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Abstract

This paper investigates belief revision where the
underlying logic is that governing Horn clauses. It
proves to be the case that classical (AGM) belief re-
vision doesn’t immediately generalise to the Horn
case. In particular, a standard construction based
on a total preorder over possible worlds may vio-
late the accepted (AGM) postulates. Conversely,
Horn revision functions in the obvious extension to
the AGM approach are not captured by total pre-
orders over possible worlds. We address these dif-
ficulties by first restricting the semantic construc-
tion to “well behaved” orderings; and second, by
augmenting the revision postulates by an additional
postulate. This additional postulate is redundant
in the AGM approach but not in the Horn case.
In a representation result we show that these two
approaches coincide. Arguably this work is inter-
esting for several reasons. It extends AGM revi-
sion to inferentially-weaker Horn theories; hence
it sheds light on the theoretical underpinnings of
belief change, as well as generalising the AGM
paradigm. Thus, this work is relevant to revision in
areas that employ Horn clauses, such as deductive
databases and logic programming, as well as areas
in which inference is weaker than classical logic,
such as in description logic.

1 Introduction

The area of belief change studies how an agent may mod-
ify its beliefs given new information about its environment.
The best-known approach in this area is the AGM paradigm
[Alchourrén et al., 1985; Girdenfors, 19881, named after the
original developers. This work focussed on belief revision,
in which new information is incorporated into an agent’s be-
lief corpus, as well as belief contraction, in which an agent
may reduce its set of beliefs. The AGM approach addresses
belief change at an abstract level, in which an agent’s beliefs
are characterised by belief sets or deductively closed sets of
sentences, and where the underlying logic includes classical
propositional logic. In the basic approach to revision, a set
of rationality postulates is given which arguably any revision
function should satisfy. As well, a semantic construction of
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revision functions has been given, in terms of a total preorder
over possible worlds, called a faithful ranking. These syn-
tactic and semantic approaches are then shown to capture the
same set of revision functions.

In this paper we consider AGM-style belief revision in the
language of Horn clauses, where a Horn clause can be ex-
pressed as a rule of the form a1 Aas A---Aa, — aforn >0,
and where a, a; (1 < ¢ < n) are atoms. (Thus, expressed in
conjunctive normal form, a Horn clause will have at most one
positive literal.) In our approach an agent’s beliefs are repre-
sented by a Horn clause knowledge base, and the input is a
Horn formula, consisting of a conjunction of Horn clauses. It
proves to be the case that AGM-style belief revision doesn’t
transfer directly to Horn knowledge bases. On the one hand,
in the Horn case the AGM postulate set is unsound with re-
spect to a faithful ranking over possible worlds. On the other
hand, given a Horn revision function that satisfies the AGM
postulates, there may be no corresponding faithful ranking
that captures the revision function or, alternately, there may
be several faithful rankings that capture the function.

Nonetheless, we show that the AGM approach may be
extended to the Horn case naturally and satisfactorily. On
the semantic side, we impose a “well-behaved” condition on
faithful rankings, expressing that a ranking must be coherent
with respect to Horn revision. (In propositional logic, the cor-
responding condition proves to be trivial.) On the syntactic,
postulational, side, we add a postulate to the standard suite of
AGM postulates. Interestingly, in the AGM approach this ad-
ditional postulate is redundant, in that it follows as a theorem
from the other AGM postulates. In the Horn case, in which
inference is weaker than in the classical case, this postulate
is independent of the others. Given these adjustments to the
AGM approach, we then prove a representation result, show-
ing that the class of Horn revision functions conforming to
the extended postulate set is the same as those capturable by
“well-behaved” faithful rankings.

This topic is interesting for several reasons. It sheds light
on the theory of belief change, in that it weakens the assump-
tion that the underlying logic contains propositional logic. In
so doing, it shows that the AGM approach is more generally
applicable than perhaps originally believed. That is, our re-
sults provide a broadening of the AGM approach to include
Horn reasoning, and not just a modification of the AGM ap-
proach to accommodate Horn reasoning. Horn clauses are



a very useful restriction of classical logic, and have found
widespread application in artificial intelligence and database
theory. As well, results here may also be relevant to belief
change in description logics, a topic that has also received
recent attention.

The next section introduces belief change, Horn clause rea-
soning, and work that has been carried out in the intersection
of these areas. This is followed by a discussion of issues
that arise in Horn clause belief revision (Sections 4 and 5).
The following section develops the approach, and in partic-
ular presents the representation result for Horn formula revi-
sion. The paper concludes with a discussion of future work
and a brief conclusion. Proofs are omitted due to space con-
siderations, but are available in the full paper.

2 Formal Preliminaries

We introduce here the terminology that we will use in the rest
of the paper. P = {a,b, ¢, ...} is a finite set of propositional
variables. Ly denotes the Horn formula language over P U
{L}. Thatis, Ly is the least set given by:

1. a1 Aas A --- ANa,, — aisaHorn clause, where n > 0
anda,a; € PU{L}forl <i<n.

If n = 0 then — a is also written a, and is a fact.
2.
3.

Every Horn clause is a Horn formula.
If ¢ and v are Horn formulas then so is ¢ A 1.

In our approach, we deal exclusively with Horn formulas, and
so formula will refer to a Horn formula; the only exception is
when we discuss background work, in which case the context
is clear. Formulas are denoted by lower case Greek letters;
sets of formulas are denoted by upper case Greek letters.

An interpretation m is a subset of P, where a € m is
true and a ¢ m is false. Occasionally we will explic-
itly list negated atoms in an interpretation; for example for
P = {p,q} the interpretation {p} will sometimes be writ-
ten {p, ¢} or more briefly pg. The symbol L is always as-
signed false. M is the set of interpretations or (possible)
worlds. Sentences of Ly are true or false in an interpre-
tation according to the standard rules in propositional logic.
Truth of ¢ in m is denoted m = ¢. As well, for W C M,
W E ¢ iff for every m € W, m = ¢. For formula ¢,
|¢| is the set of models of ¢. For set of worlds W, tz (W)
denotes the set of formulas satisfied by all worlds in W, i.e.
tu(W) ={¢ € Ly | m |E ¢ forevery m € W}. Note that
this means that ¢ (0) = Lg.

I - ¢ iff ¢ is derivable from set of formulas I" [Delgrande,
2008] (again, members of " and ¢ are Horn, and - is defined
in terms of Horn formulas). i F ¢ is an abbreviation for
{Y} + ¢, and ¢p = ¢ is logical equivalence, i.e. ) - ¢ and
¢ F 1. This extends in the obvious fashion to sets of for-
mulas. For a set of formulas I', the closure of I' under Horn
derivability is denoted Cny (T"). A (Horn) theory H is a set
of formulas such that H = Cnpy(H), also referred to as a
belief set. H is the set of Horn theories. For theory H and
formula ¢, H + ¢ = Cny(H U {¢}) is the expansion of H.
H | = Ly is the inconsistent belief set.
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Models of Horn formulas are distinguished by the fact that
they are closed under intersection of positive atoms in an in-
terpretation. That is:

If mqy, mo € |¢| then m; Nmsy € |¢|

We note that the converse is also true; i.e., if a set of models
W is closed under intersection of positive atoms in an inter-
pretation, then there is a Horn formula ¢ such that |¢| = W.
Cln(W) is the intersection closure of a set of interpreta-
tions W, i.e. Cln (W) is the least set such that W C Cln (W)
and my, ms € Cl~(W) implies that m; N'mg € Cln(W).
A (partial) preorder < is a reflexive, transitive binary re-
lation. A total preorder is a partial preorder such that either
m1 = mg or me < my for every my, msy. The strict part
of preorder =< is denoted by <, that is, m; < mg just if
my1 =< mg and mg A my. As usual, m; ~ my abbreviates
m1 =X mg and me = my. Finally, for a set of interpreta-
tions W C M, by min(W, <) we denote the set min(WW, <)
={my € W: for all my € W, if my =< my then m; < mo}.

3 Background

3.1 Belief Revision

In the AGM approach to belief change, beliefs of an agent are
modelled by a deductively closed set of formulas, or belief
set. Thus a belief set is a set of formulas K such that K =
Cn(K)." It is assumed that the underlying logic subsumes
classical propositional logic. Belief revision is modeled as a
function from a belief set K and a formula ¢ to a belief set
K’ such that ¢ is believed in K’, i.e. ¢ € K'. Since ¢ may
be inconsistent with /', and since it is desirable to maintain
consistency whenever possible (i.e. whenever ¢ is consistent)
then some formulas may need to dropped from K before ¢
can be consistently added. Formally, a revision operator *
maps a belief set K and formula ¢ to a revised belief set K *
¢. The AGM postulates for revision can be formulated as
follows, where =p¢ and + p¢ stand for logical equivalence
and expansion, respectively, in classical propositional logic.

K*1) K x ¢ =Cn(K * ¢)

(K*2) g € Kx¢

(K*3) K¢ C K +pc ¢

(K*4) If =¢ ¢ K then K +pc ¢ C K % ¢

(K*5) K x ¢ is inconsistent only if ¢ is inconsistent
(K*6) If p =pc Y then K x ¢ = K %

K*7) Kx (o AY) CK*x¢+pctp

(K*8) If ~) ¢ K + ¢ then K * ¢ +pc b C K % (¢ A1)

Thus, the result of revising K by ¢ yields a belief set in
which ¢ is believed ((K*1), (K*2)); whenever the result is
consistent, the revised belief set consists of the expansion
of K by ¢ ((K*3), (K*4)); the only time that K is incon-
sistent is when ¢ is inconsistent ((K*5)); and revision is in-
dependent of the syntactic form of the formula for revision
((K*6)). The last two postulates deal with the relation be-
tween revising by a conjunction and expansion: whenever

'Cn(K) denotes the closure of K under classical logical impli-
cation.



consistent, revision by a conjunction corresponds to revi-
sion by one conjunct and expansion by the other. Motiva-
tion for these postulates can be found in [Gérdenfors, 1988;
Peppas, 2008]. The intent of these postulates is that they
should hold for any rational belief revision function.

Katsuno and Mendelzon [1991] have shown that a neces-
sary and sufficient condition for constructing an AGM revi-
sion operator is that there is a function that associates a total
preorder on the set of possible worlds with any belief set K,
as follows:?

Definition 1 A faithful assignment is a function that maps
each belief set K to a total preorder < on M such that for
any possible worlds w1, wa:

1. If mq, mqy € |K| then my =g mo
2. If my € |K| and my & | K|, then my <x ma.

The resulting preorder is referred to as the faithful ranking
associated with K. Intuitively, w1 =g wo if w; is at least
as plausible as wo. Katsuno and Mendelzon then provide the
following representation result, where ¢(W) is the set of for-
mulas of classical logic true in W:

Theorem 1 ([Katsuno and Mendelzon, 1991]) A revision
operator * satisfies postulates (K*1)—(K*8) iff there exists
a faithful assignment that maps each belief set K to a total
preorder = such that

Kx¢ = t(min(|¢], Xx))-

Thus the revision of K by ¢ is characterised by those models
of ¢ that are most plausible according to the agent. Given that
we are working with a finite language, this construction is in
fact equivalent to the earlier systems of spheres approach of
[Grove, 1988]. It is easier to present our results in terms of
faithful assignments, and so we do so here.

Another form of belief change in the AGM approach is be-
lief contraction, in which an agent’s beliefs strictly decrease.
Thus in the contraction K — ¢, one has ¢ ¢ K — ¢ C K,
while —¢ is not necessarily believed. There are two primary
means of constructing contraction functions. Using remain-
der sets, a contraction K — ¢ is defined in terms of maximal
subsets of K that fail to imply ¢. Via epistemic entrenchment,
an ordering is defined on sentences of K, and a contraction
K — ¢ is (roughly) defined in terms of the most entrenched set
of sentences that does not imply ¢. Of interest, and pertinent
to the approach at hand, these various constructions are all in
a certain sense interdefinable, as are revision and contraction
functions. Hence, given a contraction function —, one may
define a revision function by the so-called Levi identity:

Kx¢=(K—-¢)+pc ¢

See [Giirdenfors, 1988; Peppas, 2008] for details.

ey

?In fact, Katsuno and Mendelzon deal with formulas instead of
belief sets. Since we deal with finite languages only, the difference
is immaterial. We use belief sets in order to adhere more closely to
the original AGM approach.
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3.2 Related Work

Earlier work on belief change involving Horn formulas dealt
with the Horn fragment of a propositional theory, rather than
Horn clause belief change as a distinct phenomenon. For
example, the complexity of specific approaches to revising
knowledge bases is addressed in [Eiter and Gottlob, 1992],
including the case where the knowledge base and formula for
revision are Horn formulas. [Liberatore, 2000] considers the
problem of compact representation for revision in the Horn
case. Given a knowledge base K and formula ¢, both Horn,
the main problem considered is whether a revised knowledge
base can be expressed by a propositional formula whose size
is polynomial with respect to the sizes of K and ¢.

[Langlois et al., 2008] approaches the study of revising
Horn formulas by characterising the existence of a comple-
ment of a Horn consequence; such a complement corresponds
to the result of a contraction operator. This work may be seen
as a specific instance of a general framework developed in
[Flouris et al., 2004].

The main difference between our work and the above
approaches to Horn revision, is that in our approach revi-
sion functions always produce Horn theories (they are pos-
tulated to do so). This of course adds an extra burden
to the revision process since it now needs to comply with
both the principle of minimal change (see [Gérdenfors, 1988;
Peppas, 2008)), and the requirement to produce Horn theories
(which in this context can be seen as an instance of the prin-
ciple of categorical matching). Our results show that, with
some adjustments to the original AGM framework, this dou-
ble objective can indeed be achieved.

Similar results have already been acheived for Horn con-
traction. [Delgrande, 2008] addresses maxichoice belief con-
traction in Horn clause theories, where contraction is defined
in terms of remainder sets. Further developments in Horn
contraction can be found in [Booth et al., 2009], [Delgrande
and Wassermann, 20101, and [Zhuang and Pagnucco, 2010].

4 Horn Revision: Preliminary Considerations

The postulates and semantic construction of Section 3.1 are
easily adapted to Horn theories. For the postulates, we have
the following, expressed in terms of Horn theories.

An AGM (Horn) revision function * is a function from H x
L to H satisfying the following postulates.

H*1) H*x¢=Cng(H * ).

(H*2) ¢ € H x ¢.

H*3) H*x¢ C H + ¢.

H*4) If L € H+ ¢then H+ ¢ C H * ¢.

(H*5) If ¢ is consistent then | & H x ¢.

(H*6) If v = ¢ then H x ) = H * ¢.

H¥T) Hx (A 6) C (H %) + 6.

(H*8) If L ¢ (H 1)+ ¢ then (H x)+ ¢ C Hx (YA o).

As well, faithful assignments can be defined for the Horn
case, basically by changing notation:



Definition 2 A faithful assignment is a function that maps
each Horn theory H to a total preorder < on M such that
for any possible worlds my, ms:

1. If my, mo € |H| then my ~g mo
2. Ifmy € |H|and my & |H

The resulting preorder is referred to as the faithful ranking
associated with H. Finally, one can define a function * in
terms of a faithful ranking by:

Hx¢ = ty(min(|¢|, ZH)). 2)

The use of * in (2) is suggestive; ideally one would next estab-
lish a correspondence between functions that satisfy the pos-
tulates and those that can be defined via Definition 2. How-
ever, there are significant difficulties in immediately estab-
lishing such a representation result. We review these prob-
lems next, and then present our solution in the following sec-
tion.

, then m1 <y mo.

5 Problems with Naive AGM Horn revision

1. Interdefinability results do not hold in Horn belief
change. Asmentioned in Section 3.1, in the AGM approach
revision may be defined in terms of contraction via the Levi
Identity (1). However, previous work [Delgrande and Wasser-
mann, 2010] suggests that Horn contraction is unsuitable for
specifying a revision operator. As well, if one considers the
Levi Identity, revision by a Horn formula ¢ is defined in terms
of the contraction by —¢. Since ¢ is a conjunction of Horn
clauses, —¢ in general will not be Horn, and so the Levi iden-
tity would seem to be inapplicable for Horn theories.

These points are not definitive (there is, after all, no for-
mal result stating an impossibility of interdefinability of Horn
contraction and revision), but they do suggest the overall dif-
ficulty in obtaining such a result. Consequently, we focus on
a direct definition of Horn revision, in terms of ranking func-
tions in the next section. Having developed such an approach,
we then suggest that the relation between Horn contraction
and revision is a suitable and interesting topic for future re-
search.

2. Distinct rankings may yield the same revision function.
Consider the Horn language defined by P = {p, ¢}, and the
following three total preorders:

pqg < Pqg < pq < Dq 3)
pqg < Pqg < DPg < pq 4
pqg < Pq < Dq = pg 5)

It can be verified that if one defines revision via Definition 2,
the three total preorders yield the same revision function. In
particular, there is no way in which the relative ranking of
worlds given by pg and pg can be distinguished.

The difficulty is that, in AGM revision, given a revision
function that satisfies the AGM revision postulates, for inter-
pretations m; and mo one can define my <x mo justif there
is ¢ such that m; € |K * ¢| and mso € |¢p|. The problem
in the example is that for m; = {pq} and my = {pg}, then
for any ¢ with mq,mo € |¢|, one also has mg = pg € |¢|.
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In the example, for H = Cng(pAg)and ¢ = pA g — L,
H x ¢ = Cng(—p A —q). Consequently the relative ranking
of m; and msy cannot be specified.

3. Postulates may not be satisfied in a faithful ranking.
Consider the Horn language with atoms P = {p, ¢, r} and
the ranking:

(6)

The agent’s belief set H is given by Cng(p AgAr). Let
be pAg — L and ¢ be =p A —q. Defining * as in Definition 2,
it can be verified that:

pqr < pqr = pqr < pqr < pqr < all other worlds

Hxp = Cng((pAqg— L)A-r)).
(Hxp)+¢ = Cng(-pA-gA-r).
Hx(uNp) = Cng(-pA-gAr).

Thus (H * p) + ¢ and H * (1 A ¢) are not equivalent and
violate both (H*7) and (H*8).

Informally, the culprit is the set of worlds {pqT, pgr}. This
set (as with the previous problem) is not expressible by a Horn
formula, since it is not closed under intersection of (positive)
atoms. It can be observed that the “missing” interpretation is
given by pqr, where in addition we have pqr ~ pqr < pqr.
The problem arises then because one may revise by a Horn
formula (viz. 4 = p A ¢ — L) that yields the set of mini-
mal models {Pg7, pgr}, but in producing the corresponding
Horn theory ¢ ({Dq7, pgr}) = Cng((p Aq — L) A—r)), a
new non-minimal model pgr creeps in.

4. There is a Horn AGM revision function satisfying
(H*1)-(H*8) that cannot be modelled by a preorder on

worlds. Consider the following pseudo-preorder on worlds:
par
- P Y - — J—
pgr < pgr < < pgr < pgr < pgr
pgr > pgr
Figure 1

That is, the most preferred world is pgr, followed by pqr,
followed by pqg7, pgr, pgr which form a cycle (i.e. pgr <
pqr < pgr < pqr). Finally comes the sequence of worlds
bgr < pqr < pqr.

Based on the pseudo-preorder < of Figure 1, we can define
a Horn revision function according to Definition 2. The only
time this revision function can run into trouble (i.e. produce
an inconsistent result for a consistent ¢) is if ¢ is inconsis-
tent with the first two worlds pgr, pgr and consistent with
all three world in the cycle; i.e. {pgr,pgr} N |¢| = 0 and
{pq7, pqr,pqr} C |¢|. However, no such Horn formula ¢

3As a sublety, this doesn’t imply that a maximum set of
equivalently-ranked worlds must be definable by a Horn formula.
For example (5) contains a set of worlds that isn’t definable by a
Horn formula. However, in our approach this ranking will prove to
be an acceptable ordering on worlds.



exists. To see this notice that any Horn formula i such that
{pq7,Dqr,pqr} C [u], has pgr as a model (since the models
of Horn formulas are closed under intersections of the posi-
tive atoms in an interpretation).

It proves to be the case that * as defined in Figure 1 satisfies
all AGM postulates for Horn revision. However, it can also be
shown that no (partial or total) preorder on worlds can model
*. The details are omitted due to space constraints but are
included in the full paper.

6 Horn Revision: The Approach

As is clear from the previous discussion, there are substantial
differences between classical AGM revision and Horn revi-
sion. Since the AGM postulates and the Katsuno-Mendelzon
construction are essentially the same for Horn theories, these
differences come about from the weakened expressibility of
Horn clause theories.

Consider again the issues discussed in the previous section.
The first issue isn’t a problem per se. Rather, it suggests that,
when we look at Horn theories, belief change operators are
not interdefinable, or at best are not readily interdefinable.

The second issue also isn’t a problem as such. Instead, it
indicates that a ranking may be underconstrained by a revi-
sion function. In our approach, we address this indirectly by
defining a canonical ranking, in which if there is no reason to
distinguish the rank of worlds then they are assigned the same
rank.

The third issue, that a ranking may violate the postulates
(H*7) and (H*8), is indeed a problem. As discussed, the dif-
ficulty essentially is that some orderings are unsuitable with
respect to Horn revision. The solution then is to add a con-
straint to faithful orderings such that these “unsuitable order-
ings” are ruled out. This is covered by the notion of Horn
compliance, defined below.

As the fourth problem demonstrates, the Horn AGM pos-
tulates may fail to rule out undesirable relations on sets of
worlds, which is to say, the postulate set is too weak to elim-
inate certain undesirable non-preorders. This then requires
adding to the postulate set to (semantically) further constrain
the set of allowable orderings.

6.1 A Representation Result

In accordance with the previous discussion, on the one hand
we add a condition to restrict rankings on worlds; on the other
we add a postulate to the set of Horn AGM postulates.

On the semantic side, we restrict rankings to those that
yield coherent results with respect to Horn revision. That is,
we want to allow only those orderings where revision by a
Horn formula will yield a set of worlds corresponding to a
Horn formula.

Call a set of worlds W Horn elementary iff it is definable
via a Horn formula, i.e. if there is a Horn formula ¢ such that
W = |¢|. So W is Horn elementary iff W = Cl(W). A
preorder =<y is Horn compliant iff for every formula ¢ € L,
min(|¢|, =g ) is Horn elementary.

For example, the preorder in (5) is Horn compliant.
Note that, while the set {pg, pg} is not Horn elementary,
there is no Horn formula ¢ over P = {p,q} such that
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min(|¢|, =g) = {Pg, pg}. On the other hand, the ordering
in (6) is not Horn compliant since min(|p A ¢ — L|,<p) =
{pqT, pqr}, and {pqF, pgr} is not Horn elementary.

With respect to postulates, we introduce the following
schema:

(Acyc) If for 0 < i < n we have (H * p1;41) + u; 7 L, and
(H * po) + pn I/ L, then (H x pin) + po 17 L.

We note the following minor results:

Proposition 1 (Acyc) is a logical consequence of the AGM
postulates (i.e. where the underlying logic contains classical
propositional logic).

Proposition 2 (Acyc) is independent of the Horn AGM pos-
tulates.

Figure 1 suffices to show the independence of (Acyc) from the
Horn AGM postulates: defining revision according to Defini-
tion 2 yields a revision function that satisfies the AGM pos-
tulates for Horn revision; however it can be verified that it
violates (Acyc).

Informally, (Acyc) rules out cycles (of any length n) as
found for example in Figure 1. To see this, consider the in-
stance of (Acyc) for n = 2:

If (H % p1)+pot#/ Land (H * po) + pp 1/ L and
(H * po) + po 7 L then (H * pa) + puo 7 L.

If revision is defined as in Definition 2, then (H g1 )+po 1 L
iff min(|p1], <m) N |po| # 0. This last relation implies that,
for wy € min(|p1], <g) and wo € min(|pol, <) it must be
that wg =< w;. Consequently, the postulate can then be read
as requiring that if wg =g w1 Xy ws <g wo then wy <p
wsy, and with some further deliberation, wg ~yg w1 <y ws
(thus ruling out the pseudo-preorder of Figure 1).

The notion of Horn compliance on the one hand, and the
postulate (Acyc) on the other, prove to be sufficient to extend
the AGM approach to capture revision in Horn theories. We
obtain the following results:

Theorem 2 Let H be a Horn belief set and < a Horn com-
pliant faithful ranking associated with H. Define an operator
«: H XLy Hby Hx¢=1tyg(min(|¢|,<g)). Then *
satisfies postulates (H*1)—(H*8) and (Acyc).

Proof Summary: The proof is much the same as for classi-
cal AGM revision. Horn compliance is required to show that
(H*7) and (H*8) hold. (Acyc) basically follows the informal
rationale of the postulate given above. O

Theorem 3 Let x : H X Ly +— H be a function satisfying
postulates (H*1)—(H*8) and (Acyc). Then for fixed theory H,
there is a faithful ranking <g on M such that <g is Horn
compliant and H * ¢ = t g (min(|¢|, <g)).

Proof Summary: For interpretations my, ms, define
f(m1,m2) to be the logically strongest Horn formula with
models mq, my. It may be that {mq,ma2} C |f(mq1,m2)|.
Nonetheless we can define my; <% mq iff my € |H x
f(m1,mga)|. The relation <%, is not transitive, but (Acyc)
guarantees that <%; can be extended safely to a total preorder
= that is shown to be Horn compliant and that exactly cap-
tures the original revision function. O



We conclude this section with some comments on Horn
compliance. Firstly notice that, in certain cases, Horn com-
pliance excludes some popular preorders like, for example,
those proposed in [Dalal, 1988]. To see this, assume that
P ={p,q}, and H =Cng({p,q}). Then according to Dalal,
pq <y Pq =g Pq <g Ppq, which however is not a Horn
compliant preorder.

This raises the question of whether Horn compliant pre-
orders are at all possible. Luckily the answer is affirmative.
For any Horn theory H, one can construct a Horn compliant
preorder <y as follows: start with the H-worlds, and then
attach any linear order on the non-H-worlds. The resulting
preorder can be easily shown to be Horn-compliant (of course
there are also other ways to build Horn-compliant preorders
— see the full paper for more details).

7 Discussion

It can be noted that while the above results are expressed in
terms of Horn theories, they represent an extension rather than
a modification of the AGM approach. That is, we could rede-
fine (AGM-style) revision in the context of a logic that con-
tains Horn derivability. Postulates would consist of (H*1)-
(H*8) and (Acyc) as before, while the construction would be
in terms of Horn compliant faithful rankings. This would sub-
sume classical AGM revision: classical propositional logic
obviously is stronger than Horn logic. In classical propo-
sitional logic the notion corresponding to Horn compliance
is trivial, since (over a finite alphabet) for any formula ¢ of
propositional logic, min(|¢|, <) is definable via a formula of
propositional logic. On the postulational side, as indicated,
(Acyc) is derivable from the other postulates if one has clas-
sical propositional logic.

These results also suggest several (in our opinion) very
interesting directions for future work. First, we argued that
AGM revision can be extended by weakening the underlying
logic to that of Horn logic. This raises the issue of whether the
overall framework can be broadened to subsume other weak-
ened inference relations, while maintaining the overall AGM
character, as reflected in the standard AGM postulates.

The area of belief change in Horn theories is in the pro-
cess of being mapped out. Other research has characterised
Horn contraction, while the present paper has addressed revi-
sion. However, there has been no work that we are aware of
in linking the areas of Horn contraction and revision. More-
over, the constructions in Horn contraction have focussed on
the standard contraction constructions of remainder sets and
epistemic entrenchment, while the present work has used the
standard revision construction of a faithful ranking. Hence
there is also a disconnect in the underlying formal character-
isations. Consequently, research on linking Horn contraction
and revision would help shed further light on the foundations
of belief change.

Last, there is burgeoning interest in addressing belief
change in description logics (see [Qi and Yang, 2008] for
instance) or in analogous areas such as ontology evolution.
Given that a Horn clause may also find interpretation as a
subsumption, by mapping a rule p A ¢ — r to a subsumption
of the form P M @) C R, the present approach may also shed
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light on approaches to revision in description logics.
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