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Abstract

Many formalisms discussed in the literature on
qualitative spatial reasoning are designed for ex-
pressing static spatial constraints only. However,
dynamic situations arise in virtually all applica-
tions of these formalisms, which makes it neces-
sary to study variants and extensions dealing with
change. This paper presents a study on the com-
putational complexity of qualitative change. More
precisely, we discuss the reasoning task of finding
a solution to a temporal sequence of static reason-
ing problems where this sequence is subject to ad-
ditional transition constraints. Our focus is primar-
ily on smoothness and continuity constraints: we
show how such transitions can be defined as re-
lations and expressed within qualitative constraint
formalisms. Our results demonstrate that for point-
based constraint formalisms the interesting frag-
ments are NP-complete in the presence of continu-
ity constraints, even if the satisfiability problem of
its static descriptions is tractable.

1

Suppose you are watching a movie. On the screen, a woman
is sitting at her desk talking to a man on the other side. The
camera moves from the woman to the man and back to the
woman. You detect that something is wrong with the dis-
played conversation. When you watch the movie again, you
discover the following: in the scene the coffee mug is initially
to the left of the woman, but when the camera moves back,
the coffee mug is suddenly to her right. How can that be?
Qualitative Spatial and Temporal Reasoning (QSTR) is the
research field studying representations of space and time that
abstract from numeric quantities. The representation for-
malisms considered in QSTR are typically based on some fi-
nite vocabulary that allow for expressing spatial or temporal
relationships and concepts, such as “to the left of”, “to the
north of”, “contained in”, etc. These terms can be given a
precise meaning, e.g., by using a first-order logic (FOL) se-
mantics that provides an interpretation of these terms on the
domain of interest. In this setting a number of reasoning tasks
are relevant. For example, one can ask whether some given
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qualitative information is consistent or what knowledge is en-
tailed by it. At the heart of these questions is the satisfiability
problem: given a qualitative description of spatial relations
between objects, is there a model of the description? In some
cases this problem is undecidable (e.g., [Kontchakov et al.,
2011]), but in many cases it is decidable and even tractable.

In this work, we tackle the satisfiability problem of point-
based qualitative spatial formalisms in combination with con-
straints on the transition between static scene descriptions.
More precisely, we discuss the reasoning task of finding a
solution to a temporal sequence of static reasoning problems
where this sequence is subject to additional transition con-
straints, such as continuity constraints.

The general setup of our work touches on many previ-
ous research efforts in QSTR. One line of research consid-
ers the conceptual proximity of relations expressed in so-
called neighborhood graphs [Freksa, 1991] and their various
extensions (e.g., [Galton, 2001]). Another research direc-
tion is to use these results in practice to empower artificial
agents [Dylla and Wallgriin, 2007; Wolter et al., 2007], track
moving objects [Bennett er al., 2008], or to determine dis-
tances between qualitative information in the context of belief
merging [D’Almeida er al., 2012]. Further applications deal
with qualitative models of physical events [Apt and Brand,
2006] or robot motion planning [Westphal er al., 2011].

However, for many of these applications the usual neigh-
borhood graphs are not sufficient, thus leading to symbolic
formalisms without proper semantics. We combine these
lines of research by providing a unified foundation for rela-
tional spatio-temporal reasoning that can easily be used in
applications. We give a precise definition of transition rela-
tions that capture continuous qualitative change. These re-
lations can be considered as implicit global constraints be-
tween static spatial descriptions or in a more general setting
as additional relations in the vocabulary that give the ability to
explicitly pose transition constraints. The contribution of this
work is that both problems are shown to be NP-complete even
when one considers only small, yet interesting fragments of
point-based qualitative formalisms.

Although related problem settings of spatio-temporal for-
malisms have been analyzed in the literature before, the au-
thors are not aware of a relational approach to this problem
or work that analyzes the computational complexity of frag-
ments of such formalisms.



Related work. A link to other works is the principal idea
of qualitative states and transitions [Galton, 2005]. A quali-
tative state is a description of the world at a specific time in a
fixed qualitative vocabulary. Transitions govern the connec-
tion between states and among them continuous transitions,
which describe smooth movements of objects, are of interest
to us. Moreover, transitions could be further restricted, e.g.,
if an application requires some objects to be static.

All of the previously cited works base transitions on Con-
ceptual Neighborhood Graphs (CNG) [Freksa, 1991]. These
graphs have as nodes the qualitative vocabulary and an edge
between two terms whenever they are considered conceptu-
ally close. However, this is inadequate for many forms of
continuous motion as neighborhood graphs only consider the
change of one term at a time independent of other simulta-
neous changes. As a result, extensions have been suggested
such as the concept of dominance spaces [Galton, 2001] re-
sulting in directed CNGs, and generalized CNGs [Ragni and
Wolfl, 2005]. Galton characterized continuity via dominance
spaces, but did not suggest a relational definition in terms of
the static vocabulary. Ragni and Wo6lfl studied relational con-
sistency of sequences of states for fixed numbers of static and
moveable objects. Later, Ragni and Wolfl suggested a con-
straint formalism [Ragni and W&lfl, 2006] for Cardinal Direc-
tions that uses a directed CNG derived for solid objects from
continuity assumptions. We here propose a novel relational
approach to continuous transitions in order to unify these con-
cepts. Our work reflects dominance spaces, but makes transi-
tion constraints explicit in a relational language.

Although many works follow the idea of qualitative states
and transitions, they often differ in the proposed formalism,
e.g., Gerevini and Nebel (2002) propose a new constraint for-
malism combining an interval-based representation of time
with the spatial RCC8 formalism, Apt and Brand (2006) sug-
gest the use of constraint programming to extend the usual
qualitative constraint reasoning with common CNGs, and
Bennett er al. (2002) propose embeddings into modal logics.
This makes contributing hard without assuming a particular
formalism. We position this work on common ground, that
is, on continuous transitions combined with the qualitative
vocabulary which could be used directly in applications with,
e.g., the constraint programming approach of Apt and Brand.

Finally, the idea of establishing the computational com-
plexity of spatio-temporal formalisms has been considered
before, e.g., by Bennett et al. (2002). The authors proposed
different combinations of the qualitative formalism RCC with
temporal logics using modal logics and classified them ac-
cording to their expressiveness and computational complex-
ity. Gerevini and Nebel (2002) also provided complexity re-
sults for their formalism. Our work differs from these in both
the considered formalism and further in the approach of ana-
lyzing fragments.

2 Theoretical Background

The qualitative formalisms we consider are usually defined
in terms of relation algebras on binary relations [Renz and
Nebel, 2007]. However, they can be naturally expressed in
relational languages in FOL, which are more flexible, in par-

ticular, as they are not limited to binary relations. Such re-
lational languages can be used for expressing and analyzing
constraints and are thus often referred to as constraint lan-
guages in this context. Not only are these languages a well-
studied concept in the theory of constraint satisfaction, but
they have also been successfully applied to qualitative rea-
soning [Bodirsky and Chen, 2009]. We here use the flexibil-
ity of constraint languages to express and analyze transition
constraints. In the following we provide a formal introduc-
tion to constraint languages and widely adopt the notation by
Bodirsky and Chen.

2.1 Constraint languages

Assume a finite signature 7 = { Ry, ..., R, } of distinct rela-
tion symbols R;, each with a finite arity k;. A constraint lan-
guage T is a relational structure over the signature 7 defined
on some non-empty domain D that assigns an interpretation
to each relation symbol R;, i.e., RiF is a k;-ary relation on D.
In this work the interpretation of the signature is clear from
the context and we simply write I' = (D; Ry,...,Ry,) to
specify 7 and I'. A primitive positive T-formula is any FOL

formula of the form ¢ = Jvy ... v, /\;=1 1, where each 1);
has the form R;v;, .. - Vg, (with R; some k;-ary relation in
7) or the form v;, = vj,. An instance of CSP(T") is a primi-
tive positive 7-formula without free variables.

Note that each instance ¢ = Jv; ... v, /\2.:1 1 of CSP(T")
may be conceived of as a constraint network over the vari-

ables {v1,...,v,} with domain D, and each of the con-
juncts ¢; = Ryv; ...v; as a constraint with scope
{vj,,...,v;, }. To shorten notation we often only write the

set of constraints {¢1, ..., ;} to specify .

A central notion in the theory of constraint languages is
expressibility of relations. A relation R C DF is said to
be expressible in T" if there exists a primitive positive 7-
formula ¢ with free variables {v1,...,v;} such that R =
{(al,...,ak) €DF:T,ay,...,a; = <p}.

We briefly define some standard concepts of constraint
satisfaction problems. A partial solution « of an instance
¢ =Jvi...vn \;¥; of CSP(I') isamap a: V' — D with
V' C {v1,...,v,} such that I, |= 1); for each conjunct
Yj = Rivj, ... vj, ingwith {vj,,...,v; } C V' The size
of ais |[V'|. A partial solution « of size n is called a solu-
tion of . Furthermore, ¢ is said to be k-consistent if each
partial solution of size £ — 1 can be extended to any other
variable such that it is a partial solution of size k. Instance ¢
is strongly k-consistent if it is [-consistent foreach 1 <[ < k.

Finally, CSP(T") denotes the problem of deciding the satis-
fiability of an arbitrary instance of CSP(T").

Example 1. The Point Algebra can be seen as the constraint
language I'™ = (Q; 0, <, <,#) of binary relation symbols
with the natural interpretation of the relation symbols over
Q [Bodirsky and Chen, 2009]. CSP(I'™) is well-known to
be tractable [van Beek and Cohen, 1990; Bodirsky and Chen,
2009]. Any strongly 3-consistent Point Algebra instance that
does not contain the empty relation is satisfiable. Strong 3-
consistency can be established in polynomial time, e.g., by
intersection and composition of binary relations. Observe that
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Figure 1: The usual Conceptual Neighborhood Graph of the
Point Algebra.

the relations #, < are unions (disjunctions) of other relations,
they thus express imprecise information. Notice, that for the
purposes of the paper there is no difference in interpreting
the Point Algebra on the real numbers (even in the context of
continuity considerations).

Although the Point Algebra is rather simple,
forms the basis of several important formalisms.
amples include Cardinal Directions [Frank,
(with  signature  north, northeast, east, . ..),
Interval Algebra [Allen, 1983] (spatially interpreted
in-front-of , overlaps, part-of ,...), and its  multi-
dimensional variants, e.g., the Rectangle Algebra [Guesgen,
1989; Mukerjee and Joe, 1990]. These formalisms can
be built from Point Algebra relations, e.g., [Allen, 1983;
Bodirsky and Chen, 2009], and moreover the Point Algebra
is easily expressed by fragments of them. Unlike the Point
Algebra these formalisms are in the general case intractable,
but have large subsets of their signatures, for which the
satisfiability problem is tractable.

We do not define Conceptual Neighborhood Graphs, but
give the usual graph for the Point Algebra in Figure 1. Note
that the graph only describes conceptual proximity between
non-disjunctive binary relation symbols. Thus, when apply-
ing such graphs to constraint networks one has different op-
tions to extend them to multiple variables and disjunctive re-
lations.

it
Ex-
1991]
Allen’s

2.2 Reference NP-complete problems

We use the following NP-complete problems in this work.

The betweenness problem [Garey and Johnson, 1979] is
here used in its constraint language form [Bodirsky and
Kdra, 2010]. The betweenness relation Rpery, C Q3 is
Rpetwxyz = (x < y < z)V(xz >y > z). The associated de-
cision problem CSP({Q; Rpetw)) is NP-complete. Thus, any
constraint language I" over Q in which Ry, is expressible
has an NP-hard decision problem CSP(T").

The Monotone 1-in-3 SAT problem [Schaefer, 1978] is the
NP-complete decision problem whether there exists a satis-
fying assignment of a propositional SAT formula with 3 pos-
itive literals per clause in which no more than one literal is
true per clause.

3 Change, Transitions, and Continuity

In a general setting, we would like to describe and reason with
change of objects. As objects in our formalisms are repre-
sented by variables, change occurs on their values. In partic-
ular, a certain change might relate multiple variables and their
values in multiple states. Possible change is however depen-
dent on several factors, most noticeably the type of objects,
their ability or inability to change in specific ways, and their
interactions. It is perhaps impossible to devise a fine-grained
theory of adequate changes without being more specific on
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the intended application setting. For this reason we state a
general class of problems that can be used in combination
with different types of transitions to capture the needs of spe-
cific applications. After this general statement, we consider
the very basic type of change that should hold in virtually
all cases: continuity of change. Here, we derive a relational
representation of continuous change for the Point Algebra.

A recurring theme in applications of qualitative reasoning
with change is the use of sequences of static qualitative snap-
shots that form an extended temporal problem. We begin with
a basic definition of such instances based on constraint lan-
guages.

Definition 1. Let I' be a constraint language on domain D.
An instance of SeqCSP(T') isatuple S = (V, (Q',...,Q%)),
where V is a finite set of variables and Q', ..., Q% are in-
stances of CSP(T") over subsets of V. We refer to a Q'
(1 <t < d) as a state and write v* (or even V?) to refer
to the variable v (or V') occurring in the state Q. A base so-
lution of S is a sequence @ = ', ..., a where each ol is a
solution of Q*.

We here mostly restrict ourselves to sequences as it is the
simplest type. In general, one could clearly be less restrictive
and allow for tree- or general graph-structures.

3.1 Transitions

So far, we only express sequences of qualitative states with-
out giving conditions for transitions or even explicit cases of
possible transitions. The latter would be akin to operators
in planning formalisms, but without restricting ourselves to a
particular application there is little to be written about specific
operators. Thus, we consider the first option, that is, restrict-
ing possible transitions by formulating properties that must
hold for all transitions. These properties can always be used
as background knowledge for specific transitions.

Certainly, a fundamental and relevant requirement is that
of continuous change. Informally, the transition between two
states is continuous if it is possible to transition from one state
to the other without any intermediary distinct third state.

In what follows we turn our attention to the Point Algebra
and discuss continuous transitions.

3.2 The Point Algebra with continuity

We focus on the Point Algebra to make the concept of con-
tinuous transitions, in particular their realizations, explicit.
As mentioned before the Point Algebra is important as these
transitions naturally extend to the mentioned point-based for-
malisms (also see Galton’s product theorems [Galton, 2001]).
The idea we follow is to converge to a concept of solution
that shows a SeqCSP(I'™) instance meeting certain “continu-
ity constraints” to have a realization. In other words, for each
such solution we have continuous trajectories of the objects
which are described by this sequence without any gap.

Definition 2. Let S be an instance of SeqCSP(T'™).

1) A base solution « of S is a Th-solution if it satisfies the
following T5-condition: for all pairs of variables 1 < 1,7 <n
and time points 1 < ¢ < d it holds

al(v;) < at(v)) = o't (v;) < o't (v;).

)
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Figure 2: Representation of a T5-solution of Example 2.

2) A Ty-solution « of S is a Ty-solution if it satisfies the fol-
lowing T -condition: for every four variables 1 < 4,5, k, [l <
n and time point 1 < ¢ < d it holds

a'(v;) # ' (v;) Aol (ve) = o (u)
= ﬁ(at'ﬂ(vi) = at+1(vj) AT (vg) # a“‘l(vl)). 2)

The usual neighborhood graph of the Point Algebra can be
understood as continuous transitions of two objects, which is
reflected by the T>-condition (1). The additional condition (2)
required by 7}-satisfiability reflects Galton’s directed neigh-
borhood graphs. It ensures that all transitions of two objects
can occur simultaneously without introducing discontinuity.
Here, whenever two objects transition from # to =, no ob-
jects may split at the same time. This follows from the as-
sumption of observing one limiting process with continuous
functions. We illustrate these conditions in the following ex-
ample.

Example 2. Consider the following instance of
SeqCSP(I'™A) over variables {z,y,2} and four states:
{at <yl <2t y? <2293 < 239t < 2t <2t}

An illustration of a Th-solution is given in Figure 2. Here,
x can neither skip over y in Q? nor over z in Q* due to the T5-
condition. However, the transition Q%2 — Q3 with 2 = 3?2
to 23 > 3% and 22 < 22 to 3 = 23 does not satisfy the
T,-condition. Thus, the instance is T5-satisfiable, but not 7}-
satisfiable. The notion of continuity due to T}-satisfiability
would require an intermediary state between Q? and Q3 in
whichitholds y < z < z.

It is important to note that with [Galton, 2001] it follows
that T);-solutions are realizable as they can be embedded in
Galton’s “TM spaces”. For any Ty-solution o', ..., a¢ there
is a family of continuous functions describing smooth mo-
tion of each object that successively traverses a', . .., a? and
in between of, o!t! always satisfies Q or always satisfies
Q't!. Further, it follows that many continuous motions can
be described with SeqCSP(T'™) if they are not “infinitely in-
termingled” [Galton, 2001].

Finally, SeqCSP(I'*;T,) denotes the decision prob-
lem whether an arbitrary instance of SeqCSP(I'™) is Tp-
satisfiable. ~ Analogously, SeqCSP(I'™;Ty) refers to Ty-
satisfiability.

3.3 Constraint languages with transition relations

Any instance S of SeqCSP(I'™) can be written in polynomial
time as an instance ¢ of CSP(I'™) with a specific form. This
embedding explicitly introduces one variable v* to ¢ for each
time point ¢ and variable v in S. Thus, the constraints of each
Q? can be posed on variables V! in ¢. While we have so-far
understood the 75-, and Ty-conditions as additional implicit
constraints on each transition, we can cast them as relations
and make their application explicit as constraints.
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Definition 3. The relation 75 C Q? x Q? is defined by
vw Ty v'w' == =(v <w AV >w)A=(v>wAd <w).
The relation 7, C Q* x Q* is defined by

/\ viv; Ty vjv]

1<i<j<4

A /\ ((vs # vj Aok =) = =(v] = V) Aoy, # 7).
1<i 5k <4

v1v2v3vy Ty vivHVEVY 1=

Clearly, instances of SeqCSP(I'™), SeqCSP(I'™*;Ty),
and SeqCSP(I'™A;T},) can now be represented as a for-
mula in the constraint language T'™, (Q; 0, <, <, #,T5) or
(Q; 0, <, <,#,Ty), respectively, by posing the appropriate
T5 or Ty relations on permutations of neighboring variables.
The latter two constraint languages are, however, more ex-
pressive than sequential instances because relations can freely
be posed as constraints on arbitrary variables. In particular,
in these languages we can further restrict transitions. For this
consider the following example.

Example 3. Given the variables V = {v! v w! w?}, we
set as constraints {111 < whot < ¥ wt = w?vtw! T
v?w?}. This instance of CSP((Q; <, T%)) states that there is
a continuous motion of v, w through two states, in which v
is initially placed left of w and gets closer to w in the second

state, while w remains in the same position.

The relative move of v towards w while w remains at its
position, as seen in this example, cannot be expressed as an
instance of SeqCSP(I'™*), it can only be expressed in the ex-
tended constraint language. Thus, the extended constraint
languages can be used to express the intended sequential in-
stances whose 75-, and T}-solutions can be enforced by 75-,
Ty-constraints, but also more specific transitions.

In general, the constraint language approach is expressive
and may serve well for extending results to other related for-
malisms. Further, it could be interesting for future work to
consider the briefly mentioned explicit transitions as transi-
tion relations in a constraint language, in particular, as con-
straint languages are a well-studied area.

The remainder of this work considers the computational
complexity of these extended Point Algebra languages and
the sequentially structured instances of SeqCSP(I'™A).

4 Complexity of Constraint Languages with
Transition Relations

In this section we study the computational complexity of all
the constraint languages (Q; S, Tz) and (Q; S, Ty) for arbi-
trary subsets S of the Point Algebra’s signature {0}, <, <, #}.
We show that, with the exception of trivial cases, all these
languages are NP-complete.

Proposition 1. For any S C T, CSP((Q; S, T»)) and
CSP((Q; S, Ty)) are in NP.

Proof. All constraint languages with relations FOL-definable
using < over Q have been classified and shown to be in
NP [Bodirsky and Kéra, 2010]. O



Proposition 2. For S C {0, <}, both CSP((Q; S, Tz)) and
CSP({Q; S,Ty)) are tractable.

Proof. Instances containing () are unsatisfiable, otherwise a
solution is to assign the same value to all variables. O

We classify all the remaining cases as NP-complete in the
following proposition.

Proposition 3. For any S C T'™ that contains # or <, both
CSP({Q; S, Ty)) and CSP({Q; S,Ty)) are NP-complete.

Proof. NP-membership is due to Prop. 1. NP-hardness fol-
lows from the expressibility of Rpesy. Assume first, the case
of 75 and # € S. Consider the following equivalence:

Rpetwryz =x #y Ny # 2 Nzy Tz yz.

In case we have < € S, we show # is expressible which
already gives us Ry, as seen above. The identity

x£y=Jvwlx<wAy <vAzv Ty wy)

can be proven by a case distinction (x < y, x = y, and
x > y). Note that the linear ordering is serial. Finally, we
observe T suffices to express T5:

o !
yzu

xy Ty o'y = 3z2"vi/ (vyzu Ty ). O

These results establish that any non-trivial subset of the
signature already has an NP-complete satisfiability problem.
Certainly, this gives us an upper bound on the complexity
of SeqCSP(I'™) due to the embedding in these languages.
In the next section we show stronger results for instances of

SeqCSP(I'™*) with both T5- and T-satisfiability.

S Complexity of Sequential CSPs

In the following we consider satisfiability problems of in-
stances reflecting the idea of states and transitions. Certainly,
our previous results already show that they are in NP and that
the trivial polynomial cases apply here as well.

At first it seems likely that instances of SeqCSP(I'™A; T5)
in which every state is strongly 3-consistent and further every
partial solution of size 2 of one state has a partial solution of
size 2 in each neighboring state satisfying the 75-condition,
are Th-satisfiable, but this is not the case (cp. Prop. 5).

Example 4. Consider the following instance over variables
{z,y, z,u,v,w} and four states (which can be made strongly
3- and 2-consistent in the above sense): {ml <zl <ul <
ylat < yla? < 2% a2? < yfu? < gy < otyd <
xg,w?’ < x?’,y4 < vt <t < a:4,y4 < x4}. In this ex-
ample the first two states have no solution with x2 = y2, be-
cause from 2 = y? we obtain u? < z? = y? < 22 and thus
! = 2! = u! = y! — contradicting #! < y!. Similarly, the
last two states have no solution for y3 = 3. Thus, it holds
2% < 2,23 > 4>, and the example is not Th-satisfiable. As
both flaws are not detected by the above mentioned local con-

sistency, it is not refutation complete.

Indeed we show that the T5- and T}-satisfiability problem
of sequential CSPs is NP-complete for the same fragments.
Theorem 1. For S C T'™ with # € S, SeqCSP((Q; S) ; T>)
and SeqCSP({Q; S) ; Ty) are NP-complete.
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Proof sketch. Via reduction from the betweenness problem.
First, to express Rpety Y2, consider three states with {xl
ylayl 7é Zlax2 7£ y27y2 7é 22,$2 7& 22,1'3 7é yS,yfi =
23}. Note that all T»- (and T}-) solutions of this instance
{{z,y,2}, (Q", Q% Q?)) cither satisfy 2* < y? < 22 or
x2 > y? > 22 as both pairs z,y and y, z must meet in Q!
and 3, respectively.

Given the form of sequential instances we have to ar-
gue about how to combine multiple copies of such a Rpey,-
construction. Let m be the number of betweenness-triples
in the input. Consider the above construction on a sequence
({r,9,2} (Q1 Q% @2, Q% Q%)) of 4:(3-m)?+1 many
states. Now, Ryt zy2 holds in all but the leftmost and right-
most state. To encode a complete betweenness problem, we
add for each betweenness triple three fresh variables along
with the above constraints into the same long sequence of
states. In the middle state we force all variables representing
the same input variable to match via equality constraints. For
each triple we now have a betweenness constraint and there
are enough states to untangle all triples such that each pair
x, 9y, and each pair y, z can move to the same position in the
leftmost and rightmost state, respectively. O

Theorem 2. SeqCSP({(Q; <, <);T5) is NP-complete.

Proof sketch. Via reduction from Monotone 1-in-3-SAT. We
can only provide a rough sketch due to lack of space.

For every atom a; in the SAT formula we introduce
one variable p;. In the following we construct a sequence
Q',...,Q% with d linear in the number of clauses. First, we
will set up some states to force a true/false decision for ev-
ery atom, then we will check clause by clause whether this
interpretation satisfies the problem.

For each Q*,k > 2 we maintain three variables L* <
OF < RF such that for each p; it must hold p¥ < LF or
RF < p¥ and that these relations do not change. We inter-
pret p¥ < LF as a; is false and R* < pF as a; is true. The
first state will be used for setup, and the rest for successively
evaluating each clause, i.e., asserting that for every clause, no
three atoms are on the left-hand side and no two atoms on
the right-hand side. A crucial construction is the #-like state-
ment used, e.g., to force variables to the outside of the inter-
val L* < RF. For this, consider for each p; a new variable ¢;,
{p} <}, L' = O' = R'}, and {p? = #2, L? < O? < R?*}
under the 75-condition. If we had L? < p? = t? < R? then
p;,t; would have to be equal in the first state as they cannot
skip over L or R. Thus p?,t? must be outside L*, R¥. This
is considered for arbitrarily many variables and we also use
similar constructs later on. We must ensure the variables p;
remain outside the L, R interval. This can be done by using a
linear number of variables {c;} with ¢ = O for all j, where
in each succeeding state we move one c; from O to L and
one from O to R, thus preventing any variable to move from
L towards O and from R to O, respectively.

Now we need to evaluate each clause. Here, we only give
the description of the (simpler) right-hand side. We denote
by s the index of the first state of the series used to evaluate
clause number s. The following is a double #-like construc-
tion on variables p, ¢ in the same clause using new variables



[, I, r,rr for each clause variable.

L=Uy=p"=rrp=rpANlg=¢" =rr; <r;

s+1 s+1_  s+1_ _ s+1 s+1 s+1__ s+1_ _ s+1_  s+1

L <l =p" " =rr, <ry, Al =g =y =1,
s+2_ g7s+2 s+2 s+2 s+2 s+2 s+2 s+2
L, =l <p i <rr, =y ANl =rr T <y,

+3 43\ gs+3 +3 +3 +3
LT <y ™AL <rg AP <RA¢T"<R

The first three states force the variables p, ¢ to be separated
by at least one other point, and the last state requires them
to be smaller or equal to R. If they are both to the right of
R the series is too short to achieve the latter constraint. We
successively repeat this series, separated by a state without
any forced ordering of p, g, for every pair of variables in each
clause. Checking the left-hand side follows the same idea
with more separating points. O

Theorem 3. For S C T with < € S, SeqCSP((Q; S) ; T>)
is NP-complete.

Proof sketch. The reduction is essentially identical to Th. 2
except for replacing R with Ry < --- < R,, (the point L is
also replaced in the same way). This change is made in order
to allow the test p*™> < R to be written as p*™* < R; (¢
analogously). The test is on step s + 4 because it requires one
more step to go through I2;. 0

With the T-condition it remains possible to recreate <
from < and the #-like construct from {<, <}, which allows
us to consider similar proofs.

Theorem 4. For S C T'™ with < € S, SeqCSP((Q; S); T})
is NP-complete.

Proof sketch. For the #-like construct, consider: {xl <
il =yt =rta? <212 <y <122 =131 <
y> < r3} which implies 2® # y3. The remainder of the
reduction given for the 75-condition can be translated to the
Ty-condition with minor changes. O

Given our NP-completeness results, a direct consequences
is that fragments of other point-based formalisms are NP-
complete as well.

Corollary 1. SeqCSP(I';T3) and SeqCSP(I';Ty) are NP-
complete for those fragments T of Allen’s Interval Calculus,
Cardinal Directions, or the Rectangle Algebra, that suffice to
express < or #.

So far, we have considered the computational complexity
of fragments of languages and seen that all interesting cases
are already NP-complete. We now turn our attention to some
simple tractable cases that arise from structural restrictions.

Proposition 4. SeqCSP(I'™;Ty) and SeqCSP(I'™;Ty) are
fixed-parameter tractable in the number of variables |V |.

Proof. Translate every Q into the set of possible orderings
of V that satisfy Q°. Next, connect orderings at neighboring
time points if they satisfy the T5- (or T}-) condition. Finally,
use graph search to find a path. O

Further, we can observe that SeqCSP(I'™) coincides with
SeqCSP(I'™A; T3) (and SeqCSP(I'™; Ty)) if the T,-condition
(and T-condition, respectively) already holds.

Proposition 5. An instance of SeqCSP(I'™) with states
Q',...,Q% is Ty-satisfiable (or Ty-satisfiable) if for each
1 < t < d, Q! is strongly 3-consistent and, for each
1 <t < d it holds that any partial solution of size 2 (size
4) of Q' can be combined with any partial solution of size 2
(size 4) of Q11 such that the Ts-condition (and Ty-condition,
respectively) is satisfied.

Note that this includes instances on complete constraint
networks without disjunctive relations, but moreover also in-
stances which may contain disjunctive relations.

Example 5. Consider two variables {z, y} with constraints
{xt <yt 2% = y?, 2* = y*}. This instance contains dis-
junctive relations, but every base solution already satisfies the
T5-condition (and T4-condition).

This observation may yield interesting heuristics and
domain splitting strategies in constraint programming ap-
proaches for arbitrary instances.

6 Conclusion and Perspectives

In this paper we presented a study on transition constraints
in the context of QSTR which arise in a variety of applica-
tions. We have introduced a generic approach to map such
spatio-temporal reasoning problems to constraint languages
and, in particular, to instances describing sequences of quali-
tative states.

For the main part of our work, we have focused on point-
based formalisms, in particular the Point Algebra, and pro-
vided definitions of two qualitative relations 75 and 7, which
describe continuous transitions. They naturally extend to
other point-based formalisms such as, e.g., Cardinal Direc-
tions and the Rectangle Algebra and are thus important.

We have used these relations to analyze the computational
complexity of associated satisfiability problems. Our study
is complete considering all fragments of the constraint lan-
guage. These results show that reasoning with continuity is
NP-complete for the Point Algebra, even if we just consider
sequences of states and tiny, yet useful fragments. It immedi-
ately follows from our results that the same satisfiability prob-
lems of many other point-based formalisms are intractable
even when considering only small fragments.

Future work includes considering structural properties of
problem instances to find more tractable cases, and investigat-
ing the same problem setting for non-point-based formalisms,
e.g., RCC. Another interesting line of future work is to inte-
grate our tractability results in algorithms, e.g., in the con-
straint programming approach by Apt and Brand. Another
promising line of research is to consider SAT-encodings of
such formalisms, as our definitions of the continuity relations
provide straightforward encodings.
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