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ABSTRACT

The elgorithm degign problem is concerned with
the conatruction of an algorithm satisfying a given
specification of a problem. We present an overview
of a system, called NAPS, which designs algorithma
in a top-down manner. Given a formal specification
of m problem NAPS produces a top level algorithm
plus specifications for any necessary subalgo—
rithma. The specifications for the subalgorithms
are produced in euch e way that the top level algo—
rithm will eatiefy the original specifications if
and only if subalgerithms can be huilt which
satisfy the subamlgorithm specifications.

1 OVERVIEW

A formal specification of a probtlem [} han the

form

[{x) = z such that zeB & Plz,x) where xeD & J{x)
where D and & are the input and output dats  types
respectively, and I and P are the input and output
conditions respectively. The nmlgorithm design
problem {1,2,%,4,5,6] is to produce an algorithm
which satisfies u given formel specification. We
present here an overview of an automatic algorithm
design eystem called NAPS which is currently under
development.

Figure | shows the organization and flow of
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Figure 1. Simplified System Organization
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The algorithm design process proceeds in a top down
manner with the production of higher level algo-
rithms resulting in the generation of specifica-
tions for lower level algorithms. The workings of
NAPS are described below via a description of the
main sources of information which the desigi con-
trol module of NAPS uses.

A* Data Structure Knowledge Base

The data structure knowledge base
organized around alternate algebraic descriptions
of various data types. The central part of a
description consists of a definition of the type by
means of a set of primitive objects and an operator
which generates the rest of the type. For example,
the data type INTEGERLISTS has the set of primitive
objects PRIM = (nil, (0), (-1), (1), (-2), (2),
..j and at least two distinct generators
1) FUNNY CONS: PRIM x 1NTEGERLIST -> INTEGERLIST
where FUNNYCONS( (3) (1 2 4) ) = (31 2 4), and
2) APPEND: INTEGERLIST x INTEGERLIST -> INTEGERL1ST
where APPEND ( (3 1) (24) ) = (31 2 4). Other
algebraic properties of a type which are included
in a description include any well-founded orderings
on the type (used to prove termination of loops),
and congruence relations with respect to the gen-
erator (used for formulating subproblems).

(DSKB) s

Also included in a description are various
operators on the data type. These operators are
used in the construction of the target algorithm.
Properties of the operations and their interaction
with other operations are expressed by transforma-
tion rules. These rules are used by NAPS for sim-
plifying expressions and for theorem proving pur-
poses in the deductive mechanism of the design con-
trol module.

B. Control Structure Knowledge Base

The Control Structure Knowledge Base (CSKB) is
organized about a small collection of algorithm
schemas. The algorithm schemas are classified as
basic or complex. The basic schemas are abstracted
forms of typical control structuring mechanisms
from programming languages: 1) operation sequenc-

ing, 2) Diikstra's IF statement [3], (see section
IIA below), and 3) the WHILE loop. The complex
schemas result from our unified theory of combina-

torial search algorithms [7] and presently consist
of schemas for divide and conquer, branch and
bound, greedy, and dynamic programming algorithms.
It is our view [8] that well designed algorithms
are often adaptations of one of a small number of
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generic algorithms rather than being arbitrary
well-formed compositions of the wusual control
structures (IF-THEN-ELSE, WHILE loops, etc.).

Associated with each schema in the CSKB is a
correctness  schema. A correctness schema is
parameterized in two ways. First, there are arbi-
trary predicate symbols in those places where the
input and output conditions and types are expected.
Given a formal specification we can instantiate
those symbols in the correctness schema. Secondly,
there are arbitrary function and predicate symbols
in place of those data operations which are them-
selves parameterized in the algorithm schema. Dur-
ing, the design process these function symbols will
be replaced by formal subspecifications for the
corresponding data operations. These subspecifica-
tions are generated in such a way as to guarantee
that the fully instantiated correctness schema will
be a true formula (under the natural interpretation
which is in essence provided by the DSKP). The
parameterized data operations in the algorithm
schema are then replaced by calls to procedures
which are generated by NAPS from the subspecifica-
tions.

Bach algorithm schema in the CSKB also has
associated with it a collection of heuristics for
guiding the process of adapting the schema to the
problem at hand and for generating subspecifica-
tions. The heuristics generally work by selecting
some operators from the DSKB and substituting them
into both the algorithm schema and the correctness
schema. NAPS then attempts to prove the correct-
ness schema making use of knowledge in the DSKB
about the data types and operators. Whenever the
proof of the output assertion of the correctness
schema reduces to an expression which cannot be-
proved, NAPS attempts to transform that expression
into the output assertion of one of the data opera-
tions which has not been instantiated by the
heuristic.

Il  FXAMPLES

A Maximum of two integern

Suppose that a user supplies the following
specifieation of the problem of finding the maximm
of two integers:

MaX2{a,b) = z such thot scia,bl & 2>ia,bf
where {g,bl ¢ MNTRIER.

The appropriste algorithm schems for thiv problem
is an IF achema:

F{x) = IF
Q1(x) - f](x) I]

Gix) = £ §

) £

wiich is purameterized by the predieates Qi{x) for
1<ign and operations £5(x) for 1<i<n. The correct-
nest nchema is

waeDD | Qy(x) = £ {xdes & Plx, Ty (x))] &
! Onix) = folxden & P(x.f?(x))] &

[ Qux) = £ (x)el & Plx,f (x)}] &

| Glx) or Qule® or oL or @u(x) 1)

where D oand 0 sare the input and  output  types
respectively and P is the output condition. A
heuristic for the IF schoma suggesins  ingstantiating
the data operations I by elemente of the output
domain if the output domain is asmall and/or expli-
citly given. Here we can replace fy{x) by a and
foix) by L. Combining thsse substitutions with the
subatitution of INTEGERC for D (the input type),
{a, 0} for @ (the mutput type), and z>{a,bf for F
tthe output  cordition}, we pet the Tollowing par-
tially instantiated correctness schemu.

¥au, boe INTRGERE | {0 {n,0) = aela,b] & >{a,0]] &
[Csla,0) = bein,b] & W a,b]] &
[G)ta,b) or Qu(a, 1] ]
which omr he simplified vin transformation rules to
Yoo e INTEGEE | T Glagt) = | &
[ Qla,t) = toa | &
[ Gia,b) or Oala,p)y 1 1
At thi= point we need either target  languape
expressions or  specifieations for 4y and Qn such
that the rewlting  correctmess t'urrr:u{:x 15 true.
The right hand  cide of  the implications in our
example have simplified to romputable  toreet
langusgy exprescion: so we can set 0y and (4 Lo the
expressions acl and  bya respectively. quick
check  confirm:  the soundness of these chodeens and

the resulting algorithe for MAXD is

MAXA e, b < IF
adt > MAX2 := m [

B = MAXZ = b
w7
#. Sorting u list of integers
'n thig section we will only sketeh the
derivation of sort alporithme beaced on n divide und
conguet sehepa, Dee [H)] for pore detnils. A typi-
cad spreifimmbion for the sort problem in
SORT(x) - z such that zeINTRIRLIST
& PERMITATION{x,z) & OHDFRFD{z)

where e INTFGERLIOT.
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A simplified binary divide and conquer =chema has

the form

pC{x} = IF
PRIM(x) =3 DC := PRIM3IAx) ]

~PRIM(x) = (yy,¥,) i DECOMPOSE(x);
(21;22) I= (DC()’H.DC(.‘Q))F

DCoss CDM‘(JS}J(Z1 ,2.2)
i
be

Before the schema can be used a selection must

made of a description of the input and output data
types as discussed in section IA. For the sort
problem the selection of a description of the

INTEGERLIST data type containing the generator FUN-
NY OONS will ultimately lead to the production of
insertion sorts and selection sorts. The selection
of the APPEND generator leads to the production of
quicksort and mergesort algorithms. The underlined
function names in the divide and conquer schema are
data operations to be filled in by the adaptation
process. The predicate PRIM returns true exactly
when its argument is an element of the set of prim-
itive objects of the input data type. PRMSOL pro-
duces the correct output for the problem when its
argument is a primitive object. DEOOVMPOSE splits
its argument into smaller pieces on which the algo-
rithm recurses. Finally COVPOSE takes the results
of the two recursive calls and combines them to
form the output object.

We will ignore the heuristics for guiding the
instantiation of the PRM and PRIMSOL operations
and focus instead on the two heuristics for han-
dling the nonprimitive case. One of these heuris-
tics suggests selecting an operator for DECOMPOSE
from the DSKB and then solving for the specifica-
tions of COMPOSE. Selection of the simplest DECOM-
POSE operator leads to mergesort and insertion sort
algorithms (depending on the previous choice of
generator). The dual heuristic suggests selecting
an operator for the OOMPCSE and then solving for
the specifications of the DEOCOMPOSE operation.
Selection of the simplest such COMPOSE operator for

the sort problem leads to the production of quick-
sort and insertion sort. In the case of quicksort
we select APPEND as our OOMPOSE operation and

derive the following specification for DECOVPOSE
DECOMPOSE{(x) = {¥y,¥»] such that y;,y,¢ INTBGZERLIST
& PERMUTATION{x,APPEND(y,,y5})
& Vr,scINTEGER [reyy & seyp = rés).
Here y< X iff the length of y is less than the
length of x. Adapting the divide and conquer
acheme to this specification leads to the construe-

tion of & form of the usual partition subalgerithm
of quicksort.
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Il CONCLUSION

An overview has been presented of a system for
generating algorithms from user supplied specifica-
tions. The system attempts to adapt one of a small
number of algorithm schemas to the specifications.
The process of adapting a schema generates specifi-
cations for subalgorithms. The resulting algo-
rithms are guaranteed to be correct since the adap-
tation process works by attempting to instantiate a
correctness schema in order to make it a true for-
mula.

We are continuing to generalize and extend our
theory of combinatorial search algorithms which
supplies the knowledge and organizing principles
underlying our control structure and data structure
knowledge bases. For experimental purposes we have
a prototype system running that is able to handle
the proofs of correctness formulas and the genera-

tion of subspecifications for the sorting algo-
rithms discussed in section |IB.
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