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Abstract 

This paper shows how an extension of the 
r e s o l u t i o n proof procedure can be used to con
s t r u c t problem s o l u t i o n s . The extended proof 
procedure can solve problems invo lv ing s ta te 
t rans fo rmat ions . The paper explores several 
a l t e rna te problem representat ions and provides 
a d iscuss ion of so lu t ions to sample problems 
inc lud ing the "Monkey and Bananas" puzzle and 
the 'Tower of Hanoi" puzzle. The paper exh ib i t s 
so lu t ions to these problems obtained by QA3, a 
computer program bused on these theorem-proving 
methods. In a d d i t i o n , the paper shows how QA3 
can w r i t e simple computer programs and can solve 
p r a c t i c a l problems fo r a simple robo t . 

Key Words: Theorem prov ing, r e s o l u t i o n , problem 
so l v i ng , automatic programming, pro
gram w r i t i n g , robots , s ta te t r ans 
format ions, quest ion answering. 

Automatic theorem proving by the reso lu t i on 
proof procedure § represents perhaps the most 
powerful known method f o r automat ical ly determin
ing the v a l i d i t y of a statement of f i r s t - o r d e r 
l o g i c . In an e a r l i e r paper Green and Raphael" 
i l l u s t r a t e d how an extended reso lu t i on procedure 
can be used as a quest ion answerer—e.g., if the 
statement (3x)P(x) can be shown to fo l l ow from a 
set of axioms by the reso lu t i on proof procedure, 
then the extended proof procedure w i l l f i n d or 
const ruct an x tha t s a t i s f i e s P (x ) . This e a r l i e r 
paper (1) showed how one can axiomatize simple 
question-answering sub jec ts , (2) described a 
quest ion-answering program ca l led QA2 based on 
t h i s procedure, and (3) presented examples of 
simple question-answering dialogues wi th QA2 . 
In a more recent paper" the author (1) presents 
the answer cons t ruc t ion method in d e t a i l and 
proves i t s cor rectness, (2) describes the l a t e s t 
vers ion of the program, QA3, and (3) introduces 
s ta te - t rans fo rmat ion methods i n to the construc
t i v e proof formal ism. In add i t ion to the 
question-answering app l ica t ions i l l u s t r a t e d i n 
these e a r l i e r papers, QA3 has been used as an 
SRI robot4 problem solver and as an automatic 
program w r i t e r . The purpose of t h i s paper is 
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two fo l d : (1) to explore the quest ion of p r e d i 
cate calculus representat ion f o r s t a t e -
t ransformat ion problems in genera l , and (2) to 
elaborate upon robot and program-wr i t ing a p p l i 
cat ions of t h i s approach and the mechanisms 
under ly ing them. 

Exactly how one can use log ic and theorem 
proving f o r problem so lv ing requires ca re fu l 
thought on the par t of the user. .Judging from my 
experience, and tha t of others using QA2 and QA3, 
one of the f i r s t d i f f i c u l t i e s encountered is the 
representat ion of problems, espec ia l l y s t a t e -
t ransformat ion problems, by statements in formal 
l o g i c . I n te res t has been shown in seeing several 
de ta i led examples that i l l u s t r a t e a l te rna te meth
ods of axiomat iz ing such p rob lems—i .e . , tech
niques fo r "programming" in f i r s t - o r d e r l o g i c . 
This paper provides de ta i l ed examples of various 
methods of rep resen ta t ion . A f t e r present ing 
methods in Sees. I and I I , a so lu t i on to the 
c lass ic "Monkey and Bananas" problem is provided 
in Sec. I I I . Next, Sec. IV compares several a l 
ternate representat ions f o r the "Tower of Hanoi 
puzz le. Two app l i ca t i ons , robot problem so lv ing 
and automatic programming, are discussed in Sees. 
V and V I , r e s p e c t i v e l y . 

1. An In t roduc t ion to 
State-Transformat ion Methods 

The concepts of s tates and s ta te t ransforma
t ions have of course been in existence fo r a long 
t ime, and the usefulness of these concepts fo r 
problem so lv ing is we l l known. The purpose of 
t h i s paper is not to discuss states and s ta te 
t ransformat ions as such, but instead to show how 
these concepts can be used by an automatic reso lu 
t i o n theorem prover . In p r a c t i c e , the employment 
of these methods has g rea t l y extended the problem-
so lv ing capaci ty of QA2 and QA3. McCarthy and 
Hayes present a re levant discussion of ph i l osoph i 
ca l problems involved in at tempting such f o r m a l i 
zat ions . 

F i r s t we w i l l present a simple example. We 
begin by consider ing how a p a r t i c u l a r universe of 
discourse might be described in l o g i c . 

Facts descr ib ing the universe of discourse 
are expressed in the form of statements of mathe
mat ica l l o g i c . Questions or problems are stated 
as conjectures to be proved. If a theorem is 
proved, then the nature of our extended theorem 
prover is such tha t the proof is "cons t ruc t i ve "— 
i . e . , i f the theorem asserts the existence of an 
ob ject then the proof f i nds or constructs 
such an o b j e c t . 

At any given moment the universe under con
s i de ra t i on may be said to be in a given s t a t e . 
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We w i l l represent a p a r t i c u l a r s ta te by a 
subscr ip ted s — e . g . , s l 7 . The l e t t e r s , w i t h no 
subsc r i p t , w i l l be a v a r i a b l e , ranging over 
s t a t e s . A s ta te is described by means of p r e d i 
ca tes . For example, i f the pred ica te 
AT(ob jec tx ,b ,s 1 ) is t r u e , then in s ta te s 1 the 
o b j e c t , o b j e c t ! , i s a t p o s i t i o n b . Let t h i s 
pred ica te be axiom A l : 

A l . AT (ob jec t ! b,s1 ) . 

The quest ion "where is ob jec t ! i n s ta te S!?" can 
be expressed in l og i c as the theorem 
( r5x)AT(object1 x,s1) . The answer found by using 
system QA3 to prove t h i s theorem is "yes, x = b. 

Changes in s ta tes are brought about by per
forming act ions and sequences of ac t i ons . An 
ac t ion can be represented by an ac t ion f unc t i on 
tha t maps s ta tes i n t o new s ta tes (achieved by 
execut ing the a c t i o n ) . An axiom descr ib ing the 
e f f e c t of an ac t ion is t y p i c a l l y of the form 

(Vs)[P(s) 3 Q(f ( s ) ) ] 

where s is a s ta te va r iab le 
P is a pred icate descr ib ing a s ta te 
f is an ac t ion func t i on (corresponding to 

some act ion) tha t maps a s ta te i n t o a 
new s ta te (achieved by execut ing the 
act ion) 

Q is a pred ica te descr ib ing the new s t a t e . 

( E n t i t i e s such as P and f are termed " s i t u a t i o n a l 
f l u e n t s " by McCarthy.) 

As an example, consider an axiom descr ib ing 
the fac t tha t object1 can be pushed from po in t b 
to po in t c. The axiom is 

A2. ( V s ) [ A T ( o b j e c t 1 b , s ) 3 
A T ( o b j e c t ! , c , p u s h ( o b j e c t ! , b , c , s ) ) ] . 

The f unc t i on push (ob jec t ! , b , c , s ) corresponds to 
the ac t ion of pushing ob jec t ! f r o m b to c . 
(Assume, f o r example, tha t a robot is the 
executor of these ac t ions . ) 

Now consider the ques t ion , "Does there ex i s t 
a sequence of act ions such tha t ob jec t 1 is at 
po in t c?" Equ iva len t l y , one may ask, 'Does there 
e x i s t a s t a t e , poss ib ly r e s u l t i n g from apply ing 
ac t i on func t ions to an i n i t i a l s ta te s1, such 
t ha t ob jec t 1 i s a t po in t c? " This ques t ion , i n 
l o g i c , is (3s)AT(object1 , c , s ) , and the answer, 
provided by the theorem-proving program appl ied 
to axioms Al and A2, is "yes, 
s = push(object , b f c , s ) . " 

Suppose a t h i r d axiom9 ind ica tes tha t objec1 
can be pushed from c to d: 

A3. (Vs ) [AT(ob jec t ! , c , s ) => 

ATCobject1 jd jpushfobject , c , d , s ) ) l . 

Together, these three axioms imply tha t s t a r t i n g 
in s ta te s1 , object1 can be pushed from b to c 
and then from c to d. This sequence of act ions 
(a program f o r our robot) can be expressed by 
the composit ion of the two push f u n c t i o n s , 
p u s h ( o b j e c t 1 , c , d , p u s h ( o b j e c t 1 , b , c , s 1 ) ) . The 
normal order of f unc t i on eva lua t i on , from the 
innermost f unc t i on to the outermost, gives the 
cor rec t sequence in which to perform the ac t i ons . 

To f i n d t h i s s o l u t i o n to the problem of ge t 
t i n g object1 to p o s i t i o n d , the f o l l o w i n g con
j ec tu re is posed to the theorem prover : "Does 
there e x i s t a s ta te such tha t object1 is a tpos i t ion d?" o r , s ta ted in l o g i c , 
(3s)AT(object1 ,d ,s) . The answer returned is 
"yes, s = p u s h ( o b j e c t 1 , c , d , p u s h ( o b j e c t 1 , b , c , S ! ) ) . " 

The proof by r e s o l u t i o n , given below, demon
s t ra tes how the desi red answer is formed as a 
composit ion of ac t ion f unc t i ons , thus descr ib ing 
a sequence of necessary act ions . The mechanism 
f o r f i n d i n g t h i s answer is a spec ia l l i t e r a l , * 
the "answer l i t e r a l . " This method of f i n d i n g an 
answer is explained in d e t a i l in Ref. 3. For our 
purposes here, we w i l l j u s t show how it works by 
example. In the proof below, each answer l i t e r a l 
i s d isplayed beneath the clause conta in ing i t . 
At each step in the proof the answer l i t e r a l w i l l 
conta in the cur rent value of the object being 
constructed by the theorem prover . In t h i s exam
p le the ob ject being constructed is the sequence 
of act ions s. So i n i t i a l l y the answer l i t e r a l 
ANSWER(s) is added to the clause represent ing 
the negation of the ques t ion . (One can i n t e r p r e t 
t h i s c lause, Clause 1, as " e i t h e r ob jec t 1 is not 
at d in s ta te s, or s is an answer.") The s ta te 
va r iab le s , i ns ide the answer l i t e r a l , i s the 
"place ho lder " where the s o l u t i o n sequence is 
cons t ruc ted . The cons t ruc t ion process in t h i s 
proof cons is ts of successive i n s t a n t i a t i o n s of 
s. An i n s t a n t i a t i o n of s can occur whenever a 
l i t e r a l conta in ing s i s i n s t a n t i a t e d in the 
c rea t ion of a r eso l ven t . Each i n s t a n t i a t i o n * of 
s f i l l s in a new ac t ion or an argument of an 
ac t ion f u n c t i o n . In genera l , a p a r t i c u l a r i n f e r 
ence step in the proof (e i t he r by f a c t o r i n g * or 
reso lv ing* ) need not necessar i ly f u r t h e r i n s t a n 
t i a t e s. For example, the step might be an 
in ference that v e r i f i e s tha t some p a r t i c u l a r 
proper ty holds f o r the current answer at that 
step in the proof . The f i n a l step in the proof 
y ie lds Clause 7, "an answer is 
push(object ,c ,d ,push(object , b , c , s ) ) , " which 
terminates the proof . 

* 
We assume the reader is f a m i l i a r w i t h the 
vocabulary of the f i e l d of theorem prov ing 
by r e s o l u t i o n as described in Refs. 1, 7, and 8. 
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P r o o f 

1 . 

2 . 

3 . 

4. Axiom A2 

5 . Reso lve 3 ,4 

6 . Axiom A l 

7 . C o n t r a d i c t i o n Reso lve 5 ,6 

Fo r t h e p a r t i c u l a r p r o o f e x h i b i t e d h e r e , t h e 
o r d e r o f g e n e r a t i n g t h e s o l u t i o n sequence d u r i n g 
t h e s e a r c h f o r t h e p r o o f happens t o be t h e same 
o r d e r i n wh i ch t h e p r i n t o u t o f t h e p r o o f i n d i c a t e s 
s i s i n s t a n t i a t e d . T h i s o r d e r c o n s i s t s o f w o r k i n g 
backward f r om the g o a l b y f i l l i n g i n t h e l a s t 
a c t i o n i t h e n the n e x t - t o - l a s t a c t i o n , e t c . I n 
g e n e r a l , t h e o r d e r i n wh i ch t h e s o l u t i o n sequence 
i s g e n e r a t e d depends upon t h e p r o o f s t r a t e g y , 
s i n c e t h e p r o o f s t r a t e g y d e t e r m i n e s t h e o r d e r 
i n w h i c h c l a u s e s a re r e s o l v e d o r f a c t o r e d . The 
p r o o f t h a t t h i s method a lways produces c o r r e c t 
answers , g i v e n i n R e f . 4 , shows t h a t t h e answers 
a r e c o r r e c t r e g a r d l e s s o f t h e p r o o f s t r a t e g y u s e d . 

I I . Re f i nemen ts o f t h e Method 

The pu rpose o f t h i s s e c t i o n i s t o d i s c u s s 
v a r i a t i o n s o f t h e f o r m u l a t i o n p r e s e n t e d i n t h e 
p r e v i o u s s e c t i o n and to show how o t h e r c o n s i d e r a 
t i o n s such as t i m e and c o n d i t i o n a l o p e r a t i o n s can 
be b r o u g h t i n t o t h e f o r m a l i s m . The r e a d e r who i s 
i n t e r e s t e d i n a p p l i c a t i o n s r a t h e r t h a n a d d i t i o n a l 
m a t e r i a l o n r e p r e s e n t a t i o n may om i t Sees. I I , I I I , 
and I V , and r e a d Sees. V and V I . 

A . A n A l t e r n a t e F o r m u l a t i o n 

The f i r s t s u b j e c t w e s h a l l d i s c u s s i s a n 
a l t e r n a t e t o t h e p r e v i o u s l y g i v e n f o r m u l a t i o n . 
W e s h a l l r e f e r t o t h e o r i g i n a l , p r e s e n t e d i n 
Sec . I , a s f o r m u l a t i o n I , and t h i s a l t e r n a t e a s 
f o r m u l a t i o n I I . F o r m u l a t i o n I I c o r r e s p o n d s t o a 
s y s t e m - t h e o r e t i c n o t i o n o f s t a t e t r a n s f o r m a t i o n s . 
The s t a t e t r a n s f o r m a t i o n f u n c t i o n f o r a sys tem 
g i v e s t h e mapping o f an a c t i o n and a s t a t e i n t o 
a new s t a t e . L e t f r e p r e s e n t t h e s t a t e t r a n s f o r 
m a t i o n f u n c t i o n , whose arguments a re a n a c t i o n 

and a s t a t e and whose v a l u e is t h e new s t a t e 
o b t a i n e d b y a p p l y i n g t h e a c t i o n t o t h e s t a t e . 
L e t [ a 1 ] be t h e a c t i o n s , and n i l be t h e n u l l 
a c t i o n . L e t g be a f u n c t i o n t h a t maps two a c t i o n s 
i n t o a s i n g l e compos i te a c t i o n whose e f f e c t i s 
t h e same as t h a t o f t h e argument a c t i o n s a p p l i e d 
s e q u e n t i a l l y . For examp le , axioms o f t h e f o l l o w 
i n g f o r m wou ld p a r t i a l l y d e f i n e t h e s t a t e t r a n s 
f o r m a t i o n f u n c t i o n f : 

B l . (Vs)[P(s) => Q(f ( a i , s ) ) l 

B 2 . ( V s ) [ f ( n i l , s ) = s i 

B 3 . ( V s , a 1 , a j ) [ f ( a j , f ( a 1 , s ) ) = f ( g ^ ,a ) , s ) ] . 

The p r e d i c a t e s P and Q r e p r e s e n t d e s c r i p t o r s 
o f s t a t e s . Axiom B l d e s c r i b e s t h e r e s u l t o f a n 
a c t i o n a x a p p l i e d t o t h e c l a s s o f s t a t e s t h a t a r e 
e q u i v a l e n t i n t h a t t hey a l l have t h e p r o p e r t y 
P (s ) . The r e s u l t i n g s t a t e s a re t h u s e q u i v a l e n t 
i n t h a t t h e y have p r o p e r t y Q ( s ) . Axiom B 2 i n d i 
c a t e s t h a t t h e n u l l a c t i o n has n o e f f e c t . The 
e q u a t i o n i n B 3 says t h a t t h e e f f e c t o f t h e com
p o s i t e a c t i o n sequence g (a ,a 1 . ) i s t h e same as 
t h a t o f a c t i o n s a 1 and a j a p p l i e d s e q u e n t i a l l y . 
The q u e s t i o n posed i n t h i s f o r m u l a t i o n can 
i n c l u d e a n i n i t i a l s t a t e — e . g . , a q u e s t i o n m igh t 
be , meaning "Does t h e r e e x i s t a 
sequence of a c t i o n s x t h a t maps s t a t e Sy i n t o a 
s t a t e s a t i s f y i n g t h e p r e d i c a t e Q?" Observe t h a t 
we a r e n o t i n s i s t i n g on f i n d i n g a p a r t i c u l a r 
sequence o f a c t i o n s , bu t any sequence t h a t l eads 
u s t o a s a t i s f a c t o r y s t a t e w i t h i n t h e t a r g e t 
c l a s s o f s t a t e s . 

T h i s r e p r e s e n t a t i o n i s more comp lex , bu t has 
t h e advan tage o v e r t h e p r e v i o u s r e p r e s e n t a t i o n 
t h a t b o t h t h e s t a r t i n g s t a t e o f a t r a n s f o r m a t i o n 
and t h e sequence o f a c t i o n s a r e e x p l i c i t l y g i v e n 
as t h e arguments o f t h e s t a t e - t r a n s f o r m a t i o n 
f u n c t i o n . Thus , one can q u a n t i f y o v e r , o r s p e c i f y 
i n p a r t i c u l a r , e i t h e r t h e s t a r t i n g s t a t e o r t h e 
sequence , o r b o t h . 

Next we s h a l l show how o t h e r c o n s i d e r a t i o n s 
can be b r o u g h t i n t o a s t a t e - t r a n s f o r m a t i o n f o r m a l 
i s m . Bo th t h e o r i g i n a l f o r m u l a t i o n ( I ) and t h e 
a l t e r n a t e ( I I ) w i l l b e used a s needed . 

B. No Change of S t a t e 

T h i s k i n d o f s t a t e m e n t r e p r e s e n t s a n i m p l i c a 
t i o n t h a t h o l d s f o r a f i x e d s t a t e . A n ax iom 
t y p i c a l o f t h i s c l a s s m i g h t d e s c r i b e t h e r e l a t i o n 
s h i p between movab le o b j e c t s ; e . g . , i f x i s t o t h e 
l e f t o f y and y i s t o t h e l e f t o f z , t h e n x i s t o 
t h e l e f t o f z . 

C. T ime 

Time can be a f u n c t i o n o f a s t a t e , to exp ress 
t h e t i m i n g o f a c t i o n s and s t a t e s . For example , i f 
t h e f u n c t i o n t i m e ( s ) g i v e s t h e t i m e o f a n 
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The above f i g u r e shows t ha t ac t ion i leads to 
e i t h e r b or c from a. The f unc t i on f is s i n g l e -
valued but we don ' t know i t s va lue . The goal d 
can be reached from b by ac t ion j , or from c by 
ac t i on k . In the f o rma l i za t i on given below i t 
i s poss ib le to prove tha t the goal is reachable 
although a co r rec t sequence of act ions necessary 
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t ha t a c o n d i t i o n a l operat ion is needed to create 
a s ing le cond i t i ona l answer. This in fo rmat ion p ro 
vides a use fu l h e u r i s t i c f o r the program-wr i t ing 
app l i ca t i ons of QA3: When a clause having two 
answer l i t e r a l s is about to be generated, l e t the 
proof s t ra tegy c a l l f o r the axioms tha t descr ibe 
the cond i t i ona l opera t ion (such as M5 and M6). 
These axioms are then appl ied to create a s ing le 
cond i t i ona l answer. 

Waldinger and Lee have implemented a program-
w r i t i n g program PROW tha t also uses a r e s o l u t i o n 
theorem prover to create cons t ruc t i ve p roo fs , but 
by a d i f f e r e n t method than tha t of QA3. (The 
second method f o r c rea t i ng cond i t i ona ls by combin
ing two answers is c l ose l y r e l a ted to a technique 
used in PROW.) In format ion about (1) the ta rge t 
program opera t ions , (2) the general r e l a t i o n s h i p 
of the problem statement and axioms to the allowed 
ta rge t program operat ions i nc lud ing the tes t con
d i t i o n s , and (3) the syntax of the ta rge t language, 
is embedded in the PROW program. In QA3 t h i s 
i n fo rmat ion is a l l in the axioms—such as axioms 
M5, M6, and M7. 

H. A c q u i s i t i o n of In format ion 

where PATH(a,b,i) means tha t i is a path from a 
to b. The quest ion (3s)AT(c,s) r e s u l t s in the 
s o l u t i o n , 

Axiom N3 i l l u s t r a t e s an important aspect of 
t h i s formal ism f o r problem s o l v i n g : I f a cond i t i on 
(such as the robo t ' s ) is made s ta te dependent, 
then we must speci fy how t h i s cond i t i on changes 
when the s ta te is changed. Thus in axiom N3 we 
must i nd i ca te t ha t the r o b o t ' s l o c a t i o n is not 
changed by asking f o r a pa th . In a pure theorem-
proving formal ism, t h i s means tha t i f we want to 
know any cond i t i on in a given s t a t e , we must prove 
what tha t cond i t i on i s . I f a la rge number of 
state-dependent cond i t ions need to be known at each 
s ta te in a s o l u t i o n , then the theorem prover must 
prove what each cond i t i on is at each s ta te in a 
conjectured s o l u t i o n . In such a case the theorem 
prover w i l l take a long t ime to f i n d the s o l u t i o n . 
McCarthy re fe r s to t h i s problem as the frame 
problem, where the word "frame" re fe rs to the 
frame of reference or the set of re levant con
d i t i o n s . Discussion of a method f o r easing t h i s 
problem is presented in Sec. V. 

Another s i t u a t i o n tha t ar ises in problem 
so lv ing is one in which at the t ime the problem 
is s ta ted and a s o l u t i o n is to be produced, there 
i s i n s u f f i c i e n t in fo rmat ion to completely spec i fy 
a s o l u t i o n . More p r e c i s e l y , the s o l u t i o n cannot 
name every ac t ion and t e s t cond i t i on in advance. 
As an example, consider a robot t ha t is to move 
from a to c. The ac t ion i leads from a to b but 
no path to c is known, as i l l u s t r a t e d below. 

1. Assignment Operations 

An assignment operat ion is one tha t assigns 
a value to a v a r i a b l e . An example of an ass ign
ment is the statement a •- h(a) , meaning tha t the 
value of a is to be changed to the value of the 
f unc t i on h ( a ) . In our rep resen ta t i on , we sha l l 
use an assignment f u n c t i o n — i . e . , ass ign(a ,h(a) ) . 
Using Formulat ion I I t h i s f unc t i on i s described 
by the axiom 

However, once po in t b is reached, more in fo rmat ion 
can be acqu i red—for example, a guide to the area 
l i v e s at b and w i l l provide a path to po in t c i f 
asked. Or perhaps once po in t b is reached, the 
robot might use i t s sensors to observe or d iscover 
paths to c. 

To fo rma l i ze t h i s , assume that the ac t ion 
ask-path(b,c) w i l l r e s u l t in a proper path to c , 
when taken at b. For s i m p l i c i t y , assume tha t the 
name of the path is equal to the s ta te r e s u l t i n g 
from asking the ques t ion . Using fo rmu la t ion I I , 
one s u i t a b l e set of axioms i s : 

I I I . An Example: 
The Monkey and The Bananas 

To i l l u s t r a t e the methods descr ibed e a r l i e r , 
we present an ax iomat iza t ion of McCarthy's "Monkey 
and Bananas" problem. 

The monkey is faced w i th the problem of ge t 
t i n g a bunch of bananas hanging from the c e i l i n g 
j u s t beyond h is reach. To solve the problem, the 
monkey must push a box to an empty place under 
the bananas, c l imb on top of the box, and then 
reach them. 
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The c o n s t a n t s a re monkey, box , bananas, and 
u n d e r - b a n a n a s . The f u n c t i o n s a re r e a c h , c l i m b , and 
move, meaning t h e f o l l o w i n g : 

r e a c h ( m , z , s ) The s t a t e r e s u l t i n g f r om t h e 
a c t i o n o f m r e a c h i n g z , s t a r t 
i n g f r o m s t a t e s 

c l i m b ( m , b , s ) The s t a t e r e s u l t i n g f r o m t h e 
a c t i o n o f m c l i m b i n g b , s t a r t 
i n g f r o m s t a t e s 

m o v e ( m , b , u , s ) The s t a t e r e s u l t i n g f r o m t h e 
a c t i o n of m moving b to p l a c e 
u , s t a r t i n g f rom s t a t e s . 

The p r e d i c a t e s a r e : 

MOVABLE(b) ,b is movable 

A T ( m , u , s ) m is a t p l a c e u in s t a t e s 

ON(m,b ,s ) m is on b in s t a t e s 

HAS(m,z ,s) m has z in s t a t e s 

CLIMBABLE(m,b,s) m can c l i m b b in s t a t e s 

REACHABLE(m,b,s) m can reach b in s t a t e s . 

The axioms a r e : 

MB1 . MOVABLE(box) 

MB8. 

The quest ion is "Does there ex i s t a s ta te s 
(sequence of act ions) in which the monkey has the 
bananas?" 

QUESTION: 

The answer is yes, 

s = reach(monkeyibananas,climb(monkey, 
box,move(monkey,box,under-bananas 

By executing t h i s f unc t i on , the monkey gets 
the bananas. The monkey must, of course, execute 
the funct ions in the usual order , s t a r t i n g w i th 
the innermost and working outward. Thus he f i r s t 
moves the box under the bananas, then climbs on 
the box, and then reaches the bananas. 

The p r i n t ou t of the proof is given in the 
appendix. 

IV. Formal izat ions fo r 
the Tower of Hanoi Puzzle 

The f i r s t app l ica t ions of our quest ion-
answering programs were to "quest ion-answering" 
examples. Commonly used question-answering exam
ples have short proofs , and usual ly there are a 
lew obvious formulat ions fo r a given subject 
area. (The major d i f f i c u l t y in question-answering 
problems usual ly is searching a large data base, 
ra ther than f i n d i n g a long and d i f f i c u l t proof . ) 
Typ ica l l y any reasonable formula t ion works w e l l . 
As one goes on to problems l i k e the Tower of Hanoi 
puzzle, more e f f o r t is requi red to f i n d a repre
senta t ion that i s su i t ab le f o r e f f i c i e n t problem 
so l v i ng . 

This puzzle has proved to bo an i n t e res t i ng 
study of rep resen ta t ion . Several people using 
QA3 have set up axiom systems fo r the puzz le. 
Apparent ly, a "good" ax iomat izat ion--one leading 
to quick s o l u t i o n s - - i s not e n t i r e l y obvious, 
since many axiomat izat ions d id not r esu l t in 
s o l u t i o n s . In t h i s sect ion we w i l l present and 
compare several a l t e rna te representa t ions, i nc l ud 
ing ones that lead to a s o l u t i o n . 

There are three pegs—pegx, peg2 , and peg3 . 
There are a number of d iscs each of whose diameter 
i s d i f f e r e n t from that o f a l l the other d i scs . 
I n i t i a l l y a l l d iscs are stacked on peg x , in order 
of descending s i z e . The th ree-d isc version is 
i l l u s t r a t e d below. 

* The a s t u t e r e a d e r w i l l n o t i c e t h a t t h e axioms 
l e a v e much t o b e d e s i r e d . I n keep ing w i t h t h e 
" t o y p r o b l e m " t r a d i t i o n w e p r e s e n t a n u n r e a l i s 
t i c a x i o m a t i z a t i o n o f t h i s u n r e a l i s t i c p r o b l e m . 
The p r o b l e m ' s v a l u e l i e s i n t h e f a c t t h a t i t i s 
a r e a s o n a b l y i n t e r e s t i n g p rob lem t h a t may be 
f a m i l i a r t o t h e r e a d e r . 
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The ob jec t of the puzzle is to f i n d a sequence of 
moves tha t w i l l t r a n s f e r a l l the d iscs from peg1 
to peg3. The allowed moves cons is t of tak ing the 
top d isc from any peg and p lac ing it on another 
peg, but a d isc can never be placed on top of a 
smal ler d i s c . 

In order to c o r r e c t l y spec i fy the problem, 
any f o r m a l i z a t i o n must: (1) speci fy the pos i t i ons 
of the d iscs f o r each s t a t e ; (2) speci fy how ac
t i ons change the p o s i t i o n of the d i s c s ; and (3) 
spec i fy the ru les of the game, i . e . , what is l e g a l . 

Let the pred ica te ON speci fy d isc p o s i t i o n s . 
In the s implest representa t ion the pred icate ON 
spec i f i es the p o s i t i o n of one d i s c — e . g . , 
ON(disc,peg_ ,s) says tha t in s ta te s d i sc 1 is 
on peg 1 . This represen ta t ion requ i res one p r e d i 
cate to spec i fy the p o s i t i o n of each d i s c . The 
r e l a t i v e p o s i t i o n of each d isc e i t he r must be 
spec i f i ed by another statement, or else i f two 
d iscs are on the same peg it must be i m p l i c i t l y 
understood tha t they are in the proper o rder . 
Perhaps the s implest extension is to a l low the 
pred icate another argument tha t spec i f i es the 
p o s i t i o n o f the d i s c — i . e . , 
ON(disc1 ,peg , p o s i t i o n g , s ) . Again, t h i s requ i res 
many statements to spec i fy a complete con f i gu ra 
t i o n . 

Since var ious moves are cons t ruc t ing stacks 
of d i s c s , and since stacks can be represented 
as l i s t s , consider as an a l t e r n a t i v e representa
t i o n a l i s t to represent a stack of d i s c s . Let 
the f unc t i on l (x ,y) represent the l i s t t ha t has 
x as i t s f i r s t element ( represent ing the top d isc 
in the stack) and y as the res t of the l i s t 
( represent ing the r e s t o f the d iscs in the s t a c k ) . 
This f unc t i on i corresponds to the "cons" f unc t i on 
in LISP. Let n i l be the empty l i s t . The s t a t e 
ment ON(i (d isc1 ^ ( d i s c 2 , n i l ) ) ,pegx ,s) asserts tha t 
the stack having top d i s c , d i s c x , and second d i s c , 
discg , is on peg-1 . This representa t ion i l l u s t r a t e s 
a usefu l technique in logic—namely, the use of 
func t ions as the cons t ruc t i on (and se lec t ion) 
opera to rs . This no t ion is cons is tent w i t h the 
use of ac t i on func t ions as const ruc tors of 
sequences. 

Next, consider how to express poss ib le 
changes in s t a t e s . Perhaps the s implest idea is 
to say tha t a given s ta te impl ies tha t c e r t a i n 
moves are l e g a l . One must then have other s t a t e 
ments i n d i c a t i n g the r e s u l t of each move. This 
method is a b i t l eng thy . I t i s eas ier to express 
in one statement the f ac t tha t given some s t a t e , 
a new s ta te is the r e s u l t of a move. Thus one 
such move to a new s ta te is described by (Vs)[ON 
( K d i s c 1 n i l ) j p e g 1 s ) A ON(ni l .pegg,s) A ON( l ( d i sc 2 , 
j£(disc3 , n i l ) ) ,peg3 ,s) 3 ON(ni l ,peg1 ,move(disc1 , 
peg1 ,pega , s ) ) A O N ^ d i s ^ i n i l ) ,peg2 ,move(disc1 , 
peg1pegg ,s) ) A 0 N ( l ( d i s c 2 , j e ( d i s c 3 , n i l ) ) ,peg 3 , 
move(disc1 ,peg1 ,pegg ,s ) ) ] . 

( V s , x , y , z , p 1 p j . ,P k ,d) [ON(L(d,x) . p i , s ) A ON(y,p,,s) 

A ON(z,pk ,s) 3 ON(x,p i ,move(d,p i ,p 1 , ,s ) ) A 0N(L 

( d , y ) , p . »move(d,p1 ,p . ,s) ) A ON(z ,p k ,move(d ,p i , p j , 

s ) ) ] spec i f i es a whole c lass of moves. The problem 
here is t ha t add i t i ona l r e s t r i c t i o n s must be added 
so tha t i l l e g a l s tates cannot be par t of a s o l u t i o n , 
In the previous formal ism, one could l e t the axioms 
enumerate j u s t the l ega l moves and s t a t e s , thus 
prevent ing i nco r rec t s o l u t i o n s . 

The f i r s t method f o r adding r e s t r i c t i o n s is 
to have a pred icate tha t r e s t r i c t s moves to j u s t 
the l e g i t i m a t e s t a t e s . Since the s t a r t i n g s ta te 
is l e g a l , one might t h ink tha t only l ega l s ta tes 
can be reached. However, the r e s o l u t i o n process 
(se t -o f -suppor t s t ra tegy ) t y p i c a l l y works back
ward from the goal s ta te toward s ta tes tha t can 
reach the goal state—such states are sometimes 
ca l l ed " f o r c i n g s t a t e s . " Thus i l l e g a l but f o r c i n g 
states can be reached by working backward from 
the goal s t a t e . This does not al low fo r i nco r rec t 
s o l u t i o n s , s ince the only f o r c i n g s ta tes tha t can 
appear in the s o l u t i o n must be those reached from 
the s t a r t i n g s ta te (which is a l ega l s ta te ) . The 
r e s t r i c t i o n of moving only to new lega l s ta tes 
thus prevents an e r r o r . But the search is un
necessar i ly l a rge , since the theorem prover is 
consider ing i l l e g a l s tates that cannot lead to a 
s o l u t i o n . So a be t te r s o l u t i o n is to e l im ina te 
these i l l e g a l f o r c i ng s ta tes by a l low ing moves 
only from lega l s ta tes to_ lega l s t a t e s . This is 
perhaps the best s p e c i f i c a t i o n , in a sense. Such 
an axiom is ( V s , x , y , z , p i , p . , p k , d ) [ 0 N ( 4 ( d , x ) , p i , 

s) A O N ( y , P j , s ) A O N ( z , p k , s ) A L E G A L ( L ( d , x ) ) A 

LEGAL(X(d ,y ) ) A D I S T I N C T ( p . , p ,p ) 3 0 N ( x , p , 
1 J K 1 

move(d ,p ,p , s ) ) A O N ( 4 ( d , y ) , p . , m o v e ( d , p i , p P ,s ) 

A ON(z,p ,move(d,p ,p , s ) ) ] . The pred icate 
LEGAL(x) is t rue i f and only i f the d iscs are 
l i s t e d in order of increas ing s i z e . (One can 
"cheat" and have a simpler axiom by om i t t i ng the 
pred icate tha t requi res that the s ta te r e s u l t i n g 
from a move have a l ega l stack of d i s c s . Since 
the se t -o f -suppor t s t ra tegy forces the theorem 
prover to work backward s t a r t i n g from a lega l 
f i n a l s t a t e , i t w i l l only consider l ega l s ta tes . 
However, one is then using an ax iomat iza t ion t h a t , 
by i t s e l f , is i n c o r r e c t . ) The a d d i t i o n a l LEGAL 
pred icate is a t y p i c a l example of how a d d i t i o n a l 
in fo rmat ion in the axioms r e s u l t s in a quicker 
s o l u t i o n . The pred icate DISTINCT(p.,p. ,pk) 
means no two pegs are equa l . 

The clauses generated dur ing the search tha t 
are concerned w i t h i l l e g a l s ta tes are subsumea 
by ~LEGAL predicates such as (Vs)~LEGAL(£(disc2 , 
( d i s c 1 , x ) ) ) . The stacks are formed by p lac ing 
one new d isc on top of a l ega l s tack . If the new 
top d isc i s smal ler than the o ld top d isc then i t 
is of course smal ler than a l l the others on the 
s tack . Thus the l e g a l stack axioms need only to 
spec i fy tha t the top d isc is smal ler than the 
second d isc f o r a stack to be l ega l . This blocks 
the cons t ruc t i on o f i nco r rec t s tacks . 

With t h i s method i t i s poss ib le to enumerate 
a l l poss ib le moves and con f i gu ra t i on combinat ions. 
However, i t i s s t i l l eas ier t o use var iab les t o 
represent whole classes of s tates and moves. Thus 
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One complete ax iomat izat ion is as fo l l ows : 

Instead of naming each d i sc , the d isc number 
n is an argument of the func t i on d(n) tha t repre
sents the n th d i s c . This representat ion i l l u s 
t r a t e s how the proof procedure can be shortened 
by so lv ing frequent decidable subproblems w i th 
spec ia l ava i l ab le tools—namely, the LISP pro
gramming language. The theorem prover uses LISP 
( the " l essp " func t ion) to evaluate the LESS(n,m) 
pred icate—a very quick s tep . This mechanism has 
the e f f e c t of generat ing, wherever needed, such 
axioms as ~LESS(3,2) or LESS(2,3) to resolve 
against or subsume l i t e r a l s in generated c lauses. 
S i m i l a r l y , LISP evaluates the DISTINCT pred ica te . 

Note tha t the move axiom, AX1, breaks up i n to 
three c lauses, each clause spec i fy ing the change 
in the task f o r one p a r t i c u l a r peg. The process 
of making one move requi res nine binary reso lu t i ons , 
and two binary fac to r ings of c lauses. 

S t i l l other so lu t ions are possib le by using 
spec ia l term-matching c a p a b i l i t i e s in QA3 that 
extend the u n i f i c a t i o n and subsumption algori thms 
to inc lude l i s t terms, set terms, and ce r t a i n 
types of symmetries. 

In another ax iomat iza t ion , the complete con
f i g u r a t i o n of the puzzle in a given s ta te is 
spec i f i ed by the pred icate ON. ON' means 
tha t in s ta te s, stack x in on peg1 , stack y is 
on peg 2 , and stack z is on peg3 . Thus if the 
pred icate 
ho lds , the stack"d1 - d3 is on pegx and d3 is on 
peg 3 . The pred icate LEGAL again ind icates tha t 
a given stack of d iscs is a l lowed. 

In t h i s last-mentioned f o rma l i za t i on , using 
13 axioms to speci fy the problem, QA3 eas i l y solved 
t h i s problem f o r the th ree-d isc puzz le . During 
the search f o r a proof , 98 clauses were generated 
buy only 25 of the clauses were accepted. Of the 

25, 12 were not in the proof . The s o l u t i o n 
e n t a i l s seven moves, thus passing through e ight 
states (counting the i n i t i a l and f i n a l s tates) . 
The 12 clauses not in the proof correspond to 
searching through 5 states that are not used in 
the s o l u t i o n . Thus the so l u t i on is found ra ther 
e a s i l y . Of course, i f a s u f f i c i e n t l y poor 
ax iomat izat ion is chosen—one requ i r i ng an enumera
t i o n of enough cor rect and incor rec t d isc pos i t ions— 
the system becomes saturated and f a i l s to ob ta in a 
so lu t i on w i t h i n time and space c o n s t r a i n t s . An 
important f ac to r in the proof search is the 
e l im ina t ion of ex t ra clauses corresponding to 
a l te rna te paths that reach a given s t a t e . In 
the above problem it happens that the subsumption 
h e u r i s t i c e l iminates 73 of these redundant 
c lauses. However, t h i s p a r t i c u l a r use of sub
sumption is problem dependent, thus one must 
examine any given problem formula t ion to de te r 
mine whether or not subsumption w i l l e l im ina te 
a l te rna te paths to equivalent s t a tes . 

The fou r -d i sc vers ion of the puzzle can be 
much more d i f f i c u l t than the th ree-d isc puzzle 
in terms of search. At about t h i s l eve l of 
d i f f i c u l t y one must be somewhat more ca re fu l to 
obta in a low-cost s o l u t i o n . 

Ernst formal izes the no t ion of " d i f f e rence " 
used by GPS and shows what proper t ies these d i f f e r 
ences must possess f o r GPS to succeed on a problem. 
He then presents a "good" set of d i f fe rences fo r 
the Tower of Hanoi problem. U t i l i z i n g t h i s i n f o r 
mat ion, GPS solves the problem fo r four d i scs , 
consider ing no i nco r rec t s ta tes in i t s search. 
Thus Ernst has chosen a set of d i f fe rences that 
guide GPS d i r e c t l y to the s o l u t i o n . 

Another method of s o l u t i o n is poss ib le . 
F i r s t , solve the th ree-d isc puzz le . Save the 
so l u t i on to the th ree-d isc puzzle (using the 
answer statement ). Then ask fo r a so lu t i on to 
the f ou r -d i sc puzz le . The s o l u t i o n then i s : 
Move the top three d iscs from peg1 to peg2 , m o v e 

disc4 from peg1 to peg3 ; move the three discs on 
peg2 to peg3 . This method produces a much easier 
s o l u t i o n . But t h i s can be considered as cheat ing, 
since the machine is "guided" to a so lu t i on by 
being t o l d which subproblem to f i r s t solve and 
s tore away. The use of the d i f fe rences by GPS 
s i m i l a r l y l e t s the problem solver be "guided" 
toward a s o l u t i o n . 

There is another possib ly more des i rab le 
s o l u t i o n . The fou r -d i sc puzzle can be posed as 
the problem, w i th no th ree-d isc s o l u t i o n . I f the 
so lu t i on of the th ree-d isc puzzle occurs dur ing 
the search f o r a so l u t i on to the fou r -d isc puzzle, 
and i f i t is automat ica l ly recognized and saved 
as a lemma, then the fou r -d i sc so lu t i on should 
f o l l ow e a s i l y . 

F i n a l l y , i f an induct ion axiom is provided, 
the axioms imply a s o l u t i o n in the form of a 
recurs ive program tha t solves the puzzle fo r an 
a r b i t r a r y number of d i s c s . Aiko Hormann d i s 
cusses the re l a ted so lu t ions of the fou r -d isc 
problem by the program GAKU (not an automatic 

-227-



theorem-proving program). The so lu t ions by lemma 
f i n d i n g , i n d u c t i o n , and search guided by d i f fe rences 
have not been run on QA3. 

V. App l i ca t ions to the Robot Pro ject 

A. I n t r oduc t i on to Robot Problem Solv ing 

In t h i s sec t ion we discuss how theorem-proving 
methods are being tes ted f o r several app l i ca t i ons 
i n the Stanford Research I n s t i t u t e A r t i f i c i a l 
I n t e l l i g e n c e Group's Automaton ( r o b o t ) . We empha
s ize tha t t h i s sec t ion descr ibes work tha t is now 
in progress, r a the r than work t ha t is completed. 
These methods represent exp lo ra t ions in problem 
s o l v i n g , ra the r than f i n a l decis ions about how 
the robot is to do problem s o l v i n g . An overview 
of the cur rent s ta tus of the e n t i r e SRI robot 
p ro jec t is provided by Ni lsson . Coles has de
veloped an E n g l i s h - t o - l o g i c t r a n s l a t o r tha t is 
par t o f the r o b o t . 

We use theorem-proving methods f o r three 
purposes, the s implest being the use of QA3 as 
a c e n t r a l in fo rmat ion storage and r e t r i e v a l system 
tha t is accessib le to var ious par ts o f the system 
as w e l l as the human users . The data base of QA3 
is thus one of the r o b o t ' s models of i t s wo r l d , 
i nc lud ing i t s e l f . 

A second use is as an experimental t o o l to 
t es t out a p a r t i c u l a r problem f o r m u l a t i o n . When a 
su i t ab l e fo rmu la t ion is found, i t may then be 
des i rab le to w r i t e a f a s t e r or more e f f i c i e n t 
s p e c i f i c program tha t implements t h i s f o rmu la t i on , 
perhaps i n v o l v i n g l i t t l e or no search. I f the 
spec ia l program is not as general as the axiom 
system i s , so t ha t the spec ia l program f a i l s in 
c e r t a i n cases, the axioms can be re ta ined to be 
used in the troublesome cases. Both so lu t ions can 
be made ava i l ab le by s t o r i n g , as the f i r s t axiom 
to be t r i e d , a spec ia l axiom tha t describes the 
spec ia l s o l u t i o n . The p red ica te -eva lua t ion mech
anism can then c a l l LISP to run the spec ia l 
s o l u t i o n . I f i t f a i l s , the other axioms w i l l then 
be used. 

The t h i r d use is as a r e a l - t i m e problem so l ve r . 
In the implementat ion we are now us ing , statements 
of log ic—clauses—are the basic un i t s of in forma
t i o n . Statements are der ived from several sources: 
te le type e n t r i e s , axioms stored in memory, clauses 
or statements generated by the theorem prover , 
and statements evaluated by programs—subroutines 
in LISP, FORTRAN, or machine language. These 
programs can use robot sensors and sensory data 
to v e r i f y , d isprove , or generate statements of 
l o g i c . 

The SRI robot is a ca r t on wheels, having a TV 
camera and a range- f inder mounted on the c a r t . 
There are bumpers on the c a r t , but no arms or grasp
ing agents, so the only way the robot can manipulate 
i t s environment is by simple pushing ac t i ons . 
Given t h i s ra the r severe r e s t r i c t i o n of no grasp ing, 
the robot must be c lever to e f f e c t i v e l y solve p rob
lems i nvo l v i ng modi fy ing i t s w o r l d . We present 
below some axioms f o r robot problem s o l v i n g . 

The f i r s t ax iom d e s c r i b e s t h e move r o u t i n e s 
o f t h e r o b o t : 

R l . 

T h i s ax iom says t h a t i f t h e r o b o t i s a t and 
t h e r e i s a p a t h t o p 2 , t h e r o b o t w i l l b e a t p 2 

a f t e r mov ing a l o n g t h e p a t h . The p r e d i c a t e PATH 
i n d i c a t e s t h e r e e x i s t s a r o b o t - p a t h , p a t h l 2 , 
f r o m p l a c e p1 to p l a c e . A r o b o t - p a t h is a 
p a t h adequa te f o r t h e r o b o t ' s movement. The 
te rms a n d d e s c r i b e t h e p o s i t i o n o f t h e 
r o b o t . 

I n g e n e r a l , i t may b e v e r y i n e f f i c i e n t t o 
use t h e t heo rem p r o v e r t o f i n d t h e p a t h 1 2 such 
t h a t PATH(p , p , p a t h l 2 ) i s t r u e . S e v e r a l e x i s t 
i n g FORTRAN s u b r o u t i n e s , h a v i n g s o p h i s t i c a t e d 
p r o b l e m - s o l v i n g c a p a b i l i t i e s o f t h e i r own, may 
be used to d e t e r m i n e a good p a t h t h r o u g h o b s t a c l e s 
on l e v e l g r o u n d . We w i l l show l a t e r a case where 
t h e t heo rem p r o v e r may be used to f i n d a more 
obscu re k i n d o f p a t h . Fo r t h e l e s s o b s c u r e p a t h s , 
t h e ax iom R l i s m e r e l y a d e s c r i p t i o n o f t h e 
s e m a n t i c s o f t h e s e FORTRAN p r o g r a m s , so t h a t new 
and m e a n i n g f u l p rograms can be g e n e r a t e d by QA3 
b y u s i n g t h e e f f i c i e n t p a t h - g e n e r a t i n g programs 
as s u b p r o g r a m s . The " p r e d i c a t e - e v a l u a t i o n " 
mechanism i s used t o c a l l t h e FORTRAN p a t h -
f i n d i n g r o u t i n e s . The e f f e c t o f t h i s e v a l u a t i o n 
mechanism i s t h e same a s i f t h e f a m i l y o f ax ioms 
o f t h e f o r m PATH f o r a l l p 1 and 
P 2 such t h a t p a t h l 2 e x i s t s , were a l l s t o r e d i n 
memory and a v a i l a b l e t o t h e t h e o r e m p r o v e r . 

The second ax iom i s a push ax iom t h a t d e 
s c r i b e s t h e e f f e c t o f p u s h i n g a n o b j e c t . The 
r o b o t has n o arm o r g r a s p e r s , j u s t a bumper . I t s 
w o r l d c o n s i s t s o f l a r g e o b j e c t s such a s b o x e s , 
wedges, c u b e s , e t c . These o b j e c t s a r e r o u g h l y 
t h e same s i z e a s t h e r o b o t i t s e l f . 

The b a s i c p r e d i c a t e t h a t s p e c i f i e s t h e 
p o s i t i o n o f a n o b j e c t i s ATO, mean ing a t - o b j e c t . 
The p r e d i c a t e 

i n d i c a t e s t h a t o b j e c t 1 , h a v i n g s t r u c t u r a l d e s c r i p 
t i o n " d e s c r i p t i o n " , i s i n p o s i t i o n " p o s i t i o n 1 ' , 
i n s t a t e ' . A t t h e t i m e o f t h i s w r i t i n g , a 
p a r t i c u l a r s e t o f " s t a n d a r d " s t r u c t u r e d e s c r i p 
t i o n s has n o t y e t been s e l e c t e d . S o f a r s e v e r a l 
have been u s e d . The s i m p l e s t d e s c r i p t i o n i s a 
p o i n t whose p o s i t i o n i s a t t h e e s t i m a t e d c e n t e r 
o f g r a v i t y o f t h e o b j e c t . T h i s d e s c r i p t i o n i s 
used f o r t h e FORTRAN "push i n a s t r a i g h t l i n e " 
r o u t i n e . S i n c e a l l t h e o b j e c t s i n t h e r o b o t ' s 
w o r l d a r e p o l y h e d r o n s , r e a s o n a b l y s i m p l e c o m p l e t e 
s t r u c t u r a l d e s c r i p t i o n s a r e p o s s i b l e . F o r examp le , 
one s t r u c t u r a l d e s c r i p t i o n c o n s i s t s o f t h e s e t o f 
p o l y g o n s t h a t f o r m t h e s u r f a c e o f t h e p o l y h e d r o n . 
I n t u r n t h e s t r u c t u r e o f t h e p o l y g o n s i s g i v e n b y 
t h e s e t o f v e r t i c e s i n i t s b o u n d a r y . C o n n e c t i v i t y 
o f s t r u c t u r e s can b e s t a t e d e x p l i c i t l y o r e l s e 
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impl ied by common boundaries. The pos i t i on of an 
ob jec t is given by a mapping of the t o p o l o g i c a l l y -
described s t ruc tu re i n to the robo t ' s coordinate 
system. Such s t r u c t u r a l descr ip t ions may be given 
as axioms or suppl ied by the scene-analysis p ro 
grams used by the robo t . 

A basic axiom descr ib ing the robo t ' s manipula
t i o n of an ob ject is 

R2. 

( 

This axiom says that i f object 1, described 
by desc r i p t i on 1, is at pos i t i on 1, and object 1 
is movable, and object 1 can be t h e o r e t i c a l l y 
r o ta ted and t rans la ted to the new pos i t i on 2, and 
there is an ob jec t -pa th from 1 to 2, then object 1 
w i l l be at p o s i t i o n 2 as a r esu l t of pushing it 
along the pa th . The predicate 
ROTATE-TRANSLATABLE (desc1 pos1 pos2) checks the 
necessary cond i t ion that the object can be theo
r e t i c a l l y ro ta ted and t rans la ted i n t o the new 
p o s i t i o n . The predicate 
OBJECT-PATH(desc1,pos1,pos2,path12) means that 
pos2 is the estimated new pos i t i on r e s u l t i n g from 
pushing along push-path, 

Let us now re tu rn to the frame problem. More 
s p e c i f i c a l l y , in a s ta te r e s u l t i n g from pushing an 
o b j e c t , how can we ind ica te the loca t ion of objects 
which were not pushed? One such axiom is 

R3. 

This axiom says tha t a l l objects that are not the 
same as the pushed object are unmoved. The p r e d i 
cate eva lua t ion mechanism is used to evaluate SAME 
and speed up the p roo f . One can use t h i s p r e d i 
cate eva lua t ion mechanism, and perhaps other f as t 
methods fo r handl ing classes of deductions (such 
as spec ia l representat ions of state-dependent 
in fo rmat ion and specia l programs f o r updating t h i s 
in format ion—which is done in the robot) , but 
another problem remains. Observe that axiom R3 
assumes tha t only the objects d i r e c t l y pushed by 
the robot move. This is not always the case, 
since an ob ject being pushed might acc identa l l y 
s t r i k e another object and move i t . This leads 
to the quest ion of deal ing w i th the rea l world 
and using axioms to approximate the rea l wor ld . 

accurately p red ic ted , even if one goes to great 
extremes to ca lcu la te a predic ted new p o s i t i o n . 
The robot does not have a grasp on the ob ject so 
that some sl ippage may occur. The f l o o r surface 
is not uniform and smooth. The weight d i s t r i b u 
t i o n of objects is not known. There is only r u d i 
mentary k ines the t i c sensing feedback—namely, 
whether or not the bumper is s t i l l in contact 
w i th the ob jec t . Thus i t appears that a large 
feedback loop i t e r a t i n g toward a s o l u t i o n , is 
necessary: Form a plan fo r pushing the object 
(possibly using the push axiom), push according 
to the p lan , back up, take a look, see where the 
object i s , compare the pos i t i on to the desired 
p o s i t i o n , s t a r t over again. The new pos i t i on ( to 
some l eve l of accuracy) is provided by the sensors 
of the robo t . This new pos i t i on is compared to 
the pos i t i on predic ted by the axiom. If the move 
is not successfu l , the predicate (provided by 
sensors in the new s ta te) tha t reasonably accu
ra te l y gives the o b j e c t ' s pos i t i on in the new 
state must be used as the desc r ip t i on of the 
i n i t i a l s ta te fo r the next at tempt. 

This feedback method can be extended to 
sequences of ac t ions . Consider the problem: 
Find Sf such that is t r u e . Suppose the 
s t a r t i n g s ta te is SQ, w i th property 
Suppose the axioms are as f o l l ows : 

The sequence of act ions t r ans 
forms s ta te SO w i th property PO(SO) i n to s ta te 
having property 

Corresponding to each " t h e o r e t i c a l " predicate 
is a corresponding " rea l -word " predicate 

The t r u t h value of is determined by 
sensors and the robo t ' s i n t e r n a l model of the 
wo r l d . It has b u i l t - i n bounds on how close i t s 
measurements must be to the cor rec t values in 
order to assert that i t i s t r u e . * The proof 
impl ies the f o l l ow ing desc r i p t i on of the r esu l t 
a f t e r each step of execut ion of 

B. Real-World Problem So lv ing : Feedback 

At t h i s t ime, a many-valued log ic having 
degrees of t r u t h is not used, although t h i s 
i s an i n t e r e s t i n g p o s s i b i l i t y . 

Our descr ip t ions of the r e a l wor ld , ax io 
matic or otherwise, are at best only approxima
t i o n s . For example, the new p o s i t i o n of an 
ob ject moved by the robot w i l l not necessar i ly be 
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To measure progress a f t e r , say, the i t jh s tep , one 
checks tha t is t r u e . I f no t , then some 
other cond i t i on P\(si) holds and a new problem is 
generated, g iven as the s t a r t i n g p o i n t . I f 
new in fo rmat ion is present , such as is the case 
when the robot h i t s an obstacle tha t is not in i t s 
model, the model is updated before a new s o l u t i o n 
is at tempted. The p o s i t i o n of t h i s new ob ject of 
course i n v a l i d a t e s the previous p l a n — i . e . , had 
the new o b j e c t ' s p o s i t i o n been known, the previous 
plan would not have been generated. 

The new s o l u t i o n may s t i l l be able to use 
tha t par t o f the o ld s o l u t i o n tha t i s not i n v a l i 
dated by any new i n f o r m a t i o n . For example, if 
P" 1 ho lds , i t may s t i l l be poss ib le to reach 
the j th in termediate s ta te and then cont inue the 
planned sequence of act ions from the jth s t a t e . 
However, the ob ject -pushing axiom is an example 
of an axiom tha t probably w i l l i n c o r r e c t l y p re 
d i c t r e s u l t s and yet no f u r t h e r i n fo rma t i on , 
except f o r the new p o s i t i o n , w i l l be a v a i l a b l e . 
For t h i s case, the best approach is probably to 
i t e r a t e toward the ta rge t s t a te by repeated use 
of the push axiom to generate a new p l a n . Hope
f u l l y , the process converges. 

For a g iven ax iomat iza t ion feedback does not 
necessar i ly make i t any easier to f i n d a p roo f . 
However, knowing tha t the system uses feedback 
al lows us to choose a simpler and less accurate 
axiom system. Simple axiom systems can then 
lead to shor te r p roo f s . 

One can env is ion f o rma l i z i ng t h i s e n t i r e 
problem-solv ing process, i nc lud ing the no t ion of 
feedback, v e r i f y i n g whether or not a g iven con
d i t i o n is met, updat ing the model, recu rs i ve l y 
c a l l i n g the theorem prover, e t c . The author has 
not attempted such a f o r m a l i z a t i o n , although he 
has w r i t t e n a f i r s t - o r d e r f o r m a l i z a t i o n of the 
theorem prover ' s own problem-solv ing s t r a tegy . 
This ra ises the very i n t e r e s t i n g p o s s i b i l i t y o f 
s e l f - m o d i f i c a t i o n o f s t r a tegy ; however, in prac
t i c e such problems l i e w e l l beyond the cur rent 
theorem-proving capaci ty of the program. 

C. A Simple Robot Problem 

Now l e t us consider a problem r e q u i r i n g the 
use of a ramp to r o l l onto a p l a t f o rm , as i l l u s 
t r a t e d below. 

The goal is to push the box b1 from p o s i t i o n 
to x2 . To get onto the p l a t f o rm , the robot 

must push the ramp to the p l a t f o rm , and then 
r o l l up the ramp onto the p l a t f o r m . 

A simple problem fo rmu la t ion can use a 
spec ia l ramp-using axiom such as 

R4. 

w i t h the obvious meaning. Such a s o l u t i o n is 
quick but leaves much to be desi red in terms of 
g e n e r a l i t y . 

A more general problem statement is one in 
which the robot has a desc r i p t i on of i t s own 
c a p a b i l i t i e s , and a t r a n s l a t i o n of t h i s statement 
o f i t s a b i l i t i e s i n t o the basic terms tha t de
scr ibe i t s sensory and human-given model of the 
w o r l d . I t then learns from a fundamental l eve l 
to deal w i th the w o r l d . Such a knowledge doesn' t 
make f o r the quickest so l u t i on to a f r equen t l y -
encountered problem, but c e r t a i n l y does lend 
i t s e l f to l e a r n i n g , greater degrees of problem-
s o l v i n g , and s e l f - r e l i a n c e in a new problem 
s i t u a t i o n . 

Closer to t h i s extreme of greatest gene ra l i t y 
i s the f o l l o w i n g ax iomat iza t ion . 

R5. 

This axiom says tha t r describes a rec tang le hav
ing ends x 1 a n d T h e maximum slope i s less 
than a constant the width r is greater than 
the r o b o t ' s w id th w0 , the space above r to the 
r o b o t ' s height hQ is c l ea r , and the rec tang le r 
has a s o l i d su r face . 

Two paths can be j o ined as f o l l o w s : 
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R6. 

From these two axioms (R5 and R6) , the push 
axiom (R2), and a recogn i t ion of a so l i d object 
t ha t can be used as a ramp, a so lu t i on can be 
obtained in terms of c l imb, push, j o i n , e t c . This 
more general method of so lu t i on would of course be 
slower than using the specia l ramp axiom. On the 
other hand, the more general method w i l l probably 
be more use fu l i f the robot w i l l be required to 
const ruct a ramp, or recognize and push over a 
p o t e n t i a l ramp tha t is standing on i t s wide end. 

The danger in t r y i n g the more general methods 
is tha t one may be asking the theorem prover to r e -
der ive some s i g n i f i c a n t po r t i on of math or physics, 
in order to solve some simple problem. 

V I . Automatic Programming 

A. I n t r oduc t i on 

The automatic w r i t i n g , checking, and debug
ging of computer programs are problems of great 
i n t e r e s t both f o r t h e i r independent importance and 
as usefu l t oo l s f o r i n t e l l i g e n t machines. This 
sec t ion shows how a theorem prover can be used to 
solve c e r t a i n automatic programming problems. The 
f o r m a l i z a t i o n given here w i l l be used to prec ise ly 
s ta te and solve the problem of automatic generation 
of programs, inc lud ing recurs ive programs, along 
w i th concurrent generat ion of proofs of the co r rec t 
ness of these programs. Thus any programs auto
ma t i ca l l y w r i t t e n by t h i s method have no e r r o r s . 

We s h a l l take LISP "' as our example of a 
programming language. In the LISP language, a 
f unc t i on is described by two e n t i t i e s : (1) i t s 
va lue, and (2) i t s side e f f e c t . Side e f fec ts can 
be described in terms of t h e i r e f f ec t upon the 
s ta te of the program. Methods f o r descr ib ing 
s ta te - t rans fo rmat ion operat ions, as we l l as meth
ods f o r the automatic w r i t i n g of programs in a 
s ta te - t rans fo rmat ion language, were presented in 
Secs. I and I I . For s i m p l i c i t y , in t h i s sect ion 
we s h a l l discuss "pure" LISP, in which a LISP 
f unc t i on corresponds to the standard not ion of a 
f u n c t i o n — i . e . , i t has a value but no side e f f e c t . 

Thus we s h a l l use pure LISP 1.5 without the 
program f e a t u r e , which is essen t i a l l y the lambda 
ca l cu lus . In t h i s r e s t r i c t e d system, a LISP p ro 
gram is merely a f u n c t i o n . For example, the LISP 
func t i on car appl ied to a l i s t re turns the f i r s t 
element of the l i s t . Thus if the var iab le x has 
as value the l i s t (a b c ) , then car(x) = a. The 
LISP f unc t i on cdr y ie lds the remainder of the l i s t , 
thus CDR(x) = ( b e ) , and ca r (cd r (x ) ) = b. There 
are several approaches one may take in f o rma l i z 
ing LISP; the one given here is a simple mapping 
from LISP's lambda calculus to the predicate c a l 
cu lus . LISP programs are represented by f unc t i ons . 
The syntax of pure LISP 1.5, is normal func t ion 
composi t ion, and the corresponding syntax f o r the 
f o rma l i za t i on is also func t ion composi t ion. LISP 
"p red ica tes" are represented in LISP—and in t h i s 

formal iza t ion—as funct ions having e i t he r the 
value NIL ( fa lse) or e lse a value not equal to 
NIL ( t r u e ) . The semantics are given by axioms 
r e l a t i n g LISP funct ions t o l i s t s t r u c t u r e s , e . g . , 
(Vx,y)car(cons(x,y) ) = x, where cons(x,y) is the 
l i s t whose f i r s t element is x and whose remainder 
i s y . 

In our fo rmula t ion of programming problems, 
we emphasize the d i s t i n c t i o n between the program 
(represented as a func t ion in LISP), that solves 
a problem and a tes t f o r the v a l i d i t y of a s o l u 
t i o n to a problem (represented as a predicate in 
l o g i c ) . I t is o f ten much easier to construct the 
predicate than i t i s to construct the f u n c t i o n . 
Indeed, one may say tha t a problem is not we l l 
defined u n t i l an e f f e c t i v e tes t f o r i t s so lu t i on 
i s prov ided. 

For example, suppose we wish to w r i t e a p ro 
gram tha t sor ts a l i s t . This problem is not 
f u l l y spec i f ied u n t i l the meaning o f " s o r t " i s 
expla ined; and the method of explanat ion we choose 
is to provide a predicate R(x,y) that is t rue i f 
l i s t y is a sorted vers ion of l i s t x and f a l se 
otherwise. (The prec ise method of de f in ing t h i s 
r e l a t i o n R w i l l be given l a t e r . ) 

In genera l , our approach to using a theorem 
prover to solve programming problems in LISP r e 
quires that we give the theorem prover two sets of 
i n i t i a l axioms : 

(1) Axioms de f i n i ng the funct ions and con
s t ruc ts of the subset of LISP to be used 

(2) Axioms de f i n i ng an input -output r e l a t i o n 
such as the r e l a t i o n R ( x , y ) , which is to be t rue 
if and only i f x is any input of the appropr iate 
form fo r some LISP program and y is the co r re 
sponding output to be produced by such a program. 

Given t h i s r e l a t i o n R, and the LISP axioms, 
by having the theorem prover prove (or disprove) 
the appropr iate quest ion we can formulate the 
fo l l ow ing four kinds of programming problems: 
checking, s imu la t i on , v e r i f y i n g (debugging), and 
program w r i t i n g . These problems may be explained 
using the so r t program as an example as f o l l ows : 

(1) Checking: The form of the quest ion is 
R(a,b) where a and b are two given l i s t s . By 
proving R(a,b) t rue or f a l s e , is checked to be 
e i t he r a sorted vers ion of a_ or no t . The desired 
answer is accordingly e i t he r yes or no. 

(2) S imu la t ion : The form of the quest ion is 
(3x )R(a ,x ) , where a is a given input l i s t . I f 
the quest ion is answered yes, then a 
sorted vers ion of x ex i s t s and a sorted version 
is constructed by the theorem prover . Thus the 
theorem prover acts as a sor t program. If the 
answer is no, then it has proved that a sorted 
vers ion of x does not ex i s t (an impossible answer 
i f a is a proper l i s t ) . 

The form of the quest ion is 
< vhere g(x) is a program w r i t t e n 

- 2 3 1 -



b y t h e u s e r . T h i s mode i s known a s v e r i f y i n g , d e 
b u g g i n g , p r o v i n g a p rogram c o r r e c t , o r p r o v i n g a 
p rog ram i n c o r r e c t . I f t h e answer t o ( V x ) R ( x , g ( x ) ) 
i s y e s , t h e n g ( x ) s o r t s e v e r y p r o p e r i n p u t l i s t and 
t h e p rog ram i s c o r r e c t . I f t h e answer i s n o , a 
c o u n t e r e x a m p l e l i s t c , t h a t t h e p rog ram w i l l n o t 
s o r t , must b e c o n s t r u c t e d b y t h e t heo rem p r o v e r . 
T h i s mode r e q u i r e s i n d u c t i o n axioms t o p r o v e t h a t 
l o o p i n g o r r e c u r s i v e programs c o n v e r g e . 

(4 ) Program W r i t i n g : The f o r m o f t h e q u e s t i o n i s 
( V x ) ( e y ) R ( x , y ) . I n t h i s s y n t h e s i s mode t h e p rogram 
i s t o b e c o n s t r u c t e d o r e l s e p roved i m p o s s i b l e t o 
c o n s t r u c t . I f t h e answer i s y e s , t h e n a p r o g r a m , 
say f ( x ) , must b e c o n s t r u c t e d t h a t w i l l s o r t a l l 
p r o p e r i n p u t l i s t s . I f t h e answer i s n o , a n u n s o r t -
a b l e l i s t ( i m p o s s i b l e , i n t h i s case) must b e p r o 
d u c e d . T h i s mode a l s o r e q u i r e s i n d u c t i o n a x i o m s . 
The f o rm o f t h e p r o b l e m s t a t e m e n t shown he re i s 
o v e r s i m p l i f i e d f o r t h e sake o f c l a r i t y . The exac t 
f o r m w i l l b e shown l a t e r . 

I n a d d i t i o n t o t h e p o s s i b i l i t y o f " y e s " answer 
and t h e " n o " answer , t h e r e i s a lways t h e p o s s i b i l 
i t y o f a "no p r o o f f o u n d " answer i f t h e s e a r c h i s 
h a l t e d by some t i m e o r space bound . The e l i m i n a 
t i o n o f d i s j u n c t i v e answe rs , w h i c h i s assumed i n 
t h i s s e c t i o n , was e x p l a i n e d i n Sec. B . 

These methods a r e summarized i n t h e f o l l o w i n g 
t a b l e . The r e a d e r may v i e w R ( x , y ) as r e p r e s e n t i n g 
some g e n e r a l d e s i r e d i n p u t - o u t p u t r e l a t i o n s h i p . 

Programming Form of 
P rob lem Q u e s t i o n 

D e s i r e d 
Answer 

(1 ) Check ing R ( a , b ) yes o r no 

(2) S i m u l a t i o n ( e x ) R ( a , x ) y e s , x = b 
o r no 

(3 ) V e r i f y i n g ( V x ) R ( x , g ( x ) ) yes 
o r n o , x = c 

(4 ) Program (Vx) E y ) R ( x , y ) y e s , y - f ( x ) 
W r i t i n g or n o , x = c 

We now p r e s e n t an a x i o m a t i z a t i o n o f LISP f o l 
lowed by two a x i o m a t i z a t i o n s o f t h e s o r t r e l a t i o n R 
(one f o r a s p e c i a l case and one more g e n e r a l ) . 

B . A x i o m a t i z a t i o n o f a Subset o f L ISP 

A l l L ISP f u n c t i o n s and p r e d i c a t e s w i l l b e 
w r i t t e n i n s m a l l l e t t e r s . The f u n c t i o n s 
" e q u a l ( x , y ) , " " a t ( x ) , " and " n u l l ( x ) " e v a l u a t e t o 
" n i l " i f f a l s e and s o m e t h i n g n o t e q u a l t o " n i l , " 
say " T , " i f t r u e . The p r e d i c a t e s o f f i r s t - o r d e r 
l o g i c t h a t a r e used t o d e s c r i b e L ISP a r e w r i t t e n 
i n c a p i t a l l e t t e r s . These , o f c o u r s e , have t r u t h 
v a l u e s . 

The v e r s i o n o f LISP d e s c r i b e d h e r e does n o t 
d i s t i n g u i s h be tween an S - e x p r e s s i o n and a copy o f 
t h a t S - e x p r e s s i o n . The re i s some redundancy i n 
t h e f o l l o w i n g f o r m u l a t i o n , i n t h a t c e r t a i n f u n c 
t i o n s and p r e d i c a t e s c o u l d have been d e f i n e d i n 
t e r m s o f o t h e r s ; however , t h e redundancy a l l o w s u s 
t o s t a t e t h e p r o b l e m more c o n c i s e l y . A l s o , some 
axioms c o u l d have been e l i m i n a t e d s i n c e t h e v a r e 

d e r i v a b l e f r o m o t h e r s , b u t a r e i n c l u d e d f o r c l a r 
i t y . The v a r i a b l e s x , y , and z a r e bound by 
u n i v e r s a l q u a n t i f i e r s , b u t t h e q u a n t i f i e r s a r e 
o m i t t e d f o r t h e sake o f r e a d a b i l i t y whe reve r 
p o s s i b l e . The f o r m u l a t i o n i s g i v e n b e l o w : 

P r e d i c a t e s Mean ing 

NULL(x) x = n i l 

L I S T ( x ) x i s a l i s t 

ATOM(x) x is an atom 

x = y x is e q u a l to y 

F u n c t i o n s Meaning 

c a r ( x ) 

c d r ( x ) 

c o n s ( x , y ) 

The f i r s t e lement o f t h e l i s t x . 

The r e s t o f t h e l i s t x . 

I f y i s a l i s t t h e n t h e v a l u e o f 
c o n s ( x , y ) i s a new l i s t t h a t has 
x as i t s f i r s t e lemen t and y as 
t h e r e s t o f t h e l i s t , e . g . , 
c o n s ( l , ( 2 3 ) ) = ( 1 2 3 ) . I f y i s 
a n atom i n s t e a d o f a l i s t , 
c o n s ( x , y ) has as v a l u e a " d o t t e d 
p a i r , " e . g . , c o n s ( l , 2 ) = ( 1 - 2 ) . 

c o n d ( x , y , z ) The c o n d i t i o n a l s t a t e m e n t , i f x = 
n i l t h e n y e l s e z . No te t h a t t h e 
s y n t a x o f t h i s f u n c t i o n i s s l i g h t l y 
d i f f e r e n t t h a n t h e u s u a l L ISP s y n t a x 

n i l The n u l l (empty) l i s t c o n t a i n i n g n o 
e l e m e n t s . 

e q u a l ( x , y ) E q u a l i t y t e s t , whose v a l u e i s " n i l " 
i f x does n o t e q u a l y . 

a tom(x ) Atom t e s t , whose v a l u e i s " n i l " i f 
x is n o t an a t o m . 

n u l l ( x ) N u l l t e s t , whose v a l u e i s " n i l " i f 

x i s n o t e q u a l t o n i l . 

Axioms 

L I : x = c a r ( c o n s ( x , y ) ) 

L 2 : y = c d r ( c o n s ( x , y ) ) 

L3 : ~ATOM(x) => x = cons ( c a r (x ) , c d r ( x ) ) 

L 4 : ~ A T O M ( c o n s ( x , y ) ) 

L 5 : ATOM(n i l ) 

L 6 : x = n i l 3 c o n d ( x , y , z ) = z 

L 7 : x f n i l 3 c o n d ( x , y , z ) = y 

L 8 : x = y = e q u a l ( x , y ) # n i l 

L 9 : ATOM(x) = a tom(x ) # n i l 

L 1 0 : NULL(x) - n u l l ( x ) # n i l 

C . A S i m p l i f i e d S o r t P rob lem 
B e f o r e e x a m i n i n g a more g e n e r a l s o r t p r o b l e m , 

c o n s i d e r t h e f o l l o w i n g v e r y s i m p l e s p e c i a l c a s e . 
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so r t ( x ) A LISP sor t f unc t i on ( to be con
s t ructed) g i v i n g as i t s value a 
sorted vers ion o f x . 

merge(x,u) A LISP merge f unc t i on merging x 
i n t o the sor ted l i s t u , such that 
the l i s t re turned contains the 
elements of u» and also contains 
x , and t h i s l i s t i s s o r t e d . 

P(x ,u ,y ) A pred icate s t a t i n g tha t y is the 
r e s u l t of merging x i n t o the sorted 
l i s t u . 

We def ine P ( x , u , y ) , tha t y is u w i t h x merged 
i n t o i t : 

S4. 

Thus P(x ,u ,y ) holds i f and only i f the f a c t t ha t u 
is sor ted impl ies tha t y contains x in add i t i on to 
the elements of u, and y is so r t ed . One such merge 
f u n c t i o n is merge(x,u) = c o n d ( n u l l ( u ) , c o n s ( x , u ) , 
cond( lessp(x ,ca r (u ) ) ( cons(x ,u ) , cons (ca r (u ) ,merge(x , 
c d r ( u ) ) ) ) ) . 

The axiom requ i red to descr ibe the merge func
t i o n is : 
S5. 

This completes a d e s c r i p t i o n of the predicates 
ON, SD, R, and P. Together, these spec i fy the 
inpu t -ou tpu t r e l a t i o n f o r a so r t f unc t i on and a 
merge f u n c t i o n . Before posing the problems to the 
theorem prover , we need to in t roduce axioms tha t 
descr ibe the convergence of recurs ive f u n c t i o n s . 

E. Induc t ion Axioms 

In order to prove that a recurs ive f unc t i on 
converges to the proper va lue , the theorem prover 
requ i res an induc t ion axiom. An example of an 
induc t ion p r i n c i p l e is tha t i f one keeps tak ing 
"cd r " of a f i n i t e l i s t , one w i l l reach the end of 
the l i s t in a f i n i t e number o f s teps . This is 
analogous to an induc t ion p r i n c i p l e on the non-
negat ive i n t ege rs , i . e . , l e t " p " be a p red i ca te , 
and " h " a f u n c t i o n . Then f o r f i n i t e l i s t s , 

is analogous to 

f o r nonnegative i n t e g e r s . 

There are other kinds of i nduc t ion c r i t e r i a 
besides the one g iven above. Unfo r tuna te ly , f o r 
each recurs ive f unc t i on tha t is to be shown to 
converge, the appropr ia te i nduc t i on axiom must be 
c a r e f u l l y formulated by the user . The induc t ion 
axiom also serves the purpose of i n t roduc ing the 

name of the f unc t i on to be w r i t t e n . We w i l l now 
give the problem statement f o r the sor t program, 
in t roduc ing appropr ia te i nduc t i on in fo rmat ion 
where necessary. 

F. The Sort Problem 

Examples i l l u s t r a t i n g the four k ipds of prob
lems are shown below. 

(1) Checking: 

A: yes 

(2) S imu la t ion : 

(3) V e r i f y i n g : Now consider the v e r i f y i n g or de
bugging problem. Suppose we are given a proposed 
d e f i n i t i o n of a sor t f unc t i on and we want to know 
i f i t i s c o r r e c t . Suppose the proposed d e f i n i t i o n 
i s 

S6. 

Thus sor t is def ined in terms of car , cdr , cond, 
n u l l , merge, and s o r t . Each of these func t ions 
except sor t is already described by prev ious ly 
given axioms. We also need the appropr ia te induc
t i o n axiom in terms of s o r t . Of course, the par 
t i c u l a r induc t ion axiom needed depends on the 
d e f i n i t i o n o f the p a r t i c u l a r so r t f unc t i on g i ven . 
For t h i s sor t f unc t i on the p a r t i c u l a r induc t ion 
axiom needed is 

S7. 

The f o l l ow ing con jecture can then be posed to the 
theorem prover : 

A: yes 

(4) Program w r i t i n g : The next problem is tha t of 
synthes iz ing or w r i t i n g a sor t f u n c t i o n . We assume, 
of course, tha t no d e f i n i t i o n such as S6 is p ro 
v ided . Cer ta in in fo rmat ion needed f o r t h i s par 
t i c u l a r problem might be considered to be a par t of 
t h i s p a r t i c u l a r problem statement ra ther than a 
par t of the data base. We s h a l l phrase the quest ion 
so tha t in add i t i on to i t s primary purpose of ask
ing f o r a s o l u t i o n , the quest ion provides three more 
pieces of i n f o rma t i on : (a) The quest ion assigns a 
name to the f unc t i on t ha t is to be cons t ruc ted . A 
recurs ive f unc t i on i s def ined i n terms o f i t s e l f , 
so to const ruct t h i s d e f i n i t i o n the name of the 
f unc t i on must be known (or e lse created i n t e r n a l l y ) . 
(b) The quest ion spec i f i es the number of arguments 
of the f unc t i on t ha t is to be considered. 
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(c) The quest ion (rather than an induct ion axiom) 
gives the p a r t i c u l a r induc t ive hypothesis to be 
used in const ruc t ing the f unc t i on . 

In t h i s formi the question and answer are 

Thus the quest ion names the func t ion to be " s o r t " 
and spec i f i es tha t i t is a func t ion of one argu
ment . The quest ion gives the induct ive hypothesis— 
that the func t i on sor ts cdr(x)—and then asks fo r 
a func t ion tha t sor ts x. When the answer y is 
found y is labeled to be the func t ion sor t (x ) . 

Using t h i s formulat ion QA3 was unable to w r i t e 
the sor t program in a reasonable amount of t ime, 
although the author d id f i n d a correct proof w i t h i n 
the reso lu t i on formal ism*. The creat ion of the 
merge func t ion can also be posed to the theorem 
prover by the same methods. 

G. Discussion of Automatic Programming Problems 

The axioms and conjectures given here i l l u s 
t r a t e the fundamental ideas of automatic program
ming. However, t h i s work as we l l as e a r l i e r work 

and others pro
vides merely a small part of what needs to be done. 
Below we present discussion of issues that might 
p r o f i t from f r u the r i n v e s t i g a t i o n . 

Loops. One obvious extension of t h i s method 
is to create programs tha t have loops rather than 
recu rs ion . A simple technique ex is ts fo r carry ing 
out t h i s opera t ion . F i r s t , one wr i tes j u s t recurs
ive f unc t i ons . Many recurs ive funct ions can then 
be converted i n t o i t e r a t i o n — i . e . , fas ter - runn ing 
loops tha t do not use a stack. McCarthy30 gives 
c r i t e r i a tha t determine how to convert recursion to 
i t e r a t i o n . An a lgor i thm fo r determining cases in 
which recurs ion can be converted to i t e r a t i o n , and 
then performing the conversion process is embedded 
in modern LISP compi lers. This a lgor i thm could be 
appl ied to recurs ive funct ions w r i t t e n by the 
theorem-proving program. 

Separation of Aspects of Problem Solv ing. Let 
us d i v i de in format ion i n t o three types: (1) I n f o r 
mation concerning the problem descr ip t ion and 
semantics. An example of such informat ion is given 
in the axiom or axiom SI that defines a 
sorted l i s t . (2) Informat ion concerning the target 
programming language, such as the axiom 
cond(x,y,z) = z ] . (3) Informat ion concerning the 
i n t e r r e l a t i o n of the problem and the target l a n 
guage, such as [LESS(x,y) = lessp(x,y) 

A f t e r t h i s paper was w r i t t e n the problem was r e 
formulated using a d i f f e r e n t set of axioms. In 
the new formulat ion QA3 created the sor t program 
"so r t ( x ) = c o n d ( x , m e r g e ( c a r ( x ) , s o r t ( c d r ( x ) ) ) , n i l ) . 

These kinds of in format ion are no t , of course, 
mutual ly exc lus ive . 

In the axiom systems presented, no d i s t i n c t i o n 
is made between such classes of in fo rmat ion . Con
sequently, during the search f o r a proof the theorem 
prover might attempt to use axioms of type 1 fo r pur
poses where it needs informat ion of type 2. Such 
attempts lead nowhere and generate useless clauses. 
However, as discussed in S e c . I I - G , we can place in 
the proof strategy our knowledge of when such i n f o r 
mation is to be used, thus leading to more e f f i c i e n t 
proofs . One such method—call ing f o r the cond i t i ona l 
axioms at the r i g h t t ime, as discussed in Sec. I I - G — 
has been implemented in QA3. 

The PROW program of Waldinger and Lee6 provides 
a very promising method of separating the problem 
of proof const ruct ion from the problem of program 
cons t ruc t ion . In t h e i r system, the only axioms 
used are those that describe the s u b j e c t — i . e . , 
s tate the problem. Their proof that a so lu t ion 
ex is ts does not d i r e c t l y construct the program. 
Instead, in format ion about the target programming 
language, as we l l as in format ion about the r e l a t i o n 
ship of the target-programming language to the 
problem-statement language, is in another part of 
the PROW program—the "post-processor." The post
processor then uses t h i s in format ion to convert 
the completed proof i n to a program. The post
processor also converts recurs ion i n to loops and 
allows several target programming languages. 

If our goal is to do automatic programming 
invo lv ing complex programs, we w i l l probably wish 
to do some op t im iza t ion or problem so lv ing on the 
target language i t s e l f . For t h i s reason we might 
want to have axioms that give the semantics of the 
target language, and also al low the intercommunica
t i o n of in format ion in the problem-statement l an 
guage w i th in format ion in the target language. 
Two p o s s i b i l i t i e s fo r how to do t h i s e f f i c i e n t l y 
suggest themselves: (a) Use the methods presented 
here in which a l l in format ion i s in f i r s t - o r d e r 
l o g i c . To gain e f f i c i e n c y , use special problem-
so lv ing s t ra teg ies that minimize unnecessary i n t e r 
a c t i o n ; (b) Use a h igher-order log ic system, in 
which the program const ruc t ion is separated from 
the proof cons t ruc t ion , possib ly by being at 
another l e v e l . The program const ruct ion process 
might then be described in terms of the f i r s t -
order existence proo f . 

Problem Formulat ion. The axiomat izat ion given 
here has considerable room fo r improvement: Missing 
por t ions of LISP inc lude the program features and 
the use of lambda to bind va r iab les . The funct ions 
to be w r i t t e n must be named by the user, and the 
number of arguments must also be speci f ied by the 
user. 

Heur is t i cs f o r Program-Writing Problems. Two 
heu r i s t i c s have been considered so f a r . The f i r s t 
consists of examining the program as it is con
st ructed (by look ing ins ide the answer l i t e r a l ) . 
Even though the syntax is guaranteed cor rec t , the 
answer l i t e r a l may contain various nonsense or 
undefined construct ions (such as c a r ( n i l ) ) . Any 
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clause conta in ing such constructed answers should 
be e l im ina ted . Another h e u r i s t i c is to ac tua l l y 
run the p a r t i a l program by a pseudo-LISP i n t e r 
p re te r on a sample problem. The theorem prover 
knows the cor rec t performance on these sample 
problems because they have e i t h e r been so lu t ions 
or e lse counterexamples to program-simulat ion 
questions tha t were stored in memory, or e lse they 
have been provided by the user. If the pseudo-
LISP i n t e r p r e t e r can produce a p a r t i a l output tha t 
is i n c o r r e c t , the p a r t i a l program can be e l im ina ted . 
If done p roper l y , such a method might be va luab le , 
but in our l i m i t e d experience, i t s usefulness i s 
not yet c l e a r . 

Higher-Level Programming Concepts. A 
necessary requirement f o r p r a c t i c a l program w r i t 
ing is the development of h i ghe r - l eve l concepts 
(such as the LISP "map" func t ion) tha t descr ibe 
the use of f requen t l y employed constructs ( func
t ions) o r p a r t i a l cons t ruc ts . 

I n d u c t i o n . The var ious methods of proof by 
induc t ion should be studied f u r t h e r and re l a ted 
to the kinds of problems in which they are u s e f u l . 
The automatic se lec t i on or generat ion of appro
p r i a t e i nduc t ion axioms would be most h e l p f u l . 

Program Segmentation. Another i n t e r e s t i n g 
problem is tha t of automat ica l ly generat ing the 
s p e c i f i c a t i o n s f o r the subfunct ions to be ca l l ed 
before w r i t i n g these f unc t i ons . For example, 
in our system, the sor t problem was d iv ided i n t o 
two problems: F i r s t , speci fy and create a merge 
f u n c t i o n , next speci fy a so r t f unc t i on and then 
const ruct t h i s f unc t i on in terms of the merge 
f u n c t i o n . The segmentation i n t o two problems and 
the s p e c i f i c a t i o n of each problem was provided by 
the user . 

V I I . Discussion 

The theorem prover may be considered an 
" i n t e r p r e t e r " f o r a h i gh - l eve l asse r t i ona l or 
dec la ra t i ve language—logic . As in the case w i t h 
most h i g h - l e v e l programming languages the user may 
be somewhat d i s t a n t from the e f f i c i e n c y of " l o g i c " 
programs unless he knows something about the 
s t ra teg ies of the system. 

The f i r s t app l i ca t ions of QA2 and QA3 were 
to "quest ion answer ing." Typ ica l ques t ion-
answering app l i ca t i ons are usua l l y easy f o r a 
reso lu t i on - t ype theorem prover . Examples of 
such easy problem sets given QA3 inc lude the 
questions done by Raphael's SIR21 S lag le ' s 
DEDUCOMV and Cooper's chemistry ques t ion -
answering program. Usually there are a few 
obvious formulat ions f o r some subject area, and 
any reasonable fo rmu la t ion works w e l l . As one 
goes to harder problems l i k e the Tower of Hanoi 
puzzle, and program-wr i t ing problems, good and 
reasonably we l l - though t -ou t representat ions are 
necessary f o r e f f i c i e n t problem s o l v i n g . 

Some representat ions are be t te r than others 
only because of the p a r t i c u l a r s t ra tegy used to 
search f o r a p roo f . I t would be des i rab le i f the 
theorem prover could adopt the best s t ra tegy f o r 
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a given problem and represen ta t ion , or even change 
the rep resen ta t i on . I don ' t be l ieve these goals 
are impossib le, but at present i t is not done. 
However, a l i b r a r y of s t ra tegy programs and a 
s t ra tegy language is s lowly evo lv ing in QA3. To 
change s t ra teg ies in the present vers ion the user 
must know about se t -o f -suppor t and other program 
parameters such as l e v e l bound and term-depth 
bound. To r a d i c a l l y change the s t ra tegy , the user 
present ly has to know the LISP language and must 
be able to modify c e r t a i n s t ra tegy sect ions of 
the program. In p r a c t i c e , several i nd i v i dua l s 
who have used the system have modi f ied the search 
s t ra teg ies to s u i t t h e i r needs. To add and debug 
a new h e u r i s t i c or to modify a search s t ra tegy 
where reprogramming is requi red seems to take from 
a few minutes to several days, perhaps averaging 
one day. U l t ima te ly i t is intended tha t the system 
w i l l be able to w r i t e simple s t ra tegy programs 
i t s e l f , and "understand" the semantics of i t s 
s t r a t e g i e s . 

Experience w i t h the robot app l i ca t ions and 
the automatic programming app l i ca t ions emphasize 
the need f o r a very v e r s a t i l e l o g i c a l system. A 
su i tab le h igher-order l o g i c system seems to be one 
of the best candidates. Several recent papers are 
re levant to t h i s t o p i c . A promising higher order 
system has been proposed by Robinson. Baner j i 
discusses a higher order language. One c r u c i a l 
f ac to r in an inference system is a su i t ab le method 
f o r the treatment o f the equa l i t y r e l a t i o n . D is 
cussion of methods f o r the treatment of equa l i t y 
is provided by Wos and Robinson, and Robinson 
and Wos, and Kowalsk i . McCarthy and Hayes° 
inc lude a d iscuss ion of modal l o g i c s . 

The theorem-proving program can be used as an 
experimental t o o l in the t e s t i n g of problem formu
l a t i o n s . I n exp lor ing d i f f i c u l t problems i t can 
be use fu l to w r i t e a computer program to t e s t a 
problem fo rmu la t ion and so l u t i on technique, since 
the machine tends to sharpen one's understanding 
of the problem. I be l ieve tha t in some problem-
so lv ing app l i ca t ions the "h i gh - l eve l language" of 
l og i c along w i th a theorem-proving program can be 
a quick programming method f o r t e s t i n g ideas . One 
reason is tha t a representa t ion in the form of an 
axiom system can correspond qu i t e c lose l y to one's 
conceptua l iza t ion of a problem. Another reason is 
tha t i t is sometimes easier to re formulate an 
axiom system ra ther than to rewr i t e a problem-
so l v i ng program, and t h i s ease of re fo rmu la t i on 
f a c i l i t a t e s e x p l o r a t i o n . 

Resolut ion theorem-proving methods are shown 
in t h i s paper to have the p o t e n t i a l to serve as 
a general problem-solv ing system. A modif ied theorem-
prov ing program can w r i t e simple robot problems, and 
solve simple puzz les. Much work remains to be done 
before such a system is capable of so l v ing problems 
tha t are d i f f i c u l t by human standards. 
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APPENDIX 

The ax ioms f o r t h e Monkey and Bananas p r o b l e m a r e l i s t e d b e l o w , f o l l o w e d b y t h e p r o o f . The t e r m 
SK24(S ,P2 ,P1 ,B) t h a t f i r s t appea rs i n c l a u s e 1 6 o f t h e p r o o f i s a Skolem f u n c t i o n g e n e r a t e d b y t h e 
e l i m i n a t i o n o f (Vx) i n t h e c o n v e r s i o n o f ax iom MB4 t o q u a n t i f i e r - f r e e c l a u s e f o r m . (One may t h i n k o f 
i t a s t h e o b j e c t t h a t i s no t a t p l a c e P 2 i n s t a t e S . ) 

L IST MONKEY 

MB1 (MOVABLE BOX) 

(FA(X)(NOT(AT X UNDER-BANANAS S 0 ) ) ) 

(AT BOX PLACEB 30) 

(FA(B PI P2 S ) ( IF (AND(AT B PI S) (MOVABLE B) (FA(X) (NOT(AT X P2 S ) ) ) ) ( A N D ( A T MONKEY P2 
(MOVE(MONKEY B P2 S ) ) ( A T B P2(MOVE MONKEY B 

(FA(S)(CLIMBABLE MONKEY BOX S) ) 

(FA(M P B S) ( IF (AND(AT B P S)(CLIMBABLE M B S)) (AND(AT B P(CLIMB M B S ) ) (ON M B 
(CLIN© M B 

(FA(S) ( IF (AND(AT BOX UNDER-BANANAS S)(ON MONKEY BOX S))(REACHABLE MONKEY BANANAS 

(FA(M B S)(IF(REACHABLE M B S)(HAS M B(REACH M B 

(EX(S)(HAS MONKEY BANANAS S) ) 

YES, S = REACH(MONKEY,BANANAS,CLIMB(MONKEY,BOX,MOVE(MONKEY,BOX,UNDER-BANANAS,S0))) 

PROOF 

1 -AT(X,UNDER-BANANAS,S0) 

2 AT(BOX,PLACEB,S0) 

3 CLIMBABLE(MONKEY,BOX,S) 

4 -HAS(MONKEY,BANANAS,S) 

ANSWER(S) 

5 HAS(M,B,REACH(M,B,S)) -REACHABLE(M,B,S) 

6 -REACHABLE(MONKEY,BANANAS,S) 

ANSWER(REACH(MONKEY,BANANAS,S)) 

7 REACHABLE(MONKEY,BANANAS,S) -AT(BOX,UNDER-BANANAS,S) -ON(MONKEY,BOX,S) 

8 -AT(BOX,UNDER-BANANAS,S) -ON(MONKEY,BOX,S) 

ANSWER(REACH(MONKEY,BANANAS,S)) 

9 ON(M,B,CLIMB(M,B,S) ) - A T ( B , P , S ) -CLIMBABLE(M,B,S) 

10 -AT(BOX,UNDER-BANANAS,CLIMB(MONKEY,BOX,S)) -AT(BOX,P,S) -CLIMBABLE(MONKEY,BOX,S) 

ANSWER(REACH(MONKEY,BANANAS,CLIMB(MONKEY,BOX,S))) 

11 -AT(BOX,UNDER-BANANAS,CLIMB(MONKEY,BOX,S)) -AT(BOX,P,S) 

ANSWER(REACH(MONKEY,BANANAS,CLIMB(MONKEY,BOX,S))) 

12 AT(B ,P ,CL IMB(M,B ,S ) ) - A T ( B , P , S ) -CLIMBABLE(M,B,S) 

13 -AT(BOX,XXI ,S) -AT(BOX,UNDER-BANANAS,S) -CLIMBABLE(MONKEY,BOX,S) 

ANSWER(REACH(MONKEY,BANANAS,CLIMB(MONKEY,BOX,S))) 

14 -AT(BOX,XXI ,S) -AT(BOX,UNDER-BANANAS,S) 

ANSWER(REACH(MONKEY,BANANAS,CLIMB(MONKEY,BOX,S))) 

15 -AT(BOX,UNDER-BANANAS,X) 

ANSWER(REACH(MONKEY,BANANAS,CLIMB(MONKEY,BOX,S))) 

16 AT(B,P2,MOVE(MONKEY,B,P2,S)) -MOVABLE(B) - A T ( B , P 1 , S ) A T ( S K 2 4 ( S , P 2 , P 1 , B ) , P 2 , S ) 
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17 -MOVABLE(BOX) -AT(BOX,P l ,S) AT(SK24(S,UNDER-BANANAS,PI,BOX),UNDER-BANANAS,S) FROM 1 5 , 1 6 

ANSWER (REACH (MONKEY, BANANAS ,CLIMB (MONKEY, BOX, MOVE (MONKEY, BOX , UNDER-BANANAS , S) )) ) 

18 -MOVABLE(BOX) AT (SK2 4 (S0 , UNDER-BANANAS ,PLACEB, BOX) , UNDER-BANANAS ,S0) FROM 2,17 

ANSWER(REACH(MONKEY,BANANAS,CLIMB(MONKEY,BOX,MOVE(MONKEY,BOX,UNDER-BANANAS,S0) ) ) ) 

19 -MOVABLE(BOX) FROM 1,18 

ANSWER (REACH (MONKEY, BANANAS ,CLIMB (MONKEY, BOX, MOVE (MONKEY, BOX , UNDER-BANANAS , S0) ) ) ) 

20 MOVABLE(BOX) AXIOM 

21 CONTRADICTION FROM 19 ,20 

ANSWER (REACH (MONKEY, BANANAS , CLIMB (MONKEY, BOX, MOVE (MONKEY, BOX , UNDER-BANANAS, S0) )) ) 

11 CLAUSES LEFT 

28 CLAUSES GENERATED 

22 CLAUSES ENTERED 
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