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I. INTRODUCTION 

There are s e v e r a l a r t i f i c i a l i n t e l l i g e n c e 
domains, such as e l e c t r o n i c c i r c u i t a n a l y s i s o r 
chemica l e n g i n e e r i n g , where hand l i ng symbol ic 
mathematics i s i m p o r t a n t . Whi le symbol ic mathematics 
packages e x i s t [ I ] they o f t e n prove inadequate to 
handle the comp lex i t y of the symbol ic express ions 
in such domains [ 2 ] . Th is paper proposes some 
techniques f o r us ing assumptions about r e l a t i v e 
magnitudes t o s i m p l i f y e x p r e s s i o n s w h i l e m a i n t a i n i n g 
a known degree of accuracy . There is a s t rong 
analogy between the proposed techn ique and the use 
o f e x p o n e n t i a l n o t a t i o n in the approximate rep resen­
t a t i o n o f r e a l numbers. 

The n e c e s s i t y of making assumptions about the 
r e l a t i v e s i zes o f the va lues o f v a r i a b l e s i n t r o ­
duces the p o s s i b i l i t y t h a t they w i l l be proven 
wrong d u r i n g the course of s o l v i n g some set of 
e q u a t i o n s . Thus a t r u t h maintenance system [3 ] [4 ] 
may prove u s e f u l in keeping t r a c k of the assumptions 
u n d e r l y i n g s p e c i f i c s i m p l i f i c a t i o n s and s o l u t i o n s . 
The number of assumptions needed can be reduced by 
employing c o n s t r a i n t p ropoga t ion (5) as a pr imary 
techn ique f o r s o l v i n g equa t i ons . 

I I . ALGEBRAIC SIMPLIFICATION 

The f i r s t s tep i n d e f i n i n g an "n s i g n i f i c a n t 
f i g u r e r e p r e s e n t a i o n " i s to d e f i n e a canon ica l 
po l ynomia l as e i t h e r an i n t e g e r c o n s t a n t , a 
v a r i a b l e , or a po lynomia l a0xn + a1xn-1 + . . . + a 
where a0 is not 0 and none of the c o e f f i c i n t s a 
c o n t a i n the v a r i a b l e x . No t i ce t h a t every canon ica l 
po l ynomia l o the r than 0 takes on a non-zero va lue 
f o r some ( i n f a c t most) i n t e r p r e t a t i o n s o f i t s 
v a r i a b l e s . 

Some way of d i s c u s s i n g the r e l a t i v e s i zes of 
v a r i a b l e s is needed. Each v a r i a b l e x is assoc ia ted 
w i t h an order o ( x ) which is some power o f t e n . I t 
Is assumed t ha t x takes on va lues near o ( x ) . The 
o rder f u n c t i o n o can be extended to a l l non-zero 
canon i ca l po lynomia ls p in such a way t h a t the 
magnitudes of the va lues p takes on are u s u a l l y 
near o ( p ) . The order o(p) of a non-zero canon ica l 
po lynomia l p is d e f i n e d to be o (x ) f o r a v a r i a b l e 
x, 1 f o r an i n t e g e r c o n s t a n t , and the maximum of 
the o rders of the non-zero terms f o r a po lynomia l 
of the above f o rm , where the o rder of a non-zero 
term a1xn - 1 is d e f i n e d to be o ( a . ) o ( x ) n - 1 . A can­
o n i c a l po l ynomia l i s c a l l e d m in ima l i f i t i s a 

v a r i a b l e , a n i n t e g e r c o n s t a n t , o r i f a l l o f i t s 
non-zero terms are of the same order and each 
c o e f f i c i e n t o f each term is m i n i m a l . A min imal 
po lynomia l can be thought of as c o n t a i n i n g on l y 
tha t i n f o r m a t i o n r e l e v a n t to de te rm in i ng the va lue 
o f the po lynomia l to w i t h i n ten pe rcen t . 

An n s i g n i f i c a n t f i g u r e po lynomia l expansion 
is a p a i r ( ( p 0 , p . , . . . p ) e) of an n - t u p l e of 
m in ima l canon i ca l po lynomia ls and an i n t e g e r e such 
t ha t f o r each p i e i t h e r p i equals 0 or o(p i ) equals 
10 . Such an expansion Is cons idered e q u i v a l e n t 
to the exp ress ion p0 + p, + . . . + p • There is a 
s t r ong analogy between n s i g n i f i c a n t f i g u r e p o l y ­
nomia l expansions and n s i g n i f i c a n t f i g u r e expon­
e n t i a l n o t a i o n r e p r e s e n t a t i o n s o f r e a l numbers. 
F i n a l l y an n s i g n i f i c a n t f i g u r e rep resen ta ion is 
de f i ned to be a r a t i o of two n s i g n i f i c a n t f i g u r e 
po lynomia l expansions and t h e r e f o r e has the f o l l o w ­
ing fo rm: 

The t r u n c a t i o n of an m s i g n i f i c a n t f i g u r e r e p ­
resen ta ion to an n s i g n i f i c a n t f i g u r e r e p r e s e n t a t i o n 
is d e f i n e d in the obvious way as the r e s u l t of 
d ropp ing m-n low order terms form the numerator and 
denominator . An n s i g n i f i c a n t f i g u r e r e p r e s e n t a t i o n 
is c a l l e d an n s i g n i f i c a n t f i g u r e approx imat ion o f 
a n a r b i t r a r y r a t i o n a l exp ress ion S i f i t i s a t r u n ­
c a t i o n o f an m s i g n i f i c a n t f i g u r e r e p r e s e n t a t i o n 
which is e x a c t l y e q u i v a l e n t to S. 

An express ion c o n t a i n i n g r e a l numbers can be 
approx ima te l y eva lua ted us ing procedures which add , 
s u b t r a c t , m u l t i p l y and d i v i d e n s i g n i f i c a n t f i g u r e 
approx imat ions o f r e a l s . The approximate s i m p l i f i c ­
a t i o n of r a t i o n a l a l g e b r a i c express ions can be done 
in the same way us ing procedures which add, sub­
t r a c t , m u l t i p l y and d i v i d e the n s i g n i f i c a n t f i g u r e 
r e p r e s e n t a t i o n s de f i ned above. I t i s r e l a t i v e l y 
s t r a i g h t f o r w a r d to d e f i n e procedures which compute 
a c a n o n i c a l po lynomia l e q u i v a l e n t to the sum, d i f ­
f e r e n c e , or product o f two canon i ca l p o l y n o m i a l s . 
From these one can c o n s t r u c t procedures which com­
pute n s i g n i f i c a n t f i g u r e approx imat ions to the sum, 
d i f f e r e n c e , product or q u o t i e n t o f two n s i g n i f i c a n t 
f i g u r e r e p r e s e n t a t i o n s . As opposed to s tandard num­
e r i c o p e r a t i o n s these symbol ic s i m p l i f i c a t i o n p r o c ­
edures never per fo rm c a r r i e s . 
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Suppose tha t a is very s m a l l , about JO . If 
x is assumed to be on the order of 1 then by 
d ropp ing un impor tant terms form the equa t ion i t can 
be shown t ha t x is almost e x a c t l y 1. S i m i l a r l y i f x 
is assumed to be about 10 then it can be shown 
tha t x is almost e x a c t l y a, w h i l e f o r x on the 
order of 10 x is almost e x a c t l y a . Such t e c h ­
n i ques , though w e l l known in eng inee r i ng and 
a p p l i e d mathematics [ 7 ] , have not been i nco rpo ra ted 
i n t o computer symbol ic mathematics packages. 

In genera l an express ion which is cons t ra i ned 
to be zero can be s i m p l i f i e d to an n s i g n i f i c a n t 
f i g u r e app rox ima t i on . To so lve for a v a r i a b l e x the 
the express ion should be put in the form ax + b 
where a and b are n s i g n i f i c a n t f i g u r e po lynomia l 
expans ions . Then x can be set equal to the n s i g n ­
i f i c a n t f i g u r e s i m p l i f i c a t i o n o f - b / a . i f the 
o r i g i n a l express ion c a n ' t be s i m p l i f i e d to the 
des i red form i t may s t i l l be poss i b l e to s i m p l i f y 
i t to a product express ions each of which is l i n e a r 
in x. In t h i s case one f a c t o r must be zero and each 
f a c t o r can be used to g i ve a p o s s i b l e va lue f o r x. 
Only those s o l u t i o n s which are of a s i z e c o n s i s t e n t 
w i t h the assumed s i ze of x are v i a b l e and i f the re 
are no such s o l u t i o n s then the assumption about 
the s i ze of x must be r e t r a c t e d and some o ther s i z e 
t r i e d (perhaps the s i ze o f one of the s o l u t i o n s f o r 
x ) . 

Th is techn ique can be extended to systems of 
equa t ions by employing Gaussian e l i m i n a t i o n . F i r s t 
an assumed order o (x ) is assoc ia ted w i t h each 
v a r i a b l e x. Then the equat ions are so lved one at a 
t i m e , each t ime f o r a v a r i a b l e which has not yet 
been so lved f o r . i t i s p o s s i b l e t h a t d u r i n g t h i s 
process some subset of assumptions about the o rders 
of v a r i a b l e s is shown to be i n c o n s i s t e n t . When t h i s 
happens an assumpt ion must be r e t r a c t e d and the 
s i m p l i f i c a t i o n s and s o l u t i o n s which depended on 
tha t assumpt ion must be redone. A t r u t h maintenance 
system [3 ] [A] cou id prove u s e f u l in keeping t r ack 
of which s i m p l i f i c a t i o n s and s o l u t i o n s depend on 
which assumpt ions. 

S i m p l i f i c a t i o n s would be less s e n s i t i v e to 
changes in the assumed s i z e o f v a r i a b l e s i f they 
cou ld be based on assumptions of the form " t h e 
order of x is l ess than the order of y" r a t h e r than 
assumptions about the s p e c i f i c s i zes o f v a r i b l e s . 
A t r u t h maintenance system might aga in prove u s e f u l 
i n keeping t r a c k o f which s i m p l i f i c a t i o n s remain 
v a l i d when assumpt ions change. 

C o n s t r a i n t p ropoga t ion is a techn ique f o r 
s o l v i n g se ts o f equa t ions [ 5 ] , I n c o n s t r a i n t p rop ­
oga t i on some subset of v a r i a b l e s are a - p r i o r i 
chosen to be " independen t " w h i l e o the rs are chosen 
to be "dependen t " . Dependent v a r i a b l e s are e l i m i n ­
ated when they can be expressed d i r e c t l y in terms 
of independent v a r i a b l e s v i a some exact man ipu l ­
a t i o n of a s i n g l e e q u a t i o n . Once an exact va lue 
f o r a dependent v a r i a b l e is found i t can be s imp­
l i f i e d to an n s i g n i f i c a n t f i g u r e approx ima t ion 
( the s i m p l i f i c a t i o n of exact va lues can be very 
expensive w i t h o u t the use of a p p r o x i m a t i o n s ) . Th is 
has the advantage t h a t assumptions about the s i zes 
of the dependent v a r i a b l e s do not need to be made. 
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I t has the d isadvantage tha t not every set o f 
equa t ions can be so l ved in t h i s way. I t would 
appear t h a t some m i x t u r e of c o n s t r a i n t p ropoga t l on 
and o the r techn iques would be op t ima l f o r s o l v i n g 
se ts of equa t ions under o rder of magnitude assump­
t i o n s about v a r i a b l e s i z e s . 
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