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ABSTRACT 

Th is paper descr ibes a s e r i e s of 
a t tempts a t the s o l u t i o n o f a c o n c e p t u a l ­
l y tough p rob lem, the F i r i n g Squad Syn­
c h r o n i z a t i o n Problem. These a t tempts 
demonstrate an i n c r e a s i n g r e l i a n c e on man-
machine symbios is and decreas ing r e l i a n c e 
on power fu l h e u r i s t i c s and p r e p l a n n i n g . 

These a t tempts c o n s i s t o f a c l e r i c a l 
check ing program, and fou r a t tempts u t i ­
l i z i n g a bas i c b a c k t r a c k i n g program f o r 
sea rch ing the s o l u t i o n space. The f i r s t 
two a t t e m p t s , S e r i a l D e f i n i t i o n o f P ro ­
duc t i ons and Symbol ic D e f i n i t i o n o f Pro­
duc t i ons were n o n - i n t e r a c t i v e e n t i r e l y 
computer d i r e c t e d a t tempts a t s o l u t i o n . 
The second two , F u n c t i o n a l P lann ing and 
C o n s t r a i n t S a t i s f a c t i o n were man-machine 
symb io t i c a t tempts designed to a l l o w the 
human to c o n t r o l and d i r e c t the computer 
search of the s o l u t i o n space. The bene­
f i t s o f these symb io t i c a t tempts and the 
problems encountered w i t h them are 
d i scussed . 

INTRODUCTION 

Th is is the second of two papers 
d e t a i l i n g my pe rsona l exper iences w i t h 
the F i r i n g Squad S y n c h r o n i z a t i o n Problem 
over the l a s t f ou r yea rs . Dur ing t h i s 
p e r i o d , I have t r i e d many d i f f e r e n t ap ­
proaches toward s o l v i n g the prob lem. The 
f i r s t sequence l e d t o the o r i g i n a l bes t 
( s m a l l e s t number of s t a t e s ) M in ima l Time 
S o l u t i o n ye t f ound ; the rema in ing a t tempts 
have been unsuccess fu l a t e i t h e r improv ing 
the s o l u t i o n ( r educ ing the number o f 
s t a t e s ) o r p r o v i n g i t i s the bes t p o s s i b l e 
s o l u t i o n , a l t h o u g h they have genera ted 
s e v e r a l o t h e r M in ima l Time s o l u t i o n s w i t h 
t h i s same number of s t a t e s , and from o the r 
than a n i n t e l l e c t u a l and i l l u s t r a t i v e 
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s t a n d p o i n t , were r a t h e r u n p r o d u c t i v e . 
The f i r s t o f these papers d e a l t w i t h the 
success ion of r e p r e s e n t a t i o n s and the key 
i n s i g h t s they a l l owed t h a t cu lm ina ted i n 
the Min ima l Time S o l u t i o n . Th is paper 
d iscusses the unsuccess fu l a t tempts f rom 
the s t a n d p o i n t o f Man-Machine Symbios is . 
Reviewed c h r o n o l o g i c a l l y , these a t tempts 
demonstrate a c o n t i n u i n g e f f o r t to sub­
s t i t u t e p r o b l e m - o r i e n t e d h e u r i s t i c s and 
i n t e r a c t i o n f o r b r u t e f o r c e and pre-
p l a n n i n g . 

PROBLEM STATEMENT 

The problem w i t h which t h i s paper i s 
concerned was f i r s t p u b l i c l y presented by 
Dr . E. F. Moore in 1962: 

"The problem known as the F i r i n g 
Squad S y n c h r o n i z a t i o n Problem was dev ised 
about the year 1957 by John M y h i l l , b u t 
so f a r as I know the s ta tement of the 
problem has no t ye t appeared i n p r i n t . 
I t has been w i d e l y c i r c u l a t e d by word o f 
mouth, and has a t t r a c t e d s u f f i c i e n t i n ­
t e r e s t t h a t i t ought t o b e a v a i l a b l e i n 
p r i n t . The problem f i r s t arose i n connec­
t i o n w i t h caus ing a l l p a r t s o f a s e l f -
p roduc ing machine to be t u rned on s i m u l ­
t aneous l y . The problem was f i r s t so l ved 
by John McCarthy and Marv in Minsky , and 
now t h a t i t i s known to have a s o l u t i o n , 
even persons w i t h no background in l o g i c a l 
des ign or computer programming can u s u a l l y 
f i n d a s o l u t i o n in a t ime o f two to f ou r 
h o u r s . The problem has an unusua l e l e ­
gance i n t h a t i t i s d i r e c t l y analogous t o 
problems o f l o g i c a l d e s i g n , systems de­
s i g n , o r programming, bu t i t does no t 
depend on the p r o p e r t i e s of any p a r t i c u l a r 
se t o f l o g i c a l elements o r the i n s t r u c ­
t i o n s of any p a r t i c u l a r computer. I would 
urge those who know a s o l u t i o n to t h i s 
problem t o a v o i d d i v u l g i n g i t t o those 
who a re f i g u r i n g i t ou t f o r themse lves , 
s ince t h i s w i l l s p o i l the fun o f t h i s 
i n t r i g u i n g prob lem. 

"Consider a f i n i t e (bu t a r b i t r a r i l y 
l ong) one d imens iona l a r r a y o f f i n i t e -
s t a t e machines, a l l o f wh ich a re a l i k e 
except the ones at each end. The machines 



are c a l l e d s o l d i e r s , and one of the end 
machines is c a l l e d a g e n e r a l . The ma­
ch ines a re synchronous, and the s t a t e o f 
each machine at t ime t + 1 depends on the 
s t a t e s o f i t s e l f and o f i t s two ne ighbors 
a t t ime t . The problem i s t o s p e c i f y the 
s t a t e s and t r a n s i t i o n s o f the s o l d i e r s i n 
such a way t h a t the gene ra l can cause them 
to go i n t o one p a r t i c u l a r t e r m i n a l s t a t e 
( i . e . , they f i r e t h e i r guns) a l l a t e x a c t ­
l y the same t i m e . A t the b e g i n n i n g ( i . e . , 
t = 0) a l l the s o l d i e r s a re assumed to be 
i n a s i n g l e s t a t e , the qu iescen t s t a t e . 
When the g e n e r a l undergoes the t r a n s i t i o n 
i n t o the s t a t e l a b e l e d " f i r e when r e a d y " , 
he does no t take any i n i t i a t i v e a f t e r ­
wards , and the r e s t i s up to the s o l d i e r s . 
The s i g n a l can propagate down the l i n e no 
f a s t e r than one s o l d i e r per u n i t o f t i m e , 
and t h e i r problem i s how t o ge t a l l coo r ­
d i n a t e d and i n rhy thm. The t r i c k y p a r t 
o f the problem is t h a t the same k i n d o f 
s o l d i e r w i t h a f i x e d number, k , o f s t a t e s , 
i s r e q u i r e d t o b e a b l e t o d o t h i s , r e g a r d ­
less o f the l e n g t h , n , o f the f i r i n g 
squad. I n p a r t i c u l a r , the s o l d i e r w i t h k 
s t a t e s shou ld work c o r r e c t l y , even when n 
is much l a r g e r than k . Roughly speak ing , 
none o f the s o l d i e r s i s p e r m i t t e d t o count 
as h i g h as n. 

"Two o f the s o l d i e r s , the gene ra l and 
the s o l d i e r f a r t h e s t f rom the g e n e r a l , a re 
a l l owed t o b e s l i g h t l y d i f f e r e n t f rom the 
o the r s o l d i e r s i n be ing a b l e t o a c t w i t h ­
out hav ing s o l d i e r s on b o t h s ides o f them, 
bu t t h e i r s t r u c t u r e must a l s o be indepen­
dent o f n . 

"A conven ien t way of i n d i c a t i n g a 
s o l u t i o n o f t h i s problem i s to use a p iece 
o f graph paper , w i t h the h o r i z o n t a l coo r ­
d i n a t e r e p r e s e n t i n g the s p a t i a l p o s i t i o n , 
and the v e r t i c a l c o o r d i n a t e r e p r e s e n t i n g 
t i m e . W i t h i n the ( i , j ) square o f the 
graph paper a symbol may be w r i t t e n , 
i n d i c a t i n g the s t a t e o f the i t h s o l d i e r 
a t t ime j . V i s u a l examina t ion o f the 
p a t t e r n o f p ropaga t i on o f these symbols 
can i n d i c a t e what k i nds o f s i g n a l i n g must 
take p lace between the s o l d i e r s . 

"Any s o l u t i o n to the F i r i n g Squad 
S y n c h r o n i z a t i o n Problem can e a s i l y be 
shown to r e q u i r e t h a t the t ime f rom the 
g e n e r a l ' s o rde r u n t i l the guns go o f f must 
be at l e a s t 2n - 2, where n is the number 
o f s o l d i e r s . Most persons so l ve t h i s 
problem in a way wh i ch r e q u i r e s between 
3n and 8n u n i t s o f t i m e , a l t h o u g h occa­

s i o n a l l y o t h e r s o l u t i o n s a re found . Some 
such o the r s o l u t i o n s r e q u i r e 5/2n and o f 
the o rder o f n-squared u n i t s o f t i m e . For 
i n s t a n c e , u n t i l r e c e n t l y , i t was not known 
what the s m a l l e s t p o s s i b l e t ime f o r a 
s o l u t i o n was. However, t h i s was so lved 
a t M . I . T . by P ro fesso r E . Go to 1 o f the 
U n i v e r s i t y o f Tokyo. The s o l u t i o n ob­
t a i n e d by Goto used a v e r y ingen ious con­
s t r u c t i o n , w i t h each s o l d i e r hav ing many 
thousands o f s t a t e s , and the s o l u t i o n r e ­
q u i r e d e x a c t l y 2n - 2 u n i t s o f t i m e . In 
v iew o f the d i f f i c u l t y o f o b t a i n i n g t h i s 
s o l u t i o n , a much more i n t e r e s t i n g problem 
f o r beg inners i s t o t r y t o o b t a i n some 
s o l u t i o n between 3n and 8n u n i t s o f t i m e , 
wh ich as remarked above, i s r e l a t i v e l y 
easy to do. 

l E i i c h i Goto , "A M in ima l Time S o l u t i o n 
o f the F i r i n g Squad P r o b l e m , " D i t t o e d 
course notes f o r A p p l i e d Mathematics 298, 
Harvard U n i v e r s i t y (May 1962) , pp. 52 -59 , 
w i t h a n i l l u s t r a t i o n i n c o l o r . A l s o a 
d i f f e r e n t v e r s i o n o f Go to ' s s o l u t i o n i s 
t o be p u b l i s h e d , w i t h o u t the c o l o r e d 
i l l u s t r a t i o n . " * 

Go to ' s s o l u t i o n a p p a r e n t l y has no t 
been p u b l i s h e d . However, i ndependen t l y o f 
the p resen t e f f o r t , Abraham Waksman1 has 
found a 1 6 - s t a t e m in ima l t ime s o l u t i o n 
u s i n g e s s e n t i a l l y the same ideas as p r e ­
sented i n the f o l l o w i n g s e c t i o n . F ischer2 
has a l s o used these ideas in d i s c u s s i n g 
o t h e r p r o p e r t i e s o f one-d imens iona l i t e r a ­
t i v e a r r a y s o f f i n i t e - s t a t e machines. 

GENERAL OUTLINE OF A MINIMAL TIME SOLUTION 

The F i r i n g Squad S y n c h r o n i z a t i o n 
Problem can be so lved by s u c c e s s i v e l y sub­
d i v i d i n g the l i n e i n t o h a l v e s , q u a r t e r s , 
e i g h t h s , e t c . , u n t i l a l l members o f the 
l i n e a re d i v i s i o n p o i n t s . A t t h i s t i m e , 
they a l l can f i r e s i m u l t a n e o u s l y . B y 
always d i v i d i n g the l i n e i n t o two equa l 
p a r t s , and then s u b d i v i d i n g each o f those 
p a r t s i n t o two equa l p a r t s , and so o n , the 
s y n c h r o n i z a t i o n o f the f i r i n g can be 
a s s u r e d . 

To d i v i d e the l i n e i n t o two equa l 
p a r t s , the g e n e r a l s i m u l t a n e o u s l y sends 
ou t two s i g n a l s , S I and S2 (see F i g . 1 ) . 

*Moore , E. F. ( 1964 ) , " S e q u e n t i a l 
Machines, Se lec ted P a p e r s , " pp . 213-214. 
Add ison Wesley, Reading, Mass. 
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For the sake o f d e f i n i t e n e s s , we w i l l 
assume the gene ra l is the r i g h t m o s t man 
i n the l i n e . S I and S2, t h e n , b o t h t r a v ­
e l to the l e f t , S1 at a speed of one 
machine every t h ree t ime u n i t s . When S1 
reaches the f a r end o f the l i n e , the end 
machine sends back a s i g n a l , S3, wh ich 
t r a v e l s at a speed of one machine per 
t ime u n i t to the r i g h t . S igna ls S2 and 
S3 w i l l meet a t the cen te r o f the l i n e , 
f o r , i f P i s the l e n g t h o f the l i n e , then 
s1 and S3 combined have t r a v e l e d a d i s ­
tance of 3P/2 w h i l e S2 has t r a v e l e d a 
d i s t a n c e o f P /2 , a r a t i o o f t h r e e to one, 
wh ich i s the same as the r a t i o o f t h e i r 
r e s p e c t i v e speeds. Since S2 moves to the 
l e f t o n l y once every t h r e e u n i t s , the 
machine c o n t a i n i n g t h i s s i g n a l must count 
to t h r e e ( i . e . , S2 - 1, S2 - 2, S2 - 3 ) . 
By the s t a t e of the machine c o n t a i n i n g 
s2 and S3 encoun te red , i t can be d e t e r ­
mined whether the l i n e is o f even or odd 
l e n g t h , and hence, whether b o t h machines 
shou ld become midd le men or o n l y the one 
c o n t a i n i n g S2. These midd le men (o r man) 
then a c t l i k e the o r i g i n a l g e n e r a l , send­
i n g ou t b o t h S1 and S2 s i g n a l s to the 
l e f t and a l s o t o the r i g h t . Th is process 
i s repeated over and over u n t i l a l l the 
men in the l i n e a re m idd le men, a t wh ich 
t ime f i r i n g o c c u r s . 

N o t i c e t h a t the above process i n ­
sures the s y n c h r o n i z a t i o n o f the l i n e and 
a l s o pe rm i t s the d e t e r m i n a t i o n o f the 
f i r i n g c o n d i t i o n o n a l o c a l b a s i s , i . e . , 
a machine f i r e s i f i t i s a m idd le man and 
the machines on e i t h e r s i de o f i t a re 
a l s o m idd le men. The o u t s i d e machines 
f i r e i f they a re midd le men and the 
machine nex t to i t i s a l s o a m idd le man. 

The above process w i l l lead to a 
t h ree N s o l u t i o n (where N is the l e n g t h 
o f the l i n e ) . The f i r s t m idd le p o i n t i s 
found i n 3N/2 , the q u a r t e r p o i n t s a re 
found i n 3 ( N / 2 ) / 2 a d d i t i o n a l u n i t s o f 
t i m e , and so on . Th is summation leads to 
a 3N s o l u t i o n . 

The above method can be m o d i f i e d to 
y i e l d a 2N s o l u t i o n (see F i g . 2 ) . Assum­
i n g a g a i n t h a t the gene ra l i s the r i g h t ­
most machine, we change the process as 
f o l l o w s : When S1 reaches the l e f t end of 
the l i n e , the l e f t m o s t machine a c t s a s i f 
i t were a l s o a g e n e r a l ; i . e . , i t sends 
ou t two s i g n a l s t o the r i g h t , one s i g n a l , 
S3, has been d iscussed a'oove. The second 

s i g n a l , S4, i s l i k e S2, except t h a t i t 
t r a v e l s t o the r i g h t i n s t e a d o f the l e f t . 
The midd le o f the l i n e i s s t i l l found 
when S3 and S2 meet. Now when the m idd le 
man (or men) c rea ted sends ou t s i g n a l s S1 
and S2 to the l e f t (as desc r i bed above ) , 
S1 w i l l meet S4 a t the q u a r t e r p o i n t o f 
the o r i g i n a l l i n e . From the s t a t e o f the 
machine c o n t a i n i n g the s lower moving s i g ­
n a l , i t can be determined (as above) 
whether the l e n g t h o f the l e f t h a l f o f 
the o r i g i n a l l i n e i s even o r odd ; and 
hence, whether t h e r e shou ld be two or one 
midd le man. No t i ce t h a t the mechanism 
used t o f i n d t h i s q u a r t e r p o i n t i s the 
same as t h a t used in the 3N s o l u t i o n . 
However, the process was s t a r t e d e a r l i e r , 
when the end of the l i n e was reached, and 
o r i g i n a t e d a t the oppos i t e end o f the 
l e f t h a l f o f the l i n e . Th is process can 
b e con t i nued t o f i n d the r i g h t q u a r t e r 
p o i n t o f the l e f t h a l f o f the l i n e . The 
l e n g t h o f t ime necessary t o f i n d the 
q u a r t e r p o i n t a f t e r the midd le p o i n t has 
been found i s j u s t the d i s t a n c e between 
these p o i n t s , N/4. The l e n g t h o f t ime 
necessary t o f i n d the e i g h t h p o i n t a f t e r 
the q u a r t e r p o i n t has been found is N/8, 
and s o on . I f t h i s r a t e o f f i n d i n g suc­
cess i ve m idd le p o i n t s c o u l d be m a i n t a i n e d , 
the t o t a l t ime f o r a s o l u t i o n would be 
3N/2 -I- N/4 + N/8 + N/16 . . . , wh ich equals 
2N. However, s ince the g e n e r a l i s c o u n t ­
ed as one member of the l i n e the rema in ­
i n g l i n e is o f l e n g t h N - 1 . Hence t h i s 
s o l u t i o n w i l l take 2(N - 1 ) . T h e r e f o r e , 
i f the above r a t e o f f i n d i n g success ive 
m idd le p o i n t s c o u l d be m a i n t a i n e d , a 
m in ima l t ime s o l u t i o n would be a t t a i n e d . 

The above process does n o t produce a 
s o l u t i o n because, i n any i n t e r v a l , i t 
w i l l f i n d o n l y one o f the two q u a r t e r 
p o i n t s i n the r e q u i r e d l e n g t h o f t i m e . 
Aga in assuming the gene ra l i s the r i g h t ­
most man i n the l i n e , the above w i l l f i n d 
o n l y the l e f t q u a r t e r p o i n t , b u t no t the 
r i g h t . Thus the l i n e w i l l no t b e syn ­
ch ron i zed and a s o l u t i o n w i l l n o t be 
f ound . Th is can be r e c t i f i e d by hav ing 
the g e n e r a l a l s o send ou t a s i g n a l , S5, 
a l ong w i t h S I , and S2, wh ich t r a v e l s t o 
the l e f t a t a r a t e of one machine every 7 
u n i t s o f t i m e . Th is s i g n a l and S3 sent 
f rom the midd le o f the l i n e w i l l meet a t 
the q u a r t e r p o i n t . Each midd le man now 
sends out t h r e e s i g n a l s e n a b l i n g every 
i n t e r v a l t o b e d i v i d e d i n t o q u a r t e r s i n 
s y n c h r o n i z a t i o n . However, the r i g h t m o s t 
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e i g h t h p o i n t cannot be found as f a s t as 
the o t h e r e i g h t h p o i n t s ( t h i s i s the same 
problem as above w i t h the r i g h t m o s t quar ­
t e r p o i n t ) . As above, we can f i n d t h i s 
p o i n t by hav ing the g e n e r a l a l s o send ou t 
ano the r s i g n a l t r a v e l i n g a t a r a t e o f one 
machine every 15 u n i t s of t i m e . In a 
s i m i l a r way, the r i g h t m o s t l / ( 2 I ) t h 
p o i n t i n an i n t e r v a l can be found by 
hav ing the g e n e r a l send out a s i g n a l 
t r a v e l i n g a t a r a t e o f one machine every 
2 t (K + 1) - 1 u n i t s of t i m e . 

Sending out enough of these s i g n a l s 
would produce a m in ima l t ime s o l u t i o n f o r 
any g i v e n l e n g t h o f the f i r i n g squad. 
However, the number o f s i g n a l s r e q u i r e d 
i s dependent on the l e n g t h o f the l i n e . 
Since the number of s t a t e s r e q u i r e d f o r a 
machine is dependent on the number o f s i g ­
n a l s t h a t machine must h a n d l e , the number 
o f s t a t e s r e q u i r e d i s dependent on the 
l e n g t h o f the l i n e ; hence, the above does 
no t c o n s t i t u t e a s o l u t i o n t o the F i r i n g 
Squad S y n c h r o n i z a t i o n Prob lem. 

The above process f a i l s because i t 
cannot f i n d the r i g h t m o s t (o r l e f t m o s t i f 
the g e n e r a l s t a r t s o n the l e f t ) l / ( 2 t K ) t h 
p o i n t s i n an i n t e r v a l , w i t h a g i v e n num­
ber o f s t a t e s f o r a l l l e n g t h s . I f one 
cou ld have a marker t h a t reached the 
r i g h t q u a r t e r p o i n t and then stopped 
t h e r e , and a marker wh ich reached the 
r i g h t e i g h t h p o i n t and then stopped t h e r e , 
and so o n , the problem would be r e s o l v e d . 
A s the r i g h t t r a v e l i n g s i g n a l encountered 
these markers i t would c r e a t e midd le men, 
and then the process would b e g i n to sub­
d i v i d e the nex t i n t e r v a l i n the same 
manner. The t o t a l d i s t a n c e t r a v e l e d by 
each of these markers would be h a l f the 
d i s t a n c e t r a v e l e d by the marker t o i t s 
l e f t . 

Consider the f o l l o w i n g : A s i g n a l 
t r a v e l s t o the l e f t a t a r a t e o f one 
machine every u n i t o f t i m e . Every second 
t ime i t moves, i t sends out a s i g n a l t o 
the r i g h t t h a t t r a v e l s a t a r a t e o f one 
machine every u n i t o f t i m e . When t h i s 
s i g n a l reaches a marker , a machine in a 
g i v e n s t a t e , the marker moves one machine 
t o the l e f t . Every second t ime t h i s 
marker has moved, i t sends a s i m i l a r s i g ­
n a l t o the r i g h t t h a t causes the nex t 
marker to move. Each marker behaves in 
t h i s manner, moving t o the l e f t when i t 
r e c e i v e s a s i g n a l f rom i t s l e f t ; and 
every second t ime i t moves, send ing a 

s i g n a l t o i t s r i g h t f o r the nex t marker . 
F i n a l l y , the g e n e r a l a c t s as a source o f 
these marke rs , p roduc ing one on i t s l e f t 
every t ime a s i g n a l i s r e c e i v e d . 

We now have a system in wh ich each 
marker t r a v e l s h a l f as f a r as the marker 
i n f r o n t o f i t , and n o ma t t e r how long 
the l i n e i s , enough o f these markers a re 
produced t o p r o p e r l y s u b d i v i d e the l i n e . 

When the o r i g i n a l s i g n a l reaches the 
end of the l i n e , the same process d e s c r i b ­
e d above i s repeated except t h a t a l l 
d i r e c t i o n s a re now r e v e r s e d . When the 
o r i g i n a l s i g n a l reaches the f a r end o f 
the l i n e , the f i r s t marker has no t ye t 
reached the m idd le o f the l i n e because a l l 
the s i g n a l s caus ing i t t o move have no t 
been r e c e i v e d . No new s i g n a l s caus ing 
movement o f the markers w i l l be p roduced, 
and so the markers w i l l u l t i m a t e l y s top 
a t the c o r r e c t p o s i t i o n s i n the l i n e . 
Since the movement caus ing s i g n a l s t r a v e l 
a t the same r a t e as the o r i g i n a l s i g n a l , 
none of these s i g n a l s can be ove r taken by 
the o r i g i n a l s i g n a l f rom the f a r end o f 
the l i n e . Hence, when t h i s s i g n a l reaches 
the marker , a l l the s i g n a l s caus ing t h a t 
marker to move w i l l a l r e a d y have been 
r e c e i v e d ; t h e r e f o r e , the marker w i l l b e 
i n the c o r r e c t p o s i t i o n . I n any i n t e r v a l , 
two separa te processes a re used to f i n d 
the q u a r t e r p o i n t s . The q u a r t e r p o i n t 
f a r t h e s t f rom the midd le man who i n i t i a t e d 
the s u b d i v i s i o n o f the i n t e r v a l i s found 
by the process f i r s t desc r i bed in the 3N 
s o l u t i o n . The q u a r t e r p o i n t neares t t h i s 
m idd le man is found by the process j u s t 
d e s c r i b e d . The l e n g t h o f t ime r e q u i r e d 
t o f i n d these q u a r t e r p o i n t s a f t e r the 
midd le o f the i n t e r v a l has been found i s 
equa l to the number of machines between 
the q u a r t e r p o i n t s and the m idd le p o i n t 
f o r b o t h p rocesses . Hence, the q u a r t e r 
p o i n t s w i l l b e found s i m u l t a n e o u s l y , the 
s o l u t i o n w i l l remain s y n c h r o n i z e d , and 
t h i s process w i l l produce a m in ima l t ime 
s o l u t i o n ( s i n c e t h e r e i s a n u n l i m i t e d 
source of marke rs , the problem can be 
so l ved w i t h a f i x e d number o f s t a t e s no 
ma t t e r how long the l i n e ) . 

SOLUTION ATTEMPTS 

The use o f the computer as an a i d in 
s o l v i n g the F i r i n g Squad Problem occu r red 
q u i t e e a r l y , b u t o n l y a f t e r the concep tua l 
framework desc r i bed above had been e s t a b ­
l i s h e d . The f i r s t use o f the computer 
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was s t r i c t l y c l e r i c a l in accepting a d e f i ­
n i t i o n of the so ld iers as a set of produc­
t i o n s , and producing a s imulat ion of 
t he i r behavior fo r a number of d i f f e r e n t 
length l i n e s , not ing any errors in th i s 
behavior. The i n te rac t i on consisted of 
scanning the output , deciding on changes, 
making them and res ta r t i ng the process 
(response time «8-10 hours). Using th i s 
mechanism alone, I was able to obta in a 
minimal time twenty-eight s tate so lu t ion 
and reduce it to an e ight s tate minimal 
time so lu t i on . At t h i s point I began, 
w i th my t r us t y computer, searching for a 
be t te r so lu t ion or a proof that no be t te r 
so lu t ion ex is ted . While I d id not suc­
ceed in th i s search, the attempts provide 
an i n te res t i ng col lage of some ways a man-
machine partnership can be used to a t tack 
a conceptual ly tough problem. 

SERIAL DEFINITION OF PRODUCTIONS 

It was obvious from the f i r s t that 
brute force could not be used to search 
the so lu t ion space exhaust ively (there 
are 1*10t244 possible seven-state so lu­
t i o n s ) ; so the simplest heu r i s t i c above 
brute force was employed, i . e . , Don't 
make any decisions u n t i l you must! In 
the present context t h i s means: 

1) Star t s imulat ion w i t h a l l pro­
ductions undefined. 

2) If an undefined production is 
encountered, define i t to the 
f i r s t s tate and continue the 
s imula t ion . 

3) If an er ror is found, back the 
s imulat ion up to the d e f i n i t i o n 
po int of the most recent produc­
t i o n , change i t s d e f i n i t i o n to 
the next s t a t e , and continue the 
s imula t ion . 

4) If there are no more states to 
t r y in #3 above, move back to 
the previous product ion. I f 
there are no more productions 
q u i t . 

This process w i l l exhaust the possible 
search space, f i nd ing any solut ions which 
ex is t or proving that none e x i s t . This 
is the f am i l i a r technique of Backtrack 
Programming.3 A second heu r i s t i c u t i l i z ­
ing isomorphism among unused states f u r ­
ther reduced the search space by approx­
imately two orders of magnitude. There 

was no i n te rac t i on w i th th i s at tempt; the 
computer car r ied the b a l l by i t s e l f , 
fumbling because the search space was 
s t i l l too large for seven-state so lu t ions . 
I t d i d , however, prove that no four -s ta te 
minimal time so lu t ion ex i s t s . 

SYMBOLIC DEFINITION OF PRODUCTIONS 

Having f a i l e d v ia Backtrack Program­
ming to f i nd that a be t te r so lu t ion 
existed or to prove that i t d i d n ' t , and 
not ing from more than adequate computer 
output that t h i s technique spent most 
(would you bel ieve ALL?) of i t s time look­
ing down implausible t r a i l s , I decided to 
escalate one more l e v e l . Instead of ho ld­
ing decisions o f f u n t i l needed, hold them 
o f f even longer, making pseudo (symbolic) 
decisions and cont inu ing. U l t ima te ly , 
each pseudo (symbolic) decision in turn is 
converted to a rea l decis ion in a Back­
t rack Programming a lgor i thm and the re ­
su l t s of such decis ion can be observed. 
We thus have provided a means of look-
ahead. The resu l ts of a decision can be 
observed at the time of that dec is ion, and 
so, I thought, large port ions of the 
search space could be pruned e a r l i e r . 

This method s tar ted a s imulat ion of 
the F i r i ng Squad; bu t , as an undefined 
production is encountered, rather than 
decide what s tate should be produced, a 
new symbolic s tate is created, and the 
s imulat ion continues u n t i l a su i tab ly 
large s t ruc ture has been b u i l t up. Then, 
v ia a Backtrack Programming a lgor i thm 
symbolic states are converted to ac tua l 
s ta tes . With each such assignment, we 
f i r s t check to see if a con t rad ic t ion has 
occurred. The only k ind of con t rad ic t ion 
that can occur in t h i s approach is two 
productions that have equal le f t -hand 
sides but unequal r ight-hand s ides. Such 
cont rad ic t ions cause backtracking to 
occur. Second, f i nd ing no con t rad i c t i on , 
the impl icat ions of the assignment are 
handled. These impl icat ions occur when 
two productions ex i s t w i t h equal l e f t -
hand sides but w i th at least one r i g h t -
hand side s t i l l symbolic. To avoid a 
l a t e r con t rad i c t i on , the r ight-hand sides 
are equated. These new assignments and 
any new assignments they produce are pro­
cessed in the above manner u n t i l e i ther a 
con t rad ic t ion is found, or no more i m p l i ­
cat ions are generated. I t is these gener­
ated impl icat ions that provide the look-
ahead c a p a b i l i t y . 
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The amount of look-ahead depends o n l y 
on the amount o f s t r u c t u r e ( s i m u l a t i o n ) 
genera ted b e f o r e making a c t u a l a s s i g n ­
ments . The number of symbol ic p roduc t i ons 
genera ted i s p r o p o r t i o n a l t o the amount o f 
s i m u l a t i o n . U n f o r t u n a t e l y , the search r e ­
q u i r e d t o look f o r c o n t r a d i c t i o n s and im­
p l i c a t i o n s i s p r o p o r t i o n a l t o the square 
of the number of p r o d u c t i o n s . When enough 
s t r u c t u r e was genera ted to ge t an adequate 
amount o f l ook -ahead , the number o f p r o ­
duc t i ons genera ted was l a r g e enough to 
s low the p rocess ing down to the p o i n t 
where i t more than o f f s e t any advantage 
ga ined f rom l ook -ahead , and n o t h i n g new 
was ga ined f rom t h i s approach . 

L i k e the exhaus t i ve search method, 
t h i s approach was handled e n t i r e l y by the 
computer and t h e r e was no i n t e r a c t i o n . 

THE TRANSITION TO COOPERATION 

By now, my f a i l u r e s had me w e l l con ­
v i n c e d t h a t I wou ld be unab le to exhaus­
t i v e l y search the e n t i r e search space 
(even as c o n s t r i c t e d by a s u i t a b l e se t o f 
h e u r i s t i c s ) . S ince I b e l i e v e d , and s t i l l 
b e l i e v e , t h a t a s e v e n - s t a t e M in ima l Time 
S o l u t i o n e x i s t s , i t made sense t o t r y t o 
f i n d one. I t r i e d two approaches , b o t h o f 
wh ich c o n s i s t e d o f a bas i c b a c k t r a c k p r o g ­
ramming a l g o r i t h m in the mach ine, and a 
man-machine i n t e r f a c e , by wh i ch I cou ld 
make sugges t ions on where and f o r what to 
s e a r c h . My e n t i r e o u t l o o k changed a t t h i s 
p o i n t . Rather than t r y i n g t o b u i l d b i g g e r , 
more p o w e r f u l h e u r i s t i c t o o l s , I t r i e d t o 
des ign s imp le a l g o r i t h m s t h a t c o u l d e f f e c ­
t i v e l y be d i r e c t e d by me th rough the man-
machine i n t e r f a c e . I wanted to be a b l e 
t o s p e c i f y the o u t l i n e o f a s o l u t i o n , i n 
my t e r m s , and have the machine f i l l i n the 
d e t a i l s and produce a n a c t u a l s o l u t i o n o f 
the form s p e c i f i e d . I n r e t r o s p e c t , t h i s 
may seem l i k e an obv ious course to f o l l o w ; 
b u t a t t he t i m e , a l t h o u g h I was f a m i l i a r 
w i t h o n - l i n e env i ronmen ts , I had to under ­
go a r a t h e r t r a u m a t i c r e t h i n k i n g o f the 
p rob lem, n o t f rom an imp lemen ta t i on s t a n d ­
p o i n t (wh ich was f a i r l y s t r a i g h t f o r w a r d ) , 
b u t on the c o n c e p t u a l l e v e l . I had to 
s w i t c h my t h i n k i n g f r o m , How can I (em­
bod ied e i t h e r as myse l f or as a non-
I n t e r a c t i v e program) f i n d a s o l u t i o n ? , t o 
How can WE f i n d a s o l u t i o n ? I t h i n k the 
two approaches d i scussed below show t h i s 
s h i f t i n v i e w p o i n t ; a n d , a s t hey a r e p r e ­
sen ted c h r o n o l o g i c a l l y , a l s o a n i nc reased 

emphasis on i n t e r a c t i o n , feedback, and 
c o n t r o l o f the search p rocess . 

FUNCTIONAL PLANNING 

From my a t t emp ts to f i n d s o l u t i o n s , 
i t was apparen t t h a t I s t a r t e d w i t h a 
p l a n , o r o u t l i n e , t h a t s t a t e d what j o b o r 
group o f j o b s each s t a t e i n the a t tempted 
s o l u t i o n would p e r f o r m . That i s , each 
s t a t e was g i v e n a f u n c t i o n , such as be ing 
a m idd le man, t h a t i t was expected to pe r ­
fo rm. I t h e r e f o r e c a l l e d t h i s a c t i v i t y 
f u n c t i o n a l p l a n n i n g . A f t e r d e c i d i n g o n 
such a f u n c t i o n a l p l a n , I t r i e d to d e f i n e 
a se t o f p r o d u c t i o n s t h a t caused each 
s t a t e t o pe r fo rm a s s p e c i f i e d i n the p l a n . 
No t i ce t h a t i n t h i s approach, a s con­
t r a s t e d w i t h the C o n s t r a i n t S a t i s f a c t i o n 
p resen ted n e x t , the d e f i n i t i o n o f a f unc ­
t i o n i s s p e c i f i e d on a l o c a l ( t h rough p r o ­
d u c t i o n s ) r a t h e r than g l o b a l b a s i s . 

Viewed as a c o o p e r a t i v e v e n t u r e , I 
wou ld propose a p l a n in terms o f the f unc ­
t i o n s d e s i r e d f o r each s t a t e and the com­
p u t e r wou ld search the necessary s o l u t i o n 
space to de termine whether or no t a se t 
o f p r o d u c t i o n s e x i s t e d t h a t s a t i s f i e d the 
g i v e n p l a n . 

The f u n c t i o n s I used in my a t t e m p t s - -
and t h a t I e n v i s i o n e d u s i n g on f u r t h e r 
a t t e m p t s - - c o u l d a l l , w i t h one e x c e p t i o n , 
b e d e f i n e d b y t h e i r i n t e r a c t i o n w i t h o the r 
s t a t e s on a l o c a l b a s i s . These f u n c t i o n s 
c o u l d t h e r e f o r e be d e f i n e d by a se t o f 
p r o d u c t i o n s or by a se t o f r e s t r i c t i o n s 
o n the r e s u l t a n t o f c e r t a i n p r o d u c t i o n s . 
The b a s i c b a c k t r a c k i n g program c o u l d 
s t i l l be used to do the sea rch ing by 
a l t e r i n g i t s behav io r s o t h a t th rough a n 
i n p u t language I c o u l d d e f i n e some produc­
t i o n s t h a t would remain u n a l t e r a b l e , and 
r e s t r i c t the se t o f a l l o w e d s t a t e s f o r the 
r e s u l t a n t s o f some o t h e r p r o d u c t i o n s . 

The one f u n c t i o n t h a t c o u l d n o t be 
d e f i n e d in t h i s manner was the m idd le man. 
The reason b e i n g t h a t t h i s concept i s no t 
l o c a l - - t h e d e t e r m i n a t i o n o f the m idd le o f 
the l i n e i n v o l v e s the e n t i r e l i n e . The 
o the r f u n c t i o n s cons ide red a r e those de­
s c r i b e d i n the s e c t i o n - Genera l D e s c r i p ­
t i o n o f the M in ima l Time S o l u t i o n . B a s i ­
c a l l y , a l l the p lans proposed were mere ly 
a t t emp ts t o r e a l i z e t h i s g e n e r a l t ype o f 
s o l u t i o n w i t h the g i v e n number o f s t a t e s . 
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This approach was the most successful 
from two standpoints. F i r s t , because i t 
was f a i r l y easy to crank out several d i f ­
ferent e igh t - s ta te minimal time solut ions 
inc luding the one presented in my thesis3 

and the one for which an induct ion proof 
was obtained. (The plan was s p e c i f i c a l l y 
designed to make th i s proof eas ie r . ) Sec­
ond, and more important, t h i s approach 
produced a conceptual add i t i on to my 
th ink ing about the problem. In an e f f o r t 
to speci fy a plan through production re ­
s t r i c t i o n s , I discovered the idea of what 
I c a l l Image Solutions which are a formal 
way of saying that the processes going on 
in one part of the l i ne ought to be also 
occurr ing in an "image form" w i t h the 
d i rec t ions reversed and using d i f f e r e n t 
states in some other part of the l i n e at 
some other t ime. That i s , a l l i n te rac ­
t ions w i t h i n the l i ne ought to have a 
counterpart occurr ing in the opposite 
d i r e c t i o n . This viewpoint also led to the 
idea of image states that speci fy the cor­
respondence between states w i t h i n image 
processes. Note that t h i s conceptual 
breakthrough, which I now consider basic 
to any heu r i s t i c search for a s o l u t i o n , 
arose not through any ac tua l man-machine 
i n te rac t i on but through a man-machine 
symbiotic re la t ionsh ip in which the need 
to communicate a complex feature of a 
plan occurred; i . e . , the machine acted 
only as a c a t a l y s t , not taking any ac t ive 
ro le in the discovery. 

The i n te rac t i on for t h i s approach 
involved observing on- l ine the s imulat ion 
behavior as i t was pe r i od i ca l l y p r i n t e d , 
and deciding whether or not to l e t the 
program proceed. If the decision were 
made to stop the s imu la t ion , a new input 
spec i f i ca t i on of the plan had to be pre­
pared before r e s t a r t i n g the program. I t 
usual ly took between 10 to 20 minutes to 
decide what modi f icat ions to make to the 
plan s p e c i f i c a t i o n , and about one minute 
to ac tua l l y make them and res ta r t the 
program. The environment under which t h i s 
was performed was a non-multiprogrammed 
batch machine fo r which I was the sole 
user during my signup per iods. Thus, 
although I was running in a standard 
batch o f f - l i n e environment, I was r e a l l y 
on- l ine w i t h the program w i t h an e f f ec t i ve 
response time of one minute. 

We f requent ly t a l k about the response 
time of a computer system but almost never 

about the human response t ime, except 
fo r such t r i v i a as the time to h i t a key. 
In the above man-machine system, my re ­
sponse time was over an order of magni­
tude longer than the machine's; thus I 
d id not f e e l , during my work, that the 
machine was not adequately handling i t s 
por t ion of our par tnership. Furthermore, 
it is hard to see how the machine, fo r 
t h i s approach, could have fur ther aided 
me to cut down my response t ime. I was 
s t i l l performing too much work in our 
par tnersh ip ; work for which my processing 
capab i l i t i e s were not we l l su i ted . 

CONSTRAINT SATISFACTION 

The las t attempt at f ind ing a so lu­
t i o n resul ted from the problems encoun­
tered in Functional Planning; mainly 
that I was s t i l l supporting too much of 
the load in terms of rea l e f f o r t expended 
per i t e r a t i o n . I t r i e d to f i n d a way of 
speci fy ing a plan that was more natura l 
to the way I was conceptual iz ing the 
problem. 

My basic representat ion was the two 
dimensional one suggested by Moore4 and 
ray plan fol lowed the kinds of ideas ex­
pressed in the sec t ion , "General Out l ine 
of a Minimal Time Solution11 . I wanted an 
easy way of communicating t h i s to the ma­
chine. Because I was used to looking at 
a s imulat ion and, by observing i t s beha­
v i o r a t various po in ts , seeing i f i t f o l ­
lowed my p lan, I decided to speci fy i t s 
behavior in the same way--the medium is 
the message. That i s , I could speci fy 
what s tate should occur at various points 
and along various l ines in the two dimen­
s ional representat ion, and then l e t the 
computer--using the t r us t y backtracking 
s imulat ion program--see i f i t could s a t i s ­
fy these cons t ra in ts . 

A graphical i n te rac t i ve program5 was 
constructed that u t i l i z e d an IBM 2250 
w i t h a RAND Tablet as the in ter face de­
v i c e . With th i s program, I could qu ick ly 
and eas i l y spec i fy , in graphical form, 
the const ra in ts I desired along any 
s t r a i gh t l i ne or at any po in t . In add i ­
t i o n , to help fu r the r r e s t r i c t the search 
space, I could def ine frozen (unalterable 
by the computer) product ions. I was able 
to speci fy o n - l i n e : what length l i ne to 
work on; what the names of the states 
should be; whether image solut ions were 
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d e s i r e d o r n o t , and i f so what the mapping 
between image s t a t e s would b e ; whether the 
computer shou ld d i s p l a y the s i m u l a t i o n as 
i t d i d i t o r whether i t shou ld run au tono ­
mously ; when i t shou ld s top ( a f t e r each 
t ime u n i t i n the s i m u l a t i o n , o r o n l y o n 
asynchronous i n t e r r u p t s ) ; wh ich produc­
t i o n s to f reeze or thaw; and whether the 
f i r s t occur rence o f each p r o d u c t i o n shou ld 
be b r i g h t e n e d o r n o t . 

A l l o f t h i s was designed t o p r o v i d e 
me w i t h a f a s t , f l e x i b l e , and f a c i l e con­
t r o l o f the sea rch . Th is i t d i d ; I was 
a b l e to v e r y q u i c k l y s p e c i f y a se t o f 
c o n s t r a i n t s and some f r o z e n p r o d u c t i o n s , 
t u r n the system loose and ge t a s o l u t i o n 
f o r the g i v e n l e n g t h . T h i s , I t h i n k , i s 
a no tewor thy advancement over the o t h e r 
approaches. 

However, t h i s approach s u f f e r e d f rom 
two prob lems. F i r s t were o p e r a t i o n a l 
ones such as a t e r r i b l e f l i c k e r on the 
screen t h a t made i t v e r y annoy ing t o use 
the sys tem, and n o t enough core to i n c l u d e 
r o u t i n e s to save the c u r r e n t s t a t u s so 
t h a t a t some l a t e r t ime the system c o u l d 
b e r e s t a r t e d a t t h a t p o i n t . Second, the 
use of the system p o i n t e d up some l a c k of 
f o r e s i g h t i n the des ign o f the i n t e r a c ­
t i v e s i m u l a t o r . 

F i r s t , the c o n s t r a i n t s were s p e c i ­
f i e d f o r o n l y one l e n g t h ; and when a suc­
c e s s f u l s o l u t i o n was found f o r t h a t 
l e n g t h , t hey had t o b e r e - e n t e r e d , s l i g h t ­
l y m o d i f i e d , b e f o r e t r y i n g the nex t 
l e n g t h . Th is became a v e r y t i r esome 
c h o r e , one t h a t shou ld be automated in 
the nex t pass on such a sys tem. Second, 
I d i d no t i n c l u d e the c a p a b i l i t y i n f unc ­
t i o n a l p l a n n i n g t o t a l k about c lasses o f 
s t a t e s i n the c o n s t r a i n t s . Th is proved 
to be a grave m i s t a k e , f o r c i n g me to 
o v e r s p e c i f y my p l a n s . F i n a l l y , I had no 
i n k l i n g be forehand t h a t I c o n s t a n t l y 
would want t o c o n s t r a i n a l l s t a t e s w i t h i n 
a po lygon to be members of a c l a s s of 
s t a t e s . But t h i s t u rned ou t to be a 
r a t h e r b a s i c p a r t o f the p l a n s ; and w i t h ­
ou t t h i s c a p a b i l i t y , a g a i n , I was f o r c e d 
to o v e r s p e c i f y t he p l a n t d e s i r e d . 

SUMMARY 

From t h i s s e r i e s of a t t e m p t s , and my 
o the r exper iences w i t h man-machine i n t e r ­
a c t i o n , a l l o w me a few o b s e r v a t i o n s . 
F i r s t , o f t e n one can ge t much f u r t h e r 

w i t h a r a t h e r s i m p l e , s low i n t e r a c t i v e 
system than he can a l o n e - - a l i t t l e symbi ­
o s i s goes a long way. Second, the NEED 
to communicate an i d e a , an aspec t of a 
p rob lem, a p l a n , o r wha teve r , o f t e n p r o ­
duces a much b e t t e r unde rs tand ing or even 
a new way of v i e w i n g the t h i n g to be 
communicated-- independent o f any l a t e r 
g a i n f rom the p a r t y t o wh ich the i n f o r m a ­
t i o n was communicated, be i t man or ma­
c h i n e . T h i r d , the human response t ime 
shou ld be a c r i t i c a l des ign f a c t o r , espe­
c i a l l y i f the task area i n c l u d e s r e a l 
p r o b l e m - s o l v i n g c a p a b i l i t i e s f rom the 
human; and t h i s human response t ime should 
i n l a r g e p a r t de te rmine the " t i g h t n e s s " o r 
" b i n d i n g " o f the i n t e r a c t i v e r e l a t i o n s h i p . 
F i n a l l y , no ma t t e r how much exper ience one 
has had w i t h d e s i g n i n g and b u i l d i n g i n t e r ­
a c t i v e systems, and no ma t t e r how w e l l he 
knows the t a s k a r e a , he cannot fo resee 
a l l o f the f a c t o r s t h a t w i l l t u r n ou t t o 
be r e l e v a n t in t h i s sys tem; hence, a good 
i n t e r a c t i v e system w i l l r e q u i r e s e v e r a l 
passes to p roduce. L e t us no t be so 
s h o r t s i g h t e d t o r e a l i z e t h a t the p roduc t 
we a re t o u t i n g so h i g h l y f o r e l i m i n a t i n g 
much prep lann ing- -man-mach ine s y m b i o s i s -
i s a l s o r e q u i r e d b y u s i n the b u i l d i n g o f 
such systems. 
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