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Abstract
In this paper, we identify a new class of distribu-
tional constraints defined as a union of symmet-
ric M-convex sets, which can represent a variety
of real-life constraints in two-sided matching set-
tings. Since M-convexity is not closed under union,
a union of symmetric M-convex sets does not be-
long to this well-behaved class of constraints in
general. Thus, developing a fair and strategyproof
mechanism that can handle this class is challeng-
ing. We present a novel mechanism called Quota
Reduction Deferred Acceptance (QRDA), which
repeatedly applies the standard DA mechanism by
sequentially reducing artificially introduced maxi-
mum quotas. We show that QRDA is fair and strat-
egyproof when handling a union of symmetric M-
convex sets. Furthermore, in comparison to a base-
line mechanism called Artificial Cap Deferred Ac-
ceptance (ACDA), QRDA always obtains a weakly
better matching for students and, experimentally,
performs better in terms of nonwastefulness.

1 Introduction
The objective of this paper is to identify a new class of dis-
tributional constraints in two-sided matching, where a strat-
egyproof and fair mechanism exists. In a two-sided match-
ing problem, two types of agents (e.g., students/schools, hos-
pitals/residents) are matched [Roth and Sotomayor, 1990].
A standard matching market deals with maximum quotas
(capacity limits). As the theory has been applied to di-
verse environments, mechanism designers have faced var-
ious forms of distributional constraints, including regional
maximum quotas, which restrict the total number of stu-
dents assigned to a set of schools [Kamada and Kojima,
2015], minimum quotas, which guarantee that a certain num-
ber of students are assigned to each school [Biro et al., 2010;
Fragiadakis et al., 2016; Goto et al., 2016; Hamada et al.,
2017a], and diversity constraints, which guarantee that a
school satisfies a balance between different types of stu-
dents [Hafalir et al., 2013; Ehlers et al., 2014; Kojima, 2012;
Kurata et al., 2017]. This topic has been attracting in-
creasing attention from AI researchers [Aziz et al., 2017;
Hamada et al., 2017b; Hosseini et al., 2015].

It is well-known that in the presence of distributional con-
straints, a stable matching may not exist. Matching stability is
defined by Gale and Shapley [1962] for two-sided one-to-one
matching problems. In the setting of a school-student allo-
cation problem,1 it is defined as the combination of fairness
and nonwastefulness [Balinski and Sönmez, 1999]. Fairness
guarantees that when student s is not accepted by school c
(which she considers better than her assigned school), then
s is ranked lower than any student accepted by c based on
c’s preference. Nonwastefulness is an efficiency notion that
rules out the situations where a student can move unilaterally
to her more preferred school without violating the underly-
ing distributional constraints. Given the incompatibility of
stability with distributional constraints, mechanism designers
encounter a trade-off between fairness and efficiency. Our
approach is to investigate whether fairness is achievable un-
der distributional constraints, while achieving as much effi-
ciency as possible. As we describe below, a baseline mech-
anism called Artificial Cap Deferred Acceptance (ACDA),
which uses predetermined artificial maximum quotas, is strat-
egyproof and fair, but it is very wasteful since it sacrifices too
much flexibility of the original distributional constraints.

We restrict our attention to strategyproof (SP) mechanisms
in which no student has an incentive to misreport her pref-
erence over schools. In theory, we can restrict our attention
to SP mechanisms without loss of generality due to the well-
known revelation principle [Gibbard, 1973], i.e., if a certain
property is achieved by a mechanism (more specifically, the
property is satisfied in a dominant strategy equilibrium when
using the mechanism), it can be achieved by an SP mecha-
nism. An SP mechanism is also useful in practice since a
student does not need to speculate about the actions of other
students to obtain a good outcome; she only needs to truth-
fully report her own preference.

Existing works have shown that if constraints belong to
a well-behaved class (called M-convex set), then a mecha-
nism called generalized DA, which is based on DA, is strate-
gyproof, fair, and retains the flexibility of the original distri-
butional constraints [Kojima et al., 2014; Goto et al., 2017].
Thus, identifying a class beyond an M-convex set, such that

1For the sake of presentation, the rest of this paper is described in
the context of a school-student allocation problem, but its obtained
results are applicable to allocation problems in general.
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we can develop a non-trivial strategyproof and fair mecha-
nism, is theoretically interesting/challenging.

In this paper, we introduce a new type of constraints that
is represented by a union of symmetric M-convex sets. This
class of constraints can represent a variety of real-life con-
straints that are useful in two-sided matching. Since M-
convexity is not closed under union, a union of symmetric
M-convex sets is not an M-convex set.

We develop a mechanism called the Quota Reduction De-
ferred Acceptance mechanism (QRDA), which repeatedly
applies the well-known Deferred Acceptance (DA) mech-
anism [Gale and Shapley, 1962], by sequentially reducing
artificially introduced maximum quotas. Fragiadakis and
Troyan [2017] use the idea of sequentially reducing maxi-
mum quotas for a different goal. In their model, students are
partitioned into different types, and the goal is to satisfy type-
specific minimum/maximum quotas. Yahiro et al. [2018] de-
velop a mechanism (which is also called QRDA) specifically
for ratio constraints that specify the acceptable minimum ra-
tio between the least/most popular schools. As described be-
low, the class of distributional constraints that we study is a
strict generalization of ratio constraints.

To the best of our knowledge, we are the first to identify
a general class of constraints (which can describe many spe-
cific types of constraints) beyond an M-convex set, where a
non-trivial, strategyproof, and fair mechanism exists. As well
as being fair and strategyproof, we show that in terms of stu-
dent welfare, QRDA outperforms ACDA, both theoretically
and experimentally. In terms of nonwastefulness, we experi-
mentally show that QRDA outperforms ACDA.

2 Model
A student-school matching market with distributional con-
straints is defined by a tuple (S,C,X,�S ,�C ,V).
• S = {s1, . . . , sn} is a finite set of students.
• C = {c1, . . . , cm} is a finite set of schools. Let M de-

note {1, 2, . . . ,m}.
• X = S × C is a finite set of all possible contracts.

Contract (s, c) ∈ X means that student s is matched
to school c. For Ẋ ⊆ X , Ẋs denotes {(s, c) ∈ Ẋ | c ∈
C}, and Ẋc denotes {(s, c) ∈ Ẋ | s ∈ S}. In other
words, Ẋs (resp. Ẋc) denotes all contracts in Ẋ related
to s (resp. c).
• �S= (�s1 , . . . ,�sn) is the profile of the student pref-

erences, where each �s is a strict preference over all
contracts that are related to s. For example, if s strictly
prefers c over c′, it is denoted by (s, c) �s (s, c′). We
sometimes write c �s c′ instead of (s, c) �s (s, c′).
• �C= (�c1 , . . . ,�cm) is the profile of the school pref-

erences, where each �c is a strict preference over all
contracts that are related to c. For example, if c strictly
prefers s over s′, it is denoted by (s, c) �c (s′, c). We
sometimes write s �c s′ instead of (s, c) �c (s′, c).
• V ⊆ Nm0 is a set of school feasible vectors that reflects

distributional constraints. For each ν ∈ V , we assume∑
i∈M νi = n holds.

For Ẋ , let ζ(Ẋ) denote m-element vector (|Ẋc1 |, |Ẋc2 |,
. . . , |Ẋcm |).
Definition 1 (Feasibility). For Ẋ ⊆ X , Ẋ is student-feasible
if |Ẋs| = 1 for all s ∈ S. We call a student-feasible set of
contracts a matching. Ẋ is school-feasible if ζ(Ẋ) ∈ V . Ẋ
is feasible if it is both student-/school-feasible.

In this market, we assume all schools are acceptable to all
students and vice versa.2

With a slight abuse of notation, for two matchings, Ẋ and
Ẍ , we denote Ẋs �s Ẍs if Ẋs = {(s, c′)}, Ẍs = {(s, c′′)},
and c′ �s c′′ (i.e., if student s prefers the school she obtained
in Ẋ to the one in Ẍ). Furthermore, we denote Ẋs �s Ẍs if
either Ẋs �s Ẍs or Ẋs = Ẍs.

A mechanism ϕ is a function that takes a profile of student
preferences �S as input3 and returns a set of contracts. Let
ϕs(�S) denote Ẋs, where ϕ(�S) = Ẋ . Let�S\{s} denote a
profile of the preferences of all students except s, and let (�s,
�S\{s}) denote a profile of the preferences of all students,
where s’s preference is �s and the profile of the preferences
of the other students is �S\{s}.
Definition 2 (Strategyproofness). Mechanism ϕ is strate-
gyproof if for all s,�s,�S\{s}, and�′s (where�′s is an arbi-
trary preference of student s), ϕs((�s,�S\{s})) �s ϕs((�′s,
�S\{s})) holds.

Definition 3 (Fairness). In matching Ẋ , where (s, c) ∈ Ẋ ,
student s has justified envy toward another student s′ if for
some c′ ∈ C, c′ �s c, (s′, c′) ∈ Ẋ , and s �c′ s′ hold.
Matching Ẋ is fair if no student has justified envy in Ẋ . A
mechanism is fair if it always produces a fair matching.

In other words, student s has justified envy toward student
s′ if she is assigned to school c′, which is better for s than her
current school, even though c′ prefers s over s′.

Definition 4 (Nonwastefulness). In matching Ẋ , where
(s, c) ∈ Ẋ , student s claims an empty seat of c′, if c′ �s c
and (Ẋ \ {(s, c)}) ∪ {(s, c′)} is school-feasible. Matching
Ẋ is nonwasteful if no student claims an empty seat in Ẋ . A
mechanism is nonwasteful if it always produces a nonwasteful
matching.

In other words, s claims an empty seat of c′, which is better
than her current school c, if moving her from c to c′ does not
violate distributional constraints.

In standard matching terminology, fairness and nonwaste-
fulness are combined to form a notion called stability [Fra-
giadakis and Troyan, 2017; Goto et al., 2016; Goto et al.,
2017]. However, fairness and nonwastefulness are usually
incompatible with distributional constraints [Kojima et al.,
2014; Fragiadakis et al., 2016; Goto et al., 2016]. Thus, in

2Even though this is a strong assumption, we require it to guar-
antee the existence of a feasible matching. The same assump-
tion is widely used in existing works [Fragiadakis et al., 2016;
Goto et al., 2016; Goto et al., 2017].

3We assume that the profile of school preferences is publicly
known and focus on strategyproofness for students (the proposing
side). Thus, we do not specify it as an input of a mechanism.
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this paper, we divide the notion into fairness and nonwaste-
fulness and focus on finding a fair outcome, while reducing
wastefulness as much as possible.

If V is an M-convex set (which is a discrete analogue of
maximum elements of a convex set in a continuous domain),4
then a mechanism called generalized DA, based on DA, is
strategyproof and fair [Kojima et al., 2014; Goto et al., 2017].
Definition 5 (M-convex set). Let χi denote an m-element
unit vector, where its i-th element is 1 and all other elements
are 0. A set of m-element vectors V ⊆ Nm0 forms an M-
convex set, if for all ν, ν′ ∈ V , for all i such that νi > ν′i,
there exists j ∈ {k ∈M | νk < ν′k} such that ν−χi+χj ∈ V
and ν′ + χi − χj ∈ V hold.
Definition 6 (Symmetry). V ⊆ Nm0 is symmetric if for all
ν = (ν1, . . . , νm) ∈ V , vector ν′, which is any permutation
of (ν1, . . . , νm), also belongs to V .

In this paper, we concentrate on distributional constraints
that are represented as a union of symmetric M-convex sets.
Definition 7 (Union of symmetric M-convex sets). V ⊆ Nm0
is a union of symmetric M-convex sets if it is represented as
V1 ∪ . . . ∪ V`, where each Vi is a symmetric M-convex set.

3 Example of a Union of Symmetric
M-convex Sets

Let us illustrate a variety of real-life distributional constraints
that can be represented as a union of symmetric M-convex
sets.

First, we identify several distributional constraints that can
be represented as a single symmetric M-convex set. If a poli-
cymaker thinks that several of these constraints are equally
appropriate, she can define the union of these vectors as
school-feasible. Then the obtained distributional constraints
are represented as a union of symmetric M-convex sets.
Definition 8 (Uniform min-max quotas). Let q and p respec-
tively be maximum and minimum quotas, i.e., the number of
assigned students in each school must be between p and q.
Then V = {ν ∈ Nm0 | ∀i ∈M,p ≤ νi ≤ q,

∑
i∈M νi = n}.

General min-max quotas can be represented as an M-
convex set [Kojima et al., 2014]. Since all schools have iden-
tical minimum/maximum quotas, V must be symmetric.

To introduce another class of constraints that can be repre-
sented as an M-convex set, we introduce a notion called the
most balanced vectors.
Definition 9 (Most balanced vectors). ν ∈ V is most bal-
anced if for each i ∈ M , νi is either bn/mc or dn/me. Let
V∗ denote the set of all the most balanced vectors.
Definition 10 (Distance constraints (from the most balanced
vectors)). For a given distance threshold d, V is given as
{ν ∈ Nm0 | δ(ν) ≤ d,

∑
i∈M νi = n}, where δ(ν) is given as

minν∗∈V∗(
∑
i∈M |νi − ν∗i |).

4To be precise, the condition used in [Kojima et al., 2014;
Goto et al., 2017] is an M\-convex set, which is a generaliza-
tion of an M-convex set. When all students must be assigned to
schools, it becomes equivalent to an M-convex set. Their results
are built upon various earlier works [Fleiner, 2001; Fleiner, 2003;
Hatfield and Milgrom, 2005; Fujishige and Tamura, 2006].

Distance constraints from a single most desirable vector
can be represented as an M-convex set [Kojima et al., 2014].
Since we consider a set of vectors close enough to the set
of all the most balanced vectors (which is symmetric), V is
also symmetric. This class of constraints is appropriate when
a policymaker thinks the most balanced vectors are ideal, but
can accept any matching that is close enough to the ideal ones.

Next we introduce distributional constraints that are repre-
sented as a union of symmetric M-convex sets.
Definition 11 (Ratio constraints). For a given parameter α
(where 0 ≤ α ≤ 1), V is given as {ν ∈ Nm0 | r(ν) ≥
α,

∑
i∈M νi = n}, where r(ν) is given as mini∈M νi

maxi∈M νi
, i.e.,

r(ν) is the ratio of student number between the least/most
popular schools.

The ratio constraints can be clearly divided into several
uniform min/max quotas. For example, assume n = 21,
m = 4, and α = 0.5. Then V can be represented as a union
of V1 in which the uniform minimum∼maximum quotas are
3∼6, and V2 in which the uniform minimum∼maximum quo-
tas are 4∼8.
Definition 12 (Difference constraints). For a given parame-
ter d, V = {ν ∈ Nm0 | γ(ν) ≤ d,

∑
i∈M νi = n}, where

γ(ν) is given as maxi∈M νi − mini∈M νi, i.e., γ(ν) is the
difference between the numbers of students allocated to the
most/least popular schools.

It is also easy to see that difference constraints can be
divided into several uniform min/max quotas. For exam-
ple, assume n = 21, m = 4, and d = 4. Then V
can be represented as a union of V1 in where the uniform
minimum∼maximum quotas are 3∼7, and V2 in which the
uniform minimum∼maximum quotas are 4∼8.

Note that even if both ratio and difference constraints can
be represented as a union of uniform min/max quotas, they
are not interchangeable, i.e., in general, ratio constraints can-
not be represented as difference constraints, and conversely.
Ratio and difference constraints are alternative ways to spec-
ify a well-balanced matching outcome. Which one is more
appropriate would be application dependent. If a policymaker
cannot decide which one to use, she can declare that both are
equally appropriate. Then the obtained school-feasible vec-
tors are also a union of symmetric M-convex sets.

4 Quota Reduction Deferred Acceptance
Mechanism (QRDA)

4.1 Mechanism Description
Let us first introduce the standard DA, which is a compo-
nent of QRDA. A standard market is a tuple (S,C,X,�S ,
�C , qC), whose definition resembles a market with distribu-
tional constraints. The only difference is that its constraints
are given as a profile of maximum quotas: qC = (qc)c∈C .
Matching Ẋ is school-feasible if for all c ∈ C, |Ẋc| ≤ qc
holds. The standard DA is defined as follows:
Mechanism 1 (standard DA).
Step 1 Each student s applies to her most preferred school

according to �s from the schools that did not reject her
so far.
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Step 2 Each school c tentatively accepts the top qc students
from the applying students based on �c and rejects the
rest of them (no distinction between newly applying stu-
dents and already tentatively accepted students).

Step 3 If no student is rejected, return the current matching.
Otherwise, go to Step 1.

Let σ denote the sequence of schools5 based on the round-
robin order c1, c2, . . . , cm. Let σ(k) denote the k-th school in
σ, i.e., σ(k) = cj , where j = 1 + (k − 1 mod m).

Let νmax be maxν∈V,i∈M νi. The Quota Reduction De-
ferred Acceptance (QRDA) mechanism is defined as follows:
Mechanism 2 (QRDA).
Initialization:

For all c ∈ C, q1c ← νmax, k ← 1.
Stage k (k ≥ 1):

Step 1 Run the standard DA in market (S,C,X,�S ,
�C , qkC) and obtain matching Ẋk.

Step 2 If Ẋk is school-feasible, then return Ẋk.
Step 3 Otherwise, for school c′ = σ(k),

qk+1
c′ ← qkc′ − 1, and for c 6= c′, qk+1

c ← qkc .
Go to Stage k + 1.

4.2 Mechanism Properties
Let us first introduce several useful properties related to the
unions of symmetric M-convex sets.
Lemma 1. If ν = (ν1, . . . , νi, . . . , νj , . . . , νm) ∈ V where
V is a union of symmetric M-convex sets and νi > νj holds,
then vector ν′ = (ν1, . . . , νi−1, . . . , νj +1, . . . , νm) and all
of its permutations also belong to V .

Proof. From symmetry, vector ν′′, which is obtained by ex-
changing the i-th and j-th elements of ν, is also feasible.
Then by the definition of an M-convex set, since νi > ν′′i
and νk < ν′′k only holds for k = j, based on the condition of
an M-convex set, ν − χi + χj = ν′ must be in V .

Lemma 2. If V is a symmetric M-convex set, it contains all
of the most balanced vectors.

Proof. Let ν be a vector in V . If ν is most balanced, then from
symmetry, all of its permutations must belong to V . Thus, V
contains all of the most balanced vectors. If ν is not most bal-
anced, from Lemma 1, we can move one student from a pop-
ular school to a less popular school in ν and obtain another
vector included in V . By repeatedly applying such modifica-
tion, we eventually obtain a most balanced vector that belongs
to V .

It is clear that if V is a union of symmetric M-convex sets,
V includes all the most balanced vectors.

Next we show that QRDA obtains a feasible and fair
matching.

5For simplicity, we assume σ is based on a fixed round-robin
order, but the results in this paper hold for any balanced sequence
σ, i.e., for each ` ∈ N0, σ(m` + 1), σ(m` + 2), . . . , σ(m` +m)
is a permutation of c1, c2, . . . , cm. This requirement is necessary to
enforce strategyproofness.

Stage Step Action
k 1 Student s applies to school c1.

2 School c1 rejects student s1.
3 Student s1 applies to school c2

(and is accepted).
k + 1 1 School c3 rejects student s2

(due to its quota reduction).
2 Student s2 applies to school c4.

. . .

Table 1: Example of a rejection chain

Theorem 1. QRDA returns a feasible and fair matching
when V is a union of symmetric M-convex sets.

Proof. If QRDA returns a matching, it is clearly feasible. Ac-
cording to Lemma 2, all the most balanced vectors must be
included in V . Eventually, in some stage k′, every school’s
quota qci equals bn/mc or dn/me, and

∑m
j=1 qcj = n. In

this case, the obtained matching is feasible. Thus, QRDA
must terminate in stage k ≤ k′ and the obtained match-
ing is feasible. The obtained matching is also identical to
the matching obtained by the standard DA for the market
(S,C,X,�S ,�C , qkC). Since the standard DA is fair [Gale
and Shapley, 1962], QRDA is also fair.

QRDA’s strategyproofness is not trivial. It depends on the
fact that quotas are reduced based on the round-robin order.
Indeed, a student might have an incentive to secure, at an
early stage, a seat from a school that later becomes unavail-
able. We utilize several lemmas to prove the strategyproof-
ness of QRDA. The first is called Scenario lemma and re-
quires two definitions. A scenario is a sequence of schools
to which a student plans to apply. For example, suppose that
student s has scenario Cs, defined as c1, c2, c3. Scenario Cs
means that student s first applies to school c1, and if she is
rejected, then she applies to school c2, and then to c3 if she is
rejected again. A scenario is not necessarily exhaustive. A re-
jection chainR(Cs), based on scenario Cs, is the sequence of
all students and schools’ actions (applications and rejections)
that follow when student s enters the market with scenario
Cs, starting when s applies to the first school of this scenario.
A rejection chain ends when (i) student s is rejected by the
last school in Cs or (ii) the mechanism terminates. A sim-
ple example of a rejection chain is presented in Table 1. For
rejection chains, the following property holds:

Lemma 3 (Scenario Lemma). Consider two scenarios, Cs
and C′s, of student s starting from the same stage of QRDA.
If (1) each school that appears in C′s also appears in Cs (the
order does not matter), (2) student s applies to all the schools
in Cs, and (3) all the actions of R(C′s) happen in the same
stage, then all the actions inR(C′s) also happen inR(Cs).

Furthermore, Lemma 4 holds for unions of symmetric
M-convex sets.6 Consider matching Ẋ obtained in an in-
termediate stage of QRDA. Assume that, in the following

6Due to space limitations, we omit the full proof of Lemmas 3
and 4, and Theorem 2.
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stage, school cr rejects a student (because of quota reduc-
tion), which triggers school ca to accept one more student.
We denote by η the operation that transforms vector ζ(Ẋ)

into (. . . , |Ẋcr | − 1, . . . , |Ẋca |+ 1, . . .).

Lemma 4. Consider matching Ẋ obtained in an intermediate
stage of QRDA. Assume that after imposing a sequence of
operations η1, η2, . . . , ηk on ζ(Ẋ), another matching Ẋ ′ is
obtained, and when imposing the last operation ηk, school c∗
accepts one more student. If no student is assigned to c∗ in
η1, . . . , ηk−1, and if by imposing only ηk on ζ(Ẋ) a feasible
matching is obtained, then Ẋ ′ is also feasible.

Theorem 2. QRDA is strategyproof when V is a union of
symmetric M-convex sets.

Proof sketch. By contradiction, assume student s is assigned
to a better school when she misreports. Without loss of gen-
erality, we assume that her true preference is c1 �s c2 �s
. . . �s cm, and that s is assigned to school cj in stage k
when misreporting, but she is assigned to ci in stage k′ under
her true preference, where j < i. If k′ ≤ k, s cannot benefit
from misreporting, since the standard DA is strategyproof and
satisfies resource monotonicity, i.e., DA’s outcome is weakly
preferred by each student if each school’s quota weakly in-
creases [Ehlers and Klaus, 2016]. Thus, k < k′ must hold.

Consider an alternative (and equivalent) DA mechanism
where, at each stage, we run the standard DA for S\{s} under
the same quotas, obtain matching Ẋk, and then add s to the
market. When s is added to the market with her true (resp.
misreported) preference at stage k, we assume that s is as-
signed to school co (resp. cj) and infeasible matching Xk

(resp. feasible matching Ẍk) is obtained.
Now we define two scenarios: (a) Cs = (c1, c2, . . . , ci−1),

based on the true preference of s, and then the last action in
R(Cs) must be “school ci−1 rejects student s,” and (b) C′s,
based on the misreported preferences in which the last school
is cj . For C′s, the following two cases can occur: (i) cj is the
truly least preferred school for s within C′s or (ii) C′s contains
at least one school that is less preferred by s than cj .

In case (i), each school c that appears in C′s also appears in
Cs. Thus we can apply Lemma 3, which implies that action
“student s applies to school cj” appears in rejection chain
R(Cs).

At stage k, when s enters the market (after all other stu-
dents) with true preferences, there is one school, ce, such that
|Xk

ce | = |Ẋ
k
ce |+1, and when smisreports, an another school,

cd, satisfies |Ẍk
cd
| = |Ẋcd | + 1. When comparing |Xk

ce | and
|Xk

cd
|, three cases can occur : (1) one is strictly greater than

dn/me and the other is strictly lower than bn/mc, (2) both
are greater or equal to bn/mc, and (3) both are lower or equal
to dn/me. Here, we only develop case (1); cases (2) and (3)
can be handled in a similar fashion.

Case (1). First we assume that |Xk
ce | < bn/mc and

|Xk
cd
| > dn/me. Since |Ẍk

ce | = |X
k
ce | − 1 and |Ẍk

cd
| =

|Xk
cd
| + 1, by applying Lemma 1 on Ẍk, Xk is also fea-

sible, which is a contradiction. Thus |Xk
ce | > dn/me and

|Xk
cd
| < bn/mc.

Consider that ce = co and cd = cj ; other cases are handled
with a similar argument. Now assume that in rejection chain
R(Cs), student s applies to school cj in stage k′′ (k ≤ k′′ ≤
k′), and matching Xk′′ is returned at stage k′′. Moreover,
assume that student s′ is assigned to cj (strictly) between k
and k′′. If s′ is from co, by applying Lemma 4 on Ẍk, a
feasible matching is returned when s′ is assigned to cj , which
is a contradiction. If s′ is from an another school, a similar
argument leads to the same contradiction.

Therefore, no student is assigned to cj between stages k
and k′′. Thus, student s is accepted in cj when she applies in
stage k′′ since there is an available seat in cj (qk

′′

cj ≥ dn/me
and |Xk′′

cj | < bn/mc). However, by Lemma 4, a feasible
matching is returned when s is assigned to cj in stage k′′,
which is a contradiction.

Finally, case (ii) can be handled in a similar fashion by
creating a new scenario C′′s where we remove all the schools
from C′s that are truly less preferred than cj by s.

4.3 Comparison with Baseline Mechanism
In this subsection, we present a method that sets artificial
maximum quotas such that the obtained matching by the stan-
dard DA is guaranteed to satisfy distributional constraints:
the Artificial Cap Deferred Acceptance mechanism (ACDA).
ACDA is used in Japanese medical resident matching pro-
grams [Kamada and Kojima, 2015] to handle regional maxi-
mum quotas as well as a baseline mechanism in many works
related to distributional constraints [Fragiadakis et al., 2016;
Goto et al., 2016; Goto et al., 2017].

If we knew beforehand which schools are popu-
lar/unpopular, we might be able to set qC such that distri-
butional constraints are satisfied and students’ welfare can
be maximized. Otherwise, one simple and reasonable way
for finding appropriate qC is using a most balanced vectors.
ACDA based on this idea is defined as follows:

Mechanism 3 (ACDA (based on a most balanced vector)).

Initialization:
For each i where i ≤ (n mod m), qci ← bn/mc, and
for each i where i > (n mod m), qci ← dn/me.

Execution:
Run the standard DA in market (S,C,X,�S ,�C , qC).

Theorem 3. ACDA (based on a most balanced vector) is
strategyproof and returns a feasible and fair matching.

Proof. Since all the most balanced vectors are included in
V , the matching obtained under qC is clearly feasible. Since
the standard DA is fair [Gale and Shapley, 1962], the match-
ing obtained by ACDA is also fair. Furthermore, since qC is
determined independently from �S , ACDA is strategyproof
since the standard DA is strategyproof.

Theorem 4. All students weakly prefer the matching ob-
tained by QRDA over that of ACDA (based on a most bal-
anced vector).
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(a) Ratio of students who strictly prefer QRDA
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Figure 1: Comparison between QRDA and ACDA

Proof. Let k′ denote the stage of QRDA where qk
′

C becomes
identical to the qC used in ACDA (since the most balanced
vector in ACDA is based on the quota reduction sequence
σ in QRDA). As shown in the proof of Theorem 1, QRDA
terminates at stage k where k ≤ k′. Since qkc ≥ qk

′

c holds for
any c ∈ C and DA satisfies resource monotonicity (described
in the proof of Theorem 2), each student weakly prefers the
matching obtained by QRDA over that of ACDA.

We cannot guarantee that QRDA is less wasteful than
ACDA. More specifically, Yahiro et al. [2018] identify a
case where the number of students who claim empty seats in
QRDA exceeds that of ACDA under ratio constraints (which
is a special case of a union of symmetric M-convex sets).

5 Experimental Evaluation
Under ratio constraints, Yahiro et al. [2018] show that in
terms of student welfare, QRDA is weakly better than ACDA
theoretically and experimentally, and in terms of nonwaste-
fulness, QRDA always experimentally outperforms ACDA.
We extend these results by conducting a computer simulation
with the difference constraints (Def. 12) to quantitatively ex-
amine the weak domination of QRDA over ACDA and show
that QRDA outperforms ACDA in terms of nonwastefulness.

We considered a market with n = 800 students and
m = 20 schools and generated student preferences with
the Mallows model [Tubbs, 1992; Lu and Boutilier, 2014;
Drummond and Boutilier, 2013]. We drew strict preference
�s of student s whose probability is expressed as follows:

Pr(�s) =
exp(−θ · ω(�s,�ŝ))∑
�′s

exp(−θ · ω(�′s,�ŝ))
.

Here θ ∈ R denotes a spread parameter, �ŝ is a central pref-
erence (uniformly randomly chosen from all possible pref-
erences in our experiment), and ω(�s,�ŝ) represents the
Kendall tau distance between �s and �ŝ. The distance is
measured by the number of ordered pairs in �s that are in-
consistent with those in �ŝ. When θ = 0, it becomes identi-
cal to the uniform distribution and converges to Pr(�ŝ) as θ
increases. Similar trends are obtained when conducting ex-
periment in a broad range of θ, thus we only discuss two
realistic settings, θ = 0.1 and θ = 0.3. The preference of
each school c is drawn uniformly at random. We created 100
problem instances for each parameter setting.

In Fig. 1 (a), we show the proportion of students who
strictly prefer QRDA over ACDA depending on the allowed
difference d in Def. 12. When d = 10 and θ = 0.1, approxi-
mately 18% of the students strictly prefer QRDA’s outcome;
this number increases before plateauing at 60% when d = 50.
Indeed, as d increases, since the set of feasible sets expands,
the potential of improvement with QRDA increases as well.
We expect that policymakers will prefer QRDA over ACDA
since it outperforms ACDA and a significant amount of stu-
dents strictly prefer it. When θ = 0.3, the competition among
students rises since their preferences tend to be more similar.
Compared to θ = 0.1, the improvement by QRDA is smaller
when d is small (d ≤ 45) and is larger when d ≥ 45.

To compare the nonwastefulness of QRDA and ACDA, we
measure the proportion of students who claim an empty seat
in both mechanisms and show the difference in Fig. 1 (b),
i.e., by plotting (|SACDA| − |SQRDA|)/n, where SACDA (resp.
SQRDA) denotes the set of students claiming an empty seat in
ACDA (resp. QRDA). This value is always positive for both
θ = 0.1 and θ = 0.3, which means that on average more
students claim empty seats in ACDA than in QRDA. When
θ = 0.1, this number is 40% for d = 10 and increases to
approximately 60% for d = 40 before plateauing. We con-
clude that experimentally, QRDA is less wasteful than ACDA
in the difference constraints setting. Similar to Fig. 1 (a), for
both cases of θ = 0.1 and θ = 0.3, QRDA’s improvement
becomes greater as d increases.

6 Conclusions and Future Works
This paper identified a new class of distributional constraints
defined as a union of symmetric M-convex sets. Since M-
convexity is not closed under union, a union of symmetric M-
convex sets is not an M-convex set. We developed a fair and
strategyproof mechanism called QRDA and showed that in
terms of student welfare, it theoretically outperforms ACDA.
Furthermore, we experimentally showed that QRDA is better
than ACDA in terms of student welfare and nonwastefulness.

Future works will clarify whether there exists any class of
constraints (broader than a union of symmetric M-convex set)
where a non-trivial fair and strategyproof mechanism exists.
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