: Comparison of subgradient optimization methods

Avg. Avg. Fail %
sec Steps % Opt.

CATS-regions (100 problems)
CPLEX 6.7 64117 0 100
Casanova(:5; :17) 4.2 1404 3.4 99.95
ESGh(1:9; :1; :01) 7.2 1416 4.1 99.93
ASGh(:045; 0; :01) 12.7 2457 7.9 99.86

CATS-arbitrary (100 problems)
CPLEX 22 9510 0 100
Casanova(:04; :12) 9 2902 0.47 99.98
ESGh(2:1; :05; :5) 33 7506 4.21 99.95
ASGh(:04; 0; :01) 30 6492 4.87 99.87

CATS-matching (100 problems)
CPLEX 1.30 499 0 100
Casanova(:3; :17) .17 109 0 100
ESGh(1:7; :05; 0) .16 215 0 100
ASGh(:9; 0; :8) .73 1248 0 100

CATS-paths (100 problems)
CPLEX 25 1 0 100
Casanova(:5; :15) 26 49 0 100
ESGh(1:3; :05; :4) 28 2679 2.5 99.99
ASGh(:01; 0; :15) 75 5501 6.8 99.96

CATS-scheduling (100 problems)
CPLEX 15 1426 0 100
Casanova(:5; :04) 44 7017 19.9 99.87
ESGh(1:35; :05; :015) 65 11737 41 99.68
ASGh(:015; 0; :125) 58 12925 44.2 99.51

Decay-200-200-.75 (100 problems)
CPLEX 1.1 2014 0 100
Casanova(:5; :17) 0.5 2899 2 99.97
ESGh(14:5; :045; :45) 1.8 24466 96.3 96.91
ASGh(:04; 0; :5) 1.7 24939 99.6 91.49

Table 4: Results on CATS and synthetic problems

Avg. Avg. Fail %
sec Steps % Opt.

SAT(uf50)!CA (10 problems)
CPLEX 42 754 0 100
Casanova(:5; :11) 468 9.6�106 90 99.36
ESGh(30; :05; :1) 31 1.7�106 10 99.95
ASGh(5; 0; :5) 173 8.6�106 80 99.40
SAT(uf75)!CA (10 problems)
CPLEX 666 5614 0 100
Casanova(:5; :11) 800 1.0�107 100 98.46
ESGh(41; :05; :1) 165 6.2�106 60 99.81
ASGh(10; 0; :5) 291 1.0�107 100 99.17

Table 5: Results on hard SAT!CA encoded problems
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Abstract

A new algorithm for solving the three dimensional
container packing problem is proposed in this pa-
per. This new algorithm deviates from the tradi-
tional approach of wall building and layering. It
uses the concept of “building growing” from mul-
tiple sides of the container. We tested our method
using all 760 test cases from the OR-Library. Ex-
perimental results indicate that the new algorithm
is able to achieve an average packing utilization of
more than 87%. This is better than the results re-
ported in the literature.

1 Introduction
Packing boxes into containers is a common problem faced by
the logistics and transportation industries. The three dimen-
sional (3D) packing problem is a difficult extension of the two
dimensional (2D) stock cutting problem and the one dimen-
sional (1D) bin packing problem. Even the 1D bin packing
problem is known to be NP-Complete. For a survey of pack-
ing problems, please refer to [K.A. and W.B., 1992]. While
pseudo-polynomial time algorithms have been derived for the
1D packing problem, no such results have been derived for
the 3D packing problem.

The 3D packing problem can be divided into two main
variants. The first variant is: given a list of boxes of vari-
ous sizes, pack a subset of these boxes into one container to
maximize the volume utilization of the container. The second
variant is: given a list of boxes of various sizes, pack all the
boxes into as few containers as possible. In addition, con-
straints, such as orientation restriction, weight distribution,
locality restriction, may be imposed on the boxes.

In this paper, we study the packing problem that maximizes
the volume utility of a single container with orientation re-
strictions on the boxes.

Many different heuristics have been developed to “opti-
mize” volume utilization in a single container. [J.A and
B.F., 1980] proposed a primitive “wall-building” method.
[Gehring H. and M., 1990] proposed an improved “wall-
building” heuristic. [T.H. and Nee, 1992] proposed a layering
approach. [Han C.P. and J.P., 1989] provided an algorithm
for packing identical boxes, which is a combination of “wall-
building” and layering. [B.K. and K., 1993] proposed a data

structure for representing the boxes and free spaces, which
is used in their heuristic. [E.E. and M.D., 1990] presented a
comparative evaluation of different heuristic rules for freight
container loading with the objective of minimizing the con-
tainer length needed to accommodate a given cargo. [W.B.,
1991] examined a number of heuristic rules for the problem.
The emphasis on both wall building and layering is to create
walls or layers of boxes as flat as possible. At all times, the
methods attempt to retain a flat forward packing face. The ex-
isting methods most mirror the hand-packing process, which
is a natural way to solve the problem. However, they put
many restrictions on the location of the boxes which may not
be feasible to the actual application. Another problem of the
existing approaches is that they may leave a thin layer of non-
useful empty spaces near the entrance or the ceiling of the
container, which results in space underutilization. Also, the
papers in the existing literature used data that are not easily
accessible, hence, it is relatively hard to compare the various
methods quantitatively.

In this paper, we propose a new method. Boxes are packed
into container in “building-growing” fashion instead of “wall
building” manner. Furthermore, each wall of the container
can be treated as base to locate the boxes, which provides
more flexibility. We tested our program on all the 760 test
cases in [OR-Lib, ]. Our experimental results indicate that
we are able to achieve an average packing utilization more
than 87%.

2 Problem Specification

We are given a set of rectangular boxes
���������
	����
��	�����

and a rectangular container � . Let ��� , ��� and ��� represent the
three dimensions of the box

� � , and � , � , and � represent
the three dimensions of the container.

The objective of the problem is to select a subset ��� �
and assign a position to each box,

���! � , in the 3D space
of container � such that "$#&%('*)+� �-, � �-, � � is maximized
subjected to the constraints that all boxes must be totally con-
tained in � , no two boxes intersect in 3D space and every
edge of the packed box must be parallel or orthogonal to the
container walls.
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3 Multi-Directional Building-Growing Algo
The idea of this 3D packing algorithm [Wang, 2001] comes
from the process of constructing a building. When erecting a
building, we construct the basement on the ground first, then
the building will “rise up” floor by floor. Here, the box will
play the role of the floor, and the wall of the container will act
as the ground. Boxes are placed on the wall of the container
first as it builds the basement on the ground. After which,
other boxes will be placed on top of the basement boxes. Fol-
lowing this process, boxes will be placed one on top of an-
other, just like the construction of a new building. Every wall
of the container can be treated as the ground for boxes to stack
on. However, the users reserve the right to choose the walls
to act as the ground. Note that, this algorithm does not take
into consideration whether packed boxes form a flat layer or
not, which is the main idea of the “wall building” approach.
Figure 1 illustrates the main idea of this algorithm.

Figure 1: Multi-Directional Building-Growing Approach

3.1 Formulation of the Algorithm
Overall Packing Process
After getting the option from the user for the acting-as-
ground walls, this algorithm reads in the container and box
information, including length, width, height, orientation and
quality information, from the data file. The algorithm then
orders the boxes according to certain criteria. Subsequently,
actual packing will be performed based on the best matching
between base area of boxes and empty spaces. The following
pseudo code presents the overall algorithm.

main
�

1. get wall option()
2. readin thecontainerinformation(length,width,height)
3. for(everyboxof typeb)

�

1.readin b’sinformation(length,width,height,orientation,quantity)
2.bn=create box nodes(box b)
3.insert box node(box node bn)�

4. pack()�

get wall option()
Users are free to choose which of the walls of a container to
be used as ground/base. Basically, all the empty spaces cre-
ated from one ground(wall) form an empty space list. There
are at most six empty space lists as shown in Figure 2.

far_empty_space_head

empty
space

empty
space origin_x

origin_y
origin_z
length
width
height
type
next

empty space

4 denotes far
5 denotes lower
6 denotes upper

2 denotes left
3 denotes near

1 denotes right

empty_space_head

left_empty_space_head

right_empty_space_head

near_empty_space_head

upper_empty_space_head

lower_empty_space_head

Figure 2: Empty Space List and Empty Space Object Data
Structure

An empty space in each empty space list has its own origin
and coordinate system as shown in Figure 3. Here the lower
coordinate system is the “normal” coordinate system.

far

corresponding coordinate system                    
treat this point as the origin of the
upper,right and far empty spaces

lower,left and near empty
spaces treat this point as
the origin of the corresponding
coordinate system near

left

lower

x

z

y

x

y

z

x

z

y

y

x

z

z

y

x

y

z

x

upper

right

Figure 3: Empty Space Coordinate System Representation

The initial value of each empty space list head is the whole
container. If the user does not choose wall � as the ground,
then empty space list � ’s head should be pointing to null. Note
that each empty space list � only takes care of all the empty
spaces using wall � as base, without knowing the existence of
the other empty space lists. Because of the exact and accurate
representation, empty spaces may overlap with each other.

create box nodes(box b)
Every box has three attributes namely, length, width and
height. Length is measured along the x-axis, so is width
along the y-axis and height along the z-axis. And the area
surrounded by length and width is called the base area of a
box. There is a unique id assigned to each box, yet, there are
six orientations associated with it (see Figure 4. Note that a
number is used to denote each edge of the box.).

box id = 41

3

1
2

2

13

1

2 3

2

3

1

1

2

3

1

3
2

box id = 41

 box id = 41

box id = 41

box id = 41

box id = 41

Figure 4: Six Orientations Associated with One Box

For each type of box (same type of box means boxes with
same length, width and height), at most six box nodes will
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box1 box2 box3 box4 box5 box6
id 41 41 41 41 41 41

length 1 2 1 3 2 3
width 2 1 3 1 3 2
height 3 3 2 2 1 1

Table 1: Id and Attributes Associated with Box in Figure 4

be created for them but with the same id. Each box node
represents a possible orientation for one type of box. If a
certain orientation is not allowed, this algorithm will simply
omit the box node of that orientation.

insert box node(box node bn)
Whenever a box information is obtained from the data file, a
new box node will be created and inserted to the box node list
based on the function below. Given a newly created box node� ��� , this algorithm goes through the box node list, and for
each existing box node

� � � , calculates the priority number
for

� � � and
� ��� respectively as follows:

�����	�
�����	������������������ �����! �����#"%$&����������������#"%$&�������(')�+*-, ��$ �����. �/�10����/���2��/�10����/�('��

�����	�
�����	������(')��������� �����! �����#"%$&�������(')������#"%$&����������� *-, ��$ �����. �/�10����/�('���/�10����/���2�
where parameters vol per and dim per denote the volume pri-
ority percentage and the biggest dimension priority percent-
age respectively; routines 3�4651798;:%< � �!= and

� ��>�< � �!= return the
volume and the biggest dimension of box

�
inside box node bn

respectively. After getting ?+@ �A4B@ �DC �E< � � � = and ?9@ �A4B@ �FC �E< � ���G= ,
the algorithm compares these two numbers:
H if ?+@ �A4B@ �FC ��< � ���B=JI ?+@ �A4B@ �DC �E< � � � = , insert

� �!� to the
front of

� � � .
H otherwise, continue to compare ?9@ �A4B@ �FC �E< � �!�B= with the

priority number of the box node behind
� � � .

According to the above, a box node nearer to the head pos-
sesses either larger volume or one bigger dimension, hence,
has higher priority to be packed into the container first. Note
that boxes with the same id but with different orientations are
located adjacent to each other, and they have the same prior-
ity to be packed into the container, because they are actually
the same box.

pack()
In every attempt to pack one box into the container, the algo-
rithm finds a most suitable empty space for each of the first �
box nodes with the sane priority number,in terms of the per-
centage of the base area of that box occupies the base area
of the empty space. Inside all these � pairs of box node and
empty space, the algorithm finds one pair (

� � 	 4K: ) with the
greatest base area occupation percentage ? ,
H remove

� � , if ? IML .
H pack

� � , if ?9N�O�P � � > ?E:�@&QR?SQ L .
H decide to pack or remove

� � carefully, if TVUW?XU
?(N�OGP � � > ?E:�@

The following pseudo code illustrates the packing process of
the algorithm.

while(boxnodehead!=null)
�

for(boxnode �/�(Y with samepriority asbox nodehead)
�

for(everyemptyspaceoein the6 emptyspacelists)
�

percentage(�/�(Y )= Z	[�\D] [2^�]D[
_`Z�a6b�cZ	[�\D] [2^�]D[�_ed/]Dc�
�

findonepair (bn,oe)with greatestp=percentage(bn)
if( �gfih ) �

//bncannotbepackedinto anyemptyspace
remove ���
//because��� is toobig to bepackedinto anyemptyspacenow
//andemptyspacewill becomesmallerandsmaller, there will
//benochancefor bn to bepackedinto anyemptyspacelater�

if( �%jKk�lK���m0 �����onp�qnrh ) �

1.createa packedbox ��� according to oe’scoordinatesystem,
thenconvert it to thenormalcoordinatesystemandinsertit
into packed box list

2.deleteoneboxid fromboxnode ���
3.update empty space(empty space oe,packed box pb)�

if(0 s � s packing per)
�

//in thiscase, wecannotfinda goodfit between�/� andoe,
//soweneedto decidewhetherwecandrop thefirst � box
//nodeswith thesamepriority number
if(after removing thefirst � boxnodesand"ut d/v w�xy]�_{z�|)]9^/]A\	z%w
a�})[�~D��]D��Z	dA�)]A\+��z1|
]�}
[�~F��]A��Z	d/�)]D\Dct dAv w�x�]�_`~	dAaGz1[ Y a6]F^�c

�
moving per)

�

removethefirst � boxnodes
//becausewithoutthesefew difficult-to-be-packedboxnodes,
//wemaystill getgoodutilization�

else
�

1.createa packedbox ��� according to oe’s coordinatesystem
thenconvert it to thenormalcooridnatesystemandinsertit
into packed box list

2.deleteoneboxid fromboxnode ���
3.update empty space(empty space oe,packed box pb)�

�
�

update empty space(empty space oe,packed box pb)
After a box is packed into the container, the original set of
empty spaces will be modified by the newly packed box
? � . Moreover, ? � will not only affect the empty space 4K: it
resides in, but also the empty spaces nearby 4K: , because, in
order to represent the empty spaces effectively, the empty
spaces overlap. The responsibility of this routine is to update
the empty spaces after one box is placed into the container.
This process can be performed using the following two steps:

Step 1: Change ? � to the coordinate system which 4K:
lies in and absorb the new empty spaces out of 4K: (Figure 5).

Updating 4K: :
1. Remove 4K: from its empty space list

2. If ( :6� �
	 :K� � 	 :6�G� are not inside the empty space list 4K:
resides in)
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Figure 5: Update Empty Space oe which Provides Empty
Space for Packed Box pb

insert it(them) into the empty space list 4K: resides in

Step 2: For every empty space : in the six empty space lists,

1. Convert ? � to the coordinate system which : is in

2. Test whether there is overlap between : and ? � , and up-
date : accordingly

All the possible overlap cases between : and ? � will be diss-
cussed below and the update method will be given by the end.
case 1: pb intersects one corner of e.
e.g. pb intersects the lower left near corner of e.
case 2: pb intersects one entire edge of e.
e.g. pb intersects the left edge of upper plane of e.
case 3: pb intersects the inner part of one edge of e.
e.g. pb intersects part of lower left edge of e.
case 4: pb gets into e from one plane of it without touching

any corner point of e.
e.g. pb gets into e from the left plane of e.
case 5: pb cuts away one entire plane of e.
e.g. pb cuts away the whole left plane of e.
case 6: pb crosses one pair of parallel edges of e without

touching any corner point of e
e.g. pb crosses the upper horizontal pair of edges of e.
case 7: pb passes through one pair of parallel planes of e

without touching any corner point of e
e.g. pb passes through the near-far planes of e.
case 8: pb cuts e into two new empty space.
e.g. pb cuts e into two new empty space from vertical direc-

tion.
case 9: the whole pb resides inside e.
case 10: pb covers the whole e.

Updating : in each case above:

1. Remove : from its empty space list

2. If (newly created empty spaces :6�
� are not inside the
empty space list : resides in)
insert it(them) into the empty space list : resides in

3.2 Experimental Results
This algorithm was successfully implemented using the Java
Programming Language. All the experiments were run on an
Alpha 600MHz machine running the Digital Unix operating
system. The OR-Library [OR-Lib, ] has a collection of test
data for a variety of OR problems. There are nine sets of test
data with 760 test cases for the 3D packing problem. All the
test data in [OR-Lib, ] have been tested.

The algorithm was tuned using various parameter settings.
The packing result for test file 8 is omitted in all result presen-
tations, because of the fact that we can pack every box into
the container in most cases and the size of the container is
much larger than the total size of the boxes to be packed into
the container.

The best packing result in terms of container volume uti-
lization is shown in Figure 6. The parameter and wall combi-
nation used for the best packing result is shown in Table 2.

Parameter Wall Combination
packing vol=0.95 left wall
moving per=1.0 right wall
vol per=0.9 far wall
dim per=0.1 lower wall

Table 2: Best Parameter Setting and Wall Combination

In the experimental results shown in Figure 6, the X-axis rep-
resents the test case index and the Y-axis represents the con-
tainer volume utilization.
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Figure 6: Best Experimental Results for Test File 1-7,9 Using
Multi-Directional Building-Growing Approach

Using this parameter setting and wall combination, the av-
erage container volume utilization for all the available test
cases in the OR-Library (except dest file 8) can reach as high
as 0.84285194. This utilization is comparable to the pub-
lished result of the existing literature. Moreover, the special
advantage of this algorithm is its speed as it needs about two
seconds to pack one container.

On the other hand, the container volume utilization can still
be improved for the price of efficiency. In the next section, an
improvement phase is introduced.
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4 Incorporating a Look-Ahead Mechanism
In the packing process of Multi-Directional Building-
Growing (MDBG) approach, the algorithm only chooses one
pair of best fit box and empty space in terms of base area
occupation percentage among the most difficult-to-be-packed
boxes. MDBG Algorithm only takes care of the local infor-
mation, and the decision made by this algorithm doesn’t con-
tain any knowledge for the future. The look-ahead mecha-
nism not only considers the current pairing, but also looks at
its potential effect.

4.1 Look-Ahead Improvement Strategy
The strategy will choose P pairs of boxes and empty spaces
with the greatest base area occupation percentage. Each one
of these P pairs of boxes and empty spaces will be assumed to
be the chosen pair for this attempt and be temporarily packed
into the container, and the packing process is continued us-
ing the MDBG approach from this attempt onwards until all
the boxes have been packed into the container or no more
boxes can be packed into it. Then based on the final container
volume utilization, the improvement strategy will choose one
pair of the box and empty space from the initial P pairs, which
gives best final container volume utilization. This chosen pair
of box and empty space will then be used as the actual pack-
ing for this attempt. This pair of box and empty space satisfies
both best fit currently and best potential effect in the future.
Figure 7 illustrates the look-ahead idea.

pairs with greatest final container volume

current packing status

current attempt

final packing result
Building-Growing
Multi-Directional

steps using

approach

packing
intermedia

choose one pair from these K candidate 

utilization to perform actual packing
for the current attempt.

Figure 7: Illustration of the Look-Ahead Improvement Phase

The following is the pseudo-code for the look-ahead im-
provement strategy.

newpack()
�

while(there’sboxin theboxnodelist)
�

//attemptto pack oneboxinto thecontainer
//1.getK boxeswith greatestbaseareaoccupationpercentage
for(everyboxb in theboxnodelist)

�

for(everyemptyspacein the6 emptyspacelists)
�

finda bestfit emptyspacee for b with greatest
baseareaoccupationpercentagep�

if( �&fih ) �

//b cannotbepackedinto anyemptyspace
removeb�

elseif(top K baseareaoccupationpercentagess p n 1)
�

replacee andb into thetop K bestfit pairs

�
�

//2. usingMDBGapproach pack theK candidatepairs
for(i=1..k)

�

1.temporarily pack ��Y to emptyspace�)Y at thisattempt
2.continuepackingusingpack() in section3
3.record downthefinal containervolumeutilizationat "+Y�

//3.getoneboxwith thegreatestfinal utilization fromtheK
// candidates,andusethis boxin theactualpackingof this
// attempt
findoneboxb from � Y andoneemptyspace� from � Y with
greatestfinal containervolumeutilization "
pack b into e permanently�

�

4.2 Experimental Results
In the last section, using MDBG approach, we have exper-
imented with all the test data using all possible wall com-
binations for many possible parameter settings. The best
packing result comes from the wall combination: left wall,
right wall, far wall, lower wall; and the parameter set-
ting: ?9N�O�P � � > 3�465 � T � ��� 	 8S4B3 � � > ?(:�@ � L � T 	 3�465 ?(:�@ �
T � � 	�� �F8 ?(:G@ � T � L . Based on this experience, the Look-
Ahead mechanism is tested on all data files using this param-
eter setting and wall combination, and let P go from 1 to 6.
The results are summarized in the tables below:

k=1 k=2 k=3 k=4 k=5 k=6
file1 0.81054 0.83601 0.85984 0.86713 0.87859 0.88356
file2 0.81704 0.83970 0.86335 0.86457 0.87433 0.87576
file3 0.82474 0.83616 0.85437 0.86468 0.86952 0.87036
file4 0.83225 0.84148 0.85376 0.85925 0.87081 0.87068
file5 0.83525 0.84282 0.85540 0.86260 0.86822 0.87072
file6 0.83403 0.84009 0.85665 0.86275 0.86534 0.86679
file7 0.83761 0.84349 0.85048 0.86072 0.86260 0.86575
file9 0.84885 0.87370 0.88711 0.89616 0.90393 0.90656
average 0.82862 0.84196 0.85809 0.86505 0.87193 0.87399

Table 3: Packing Result With Look-Ahead Improvement
Phase

For the look-ahead method,the best packing result comes
from the wall combination: left wall, right wall, far wall,
upper wall and the parameter setting: ?(N�OGP � � > 3�465 �
T � ��� 	 8S4B3 � � > ?E:�@ � L � T 	 3�465 ?(:�@ � T � � 	�� �F8 ?E:�@ � T � L .
The average container volume utilization using this best pa-
rameter setting and wall combination can be increased to
0.87813642. The detailed packing result is listed in Figure 8.

Note that in the experimental results shown in Figure 8, the
X-axis represents the test case index and the Y-axis represents
the container volume utilization, and the average packing uti-
lization and packing time are indicated on the top of each
figure.

5 Comparison of Results
To show the effectiveness of the proposed packing algorithm
and its coupled improvement strategy, we compare our
results run on the test problems from the [OR-Lib, ] with
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Figure 8: Best Experimental Result for Test File 1-7,9 Using
Look-Ahead Improvement Phase

results in [E.E and Ratcliff, 1995] which is the only available
work in the existing literature containing packing results on
700 test problems from the OR-Library.

scheme(a) scheme(b) scheme(c) MDBG Algo LAM
file1 81.76% 83.79% 85.40% 83.31% 88.70%
file2 81.70% 84.44% 86.25% 84.26% 88.17%
file3 82.98% 83.94% 85.86% 84.61% 87.52%
file4 82.60% 83.71% 85.08% 84.39% 87.58%
file5 82.76% 83.80% 85.21% 84.44% 87.30%
file6 81.50% 82.44% 83.84% 84.61% 86.86%
file7 80.51% 82.01% 82.95% 84.63% 87.15%

Table 4: Performance Comparison Between the Existing Al-
gorithms and the Proposed Algorithms

In Table 4, the scheme(a), scheme(b), scheme(c) are
the respective scheme a, b and c in [E.E and Ratcliff,
1995]. MDBG Algo refers to the Multi-Directional Building-
Growing Algorithm, and LAM refers to Look-Ahead Mech-
anism. From the experiment results, it is clear that the
container volume utilization using the MDBG Algorithm is
slightly better than that of scheme a and b in [E.E and Rat-
cliff, 1995]. But the MDBG Algorithm coupled with the
LAM produces a much higher container volume utilization
than scheme c in [E.E and Ratcliff, 1995]. The experimental
results provide a strong evidence that the Multi-Directional
Building-Growing Algorithm when coupled with the Look-
Ahead mechanism gives an significant improvement to the
container volume utilization for 3D container packing prob-
lem.

6 Conclusion
In this paper, we presented a new approach to solving the 3D
container packing problem. Our paper is the first paper to
benchmark our results across all the OR-Benchmarks. Our
packing utilization of 87% compares very favorably against
past works in this area.
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Abstract

New methods to generate hard random problem
instances have driven progress on algorithms for
deduction and constraint satisfaction. Recently
Achlioptas et al. (AAAI 2000) introduced a new
generator based on Latin squares that creates only
satisfiable problems, and so can be used to accu-
rately test incomplete (one sided) solvers. We in-
vestigate how this and other generators are biased
away from the uniform distribution of satisfiable
problems and show how they can be improved by
imposing a balance condition. More generally, we
show that the generator is one member of a family
of related models that generate distributions rang-
ing from ones that are everywhere tractable to ones
that exhibit a sharp hardness threshold. We also
discuss the critical role of the problem encoding in
the performance of both systematic and local search
solvers.

1 Introduction
The discovery of methods to generate hard random problem
instances has driven progress on algorithms for propositional
deduction and satisfiability testing. Gomes & Selman (1997)
introduced a generation model based on the quasigroup (or
Latin square) completion problem (QCP). The task is to de-
termine if a partially colored square can be completed so that
no color is repeated in any row or any column. QCP is an
NP-complete problem, and random instances exhibit a peak
in problem hardness in the area of the phase transition in the
percentage of satisfiable instances generated as the ratio of
the number of uncolored cells to the total number of cells is
varied. The structure implicit in a QCP problem is similar to
that found in real-world domains: indeed, many problems in
scheduling and experimental design take the form of a QCP.
Thus, QCP complements earlier simpler generation models,
such as random k-cnf (Mitchell et al. 1992). Like them QCP
generates a mix of satisfiable and unsatisfiable instances.

In order to measure the performance of incomplete solvers,
it is necessary to have benchmark instances that are known to
be satisfiable. This requirement is problematic in domains
where incomplete methods can solve larger instances than
complete methods: it is not possible to use a complete method
to filter out the unsatisfiable instances. It has proven diffi-
cult to create generators for satisfiable k-sat. Achlioptas et

al. (2000) described a generation model for satisfiable quasi-
group completion problems called “quasigroups with holes”
(QWH). The QWH generation procedure basically inverts the
completion task: it begins with a randomly-generated com-
pleted Latin square, and then erases colors or “pokes holes”.
The backbone of a satisfiable problem is the set of variables
that receive the same value in all solutions to that problem.
Achlioptas et al. (2000) showed that the hardest QWH prob-
lems arise in the vicinity of a threshold in the average size of
the backbone.
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Figure 1: Comparison of the QWH and filtered QCP models
for order 33 using Walksat. The x-axis is the percentage of
holes (re-parameterized) and the y-axis is the number of flips.

model Walksat Satz Sato
flips backtracks branches

QWH 4e+ 6 41 3e+ 5
filtered QCP 1e+ 8 394 1:5e+ 6

balanced QWH 6e+ 8 4,984 8e+ 6

Table 1: Peak median hardness for different generation mod-
els for order 33 problems.

Despite the similarities between the filtered QCP and
QWH models the problem distributions they generate are
quite different. As noted by Achlioptas et al. (AAAI 2000),
the threshold for QCP is at a higher ratio of holes than is the
threshold for QWH. But even more significantly, we discov-
ered that the hardest problems obtained using the filtered QCP
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model are about an order of magnitude more difficult to solve
than the hardest one obtained using the QWH model. Fig-
ure 1 illustrates the difference for the incomplete local search
solver Walksat (Selman et al. 1992). (The critical parame-
ter for a fixed order n is the percentage of holes (uncolored
squares) in the problem. In all of the graphs in this paper
the x�axis is re-parameterized as the number of holes di-
vided by n1:55. Achlioptas et al. (2000) demonstrates that
this re-parameterization adjusts for different problem sizes.)
The first two lines of Table 1 compare the peak hardness of
QWH and filtered QCP for Walksat and two complete sys-
tematic solvers, Satz (Li & Anbulagan 1997) and Sato (Zhang
1997). These solvers are running on Boolean CNF encodings
of the problem instances. The performance of such modern
SAT solvers on these problems is competitive with or supe-
rior to the performance of optimized CSP solvers running on
the direct CSP encoding of the instances (Achlioptas et al.
2000). (Note that the number of backtracks performed by
Satz is usually much lower than the number performed by
other systematic algorithms because of its use of lookahead.)

We begin by explaining this difference in hardness by
showing how each generation model is biased away from
the uniform distribution of all satisfiable quasigroup comple-
tion problems. Next, we introduce a new satisfiable problem
model, balanced QWH, which creates problems that are even
harder than those found by filtered QCP, as summarized in the
last line of Table 1. This new model provides a tool for cre-
ating hard structured instances for testing incomplete solvers.
In addition, its simplicity and elegance suggests that it will
provide a good model to use for theoretical analysis of struc-
tured problems.

In the final section of the paper we turn to the issue of how
we encode the quasigroup problems as Boolean satisfiability
problems. For systematic methods the best encoding is based
on a view of a quasigroup as a 3-dimensional cube, rather than
as a 2-dimensional object. As shown below, the 2-D encod-
ings are almost impossible to solve by systematic methods for
larger orders. This difference is not unexpected, in that the 3-
D encodings include more redundant constraints, which are
known to help backtracking algorithms. For Walksat, how-
ever, a more complex picture emerges: the hardest instances
can be solved more quickly under the 2-D encoding, while
under-constrained instances are easier under the 3-D encod-
ing.

2 The QWH and Filtered QCP Models
In order to better understand the QWH and filtered QCP mod-
els we begin by considering the problem of choosing a mem-
ber uniformly at random from the set of all satisfiable quasi-
group completion problems of order nwith h uncolored cells.
It is easy to define a generator for the uniform model: (1)
Color n2�h cells of an order n square randomly; (2) Apply a
complete solver to test if the square can be completed; if not,
return to step (1). This generator for the uniform model is,
however, impractical for all but largest values of h. The prob-
lem is that the probability of creating a satisfiable instance in
step (1) is vanishingly small, and so the generator will loop
for an exponentially long time. In other words, the set of sat-
isfiable quasigroup completion problems, although large, is
small relative to the set of all completion problems.

Because the instances generated by placing down random
colors are almost certainly unsatisfiable, the quasigroup com-

pletion generator from Gomes & Selman (1997) tries to filter
out as many unsatisfiable configurations while incrementally
partially coloring a square. The formulation is in terms of a
CSP, with a variable for each cell, where the domain of the
variable is initialized to the set of n colors. The generator re-
peatedly selects an uncolored cell at random, and assigns it a
value from its domain. Then, forward-checking is performed
to reduce the domains of cells that share a row or column with
it. If forward-checking reaches an inconsistency (an empty
domain) the entire square is erased and the process begins
anew. Otherwise, once a sufficient number of cells have been
colored arc consistency is checked; if the square passes this
test, then it is output. The hardest mix of sat and unsat in-
stances is generated when the number of holes is such that
about 50% of the resulting squares are satisfiable. Because
of it’s popularity in the literature, we simply call the dis-
tribution generated by the process the QCP model. Adding
a final complete solver to check satisfiability and eliminat-
ing those square which are unsatisfiable results in the filtered
QCP model.1

The hardest hole ratio for the filtered QCP model is shifted
toward the more constrained side. We discovered that hardest
satisfiable instances occur when the filtering step eliminates
about 90% of the partial Latin squares.

fRg fGg
fGg fR,Gg

R G R
G

R
R

R
G

Figure 2: Top: the domains of each variable of an order
4 Latin square after the top left cell is colored R. Bottom:
the four completion problems, generated with probabilities
1=3; 1=3; 1=6; 1=6 respectively.

While the use of incremental forward checking success-
fully biases QCP away from unsatisfiable problems, it also
has the unintended effect of introducing a bias between dif-
ferent satisfiable instances. For a simple example, consider
generating order 2 problems with 2 holes, where the colors
are R and G. Without loss of generality, suppose the first step
of the algorithm is to color the top left square R. As shown
in Figure 2, forward-checking reduces the domains of two
of the remaining cells. The next step is to pick one of the
three remaining cells at random, and then choose a color in
its domain at random. As a result, one of the four partial
Latin squares shown in the figure is created, but with differ-
ent probabilities: the first two with probability 1=3 each, and
the last two with probability 1=6 each. The fourth square is
immediately eliminated by the final forward checking step.
Because our choice of initial square and color was arbitrary,
we see that each of the partial Latin squares where the two
colored cells are in the same row or column is twice as like to
be generated as one in which the two colored cells appear on
a diagonal.

The QWH model introduced by Achlioptas et al. (2000)
works as follows: (1) A random complete Latin square is cre-

1The QCP generator used in Gomes & Selman (1997) did not
perform the final arc-consistency test. Thus, it generated a higher
percentage of unsatisfiable instances. The filtered (satisfiable) dis-
tribution from that generator and ours are identical.

352 SEARCH, SATISFIABILITY, AND CONSTRAINT SATISFACTION PROBLEMS



R
R

R

R
G

B

Figure 3: Two partial Latin squares with same pattern of holes
but a different number of solutions, illustrating the bias of the
QWH model.

ated by a Markov-chain process; (2) h random cells are un-
colored. Does this generate the uniform model? Again the
answer is no. Because all patterns of h holes are equally
likely to be generated in step (2), we can without loss of
generality consider both the number and pattern of holes to
be fixed. The probability of creating a particular completion
problem is proportional to the number of different complete
Latin squares that yield that problem under the fixed pattern
of holes. Therefore, we can show that QWH does not gener-
ate the uniform model by simply presenting two partial Latin
squares with the same pattern of holes but a different number
of solutions.

Such a counterexample appears in Figure 3: The square
on the left has two solutions while the one on the right has
only a single solution. In other words, the left square is twice
as likely to be generated as the right square. In general, the
QWH model is biased towards problems that have many so-
lutions.

3 Patterns and Problem Hardness
We now consider different models of QCP and QWH, corre-
sponding to different patterns. As we will see, the complexity
of the models is dependent not only on the number of uncol-
ored cells but also on the underlying pattern.

3.1 Rectangular and Aligned Models
In order to establish a baseline, we first consider two tractable
models for QCP and QWH, which we refer to as rectan-
gular and aligned models. Figure 4 (left and middle) il-
lustrates such instances. In the rectangular QWH model,
a set of columns (or rows) is selected and all the cells in
these columns are uncolored. Moreover, one additional col-
umn (row) can be selected and be partially uncolored. The
aligned QWH model is a generalization of the rectangular
model in that we can pick both a set of rows and a set of
columns and treat them as the chosen rows/columns in the
rectangular model. Put differently, in the aligned model,
the rows and columns can be permuted so that all cells in
C = f1; : : : ; r� 1g� f1; : : : ; s� 1g are colored, some cells
of f1; : : : ; rg � f1; : : : ; sg nC are colored and all other cells
are uncolored. We note that one could also naturally generate
rectangular and aligned QCP instances.

In order to show that both the rectangular and aligned mod-
els are tractable, let us consider a Latin rectangle R on sym-
bols 1; � � � ; n. Let R(i) denote the number of occurrences of
the symbol i in R, 1 � i � n:We first introduce the following
theorem from combinatorics.

Theorem: (Ryser 1951) An r x s Latin rectangle R on sym-
bols 1; � � � ; n can be embedded in a Latin square of side n if
and only if

R(i) � r + s� n for all i; 1 � i � n.

Theorem: Completing a rectangular QCP or QWH is in P.

Proof: We can complete the rectangular QCP or QWH
instance column by column (or row by row), starting with the
column (or row) partially uncolored. (If there is no partially
uncolored columns or rows, consider an arbitrary fully uncol-
ored column or row.) We construct a bipartite graph G, with
parts U = fu1; u2; : : : ; umg, and W = fw1; w2; : : : ; wmg
in the following way: U represents the uncolored cells of the
column (row) that needs to be colors; W represents the colors
not used in that column (row). An edge (u i,wj ) denotes that
node ui can be colored with color wj . To complete the first
column (row) we find a perfect matching in G. If there is
no such matching we know that the instance is unsatisfiable.
After completing the first column (row), we can complete the
remaining columns (rows) in the same way.QED

Theorem: Completing an aligned QCP or QWH is in P.

Proof: We start by noting that an aligned instance can be
trivially rearranged into an r x s rectangle, s � n, by per-
mutating rows and columns (with possibly a row or column
partially uncolored). So, if we show that we can complete
an r x s rectangle into an r x n rectangle, we have proved
our theorem, since we obtain an instance of the rectangular
model. To complete an r x s rectangle into an r x n, again
we complete a column (or row) at a time, until we obtain a
rectangle of side n. For the completion of each column (or
row), again, we solve a matching on the bipartite graph. The
only difference resides in the way we build the graph: W only
contains colors for which the condition in Ryser’s theorem is
satisfied. QED

3.2 Balance
While the rectangular and aligned models cluster holes, we
now turn to a model that attempts to increase problem hard-
ness by minimizing clustering. Let us start by reviewing the
role of balance in the two most studied combinatorial opti-
mization problems over random structures: random satisfia-
bility and random graph coloring. It is particularly interesting
to note the features shared by algorithms performing well on
these problems.

Random k-SAT. A random formula is formed by select-
ing uniformly and independently m clauses from the set of
all 2k

�
n

k

�
k-clauses on a given set of n variables. The first

algorithm to be analyzed on random k-SAT employs the pure
literal heuristic repeatedly: a literal ` is satisfied only if �̀does
not appear in the formula. Thus, a pure variable has all its oc-
currences appear with the same sign – a rather dramatic form
of sign imbalance. The next key idea is unit-clause propaga-
tion, i.e., immediately satisfying all clauses of length 1. More
generally, dealing with shortest clauses first has turned out
to be very useful. Subsequent improvements also come from
exploiting imbalances in the formula: using degree informa-
tion to determine which variable to set next and considering
the number of positive and negative occurrences to determine
value assignment.

Bayardo & Schrag (1996) gave experimental results on the
role of balance, by considering random k-SAT formulas in
which all literals occur in the same number of clauses. In such
formulas, an algorithm has to first set a non-trivial fraction
of all variables (essentially blindly) before any of the ideas
mentioned above can start being of use. This suggests the
potential of performing many more backtracks and indeed,
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Figure 4: Left: an example of the rectangular model; middle: an example of the aligned model; right: a balanced model. Holes
are in white.

balanced random k-SAT formulas are an order of magnitude
harder than standard ones.

Random graph coloring. A random graph on n vertices
is formed by including each of the

�
n

2

�
edges with probability

p. For graph coloring the most interesting range is p = d=n,
where d is a constant. One can also consider list-coloring,
where each vertex has a prescribed list of available colors.
Analogously to the pure literal heuristic, a first idea is to ex-
ploit the advantage offered by low degree vertices. In partic-
ular, if we are using k colors then we can safely remove from
the graph all vertices having degree smaller than k: if we can
color the remaining graph then we can certainly complete the
coloring on these vertices since each one of them will have
at least one available color (as it has at most k � 1 neigh-
bors). Upon potentially reaching a k-core, where every vertex
has degree at least k, it becomes useful to consider vertices
having fewest available colors remaining and, among them,
those of highest degree. Conversely, random graphs that are
degree-regular and with all lists having the same size tend to
be harder to color.

3.3 Balance in Random Quasigroups
In the standard QWH model we pick a random quasigroup
and then randomly turn a number of its entries to holes. Fix-
ing the quasigroup choice and the number of holes, let us
consider the effect that different hole-patterns have on the
hardness of the resulting completion problem. (For brevity,
we only refer to rows below but naturally all our comments
apply to columns just as well.)

Two extreme cases are rows with just one hole and rows
with n holes. In the first case, the row can be immediately
completed, while in the second case it turns out that given any
consistent completion of the remaining n � (n � 1) squares
one can always complete the quasigroup. More generally, it
seems like a good idea for any algorithm to attempt to com-
plete rows having a smallest number of holes first, thus min-
imizing the branching factor in the search tree. Equivalently,
having an equal number of holes in each row and column
should tend to make things harder for algorithms.

Even upon deciding to have an equal number of holes in
each row and column, the exact placement of the holes re-
mains highly influential. Consider for example a pair of rows
having holes only in columns i; j and further assume that
there are no other holes in columns i; j. Then, by permut-
ing rows and columns it is clear that we can move these four
holes to, say, the top left corner of the matrix. Note now that
in this new (isomorphic) problem the choices we make for
these four holes are independent of all other choices we make
in solving the problem, giving us a natural partition to two
independent subproblems.

More generally, given the 0/1 matrix A where zeros cor-
respond to colored entries and ones correspond to holes, one
can attempt to permute the rows and columns to minimize the
bandwidth of A (the maximum absolute difference between i
and j for which A(i; j) is 1). Having done so, the completion
problem can be solved in time exponential in the bandwidth.

We were surprised to discover that even though Satz con-
tains no code that explicitly computes or makes use of band-
width (indeed, exactly computing the bandwidth of a prob-
lem is NP-complete), it is extremely efficient for bounded-
bandwidth problems. We generated bounded-bandwidth in-
stances by first punching holes in a band along the diagonal
of a Latin square, and then shuffling the rows and columns
1,000 times to hide the band. Satz solved all instances of this
type for all problem sizes (up to the largest tested, order 33)
and hole ratios in either 0 or 1 backtrack! Satz’s strategy is
Davis-Putnam augmented with one-step lookahead: this com-
bination is sufficient to uncover limited-bandwidth instances.

When the holes are placed randomly then with high prob-
ability the resulting matrix A will have high bandwidth. Al-
ternatively, we can view A as a random n� n bipartite graph
in which vertex i is connected to vertex j iff there is a hole in
position (i; j). The high bandwidth of A then follows from
relatively standard results from random graph theory (Fernan-
dez de la Véga 1981). Moreover, having an equal number of
holes in each row/column makes the random graph regular,
which guarantees that A has large bandwidth. Intuitively,
small balanced instances should exhibit properties that hold
of large random instances in the asymptotic limit.

Viewing the hole pattern as a regular random bipartite
graph readily suggests a way for generating a uniformly ran-
dom hole pattern with precisely q holes in each row and col-
umn for any q (i.e., q = h=n) by the following algorithm:

Set H = ;.
Repeat q times:

Set T to f1; : : : ; ng � f1; : : : ; ng nH .
Repeat n times:

Pick a uniformly random (i; j) 2 T ;
Add (i; j) to H ;
Remove all elements in row i and column j from T .

Balancing can be applied to either the QWH or QCP mod-
els: in the former, the pattern is used to uncolor cells; in the
latter, the pattern is used to determine the cells that are not
colored incrementally.

3.4 Empirical Results
We measured the difficulty of solving problem distributions
generated under each of the models using three different al-
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gorithms. As a preliminary step problems were simplified
by arc consistency and then translated into SAT problems
in conjunctive normal form, as described in Sec. 4 below.
For each data point for a range of percentage of holes 100
problems were generated and solved by three different algo-
rithms: Walksat, which performs local search over the space
of truth assignments, using 30% noise and no cutoff; Satz,
which implements the backtracking Davis-Putnam algorithm
augmented with 1-step lookahead; and Sato (Zhang 1997),
another Davis-Putnam type solver that uses dependency-
directed backtracking and clause learning. In this paper we
present the data for order 33, a size which clearly distin-
guishes problem difficulty but still allows sufficient data to be
gathered. For reasons of space, we will omit detailed results
for Sato, which are qualitatively similar to those for Satz.

Figure 5 displays the results for Walksat: note the log scale,
so that each major division indicates an order of magnitude
increase in difficulty. Less constrained problems appear to
the right in the graphs: note that is the opposite of the con-
vention for presenting results on random k-cnf (but is con-
sistent with Achlioptas et al. (2000)). On the log scale we
see that the most constrained instances are truly easy, be-
cause they are solved by forward-checking alone. The under-
constrained problems are of moderate difficulty. This is due
to the fact that the underconstrained problem are simply much
larger after forward-checking. Again note that this situation
is different from that of random k-cnf, where it is the over-
constrained problems that are of moderate difficulty (Cook
and Mitchell 1997).

At the peak the balanced QWH problems are much harder
than the filtered QCP problems, showing that we have
achieved the goal of creating a better benchmark for testing
incomplete solvers. Balancing can be added to the filtered
QCP model; the resulting balanced QCP model are yet more
difficult. This indicates that balancing does not make QWH

and QCP equivalent: the biases of the two approaches remain
distinct. Both of the QWH models are harder than the QCP
models in the under-constrained region to the right; we do not
yet have an explanation for this phenomena.

Both the aligned and rectangle models are easy for Walk-
sat, and show no hardness peak. In the over-constrained area
(to the left) they require more flips to solve than the oth-
ers. This is because clustering all the holes prevents arc con-
sistency from completely solving the problems in the over-
constrained region (there are more than one solutions), as it
usually does for the other models.

Figure 6 shows the same ordering of hardness peaks for
Satz. The behavior of Satz on the rectangle case is an in-
teresting anomaly: it quickly becomes lost on the under-
constrained problems and resorts to exhaustive search. This
is because Satz gains its power from lookahead, and on
under-constrained rectangular problems lookahead provides
no pruning. Sato, which employs look-back rather than
lookahead, does not exhibit this anomaly: it solves the rect-
angular problems as easily as the aligned ones.

We also measured the variance in the number of holes per
row or column and the bandwidth of the balanced and ran-
dom models. As expected, the variance was very low for the
balanced case, averaging between 0.0 and 0.2 over the rage
of ratios, compared with a range of 5.4 to 8.2 for the ran-
dom case. Thus non-balanced problems will often have rows
or columns that contain only a few, highly-constrained holes
that can be easily filled in.

4 3-D and 2-D Encodings
Up to this point of the paper we have been concerned with
understanding what makes a problem intrinsically hard. In
practice, the difficulty of solving a particular instance using a
particular algorithm is also dependent upon the details of the
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holes holes=n1:55 2-D 3-D
247 1.41 18 17
254 1.45 33 66
261 1.49 32 108

268 1.53 23 109
275 1.57 17 61
282 1.61 14 61
289 1.65 12 23

Table 2: Average number unit propagations performed im-
mediately after each branch by Satz for the 2-D and 3-D en-
codings of order 28 QWH instances. Hardness peak is at
n1:55 = 1:53 (261 holes).

representation of the problem.
Although quasigroup completion problems are most natu-

rally represented as a CSP using multi-valued variables, en-
coding the problems using only Boolean variables in clausal
form turns out to be surprisingly effective. Each Boolean
variable represents a color assigned to a cell, so wheren is the
order there are n3 variables. The most basic encoding, which
we call the “2-dimensional” encoding, includes clauses that
represent the following constraints:

1. Some color must be assigned to each cell;
2. No color is repeated in the same row;
3. No color is repeated in the same column.

Constraint (1) becomes a clause of length n for each cell, and
(2) and (3) become sets of negative binary clauses. The total
number of clauses is O(n4).

The binary representation of a Latin square can be viewed
as a cube, where the dimensions are the row, column, and
color. This view reveals an alternative way of stating the Latin
square property: any set of variables determined by holding
two of the dimensions fixed must contain exactly one true

variable. The “3-dimensional” encoding captures this condi-
tion by also including the following constraints:

1. Each color much appear at least once in each row;
2. Each color much appear at least once in each column;
3. No two colors are assigned to the same cell.

As before, the total size of the 3-D encoding is O(n4).
As reported in Achlioptas et al. (2000), state of the art

backtracking and local search SAT solvers using the 3-D
encoding are competitive with specialized CSP algorithms.
This is particularly surprising in light of the fact that the best
CSP algorithms take explicit advantage of the structure of the
problem, while the SAT algorithms are generic. Previous re-
searchers have noted that the performance of backtracking
CSP solvers on quasigroup problems is enhanced by using
a dual representation (Slaney et al. 1995, Shaw et al. 1998,
Zhang and Stickel 2000). This suggests a reason for the suc-
cess of Davis-Putnam type SAT solvers: In the CSP dual en-
coding, there are variables for color/row pairs, where the do-
main is the set of columns, and similarly for color/column
pairs, where the domain is the set of rows. The 3-D SAT
encoding essentially gives us these dual variables and con-
straints for free.

This explanation is supported by the extremely poor perfor-
mance of SAT solvers on the 2-D encodings of the problems.
Neither Satz nor Sato can solve any instances at the hardness
peak for orders larger than 28; using the 3-D encoding, by
contrast, either could solve all instances with one backtrack
on average. As shown in Figure 7, the work required by Satz
explodes as the problem becomes underconstrained , requir-
ing over 100,000 backtracks for order 28.

An explanation for the difference in performance of Satz
on the different encodings can be found by examining the
number of unit propagations triggered by each split in the
search trees. Table 2 compares the number of unit propaga-
tions around the point at which the 2-D encodes become hard
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for Satz (in bold). Note that at this point each split sets about
5 times more variables for the 3-D encoding than for the 2-D
encodings.

Are the 2-D encodings inherently hard? Consider the per-
formance of Walksat, on even larger orders (30 and 33),
shown on in Figure 8. Walksat shows an unusual pattern: the
2-D encodings are somewhat easier than the 3-D encodings
at the peak, and somewhat harder than then 3-D encodings in
the under-constrained region to the right. Thus the 2-D and
3-D are in fact incomparable in terms of any general notion
of hardness.

A significant difference between the 3-D and 2-D encod-
ings is that for both Walksat and Satz it is difficult to see any
hardness peak at the threshhold: the problems become hard
and then stay at least as hard as they become more and more
under-constrained. Note that the most underconstrained in-
stances are inherently easy, since they correspond to a empty
completion problem. This reinforces our argument that the
3-D encoding more accurately reflects the underlying com-
putational properties of the quasigroup problem.

In summary, it is important to distinguish properties of a
problem instance that make it inherently hard for all meth-
ods of attack and properties that make it accidently hard for
particular methods. While the encoding style is such an acci-
dental property, the main conjecture we present in this paper
is that balance is an inherent property. The evidence for the
conjecture is that increasing balance increases solution time
for a variety of solvers.

5 Conclusions
Models of random problem generation serve two roles in AI:
first, to provide tools for testing search and reasoning al-
gorithms, and second, to further our understanding of what
makes particular problems hard or easy to solve, as distinct
from the fact that they fall in a class that is worst-case in-

tractable. In this paper we introduced a range of new models
of the quasigroup completion problem that serve these roles.
We showed how a new notion of balance is an important fac-
tor in problem hardness. While previous work on balancing
formulas considered the roles of positive and negative liter-
als, our notion of balance is purely structural. Balancing im-
proves the usefulness of the QWH model – one of the best
models known for testing incomplete solvers – while retain-
ing its formal simplicity and elegance.
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Abstract

We present an extensive experimental study of
consequence-finding algorithms based on kernel
resolution, using both a trie-based and a novel
ZBDD-based implementation, which uses Zero-
Suppressed Binary Decision Diagrams to concisely
store and process very large clause sets. Our study
considers both the full prime implicate task and ap-
plications of consequence-finding for restricted tar-
get languages in abduction, model-based and fault-
tree diagnosis, and polynomially-bounded knowl-
edge compilation. We show that the ZBDD imple-
mentation can push consequence-finding to a new
limit, solving problems which generate over1070

clauses.

1 Introduction
Many tasks in Artificial Intelligence can be posed as
consequence-finding tasks, i.e. as the problem of finding
certain consequences of a propositional knowledge base.
These include prime implicates, abduction, diagnosis, non-
monotonic reasoning, and knowledge compilation.[Mar-
quis, 1999] provides an excellent survey of the field and
its applications. Unfortunately, there have been very few
serious computational attempts to address these problems.
After some initial excitement with ATMSs[de Kleer, 1986]
and clause management systems[Reiter and de Kleer, 1987;
Kean and Tsiknis, 1993], it was soon realized that these sys-
tems would often run out of resources even on moderately
sized instances, and interest on the topic waned. Thus, for
example,[Marquis, 1999] says in concluding his survey:

“The proposed approaches [to consequence-
finding] are however of limited computational
scope (algorithms do not scale up well), and
there is only little hope that significantly better
algorithms could be designed”

In this paper, we conduct the first extensive experimen-
tal study of consequence-finding (CF), more specifically of
one of the approaches referred to in the above quote, namely
kernel resolution[del Val, 1999]. Kernel resolution allows
very efficient focusing of consequence-finding on a subset
of “interesting” clauses, similar to SOL resolution[Inoue,

1992]. We also introduce novel consequence-finding tech-
nology, namely, the use of ZBDDs (Zero-Suppressed Binary
Decision Diagrams[Minato, 1993]) to compactly encode and
process extremely large clause sets. As a result of this new
technology, the well-known Tison method[Tison, 1967] for
finding the prime implicates of a clausal theory, a special
case of kernel resolution, can now efficiently handle more
than1070 clauses. The combination of focused consequence-
finding with ZBDDs makes CF able to deal computation-
ally with significant instances of the applications discussed
above for the first time. In particular, our experiments include
both full CF (the prime implicate task), and applications of
consequence-finding for restricted target languages in abduc-
tion, model-based and fault-tree diagnosis, and polynomially-
bounded knowledge compilation.

We assume familiarity with the standard literature on
propositional reasoning and resolution. Some definitions are
as follows. A clauseC subsumes a clauseD iff C ⊆ D. The
empty clause is denoted2. For a theory (set of clauses)Σ,
we useµ(Σ) to denote the result of removing all subsumed
clauses fromΣ. An implicate ofΣ is a clauseC such that
Σ |= C; a prime implicate is an implicate not subsumed by
any other implicate. We denote byPI(Σ) the set of prime
implicates ofΣ. We are often interested only in some subset
of PI(Σ). For this purpose, we define the notion of a target
languageLT , which is simply a set of clauses. We assume
LT is closed under subsumption (c.u.s.), i.e. for anyC ∈ LT
andD ⊆ C, we haveD ∈ LT . A target language can al-
ways be closed under subsumption by adding all subsumers
of clauses in the language.

Given these definitions, the task we are interested in is find-
ing the primeLT -implicates ofΣ, defined asPILT (Σ) =
PI(Σ) ∩ LT . We will mainly consider the following target
languages:L is the full language, i.e. the set of all claus-
es over the setV ar(Σ) of variables ofΣ. L2 = {2} con-
tains only the empty clause. Given a set of variablesV , the
“vocabulary-based” languageLV is the set of clauses over
V . Finally, for a constantK, LK is the set of clauses over
V ar(Σ) whose length does not exceedK. Thus we haveL1,
L2, etc.

Each of these languages corresponds to some important AI
task. At one extreme, finding the prime implicates ofΣ is
simply findingPIL(Σ) = PI(Σ); at the other extreme, de-
ciding whetherΣ is satisfiable is identical to deciding whether
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PIL2
(Σ) is empty. Vocabulary-based languages also have

many applications, in particular in abduction, diagnosis, and
non-monotonic reasoning (see e.g.[Inoue, 1992; Selman and
Levesque, 1996; Marquis, 1999] among many others). Final-
ly, LK or subsets thereof guarantee thatPILK (Σ) has poly-
nomial size, which is relevant to knowledge compilation (sur-
veyed in[Cadoli and Donini, 1997]).

Sometimes we will be interested in theories which are log-
ically equivalent toPILT (Σ), but which need not include all
LT -implicates, and can thus be much more concise. We refer
to any such theory as aLT -LUB of Σ, following [Selman and
Kautz, 1996], see also[del Val, 1995]. We’ll see one partic-
ular application ofLT -LUBs in our discussion of diagnosis
later.

2 Kernel resolution: Review
Kernel resolution, described in[del Val, 1999; 2000a],
is a consequence-finding generalization of ordered resolu-
tion. We assume a total order of the propositional variables
x1, . . . , xn. A kernel clauseC is a clause partitioned into
two parts, the skips(C), and the kernelk(C). Given any
target languageLT closed under subsumption, aLT -kernel
resolution deductionis any resolution deduction constructed
as follows: (a) for any input clauseC, we setk(C) = C and
s(C) = ∅; (b) resolutions are only permitted upon kernel lit-
erals; (c) the literall resolved upon partitions the literals of
the resolvent into those smaller (the skip), and those larger
(the kernel) thanl, according to the given ordering; and (d)
to achieve focusing, we require any resolventR to beLT -
acceptable, which means thats(R) ∈ LT .

In order to search the space of kernel resolution proofs, we
associate to each variablexi a bucketb[xi] of clauses con-
tainingxi. The clauses in each bucket are determined by an
indexing functionILT , so thatC ∈ b[xi] iff xi ∈ ILT (C). We
can always defineILT (C) = {kernel variables of the largest
prefix l1 . . . lk of C s.t. l1l2 . . . lk−1 ∈ LT }, whereC is as-
sumed sorted in ascending order[del Val, 1999]; resolving
on any other kernel literal would yield a non-LT -acceptable
resolvent.

Bucket elimination, abbreviatedLT -BE, is an exhaustive
search strategy for kernel resolution.LT -BE processes buck-
etsb[x1], . . . , b[xn] in order, computing in stepi all resolvents
that can be obtained by resolving clauses ofb[xi] uponxi,
and adding them to their corresponding buckets, usingILT .
We denote the set of clauses computed by the algorithm as
LT -BE(Σ). The algorithm, which uses standard subsumption
policies (so thatLT -BE(Σ) = µ(LT -BE(Σ))), is complete
for finding consequences of the input theory which belong to
the target languageLT , that is,LT -BE(Σ)∩LT = PILT (Σ).

As shown in[del Val, 1999], L-BE is identical to Tison’s
prime implicate algorithm[Tison, 1967], whereasL2-BE is
identical to directional resolution (DR), the name given by
[Dechter and Rish, 1994] to the original, resolution-based
Davis-Putnam satisfiability algorithm[Davis and Putnam,
1960]. L2-BE(Σ) is called thedirectional extensionof Σ,
and denotedDR(Σ).

ForLV we will in fact consider two BE procedures, both
of which assume thatthe variables ofV are last in the order-
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Figure 1: ZBDD and trie representation for the set of clauses
Σ = {a ∨ b ∨ ¬c,¬a ∨ b,¬a ∨ ¬c,¬b ∨ ¬c}.

ing. L1
V -BE is simplyLV -BE under this ordering assump-

tion. L0
V -BE is identical, except that processing is interrupt-

ed right before the first variable ofV is processed. Thus
L1
V -BE(Σ) ∩ LV = PILV (Σ), whereasL0

V -BE(Σ) ∩ LV is
logically equivalent but not necessarily identical toPILV (Σ);
i.e., it is aLV -LUB of Σ. Note that, in either case, the de-
sired set of clauses is stored in the last buckets. The ad-
vantage of this ordering is that either form ofLV -BE be-
have exactly as directional resolution, a relatively efficient
satisfiabilitymethod, up to the firstV -variable of the order-
ing. L0

V -BE stops right there (and is thus strictly cheaper
than deciding satisfiability with DR under such orderings),
while L1

V -BE continues, computing the prime implicates of
L0
V -BE(Σ) ∩ LV with full kernel resolution over theV -

buckets.

3 Zero–Suppressed BBDs: Review
[Bryant, 1992] provides an excellent survey and introduction
of Binary Decision Diagrams (BDD). A BDD is a direct-
ed acyclic graph with a unique source node, only two sinks
nodes (1 and0, interpreted respectively astrue andfalse)
and with labeled nodes∆(x, n1, n2). Such nodex has only
two children (n1 and n2, connected respectively to its 1-
arc and 0-arc) and is classically interpreted as the function
f = if x then f1 else f2 (if f1 andf2 interpret the BDDsn1

andn2).
The power of BDDs derives from their reduction rules. A

ROBDD (Reduced Ordered BDD, simply noted BDD in the
following) requires that its variables are sorted according to
a given order and that the graph does not contain any iso-
morphic subgraph (node-sharingrule). In addition, thenode-
eliminationrule deletes all nodes∆(x, n, n) that do not care
about their values. With the classical semantics, each node is
labeled by a variable and each path from the source node to
the 1-sink represents a model of the encoded formula. The
BDD can thus be viewed as an efficient representation of a
Shannon normal tree.

In order to use the compression power of BDDs for en-
coding sparse sets instead of just boolean functions,[Minato,
1993] introduced Zero-Suppressed BDDs (ZBDDs). Their
principle is to encode the boolean characteristic function of a

360 SEARCH, SATISFIABILITY, AND CONSTRAINT SATISFACTION PROBLEMS



set. For this purpose, Minato changed thenode-elimination
rule into theZ-eliminationrule for which useless nodes are
those of the form∆(x, 0, n). So, if a variable does not ap-
pear on a path, then its default interpretation is nowfalse
(which meansabsent, instead ofdon’t care). If one wants
to encode only sets of clauses, each ZBDD variable needs to
be labeled by a literal of the initial formula, and each path
to the 1-sink now represents the clause which contains only
the litterals labeling the parents of all 1-arcs of this path.
Figure 1 represents the ZBDD encoding the set of clauses
Σ = {a ∨ b ∨ ¬c,¬a ∨ b,¬a ∨ ¬c,¬b ∨ ¬c}.

The “compressing” power of ZBDDs is illustrated by the
fact that there exist theories with an exponential number of
clauses that can be captured by ZBDDs of polynomial size.
Because their complexity only depends on the size of the ZB-
DD, not on the size of the encoded set, ZBDD operators can
be designed to efficiently handle sets of clauses of an expo-
nential size.

4 Kernel resolution on ZBDDs
In order to deal with this compact encoding in the contex-
t of kernel resolution, we need to define a way to efficient-
ly obtain resolvents, and to identify buckets. For the former
task,[Chatalic and Simon, 2000b; 2000c] introduced a very
efficientmultiresolution rulewhich works directly on sets of
clauses, and thus which can compute the result of eliminating
a variable without pairwise resolving clauses.

Definition (multiresolution) : Let ∆+ and∆− be two sets
of clauses without the variablexi. LetRi be the set of clauses
obtained by distributing the set∆+ over∆−. Multiresolution
is the following rule of inference:

(xi ∨
∧

∆+) ∧ (¬xi ∨
∧

∆−)⇒
∧
Ri.

A bucket b[xi] can always be expressed in the form re-
quired by this rule, so thatRi corresponds to the set of re-
solvents obtained by processingb[xi]. The main advantage
of this definition is that it can be shown that ifRi is com-
puted directly at the set level, without explicitly enumerating
clauses, its complexity can be independent of the number of
classical resolution steps.[Chatalic and Simon, 2000b] pro-
pose a system called ZRes which implements the multiresolu-
tion principle by means of ZBDDs. ZRes manipulates clause
sets directly, through their ZBDD representation, with no ex-
plicit representation of individual clauses. A bucket is easi-
ly retrieved from the ZBDD storing the current clause set in
the form of ZBDDs for appropriate∆+

i and ∆−i ; and it is
then processed using a specialized ZBDD operator,clause-
distribution, which implements multiresolution by distribut-
ing ∆+

i over∆−i to obtainRi. The system comes with other
ZBDDs operators designed for clause-set manipulation, such
assubsumption-free unionandset-difference. All these three
operators delete subsumed and tautologous clauses as soon
as possible, during the bottom-up construction of the result-
ing ZBDD.

To generalize these ideas for focused kernel resolution, we
need to deal with complex indexing functions. For this pur-
pose, we keep two ZBDDs, for dead and live clauses respec-
tively. A “dead” clause is one which can no longer be re-

solved according to theLT -restriction in place, given the vari-
ables that have been processed so far. For example, a clause
becomes dead forL2 (i.e. for DR) when just one of its vari-
ables is processed; and forLK when its firstK + 1 variables
are processed. Right before processing a variable, we obtain
“its bucket” from the live ZBDD. Processing the variable is
then done by multiresolution. Finally, when done with a vari-
able, new clauses become dead, and they are moved from the
live ZBDD to the dead ZBDD.

5 Experimental results
Our experimental tests, which include structured benchmark
gathering and generating as well as random instances testing,
represents more than 60 cpu-days on the reference machine1,
more than 10000 runs on structured examples and almost the
same on random instances. Only selected results are present-
ed here, for an obvious lack of space.

Times are reported in seconds. All experiments use a 1000
seconds timeout, and a dynamic min-diversity heuristic for
variable ordering. This heuristic chooses the variable for
which the product of its numbers of positive and negative oc-
currences is minimal, thus trying to minimize the number of
resolvents.

In addition to the ZBDD-based implementations, labeled
zres , we also consider algorithms based on the trie-data
structure[de Kleer, 1992], namely,picomp anddrcomp ,
for respectively prime implicates and directional resolution.
In contrast to the ZBDD programs, trie-based programs ex-
plicitly represent clauses and buckets, and use pairwise reso-
lution. The trie (illustrated in Figure 1) includes a number of
significant optimizations to minimize trie traversal, for effi-
cient subsumption.

It can be shown that ZBDDs are never worse than tries in s-
pace requirements, and can be much better. Intuitively, while
tries can only share common structure on the prefix of claus-
es, ZBDDs can do it on their prefix and postfix, i.e. they al-
low factoring clauses from both the beginning and the end. In
terms of time, as we will see, the situation is more complex.
Nevertheless, the ZBDD implementation is the one that really
pushes consequence-finding well beyond its current limits.

5.1 Prime implicates
Prime implicate computation remains one of the fundamen-
tal consequence finding tasks. We focus in this section
on our two very different Tison’s algorithm implementa-
tions, picomp and zres-tison . We use the follow-
ing benchmarks, among others:chandra-n [Chandra and
Markowsky, 1978] andmxky [Kean and Tsiknis, 1990] are
problems with known exponential behavior;adder-n (n-bit
adders),serial-adder (n-bit adders obtained by connect-
ing n full adders),bnp-n-p (tree-structured circuits with
n layers, wherep is a probability,[El Fattah and Dechter,
1995]) represent digital circuits;serial-diag-adder
andbnp-ab represent the same circuits in a form suitable
for diagnostic reasoning;pipes andpipes-syn are prob-
lems drawn from qualitative physics;type-k-n problems,

1On the Dimacs[Dimacs, 1992] machine scale benchmark, this
Pentium-II 400MHz has a time saving of 305%
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Benchmark #PIs picomp zres-tison
adder-10 826457 171 1.07
adder-50 1.0e+25 – 172
adder-100 7.2e+48 – 381
chandra-21 2685 0.1 0.29
chandra-100 9.2e+15 – 12.23
chandra-400 2.8e+63 – 318

bnp-5-50-ts4-rr-2 1240 0.02 0.42
bnp-7-50-ts4-rr-1 5.7e+6 – 10.9
bnp-7-50-ts4-rr-2 3.0e+10 – 15.9

bnp-ab-5-50-ts4-rr-2 1641 0.04 0.80
bnp-ab-7-50-ts4-rr-2 7.2e+10 – 311

m6k6 823585 1.18 0.36
m9k8 1.0e+8 – 1.81

m30k25 1.9e+37 – 256
n-queens-5 3845 1.72 4.26
pigeons-5-5 7710 12.4 49.6
pigeons-6-5 17085 93.5 356

pipes-simple-08 71900 390 38.9
pipes-simple-12 321368 – 239

pipes-syn-10 30848 35.2 2.69
pipes-syn-40 4.3e+6 – 518

serial-adder-10-4 8.4e+7 – 4.33
serial-adder-30-4 6.4a+21 – 717

serial-diag-adder-10-4 1.7e+10 – 78.3
serial-diag2-8-0b 2.2e+8 – 11.7

type1-800 319600 16.4 219
type5-150 3.7e+71 – 330

Table 1: Prime implicates with picomp and zres-tison

due to[Mathieu, 1991], attempt to mimic “typical” structures
of expert system KBs, with eachk representing a particular
kind of structure.

The first observation that can be drawn from Table 1 is
the scalability ofzres-tison , which can handle a huge
number of clauses on some particular instances (e.g.1071

for type5-150 ). Thus it forces us to completely reconsid-
er Tison’s algorithm efficiency and limitations. In all these
examples,picomp simply cannot physically represent such
sets of clauses and, like all previous Tison’s implementation-
s, is no competition forzres-tison . Yet, on some in-
stances,picomp remains faster. This is due to small distri-
butions computation, involving less than a thousand clauses
(e.g. type-1-800 ) at each multiresolution step. On such
examples, traditional approaches with explicit representation
of clauses remain faster. Notice finally the relative indepen-
dence of the running time ofzres-tison w.r.t. the number
of PIs, in contrast topicomp . For zres-tison there are
easy examples with a huge number of PIs, and hard examples
with few PIs. The latter includen-queens and satisfiable
pigeon problems, which contrasts with the excellent results
for satisfiability of similar problems in[Chatalic and Simon,
2000c].

5.2 Polynomial size compilation
One of the major theoretical limits of knowledge compila-
tion (KC) is that it is very unlikely that a KC method can

k(3) k(4) k(5) k(6) z-tison
k(3) – 52 (1.19) 46 (1.45) 46 (1.45) 31 (3.70)
k(4) 31 (1.04) – 41 (1.18) 41 (1.18) 23 (2.75)
k(5) 37 (1.05) 35 (1.06) – 0 18 (2.21)
k(6) 37 (1.05) 35 (1.06) 0 – 18 (2.21)

z-tison 53 (2.88) 56 (2.83) 58 (2.88) 58 (2.88) –

Table 2: Compilation with zres-kbound and zres-tison

be defined that always produces tractable compiled theories
of polynomial size, unless we restrict the query language to
have polynomial size. That’s whatLK-BE does. To imple-
ment this withzres , clauses having more thank processed
variables are moved to the dead ZBDD. We test here only
the zres-kbound implementation with differentk on the
same benchmarks used on prime implicates. Summarizing so
many test runs on so many different benchmarks families is
not easy. We attempt to do so in Table 2, where a cell on
row i and columnj contains the percentage of benchmarks
quickly solved by the programi in comparison with program
j. For instance,zres-kbound (3) terminates more quickly
thanzres-tison in 31% of the cases, and the median val-
ue of the cpu gain is 3.70. Of course, such a table can’t take
into account the particularities of each benchmark family, but
it still can give some taste of how the different approaches
behave with respect to each other.

What is striking is that Tison remains the fastest procedure
in most cases, with a median cpu gain of around 285%. But,
we can see that, in 31% of the cases, kbound(3) perform much
better thanzres-tison . This phenomenon (also observed
with kbound(4-6)) means that whenzres-tison fails, k-
bound remains an available solution. Moreover, our results
suggest that kbound(5) and kbound(6) perform similarly, yet
the latter computes a much more interesting base.

5.3 Directional resolution

Directional resolution compiles a theory into an equivalent
one in which one can generate any model in linear time. We
test here our two DR implementations,drcomp andzres ,
on some specific benchmarks, with two heuristics for each
one. In Table 3 thepar-8-* , pret150-25 , ssa0432
files are taken from the Dimacs database, and #KB means
the size of the theory obtained by the programs. As this size
depends on the order of variable deletions, we only report it
for the first case, where the two programs give the same result.

As shown in Table 3, good heuristics have a major effect.
Using just input ordering often forces the size of the KB to
grow in such a way thatdrcomp can’t compete withzres .
ZBDDs pay off in all these cases, showing their ability to
represent very large KBs. The min-diversity heuristics seem-
s to invert the picture, mainly because the ordering helps to
keep the clause set to manageable size (tens of thousands of
clauses). The same applies to theories which are tractable
for directional resolution, such as circuit encodings[del Val,
2000b], for whichdrcomp takes no time.zres , in contrast,
seems to include a significant overhead on theories which do
not generate many clauses, despite its relatively good perfor-
mance reported in[Chatalic and Simon, 2000b]. On the other
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Input Order Min Diversity
Bench. #KB zres drcomp zres drcomp

adder-400 7192 482 1.36 310 1.23
chandra-400 1.3e+36 132 – 28.2 0.02

m8k7 2396801 1.19 24.05 0.50 0.01
m30k25 8.76e+37 292 – 79.1 0.05
par8-2-c 15001 332 – 1.24 0.04
par8-2 350 – 476.82 30.31 0.10

pret150-25 1.75e+15 8.69 – 4.83 20.8
ssa0432-003 2.01e+9 407 – 45.2 0.01
type1-850 849 99.9 0.08 91.5 0.11

Table 3: Directional resolution algorithm

hand, ZBDDs scale much better when dealing with very large
KBs.

5.4 Abduction

Given a theoryΣ and a setA of variables (called assump-
tions, hypothesis or abducibles), anabductive explanationof
a clauseC wrt. Σ is a conjunctionL of literals overA such
thatΣ ∪ L is consistent and entailsC (or a subsumed clause
of C). L is a minimal explanation iff no subset of it is also an
explanation.

On theadder-n , mult-n (adder and multiplier whose
result is smaller than n), and on thebnp circuits introduced
in section 5.1, we are given a circuitΣ with a set of input
variablesI and output variablesO. We want to explain some
observation (an instantiation of someO variables) with only
variables fromI (thus forgetting all internal variables). This
problem can be addressed throughLV -BE with V = I ∪ O.
In this case, the trie-based implementation failed in all bench-
marks (exceptadder-5 ), so we only report results for the
ZBDD-based implementation, in Table 4. We also tried our
algorithms on the ISCAS circuits benchmark family, without
success. To interpret these results appropriately, one should
note that obtainingPILV means precomputing answers for
all abduction problems forΣ, as explanations can be direct-
ly read off fromPILV (Σ). Kernel resolution also provides
methods for answering only specific abduction problems (as
opposed to all), but we have not tested them; for some test-
s with a similar flavor, check the diagnosis experiments on
ISCAS benchmarks, section 5.6.

Note that, surprisingly, all adder examples are treated much
more efficiently byzres-tison (table 1) than byL1

V -BE.
A similar phenomenon was already pointed out in[Chatalic
and Simon, 2000a], where, on some examples, computing DR
on a subset of variables was proved harder than on the whole
set of variables (L0

V -BE harder thanL0
A-BE, whereV ⊆ A).

But, here, in addition, the induced hardness overcomes the
simplification due to the use of DR instead of Tison, which is
clearly counter-intuitive. This is not the case for themult-n
nor for thebnp-10-50 instances, on whichpicomp and
zres-tison failed.

Table 5 presents some easier examples, thepath-kr
problems from[Prendingeret al., 2000] (abbreviatedp-kr ),
which can be solved by bothdrcomp and picomp . For
comparison with their results, note that we, unlike them, are

L0
V L1

V
Bench. Time #LV -LUB Time #PILV
adder-5 0.18 448 0.3 1396
adder-10 0.78 18184 3.6 354172
adder-20 3.51 1.88e+7 36.51 2.09e+10
adder-25 5.88 6.03e+8 – –
adder-100 423.51 2.28e+32 – –
mult-16 0.66 275 4.47 1918
mult-64 16.86 3466 – –
mult-128 2.25 1307 585.99 39398

bnp-7-50-1 6.12 193605 6.39 193605
bnp-7-50-3 5.97 24435 6.33 24435
bnp-10-50-3 805.53 2.30e+14 – –
bnp-10-50-4 671.61 1.76e+19 – –

Table 4: Abduction on circuits: ZBDD-basedLV -BE.

Bench. #KB zres drcomp #PIs zres-tis. picomp
p-2r 28 0.24 0.03 80 0.30 0.03
p-6r 7596 31.3 0.33 1332 48.5 0.36
p-10r 99100 374 18.7 122000 360 22.9

Table 5: Abduction on path problems

solving all abduction problems for the given instance in one
go.

5.5 Fault-Tree Diagnosis
The set of Aralia[Rauzy, 1996] benchmarks arise from fault
tree diagnosis, in which one wants to characterize the set of
elementary failures (coded by thefi predicates) that entail
the failure of the whole system (theroot predicate). It thus
amounts to computing the set ofLV -implicantsof the root,
whereV is the set offi. We use the well-known duality cn-
f/dnf and implicants/implicates to express those problems as
LV -implicatesproblems.

Usually, these benchmarks are efficiently solved usingtra-
ditional BDDs approaches (i.e. rewritting the initial formu-
la under Shannon Normal Form). In[Rauzy, 1996], internal
variables (defined as an equivalency with a subformula), are
not even encoded in the BDD: they are directly identified with
the BDD encoding the subformula. In our approach, such in-
ternal variable are explicitly present in the cnf of the formula.
The work ofzres amounts to preciselydeleteall of them,
thus obtaining a formula build onfi (and theroot) predicates.
In table 6, we show that kernel resolution, with multiresolu-
tion, can efficiently handle those problems without needing
to rewrite the formula under Shannon Normal Form. To our
knowledge, this is the first time that such direct CF approach
successes.

5.6 Model-based diagnosis
In diagnosis[de Kleeret al., 1992], we are given a theoryΣ
describing the normal behavior of a set of components; for
each component, there is an “abnormality” predicateabi. Let
V = AB be the set ofabi’s. Given a set of observationsO,
the diagnosis are given by the primeLV -implicants(noted
PALV ) of PILV (Σ ∪O). As we can obtain these implicants
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Benchmark zres #PILV
baobab2 1.9 1259
baobab3 16.32 24386
das9205 0.61 17280
das9209 11.98 8.2e+10
edf9205 15.4 21308
edf9206 669.3 7.15e+9
isp9602 17.05 5.2e+7
isp9605 1.67 1454

Table 6: Aralia abduction benchmarks

Bench. T. L0
V -BE #LV -LUB T. PALV #PALV

c432-d-03 99.16 1648704 315.13 1243
c432-d-06 462.16 3549876 – –
c432-d-09 140.60 18084 180.67 6651166
c499-d-03 42.14 102 470.12 7347194
c499-d-04 43.39 227 – –
c499-d-09 68.51 1065 198.74 3.2e+7
c880-d-03 98.16 174 103.13 13349
c880-d-08 98.96 87 99.65 698
c880-d-05 153.35 1 153.47 23
c1355-d-01 268.48 965 – –
c1355-d-02 233.46 182 – –
c1355-d-10 224.89 11 225.57 49856

Table 7: Model-based diagnosis for ISCAS benchmarks

from any equivalentLV -LUB of Σ, eitherL1
V -BE orL0

V -BE
can yield the diagnosis, so we use the cheaperL0

V -BE.
We first consider ISCAS benchmarks. We generated for

each of the four easiest circuits their normal behavior formu-
la (by introducingabi variables on each gate), and 10 faulty
input-output vectors. The results are given in Table 7 (with
T. denoting the total time), only for the ZBDD-based imple-
mentation. In a number of cases (whereLV -LUB is of rea-
sonable size),drcomp can also go through the first phase,
but our current implementation fails to complete the second
phase, thus we don’t report its results here. To generate the
implicants with our ZBDD-based system, we use one of its
procedures that can negate a given formula. 3 of the 40 in-
stances were too hard forL0

V -BE, and 14 failed to compute
theLV -implicants. To our knowledge, this is the first time
such instances are tested with a direct consequence-finding
approach.

Table 8 presents results forbnp-ab circuits for the much
harder “compiled” approach to diagnosis, where we basically
precomputePILV for all possible input-output vectors, by
computingPILAB∪O∪I . Clearly, in this case it pays off to use
the vocabulary-based procedures (as opposed to full PIs) for
both tries and ZBDDs.

5.7 Random instances
Finally, we consider random instances generated with the
fixed clause-length model. While conclusions drawn from
them do not say anything about the behavior of algorithm-
s on structured and specially real-world instances, they pro-
vide in our case a good tool for evaluating subsumption and
optimization techniques for resolution. It was observed in

Bench. #KB zres drcomp #PIs zres-tis. picomp
bnp-5-1 200 0.54 0.03 6441 0.90 0.24
bnp-5-3 35 0.48 0.03 724 1.02 0.03
bnp-7-1 78109 19.26 21.6 1.3e+8 30.4 –
bnp-7-2 31166 8.55 52.1 1.7e+11 33.9 –
bnp-7-4 110829 13.89 – 8.2e+8 32.8 –

Table 8: “Compiled” diagnosis on tree-structured circuits

Program Mean Med. Std 50% int. #Uns.(MT)
zres-tison 8.15 3.43 14.03 1.32-8.95 0 (232)
picomp 32.79 9.79 64.61 2.72-27.78 42

zres-kbound 3 3.78 2.67 3.61 1.57-4.71 0 (34.3)
zres-kbound 4 7.48 3.93 10.28 1.83-8.66 0 (152)
zres-kbound 5 8.86 3.97 14.52 1.81-9.61 0 (218)

Table 9: Consequence Finding in Random Formulae

[Dechter and Rish, 1994; Chatalic and Simon, 2000a] that
such instances are very hard for DR, and[Schrag and Craw-
ford, 1996] observed even worse behavior for consequence-
finding for instances generated near the SAT phase transition
threshold. Using a more powerful computer than in the pre-
vious benchmarks2, we comparepicomp , zres-tison ,
andzres-kbound on 1000 formulae at the ratio 4 (30 vari-
ables, 120 clauses,80% satisfiable). If we focus on satisfiable
theories, their mean number of prime implicates is 494 (std:
1595; median: 65;50% confidence interval: 30-254; max:
20000). Table 9 summarizes cpu-time results (the last colum-
n is the number of unsolved instances and the maximal cpu
time needed if all instances have been solved).

We observe from this table that ZBDDs are always better
than tries on random instances. For instance, withzres-
tison , the maximal number of clauses reached by each run
has a median of 4890 (mean; 5913, std: 4239,50% int:
2891-8022, max: 30147), but the maximal number of ZB-
DDs nodes has only a median of 3393 (mean: 3918, std:
2522,50% int: 2096-5236, max: 19231). This gives less than
one node per clause on average, despite the fact that most
of the clauses are longer than 4. Even if such instances are
“unstructured”, at the beginning of the calculus, resolution
(which we have seen really amounts to clause distribution)
introduces many redundancies in formulae, which seem to be
well-captured by ZBDDs.

6 Conclusion
We presented an extensive experimental study of
consequence-finding, including results on many of its
applications, using two quite different implementations. By
combining the focusing power of kernel resolution with the
ZBDD representation and multiresolution, we have shown
the scalability of our approach and the relative independance
of its performances with respect to the size of the handled
KB. The until now mainly theoretical applications of CF
can now be approached for problems of realistic size, and in
some cases of spectacular size.

2AMD-Athlon 1GHz running Linux with a Dimacs machine s-
cale of 990% cpu savings.
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trivaluée dans les systèmes experts. PhD thesis, Univer-
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