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ABSTRACT

There it no general consensus on how bett to attack
evidential-reasoning (ER) problems, particularly in
expert-system applications. Several approaches have evolved,
but they have their roots in diverse fields, such as statistics and
philosophy, and have neither a common terminology nor a
common set of assumptions. The research reported here
provides two useful results. First, it structures the
evidential-reasoning problem in a general paradigm robust
enough to be of practical use in design and construction of
expert systems. Second, it uses this paradigm to formulate five
important theoretical approaches in a parallel fashion in order to
identify key assumptions, similarities, and differences. The five
approaches discussed are classical Bayes, convex Bayes,
Dempster-Shafer, Kyburg, and possibility.

I. STRUCTURING THE PROBLEM

The handling of evidence is a central element in such
expert-system applications as diagnosis, integration, and control.
In most tasks, evidence accumulates over time to dynamically
affect uncertainties, so that the decision preferred earlier may
differ from the one preferred later. However, delaying a decision
is often not feasible, since this may foreclose opportunities or
increase costs. Thus, it is important to understand how
accumulating evidence will affect the decision process in the face
of uncertainty.

The evidential-reasoning (ER) problem may be expressed
in the following way: given reports about the world, and a set
of current beliefs about the world, how shall | revise my beliefs
as new reports are received? Reports may range from the simple
to the complex, referring to various objects and events, and may
contain various uncertainties. Beliefs also range from the simple
to the complex, and have a notoriously obscure structure.

The fact that several different theoretical approaches to
evidential rationing have evolved makes it difficult to formulate
and answer important questions of application. For example,
what are the rules for structuring the reports about the world
that feed raw material into the updating schemes advocated by
each theoretical approach? What are the constraints on ER
that are implicit (and explicit) in application of each of the
approaches?

This leads us to seek a structured paradigm broad enough
to encompass the models associated with each approach. Such a
paradigm can be constructed in four parts as follows:

Background Elements - This portion of the
paradigm contains a definition of the domain of
discourse, that is, of the world-model to which we
shall apply the ER process. It also contains current
knowledge of that world including, possibly,
knowledge of the cost of various actions in that
world.  Knowledge is described in terms of belief

Observation Reports - This portion of the paradigm
describes the structure and content of reports about
the external world that are the raw material for
revision of the knowledge embedded in the
background.

Updating Mechanism - This portion of the
paradigm describes the assumptions, rules, and
algorithms used to revise knowledge upon receipt of
observation reports.

Decision Mechanism - This portion of the paradigm
describes the assumptions, rules, and algorithms used
to choose among various courses of action given
revised knowledge of the world.

We shall use this paradigm as a framework for the remainder of
the

Il. THEORETICAL APPROACHES

We will discuss five major approaches to evidential
reasoning: classical Bayes, convex Bayes, Dempster-Shafsr,
Kyburg, and possibility. Each will be presented separately using
the structured ER paradigm described above.

A. Classical Bayes

Background Elements - The background in this approach
consists of three elements: (1) an algebra of statements, (2) a
probability function defined over this algebra, and (3) a utility
function defined over the same algebra. The algebra defines the
domain of discourse, the probability function assigns degrees of
belief to elements of the domain, and the utility function
provides a means of reaching decisions in the domain when
the decision mechanism.

The algebra used in the classical Bayes approach consists
of base elements, operators, tod statements obtained by
application of the operators to the boot elements. The boot
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elements are assumed to be mutually exclusive, to the
application of the disjunctive operator alone expands the base
elements into the set of til possible legal statements about the
domain of discourse.

For example, if there art four mutually exclusive bate
elements labelled "1","2", "3", and "4", than the oat of legal
statements bat the following members:
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In general, there will be N, legal etatemente when there are n

bate elements, where

]
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The second major element of the background if a
probability function defined over the algebra of etatemente that
obeys the following axioms:

05 px) =1, und
p(x v ¥) m p(x) + p{y), H mutually exchwive.

In addition, the turn of the probabilities assigned to the base
elements is required to be one.

The probabifity function assigns numbers to the legal
statements based upon these axiom*. For example, if the
probabilities assigned to the four base elements are each 0.25,
then the legal statements have the following p-value*
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The third major element of the background is a utility
function defined over the algebra of statements. This is often
construed as a less functions; it gives the loss, 1, incurred when

the 1th action is taken in the face of the stats of nature

corresponding to the J" base element in the algebra (B2, C1,
JI).

Observation Reports - The observation reports are direct
assignments new p-value to elements of the algebra of
statements. That is, they assign a number to certain

propositions that may be construed as a new degree of belief in
the truth-value of that proposition. The assignment of this
new p-value causes a re-assignment of p-values to all other
etatemente in the algebra via the updating mechanism.

There are several ways in which this direct assignment of
new p-values may be viewed:

(1) Each observation report could consist of the
assignment of a single p-value of 10 to some
element in the algebra of statements.

(2) Bach observation report could consist of the
assignment of a single p-value in the interval (0,1)
to some element in the algebra.

(8) Bach observation report could consist of the
assignment of two p-values in the interval (0,1) to
some element in the algebra. These serve as lower
and upper p-values for the element.

The primary effect of these different views is upon the else of
the algebra of statement*. The number of statements required
is largest under the first view, since we must have a single
statement corresponding to each and every possible observation
(value read on a meter, etc). The other views allow us to use
fewer statements, since we may map several observations onto a
single statement.  Ordinarily, only the first view is utilised in
the classical Bayes approach.

Updating; Mechanism - The classical Bayesian approach reete
upon Bayes1 Rule for calculating posterior probabilities of states
of nature from two items: (1) prior probabilities on those
states, and (2) conditional probabilities for evidence given certain
states of nature. In symbolic form,

P(8) P(EyS,)
P‘B'I:]) = ]
L PG, PRyS,)
]

where

P(SH} lis the posterior probability of state S;, given

evidence Ej,

P(8) is the a priori probabifity of stats S, (i.e.,

before evidence is taken into account),

P(l]l!p is the conditional probability of E; given

state S;,.

If we have a probabifity or degree-of-ballef distribution on the
evidence, P(l.). we compute the current p-value for each state

of nature from the posterior probabilities and the evidential
p-values according to a conditionalization formula such as

Poel®) = };Pw P(EJE,) |



whew we assume that the distrbution on the evidence is
normalized to one. Variations on this formula are possible
depending upon the structure of the algebra of statement*.
Note that the formula used here is compatible with the first and
second Interpretations of observation reports.

In terms of the alfebra of statements discussed thus far,
there is no necessary differentiation between categories of
statements in the algebra. That is, observation reports could be
received for any one of the statements.

Some writers explicitly divide the statements in the alfebra
into two distinct classes: hypotheses and evidence (e,g., D2).
Hypotheses are often called states of nature, while evidence is
often termed a measurement. In any case, the basic idea is
that there is a directionality or hierarchy in the web of
inference: we reason from evidence to hypotheses.

There may be an advantage in taking some form of
hierarchical approach. First, the inferential relationships between
statements in the alfebra are made more explicit than they are
in the undifferentiated algebra. Second, the computational
burden associated with each updating cycle may be lessened in
that the effects of an observation report are limited to portions
of the hierarchy explicitly connected with the statement set that
is the subject of the report.

Whether or not the approach is hierarchical, if we use the
first interpretation of  observation reports, the updating
mechanism operates just once. We have the a priori P(S1), we
receive an observation report that assigns a p-value of 1.0 to
one of the evidential statements, and we calculate a new set of

Under the second and third interpretations of observation
reports, p-value* may be less than 1.0 and may therefore
change over time. Updating cycles could thus continue as long
as new reports are received.

Decision _Mechanism - Given that the updating mechanism
provides us with p-value* for the states of nature, and given
that the background contains a measure of utility in the form of
a loss function, we can formulate the expected loss of the i
action as follows:

B],,l - Eﬂul’,‘,(sj)]'
)

where the summation is over the j states of nature. The
general Bayesian decision function is simply to chose, whenever
a decision is required, the action that corresponds to the
minimum expected loss.

B. Convex Bayes

Background Elements - The background in this approach, like
the classical Bayes approach, consists of three elements: (1) an
alfebra of statements, (2) a probability function defined over
this algebra, and (8) a utility or loss function defined over the
tame alfebra. These elements serve the same functions as in
the classical approach. The algebra again consists of base
elements, operators, and statements obtained by application of
the operators to the base elements.
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The probability function in the convex Bayes approach
differs in a significant way from the function in the classical
approach. Here the function is a convex set of p-funetion*
(L1). That is, the belief state is not characterised by a single
function, but by a set of functions having the property of
convexity: the set contains every linear combination of any two
members of the set. In general, if there are n base elements,
the belief state will correspond to a domain in a space of (n-1)
dimensions, since the n component of the belief state can be
determined if (n-1) components are known.

Observation Reports - The convex Bayes approach, like the
classical approach, construes the observation reports as direct
assignments of new p-values to element* of the algebra of
statements. This new p-value again causes a re-assignment of
p-values to all other statements in the algebra via the updating
mechanism.

In addition to the three interpretations of observation
reports previouly discussed, there is now a fourth way in which
assignment of new p-value* may be viewed:

(4) Some observation reports could consist of the
assignment of two or more linked bounds on the
convex set of p—values. These bounds are linked in
the sense that they jointly specify limits on the set.

As before, the primary effect of these different interpretations is
upon the size of the algebra of statements.

Updating Mechanism - The updating mechanism in the convex
Bayes approach operates much Eke the updating mechanism of
the classical Bayes approach. The key difference is that the
entire convex set of functions comprising the belief state is used,
rather than a single function.

As before, we use Bayes' Theorem to obtain conditional
probabilities based upon the observation reports. The formulae
are similar to those in the classical Bayes approach, but each

probability is now indexed: P, is the ™ member of a convex

set of probability functions. Each nsw evidential input thus
induces a mapping from one convex set of p-functions to
another convex set.

It would seem that the computational burden of the
updating mechanism will be increased by use of the convex set
of p-functions in place of a single function. However, little
work has been done in actual computation of updated convex
belief states, so the extent of this burden is unclear at present.

Decision Mechanism - Upper and lower probabilities for some
statement in the algebra can be taken from the convex set of
Pr(S/IE;) using the technique of supporting lines, planes, or

hyper-planes (LlI). However, no general procedure exists to
handle upper and lower bounds in a utility function.

One method of attack is to suppose that the decision
indicated is the one that minimises the expected lots as was
done In the classical Bayes approach. Using the convex sets of

P/(8JE) and PM, we derive upper and lower bounds on each
P_.(S,] so that, for each action, there are now upper and lower

bounds on the expected loss. Such expected-loes Intervals for
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different actions will, in general, overlap. No generally accepted
method for choice of actions has yet been developed, although
Kyburg (K1) tad Levi (L1) have explored minimax technique.

0. Dempeter-Shafor

Background Elements - Tht background b this approach, like
tat first two approaches, consists of throe elements: (1) an
algebra of statements, (2) a mats function defined over thlit
algebra, and (8) a utility function dafiaod over the aamt algebra.
Tht elements ttrvt the same purposes at before, but tht utility
function hat received little attention in the literature. It will bt
required, however, b practical applications.

Tht matt function ttrvtt at the book vehicle for
assignment aad manipulation of degrees of ballot Matt It
Attributed across the set of tubtttt of the elements of tht
domain of discourse, that is, ovtr tht tot 8 of (2 exp 2")
propositions constructed from the 2" atoms that wort in turn
constructed from the a base elements.

Tht matt function M4, for subset Ay, of 8 hat tht following

properties:

My(A)) s & real number o 0,1
M (oull wet) = 0;
EHIWSI .

1

Tht value of My,(fy is taken to bt tht weight of belief that It
ascribed just to f,. Tht fi for which My,(fi,) It nonsero art called
focal elements of M; Since 8 is itself a member of S, M;,(S)
describes tht wtifht of belief unassignedto any smaller tubttt of

S; this is generally termed tht uncertainty.

This approach provides two measures of belief state for a
given proposition Q: support (SPT) and plausibility (PLS).
They art calculated at follows (S1,S2):

PT(Q = L M), ove (§ + Q)
PLE(Q) = 1 — 3 M), over {f »> ~Q}
= ] = mltﬁQ) .

Tht support for Q is thus tht torn of the matt attributed to all
statements that imply Q, while tht plausibility of Q it one
minus the support for tht negation of Q. The plaotibifity can
alto be expressed at tht sum of tht mass attributed to all
subsets of 8 that contain some element of Q. It follows that
the plausibility of Q is always greater than or equal to tho
support for Q.

Tht belief state concerning Q can bt written as an interval
using SPT(Q) at the lower endpomt aad PL8(Q) at the upper.
8omt anthers describe this at an bterval-valued probability on
Q. Kyburf hat shown (K2) that closed convex sets of classical
probability functions can represent belief states la a fashion that
includes the matt-function representation at a special east.

Tht baekfrouad alto contains moans of traatlatlaf
observation reports into matt functions. Oat method is that of
a mass-function distribution; this distribution providtt a
normalised measure of the matt to bt assigned to each element
of tht domain in the event of sach possible observation. These
distributions art analogous to tht class-conditional probability
density functions of standard probability theory.

Observation Reports - Observation reports, at least to the
extent that they art expected to mesh with mass-function
distributions, consist of statements like the following:

*The brightness of object X It between 1.2 aad
16."

"Object X It surrounded by between 2 aad 6
objects of similar brightness."

*In region Y, tht expectation of encountering an
object of class C4 is much higher than that of any

other class."

Each type of observation report It taken to generate a
separate matt function. This prtsentt no problem at long at It
is completely clear that tht evidential Impact of a given report
can be property assigned to particular subsets of the domain of
discourse. However, how the domain of discourse is to be
structured In order to guarantee this proper assignment It not a
trivial matter, since we must ensure the inclusion of subests that
can serve at recipients of matt from each and every observation
report that will bt received b performance of a given task.

Updating Mechanism - Suppose that wt have received two
observation rtportt that have individually engendered matt
functions M;, and M,. Wt combine My, aad M, to form a new

matt function, My, defined over subsets of tht domain of

discourse. In symbolic form,

) Mty Myh)
Myll) = .
1~ 2, Ny M)
where the first summation, 25, ls over all f wad f such tha
( N £) = &, while the second summaticn, 1, b over oll
and §) such that (N §) = mull.

Tht updating procedure assumet that a current matt
function, M1, to available aad that a asw matt function, M,, has

beta presented (based upon new obstrvations). M, and M, art
combined to form M, aad thlt to used at the current function

should other new mast functions bt presented.

Decision Mechanism - The type of decision mechanism
compatible with the Dempster Shafar approach to not weO
understood. Support aad plausibility functions for each
statement b the domain of discount can bt calculated based
upon the current mast function. These may be used at upper
and lower bounds upon the probabulty of sach statement, but
there to at yet no accepted, general mechanism for
decision- makingbased upon these bounds.



An opeted—loms constryction paralll to the classieal and
convex Buyssisn appreathes can be camind out if we construs
PG“(Q,}-nhmdmebySPT(Q})mdPLS(Q,). Thls
gives rise to difficulties of overlapping intervals similar to thoss
ancouniersd in the convex Bayes approach,

D. Kybug

Baciground Elements ~ The background in this appronch sl
consists of three dements: (1) sn sigebre of sabements, (2) &
p—lunction defined cver this algebre, and (3) s utility or lom
function defined over the same algebre. The edements serve the
same functions aa befors, but several important differences merit
discumion.

First, the concept of probability embraced by this spproach
is spistemoluogical. This means that probubliity is sctually »
descriptor of cradibility ralstive to soms body of knowledge. In
wdditlon, the p—velue uweed in this wpprosch is mn interval on

..

Second, Kyburg uses direct inference to amign p—valum to
hypotheses based upon Imowledge of frequencies without
requiring the nssignment of precise a prics p—valus. He also
provides formal eriterin for determining which svidener s
relevent to & given staiistical hypothesis and which is not.

Direct inferwnce refars to the manner in which Inowledge
of chances (or frequancies, or ohjective probabilities) influences
bellef states wbout the outcomes of trisls involving chance
setupe. In Kyburg's approach, some portion of the algebrs of
statemants haa the status of & body of knowledge containing
statements sbout relative fraquenclas of occcurrence of saversl
charscteristics in various clusees.

with appropriste knowledge of relative frequencims, they sssign
new p~vulus to other slements of the algsbra

Thes is just one form of observatlon report in
appronch:  sach conslste of the identification of the clase
¢iasses to which the observed ocbject belongs. Knowledge
relative frequenciss than determines bow to amign two p—valuw
in the interval [0,1] to some element in the algebrn

Updating Moechanism - The Kyburg epproach uses direct
inference for updating. In some special cesss, this gives resulis
that can be obtained from Baym' Theorem {K1).

In order to show bow the principle of direct inference is

applied to the updating process, we copaider an wam
body of knowiedge is taken to conslet of the
Hatementa:

(1) The fraction of membens of claas O, that have
proparty P lies In the (nterval [L,,U,}.

(2) The fraction of members of Op that have P Bes
i LyUg

(8) The traction of membess of O, that have P
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hhﬂ.,,U,,l.whmOl,hthdOI
wd Oy

The hypoihesis of Interest s that an ftem selected frem clam
Uy bae proparty P.

In this spproach, ecriteria known as K-relevanes wnd
K—irrelevance (L1) provide s means of determining which
evidance la relovant o w given statistieal hypothesis and which
is not. K-irrelovance refor to o mundatory lack of impect of
& given plecs of information on our dellberstions comcerning the
credibility of o cortain statistical hypothesis. The information
concerning Op in the body of knowledge i K—irralevant if and
only if the followlng conditions ebtain:

(1) The current body of knowledge impliss that
Ly Uy io either & subinterval of [Lyo,Upl or

identical to It.

(2) The curremt body of kmowledge implies that
[L,,0,) s sither s wubinterval of [L,,U,] or ldentical

to it

howmmplqﬂthoinhmﬁhnmnmlucnh
K-irralevunt, then tha information conceming O, le the total
information K—relevant to the hypothesis.

K—irrelevanes % thus o formal criterion that kel s
whether or not knowlsdge of & specific reiative frequamey should
Influence our degree of beliel that » member of O, bas property

P. Buppose we know thas:

(1) Tha fraction of Swides who are Protestant BLes
in fabl

(@) The traction of visitors te Lourdes who wre
Swedish lie in [ed].

(8) The fraction of Bwedish visliors t¢ Lourdes whe
are slso Protestant s In [of].

Alss supposs that we wish to stiach the sppropriste dagree of
bellef to the hypothesis that n particular pervon s o Protestant,
given that be s u Swadish visitor to Lourds Intultively, we
sapect that the valum of a, b, ¢, d, o, und { will influence this

degres of beliel. K=irrslevance formalines this procass.

Kybwy's principle of direct infarencs bas s simple form,

The upshot of this process is that the Kyburg spproach
recommands, in many coses, that different Lotervals of degrem of
bellof be ambraced. This has the consaquance that ths sveintion
of p~valuse o evidmes accumulates will follow o different
trajectory through the space of bellef states That thia different
trajectory mAy have important practiesl lmpact seams
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rensonable, but remains to be demonsivated in o systamatle
fashion,

D
The degres—ofl—-membershlp funetion is defined i terme of
s fesxy ost. Buch a set is made up of ordered pains
oach

s degres of membership in the fussy st &0
given chasactriatic. The fussy set b then demoted by
{xjp,}, whers x; is the I'* value of the characterisic and

the degres of membership of x, in the set. In Zadeh's fusxy
logie, p—valum obey the following wdoms (G1,21):

0SS pix)£1

px) = 1 — plx)

Mx ~ ) = minp(x)py)]

p(x v y) = maxip(x),p{y)i

pix = y} = min([i,[1-p(x)+ply)]}

pix = y} = min{{l=px)+p{y)L[1+p(x)=ply)]}.

(1) "A rellactanes of 0.0 b low with dagres 1.0.*
{2) "A rellactancs of 1.0 s low with degres 0.0.7
{3) "A rellactance of 2.0 b low with degres 0.1.°

Ths fussy est would then be repressated by LR = {0§1.0, 1]0.8,
#0.1}.

Ay = (opyy fPrgm Gy}

Sumllazly, o evidsnce Eg

Ag = {5)lpgys cdgy €4lPyg)
Wo combine k seta of evidmnes to obtaln
B{k) = {&;lp(k);, colplklges Slplh) )}

where the p(k),,..., p(k), are integrated membership functions for
each of the n classss. Thase wre obtained from

P(l)j = Dw(Pui Pggr-s ’H) '

whae D, s one of severnl alternative fussy declalon functions:

Dh‘('um m) = m{l’uww Pﬂ) 1
k

Dpra(Pygrerns Pyg) = I1 L")
=]

) A
Doy P = 2 s (1 a4y = 1)
] Junl

Use of Dy, suggmta that E, snd E, interact in a a more or

lose independmnt fashisn, end shat she presencs of o smaller
p-value should be preserved. Uudnmm.taﬂns!lud

E, internct lke identical, independent trinia, so that repetitive

obesrvations canes marked chungmw in  ralative valum of
membarship. Use of D, vaggwis that E, and E, interact in »

reinforcing fashion, so that membership is intermediate betwesn
the two nput valum.

Decigion Muechanism — The decislon mechanism in the pomsibility
appronch Is based upon the comcepts of the fussy goal med the
fusay constraint. The emsentinl idea @ thai declslons are
determined by the conflusmee of goals and consiraints, wad that
all three are oxpressible as fungy sats (Bl).

For ommpls, supposs that the domain of discourss bas
bsen comstructed to allow wxpression of goals and constraints In
the same algebrn of statements, {8,,.., £,). Than the expression
of gouls uod consiruinis would be embodiad in the fussy seis

Q= (B‘IH‘.‘ s,lmwn-s s.ln“} L
0= (8yimyes Bolmper—s Eylmy)

The coxfluence of goals and conmraints b wxpremed by the fussy
3

DEO(Q,0) = {'lhlﬂ' %wn s.lu*}l

'hm&lnwn.'thIMMhr
the goals and constralnis. Thase are obtalned from

Mg ® Dypy(myy, my)
whare D__ s cos of the fumy decielon functions dlecussed



sbove.  Ganem] eriterin for cholea wmong these declalon
fumctions [0 eoxpart—eystem applications have yot to be
developad.

Ones the conflomes sat, DEO(Q,0), has bean constructed,
ths question remains ms to which declelon is indicsted. Several
procsdurss ‘are followed in the likersture (B1, M1). The most
notable aret (1) choles of the wetlon baving the prestmt DEQ
degres of membarship, (2) choice of an action that s & mbcture
of all actions weighted necording to their DEC degress of
membership, and (8) choiee of an action shat is an egual
mbeture of the two actions having the minimum and maxdmom
DEC degress of membemblp. Like the decldion funetions
themsalves, geoersl criteria for choice umong thase decision
indiestors in wxpert—systarn applieations bave yst to be
devaloped.

IIl. DISCUSSION

From this parallsl formulstisn of approachss, we can
ideniiy several important similarities and differences

(1) The structure, but not necemarily the content,
of the algebra of statementa js similar weroms the

spproschas.

(2) Al wsppronches, with the exception of the
possibllity approsch, depend on formulation of u
wility or loss funcilon to arrive at decisions.

(8) Structures given to bellf mates are significantly
different. They may be points, intervels, convex
sata, or fusxy sets.

(4) Oomponents of ths updating mechanism
significantly, but tha epproscthw #ll Inte
mujor categories: those that wse Bayw' Th
wxclusively (clamsleal and eonvex Baym), thoss that
allow iis use under cortain conditions (Kyburg) er
use & derivative form (Dampeter—Ehafer), and those
that do not uee it at all (possibilicy).

{5
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