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ABSTRACT 

Opt i c f l o w i s t he apparent mo t ion o f image 
f e a t u r e s in the imaging p l a n e . The compu ta t i on o f 
o p t i c f l o w i s a f i r s t s tep i n d e t e r m i n i n g the 
p a r t i c u l a r mo t ions o f l i g h t i n g , o b j e c t s , and 
v iewers in an image sequence. New approaches are 
presented f o r the computa t ion o f o p t i c f l o w from 
dynamic image d a t a . 

0 . I n t r o d u c t i o n 

The e s s e n t i a l i n g r e d i e n t s o f the phys ics o f 
v i s u a l p e r c e p t i o n are l i g h t sources , o b j e c t s to be 
v i e w e d , and the v iewer (eye and camera) . 
E l a b o r a t i n g on t h i s system we can r e l a t e b r i g h t n e s s 
in an image to v a r i o u s imaging f a c t o r s i n c l u d i n g 
i n c i d e n t i l l u m i n a t i o n , o b j e c t r a n g e , s u r f a c e 
r e f l e c t a n c e and o r i e n t a t i o n , camera f o c a l 
l e n g t h , e t c . 

In a dynamic imaging s i t u a t i o n imaging f a c t o r s 
va r y over t i m e . Th is i s u s u a l l y the r e s u l t o f the 
mot ion o f o b j e c t s , v i e w e r s , o r l i g h t sou rces . A l l 
e l s e be ing e q u a l , these mo t ions induce the 
co r respond ing mot ions o f t h e i r p r o j e c t i o n s on the 
imaging p l a n e . Opt ic f l o w i s the apparent mo t ion 
of image f e a t u r e s in the imaging p lane and can be 
rep resen ted as a v e c t o r f i e l d in t h a t p l a n e . The 
compu ta t i on o f t h i s f l o w f i e l d i s a f i r s t s tep i n 
d e t e r m i n i n g the p a r t i c u l a r mo t ions o f l i g h t i n g , 
o b j e c t s , and v iewers in an image sequence. 

Cur ren t methods f o r comput ing o p t i c f l o w f a l l 
i n t o two c a t e g o r i e s . The f i r s t , f e a t u r e m a t c h i n g , 
i n v o l v e s d e t e c t i n g f e a t u r e s in image frames and 
match ing them in success ive frames [ 1 , 6 , 8 ] . The 
second method a t temp ts to " sense" o p t i c f l o w 
d i r e c t l y f rom, the dynamic image da ta [ 2 , 1 , 7 ] . Th is 
method has a l s o been seen to have two s tages 
[ 2 , 1 , 7 , 8 ] . I n the f i r s t s tage the component o f 
o p t i c f l o w p e r p e n d i c u l a r to an edge ( o r p a r a l l e l to 
the image g r a d i e n t ) i s measured l o c a l l y . These 
v e c t o r s w i l l b e c a l l e d o p t i c f l o w c u e s . I n the 
second s tage the mutual c o n s t r a i n t s o f o p t i c f l o w 
cues are used to compute the t r u e o p t i c f l o w . Th is 
paper p resen ts new approaches to bo th of these 
s t a g e s . 

1. Computing Op t i c Flow Cues 

1.1 Image Grad ien t Methods 

Fennema and Thompson, and Horn and Schunck 
d e r i v e a computa t ion f o r o p t i c f l o w cues based on 
the assumpt ion o f cons tan t b r i g h t n e s s ( i n t ime) o f 
an o b j e c t ' s image [ 2 , 1 ] . I f the dynamic image i s 
rep resen ted as a sca la r f i e l d I ( x , y , t ) , t hen they 
g i v e the magni tude o f the component o f o p t i c f l o w 
i n the d i r e c t i o n o f the (2 -D) b r i g h t n e s s g r a d i e n t 
( I x , I y ) a s 

where ( I X , I y I t ) i s the g r a d i e n t o f I ( x , y , t ) . T h i s 
computa t ion a l s o assumes t h a t the b r i g h t n e s s i s 
smoothly v a r y i n g in X and Y. Th is requ i remen t is 
v i o l a t e d when the l o c a l d e t e c t i o n window c o n t a i n s 
any one o f the f o l l o w i n g : 

1) An o c c l u s i o n boundary between o b j e c t s 
w i t h d i f f e r e n t v e l o c i t i e s 

2) A shadow boundary w i t h a v e l o c i t y 
d i f f e r e n t from t h a t o f the shadowed 
o b j e c t 

3) A specu la r r e f l e c t i o n ( h i g h l i g h t ) on an 
o b j e c t moving r e l a t i v e t o t h a t o b j e c t 

A l l o f these cases i n v o l v e moving b o u n d a r i e s . 
I t i s proposed here t h a t the d e t e c t i o n o f the 
mot ion cues at these boundar ies must be computed 
w i t h respec t to some edge o p e r a t o r . 3D~edge 
o p e r a t o r s are i n t e r e s t i n g i n t h a t they p r o v i d e bo th 
the edge and the mot ion cue i n f o r m a t i o n . 

1.2 A n a l y s i s of Dynamic Images in 3D XYT space 

D i s c o n t i n u i t i e s (edges) in the image r e s u l t from 
d i s c o n t i n u i t i e s i n the imaging f a c t o r s , e g . 
o c c l u s i o n o f o b j e c t s , shadowing ( o c c l u s i o n o f 
l i g h t i n g ) , s u r f a c e m a r k i n g s , and i n t e r n a l edges o f 
o b j e c t s (see Table 1 ) . 

Table 1 
Imaging f a c t o r 
su r face range 
s u r f a c e o r i e n t a t i o n 
i n c i d e n t l i g h t i n g 
s u r f a c e r e f l e c t a n c e 

Discountinuity 
o c c l u s i o n boundary 
i n t e r n a l o b j e c t edge 
shadow boundary 
su r face mark ings 
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In a dynamic imaging s i tuat ion we have an image 
I ( x , y , t ) with objects that can move, sp in , shr ink , 
expand, and deform ( t rans la te , r o t a t e , scale, e tc . ) 
r e l a t i ve to the camera. Discont inu i t ies in 
I ( x , y , t ) can be viewed as two-dimensional surfaces 
swept out by the edges in successive t ime-s l ices of 
I ( x , y , t ) . These 3D-edges contain information about 
both the locat ion of 2D-edges in a single frame and 
the ve loc i t y of these edges. 

1.3 Moving 2D-edges as 3D-edges 

A small local piece of a 2D-edge is essent ia l l y 
l inear and a small local piece of a 3D-edge is 
essent ia l l y planar. Hereafter "2D-edge" and 
"3D-edge" w i l l refer spec i f i ca l l y to these small 
local pieces. A 2D-edge is the in tersect ion of a 
3D-edge with an XY plane (a plane of constant T) . 
Conversely, successive occurrences of a 2D-edge 
sweep out a 3D-edge. The d i rec t ion (or ien ta t ion) 
of the 2D-edge in the XY plane and i t s ve loc i t y 
determine the or ienta t ion of the 3D-edge. 

Let a 2D-edge E be represented in polar 
coordinates (p,G) as in F ig. 1. In the XYT 
coordinate system th i s normal form defines the 
" s t a t i c " uni t vectors U1 - (cos(0) ,sin(6) ,0) and 
U2 = (s in(0) ,-cos(6) ,0) in the XY plane which are 
perpendicular and para l le l to E respect ive ly . 

Figure 1 : Normal form representaion of edges 
he edge E has the normal form of the l i ne 

on which it l i e s , v i z . (p,Ө) where p is the 
length of the perpendicular dropped to the 
o r i g in and Ө is the angle in radians between 
that perpendicular and the X ax is . 

Let the ve loc i ty of E be the vector 
V = (V x .V y . l ) = d / d t ( x , y , t ) . The 3D-edge P swept 
out by E moving with ve loc i ty V is para l le l to the 
vectors U? and V (see F ig . 2 ) . Thus it is 
perpendicular to their cross product 
W = V x U2 r (cos(G) ,sin(Ө) ,-Vx*cos( Ө)-Vy*sin(6) ). 
This vector defines the or ien ta t ion of JP. Note 
that the t component of W is -<V,U1>. The inner 
product <V,U-|> is the length of the project ion 
of V onto U1,. 

Figure 3 _: The local ambigui ty of a moving edge 
The 2D edge E is shown moving with ve loc i ty 
V. Let U1 be the uni t vector perpendicular 
to E. Only the component of V para l le l to U1, 
( ca l l it VE) can be detected. We have that 
VE = <V,U1>»U1 

This is the magnitude of the component of the 
ve loc i ty of the 2D-edge perpendicular to that edge. 

The component of ve loc i ty para l le l to the 2D 
edge cannot be computed from the 3D edge. This 
local ambiguity in the detection of opt ic flow can 
be demonstrated geometrical ly in the XY plane (see 
F ig. 3 from [ 8 ] ) . 

The geometric in terpre ta t ion of local ambiguity 
in three dimensional XYT space is seen in the fact 
that the locus of ve loc i ty vectors V that would 
generate JP (along with a given U2) is the 
Intersect ion of P wi th the plane t = 1 . This is a 
l i ne of solut ions so one degree of freedom remains 
to be specif ied . 
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2. Computing Opt i c Flow 

2 .1 The v e l o c i t y v e c t o r as a p s e u d o - I n t e r s e c t i o n 

An o p t i c f l o w cue p r o v i d e s o n l y one component VE 
of the v e l o c i t y V of a 2D-edge. The a c t u a l 
v e l o c i t y can l i e anywhere o n the l i n e I n v e l o c i t y 
space which has VE as i t s base v e c t o r (see 
F i g . Ha) . Th is l i n e w i l l be c a l l e d the v e l o c i t y 
l i n e o f VE. I f we have two n o n - p a r a l l e l o p t i c f l o w 
cues VE1 and VE2 f o r the same a c t u a l o p t i c f l o w , 
then the i n t e r s e c t i o n o f t h e i r v e l o c i t y l i n e s 
y i e l d s a unique s o l u t i o n f o r the a c t u a l v e l o c i t y 
( F i g . 4b) . 

When more than two cues a re g i v e n f o r a s i n g l e 
v e l o c i t y , t h e v e l o c i t y l i n e s form a bund le t h rough 
the a c t u a l v e l o c i t y p o i n t . I n p r a c t i c a l 
a p p l i c a t i o n s these l i n e s cannot be expected to 
i n t e r s e c t a t a unique p o i n t . Imaging e r r o r s , 
d i s c r e t e s a m p l i n g , v a r i o u s no i se s o u r c e s , e t c . 

F i gu re 4_ Computing o p t i c f l o w in v e l o c i t y space 
A l l v e c t o r s shown have t h e i r t a i l s a t t h e " 
o r i g i n i n v e l o c i t y space. 

a)The o p t i c f l o w V assoc ia ted w i t h an o p t i c f l o w 
cue VE can be any v e c t o r l y i n g a long the 
v e l o c i t y l i n e L . 

b)Two n o n - p a r a l l e l o p t i c f l o w cues de te rm ine a 
unique f l o w v e l o c i t y . 

c)The p s e u d o - i n t e r s e c t i o n o f v e l o c i t y l i n e s 
p rov i des a " b e s t f i t " f l o w v e l o c i t y V f o r a 
set of n o n - p a r a l l e l o p t i c f l o w cues VE1 . 

F i g u r e 5 . 
a ) F i r s t frame o f the t r a n s l a t i n g sphere . 
b ) O p t i c f l o w cues computed from equa t i on 1.1 
c ) O p t i c f l o w d e r i v e d from (b) by comput ing the 

p s e u d o - I n t e r s e c t i o n o f v e l o c i t y l i n e s i n l o c a l 
3 by 3 ne ighborhoods . 
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introduce a l te ra t ions in the data and produce 
e r ro r fu l measurements of the various VE i . Given 
the measured ve loc i ty l i nes we can look for the 
point in ve loc i t y space that best " f i t s " these 
l i n e s . This is the dual problem to that of best 
f i t t i n g a set of points by a l i n e . As in that 
problem, there are d i f f e ren t ways of specifying 
what is "bes t " . Such measures are t y p i c a l l y some 
funct ion of the distances between the point(s) and 
the l i n e ( s ) . We have used the least square error 
(LSE) as the goodness-of-f i t measure in our 
experiments. It r e f l ec t s a standard i n t u i t i v e 
d e f i n i t i o n of "best f i t " and is easy to compute. 
The solut ion for the LSE error f i t of a point to a 
set of l i nes in a plane is given in [ 3 ] . This 
point is cal led the pseud o- inter section of the 
given set of l i n e s . F ig . 4c presents an example of 
the pseudo-intersection of a set of ve loc i t y l i n e s . 

An appl icat ion of the pseudo-intersection method 
(PIM) to opt ic flow cues in an image plane is shown 
in F ig . 5. The f i r s t of two a r t i f i c i a l l y generated 
images of a sphere is shown in 5 (a ) . In the second 
frame (not shown) the sphere is t ranslated one 
pixel to the r i g h t . The i n i t i a l optic flow cues 
computed from (1.1) are shown in 5 (b ) . In 5(c) we 
see the resu l t of taking the pseudo-intersection of 
the ve loc i t y l i nes in al 1 3 by 3 neighborhoods. 

Successful computation of opt ic flow as the 
pseudo-intersection of ve loc i t y l i nes depends on 
those l ines being derived from a single v e l o c i t y . 
If opt ic f low cues from other ve l oc i t i e s are 
introduced to the computation, the 
pseudo-intersection is moved towards those 
ve loc i t i es and the LSE error increases. This 
condi t ion may be detected by i t s high e r ro r , but 
the offending cues cannot be isolated by the 
methods discussed so fa r . 

The crux of the problem is the need to p a r t i t i o n 
opt ic flow cues in to sets whose members are a l l 
derived from the same ve loc i t y . In the plane of 
ve loc i t i es an equivalent problem can be formulated. 
There we want to p a r t i t i o n the ve loc i t y l i nes in to 
bundles. In the ideal case of er ror less opt ic flow 
cues and exact ve loc i ty l ines t h i s problem is easy 
to solve. In the pract ica l case we must look for 
good pseudo-bundles, i . e . sets of l i nes and the i r 
pseudo-intersections having low f i t t i n g e r ro rs . A 
so lut ion to th i s problem has been worked out by 
Kender [ 5 ] who was looking for the vanishing points 
of texture patterns in 2D Images. 

3- Discussion, Conclusions, and Future Direct ions 

New approaches have been presented here for the 
detect ion of opt ic flow cues and the computation of 
opt ic flow from these cues. These two stages 
operate independently and so can be integrated with 
the a l te rna t i ve methods of Prager, Fennema and 
Thompson, Marr, or Horn [ 3 ] . 

The need for detect ion of moving edges is 
pointed out and the computation of opt ic flow at 
these edges from 3D-edges in XYT space is der ived. 
A single step (non- i tera t ive) local procedure is 
given for computing the opt ic flow for a set of 
opt ic flow cues. 

Related research [3 ] not reported here includes: 
1) study of the relevance of par t i cu la r 

methods of 3D-edge detect ion for flow 
detec t ion ; 

2) measures of cer ta in ty (o f resu l ts ) in the 
computation of f low b> the 
pseudo-intersection method (PIM); 

3) i t e r a t i v e flow computations derived from 
the PIM which are more noise res i s tan t . 

Future d i rec t ions inc lude: 
1) study of 3D-edge detect ion methods that are 

separable in XY vs. T coordinates (These 
methods avoid excessive storage 
requirements); 

2) decoupling of local methods of opt ic f low 
computation across edges of d iscon t inu i t y in 
f low; 

3 ) i n t e g r a t i o n o f s l o w , i t e r a t i v e , no i se 
r e s i s t a n t f l o w computa t ion methods [ 4 , 8 ] 
w i t h the f a s t PIM. 
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