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Abstract

We summarize the contributions of this paper as follows:
• We develop a multi-class large margin classiﬁer that
takes advantage of class relationships and at the same
time automatically extracts these relationships. We provide a formulation that explicitly learns a matrix that
captures these class relationships de-coupled from the
feature weights. This provides a ﬂexible model that can
take advantage of the available knowledge.

Multi-class problems have a richer structure than
binary classiﬁcation problems. Thus, they can potentially improve their performance by exploiting
the relationship among class labels. While for the
purposes of providing an automated classiﬁcation
result this class structure does not need to be explicitly unveiled, for human level analysis or interpretation this is valuable. We develop a multi-class large
margin classiﬁer that extracts and takes advantage
of class relationships. We provide a bi-convex formulation that explicitly learns a matrix that captures these class relationships and is de-coupled
from the feature weights. Our representation can
take advantage of the class structure to compress
the model by reducing the number of classiﬁers employed, maintaining high accuracy even with large
compression. In addition, we present an efﬁcient
formulation in terms of speed and memory.

• We provide a formulation to the above problem that
leads to a bi-convex optimization problem that rapidly
converges to good local solutions[Al-Khayyal and Falk,
1983; Bezdek and Hathaway, 2003]. Furthermore, we
present a modiﬁed version of our general formulation
that uses a novel regularization term and that is efﬁcient
in both time and memory. This approach is comparable
to the fastest multi-class learning methods, and is much
faster than approaches that attempt to learn a comparable
number of parameters for multi-class classiﬁcation.
• Our representation can take advantage of the class structure to compress the model by reducing the number of
classiﬁers (weight vectors) and, as shown in the experimental results, maintain accuracy even with large model
compression (controllable by the user).

1 Introduction
Multi-class problems often have a much richer structure than
binary classiﬁcation problems. This (expected) property is a
direct consequence of the varying levels of relationships that
may exist among the different classes, not available by nature in binary classiﬁcation. Thus, it is of no surprise that
multi-class classiﬁers could improve their performance by exploiting the relationship among class labels. While for the
purposes of providing an automated classiﬁcation result this
class structure does not need to be explicitly unveiled, for (human level) analysis or interpretation purposes, an explicit representation of this structure or these class relationships can be
extremely valuable.
As a simple example, consider the case for a given problem, when inputs that are likely to be in class k1 are also likely
to be in class k2 but very unlikely to be in class k3 . The ability to provide such explicit relationship information can be
helpful in many domains. Similarly, the decision function for
determining class k1 can beneﬁt from the decision functions
learned from k2 and k3 - a form of transfer learning. This is
helpful specially when training samples are limited.
∗
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• Our experiments show that our method is competitive
and more consistent than state-of-the-art methods. It often has a lower test error than competing approaches, in
particular when training data is scarce.

2 Related Work
Two types of approaches are generally followed for addressing multi-class problems: one type reduces the multi-class
problem to a set of binary classiﬁcation problems, while the
second type re-casts the binary objective function to a multicategory problem. Variations of the ﬁrst approach include:
(a) constructing binary classiﬁers for every pair of classes
(one-vs-one method), and (b) constructing binary classiﬁers
for differentiating every class against the rest (one-vs-rest
method) [Friedman, 1996; Platt et al., 2000]. The results of
these binary classiﬁers can be combined in various ways (see
[Allwein et al., 2000]).
We focus on the second, where the multi-class problem is
cast as a single optimization problem [Weston and Watkins,
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1999; Bredensteiner and Bennett, 1999]. This is appealing
because the problem can be represented compactly, and it
more clearly deﬁnes the optimal classiﬁer for the K-class
problem; basically, all classes are handled simultaneously.
One of its main drawbacks is that the problem size/time complexity grows impractically fast. Thus, current research has
focused on algorithm efﬁciency [Crammer and Singer, 2001;
Tsochantaridis et al., 2005; Bordes et al., 2007].
The approach taken in [Crammer and Singer, 2001] consisted of breaking the large resulting optimization problem
into smaller ones, taking advantage of sequential optimization ideas [Platt, 1999]. However, in general the derivatives
are of size O(m2 K 2 ), for m data points and K classes,
and thus this approach does not scale well. In [Tsochantaridis et al., 2005] this problem was circumvented by employing the cutting plane algorithm requiring only a partial gradient computation. A stochastic gradient step is further employed in [Bordes et al., 2007], where various implementations were compared with the following results: for
the problem sizes/implementations considered, the method in
[Crammer and Singer, 2001] was the fastest, but it had by
far the most memory requirements. The two other methods
[Tsochantaridis et al., 2005; Bordes et al., 2007] had similar
memory requirements.
Despite these important developments, we note two important shortcomings: (1) the solution does not provide the
means to uncover the relationship between the classes or
more importantly to incorporate domain knowledge about
these relationships, and (2) there is no clear way to more directly relate the weight vectors associated with each class.
The ﬁrst shortcoming is more related to model interpretability and knowledge incorporation, while the second is related
to the ﬂexibility of the approach (e.g., to learn weight vectors
with speciﬁc, desirable properties).
The ﬁrst issue was partly addressed in [Amit et al., 2007]
where a class relationship matrix is explicitly incorporated
into the problem, in addition to the usual weight matrix. However, this method is limited to regularization based on the sum
of the Frobenious norms of these matrices. As shown in their
work, this is equivalent to a trace-norm regularization of the
product of these two matrices (a convex problem). As a consequence of the above limitation, it is not clear how additional information can be incorporated into the relationship
and weight matrix. In this paper, we address these shortcomings and present a formulation that, in addition to being efﬁcient, allows for a better control of the solution space both
in terms of the class relationship matrix and the weight matrix. We note that the same notion of hidden features motivating [Amit et al., 2007] is handled by the current formulation;
however we concentrate on viewing this as representing the
class structure.

3 General Formulation
Before we introduce our method, let us deﬁne the notation
we use in this paper. The notation A ∈ Rm×n signiﬁes a real
m × n matrix. For such a matrix, A denotes the transpose of
A and Ai the i-th row of A. All vectors are column vectors.
For x ∈ Rn , xp denotes the p-norm, p = 1, 2, ∞. A vec-

tor of ones and a vector of zeros in a real space of arbitrary
dimensionality are denoted by e and 0 respectively. Thus, for
e ∈ Rm and y ∈ Rm , e y is the sum of the components of y.
We can change the notation of a separating hyperplane from
f (x̃) = w̃ x̃ − γ to f (x) = x w, by concatenating a −1 component to the end of the datapoint vector, i.e. x = [x̃, −1].
Here the new parameter w will be w = [w̃, γ].
Let m be the total number of training points and K be
the number of classes. The matrix M will be used to represent numerical relationships (linear combinations) among
the different classiﬁers used for a given problem. In some
cases (as shown later), M can be seen as an indicative of
the relation among classes which are not usually considered when learning large margin multiclass classiﬁers (onevs-rest, one-vs-one, etc.). In more recent papers, a simpliﬁed version of the inter-class correlation matrix M is predeﬁned by the user [Lee et al., 2004] or not considered explicitly [Crammer and Singer, 2001; Tsochantaridis et al., 2005;
Bordes et al., 2007], separated from the class weight vector/matrix.
The idea behind our algorithm is to learn and consider the
implicit underlying relationships among the b base classiﬁers
we want to learn (depending on the chosen model) in order
to improve performance. Note that the dimensions of the matrix M (b × p, number of base classiﬁers by number of ﬁnal
classiﬁers) are strongly related to the chosen model for multiclass classiﬁcation. For example, when a paradigm similar
to the one-vs-rest method is considered, p = K and b < p,
if we chose b = p = K , M is a K × K square matrix.
This is, we are going to learn K classiﬁers, each one trying
to separate each class from the rest, but they are going to be
learned jointly (interacting with each other and sharing information through M ) instead of separately as is the case with
the standard one-vs-rest method. Similarly, when the one-vsone method is applied, p = K(K − 1)/2 and b the number
of base classiﬁers can be any number large enough b ≤ p. If
b = p = K(K − 1)/2 and M = I (ﬁxed), the result is the
exact one-vs-one method, however learning M will enforce
sharing the information among classiﬁers and it will help improve performance. One of the main advantages of this proposed method is the possibility of using a smaller number of
base classiﬁers than ﬁnal classiﬁers (case b < p). This will
result in a more compact representation of the models with
less parameters to learn and hence less prone to overﬁtting,
specially when the data is scarce.
Let Al represent the training data used to train the lth classiﬁer where l = 1, . . . , p. For one-vs-rest, Al = A for every
l. However, for the one-vs-one approach Al will represent the
training data for one of the p combinations, i.e. a matrix that
consists of the training points from the ith and the j th classes
i, j ∈ (1, . . . , K). Dl will signify a diagonal matrix with labels (1 or −1) on the diagonals. The way we assign labels to
training points depends on the approach we implement. For
instance, for a one-vs-rest setting the labels corresponding to
the data points in class l will be 1, whereas the labels for the
rest of the data points will be −1. Let W ∈ Rn×b be a matrix
containing the b base classiﬁers and M l be the column l of
the matrix M ∈ Rb×p . Similarly to [Fung and Mangasarian,
2001], we can deﬁne the set of constraints to separate Al with
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respect to the labeling deﬁned in Dl as:
Dl Al W M l + y l = e
Using these constraints, the problem becomes:
p
2
2
l l
l 2
min
l=1 μe − D A W M 2 + W F + ν M F ,

4 Practical Formulations
4.1

(W,M)

(1)
2
2
where W F and M F are the regularization terms for W
and M respectively, and the pair (μ, ν) control the trade-off
between accuracy and generalization.
We can solve Eq. (1) in a bi-convex fashion such that when
W is given then we solve the following problem to obtain M :
p
2
l l
l 2
min
(2)
l=1 μe − D A W M 2 + ν M F
(M)

When M is given, on the other hand, just note that
Al W M l = Âl Ŵ , where Âl = [M1,l Al , . . . , Mb,l Al ] and
Ŵ = [W1 , . . . , Wb ] . Using the new notations, we can solve
the following problem to obtain W :
 2
p
 
l l
2
min
(3)
l=1 μe − D Â Ŵ 2 + Ŵ 
(Ŵ )

2

We can summarize the bi-convex solution to Eq. (1) as follows:
0. initialization: if M is a square matrix then M 0 = I
otherwise initialize M by setting the components to 0 or
1 randomly.
1. At iteration t, if the stopping criterion is not met, solve
Eq. (3) to obtain W t+1 given M = M t .
2. For the obtained W t+1 , solve Eq. (2) to obtain M t+1 :
In contrast with [Amit et al., 2007], that recently proposed implicitly modeling the hidden class relationships to
improve multi-class classiﬁcation performance, our approach
produces an explicit representation of the inter-class relationships learned. In [Amit et al., 2007], they learn a matrix W
to account for both class relationships and weight vectors;
whereas, in our formulation we explicitly de-coupled the effect of the class relationships from the weight vectors captured in M and W respectively. Another important difference
with [Amit et al., 2007] is that in our formulation, additional
constraints on M can be added to formulation (1) to enforce
desired conditions or prior knowledge about the problem. As
far as we know, this is not possible with any previous related
approaches. Examples of conditions that can be easily imposed on M without signiﬁcantly altering the complexity of
the problem are: symmetry, positive deﬁniteness, constraint
bounds on the elements of M , a prior known relation between
two or more of the classes, etc. Experiments regarding different types of contriants in M is currently being explored
and it will be a part of future work. Since we are also explicitly modeling the classiﬁers weight vectors W , separately
from the matrix M , we can also impose extra conditions on
the hyperplanes W (alone). For example: we could include
regularization-based feature selection, we could also enforce
uniform feature selection across all the K classiﬁers by using
a block regularization on all the i components of the K hyperplane classiﬁers, or simply incorporate set and block feature
selection [Yuan and Lin, 2006] to formulation (1).

The one-vs-rest case

In order to simplify notation, when the one-vs-rest formulation is considered, formulation (1) can be indexed by training datapoint and rewritten as below. Let us assume that
k
f k (x) = x wk represents the kth classiﬁer and f˜i repreth
sents the output of the kth classiﬁer for the i datapoint,
k
Ai . i.e. f˜i = Ai wk . Let us deﬁne a vector fi such that
1
K
fi = [f˜i , . . . , f˜i ] . We also deﬁne a vector, yi , of slack
variables such that yi = [yi1 , . . . , yiK ] and a matrix W such
that W = [w1 , . . . , wK ].
m
K
2
min μ i=1 e − Di M fi 22 + k=1 wk 22 + ν M F
(W )

(4)
This formulation can be solved efﬁciently by exploiting the
bi-convexity property of the problem similar to [Fung et al.,
2004]. Subproblem (3) is an unconstrained convex quadratic
problem that is independent of any restrictions on M and it is
easily obtained by solving a system of linear equations. When
M = RK×K , this is also an unconstrained convex quadratic
programming problem and its solution can also be found by
solving a simple system of linear equations. The complexity
of formulation (2) depends heavily on the conditions imposed
on M . In what is left of the paper, we impose conditions on
M , such that its elements are bounded in the set [−1, 1]. By
doing this, M can be associated to correlations among the
classes (although symmetry was not enforced in our experiments to allow more general assymetrical relationships). This
is achieved by adding simple box constraints in the elements
of M , modifying formulation (2) into a constrained quadratic
programming problem.

4.2

Efﬁcient formulation for the one-vs-rest case

In this section, we propose a slightly modiﬁed version of our
formulation presented in section 4.1. This modiﬁed formulation is time and memory efﬁcient and requires neither building large sized matrices nor solving large sized systems of
linear equations.
Instead of using the 2-norm regularization term in formulation (4) that corresponds to a Gaussian prior on each one
of the hyperplane weight vectors wk , we use a joint prior on
the set of wk ’s, inspired by the work presented in [Lee et al.,
2004]. In that work, they considered the following vectorvalued class codes:

1
Ai belongs to class k
i
(5)
Dkk =
−1
otherwise
k−1
They showed (inspired by the Bayes rule) that enforcing,
for each data point, that the conditional probabilities of the
k classes add to 1 is equivalent to the sum-to-zero constraint on the separating functions (classiﬁers) fk (for all x):
K
k=1 fk (x) = 0. However, when considering linear classiﬁers, we have that:
K
K


∀x,
fk (x) = 0 ⇒ (
wk ) = 0
(6)
k=1

k=1

Inspired by this constraint, instead of the standard 2-norm
K  2
regularization term k=1 wk 2 , we propose to apply a new
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regularization term inspired by the sum-to-zero constraint:

2
 K

 k=1 wk  . By minimizing this term, we are favoring so2
lutions for which equation (6) is satisﬁed (or close to be satisﬁed). As stated in [Lee et al., 2004], by using this regularization term the discriminating power of the k classiﬁers
is improved, especially where there is not a dominating class
(which is usually the case). With the new regularization term
we obtain the following formulation, which is very similar to
formulation (4):
m
K
2
min μ i=1 e − Di M fi 22 +  k=1 wk 22 + ν M F
(W,M)

(7)
The solution to formulation(7) can be obtained by using an
alternating optimization algorithm similar to (1), but with
some added computational beneﬁts that make this formulation much faster and scalable. The main difference is that in
the second iterative step of the alternating optimization, instead of (3), the problem to solve becomes:
m
K
min μ i=1 e − Di M fi 22 +  k=1 wk 22
(8)
(W )

whose solution can be obtained by solving a system of linear


equations such that w∗ = [w1 , . . . , wK ] = −P −1 q, where

P = Γ⊗ Ā
standard
 Kronecker product) with Γ = M M
(the
m 

and Ā = i=1 Ai Ai + (1/μ)I.
m

Here, q = −2 i=1 B i e, where
⎤
⎡
i
i
Bi = ⎣

D11 M11 Ai
..
.
i
MK1 Ai
DKK

...

D11 M1K Ai

...

i
DKK
MKK Ai

⎦

(9)

Note that P is a matrix of size K(n + 1) by K(n + 1).
Recall that K is the number of classes and n is the number of
features. As we presented above, the solution to (7) is w∗ =
−P −1 q and can be calculated efﬁciently (both memory-wise
and time-wise) by using a basic property of the Kronecker
product:
P −1 = Γ−1 ⊗ A¯−1
We can draw the following conclusions from the equations
shown above:
1) Calculating Ā−1 ∈ R(n+1)×(n+1) and Γ−1 ∈ RK×K separately is enough to obtain P −1 ∈ RK(n+1)×K(n+1) .
2) At every iteration of our method, only the inverse of
Γ ∈ RKxK is required to be calculated where K is around
ten for most problems.
3) We can calculate any row, column or component of P −1
without actually building or storing P −1 itself or even P .
4) Consequently, no matter how big the P −1 matrix is, we
can still perform basic matrix operations with P −1 such as
w∗ = −P −1 q.
5) Finally, there is a relatively low computational cost involved on ﬁnding the solution W ∗ , regardless of the size of
P −1 .
The time complexity for this efﬁcient method can be presented as O(n3 + iK 3 ), where i is the number of iterations it takes for the alternating optimization problem to converge. In our experiments, it took ﬁve iterations on average
for our methods to converge. The memory complexity of
our methods are also very efﬁcient and can be presented as
O(n2 + K 2 ).

5 Exploring the Beneﬁts of the M Matrix
There are two main advantages of incorporating the M matrix explicitly in our proposed formulation.
One of them is to discover useful information about the relationships among the classes involved in the classiﬁcation
problem. In order to present an illustrative toy example, we
generated two-dimensional synthetic data with ﬁve classes as
depicted in Figure 1a. As shown in the Figure, there are
ﬁve classes where Class 1 is spatially related to Class
2 (the classes are adjacent and similarly distributed) and similarly Class 3 is related to Class 4. On the other hand,
Class 5 is relatively more distant to the rest of the classes.
When we train our algorithm using an RBF kernel, we obtain the classiﬁer boundaries in Figure 1b and the M matrix
shown in Figure 1c. For this toy example, in the M matrix,
similarity relations would appear as relatively large absolute
M matrix coefﬁcients. The block structure of the matrix suggests the similarities among some of the classes. Note that
for similar classes the corresponding M coefﬁcient has opposite signs. For example, let us explore the result for f1 (x)
and f2 (x). Note if xk belongs to class 1 we must have that
f1 (xk ) > 0 but because class 1 and 2 are similar, f2 (xk ) is
likely to be greater than zero as well. This potential problem
is compensated by M such that the ﬁnal classiﬁer f˜1 (xk ) for
class 1 is approximately 0.9f1 (xk ) − 0.1f2 (xk ). This means
that in case of confusion (both classiﬁers are positive for xk ) a
large magnitude of f2 (xk ) (classiﬁer 2 is very certain that xk
belong to class 2) could swing the value of f˜1 (xk ) to be negative (or to change its prediction). Note that the M matrix in
Figure 1c, learned the expected relationships among the ﬁve
classes. Another property of the M matrix is that by using a
rectangular M , we can decrease the number of classiﬁers required to classify a multiclass problem by slightly modifying
our original formulation. In order to exemplify this M property, let us consider the one-vs-one approach where we are
required to train p = K(K − 1)/2 classiﬁers. Our goal is to
train b < p number of classiﬁers that can achieve comparable
accuracies. This property has the potential to create compact
multiclass classiﬁcation models that require considerably less
parameters to learn (hyperplane coefﬁcients) especially when
non-linear kernels are used. For example, let us consider the
case where a kernel with 1000 basis functions is used and
the one-vs-one method is considered for a 10-class problem.
Using the standard one-vs-one method, p = 45 classiﬁers
have to be learned with 1000 coefﬁcients each (45000 coefﬁcients). However, by considering M ∈ R10×45 we only have
to learn 10×1000 plane coefﬁcients plus M (450 coefﬁcients)
for a total of 10450 coefﬁcients. This compact representation
might beneﬁt from Occam’s razor (by avoiding overﬁtting)
and hence resulting in more robust classiﬁers.

6 Numerical Experiments
In these experiments, we investigate whether we can improve
the accuracy of one-vs-rest by using the information that we
learn from inter-class relationships, how the performance of
our classiﬁers compares with related state-of-the-art methods,
and if we can achieve the accuracy of one-vs-one by using less number of classiﬁers than what one-vs-one re-
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Figure 1: a: Synthetic Data-1 with ﬁve classes. b: Class boundaries for Synthetic Data-1. c: The M matrix obtained for Synthetic Data-1.
quires. We test on ﬁve data sets: ICD (978,520,35)1, Vehicle (846, 18, 4), USPS (9298,256,10), Letter (20000,16,26)2,
and HRCT (500,108,5)3, with (a, b, c) representing number
of samples, features, and classes respectively. We implemented the following algorithms: original, our original
formulation in Eq. 4; fast our efﬁcient formulation (7)
from Sec. 4.2; traceNorm from [Amit et al., 2007]; and
1vsrest a standard one-vs-rest formulation. While solving (2), we imposed the conditions on M such that Mij ∈
[−1, 1], ∀i, j. We used conjugate gradient descent to solve
traceNorm as indicated in [Amit et al., 2007]. We also
compared our methods against popular multi-class algorithms
such as LaRank and SVMstruct and used the implementations distributed by the authors. After randomly selecting the
training set, we separate 10% of the remaining data as a validation set to tune the parameters. The remaining data is used
for testing. We tuned our parameters (μ and ν) and the tradeoff parameter (C) for all the methods over 11 values ranging
from 10−5 to 105 . All of the classiﬁers use a linear kernel
for ICD, Vehicle and HRCT, and the Gaussian Kernel with
ξ = 0.1 for the USPS and Letter data.
Figures 2 (a) − (f ) plot the performance (y-axis) of
the six methods for varying amounts of training data (xaxis). Each point on the plots is an average of ten random trials. For the USPS and Letter data, the competing method [Amit et al., 2007] was too demanding computationally to run for training set sizes of more than 12%,
thus we limited comparisons to a lower range. For the ICD
data, we observe that fast and original improve the onevs-rest coding and outperforms the other algorithms for every amount of training data. traceNorm exceeded our
memory capacity for this data set and thus results are not
available. For the HRCT data, we observe that the four
methods (1vsrest, fast, original and traceNorm
) are comparable. However, LaRank and SVMstruct performed poorly. For the Vehicle data, we see that fast
and original are better than others for the ﬁrst one hundred training samples. For more than one hundred training
samples, the performances of the algorithms are comparable
except for LaRank (which performed poorly). For the USPS
data, we observe the improvement due to the sharing of in1

A medical dataset from www.computationalmedicine.org
http://www.ics.uci.edu/∼mlearn/MLRepository.html
3
A real-world high-resolution computed tomography image
medical data set for lung disease classiﬁcation.
2

formation among the classes as demonstrated by the signiﬁcantly higher accuracies obtained by the fast, original,
traceNorm, and SVMstruct methods, which take advantage of the shared class structure, compared to 1vsrest and
LaRank. In summary, our proposed algorithms were consistently ranked among the best. SVMstruct also did well for
most datasets; however, it cannot extract explicit class relationships. The main competing approach, traceNorm did
not scale well to large datasets. Another advantage of our
methods over traceNorm is that we can explicitly learn the
inter-class relations and represent it in a matrix form, M .
In Figure 2(f ), we present the M matrix that we learned
for USPS by using fast with 1000 data points. USPS is a
good example where we can relate the relationships of classes
given in M to the physical domain, since the classes correspond to digits and we can intuitively say that some digits are
similar, such as 3 and 8. Looking at the 5th row of M in Fig.
2(f ), we observe that the 5th classiﬁer, f5 (x), is related to
digits 3, 6 and 8, which looks similar in the physical domain.
Similar relations can be observed in rows 6, 7 and 8, where
digit 7 is similar to 1, 6 to 5, and 9 to 8.
We also ran experiments comparing the performance of
one-vs-one versus our approach with a reduced set of base
classiﬁers, reduced. Due to space limitations, we only report the results on the HRCT and USPS data. Figures 2 (g)
and (h) show the results. For these data, one-vs-one requires 10 and 50 classiﬁers, whereas reduced only trained
with 5 and 10 classiﬁers for the HRCT and USPS respectively.
In order to combine the outputs of the classiﬁers, we applied
voting for both approaches. The ﬁgures demonstrate that we
can achieve similar performance in terms of accuracy even
with fewer base classiﬁers (half and one-ﬁfth in these cases)
compared to one-vs-one, because we take advantage of
inter-class relationships.

7 Conclusions
We developed a general formulation that allows us to learn the
classiﬁer and uncover the underlying class relationships. This
provides an advantage over methods that solely obtain decision boundaries since the results of our approach are more
amenable to (e.g., human-level) analysis. A closely related
work is traceNorm [Amit et al., 2007]. However in [Amit
et al., 2007], they require further work (solving another optimization problem after learning the decision boundaries) to
recover the class relationships; whereas, our approach learns
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Figure 2: a-d: Experimental results for various datasets comparing one-against-rest vs. our original method (original), the fast method
(fast), LaRank, SVMstruct and traceNorm. e: M matrix representing the inter-class correlations learned for USPS data. Indices
correspond to digits 1 . . . 9 and 0 respectively. f-g: Comparing one-vs-one vs. our method, reduced, on the HRCT and USPS data.
the boundaries and the relationships at the same time. In addition, we are able to achieve this efﬁciently at faster speeds
and less memory compared to the traceNorm formulation.
Our fast formulation has speeds comparable to the standard
one-vs-rest approach. In terms of accuracy, the performance
of our formulation is consistently ranked among the best and
the results conﬁrm that taking class relationships into account
improves class accuracy compared to the standard one-vs-rest
approach. Moreover, experiments reveal that our approach
can perform as well as standard one-vs-one with fewer base
classiﬁers by taking advantage of shared class information.
This work provides a ﬂexible model that is amenable to incorporating prior knowledge of class relationships. For future
work, by using different norms, the model can be extended to
allow regularization-based feature selection (1-norm-based).
We are not aware of any method that compares with our proposed family of large margin formulations in providing the
ﬂexibility of incorporating prior knowledge to the class structure (explicit constraints on M ) and adding constraints to feature weights.
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