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ABSTRACT 

We s tudy the u n i f i c a t i o n and match ing problems 
in the s igned b i n a r y t r ees t h e o r y . We show t h a t any 
equa t i on tl1=t2 can be t rans formed i n t o an e q u i v a l e n t 
one x = t . I f x does not occur in t then (x > t) 
i s the unique most genera l u n i f i e r i n the theory 
(up to an isomorph ism) . We apply t h i s technique to 
f i n d recur rence r e l a t i o n s between se ts o f t e rms . 
These r e l a t i o n s are used to syn thes ize LISP p r o ­
grams from a set of i n p u t t r a c e s . 
KEYWORDS : u n i f i c a t i o n , ma tch i ng , e q u a t i o n , u n i f i e r , 
s u b s t i t u t i o n , r e w r i t e r u l e , t e rm , t r e e , program 
s y n t h e s i s . 

I INTRODUCTION 

An example of a p p l i c a t i o n to program d e r e c u r -
s i v a t i o n i s shown i n s e c t i o n V I I . 

Signed b i n a r y t r ees have been i n t r oduced in 
[14 ] in o rder to so lve equa t ions which have no s o l u ­
t i o n i n b i n a r y t r e e s . Such equat ions appear i n 
program s y n t h e s i s o r t r a n s f o r m a t i o n p rocesses . Th is 
techn ique enables us to pe r fo rm such syn thes i s or 
t r a n s f o r m a t i o n processes i n v a r i o u s s i t u a t i o n s . Our 
goa l here is to s tudy how equa t ions may be so lved 
i n t h i s t h e o r y . 

Sec t i on I I r e c a l l s bo th usua l concepts o f u -
n i f i c a t i o n i n an e q u a t i o n a l theory and d e f i n i t i o n s 
of s igned b i n a r y t rees cons idered as terms of an e-
q u a t i o n a l theory or as a term r e w r i t i n g system. 

Sec t i on I I I i n t r oduces the concept o f e q u i v a ­
l e n t equa t ions and se ts some bas i c t o o l s used in 
the f o l l o w i n g s e c t i o n s . 

Sec t ion IV desc r i bes and proves an a l g o r i t h m 
which t rans fo rms an e q u a t i o n i n t o an e q u i v a l e n t one 
( w i t h less f u n c t i o n symbo ls ) . Some p r o p e r t i e s of 
reduced equa t ions are s t u d i e d . 

Sec t i on V i s concerned w i t h the r e s o l u t i o n o f 
l i n e a r equa t i on (an equa t i on i s l i n e a r i f t he re 
e x i s t s a v a r i a b l e x which has a unique occurrence 
in the terms o f the e q u i v a l e n t reduced e q u a t i o n ) . 
We g ive a c o n s t r u c t i v e c a r a c t e r i s a t i o n of the most 
genera l s o l u t i o n (up to an isomorphism) of such a 
l i n e a r e q u a t i o n . 

The match ing problem is then s t u d i e d in sec­
t i o n V I . 
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V LINEAR EQUATIONS 

In th is sect ion, we show that for l inear equa­
t ions , the minimal complete set of un i f ie rs has on­
ly one element, which is easy to compute. 

A. Def in i t ions 

DEFINITION 17 : we say that a term t in normal 
form is l inear in a variable x i f f 0 ( x , t ) = l . 

We say that an equation e is l inear in x i f f 
0 ( x , e ) - l . 

We can remark f i r s t that a non-linear equation 
can be equivalent to a reduced l inear one, as in 
the example of section IV. 
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We use a derecursivat ion technique which is 
detai led in [16] : from a given recursive d e f i n i ­
t i o n , a set of "computational traces" is computed 
f i r s t . Then recurrence relat ions are found by mat­
ching together the successive terms of the set of 
computational traces. F ina l l y , the recurrence re l a ­
tions are transformed into ta i l - recurs ive programs 
using a synthesis theorem [16] . The derecursivation 
process is thus based on a synthesis technique. 

In what fo l lows, we de ta i l an example where 
the generalized matching techniques used in [16] , 
[20] do not work : the use of signed binary trees 
w i l l erase th is d i f f i c u l t y . 

Let us consider the fol lowing LISP program 
where F' has a recursive d e f i n i t i o n . 
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Notice that the theorem used says that the 
function FF' is the least upper bound of the chain 
of functions obtained by replacing i n t i [Ω] (xx, 
x,z) the predicates and the fragments Fby the i r 
normal forms, provided that the recurrence re l a ­
tions found by matching the f i r s t f i ve fragments 
are va l id for a l l fragments. So, to prove that F' 
and FF' are equivalent programs, i . e . compute the 
same funct ion, one only has to prove that the f rag ­
ments of F1 and those of FF' are equivalent. We 
know that it is true for the f i r s t f ive ones, but 
we have to prove that it is always t rue. It is 
clear that such a proof is not so hard and could be 
done by an automatic system. 

Moreover the proof of equivalence of F' and 
FF' could be performed by an automatic system 
such as [ 1 ] , [2] and [ 5 ] . There is in fact a s t ron­
ger argument for the equivalence of F' and FF' : 
F' has a kind of polynomial behaviour and we be l i e ­
ve in a not yet proved conjecture that polynomial 
functions on trees are characterized by a f i n i t e 
number of examples (or computational traces) and 
that they may be obtained from these computational 
traces by using a " d i f f e r e n t i a t i o n " algorithm such 
as ours. 

We thu9 have synthesized a non monotonic func­
t ion ( in the sense that the size of the fragments 
is a non monotonic function) using an aux i l ia ry 
function : the - funct ion. A good way to deal wi th 
th is extra funct ion would be to bu i ld the term re ­
w r i t i ng system described in section I I I . 2 in the 
LISP in terpretor i t s e l f in order to compute in a 
systematic way the normal forms of signed S-expres-
sions. We use in fact a c lassical LISP and we thus 
have to process the outputs of functions using the 
- funct ion. 

1022 



ACKNOWLEDGEMENTS 

We thank the CNRS f o r f i n a n c i a l suppo r t . 

REFERENCES 

[ I ] B u r s t a l l R.M., D a r l i n g t o n J . " A t r a n s f o r m a t i o n 
system f o r deve lopp ing r e c u r s i v e programs" . 
J.ACM 24, 44-67 , 1977. 

[ 2 ] Boyer R., Moore J. "A lemma d r i v e n automat ic 
theorem prover f o r r ecu r s i ve f u n c t i o n t h e o r y " . 
5 th I J C A I , Bos ton , 1977. 

[ 3 ] Cource l l e B . "Arbres i n f i n i s e t systemes 
d ' e q u a t i o n s " . I n R .A . I .R .O. I n fo rma t i que 
t h e o r i q u e , v o l . 1 3 - 1 , 31-48 , 1979. 

[ 4 ] D O N E R , Trees acceptors and some of t h e i r 
a p p l i c a t i o n s " , J . o f computer system sc ience 
4, 406 -451 , 1970. 

[ 5 ] Huet G . , H u l l o t J .M. "Proo fs by i n d u c t i o n in 
e q u a t i o n a l t heo r i es w i t h c o n s t r u c t o r s " , Proc. 
21th symposium on founda t ion of computer 
s c i e n c e , 1980. 

[ 6 ] Huet G. and Oppen D.C. "Equat ions and r e w r i t e 
r u l e s : a s u r v e y " . In"Formal Languages : 
Perspec t i ves and open p rob lems" . E d . B o o k R., 
Academic P ress , 1980. 

[ 7 ] Huet G. " R e s o l u t i o n d ' e q u a t i o n dans les l anga -
ges d ' o r d r e 1,2 . . . " . These d ' E t a t , U n i v e r s i t e 
Pa r i s V I I , 1976. 

[ 8 ] Huet G. "Con f luen t r educ t i ons : a b s t r a c t p r o ­
p e r t i e s and a p p l i c a t i o n s to term r e w r i t i n g 
sys tem" . J.ACM 2 7 , 4 , 797-821 , 1980. 

[ 9 ] Huet G. "A complete p roo f of the Knuth Bendix 
comp le t ion a l g o r i t h m " , INRIA r e p o r t , 1980. 

[10 ] H u l l o t J .M. "Canon ica l form and u n i f i c a t i o n " . 
P roc . 5 th conference on automated d e d u c t i o n , 
Les A r c s , 1980. 

[ I I ] Jouannaud J . P . , Kod ra to f f Y . " C h a r a c t e r i s a t i o n 
of a c lass of f u n c t i o n s syn thes ized from 
examples by a SUMMERS l i k e method us ing the 
B0YER-M00RE-WEGBREIT match ing t e c h n i q u e " . Proc. 
6 th IJCAI Tokyo, 1979. 

[12 ] Jouannaud J . P . , K o d r a t o f f Y. "An automat ic 
c o n s t r u c t i o n of LISP programs by t r ans fo rma ­
t i o n o f f u n c t i o n s syn thes ized f rom t h e i r i n p u t -
ou tpu t b e h a v i o u r " . I n P.A. I .S.number 2 , 
M i c h a l s k i E d i t o r , 1980. 

[ 13 ] Jouannaud J . P . , K i r chne r C. and H . , P icard M. 
"Signed t rees : an a l g e b r a i c frame f o r s o l v i n g 
equat ions on b i n a r y t r e e s . A p p l i c a t i o n to LISP 
program s y n t h e s i s " . Rp. CRIN 80-R-30, 1980. 

[14 ] Jouannaud J . P . , P icard M. , K i r chner C. and H. 
"Les arbres s ignes :un cadre a lgebr ique pour 
l a r e s o l u t i o n d ' e q u a t i o n dans les a r b r e s " . 
Proc . congres AFCET-Informatique Nancy, 1980. 

[ 15 ] Knuth D. , Bendix P. "Simple word problems in 
u n i v e r s a l a l g e b r a s " . I n "Computa t iona l p r o ­
blems in a b s t r a c t a l g e b r a " . Leech J . ed Perga-
mon P ress , 1970. 

[ 16 ] K o d r a t o f f Y. and Jouannaud J . P . "Some s p e c i f i ­
ca t i ons f o r the syn thes is o f l i s t s p rograms" . 
Proc . o f the I n t e r n a t i o n a l Workshop on p r o ­
gram c o n s t r u c t i o n . Chateau de Bonas, 1980. 

[ 17 ] K i r chne r C. and H . , Jouannaud J . P . " A l g e b r a i c 
man ipu la t i ons as a u n i f i c a t i o n and matching 
s t r a t e g y f o r l i n e a r equat ions i n s igned b i n a r y 
t r e e s " . Rp.CRIN n° 81-R-029, 1981. 

1023 


