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Abstract

In this paper, we propose a novel robust and prag-
matic feature selection approach. Unlike those
sparse learning based feature selection methods
which tackle the approximate problem by imposing
sparsity regularization in the objective function, the
proposed method only has one £ ;-norm loss term
with an explicit ¢ o-Norm equality constraint. An
efficient algorithm based on augmented Lagrangian
method will be derived to solve the above con-
strained optimization problem to find out the stable
local solution. Extensive experiments on four bi-
ological datasets show that although our proposed
model is not a convex problem, it outperforms
the approximate convex counterparts and state-of-
art feature selection methods evaluated in terms of
classification accuracy by two popular classifiers.
What is more, since the regularization parameter
of our method has the explicit meaning, i.e. the
number of feature selected, it avoids the burden of
tuning the parameter, making it a pragmatic feature
selection method.

1 Introduction

Feature selection primarily addresses the problem of finding
the most relevant and informative set of features. Besides
that, it can have other motivations, including general data
compression, to reduce the size of the data when the data is
huge and the data storage space is limited; performance en-
hancement, to improve the prediction accuracy and boost the
model generalization capability; data understanding, to gain
knowledge about the process that generated the data or sim-
ply visualize the data; processing acceleration, to decrease the
algorithm running time in the real application. As we know,
high-dimensional data in the input space is usually not good
for classification due to the curse of dimensionality. Although
we can employ the traditional dimension reduction method,
i.e. PCA, LDA and etc., to reduce the feature size, we cannot
tackle the problems where the features have natural mean-
ings and they cannot be projected, such as text mining [For-
man and Kirshenbaum, 2008],to select text key words; DNA
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microarray [Peng et al., 2005], to find out a few of genes
associated with a given disease; mass spectrometry [Saeys
et al., 2007], to discover the protein-based biomarker profil-
ing [Saeys et al., 2007]. Therefore, feature selection is an es-
sential component of machine learning and data mining and a
large number of developments on feature selection have been
made in the literature [Guyon and Elisseeff, 2003].

Generally speaking, feature selection algorithms may
roughly be categorized into three main families: filter, wrap-
per and embedded methods. These three basic categories dif-
fer in how the learning algorithm is incorporated in evalu-
ating and selecting features. In filter methods, features are
pre-selected by the intrinsic properties of the data without
running the learning algorithm. Therefore, filter methods
are independent of the specific learning algorithm and can
be characterized by utilizing the global statistical informa-
tion. Popular filter-type feature selection methods encompass
F-statistic [Habbema and Hermans, 19771, reliefF [Kira and
Rendell, 1992], mRMR [Peng et al., 2005], t-test, Chi-square
and information gain [Raileanu and Stoffel, 2004] and etc.,
which all compute the sensitivity (correlation or relevance)
of a feature with respect to (w.r.t.) the class label distribution
of the data. In wrapper methods [Kohavi and John, 1997],
the process of feature selection is wrapped around the learn-
ing algorithm that will ultimately be employed and take ad-
vantage of the “feedbacks” from the learning algorithm, such
as correlation-based feature selection (CFS) [Hall and Smith,
1999], support vector machine recursive feature elimination
(SVMRFE) [Guyon et al., 2002]. In spite of expensive com-
putational cost, they often have good performance. In embed-
ded methods, feature search and the learning algorithm are in-
corporated into a single optimization problem, such that the
reasonable computational cost can be achieved for good clas-
sification performance. Thus, the embedded methods have
attracted large attention in data mining and machine learning
research societies.

Recently, with the development of sparsity research, both
theoretical and empirical studies have suggested that the spar-
sity is one of the intrinsic properties of real world data and
sparsity regularization has been applied into embedded fea-
ture selection models as well. In multi-task learning, Ar-
gyriou et. al. has developed a multi-task feature learning
method [Argyriou er al., 2007]. Specifically, when the rota-
tion matrix U equals to an identity matrix, that feature learn-



ing model is equivalent to using a least square loss function
with a £ 1-norm square regularization term. Therefore, such
regularization has close connection to group LASSO and can
couple feature selection across multiple tasks. According to
the structure of the norm, the sparsity can be obtained from
the following two types of regularization terms for feature se-
lection: Flat sparsity, where the sparsity is often achieved by
¢1-norm or fy-norm regularizer to select individual feature;
Structural sparsity, where the 5 ;-norm, {5 o-norm or /2 o-
norm are imposed to select group features.

Since we are focusing on multi-class feature selection,
structured sparsity regularization is desired, which can se-
lect the features across all the classes with jointly sparsity,
i.e. each feature has either small score or large score for
all the classes. From the sparsity perspective, although /3 o-
norm is more desirable, due to its non-convex and non-
smooth properties which will induce great difficulty in op-
timization, people prefer the convex /5 ;-norm as the regu-
larization term [Nie ef al., 2010; Cai et al., 2011; Wang et
al., 2011]. As we know, such kind of approximation is un-
der the assumption that the effects of /5 o-norm regulariza-
tion is identical or approximately identical to the ¢ ;-norm.
Nevertheless, the above assumption does not always hold in
the real application [Mancera and Portilla, 2006]. Moreover,
since the regularization parameter of ¢ ;-norm does not have
explicit meaning, for different data, it may change dramati-
cally and people need to carefully tune its value based on the
training data, which will take long time. Lots of related work
of sparse learning based feature selection methods adopt the
model based on convex problem due to the fact that convex
problem has global solution. However, is it always true that
the method based on convex problem is always better than
that based on non-convex problem?

In this paper, we will propose an efficient, robust, and prag-
matic multi-class feature selection model, which has the fol-
lowing advantages: (1) We show that it is NOT true that
the feature selection method based on convex problem is al-
ways better than its counterpart based on non-convex prob-
lem. (2) We tackle the original sparse problem with /5 o-norm
constraint directly instead of its relaxation or approximation
problem. Therefore, we can get a more accurate solution.
(3) Since there is only one term in the objective function,
we avoid the computational burden of tuning the parameter
for regularization term, which is desired for solving the real
problem. (4) We are the first to provide an efficient algorithm
to tackle the minimization problem of {5 ;-norm loss with the
¢3,0-norm constraint. Extensive experiments on four bench-
mark biological datasets show that our approach outperforms
the relaxed or approximate counterparts and state-of-art fea-
ture selection methods evaluated in terms of classification ac-
curacy using two popular classifiers.

Notation. We summarize the notations and the definition
of norms used in this paper. Matrices are written as uppercase
letters and vectors are written as bold lowercase letters. For
matrix W = {w;;}, its i-th row, j-th column are denoted as
w', w; respectively. The £,-norm of the vector v € R" is

defined as [|v]|, = (>_ |v7;|p)%, for p # 0 and the £p-norm
i=1
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of the vector v, is defined as the number of non-zero entries
of v. The Frobenius norm of the matrix W € R*™ is de-

d m )
> Wi
i=15=1

fined as |W| =

d
>~ |[wi[|5. And the
i=1

m

> “’?j

Jj=1

d
5 1-norm of matrix W is defined as |[Wl|a1 = >

i=1

and the ¢5 g-norm of matrix W is defined as [|[W||2,0 =
d m

> 112 wij||o, where for a scalar a, [|allo
i=1 j

[lallo = 0if ||a]| = 0. Please note that ¢ g-norm is not
a valid norm because it does not satisfies the positive scala-
bility: [|[aW||21 = ||||W]|2,1 for any scalar «. The term
“norm” here is for convenience.

lifa # 0,

2 Sparse Learning Based Feature Selection
Background

Typically, many sparse based supervised binary feature selec-
tion methods that arise in data mining and machine learning
can be written as the approximation or relaxed version of the
following problem:

<w*,b>=minlly — XTw— bl||2
nin Iy B,

s.t|[wllo = k

where y € B"*! is the binary label, X € R%*" is the training
data, w € R%*1 is the learned model, b is the learned biased
scalar, 1 € R™*! is a column vector with all 1 entries, and k
is the number of the feature selected. Solving Eq. (1) directly
has been approved NP-hard, very difficult in optimization. In
many practical situations it is convenient to allow for a certain
degree of error, and we can relax the optimization constraint
using the following formulation,

< w*, b >=argmin{||w||o + ||y — XTw— b1||§} )
w,b

which is equivalent to the following “fidelity loss plus regu-
larization” format,

<w'b>=argmin{|ly — XTw —b1||3 + N|w|[o} (3)
w,b

where A € R™ is the regularization parameter. Unfortunately,
the way to tackle Eq. (3) is still challenging. To overcome
this problem, the subsequent alternative formulation using ¢; -
norm regularization instead of £y-norm has been proposed,

< w*,b>=argmin{||y — XTw — bng +Alw|1} @)
w,b

After we get w*, we choose the feature indices correspond-
ing to top k largest values of the summation of absolute values
along each row. In statistic, people call Eq. (4) as the regular-
ized counterpart of LASSO problem, which has been widely
studied and proved to have a closed form solution.

Although people can use heuristic strategy, i.e. one V.S.
all or one V.S. one to extend the above binary sparse based
feature selection method to do multi-class feature selection,
some structural sparsity is preferred, if the goal is to se-
lect features across all the classes. In multi-task learning,



Obozinsky et al. and Argyriou et. al. [Argyriou et al.,
2007] [Obozinski er al., 2010] have developed a {5 1-norm
square regularization term to couple feature selection across
tasks.

3 Robust and Pragmatic Multi-class Feature
Selection

Given training data {x;,Xg, - ,X,} € R and its cor-
responding class labels {y1,y2, -+ ,yn} € R™XL, tradi-
tional least square regression solves the following optimiza-
tion problem to learn the projection matrix W € R**™ and
the bias b € R™*1:

<W* b >= argminZHy,; —WTx; —bll2.  (5)
Wb

Since there is inevitable noise existing in the training data, in
order to be robust to outliers, our proposed method will use
the robust loss function:

<W* b >=arg minz lly; = Wix; —blly, (6)
Wb =1

which has a rotational invariant property whereas the pure /1 -
norm loss function does not has such desirable property [Ding
et al., 2006]. In addition, for the sake of obtaining a more ac-
curate model, we use ¢ o-norm constraint instead of impose
it as the regularization term.

Denoting n training data X € R?X™ as well as the associ-
ated class labels Y € R™*™ for m classes, in this paper, we
propose the following objective function to select k features

in multi-class problems
min |||V — XTW — 1b7|5,
Wb ™
s.t|[Wllz0 =k,

where, 1 € R™*! is a column vector with all its entries being
1.

4 Optimization Algorithm

In this section, we will propose an efficient algorithm to
tackle Eq. (7) directly followed by the proof of its conver-
gence to local solution.

4.1 General Augmented Lagrangian Multiplier
Method

In [Bertsekas, 1982], the general method of augmented La-
grange multipliers is introduced for solving constrained opti-
mization problems of the kind:

n}}nf(X), s.t.

One may define the augmented lagrangian function:

tr(h(X)) =0, ®)

L(X A, p) = FO0) +tr(ATR(O) + SIRQONE, - ©)

where matrix A is the Lagrange multiplier and p is a positive
scalar called the quadratic penalty parameter and then Eq. (9)
can be solved via the method of augmented Lagrange multi-
pliers, outlined as Alg. 1.
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4.2 Problem Reformulation
According to Augmented Lagrangian Multiplier (ALM)

Method, we introduce two slack variables i.e. V and E.
Eq. (7) can be reformulated as
2
min IEll,, +5 W*V*F%AH
Wb, V|Vl o=k, E ’ E )

2
b HXTW+1bT _Y-E+ le
wollE

4.3 An Efficient Algorithm to Solve the
Constrained Problem

We will introduce an efficient algorithm based on the general
ALM to tackle problem Eq. (10) alternatively and iteratively.

The first step is fixing W, V' and E, solving b. Then we
need to solve the following subproblem:

2

1
H‘XTW+1bT—Y—E+E (11)
2 Bl g
Take derivative w.r.t. b and set it to zero, we have
1 1wr 1 o
b=—(Y+F--%)'1--W"X1 (12)
n I n

The second step is fixing V', b and E, solving W. Then
the objective function becomes,

1 2
W -V +-A

2
1
+HXTW +1" — (Y +E—--%)
Bolr K

min
w

F

Take derivative w.r.t. W and set it to zero, we have

W=XXT+1)"YV -~ 1A+X(Y+Ef 1v_ 1b7))
n

(14)
where I € R?*4 is the identity matrix.
The third step is fixing W, b and F, solving V. The sub-
problem becomes,

2
5)

V(W4 a)
"

min
HV”2,0:k F

which can be solved by Alg. 2.
The fourth step is fixing W, b and V, solving E. The
subproblem becomes,

2

1 1 1
min = HE— (XTW + 1" — Y +-%)|| +~|E|,,
E 2 polly m ’
(16)
Denote 1
G=X"wW+1w" -y +=x. (17)
1
Then Eq. (16) is equivalent to the following problem,
. ]- 2 ].
mElngllE—Gller;HEllz,h (18)
which can be decoupled as,
minY 2 et - gl + el (19)
o L B g2 y 2



Algorithm 1 General Method of Augmented Lagrange Mul-

tiplier
Initialization:
1.Sett =0

2. Initialize the Lagrangian multiplier matrix A®.
3. Initialize the quadratic penalty parameter [l,<t).
4. Initialize the incremental step size parameter p > 1.
repeat
1. Update X Y = argmin L(X®, A® 1)

X
2. Update AHD) = A® 4 [, p(x (D)
3. Update p('1) = pp®
4. Updatet =t + 1

until Converges

Output: X~

Algorithm 2 The algorithm to solve Eq. (15)

Input:

1. The projection matrix W.

2. The Lagrangian multiplier matrix A
3. The quadratic penalty parameter .
4. The number of feature selected k.
Process:

1. Calculate W = W + iA.

2. Calculate the vector p € R?*!, where each entry defined as
pi =y abs(wg;),Vi=1,2,--- ,d.

J
3. Sort p, find out the indices vector q = [q1, g2, - - -
sponding to top k sorted entries.
4. Assign i-throw of W to V' if ¢ € q;
assign zero row vector 07 € R**™to V, if i ¢ q.
Output: The slack variable matrix V.

,qx]T corre-

where e’ and g’ is the -th row of matrix E and G respectively.
And the solution to Eq. (19) is
llg‘ll2 > 1/n

{ gills < 1/

We iteratively and alternatively update b, W, V, E' according
to the above four steps and summarize the whole Algorithm
in Alg. 3.

1/

(1~ 1

0,

4.4 Algorithm Analysis

Since Eq. (10) is not a convex problem, in each iteration,
given fixed A, 3, and i, Alg. 3 will find its local solution. The
convergence of ALM algorithm was proved and discussed in
previous papers. Please refer to the literature therein [Bert-
sekas, 1996] [Powell, 1969].

The overall computation complexity of our method is low,
although we solve it separately and iteratively. In each iter-
ation, the only computation burden is in Eq. (14), where we
need to calculate an inverse d X d matrix. However, since it
is only related to the input data, we can calculate it before
we go to the loop. What is more, when the number of fea-
ture is much larger than the number of data, we can resort
to Woodbury formula to transform it as a n X n inverse ma-
trix. Although its solution depends on the initialization, in the
following experiment section, we will conduct experiment to
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Algorithm 3 The algorithm to solve Eq. (10)

Input:

1. Training data X, € RY*™*" training labels Y;, € R™rX™
2. The number of feature selected k.

3. The initial projection matrix Wo.

Output:

1. The k selected feature indices vector q.

2. The objective function value obj

3. The learned projection matrix W and bias b.
Initialization:

1.Sett =0

2. Initialize the projection matrix as W = Wj,.

3. Initialize the Lagrangian multiplier matrix A € 09*™, & €
Onxm.

4. Initialize the quadratic penalty parameter p = 0.1.
5. Initialize the incremental step size parameter p = 1.02.
Process:
repeat
. Update the bias b by Eq. (12).
. Update the projection matrix W by Eq. (14).
. Update the the slack variable matrix V' by Alg. 2.
. Calculate G by Eq.(17).
. Update E by Eq. (20).
. Update AT = A®) (O (D) _ (1))
. Update S = 50 4 O (x T+ 4 pt+DT
Yy — EtY)
8. Update p*1 = pp®
9.Updatet =¢t+1
until Converges

N AN AW -

Table 1: Gene Expression data set summary.

data name | # samples | # features | # classes
LEU 72 3571 2
LUNG 203 3312 5
ALLAML 72 7129 2
CAR 174 9182 11

demonstrate that its local solution is stable and its feature se-
lection performance is better than that of some state-of-art
sparse feature selection methods based on convex problems.

S Experiment

We denote our proposed method as ¢ g-norm ALM. The per-
formance of {3 g-norm ALM is evaluated on four biological
gene expression datasets. We give a brief description of all
datasets used in our subsequent experiments.

5.1 Datasets Descriptions

The gene expression datasets are the leukemia (LEU) data
set [Nutt ef al., 2003], the human lung carcinomas (IUNG)
data set [Singh er al., 2002], ALLA data set [Fodor, 1997]
and Human Carcinomas (Carcinomas) data set [Su et al.,
2001]. All these four datasets are standardized to zero-mean
and normalized by the standard deviation, which are summa-
rized in Table 1.

LEU data set encompasses two classes samples: 25 leukemia
patient (Positive), 47 healthy patient (Negative). Each sample
has 3571 genes. Genes with minimal variations across the
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Figure 2: The classification accuracy using selected features by SVM

samples were removed before the experiment. Also, intensity
thresholds were set at 20 and 16, 000 units for this data set.
After preprocessing, we obtained a data with 72 samples and
3571 genes.

LUNG data contains 203 samples of five classes, which have
139, 21, 20, 6, 17 samples, respectively. Each sample has
12600 genes. In the preprocessing, the genes with standard
deviations less than 50 expression units were removed and
we got a data set with 203 samples and 3312 genes at last.
ALLA data set contains 72 samples of two classes, that is,
ALL and AML, which have 47 and 25 samples, respectively.
Each sample contains 7, 129 genes.

Carcinomas (CAR)data set is composed of 174 samples of
eleven classes, prostate, bladder/ureter, breast, colorectal,
gastroesophagus, kidney, liver, ovary, pancreas, lung adeno-
carcinomas and lung squamous cell carcinoma, which have
26, 8, 26, 23, 12, 11, 7, 27, 6, 14, 14 samples, respectively.
The raw data encompasses 12533 genes and the after prepro-
cessing, the data set has 174 samples and 9182 genes.

5.2 Experiment Setup

In our experiments, for each data, we will randomly select
20% to do the training and use the remaining part as testing.
The reason we use smaller portion of training data is because
it is well known that when the number of training data be-
comes sufficiently large, any feature selection method will
work well. We select the number of features ranging from
1 to 10 with the incremental step 1 and the feature selection
performance is evaluated by average classification accuracy
on two popular classifiers, i.e. K nearest neighbor (KNN)
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and support vector machine (SVM). Specifically, we set up
KNN with K = 1 and SVM with linear kernel C' = 1 re-
spectively for their intuitive meaning and simplicity. Here we
assume that the better the feature selection algorithm is, the
higher classification accuracy we will get. We compare our
feature selection method with the following two basic filter
methods:

Fisher Score [Duda et al., 1995] selects each feature inde-
pendently according to the score under the Fisher criterion.
Information Gain (IG) [Raileanu and Stoffel, 2004] com-
putes the sensitivity (correlation or relevance) of a feature
w.r.t the class label distribution of the data.

In addition, we also compare our approach with some similar
feature selection methods based on sparse learning:
Multi-Task Feature Selection (MTFS) [Argyriou et al.,
2007] selects features across multi-task (multi-class) by solv-
ing a general loss function with {5 ;-norm regularization. .
Robust Feature Selection (RFS) [Nie et al., 2010] selects
features w.r.t multi-class and can be robust to the outlier data
by solving a joint 3 ;-norm problem.

Sparse Feature Selection (SFS) [Luo et al., 2010] selects
features by solving a smoothed general loss function with a
more sparse {3 g-norm constraint.

We tune the regularization parameter in MTFS and RFS to let
the non-zero row number of the optimum solution W exactly
equal to the number of selected features. Because MTFS and
RFS both solve a convex optimization problem, they will get
global solution finally. However, SFS and our method are
based on /3 g-norm constraint and we can only find local so-
lution. In our experiment, we used the optimum solution of
MTFES as the initialization for SFS and used random initial-



Table 2: The mean and std of the converged objective function value of our method using 50 random initialization

data k=1 k=5 k=8 k=10

LEU 1.72+1.80 | 0.68£0.49 | 0.58+0.43 | 0.66 £0.37
LUNG | 23.61 £2.87 | 11.81 £0.38 | 11.31 £0.84 | 10.124+0.74
ALLA | 6.06£2.26 | 245+1.24 | 1.28£0.85 | 0.92+£0.56
CAR | 29.69+1.73 | 23.01£1.70 | 19.81 £1.68 | 18.40 £ 1.48
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Figure 3: The objective function value in Eq. (7) vs iteration number

ization for our method. Since there is an explicit meaning of
the constraint k£ in our method or SFS, we can avoid the heavy
burden of tuning regularization parameter and just make them
as the number of selected features. We use the following pa-
rameters ;1 = 0.01, p = 1.02 and choose 1000 as the maxi-
mum number of iterations in Alg. 3.

5.3 Feature Selection Results

Fig. 1 shows the classification accuracy V.S. the number of se-
lected feature using KNN classifier. Similarly, Fig. 2 demon-
strates the feature selection results by SVM. From them, we
can see that when the number of selected feature is small,
particularly the one with less than 5 features, the classifica-
tion result of our method can beat MTFL as well as RFS con-
sistently, since our method can find a more sparse solution
by ¢3,0-norm constraint instead of the solution to the relaxed
regularization problem. Because SFS finds local solution, its
performance depends on the initialization, i.e. MTFS. When
feature selection result of MTFS is good, like LEU data, SFS
can achieve very promising results. However, for some data,
like LUNG, when MTFS performs badly, SFS will stuck at
the bad local optimum. When the number of selected fea-
ture increases, all the sparse learning based feature selection
methods will tend to perform similarly, which is within our
expectation. Next we will conduct experiment to show that
our method can find stable local solutions under different ran-
dom initializations.

5.4 Is The Local Solution Stable?

Since our proposed method in Eq. (7) is not a convex prob-
lem, we can only find the local optimum solution. We want
to see if those local optimums are stable or not using different
initialization. To be specific, each time when we run /5 o-
norm ALM by Alg. 3, we use random initialization for the
projection matrix W € R?*™ as the input to do the train-
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ing. We repeat 50 times experiment for each data and record
the objective function value for each iteration. Fig. 3 plots
the mean marked as blue circle as well as standard deviation
marked as red error bar of the objective function value for
each iteration using different initialization. For ease of com-
parison, we also list the converged mean and standard devi-
ation value after converged in Table 2 when k = 1, k = 5,
k = 8 and k£ = 10 respectively. As can be observed, our
method will converge to a stable value using random initial-
ization w.r.t. different number of selected features. Moreover,
the larger number of feature (k) we selected, the less standard
deviation (more stable) of the objective function value will be
after it converges.

6 Conclusion

In this paper, we propose a robust and efficient feature se-
lection approach to tackle an optimization problem with non-
smoothed {5 ;-norm loss function under ¢5 o-norm constraint.
The ¢ ;-norm loss function can be robust to outlier data and
£3,0-norm constraint has an explicit meaning i.e. the number
of selected features. Instead of solving its relaxed regular-
ization problem, we tackle the constraint problem itself by
taking advantage of ALM method. Thus, we can avoid the
heavy burden of tuning regularization parameters and make it
a practical feature selection method in the real life.
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