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ABSTRACT 

A method is presented for matching two scene 
descr ip t ions, each of which consists of a set of 
measured feature vectors w i th estimated uncer ta in­
t i e s . The two scenes d i f f e r by a transformation 
that depends on a few unknown parameters. The 
method performs a search by sequent ia l ly matching 
features of one scene to those of the other scene, 
solv ing for the transformation parameters by means 
of a generalized least-squares adjustment, comput­
ing the p robab i l i t i e s of these matches by means of 
Bayes* theorem, and using these p robab i l i t i es to 
prune the search. An example is given using scene 
descr ipt ions of the Martian surface in which the 
features are rocks approximated by e l l i p so i ds . 

INTRODUCTION 

A common problem in v is ion is that of match­
ing. This may involve ma tell ing one two-dimen­
sional image to another, matching a three-dimen­
sional object to i t s two-dimensional p ro jec t ion , 
or matching two three-dimensional descr ipt ions of 
the same scene. For want of a better term, the 
e n t i t i e s to be matched w i l l be cal led "scenes". 
In general, the two scones may be related in var­
ious complicated ways. For example, there may be 
"rubber sheet" d i s t o r t i o n [ l ] , there may be inde­
pendent changes in d i f fe ren t parts of the scene 
as in the stereo matching problem [ 2 ] , or there 
may be a rb i t r a r y changes in the d i f f e ren t port ions 
of a complicated object as in matching to a generic 
model [ 3 ] . However, in th i s paper the problem 
is res t r i c ted to the case in which the r e l a t i o n ­
ship between the scenes to be matched can be ex­
pressed by a few parameters, each of which has a 
global e f f ec t . Rest r ic t ing the problem in t h i s 
way allows the use of robust, e f f i c i e n t techniques 
that would not be appl icable in the more general 
case. 

It Is fur ther assumed here that the matching 
w i l l be done by using local features that have 
been detected in each scene, that the a p r i o r i 

*The work described in th i s paper was started at 
Stanford Universi ty and was completed at the Jet 
Propulsion Laboratory, Ca l i fo rn ia I n s t i t u t e of 
Technology, under contract w i th the National 
Aeronautics and Space Administrat ion. 

correspondence between features in the two scenes is 
unknown, that each feature is described by a vec­
tor of measured feature parameter values, and that 
for each feature the probab i l i t y d i s t r i b u t i o n of 
i t s measured feature vector values is known. A l ­
though in p r inc ip le any p robab i l i t y density func­
t i on of errors in the feature vector could be used, 
the fo l lowing treatment is res t r i c ted to the spe­
c i a l case in which the error d i s t r i bu t i on is de­
termined by i t s covariance matr ix . The p o s s i b i l ­
i t y ex is ts that a feature detected in one scene 
w i l l not be detected in the other, and th i s possi­
b i l i t y is covered by estimates of p robab i l i t y of 
detect ion based on experience. 

For example, consider the matching of two 
a e r i a l photographs which d i f f e r by an unknown 
t r a n s l a t i o n , r o t a t i o n , and scale fac tor . In th i s 
case four parameters determine the transformation. 
The features might be loca l landmarks whose two-
dimensional pos i t ion and or ien ta t ion have been 
measured, in which case each feature vector would 
have three components. Another example might be 
recognizing in a two-dimensional image the projec­
t ion of a known three-dimensional object . Six 
parameters determine the posi t ion and or ienta t ion 
of the ob ject . The features might be markings, 
corners, or edges that are known In the object 
model but must be found in the image. 

For a t h i r d example, consider an object f i n d ­
er [ 2 , 4] which produces a descr ipt ion of a three-
dimensional scene in terms of objects represented 
by e l l i p s o i d s . Thus each feature vector consists 
of the nine parameters that define the e l l i p s o i d . 
Suppose that the same area has been viewed from 
two d i f f e ren t locat ions by a roving veh ic le . There 
w i l l be a p a r t i a l l y unknown t rans la t ion and per­
haps ro ta t i on ( requ i r ing six parameters in general) 
between tne coordinate systems cf the resu l t ing 
two scene descr ip t ions, caused by errors in the 
navigat ion system of the veh ic le . I t is desired 
to match these two descript ions in order to cor­
rect the navigat ion data. (This special case is 
discussed fur ther elsewhere [ 2 ] , and an example 
of i t s use is presented la te r in t h i s paper.) 

By using the p robab i l i t y d i s t r i bu t i ons of the 
feature vectors, i t is possible to f ind the o p t i ­
mum matching of the scene in an e f f i c i e n t way that 
does not consider a l l possible matches of i n d i v i ­
dual features and yet does not overlook matches 
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t h a t nave an a p p r e c i a b l e chance o f t u r n i n g out to 
be c o r r e c t . I n t h i s rega rd t he method to be p r e ­
sented can be cons ide red to be an improvement over 
t h e method o f P r i c e [ 5 ] and t h e s u g g e s t i o n o f 
M i lg ram and B j o r k l u n d [ 6 ] . I t a l s o has some o v e r ­
l a p w i t h t h e method o f F i s c h l e r and E l s c h l a g e r [ l ] , 
l y i n g somewhere between t h e i r dynamic programming 
method and t h e i r l i n e a r embedding a l g o r i t h m . ( I n 
t h e i r t e r m i n o l o g y , a " s p r i n g " would connect each 
f e a t u r e to some cons tan t p o i n t i n t he scene f o r 
the prob lem s t a t e d above. Th i s i s no t the k i n d o f 
s i t u a t i o n f o r wh ich t h e i r method was des igned to 
work w e l l . ) 

I t i s assumed below t h a t t h e ma tch ing o f f e a ­
t u r e s i s one - t o -one ( w i t h perhaps some f e a t u r e s 
l e f t unmatched) and t h a t a l l f e a t u r e s a re o f the 
same t ype (so t h a t a f e a t u r e in one scene can be 
matched to any f e a t u r e in t he o t h e r scene ) . How­
e v e r , t h e mathemat ics can be g e n e r a l i z e d to t h e 
case where s e v e r a l f e a t u r e s in one scene can be 
matched to t h e same f e a t u r e in t he o t h e r scene and 
to t he case where t h e r e a re d i f f e r e n t t ypes o f 
f e a t u r e s t h a t cannot be matched to each o t h e r 
( w i t h perhaps a d i f f e r e n t s i z e o f f e a t u r e v e c t o r 
f o r each t y p e ) . 

NOTATION 

M a t r i x n o t a t i o n w i l l b e used. (Hohn [ 7 ] p r o ­
v i d e s a good t e x t on m a t r i x a l g e b r a . ) For any ma­
t r i x A , i t s t ranspose i s denoted b y A T , i t s i n ­
v e r s e by A " 1 , and i t s de te rm inan t by d e t ( A ) . Vec­
t o r s ( o f any s i z e ) are rep resen ted by column ma­
t r i c e s . The cova r i ance m a t r i x o f any v e c t o r X 
i s d e f i n e d in the usua l way to be 

£ [ ( X - £ x ) ( X - 6 * X ) T ] , where £ i s the mathemat i ca l 
e x p e c t a t i o n o p e r a t o r . A p a r t i a l d e r i v a t i v e m a t r i x 
of a v e c t o r Y w i t h respec t to a v e c t o r X is d e f i n e d 
so t h a t the rows cor respond to e lements of Y and 
the columns cor respond to e lements of X. 

The two g i v e n scene d e s c r i p t i o n s a re c a l l e d 
Scene A (composed of f e a t u r e s A l , A2, e t c . ) and 
Scene B (composed o f f e a t u r e s B l , B2, e t c . ) . For 
each f e a t u r e o f each scene t h e f o l l o w i n g a re g i ven , 
w i t h s u b s c r i p t s t o denote p a r t i c u l a r f e a t u r e s : 

X = measured f e a t u r e v e c t o r . 

H = c o v a r i a n c e m a t r i x of X. 

b • p r o b a b i l i t y t h a t the f e a t u r e w i l l be 
p resen t in a match ing scene. 

r = a p r i o r i p r o b a b i l i t y d e n s i t y o f f e a t u r e 
v e c t o r f o r t y p i c a l scenes, e v a l u a t e d a t 
X but no t o t h e r w i s e u s i n g measured d a t a . 

( I t i s necessary t h a t the d i m e n s i o n a l i t y o f Scene 
B be at l e a s t as g r e a t as t h a t of Scene A, so t h a t 
any f e a t u r e in Scene B can be u n i q u e l y p r o j e c t e d 
i n t o Scene A i f t h e t r a n s f o r m a t i o n i s known.) 

The f o l l o w i n g g l o b a l q u a n t i t i e s a re g i v e n : 

p0 - a p r i o r i p r o b a b i l i t y t h a t t he two scenes 
match ( t h a t i s , r e p r e s e n t t h e same phy ­
s i c a l scene) . 

G0 - a p r i o r i e s t i m a t e of v e c t o r of parame­
t e r s used i n the t r a n s f o r m a t i o n f rom 
Scene B to Scene A. 

OPTIMUM MATCH 

The method to be used i n v o l v e s p roduc ing t e n ­
t a t i v e matches o f the f e a t u r e s i n one scene to 
those in the o t h e r and f o r each match M comput ing 
the a p r i o r i p r o b a b i l i t y TTM, comput ing t he t r a n s ­
f o r m a t i o n v e c t o r GM, and compar ing t h e r e s i d u a l s 
o f t h e f i t t o t he g i ven f e a t u r e v e c t o r d i s t r i b u ­
t i o n s t o e v a l u a t e the p r o b a b i l i t y d e n s i t y p M . Then 
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Bayes' theorem is used to compute the a p o s t e r i o r i 
p robab i l i t y pM The M for which pM is near un i t y , 
if any, can be assumed to be the correct match, and 
the corresponding GM can be used for G. 

Thus the a pos te r i o r i p robab i l i t y of M is com­
puted by means of Bayes' theorem as fo l lows : 

(1 ) 

since p0I IM is the a p r i o r i p robab i l i t y of the 
scene matching according to M, l - p 0 is the proba­
b i l i t y of the scenes not matching, and pM and p0 
respect ive ly are the p robab i l i t y densi t ies that the 
observed resu l ts ( feature vectors) would fo l low 
from these events. ( I t would appear that a l l com­
binat ions of feature matches would have to be used 
in t h i s computation, but a way of avoiding t h i s 
w i l l be described in the next sect ion.) It remains 
to describe the computation of __, pM and p . 

M' M o 
The TTM quant i t ies needed in (1) can be found 

by the fo l lowing reasoning. The p robab i l i t y that 
feature Ai w i l l be matched to some feature in 
Scene B is b A l , the p robab i l i t y that it w i l l be 
unmatched is l - b A i , and s im i l a r l y for bBj and 
1-bBj for feature number j in Scene B. Thus the 
p robab i l i t y of a par t i cu la r subset of m features 
from Scene A and m features from Scene B being 
matched, and no others, is the product of these 
terms over a l l features, chosen according to whe­
ther each feature is matched or not. However, 
there are m! ways of matching a set of m features 
to another set of m features (since the matching 
is assumed to be one-to-one). Therefore, t h i s 
product is divided by m! to obtain the a p r i o r i 
p robab i l i t y of an ind iv idua l matching combination. 
Thus 

The solut ion for the G parameters for a par­
t i c u l a r matching is computed as fo l lows. An ap­
proximation to G, denoted by G' , is used to com­
pute the p a r t i a l der iva t ive matrices P and R of 
the transformation F(G',XB) as defined in the 
Notation sect ion. (Note that P and R are imp l i c i t 
functions of G' and XB, in general.) Then for t h i s 
approximation a discrepancy vector U and i t s co-
variance matrix T for each matching of feature 
Ai wi th feature Bj is computed as fo l lows: 

The so lut ion for the parameters can be obtained 
by a generalized least-squares (minimum-variance) 
adjustment according to the general method des­
cribed in [8 ] or in Appendix A of [ 2 ] , which pro­
duces the maximum-likelihood solut ion if the 
errors have the normal (Gaussian)dist r ibut ion. 

(This is only approximately correct here because 
of the fact that the parameters being adjusted 
a f fec t the weights through R j in (4 ) . ) Thus, 

If F is nonl inear, the above process may need to 
be i t e ra ted . (G' would be G0 on the f i r s t i t e r a ­
t ion but l a te r would be GM from the previous i tera­
t i o n . ) 

The above so lut ion can be used to obtain PM 
for use in (1 ) , provided that the d i s t r i b u t i o n of 
the measurement errors is known. F i r s t , t h e r e s i ­
duals are 

where P10 is for the case in which feature Ai is un­
matched. I t includes the a p r i o r i d i s t r i b u t i o n of 
Scene A features on ly , to be consistent w i th the 
discrepancies being computed in Scene A coord i ­
nates according to (3 ) . ( S t r i c t l y speaking, p j j 
for matched features should Include the ef fec ts of 
the a p r i o r i d i s t r i b u t i o n a lso. However, since the 
a p r i o r i d i s t r i b u t i o n is usual ly much wider than 
that given by T, t h i s usual ly would have l i t t l e 
e f f e c t . ) Then, the p robab i l i t y density fo r the com­
plete match is the product of a l l of the p i j v a l ­
ues in t h i s combination times the p robab i l i t y den­
s i t y funct ion of the a p r i o r i parameter values, as 
fo l lows: 
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p r i o r i parameter values are included in the sum­
mation by l e t t i n g U0 = C0 - C'. Therefore, (12) is 
equivalent to the fo l lowing when the errors have 
the normal d i s t r i b u t i o n : 

these to unmatched features in Scene B. The a 
pos te r i o r i p robab i l i t y of each of these p a r t i a l M 
combinations is computed, and those wi th n e g l i g i ­
bly small p robab i l i t y are not pursued f u r t he r . In 
t h i s way a search t ree is b u i l t up, branching out 
as d i f f e ren t features in Scene B ( inc lud ing no 
feature) are matched to the current feature in 
Scene A at each l e v e l . The features in Scene A 
can be ordered according to a c r i t e r i o n based on 
the i r feature vectors so that those most l i k e l y to 
be unambiguously matched are matched f i r s t . Some 
kind of b e s t - f i r s t search could be used, but in 
order to take advantage of Bayes' theorem in com-
puting the p robab i l i t i es for pruning the search, a 
b read th - f i r s t search is used instead. 

In order to be consistent wi th the above, the 
a p r i o r i p robab i l i t y density of the feature vec­
tors is computed using Scene A features only, as 
fo l lows: 

πr A i (1A) 

(The rB v a l u e s c o u l d be i n c l u d e d here and in bo th 
p a r t s o f ( 1 1 ) , bu t they would cance l out i n ( 1 ) . ) 

For each match c o m b i n a t i o n , ΠM f rom (2) , pM 

f rom (12) or ( 1 3 ) , and p 0 f rom (1A) a re used in (1) 
to compute p M . The GM and TM f rom (8) and (9) w i t h 
the g r e a t e s t p r o b a b i l i t y pM can be used f o r the 
t r a n s f o r m a t i o n parameters G and t h e i r cova r i ance 
m a t r i x T More a c c u r a t e l y , i f i t i s d e s i r e d t o i n ­
c l ude a l l match ing p o s s i b i l i t i e s and no t j u s t the 
most p r o b a b l e in t he s o l u t i o n , i t can be computed 
as f o l l o w s : 

SEARCH PROCEDURE 

W i t h a l a r g e number of f e a t u r e s , i t would be 
i m p r a c t i c a l t o use a l l comb ina t ions i n (1) and (15X 
However, because o f the e x p o n e n t i a l f u n c t i o n i n 
(11) or ( 1 3 ) , most of the pM va lues (and hence 
P M v a l u e s ) w i l l be n e g l i g i b l y s m a l l , and these 
terms can be i g n o r e d . The problem is to de te rm ine 
which comb ina t i ons w i l l produce s i g n i f i c a n t magn i ­
tude i n p M w i t h o u t hav ing t o compute them a l l . 

The approach used i s to s e l e c t the f e a t u r e s 
in Scene A one at a t ime and t e n t a t i v e l y to match 

(13) 

Because, when a t e n t a t i v e match is made, i t 
i s no t known which f e a t u r e s in Scene B w i l l remain 
unmatched, t h e r e i s no obv ious way to use a l l o f 
t he i n f o r m a t i o n i n ( 2 ) . I n s t e a d , Π M i s computed 
by t he f o l l o w i n g r e c u r s i v e method f o r t h e purposes 
of the s e a r c h , where i now denotes a s e q u e n t i a l 
number ing o f Scene A f e a t u r e s in the o rde r in 
wh ich they a re s e l e c t e d f o r m a t c h i n g : 

Bn-5> 

The π i values from (16) are used for ΠM in (1) for 
t h i s pa r t i cu la r node at the ith leve l of the 
search t ree, w i th the other quant i t ies in (1) being 
computed as described in the previous sect ion, for 
t h i s p a r t i a l match. The resu l t i ng pM p r o b a b i l i ­
t i es are used to prune the search. 

The c r i t e r i o n used for pruning idea l l y should 
not use a constant p robab i l i t y threshold, but 
should take in to account the fact t ha t , i f a large 
number of nodes have small p robab i l i t y each but 
sum to a large p robab i l i t y , there is a good chance 
that one of them w i l l turn out to be part of the 
correct so lu t ion . An appropriate method would be 
to sort by p robab i l i t y a l l of the nodes at a given 
level in the search and to re jec t a l l of the nodes 
wi th smallest p robab i l i t i e s that sum to less than 
some threshold. A simpler (and more to lerant ) me­
thod is to re ject any node whose p robab i l i t y times 
the number o i nodes at t h i s leve l is less than 
the threshold. 
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As the bottom leve l of the search t ree Is 
reached, not a l l o f the avai lab le information w i l l 
have been used in computing ΠM by the above method. 
Thus ΠM from (16) at the bottom leve l w i l l act as 
an upper l i m i t to the value that would have been 
obtained from (2 ) . This e f fec t causes less prun­
ing to occur than the optimum computation would 
produce, but i t should not resu l t in the re jec t ion 
of good so lu t ions . 

At each leve l of the search, the complete 
parameter computation according to (3) through 
(8) can be computed, inc luding the i t e r a t i o n s . 
However, the resu l t from the parent node in the 
previous leve l of the search t ree can be used as 
the i n i t i a l approximation at t h i s node, so that 
fewer i t e ra t i ons (perhaps only one) would be need­
ed at each l e v e l . 

Also, under some condit ions the va r ia t i on in 
the elements of P j w i th respect to G can be i g ­
nored. (This is l i k e l y to occur i f G0 is accurate.) 
In such a case the summations involv ing Pj.. In (5) 
and (6) can be computed recurs ively by adding the 
terms for a new ( A i , B j ) combination to the t o t a l 
accumulated at the parent node, thus saving time 
(or a Kalman recursive estimation technique, also 
cal led sequential adjustment [8 ] ,cou ld be used 
wi th s l i gh t add i t iona l time savings). In such a 
case, time can be saved also in the computation of 
PM if (13) is used, by recurs ively accumulating 

T - 1 the sum of U T U and the product of 

(2π)a det (Tij ) as new combinations are added. C' 

in (13) would then be constant (perhaps equal to 
G0). If G0 is not accurate, it may be necessary 
to postpone the use of the recursive method u n t i l 
enough features have been matched to determine G 
w e l l . (An a l ternate method of recursively comput­
ing pM is described in [ 2 ] . ) 

In order to save time in the search phase, it 
may be desirable to use less than the f u l l i n f o r ­
mation that is ava i lab le . For example, the fea­
ture vector can be collapsed to a vector wi th 
fewer components that capture most of the Informa­
t i on useful in d iscr iminat ion and adjustment. This 
would resu l t in s l i g h t l y less e f fec t i ve pruning, 
but the time saved in computing each node may more 
than make up for t h i s . The approximations of th i s 
type that can be made depend upon the app l i ca t ion . 
Some are discussed for one case in [ 2 ] . 

In any case, the solut ion at the bottom leve l 
can be used as an i n i t i a l approximation for one or 
more i t e ra t i ons wi th the f u l l computation desc r i ­
bed in the previous sect ion, using those combina­
t ions that have not been pruned because of small 
p robab i l i t y . 

EXAMPLE 

As mentioned in the In t roduct ion , one poss i ­
ble app l ica t ion for the method described in th i s 
paper is the matching of scene descr ipt ions pro­
duced by the object f inder described in [2 ] and 
[A ] , Such an example w i l l now be presented. 

A stereo pair of p ictures (each about 10° by 
10°) taken by the Vik ing Lander 1 on the surface 
of Mars was used as the Input to processing [2 ] 
consist ing of stereo depth mapping, a ground f i n d -
er , and the object f inder . Figures 1 and 2 show the 
resu l ts when height thresholds of 5 centimeters and 
3 cent imeters, respect ive ly , were used in the ob­
jec t f i nde r . These f igures show the e l l i p s o i d a l 
objects (approximating the rocks) projected in to 
the l e f t p i c tu re . (The large rock in the center is 
about 3.5 meters from the cameras and is about 0.3 
meters long.) Each e l l i p s o i d represents a feature 
to be used in the matching process. A r b i t r a r i l y as-
signed feature numbers are shown in the f i gu res . It 
can be seen that more objects were detected in Fig-
ure 2 than in Figure 1 and that for those objects 
detected in both cases the e l l i pso ids are s l i g h t l y 
d i f f e r e n t . Thus two d i f f e r e n t descr ipt ions of the 
same scene are ava i lab le fo r i l l u s t r a t i n g the oper­
at ion of the matcher. (The poor f i t to the upper 
r ight rock was caused by the fac t that the background 
behind it was outside of the r i g h t p i c tu re , as 
explained in [ 2 ] . The white blob is an a r t i f a c t 
of the p ic tu re - tak ing process.) 

Although the object f inder produces nine para-
meters to def ine each e l l i p s o i d , only three para­
meters were used here in the matching fo r sim­
p l i c i t y , consis t ing of the two components of h o r i ­
zontal pos i t ion and the s ize. These three parame­
ters formed the feature vector X, and the corres­
ponding three-by-three covariance matrix = was de­
r ived from the nine-by-nine covariance matrix pro­
duced by the object f inder . As a fu r ther s i m p l i f i ­
ca t ion , the covarlances of size w i th pos i t ion were 
ignored. The vector G of parameters to be ad jus t ­
ed consisted of the two components of hor izonta l 
t r a n s l a t i o n , ro ta t i on in the hor izonta l plane, and 
scale fac to r . Translat ion was completely free to 
be adjusted ( i n e f fec t the a p r i o r i values had i n ­
f i n i t e standard dev ia t i on ) , the a p r i o r i value for 
ro ta t i on was zero w i th a standard deviat ion of 1° , 
and the a p r i o r i value of scale lac to r was uni ty 
w i th a standard deviat ion of 0 .01 . The b values, 
representing the p robab i l i t y of detect ion of a fea­
t u re , were made a funct ion the e l l i p s o i d s i ze , vary-
ing from zero for zero size up to 0.9 fo r a very 
large ob ject . p0 was set to 0.5. This information 
was used in a version of the matching algor i thm im­
plemented for t h i s app l ica t ion and described in de­
t a i l in [ 2 ] , The p robab i l i t y threshold for pruning 
was 0.001 (divided by the number of nodes at t h i s 
leve l to obtain an absolute threshold) . (This is 
qui te t o l e ran t ; in pract ice a larger threshold may 
be desirable to reduce the search.) Some pre l imin­
ary crude pruning is included in th i s implementa­
t i o n . If the discrepancies from (3) are so large 
compared to the covariance matrix from (A) (4)-hat it is 
obvious that t h i s node w i l l be pruned, the fur ther 
computations fo r th i s combination are omitted and 
thus t h i s node does not appear in Figures 3 and A. 
No f i n a l adjustment at the bottom leve l of the 
search t ree was done. 

Figure 3 shows the resu l ts of using the data 
in Figure 1 as Scene A and the data in Figure 2 
as Scene B. The search tree is shown. The num­
bers at the l e f t followed by colons are the fea­
ture numbers In Scene A. The other numbers on 
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the same l i n e are the feature numbers in Scene B 
for the features being matched to th is feature in 
Scene A. Zero means that t h i s feature in Scene A 
is l e f t unmatched. The numbers jus t below the 
Scene B feature numbers represent the a pos te r i o r i 
p robab i l i t i es computed for t h i s match so far . To 
save space the. negative of the common logarithm of 
the p r o b a b i l i t y , truncated to an Integer, is shown. 
Below the search tree the f i n a l resul ts are shown 
for the most probable match, w i th computed stan­
dard deviat ions. Note that the probab i l i t y is 
close to 1, whereas the a p r i o r i p robab i l i t y was 
only 1/2 This i l l u s t r a t e s the fact tha t , when the 
features contain enough information to determine 
the match w e l l , the a p r i o r i p robab i l i t i es have 
l i t t l e e f f e c t , as long as they are reasonable. Also 
note that the standard deviat ion of the scale fac­
tor is not much less than the input value of 0 .01 , 
which means that the so lut ion was not able to add 
much information about the scale factor . (Since 
the two scenes were both from the same actual 
scene and same camera pos i t i on , the true values of 
t rans la t ion and ro ta t ion are zero, and the true 
value of scale factor is un i t y . ) 

Figure 4 s im i l a r l y shows the resul ts of doing 
the match wi th the scenes interchanged, so that 
Figure 2 now represents Scene A and Figure 1 repre­
sents Scene B. Even though the search tree is 
qui te d i f f e r e n t , the f i n a l resu l ts are almost the 
same. (The two f i n a l resu l ts would agree even 
better if a complete solut ion were done at the 
bottom leve l of the search t ree , since the same 
features were matched.) Of course, since the 
scenes have been interchanged, the t rans la t ion and 
ro ta t ion have changed sign and the scale factor 
has been inverted. 

In th i s example, only the two hor izonta l t ran­
s la t ion parameters were free to be adjusted by 
large amounts. Therefore, a f ter the f i r s t l e v e l , 
the search tree stopped growing rap id l y , because 
one feature match in two dimensions suf f ices to 
determine two t rans la t ion parameters. If the a 
p r i o r i values of ro ta t ion and scale factor had 
been very uncertain a lso, the rapid growth would 
have continued to the second l e v e l , because two 
features matches in two dimensions are required to 
determine four parameters. However, the rate of 
growth in general would be less than exponential 
because of the decreasing computed p robab i l i t i es 
of combined incorrect matches, based on loca l e v i ­
dence (here only s ize) . If more information 
(perhaps shape) had been included in the feature 
vector , the growth might have been less rap id , be­
cause bet ter d iscr iminat ion against incorrect i n ­
d iv idua l feature matches would have been possible. 
Also, a higher p robab i l i t y threshold would reduce 
the growth. It can be seen that in Figure 3 three 
of the seven matches at the f i r s t leve l have a 
p robab i l i t y less than 0.01 and In Figure 4 one of 
the f i ve does. 

A unmatched ( indicated by zeros for feature num­
bers in Scene B). As more objects are l e f t e r ro ­
neously unmatched, the p robab i l i t y of these com­
binat ions becomes qui te small at the lower levels 
of the t r ee , and they eventually are pruned. 
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Af ter the leve l of rapid growth discussed 
above, there is s t i l l some growth in the search 
t ree caused by uncertainty in the pos i t ion of the 
features. However, most of the growth at these 
leve l is caused by leaving the features in Scene 
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