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ABSTRACT 
Smoothness constraints have been used to f a c i l i 
tate the estimation of displacement vector f i e lds . 
Differing from HORN and SCHUNCK 81 who employ a 
general smoothness requirement, this contribution 
reports an analysis of an "oriented smoothness" 
requirement: a change in the displacement vector 
f i e ld is only constrained in the direction perpen
dicular to the characteristic gray value variation 
based on which the displacement vector is es t i 
mated. An i terat ive solution for the resulting 
system of nonlinear part ial d i f ferent ia l equa
tions is developed. It is shown how this system of 
equations relates to the one derived by HORN and 
SCHUNCK 81. 

2. "ORIENTED SMOOTHNESS" REQUIREMENTS 
Several approaches have been investigated in order 
to cope especially with d i f f i cu l t y ( i ) . YACHIDA 82 
assumes that a displacement vector can be es t i 
mated at prominent points. He propagates such es t i 
mates into neighboring areas with large gray value 
gradients, based on the method of HORN and SCHUNCK 

I—/ 
They employ the variational calculus to transform 
equation (2) into a system of second order part ial 
d i f ferent ia l equations for the two components u(X) 
and v(X). Using a part icular approximation on a 
3x3 pixel grid for the Laplacian of u and v, this 
system of two coupled part ial d i f ferent ia l equa
tions has been converted into a sparse system of 
l inear equations with two unknowns for each pixel 
in the image. An i tera t ive solution of this large 
system of equations has been employed in order to 
study various examples. 
Two aspects of this approach let it appear espe
c ia l l y at t ract ive. F i rs t , a l l hypotheses are in 
troduced exp l i c i t l y into a rigorous mathematical 
framework. Second, well-known mathematical methods 
are employed to derive the solution so that the 
consequences of the various hypotheses and approxi
mations can be studied in de ta i l . One can recognize 
three sources of d i f f i cu l t i es in the approach of 
HORN and SCHUNCK 81: 

i) The smoothness requirement is applied indis
criminately across a l l gray value edges de
spite the fact that such edges might separate 
image regions with discontinuous displacement 
vector f ie lds (see SCHUNCK and HORN 81). 

i i ) No advantage is taken of the fact that cer
tain nonlinear gray value variations may con
strain possible displacement vectors much 
stronger than image areas with smoothly vary
ing gray values or straight l ine gray value 
transi t ions. 

i i i ) The solution outlined in HORN and SCHUNCK 81 
does not indicate how to handle situations 
where a two-pixel gradient estimate or an 
approximation to the Laplacian based on a 
3x3 pixel window appear inappropriate. 
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81. His i tera t ive improvement scheme, however, em
ploys the inverse variance of displacement es t i 
mates from a 5x5 window as a weight in order to 
suppress the propagation of displacement estimates 
with large local variat ions. 

CORNELIUS and KANADE 83 deactivate the smoothness 
requirement in the neighborhood of zero-crossing 
contours in order to avoid that estimates sp i l l 
across potential discontinuit ies of the displace
ment vector f i e l d , for example associated with 
occluding contours. 

WU et a l . 82 propagate a displacement estimate 
only along a contour l ine between corner points. 
At each new contour point, they combine the es t i 
mated displacement vector from the previous con
tour point with new estimates of the contour d i 
rection and of the displacement component perpen
dicular to the contour in order to update the 
tangential component of the displacement vector. 

HILDRETH 83 minimizes the sum of two terms, in te
grated along a zero-crossing contour. The f i r s t 
term is the squared difference between the 'meas
ured' and the estimated displacement component 
perpendicular to the contour. The second term rep
resents the squared derivative of the displacement 
vector f i e l d with respect to the arclength along 
the zero-crossing contour, expressing the smooth
ness requirement (see also HILDRETH 82). 

The current contribution proposes a broader ap
proach. An "oriented smoothness" Requirement w i l l 
be introduced, constraining the variat ion of the 
displacement vector f i e ld only in those directions 
alonq which a displacement vector component can 
not be inferred from the spatio-temporal gray va l 
ue changes. This "oriented smoothness" constraint 
w i l l be t ied d i rect ly to the gray value var ia t ion, 
th s avoiding the introduction of additional 
machinery such as the variance of displacement 
estimates or the separate, prior determination of 
gray value contour l ines. Moreover, a single mini
mization task w i l l be used both to estimate dis
placement vector f ie lds from nonlinear gray value 
variations and to take into account the "oriented 
smoothness" requirement. 

Two poss ib i l i t ies w i l l be formulated to express an 
"oriented smoothness" constraint. Both can be com
bined into a weight matrix which constrains the 
variation of the displacement vector f i e l d (NAGEL 
83b). A matrix with the same structure appeared in 
ear l ier investigations to estimate displacement 
vectors at gray value corner points (NAGEL 83a). 
Experiments with this ear l ier approach yielded 
encouraging results (NAGEL and ENKELMANN 82 + 83) 
and thus motivated the current investigation. 

SMOOTHNESS PERPENDICULAR 
TO THE GRADIENT DIRECTION 

As it is well known, equation (1) only restr ic ts 
the displacement vector U along the gradient d i 
rect ion. It is therefore demanded that the varia
t ion of U in the direction perpendicular to the 
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Let us assume that the image coordinate system has 
been aligned with the principal curvature direc
tions of g(X) at location X. The matrix of second 
part ia l derivatives of g(X) with respect to x and 
y w i l l , therefore, be diagonal 

5. COMBINATION OF BOTH 
SMOOTHNESS REQUIREMENTS 

Since it cannot be said in general which require
ment appears more important, both are combined in 
the form 

should be used as the normalized weight matrix 
where F is given by equation (13b). Straightfor
ward calculations show that (14) represents the 
inverse of the matrix 
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6. MINIMIZATION APPROACH 

We now have a l l the ingredients to formulate the 
expression to be minimized, using the notation 
g1(X) = g(X,t1 and g2(X) = g ( X , t 2 : 

It is assumed that the gray values do not change 
except for position and possibly the effects of 
(dis-)occlusion. The f i r s t term of this expression 
has been introduced and discussed in NAGEL 83a. 
This expression specializes to the approach of 
HORN and SCHUNCK 81 if we make the following as
sumptions: 

i) The influence of smoothness requirements o r i 
ented alonq the principal curvature direc
tions is dropped, i .e . a2 = 0. 

i i ) The directional sensi t iv i ty of the smooth
ness requirement is suppressed, i .e . the out
er product matrix (Vg)(7g)' is replaced by 
the unit matrix. 

i i i ) The difference in the f i r s t term of equation 
(16) is approximated by a f i r s t order Taylor 
expansion. 

The Euler-Lagrange equations for the minimization 
problem of (16) yield 

The r ight hand side immediately shows that large 
eigenvalues of the matrix C tend to suppress the 
influence from the smoothness requirement in thei r 
d i rect ion. 

"Gray value corners" can be characterized as the 
location of maximum curvature in the locus l ine of 
extremal gray value slope (see NAGEL 83a). At gray 
value corners, both eigenvalues become large and 
damp down the influence of the smoothness require
ment. This is advantageous because a gray value 
corner is defined well enough to allow the deter
mination of both displacement vector components 
by "v i r tua l l y local" measurements. 

According to our assumptions we may write for not 
to large U 

v. —• 

The dotted underline indicates the operand of the 
d i f ferent ia t ion operators. An analogous equation(48b) 
results for the second component v of U. 

Let c1 denote the upper l e f t eigenvalue of C and 
c2 the other eigenvalue. Assume that the coordi
nate system happens to be chosen in such a way 
that the matrix C at location X is diagonal. Then 
the smoothness term for the f i r s t component of the 
displacement vector takes the form: 



H.-H. Nagel 949 

7. APPROXIMATIVE SOLUTION 

In order to get some insight into the structure of 
solutions of the system of two equations (22) we 
assume that an approximative solution Ug (X) is 
known. The true solution U(X) should d i f fe r from 
U0 (X) by a small correction vector f i e ld AU(X): 

AU(X) = (Au(X).Av(X)) is supposed to be small so 
that we may neglect terms with higher than f i r s t 
powers of components of AU: 

r 

The second bracket in equation (22) contains a 
term which corresponds to the slope of g1 at loca
tion X-U. This term is approximated by the slope 
of g1 at location X-U0 : 

Introduction of these approximations into equa
t ion (22) yields a system of equations which are 
l inear in the components of the correction vector 
f i e l d U(X): 

It appears natural to evaluate a l l part ial deriv
atives of g1(X) at the location X-U0, including 
those which enter through the "smoothness" term 
mult ipl ied by alpha2. We obtain 

This system of l inear equations for AU cannot be 
solved without further consideration because the 
matrix (Vg1)(Vg1) has been derived from an outer 
product and, therefore, has only rank one rather 
than two. 

A way to cope with this problem is suggested by 
ear l ier investigations. For digi t ized images, the 
part ia l derivatives of g(X) are computed using the 
operators of BEAUDET 78 which are based on a 
bivariate polynomial approximation of g(X) within 
a square window centered at X. The same operators 
should be used to compute the part ial derivatives 
of U(X) which appear, for example, in equation 
(22). In this manner, a more general approach than 
that described by HORN and SCHUNCK 81 is employed 
here. The use of these operators implies that the 
ent i t ies appearing in equation (22) are the result 
of a kind of averaging across the operator win
dow. 

These considerations are applied in the following 
manner. The star t values U0(X) are set ident ical ly 
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U = Un + AU = U at image locations where the con
ditions for a "gray value corner" are sat is f ied. 
It i s , therefore, suggested to estimate U at such 
locations using equation (31b). Once these es t i 
mates have stabil ized after a certain number of 
i terat ions, the start value U(X) at a l l other 
locations is set to zero and the smoothness con
straint is switched on by setting alpha2 to the de-: 
sired value. During the subsequent i terat ions, 
equations (31a) are employed, using the BEAUDET 
operators to compute the required derivatives of 
g1(X-Uc) as well as U(X). The smoothness term w i l l 
spread the non-zero estimates of the displacement 
vectors which have been obtained during the f i r s t 
few iterations at the "gray value corners". The 
matrix C is prevented from becoming singular by 
introduction of minimum values for the part ial 
derivatives of g derived from the errors in the 
gray value measurements (see appendix of NAGEL 
83a). 

8. DISCUSSION 

In order to overcome some problems with the ap
proach of HORN and SCHUNCK 81 , the concept of 
"oriented smoothness constraint" has been intro
duced. As a resul t , a coupled system of nonlinear 
part ial d i f ferent ia l equations (22) for the dis
placement vector f ie ld U(X) has been derived. In 
order to study solutions of this system, an i te r 
ative method has been employed which is based on 
earl ier experience. This approach comprises three 
steps: 

This result has to be handled in the following 
manner: i n i t i a l l y , alpha2 = o and U 0 (X) = 0. It has 
been shown (NAGEL 83a, NAGEL and ENKELMANN 83) 
that 

yields a very reasonable estimate of 

i) Estimate both components of the displacement 
vector at "gray value corners" - see equa
t ion (31 b); 

i i ) Improve these estimates through i terat ion at 
such locations, s t i l l with suppressed smooth
ness constraint; 

i i i ) Spread the resulting estimates by further 
i terat ions, but now taking into account the 
"oriented smoothness constraint" as repre
sented in equation (31a). 

This matrix has the f u l l rank of two if both pr in
cipal curvatures of the gray value distr ibut ion at 
location X d i f fe r s igni f icant ly from zero. In this 
case we may invert the modified equation (27) and 
obtain 



H.-H. Nagel 951 

The f i r s t two steps have already been implemented 
during investigations of the approach presented in 
NAGEL 83a. The very encouraging results have been 
presented in NAGEL and ENKELMANN 82 for step i) 
and in NAGEL and ENKELMANN 83 for step i i ) . The 
experience gained through these studies led to the 
- heuristic - proposal to use the inverse of the 
matrix given in equation (30) as a weight for some 
kind of oriented smoothness requirement (NAGEL 83b) 
The current contribution is an attempt to derive 
this heuristic suggestion in a rigorous manner 
from clearly stated assumptions. Moreover, a l l ap
proximations are outlined in a derivation of a 
closed expression for an interat ive solution to 
the discretized version of the result ing system of 
coupled nonlinear part ial d i f fe rent ia l equations. 
This approach is currently being studied experimen
t a l l y . 
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