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ABSTRACT 

We descr ibe the MIZAR Computer Assisted Rea
soning system. Several vers ions of MIZAR are 
c u r r e n t l y implemented w i t h vary ing powers of 
expressiveness and proof ana l ys i s . The main use 
of MIZAR has thus f a r been in mathematics educa
t i o n . Evolv ing vers ions of MIZAR have been under 
development f o r the past decade; consequently the 
system has been subjected to extensive t e s t i n g . 
Several experiments connected w i t h the prepara t ion 
of mathematics research papers have a lso been car 
r i e d out . The natura lness and r e a d a b i l i t y of 
MIZAR tex t s is demonstrated by example. A proof 
scanning f a c i l i t y t ha t modularly s p l i t s i n t o a 
proof s t r u c t u r e analyzer and in fe rence checker is 
descr ibed. We discuss our use of the f a c i l i t y in 
teaching undergraduate d i sc re te mathematics f o r 
computer sc ience. 

1 . I n t roduc t i on 

A computer ass is ted reasoning (CAR) system is 
n o n t r i v i a l i f the l e v e l o f d e t a i l w i t h which the 
user must be concerned corresponds w e l l w i t h the 
l e v e l o f d e t a i l requ i red f o r c l e a r , r e a l i s t i c 
mathematical p resen ta t i on . Mathematical vernacular 
is character ized in pa r t by an open ended system 
of standardized n o t a t i o n . A w r i t e r of mathematics 
i s not f r ee t o f i l l h i s t e x t w i t h a n und i sc ip l i ned 
p r o l i f e r a t i o n o f f r e e l y invented n o t a t i o n . I f a 
standard n o t a t i o n is adequate f o r the purpose, the 
w r i t e r i s we l l -adv ised to use i t . Only the r a res t 
circumstances permit a r e l a x a t i o n of t h i s prac
t i c e . Nevertheless, excessive formal ism should be 
avoided s ince i t i n v i t e s a l e v e l o f d e t a i l s imply 
too d i s t r a c t i n g , indeed bo r i ng , from the main 
themes of the argument. 

The s tanda rd i za t i on of n o t a t i o n permits the 
p o s s i b i l i t y of a formal recons t ruc t i on of 
mathematical vernacu lar . The requirement t h a t the 
mathematical p resen ta t ion be not too f o rma l l y 
d e t a i l e d , but nevertheless c l ea r in a step-wise 
f a s h i o n , permits the use of some aspects of 
automated reasoning in a reasoning assistance sys
tem. A s i n g l e human o r ien ted step in a mathemati
ca l argument is viewed as a sma l l , qu i ck l y so l v 
ab le , automated reasoning task . The u l t ima te suc
cess and value of such a system is determined by 
how use fu l a t o o l i t proves to be in p rac t i ce and 
not by how w e l l i t is a l leged to embody a p a r t i c u 
l a r pedagogical ideo logy . A number of attempts to 

ca r ry out such a development have been t r i e d : in 
p a r t i c u l a r , the e a r l i e r system, AUTOMATH, of 
N.G.de B r u i j n [dB70] , FEA of S. Postma [Po78] , 
QUIP of R.L.Smith [Sm75], EXCHECK of L .B la ine 
[B181] , PL/CV2 of R.L.Constable [Co82]. 

B a s i c a l l y , most of the systems mentioned are 
based on c l a s s i c a l l o g i c . An Important except ion 
is AUTOMATH. This was an attempt to const ruct a 
system more fundamental than l o g i c , but c l a s s i c a l 
l o g i c can be embedded in i t . The p r i n c i p a l con
cern here is to descr ibe and repor t on the 
achievements up to the present of one such l i n e of 
development, namely the MIZAR fam i l y of CAR sys
tems tha t have been under development f o r the past 
decade. MIZAR has enjoyed the oppor tun i t y to be 
ex tens ive ly tested in a v a r i e t y of mathematics 
educat ional s e t t i n g s as w e l l as, in one case, 
i n tens i ve r e f e r e e - l i k e circumstances in mathemat
i c s research ( Homotopy t heo ry ) . The concept of 
proof is stressed in MIZAR. Some of the other 
systems we mentioned view the r o l e of proof d i f 
f e r e n t l y . 

The MIZAR system takes a t r a d i t i o n a l 
approach. A proof is a documentation of the v a l i 
d i t y of a theorem and i t s explanatory f u n c t i o n is 
secondary. We bel ieve we are near to AUTOMATH, 
where proof is the basic concept, ra the r than 
theorems. 

We argue here tha t MIZAR captures the balance 
between formal ism and human-oriented mathematical 
expression. In a d d i t i o n , s ince the experience o f 
prepar ing a MIZAR t e x t is s i m i l a r to composing a 
s t ruc tu red program by step-wise re f inement , MIZAR 
f a c i l i t a t e s the a b i l i t y to produce a proof w i t h 
i t s main ideas c l e a r l y d i s c e r n i b l e . A w e l l organ
ized proof is o f t en enough a mathematical explana
t i o n . 

There are several vers ions of MIZAR w i t h 
va ry ing l e v e l s o f l o g i c a l r ichness and in fe rence 
checking power. Two i n t e r e s t i n g experiments are 
worth no t i ng . In a ve rs ion of MIZAR oa l l ed 
MIZAR-HPF, fundamental axioms f o r a fragment of 
category theory were prepared in an environment 
(see the "env i r on " segment in the example g iven 
below) and a ser ies of exerc ises were soanned. 
The ax iomat i za t ion s t ra tegy was c a r r i e d through, 
in e f f e c t , by employing so r t s f o r h igher order 
ob jec t s . In MIZAR-2, a paper of Karol Borsuk 
[Bo70] , in Homotopy Theory, was thoroughly t r a n 
sc r i bed . This resu l t ed in a t e x t approximately 
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twice the s i z e , in l i nes /words , as the o r i g i n a l 
t e x t . The task of t r a n s c r i p t i o n f o r suoh a paper 
i s ra the r s i m i l a r t o w r i t i n g a d e t a i l e d exegesis. 

2. An Example. 

We present in t h i s sec t ion as an example. The 
example i s i n t e r e s t i n g f o r several reasons. F i r s t , 
and most impo r tan t l y , i t i s representa t ive o f 
MIZAR t e x t s , al though q u i t e smal l . 

The example conforms to the r e s t r i c t i o n s of 
MIZAR-MSE ("Many-Sorted f i r s t - o r d e r l og i c w i t h 
E q u a l i t y " , but w i thout f unc t i on symbols). This is 
the s implest MIZAR and ye t as we w i l l discuss in 
the f o l l o w i n g sect ions has a degree of power mak
ing i t use fu l in a wide range o f top ics in 
d i s c r e t e mathematics. I t w i l l be seen by inspec
t i o n t ha t the t e x t we present is as readable as 
any mathematical t e x t . The experience of prepar
ing a MIZAR tex t is analogous to composing a 
s t ruc tu red program, and t h i s i s o f ten v i s i b l e i n 
the r e s u l t . 

MIZAR reads the t ex t checking f o r mistakes. 
Apart from syn tac t i c e r ro rs the mistakes the 
c u r r e n t l y implemented vers ion of MIZAR detects are 
of two k inds : in ferences tha t are i n v a l i d or too 
i n t r i c a t e , and inappropr ia te assumptions or non-
concluded l i n e s of reasoning. Most of the time 
what is too i n t r i c a t e fo r the MSE inference 
checker is indeed too i n t r i c a t e f o r a human as 
w e l l to see immediately. Students, in p a r t i c u l a r , 
when they attempt to exceed the power of the 
checker on a s ing le step o f ten do not r e a l l y 
e x p l i c i t l y see t h e i r proposed reasoning s tep . 
This is confirmed by the d i f f i c u l t y they f r e 
quent ly have in p rov id ing the in termediate s teps. 
We c la im t h a t the power of the MSE in ference 
checker matches w e l l the power of an i n t e l l i g e n t 
student to e x p l i c i t l y and e f f e c t i v e l y see h i s way 
through a chain of deduct ions. That is to say, 
the a t t e n t i o n to d e t a i l i s about a t the r i g h t 
l e v e l . We do not c la im tha t t h i s l e v e l of d e t a i l 
and f o r m a l i t y in MSE is appropr ia te f o r the pur
s u i t of r ea l mathematical d iscovery; we do c la im , 
however, t h a t the power af forded by the MSE 
checker i s appropr ia te f o r developing the s k i l l s 
requ i red f o r composing mathematical demonstra
t i o n s . 

What f o l l ows is an example of a t e x t t ha t 
can be submitted to MIZAR f o r checking. 

env i ron l e t x denote human; 
A x : ( f o r x being human holds works[x ] ) 

imp l ies WFS 

begin 
= = Comments are set o f f by ' = s ' at the beginnings 
=s of l i n e s . The environment presents an axiom 
= = cha rac te r i z i ng a WelFare S ta te . We prove the 
■» f o l l o w i n g cor reo t consequence. I t i s 
= = e s s e n t i a l l y the 
= = r e s u l t of a n o n i n t u i t i o n i s t i c prenex 
= = ope ra t i on . 

ex x st works [x ] imp l i es WFS 

proof 
1: now assume fo r x holds w o r k s [ x ] ; then WFS 

by Ax; henoe thes is 
end; 
now given x such tha t 3: not w o r k s [ x ] ; 
thus thes is by 3 end; 
henoe thes is by 1 

end 

This t e x t may be input to MIZAR f o r checking 
and MIZAR w i l l respond (p roper ly ) t ha t the argu
ment is co r rec t . 

The f o l l o w i n g example is t ha t of a t e x t 
output by MIZAR. This output resu l t ed from sub
m i t t i n g an input t ex t of the preceding proof at 
an in termediate stage of development. 

env i ron l e t x denote human; 
( f o r x being human holds works [x ] ) 

impl ies WFS 
begin 

ex x st works [x ] imp l ies WFS 
proof 
1:now assume f o r x holds w o r k s [ x ] ; 

then WFS by Ax; hence thes is end; 
• • * * *73 

now given x such tha t 3: not w o r k s [ x ] ; 
thus thes is end; 

**** *103 
end 

• • • • *81 

s o r r y 

e r ro r s exp lanat ion 

53 wrong beginning of the i tem in env i ron p a r t , 
only axioms, i . e . labeled sentences, 
predec lara t ions ( s t a r t i n g w i t h " l e t " ) and 
oonstant dec la ra t i ons ( s t a r t i n g w i t h "g i ven" ) 
are a l lowed. (*1) 

73 no sentence is designated by t h i s l a b e l , the 
l a b e l was not used to l a b e l any of the 
previous sentences. 

81 reasoning or proof is not concluded. 

103 your in ference is not accepted by the cheoker. 

remarks 

(*1) due to t h i s e r ro r a p o r t i o n of the t e x t 
usua l l y u n t i l " b e g i n " , "end" , " e n v i r o n " , 
"now" , "proof " or semicolon has been skipped 
in the ana lys i s . 

Both authors prepare MIZAR t e x t s in an i t e r a 
t i v e fash ion by f i r s t prepar ing proof ske le tons . 
The p rac t i ce is der ived n a t u r a l l y enough from 
s t ruc tu red programming. Whatever i t s mer i t s or 
demeri ts i n p r i n o i p l e , the r e s u l t i n f a c t i s 
near ly always a more r a p i d , more e legan t l y s t r u c 
tured proof than we ob ta in when we y i e l d to the 
temptat ion o f d i sca rd ing t h i s d i s c i p l i n e i n favor 
of a ' l i n e a r l y ' composed proof . 
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3. Proof Scanning 

i . Preprocessing 

Sentences tha t occur in the t e x t are prepro-
cessed by the MIZAR system to forms contained in 
the fragment of l o g i c generated from atomic sen
tences by negat ion, con junc t ion , and un ive rsa l 
q u a n t i f i c a t i o n . Double negat ion and a s s o c i a t i v i t y 
of con junc t ion are used to ob ta in s i m p l i f i e d 
forms. 

l i . J u s t i f i c a t i o n s . 

There are two d i f f e r e n t p o s s i b i l i t i e s to j u s 
t i f y sentences in MIZAR-MSE tha t enable two oppo
s i t e tasks. The f i r s t i s s t r a i gh t f o rwa rd in fe rence 
checking by r e f e r r i n g to e a r l i e r sentences ( i . e . 
axioms, Statements or assumptions) t ha t c o n s t i t u t e 
s u f f i c i e n t cond i t i ons f o r the sentence to be 
j u s t i f i e d . 

The second task concerns the proof s t r u c t u r e . 
The user ' s a t t e n t i o n to s t r u c t u r i n g the proof 
enables him to d i v i de h i s main goal ( j u s t i f y i n g 
the sentence) i n t o subgoals. In MIZAR t h i s is done 
e x p l i c i t l y by the user as i t would n a t u r a l l y be 
done in w r i t i n g a mathematical t e x t . The impor
tance of such s t r u c t u r i n g was recognized at the 
very beginning of developing MIZAR [ T r 7 8 ] . M. 
Davis in [Da8 l ] proposes a formal c h a r a c t e r i z a t i o n 
of obviousness, regard ing in fe rence checking. We 
are exper iment ing w i t h h i s p a r t i c u l a r c h a r a c t e r i 
za t i on in a ve rs ion of MIZAR-MSE w i t h an a l t e r e d 
in ference checker, [ c f . TrB85]. The po in t here is 
tha t since the in ference checker is a separate 
module, the e x p l o r a t i o n of the appropr ia te i n f e r 
ence power of a checking f a c i l i t y is eas i l y imp le
mented w i thou t a l t e r i n g the e n t i r e system, which 
would have the e f f e c t of lead ing a user to r eo r 
ganize h i s proofs i f he were to redo them. This 
has p a r t i c u l a r l y aided the development of MIZAR 
whi le s imul taneously encouraging users to set down 
t h e i r MIZAR tex t s w i t h a c a r e f u l l y , and n a t u r a l l y , 
organized s t r u c t u r e . 

4. MIZAR In Use. 

MIZAR-MSE (on Vax/780 under Unix) was used at 
the Un i ve rs i t y of Connecticut in the undergraduate 
I n t r o d u c t i o n to D iscre te Systems course. Students 
could e l e c t to p a r t i c i p a t e in a u n i t on MIZAR in 
l i e u o f another u n i t . Because r e s u l t s are 
s a t i s f a c t o r y we have decided to in t roduce MIZAR 
as a requ i red component of the course. Our sub
j e c t i v e impression i s t h a t students t ha t p a r t i c i 
pated in the MIZAR u n i t d i d l e a r n how to develop 
proo fs . MIZAR is used at Warsaw U n i v e r s i t y , 
Poland, at U n i v e r s i t y of A l b e r t a , Canada, and at 
Un i ve rs i t y o f Louvain, Belgium. I t was recen t l y 
in t roduced a l so a t Washington State Un ive rs i t y a t 
Pullman. A ve rs ion of MIZAR-MSE has a lso been 
implemented f o r A p p l e - I I . 
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