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Abstract

sum of smooth and convex loss functions, i.e.

Stochastic gradient descent (SGD) is a widely used
optimization algorithm in machine learning. In order to accelerate the convergence of SGD, a few
advanced techniques have been developed in recent years, including variance reduction, stochastic coordinate sampling, and Nesterov’s acceleration method. Furthermore, in order to improve the
training speed and/or leverage larger-scale training data, asynchronous parallelization of SGD has
also been studied. Then, a natural question is
whether these techniques can be seamlessly integrated with each other, and whether the integration
has desirable theoretical guarantee on its convergence. In this paper, we provide our formal answer to this question. In particular, we consider the
asynchronous parallelization of SGD, accelerated
by leveraging variance reduction, coordinate sampling, and Nesterov’s method. We call the new algorithm asynchronous accelerated SGD (AASGD).
Theoretically, we proved a convergence rate of
AASGD, which indicates that (i) the three acceleration methods are complementary to each other
and can make their own contributions to the improvement of convergence rate; (ii) asynchronous
parallelization does not hurt the convergence rate,
and can achieve considerable speedup under appropriate parameter setting. Empirically, we tested
AASGD on a few benchmark datasets. The experimental results verified our theoretical findings and
indicated that AASGD could be a highly effective
and efficient algorithm for practical use.
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Please note that the loss function fi (x) may take different forms in different applications. For example, suppose
we have a set of training data (a1 , b1 ), · · · , (an , bn ), where
ai 2 Rd is an input feature vector and bi 2 R is its output. Then loss function fi is usually defined as a least square
function fi (x) = 12 (aTi x bi )2 for regression, and a logistic
function fi (x) = log(1 + exp( bi aTi x)) for classification.
SGD exploits the additive nature of the empirical risk function F (x), and randomly samples an instance at each iteration
to calculate the gradient and updates the model towards the
direction of negative gradient. Theoretical study on SGD has
revealed that it has a sublinear convergence rate, meaning that
the total number of component gradient evaluations required
by SGD method to find an ✏-accurate solution is O(1/✏). In
recent years, people have been working on accelerating the
convergence of SGD, by proposing new methods or leveraging existing methods in the literature of optimization. Representative acceleration methods include:
(1) Variance Reduction (VR) [Johnson and Zhang, 2013;
Defazio et al., 2014]: Besides computing the gradient of one
randomly sampled instance in each iteration, the VR technique computes the full gradient in a periodical manner and
uses this full gradient for multiple iterations in order to reduce
the sampling variance. It can be proven that the convergence
rate of SGD can become linear by using the VR technique,
under the condition of strong convexity.
(2) Stochastic Coordinate Sampling (SC) [Nesterov, 2012;
Richtárik and Takáč, 2014]: In addition to randomly sample
training instances, the SC technique also performs random
sampling over the feature dimensions. In particular, it randomly samples a block of coordinates, computes the partial
gradients with respect to the features in the sampled block,
and updates the solution only over this block. It clear that,
since the computation of partial gradients are much faster, by
using SC, SGD can become more efficient, especially when
the number of coordinate blocks is relatively large.
(3) Nesterov’s Acceleration (NA) [Nesterov, 2004]: The
NA technique introduces one or multiple auxiliary variables,
and updates the parameter according to the gradient at the
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Stochastic gradient descent (SGD) is a widely used optimization technology in many applications, due to its simplicity
and good empirical performances [Bousquet and Bottou, 2008;
Rakhlin et al., 2012; Nemirovski et al., 2009]. In this paper,
we focus on the adoption of SGD to solve the following
empirical risk minimization problem, whose objective is the
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auxiliary variable. Usually, the auxiliary variable is a slide
of the current parameter leaning a little towards its own momentum. It can be proven that the convergence rate of SGD
is improved by using the NA technique [Hu et al., 2009].
In addition to the above efforts on accelerating the convergence of SGD, there is another line of research, which
speeds up the SGD algorithm by performing asynchronous
parallelization. This is mainly motivated by the availability of very big training data, which makes sequential SGD
very inefficient. In asynchronous parallel SGD [Recht et al.,
2011; Agarwal and Duchi, 2012], multiple workers compute
stochastic gradients in parallel, and update the centralized
model without a synchronization with each other.
Given the above literature, a natural question to ask is
whether these techniques can be seamlessly integrated with
each other, and whether the integration has desirable convergence property. In this paper, we will provide our formal
answer to this question. In particular, we study the asynchronous parallelization of SGD, accelerated by the VR, SC,
and NA techniques. We call the corresponding algorithm
asynchronous accelerated SGD (or AASGD for short), and
perform both theoretical and empirical investigations on it.
First, we prove that: 1) the three acceleration techniques
are complementary to each other and can make their own contributions to the convergence rate of AASGD; 2) the asynchronous parallelization does not hurt the convergence, and
one can achieve square root speed up in certain situations.
Second, we tested AASGD on a few benchmark datasets.
Our experimental results show: 1) the combination of VR,
SC, and NA with SGD really leads to faster convergence
rate as compared to conventional SGD; 2) Thanks to the
asynchronous parallelization, AASGD can achieve promising speedup when running on multiple workers. These results
verified our theoretical findings and indicated that AASGD
could be a effective and efficient algorithm for practical use.
The remaining paper is organized as follows. In Section
2, we introduce SGD, its acceleration methods, and other related works. In Section 3, we propose the AASGD algorithm,
and present our convergence analysis. Our empirical study is
given in Section 4. We conclude the paper in the last section.

been proposed to improve SGD [Johnson and Zhang, 2013;
Roux et al., 2012; Shalev-Shwartz and Zhang, 2013]. In this
paper, we focus on the method proposed in [Johnson and
Zhang, 2013], which follows a multi-stage scheme and computes the full gradient periodically to regularize the stochastic
gradients. Specifically, at the beginning of stage s, we compute the full gradient rF (x̃s ), and then run an inner loop
(k = 1, · · · , K) according to the following update formula:

2

2.2

2.1

vk = rfik (xk 1 )
xk = xk 1 ⌘vk .

The regularized gradient vk becomes an unbiased estimate of
rF (xk 1 ), and its variance is much smaller than fik (xk 1 )
which is used in SGD.
Stochastic Coordinate Sampling (SC): When the data is
high-dimensional, even for one sampled instance, the computation of the gradient over all the dimensions is still timeconsuming. To solve this problem, people have leveraged
the stochastic coordinate sampling method used in stochastic coordinate descent (SCD) [Nesterov, 2012; Richtárik and
Takáč, 2014; Shalev-Shwartz and Tewari, 2011]. That is, instead of computing the gradient over all the dimensions, with
SC, we only compute the partial gradients over a sampled coordinate block, as shown below:
xk,l = xk
xk,l = xk

1 ),

⌘k rl F (xk

1 ),

if
if

l 2 Ck ,
l2
/ Ck ,

Existing Convergence Analysis

First, it has been shown that the three acceleration methods
introduced above can make SGD converge faster. For example, [Johnson and Zhang, 2013], considered the integration
of VR with SGD, and [Lee et al., 2015] integrated both VR
and NA with SGD. However, to our best knowledge, it is unknown what will happen if we simultaneously combine all
the three acceleration methods with SGD. Please note that, it
is non-trivial to combine SC and NA with the involvement of
VR, and the update rule of the combined method makes the
theoretical analysis very difficult.
Second, as mentioned in the introduction, asynchronous
parallelization of SGD and its convergence rate has been studied in recent years. For example, in [Recht et al., 2011;
Lian et al., 2015; Agarwal and Duchi, 2012; Langford et al.,
2009; Zhang et al., 2013; Avron et al., 2014], the convergence rate of asynchronous SGD was studied in different settings. In [Reddi et al., 2015] the asynchronous parallelization

SGD and its Acceleration Methods

⌘k rfik (xk

1,l ,

xk+1 = yk ⌘k rfik (yk ),
yk+1 = xk+1 + ↵(xk+1 xk ).

SGD is a widely used algorithm to solve the empirical risk
minimization problem (1), whose update rule is as follows:
1

1,l

where l is the coordinate index, Ck (k 2 {1, ..., m}) is the
coordinate block randomly sampled in iteration k and rl F is
the partial gradient of F for coordinate l.
Nesterov’s Acceleration (NA): Nesterov proposed an acceleration method for gradient methods in [Nesterov, 2004].
The basic idea is to consider the momentum when updating
the parameters. In particular, Nesterov introduced one or several auxiliary parameters to record the current parameter plus
its latest momentum. Then, the parameter is updated by the
gradient at the value of the auxiliary variable. To be specific,
with NA, the update rule becomes:

Backgrounds

xk = xk

rfik (x̃s ) + rF (x̃s ),

(2)

where fik is a randomly sampled component of F . It has
been proven that, SGD has sublinear convergence rate when
a decreasing learning rate is used [Rakhlin et al., 2012].
In recent years, variance reduction, stochastic coordinate
sampling, and Nesterov’s acceleration method have been used
to accelerate the convergence of SGD. In the following paragraphs, we will give them a brief introduction.
Variance Reduction (VR): It is well known that the
variance introduce by stochastic sampling prevents us from
adopting a constant learning rate in SGD (which makes SGD
have a slower convergence rate than full gradient descent). To
remedy this problem, a few variance reduction methods have
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Algorithm 1 Asynchronous Accelerated SGD (AASGD)
Require: initial vector [x̃0 , ⌘, , b, K, S]
Ensure: x̃S
for s = 1, 2, ..., S do
x̃ = x̃s 1 ; x0 = y0 = z0 = x̃
P
For local worker p: calculate rFp (x0 ) = i2Sp rfi (x0 )
and send it to the center.
PP
(1) For master: calculate rF (x0 ) = P1 p=1 rFp (x0 )
for k = 1, ..., K do
For local worker p: read xk and calculate uk as below:
(2) Randomly select a mini-batch of data Ik with size
b,
(3) Randomly select a coordinate block Cjk ,
(4) Calculate uk+1,l = rl fIk (xk ⌧k ) rl fIk (x0 ) +
rl F (x0 ) if l 2 Cjk ; uk+1,l = 0 if l 2
/ Cjk and send
it to the master.
For master: update the parameters as below:
(5) yk,l = xk,l ⌘uk,l if l 2 Cjk ; yk,l = yk 1,l if
l2
/ C jk .
(6) zk = zk 1 ↵uk
(7) xk+1 = (1
)yk + zk
end for P
K
1
s
x̃s = K
k=1 xk
end for

of SVRG was investigated. However, as far as we know, the
asynchronous parallelization of SGD accelerated by VR, SC,
and NA has not been studied yet. This is exactly what we are
going to do in this paper.

3

Asynchronous Accelerated SGD

In this section, we propose a novel algorithm, which integrates all the techniques mentioned in the introduction to improve SGD. That is, it is an asynchronous parallel SGD algorithm, and accelerated by VR, SC, and NA at the same time.
For ease of reference, we call this algorithm AASGD, whose
details can be found in Algorithm 1.
Assume there are P workers and one master in the computational cluster. The workers are making updates to the
master in an asynchronous manner. Each worker has full access to the data, and stores a non-overlapping partition Sp
(p = 1, ..., P ) of the data index. In addition, the features are
also partitioned into m non-overlapping blocks, denoted as
{C1 , C2 , ..., Cm }. .
The AASGD algorithm works in a multi-stage manner. At
the beginning of stage s, each
P worker calculates the gradient
over all its local data, i.e., i2Sp rfi (x̃s ), and then sends it
to the master. The master averages these updates and sends
the full gradient back to the workers. After that, the workers
and the master update the global vector for K rounds (k =
1, · · · , K) according to the following rules:
Worker: Read parameter xk from the master, randomly
sample a mini-batch of data Ik of size b without replacement
and a block of coordinates Ck , compute the VR-regularized
gradient uk based on lk over Ck , and then send uk to the
master.
Master: Update parameter xk and auxiliary parameters yk
and zk according to steps (5)-(7) in Algorithm 1.
The following steps in Algorithm 1 are related to the acceleration technique: (i) the full gradient calculation in step (1)
is used by VR; (ii) the master’s actions in steps (5)-(7) and
the mini-batch sampling in step (2) are used by NA1 ; (iii) the
coordinate sampling in step (3) is used by SC.
Please note that the workers run the above procedures in
parallel, without synchronization with each other. As a consequence, the master will receive delayed gradients. Specifically, in Algorithm 1, the regularized gradient uk in Step (4)
is calculated with respect to a delayed parameter xk ⌧k . In
practical, ⌧k is a random variable, dependent of the computational cluster (e.g., the heterogeneity of the computational
nodes and their inter-connections). It is clear that, the delay
is linearly increasing with the number of workers.

4

partial gradients. That is to say, there exists a positive constant Lmax , such that 8i 2 [n], j 2 [d], for 8x, y 2 Rd with
xj 6= yj , we have
krj fi (x)

rj fi (y)k  Lmax kxj

yj k.2

Therefore, the components fi (x) have Lipschitz continuous gradients, as shown below:
krfi (x)

rfi (y)k  Lres kx

yk, 8i.

Assumption 2 (Convexity): F (x) is strongly convex with
convexity parameter µ, i.e.,
F (y) F (x) + rF (x)T (y x) + µ2 ky xk2 , 8x, y 2 Rd .
Assumption 3 (Sparseness): The sparseness in mini-batch
setting is defined as follows3 :
= maxj2[d]

b
PCn

v=1 I[9i2Iv ,s.t.xi,j 6=0]
b
Cn

,

where I denotes the indicator function and Iv denotes the
mini-batch with index v which is a subset of [n]. Intuitively,
the sparseness measures the maximal frequency for arbitrary
coordinate appears in the mini-batch inputs. It is commonly
assumed that the sparseness is upper bounded.
Assumption 4 (Bounded Delay): The delays ⌧1 , ⌧2 , ... are
independent random variables, and ⌧k  ⌧ for all k.
Based on above assumptions, we proved two theorems.
The first one is for the sequential version of SGD accelerated by VR, SC, and NA (which we call SASGD sequential
accelerated SGD), and the second one is regarding its asynchronous parallelization. In order to distinguish the parameters for SASGD and AASGD, we use subscript 0 to denote

Convergence Analysis

In this section, we analyze the convergence rate of SASGD
and AASGD. To this end, we make the following assumptions, which are commonly used in previous works [Agarwal
and Duchi, 2012; Zhao et al., 2014; Recht et al., 2011].
Assumption 1 (Smoothness): The components {fi (x); i 2
[n]} of F (x) are differentiable and have Lipschitz continuous

2

In this paper, if there is no specification, k · k is the L2 -norm.
In this paper, for simplicity and without confusion, we omit the
mini-batch size b in sparseness.

1

3

It has been proved in [Nitanda, 2014], the mini-batch strategy is
necessary for the faster convergence of SGD with NA.
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1
1
Proof: For SASGD, by setting ↵0 = min{ 3A
, pLmax
},
µ

parameters for SASGD (and parameters without subscript for
AASGD).
Theorem 4.1 Under Assumptions 1-3, if we set step size
⌘0
1
⌘0  Lmax
, 0 = ⌘0 +m↵
, and K sufficiently large so that
⇢0 =

1
↵0 A

1

✓

m↵0
m
+
+ ↵0 A
⌘0 K
µ↵0 K

◆

⌘0 =

⇢0 =

x⇤ k 2

1
1
EI v̄k+1 = rF (xk+1 ).
m k
m

x⇤ k2

T
2↵0 EIk ,jk vk+1
(zk x⇤ ) + ↵02 EIk ,jk kvk+1 k2
2
= kzk x⇤ k2
↵0 rF (xk+1 )T (zk x⇤ )
m
+ ↵02 EIk ,jk kvk+1 k2 .

+

m↵0
EIk ,jk kvk+1 k2
2
m
x⇤ k 2
EI ,j kzk+1
2↵0 k k

m
kzk
2↵0

p

x⇤ k2 . (3)

n+

EIk ,jk F (yk+1 )
 F (xk+1 )

Lmax ⌘02
2

= F (xk+1 )

⌘0 EIk ,jk rF (xk+1 )T vk+1

(4)

EIk ,jk kvk+1 k2

+

1
3

EIk ,jk F (yk+1 ))

max

p

Lres /Lmax

;

nmLres /µ

n+

p

Lres /µ
nmLres /µ
n+

p

, which is faster since Lres

1

1
↵AD

✓

m↵
m
+
+ ↵AD
⌘Lmax K
µ↵K

F (x⇤ )  ⇢s [F (x̃0 )

F (xk+1 ) F (x⇤ )
1

(F (yk ) F (xk+1 ))

and the mini-batch size b = (n 1)+121p1 , then the SASGD
can achieve its optimal overall complexity,which is
p

p
nm 2 1
1
O((nm +
) log ),
p
n + 1
✏
Lmax
µ

nm +

iii)

Lres /µ

to

Lmax .

◆

< 1,
p

F (x⇤ )].

Proof: At stage s, let vk+1 and uk+1 be two vectors whose
l-th dimension defined as follows:
vk+1,l = rl fIk (xk+1 ) rl fIk (x̃s 1 ) + rl F (x̃s 1 ) if l 2 Cjk ;
otherwise, vk+1,l = 0.
uk+1,l = rl fIk (xk+1 ⌧k ) rl fIk (x̃s 1 ) + rl F (x̃s 1 ) if l 2
Cjk ;otherwise,uk+1,l = 0.
Let v̄k+1 = rfIk (xk+1 ) rfIk (x̃s 1 ) + rF (x̃s 1 )
and ūk+1 = rfIk (xk+1 ⌧k ) rfIk (x̃s 1 ) + rF (x̃s 1 ).
According to Inequality (6) and Inequality (7) in paper [Lee
et al., 2015], we have:

After that, by following the proof of Theorem 3 in [Lee et
al., 2015], we proved this theorem. ⇤
Based on Theorem 4.1, we have the following corollary
for the complexity of SASGD, which is defined as how many
partial gradients we need to calculate so as to guarantee the
optimization error less than ✏.
Corollary 4.2 Under Assumptions 1-3, and the parameter
1 p 1
setups in Theorem 4.1, if we set ↵0 = min{ 3A
, L µ },

and 2 =

Lres /µ

EF (x̃s )

Lmax m⌘0 ↵0
↵0 krF (xk+1 )k2 +
EIk ,jk kvk+1 k2 .
2

L2
res
Lmax µ

p

1
res (n b)
where 0 < ↵ < AD
, A = 4Lb(n
1) , D = 2(1
2 ), then
AASGD algorithm has geometric convergence in expectation:

Thus, we have the following inequality:

p
12n 

nmLres /µ

⇢=

⌘0
Lmax ⌘02
krF (xk+1 )k2 +
EIk ,jk kvk+1 k2 .
m
2

m↵0
(F (xk+1 )
⌘0

.

Next, the following Theorem states the convergence rate
after introducing asynchronous parallelization to SASGD.
Theorem
4.3 Under Assumptions 1-4, and
satisfies
p
1
< min{µ, 14 }, if we set the step size ⌘  2Lmax
⌧,
⌘
= m↵+⌘ , and K is sufficiently large so that

According to the smoothness of partial gradients, we have
the following:

where 1 =

⌘

⌘

, then we can
in ⇢ , then

SCD method improve the coefficient from

x⇤ ) =

rF (xk+1 )T (zk

0

1
2/3

ity from (nm + mLres /µ) to

Therefore,

+

p
2m 2
K

1
3

Remarks: (1) The convergence rate of SASGD in Theorem 4.1 is linear, much faster than the sublinear convergence rate of SGD. This clearly demonstrates the advantages
of adopting the acceleration techniques.
(2) From the complexity of SASGD in Theorem 4.1
and Corollary 4.2, we can observe the complementary
contributions of three acceleration methods. As we know, the
complexity of SGD with a decreasing step size ⌘k = 1/µk is
O(1/✏µ)[Rakhlin et al., 2012]. Comparing the complexity
of SASGD to that of SGD, i) VR method improves the
complexity from O(1/✏µ) to O (nm + mLres /µ) log 1✏ ;
ii) NA method improves the coefficient
in the complex◆
✓

Then, for the auxiliary parameter z, we have:
= kzk

⇣

+

. Then we can choose K = O(m 2 ).
Then the overall complexity (number of partial gradients
p
p
1
p
evaluation) is O(nm + bm 2 ). Putting b = (n 12n
in
1)+12 1
p
O(nm + bm 2 ) can get the result. ⇤

< 1,

EF (x̃s ) F (x⇤ )  ⇢s0 [F (x̃0 ) F (x⇤ )].
Proof: First, we take expectation of the VR-regularized
gradients vk+1 with respect to Ik , jk as below,

EIk ,jk kzk+1

⇣ p
m 2
1
+ µ↵m0 K
2/3
K
p
12n 1
= (n 1)+12p1
1
↵0 = pLmax
0
µ

, we can get ⇢0 <

Choosing mini-batch size b
1
1
get 3A
= pLmax
. Putting
µ

res (n b)
where 0 < ↵0 < A1 and A = 4Lb(n
1) , then SASGD
algorithm has geometric convergence in expectation:

EIk ,jk vk+1 =

1
Lmax

+ rF (xk+1 )T (zk

.
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x⇤ )

1
µ
kxk+1
2

µ
kyk
2
x⇤ k 2 .

xk+1 k2

Let EIk ,jk be the conditional expectations conditioned on
{xs , ys , zs }s=0,1,...,k in stage s. Since zk+1 zk = ↵uk+1 ,
1
and EIk ,jk uk+1 = m
rF (xk+1 ⌧k ), we can get:

+

m
kzk
2↵

p
⌘
⌘
EIk rF (xk+1 )T (v̄k+1 ūk+1 ) 
krF (xk+1 )k2
m
2m
p
p
⌘
⌘
+
EIk kv̄k+1 k2 +
EIk kūk+1 k2 .
m
m

x⇤ )

rF (xk+1 )T (zk

ūk+1 )T (zk

= EIk (v̄k+1

Step 2: Due to the delay, Inequality (6) has an extra term
ūk+1 ) as compared with Equation
(4). We bound this term using the same technique as Step 1.
⌘
E rF (xk+1 )T (v̄k+1
m Ik

x⇤ k 2

x⇤ ) +

m↵
EIk ,jk kuk+1 k2
2

m
EI ,j kzk+1
2↵ k k

x⇤ k 2 .

(5)

Then Inequality (6) can be re-written as
According to the smoothness of F , we have:

0  (F (xk+1 ) EIk ,jk F (yk+1 ))
p ◆
✓
⌘
⌘
krF (xk+1 )k2
m
2m
p ◆
p
✓
Lmax ⌘ 2
⌘
⌘
+
+
EIk kūk+1 k2 +
EIk kv̄k+1 k2 .
2m
m
m
(8)

EIk ,jk F (yk+1 )
 F (xk+1 )
+

⌘
Lmax ⌘ 2
krF (xk+1 )k2 +
EIk ,jk kuk+1 k2
m
2

⌘
EI rF (xk+1 )T (v̄k+1
m k

(6)

ūk+1 ).

The difference between AASGD and SASGD mainly lies in
the communication delay ⌧ . To characterize its influence on
the convergence rate, we take the following three steps.

By multiplying
we can get:

uk+1 )T (zk

x⇤ )
⇤

 EIk kv̄k+1 ūk+1 kkxk+1 x kIk
1
+
EIk kv̄k+1 ūk+1 kkxk+1

yk k I k ,

where kxkIk denote the norm of x with respect to the
union of non-zero coordinates of ai 2 Ik , i.e., kxkIk =
P
1
( dl=1 |xl |2 I[9ai 2Ik s.t.ail 6=0] ) 2 . Using the AM-GM inequality,
the sparseness condition and xk+1 is independent of Ik , we
can obtain:
EIk kv̄k+1 ūk+1 kkxk+1 x⇤ kIk
p
EI kxk+1
EIk kv̄k+1 ūk+1 k2
p

+ k
2
2
p
p

EIk kv̄k+1 k2 +
EIk kūk+1 k2
p
EIk kxk+1 x⇤ k2
+
.
2

x⇤ ) 

x⇤ k2Ik

p

m
EI ,j kzk+1 x⇤ k2
2↵ k k
p
1
EIk kv̄k+1 k2 +
kxk+1
2

m
kzk x⇤ k2 +
2↵
p
(1
)
+
kxk+1 yk k2
2
↵ p 1
+( +
)EIk kūk+1 k2 .
2
+

yk k 2

(9)

Step 3: Let 1 = 2↵m
. We take expectation with respect to
⌘
p
⌧k . Under the assumption
< µ, by summing inequality
(9)
over
k
=
0,
...,
K
1,
we
can
get: P
P
K

1

1
2
m
F (xk+1 ) F (x⇤ )  2↵
kz0 x⇤ k2 + K
k=0 ↵HEIk kūk k
1
2
⇤
2m↵
(xk+1 )k + ⌘ (F (y0 ) F (x )),
k=0 ↵DkrF
h⇣
p ⌘i
p ⌘ ⇣1
⌘
m
where H = 2⌧ Lmax
+
+
+
and D =
2
2⌧
⌘
⇣
p ⌘
2 1
. According to Inequality (12) in paper [Lee et
2
k=0
P
K

Since we also have EIk ,jk kuk+1 k2 = EIk kūk+1 k2 , and
EIk ,jk kvk+1 k2 = EIk kūk+1 k2 , Equation (5) can be re-written
as
rF (xk+1 )T (zk

on both sides of (8) and adding in (7),

rF (xk+1 )T (zk x⇤ ) 
m
m
kzk x⇤ k2
EI ,j kzk+1 x⇤ k2
2↵
2↵ k k
p
p ✓
◆
1
+
kxk+1 x⇤ k2 +
kxk+1
2
2
2m↵
+
(F (xk+1 ) EIk ,jk F (yk+1 ))
⌘
p ◆
✓
T⌘ p
+ 2 ↵(
+
)+
EIk kūk+1 k2
2
p ◆
✓
2↵ 1
krF (xk+1 )k2
2
p ◆
✓
p
+2 ↵
+
EIk kv̄k+1 k2 .

Step 1: Due to the delay, Equation (5) has an extra term
EIk (v̄k+1 ūk+1 )T (zk x⇤ ) as compared with Equation (3).
According to the fact that zk = xk+1 1 (yk xk+1 ) and
the Cauthy-Schwarz inequality, we have
mEIk ,jk (vk+1

2d↵
⌘

al., 2015], under the condition D
(1

where
x⇤ k 2

s

↵AD)

s

= F (x̃s )



✓

H , we can get:
◆

m
2m↵
+
+ ↵AD
2Kµ↵
K⌘

F (x⇤ ). ⇤

s 1,

As for Theorem 4.2, we have the following discussions.
The introduction of asynchronous parallelization does hurt
the convergence of SASGD by a little (mainly due to the communication delay). However, when we run the AASGD algorithm on multiple machines, we can still achieve significant
speed up under certain conditions, as shown in the following
corollary.

(7)
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(a) comparison on rcv1

(b) comparison on real-sim

(c) comparison on news20

(d) speedup

Figure 1: Figure(a), Figure(b) and Figure(c) are comparisons of SASGD and SGD on three datasets respectively; Figure(d) is
the speedups for AASGD on three datasets.
p
Corollary 4.4 Assume
< min{µ, 14 }. If we set the step
1
1 p 1
size ⌘ = 2Lmax ⌧ ,↵ = min{ 6A
, L µ⌧ } and select the
max
1
block size m < 16Lmax 1/4 , then AASGD will achieve at
least square root speedup with respect to the number of workers when ⌧ < 4 11/8 .

ping criterion in our experiments is the training error smaller
than 10 10 (i.e., F (xk ) F (x⇤ ) < 10 10 ). For the datasets
we used, Lmax = Lres < 0.25 since the inputpdata is normalized [Reddi et al., 2015], ⌧ ⇡ P , µ = 1/ n = 0.01
[Shamir et al., 2014]. In SASGD and AASGD, we set stepsizes ⌘0 = 0.2 and ⌘ = 0.1/P , which satisfy our assumptions
in the theorems and corollaries.
First, we investigate the SASGD algorithm. We compare it
with standard SGD with different step sizes: a constant step
p
size (denoted as C-SGD) and a decreasing step size as 1/ k
where k is the iteration [Reddi et al., 2015](denoted as DSGD). We plot the training curves of SASGD, C-SGD, and
D-SGD in Figure 1(a),1(b),and 1(c)(for the three datasets respectively). From the figure, we have the following observations: D-SGD and C-SGD are faster than SASGD when we
want to get a low-precise solution,i.e., ✏ < 10 2 . As the training process continues, SASGD converges much faster than
D-SGD and C-SGD on all the three datasets when we want to
get a high-precise solution. This is consistent with our theoretical results (complexity analysis).
Second, we examine the benefit of AASGD by running
on multiple workers (when there is only one local worker,
AASGD reduces to SASGD). We implement AASGD with
2,4,..,16 workers, and plot its speedups in Figure 1(d) (for the
three datasets respectively). The speedup is defined as the ratio of the runtime with a single thread to the runtime with P
threads. From these figures, we have the following observations:(1) on all the three datasets, AASGD has considerable
speedup with respect to the number of workers, in an order
lower than linear but higher than square root; (2) the smallest speedup is observed on rcv1. This is consistent with our
theoretical results, since rcv1 is the densest dataset. [Reddi et
al., 2015; Recht et al., 2011] get a similar result on rcv1.

Proof: Compared with SASGD, the convergence rate in Theorem 4.2 is slower due to the delay. In order to get speedup
for AASGD, the order of inner loop K cannot be ⌧ times
larger than SASGD. The order of K is related to two pa1
rameters ⌘ and ↵. In SASGD, ⌘0 = Lmax
. For AASGD,
1
we set ⌘ = 2Lmax ⌧ . Here we are interested in the situp
ation where the
⌧ ⌘1. Considering
< min{µ, 14 }⌘,
⇣
⇣
p
p
p
⌘
1
the condition 1
> ⌧ Lmax
+
+ 2⌧
+ m⌘
2
2
1
1
can be satisfied with m < 16Lmax
1/4 and ⌧ < 4 1/8 .
1
1
For AASGD, we set ↵ = min{ pLmax µ⌧ , 6A } and b =
24n

p

1 /⌧

(n 1)+24

O

✓✓

p

1 /⌧

nm +

p

, the inner loop K is in the same order of

nm

p p
2 1

n+

p

1 /⌧

◆

log

1
✏

◆

. Compared with SASGD, it

is at most ⌧ larger but the computing time is ⌧ times smaller.
The full gradient calculation can be distributed to multiple
machine to get p
P times speedup. As a result, AASGD can
achieve at least P times speedup since ⌧ is in proportion to
the number of local worker P . ⇤
Remark: Data sparsity serves as a condition for the
speedup. If the data is sparse, the condition is more likely
to hold, and we will get the speed-up.

5

Experiments

In this section, we report our experimental results to demonstrate the efficiency of AASGD, and validate our theoretical
findings. We conducted binary classification tasks on three
benchmark dataset: rcv1, real-sim, news20, where rcv1 is the
densest dataset and news20 is of the highest dimension. The
detailed information about the three datasets can be found
from LibSVM website. The objective function used in our experiments is the L2 -regularized logistic regression loss. We
mainly compared AASGD, SASGD, and standard SGD algorithms, in terms of their convergence properties. In the
AASGD algorithm, we set the number ofpblock partitions as
p
m = d/100, the mini-batch size as n/ P (P is the number of threads), and the inner loop K = 2mn. The stop-

6

Conclusions

In this paper, we focus on asynchronous SGD with acceleration methods, such as variance reduction, Nesterov’s acceleration, and stochastic coordinate sampling. We prove the
convergence rate for AASGD, and analyze the conditions for
its speedup with respect to the number of workers. Our experiments on benchmark datasets well validated our theoretical
findings. In the future, we will investigate the convergence
rate of SGD with more acceleration methods, and AASGD in
distributed network architectures.
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