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MilBASI 
Ma consider the problem of answering pa r t - o f 

quest ions and quest ions about over lap in p a r t i t i o n i n g 
s t r u c t u r e s . which is of importance in A . I . systems 
knowledgeable about pa r t s r e l a t i o n s h i p s , set i nc lus ion 
r e l a t i o n s h i p s or taxonomies of types in an e a r l i e r paper 
1t was noted that the problem of e x t r a c t i n g informat ion 
from a r b i t r a r y sets o f p a r t i t i o n i n g asser t ions 
( "P-graphs") Is i n t r a c t a b l e (at least if P = NP) and the 
more r e s t r i c t i v e c lass of quas i - h i e ra r ch i ca l c losed 
P-graphs was introduced as a f a i r l y f l e x i b l e 
rep resen ta t i on o f p a r t i t i o n i n g s t ruc tu res p e r m i t t i n g 
e f f i c i e n t in fo rmat ion e x t r a c t i o n . The present paper 
int roduces the larger c lass of semi-closed P-graphs. and 
prov ides e f f i c i e n t and complete methods fo r answering 
p a r t - o f and d i s j o i n t n e s s quest ions based on such P-graphs 

I INTRODUCTION 
Consider the r e l a t i v e ease w i t h which people can 

solve "problems" such as 

(1) Does a dog have a spine? 
(2) Is sulphur a precious metal? 

In comparison w i t h a problem such as the f o l l o w i n g : 

(3) The members of a c e r t a i n group of people have the 
f o l l o w i n g p rope r t i es If any one member of the 
group envies another member, and that other member 
envies a t h i r d , then the f i r s t a lso envies the 
t h i r d ; and 1f any two members of the group envy the 
same person then they love each other At , B i l l . 
Ceci l and Dld1 are members of the group, end A) 
envies B111. Ceci l envies B i l l , and Oid i envies 
C e c i l . Doee Dld i love Al? 

(1) and (2) can be solved "wi thout t h i n k i n g " , but (3) 
requ i res some d e l i b e r a t e thought. (Of course some mental 
e f f o r t is requ i red merely to understand the problem, but 
some a d d i t i o n a l e f f o r t is requ i red to solve I t ) . Vet from 
a l og i ca l po in t of view ( 1 ) - ( 3 ) are very much the same 
k inds of problems, namely problems of i n f e r r i n g i nc lus ion 
or d l s j o m t n e s s r e l a t i o n s h i p s in taxonomlc s t r u c t u r e s , and 
(2) probably requ i res as many inference steps as (3) Note 
that i t would be implaus ib le to suppose that people r e c a l l 
that sulphur 1s not a precious metal as an e x p l i c i t l y 
known f a c t , ra ther than an inference 

This suggests that (1) and (2) are solved by very 
e f f i c i e n t specia l -purpose methods that e x p l o i t the 
s t r u c t u r e of taxonomies, wh i le (3) 1s solved by more 
labor ious general methods. Which type of method 1s used 1s 
a matter of f a m i l i a r i t y : if we have r e f l e c t e d on the 
r e l a t i o n s h i p s between A l . B i l l . Ceci l and O ld ! - or a much 
larger group - at l eng th , and the r e l a t i o n s h i p s can be 
viewed taxonomica l ly . we w i l l even tua l l y ass im i l a te the 
taxonomy in the same way we have ass im i la ted the 
taxonomies of animal p a r t s , or the taxonomies of 
substances. 

Even If these comments are psycho log ica l l y 
i nco r rec t , - they serve to make a p r a c t i c a l po in t concerning 
A . I systems: if such systems are to use taxonomlc 
knowledge w i t h the same ease as humans, they w i l l have to 
be equipped w i t h specia l -purpose inference mechanisms fo r 
doing so instead of r e l y i n g on general prob lem-so lv ing 
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s t r a t e g i e s such as recurs ive problem reduc t i on , we see 
t h i s as an important chal lenge in A . I , , g iven the ub iqu i t y 
of pa r t s h ie ra rch ies and concept h ie ra rch ies in v i r t u a l l y 
a l l f i e l d s o f knowledge 

Of course, a great many past and present A , I . 
systems have made allowance fo r h ie ra rch ies of var ious 
kinds For example. Raphael's SIB[1] e f f e c t i v e l y exp lo i t ed 
the t r a n s l v i t y of p a r t - o f r e l a t i onsh ips and Qui l lMan's 
Semantic Memory(2) organized concepts as "subset-superset" 
taxonomies; ( n e i t h e r . I n c i d e n t a l l y , pa id much a t t e n t i o n to 
poss ib le exc lus ion r e l a t i o n s h i p s among subparts or 
subconcepts) More recen t l y P h i l i p Hayes(3] has developed 
network s t ruc tu res and techniques for us ing knowledge 
about p a r t - o f r e l a t i o n s h i p s , and Fahlman(4j has made 
proposals fo r reasoning about " tang led" over lapp ing 
concept h ie ra rch ies in h i s NETL system 

A shortcoming of much of t h i s work has been the 
lack of any attempt to analyse the adequacy of the 
proposed methods. What types of quest ions can they answer? 
Are the answers they der ive r e l i a b l y cor rec t? To what 
c lasses of h ie ra rch ies or " tang led" h ie ra rch ies do they 
apply? W i l l an answer be der ived w i t h i n a reasonable 
length of time? 

In an attempt to remedy t h i s shortcoming. 
Schuber t (5 ,6 ] s tud ied sets of p a r t i t i o n i n g asser t ions of 
the form [a P af . . a n ] , meaning that ob ject a 1s 
p a r t i t i o n e d i n to d i s j o i n t par ts a1 . . . , a n , w i t h P def ined 
in terms of a p a r t - o f r e l a t i o n " c , Such sets of 
asser t ions correspond to a r b i t r a r i l y " tang led" 
h i e r a r c h i e s . One of the f i r s t f i nd ings was that in t h i s 
general case even the simplest quest ions, such as 
?[a p a r t - o f b] can be f o r b i d d i n g l y d i f f i c u l t to answer 
(co-NP complete). This 1s s u r p r i s i n g 1f one is i n c l i n e d to 
be l i eve in the g e n e r a l i t y and e f f i c i e n c y of 
" l abe l -p ropaga t i on " methods. The next step was to de f ine a 
c lass of P-graphs (where a P-graph is e s s e n t i a l l y a set of 
p a r t i t i o n i n g asser t ions ) which avoids the i n t r a c t a b i l i t y 
of u n r e s t r i c t e d P-graphs. yet permits 
" tang led h i e r a r c h i e s " of s u f f i c i e n t l y general k inds to be 
usefu l in p r a c t i c a l Inference problems. To t h i s end a 
c losed P-graph was de f ined , roughly as a set of 
P-assert ions which ( d i r e c t l y or i n d i r e c t l y ) decompose a l l 
pa r t s mentioned in to a subset of a f i x e d set of u l t ima te 
pa r t s Graph i ca l l y , c losed P-graphs have the appearance of 
over lapp ing p a r t i t i o n i n g h ie ra rch ies 1n which a l l downward 
paths terminate at the leaves of some common "main" 
h ie rarchy whose root represents the merge of a l l pa r ts 
mentioned Examples g iven in [5J i l l u s t r a t e how closed 
P-graphs can represent over lap pa r t s and " m u l t i p l e views" 
of the same ob jec t . They can. of course, a lso represent 
p a r t i t i o n i n g s based on r e l a t i o n s other than the p a r t - o f 
r e l a t i o n , as long as these r e l a t i o n s s a t i s f y the assumed 
p rope r t i es of " p a r t - o f " (as mentioned l a t e r , they must 
induce boolean l a t t i c e s ) . This includes the subset-of 
r e l a t i o n and the subconcept-of ( IS-A) r e l a t i o n commonly 
used in taxonomies of types 

While a l l ow ing some tang l i ng of h i e r a r c h i e s , c losed 
P-graphs s t i l l admit very e f f i c i e n t ( l i n e a r or sub 11 near) 
in ference methods fo r quest ions of type ?(a p a r t - o f b) or 
?(a d i s j o i n t - f r o m b ) . as o u t l i n e d in ( 5 ] . Moreover, these 
methods are provably complete This p a r t i a l l y solves the 
problem o r i g i n a l l y addressed. 

The purpose of the present paper 1s two fo ld . The 
f i r s t ob j ec t i v e is to shore up the t heo re t i ca l foundat ions 
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of the e a r l i e r work by supply ing axioms fo r the p a r t - o f 
r e l a t i o n . * s t a t i n g soma immediate consequences and 
c a r e f u l l y d e f i n i n g var ious kinds of P-graphs and re levant 
no t i ons . This is the subject of sect ions 2 and 3. Later 
( i n sec t ion 6) we a lso I l l u s t r a t e the model - t h e o r e t i c 
techniques which prov ide a basis fo r prov ing inference 
a lgor i thms fo r P-graphs cor rec t and complete 

The second ob jec t i ve is to l i b e r a l i z e the no t ion of 
a c losed P-graph so as to provide a more f l e x i b l e 
represen ta t ion f o r pa r ts s t ruc tu res without s a c r i f i c i n g 
inference e f f i c i e n c y . It was noted m (S) (and proved tn 
[ 6 ] ) tha t an a r b i t r a r y P-graph can in p r i n c i p l e be 
converted to a l o g i c a l l y equivalent closed P-graph. 
However, the equiva lent c losed graph may be much larger 
than the o r i g i n a l open graph. 

Consider the f o l l ow ing s i t u a t i o n . Suppose that a 
person (or computer) knows who the f acu l t y members 
a ' , . . ,a?5 of c e r t a i n computer science department C are , 
and a lso knows that the department d iv ides 
o r g a n i z a t i o n a l l y i n to a chairman c f . an advisory committee 
c2, a l i b r a r y committee c3. a col loquium committee c-?, and 
graduate and undergraduate committees, c5 and c6. 
He /she / i t doesn' t know the current chairman or 
c o n s t i t u t i o n of the committees (perhaps a f t e r being out of 
touch f o r a year ) . This in fo rmat ion , in the form of a 
P-graph, is shown in F ig . 1. •• Note that not a l l paths 1n 
t h i s graph terminate at the leaves of a common main 
h ierarchy (though a l l terminate at the leaves of one of 
the two main h i e r a r c h i e s ) , so that the graph is open. 
Conversion of the graph to a d o s e d graph would Introduce 
90 new pa r t s in a d d i t i o n to the 22 already present ! (We 
are Ignor ing cons t ra i n t s such as that c f . the chairman, 
must equal one of a f , . . . , a f 5 and that each ci must consis t 
of a subset of the a f , f o r s i m p l i c i t y ) . This 1s because 

conversion to a c losed graph produces an " a r t i f i c i a l " 
i n t e g r a t i o n of the a l t e r n a t i v e v iewpoints in the o r i g i n a l 
graph. In t roduc ing nodes fo r a l l the ways in which par ts 
in ona view may over lap w i t h par ts 1n the other Tha 
quest ion-answer ing a lgor i thms re l y on the presence of 
these over lap nodes Vet it 1s obvious that pa r t - o f 
quest ions and d l s j o l n t n e s s questions can be answered very 
e a s i l y fo r the o r i g i n a l graph; every th ing 1s par t of C, 
and w l t h i n each of the two par t 11ionmgs a l l d i s t i n c t 
par ts are d i s j o i n t wh i le fo r par ts a i . c j . taken from both 
p a r t 1 t l o n l n g s . the cor rec t answer to ?(a/ p a r t - o f c j j or 
? ta/ d l s j o l n t - f r o m c ) ) Is "unknown". A reduct ion to closed 
graphs would only obscure the log ic of the r e q u i s i t e 
reasoning process. 

A s i m i l a r example would be provided by a p a r t l y 
f unc t i ona l and p a r t l y anatomic representa t ion of b ra in 
s t r u c t u r e m which the pos tu la ted func t iona l subsystems 
(say, perceptual subsystems, motor cont ro l subsystems, 
short term and long term memory, language understanding 
subsystems, e t c . ) cannot be r e l i a b l y i d e n t i f i e d w i th 
p a r t i c u l a r anatomic s t r u c t u r e s . A computer encoding of 
such Incomplete knowledge should not requ i re i n t roduc t ion 
o f i d e n t i f i e r s and p a r t i t i o n i n g asser t ions fo r a l l 
poss ib le over lap pa r t s corresponding to the two views. 
Examples of t h i s type, Invo lv ing poor ly in tegra ted 
a l t e r n a t i v e views of some phys i ca l , p o l i t i c a l , or abst ract 
e n t i t y are e a s i l y cons t ruc ted , and could eas i l y a r i se In 
an AI system, p a r t i c u l a r l y one which 1s fed i t s knowledge 
piecemeal. 

This mot ivates the In t roduc t ion of recu rs i ve l y 
de f ined semi-closed P-graphs m sect ion 4. A semi-closed 
P-graph is e i t h e r a c losed P-Qr»ph, or a semi-closed 
P-graph w i t h another semi-closed P-graph at tached to i t by 
one of I t s main r o o t s . C lear l y the P-graph of f i g . 1 1s a 

* We take t h i s oppor tun i t y to cor rec t mn e r ro r In ( 3 ) : In 
the f i r s t sentence of Sec. 2. the assumption that pa r t - o f 
has the extens ion proper ty should be replaced by the 
assumption that the merge and over lap func t ions "U* and 
*rtN are mutual ly d i s t r i b u t i v e (see below). 
•• For the purposes of t h i s I l l u s t r a t i o n , we intend C to 
be i n t e rp re ted as the (disconnected) physica l whole 
composed of the department members, not as a se t . Thus the 
ef and ci are pa r t s of C. not elements or subsets. 

semi-closed P-graph, s ince i t cons is ts of the closed 
commit t e e - s t r u c t u r e subgraph at tached by i t s main root C 
to the c losed f a c u l t y - r o s t e r subgraph 

In Sec. 5 e f f i c i e n t complete a lgor i thms for 
answering p a r t - o f and d i s j o m t n e s s quest ions on the basts 
of semi-closed P-graphs are developed. We fee l that the 
c lass of semi-closed P-graphs is probably as large a c lass 
of P-graphs as 1s needed fo r most p r a c t i c a l app l i ca t i ons 
to taxonomlc s t r u c t u r e s , and as can be eas i l y mechanized, 
as fa r as answering pa r t - o f and d i s j o m t n e s s quest ions 1s 
concerned. 
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The P r o j e c t i o n of a node n in to the leaves of a 
c losed P-graph Q is the largest subset L of the leaves of 
G that are a lso leaves of a subhlerarchy rooted at n. 

It is shown in (6) that fo r every P-graph there 1s 
an equ iva len t c losed P-graph. Inference methods are given 
to answer the quest ions ?[b pa r t - o f a) and 
?(a d l s j o l n t - f r o m b) f o r f u l l y cons is tent c losed P-graphs. 
1n l i nea r space-t ime r e l a t i v e to the number of edges of 
the c losed graph. 

It 1s proved 1n [ 6 ] that a l l the leaves of a f u l l y 
cons i s t en t , c losed P-graph belong to a s ing le (not 
necessar i l y unique) main h ierarchy whose root represents 
the whole e n t i t y . Such a root w i l l be c a l l e d a main root 
of the c losed p-graph. 

Semi-closed P-graphs re lax soma of the r e s t r i c t i o n s 
of d o s « d P-graphs, thus forming a larger c l ass . The t a c i t 
r e s t r i c t i o n to f u l l y cons is tent graphs should be kept 1n 
mind. 

Def mi t Ion A semi-closed P-graph i s : 
( I ) a c losed P-graph, or 
( I I ) a semi-closed P-graph that has a semi-closed 

P-graph at tached by a main root to one of i t s 
nodes. ( I t is easy to see that a sent 1-closed 
P-graph, l i k e a c losed P-graph. must have at least 
one main r o o t ) , 

As semi-closed P-graphs are def ined in terms of 
c losed P-graphs, the inference methods presented here r e l y 
on those developed fo r c losed P-graphs (5] 

The design of the f o l l ow ing a lgor i thms is based on 
the observat ion that semi-closed P-graphs can be viewed as 
t rees of c losed P-graphs; each vertex represents a closed 
subgraph and each edge a common node of the two P-graphs 
(parent and c h i l d subgraphs) that i t connects. Since the 
c losed subgraphs can have at most one node in common, t h i s 
w i l l be a t r e e . Examples of corresponding t rees fo r 
P-graphs are g iven in f i g u r e 3 ( c ) . ( d ) and ( e ) . 

Note that edges out of d i s t i n c t ve r t i ces correspond 
to d i s t i n c t nodes in the P-graph whi le edges out of the 
same ver tex may represent the same node 

For any g iven semi-closed P-graph, i t is poss ib le 
to a t tach labels to the nodes which ind ica te the p o s i t i o n 
in the corresponding t ree of c losed P-graphs 
Implementation d e t a i l s are of no concern at the moment; we 
assume semi-closed P-graphs to be searched by the 
a lgor i thms of Sec. 5 have been preprocessed, w i th labels 
being at tached to a l l nodes which Ind icate t h e i r p o s i t i o n 
1n the corresponding t ree of c losed P-graphs. Thus, for 
any pa i r of nodes of a semi-closed P-graph. it w i l l be 
poss ib le to a r r i v e at a pa i r of "ancestor- nodes which 
both belong to the same closed subgraph t ree ver tex . Note 
that one (or even both) of the "ancestors" sought may be 
the same as the corresponding i n i t i a l node. 

In f i g u r e 3 (b ) . fo r example, fo r r and q the 
corresponding p a i r 1s r' and q ' , wh i le for r and s the 
corresponding pa i r (s r' and s. 

We have put "ancestors" in quotes above. since we 
are dea l ing w i t h an ancestor (descendant) r e l a t i o n which 
Is somewhat more general than that formal ly def ined 
e a r l i e r r' is an "ancestor" of r If and only if r<r' or r 
1s p r o j e c t i b l e In to a set of nodes n», . . . n k such that for 
a l l 1, 1<1<k e i t h e r ni<r' or r' 1s an "ancestor" of n» 
(see Fig 4 ) 

Algor i thms for answering the questions 
?[x p a r t - o f y j and ?(x d i s j o l n t - f r o m y] in f u l l y 
cons is ten t c losed P-graphs have been developed in [ 5 ] and 
are incorporated in the methods g iven below. So. fo r any 
two nodes x .y of a f u l l y cons is tent c losed P-graph G, 
assume there are a lgor i thms P(x .y ) and D(x.y) that w i l l 
r e t u r n "yes" , "no" or "unknown" to the respect ive 
quest ions , on the basis of what can be l o g i c a l l y deduced 
from the c losed P-graph G. The a lgor i thms are complete in 
the sense that they r e t u r n "unknown" only If ne i ther a 
p o s i t i v e nor a negat ive answer l o g i c a l l y fo l lows from the 
P-graph and the p a r t - o f axioms. The same proper ty 1s 
des i red f o r the new a lgor i thms. 

F i g . 3 Some examples of semi-closed P-graphs. In ( a ) , the 
(c losed) P-graph cons i s t i ng of nodes s. q and r 1s jo ined 
to the res t of the graph only through s, end no other 
nodes. S i m i l a r l y 1n (b) there 1s e main c losed P-graph 
w i t h two other P-graphs at tached to it. one of which is 
i t s e l f a c losed P-graph w i t h another c losed P-graph 
at tached to i t by the r oo t , ( c ) another representa t ion fo r 
semi-closed graphs where the o v e r a l l s t r u c t u r e , ra ther 
than i nd i v idua l nodes, 1s emphasized ( d ) , ( e ) , ( f ) 
corresponding t rees fo r the P-graphs of ( a ) , ( b ) , ( c ) . 

F i g . 4 The semi-closed P-graph G has closed subgraphs 
C 1 . . . . . C 6 . the node r belongs to C4 but 1s not a 
descendant of the main root of C4, It is a "descendant" of 
r ' as de f ined in t h i s sec t i on . 

Algor i thms P(x,y) and D(x .y ) make use of a 
p red ica te N(x1 xn) which is t r ue if the merge of 
x r , . . . , x n 1s provably non-empty and f a l s e otherwise. I t 
was noted in [ 5 ] that t h i s p red ica te is e f f i c i e n t l y 
decidable fo r c losed P-graphs. In apply ing P(x .y ) and 
D(x .y ) to c losed P-graphs embedded w i t h i n semi-closed 
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P-graphs, wa need to assume that N 1s still e f f i c i e n t l y 
dec ldeb le . w i t h tha p r o v a b i l i t y requirement now r e f e r r i n g 
to the entire semi-closed graph. The assumption is 
justified since the on ly changes In the t r u t h values of 
N(xf x n ) ovar nodas of a c losed graph C. r e s u l t i n g 
from attachmant of semi-closed P-graphs to C, ara those 
duo to tha non-amptinesa of nodas to which a semi-cloaad 
graph con ta in ing a provably non-ampty noda was at tachad 
( t h i s i n fo rmat ion propagatas "upward" in tha t raa of 
c loaad graphs) ; and tha only changa p o t e n t i a l l y r e s u l t i n g 
from tha attachmant of C to • semi-closed P-graph is that 
dua to provable non-amptmass of tha noda to which C was 
a t tachad ( t h i s in fo rmat ion propagatas "downward" v ia main 
nodas which ara po in t s of attachmant 1n tha t raa of c losed 
P-graphs). Tha amptlnass assart ions thus nacassMated at 
po i n t s of attachmant by tha upward and downward f low of 
In fo rmat ion can ba computed (n ona "pass* aach ovar a l l 
tha nodas of tha aeml-cloaad P-graph, (n tha worst ease 

In tha f o l l o w i n g a lgor i thms tha tes t "a*b" 1s an 
abb rev i a t i on which stands f o r ; 
" ( ( C ( a . b ) and P (a .b ) ) o r ?[a p a r t - o f b ) ) " 
where C(a.b) is a p red ica te which Is true) if the nodes a 
and b belong to a common cloaad subgraph, and f a l s a 
o therw ise . 

"a "b" incorporates a recurs ive c a l l to the 
a lgo r i t hm ?(a p a r t - o f b] to determine whether the answer 
to the quest ion "a-b?" ( i . e . . do the nodes a and b denote 
tha same ob jec t? ) is "yes" . 1n cases where it (s a l ready 
known that b 1s par t of a; ( t h i s tes t is only used where a 
1s an ancestor of b, as for x' and x ) . Let x ' . y denote 
tha nearest p a i r of "ancestors" which belong to a common 
cloaad subgraph fo r x and y r espec t i ve l y , as descr ibed in 
tha above d iscuss ion 
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In (6) it 19 shown that the problem of answering 
quest ions about p a r t - o f and d i s j o i n tness r e l a t i o n s between 
nodes of a general P-graph 1s co-NP-complete. This 
mot ivates the search fo r a lgor i thms which answer these 
quest ions fo r as large a c lass of P-graphs as poss ib le , 
and hence the development of semi-closed P-graphs. Note, 
however, that in prov ing the co-NP-completeness of these 
problems, the r e s t r i c t i o n to f u l l y cons is tent P-graphs had 
not been made; thus it is conceivable that methods can be 
devised to answer these quest ions e f f i c i e n t l y fo r general 
f u l l y cons is tent P-graphs. This would c l e a r l y make the 
foregoing obso le te ; thus the co-NP-completeness of the 
corresponding problem needs to be Inves t iga ted . 

Semi-closed P-graphs 9rm in most cases s u f f i c i e n t l y 
general to accommodate a l l incoming pa r t s in format ion 
wi thout an in te rven ing convers ion. Nevertheless, 
a lgor i thms to convert general to semi-closed P-graphs need 
to be developed; the conversion can be accomplished in a 
bottom up fash ion w i t h r e l a t i v e ease. I t should be noted 
that we are mostly in te res ted m a knowledge a s s i m l l a t m g ' 
system, so the order of ent ry of the asser t ions w i l l be 
s i g n i f i c a n t . 

The r e s t r i c t i o n that a semi-closed P-graph cons is t 
of a semi-closed P-graph w i t h another semi-closed P-graph 
at tached by the main root to one of i t s nodes could yet be 
re laxed , leading to a larger c lass of graphs 

Another area of f u r t he r i n v e s t i g a t i o n is the 
app l i ca t i ons of P-graphs to p ropos i t i ons ! l og ic and 
theorem p rov ing . Clause sets can be t r ans la ted to 
P-graphs. e x p l o i t i n g the analogy between imp l i ca t i on and 
p a r t - o f , and v i ce -ve rsa . Thus P-graphs may o f f e r a new 
approach to theorem prov ing f o r c e r t a i n classes of 
c lauses. 
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