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ABSTRACT

Wa focus on default logic, a formal-
ism introduoced by Reiter to model default
reasoning. The paper conasists of two
parte. In the firgt ome & translation
method of non-normal defaultes into the
normal ones 1s given. Although not gener-
ally valld, this tranelation seems to
work for & wide clase of defaulte. In the
seoond part & semantios for normal default
theories 18 given and the completensps
theorem is proved,

INTRODUCTI ON

[Reiter, 1980] introduces a formaligm
wodelling default . An example
of such a reasoning is the infersnce rule
stating "Typloally children have parenta®™.
In default logic this rule 1s represented
as the following default

child(x) : M has-parsnts(x) /has-parents(x)

Formally, & default is any expression of
the form ol(X): Mp(X)/w(X), where o(X),
plXxy ,w{X} are all firat-order formulas
whose free variables are among those of
I=(xl,...,X0). (XE) is called the prareq-
uigite, p{X) the Jju , and w(X)
the ¢onseguent of the default. This de-
tault is interpreted as "for all individ-
uales xi,...,xn, 1f w(X) ie believed and
#{X) 1s consiatent with our beliefs, then
w(X} oan be believed. If ({X), B(X) and
w{X) are all closed formulas, the deafault
is maild to be closed, otherwiss 1t 1a
OE‘na

In default logic the knowledge about
a world is represented as & default theo-
ry, 1.s,, a pair (W,D), where W ia a set
of firat-order axioms and D is & set of
defaults,. Defaults extand the knowleadge
oontained in axioms. Such an gxtension
provides an acceptable set of beliefs
about & world being modelled (sse
CReiter, 1980] for details).

To assure the existence of extensions
Reiter limites himself to pormal theories,
i,e,, theories all of whose defaults are
of the form «(X): MP{X)/p(X). BecAuse the
class of normal theories has turnmed out
to be insufficient for practical appliocsi-
tions, in [Reiter, Crimcuclo, 19817 the
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more generdl class of gepl-pormsl theo-

» 1.e., theories all of whose defaultis
are of the form o(X): M(p (X)aw(E)/w(X),
has been introduced. Although these theo-
ries seert to cover all practioal applioca-
tione, they need not have extensions.

In (Lukasgewies, 1084] an alternative
default logic, colnoiding with that of
Reiter for normal theories, has been speo~
ifted, Although each theory has an exten~
glion in our approach, non-pnormal theories
should be avoided 1f possible. The reason
is that they are computationally more
complex than the normal ones.

This paper consists of two parts. In
the first one we give & translation of
nop-normal defaults into the normal ones.
Although not genexally valid, this trana-
lation seems to work for & wide clase of
defaults. In the second parit a semantios
for normal default theoriles is given.

TRANSLATION

The translation we proposs 18 very
gimple. The first step is to replace any
dafault dws:Mg/w by the semi-normal de-
fault di=wiMPawyw. Intuitively, this
transformation sesms to be incontrover-
gial. The only distinction between d and
di arigzes from the different applicability
criteria for them., Because the oriterion
of applying di is stropger than that of
d, any agent including d into his know-
ledge base, who does not aocept to re-
place 1t by di, considers the applica-
bility eriterion for 41 too atrong. Thua
he is prepared to apply ¢ when the appli-
cation of d1 1a explicitely hlooked. In
other words, hes considers as posiible to
apply d when the formula P is oonsistent
with his beliefs, whils the formula wap
is not. But in such a oase, applying d
contradiote its justification. This means
that the agent is irrational. Thus any
reasonadble agent ipcliuding d into his
knowledge base should aoccspt to replace
it by 41,

The second step of our translation is
to replace the sami-normal default
di=wiMaw)/# by the normal dsfault
d2=tiM(pAw) /Baw. This transfornation ia
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nore controversial. Before giving its ap-
plicabllity criterima let us start by ob-
gerving that it is often the case of
#*Pypioally if o thenP ", Thims observatio:
underlay the method of replaocing semi-
normal theories by the normal ones in
[Reiter, Criscuclo, 19817, Conmider for
example the default stating "Typically
adults are employed, except when they Are
high=-school dropouts™, Formally

di=adult(x) : M{~dropout({x}s employed(x))/
employed(x)

Because "Typloally adults are not high-
gchool dropouts™, we clearly can replace
d1 by the normal dsfault

d2=adult(x) : M{~droepout{x)A employed(x))/
—dropout (x)Aemployed{x)

In [Reiter, Criscuwolo, 1981] 41 is re-
placed by the palr of normal defaults

adult(x) ; M-~dropout{x) /- dropout{ x)

adult{xia—dropout(x) + M employed(x}/
employed(x}

If all we know about John im that he 1is
an adult, both normal representations of
d1 lead to the conclusion that Johmn 1s&
employed not high—-achool dropout. The
diffarence arises when we additionally
know that John is unemployed. The repre-
sentation of Relter and Criscuoclo foroes
John not to be a high-sohool dropout,
while ours remains agnostic on thias point

Bven if "Typloally if o then p " does
not hold, our normal representation works
it the following weaker condition is mat-
igfied: "Typhloally if o and w thenp ",
To illusirate this point lei us consider
the default stating "Typically adults are
married, sxcept when they are 21 year
olds™, Formally

dimadult(x) : M{married (x}an21-0ld(x)/
married(x)

If all we helieve about John ig that he
is an adult, we do not assume that he is
not 21 years old. But 1f we additionally
believe him to be married, the conclusior
that John is not 21 years old sesms to be
plausible. In other words, we accept the
atatement "Typioally married adults are
not 21 year olds". Note that applying di
for John we start to believe ihat he is
married. Thus we ocan plausibly conclude
that John is not 21 years old. Exaotly
the same effeot i1a achieved when we re-
placs di by the normal default

d2=adult(x) : M{married(x)a—2i-0ld(x))/
married{ x)a—21i-01d (x)

All the above discuasion can be sum-
marised as follows., If d=ol MP /v is any
default, then it is alwaya reasocnable to
replaoe it by the semi-normal default
di=ol tM{paw) /w. If it 1a the case that
*Typically if « and w then p%, d1 oan be
further replaced by the normal default

a2= ot : MBaAw) /B Aw,
SEMANTICS FOR NORMAL DEFAULT THEORIES

We limit ourselves to closed theories,
i.e,, theoriea all of whose defaults are
closed. Using & technique given in
Theiter, 19801 a generalization to open
theories 13 straightforward.

The idea ia to view defaulis of a
theory (W,D) ap restricting the models
for W in such a way that

(1) Any restricted set of models for W
is the get of All models for some
extension for (W,D).

(2) If E is any extension for (W,D) then
there is some such restricted set of
models for W whioh is the set of all
models for E,

Some preliminary terminolegy. Let X
be a getl of first—order models. We sa
that a formula ® igs X-valid (X-satigdhble)
1ff oL 18 true in all models (in some mod-
el) of X. We say that a closed normal de~
fault o :Mw/w 18 X-applicable iff « ia
X-valid and w is X-satisfiable.

We begin by observing that each closed
normal default can naturally be regarded
ag a mapping from aets of models into
sets of models. Formally, if X 1s a set
of models and dm o tMiw/w 18 & closed nor-
mal default, then the set d{X) is given by

X-{NEX: Ni=-w} 1if d 18 X-ap-
d({X)= licable;
X otherwise

Intuitively, X-valid and d(X)-valid for-
mulag can be interpreted as sets of be-
liefs before and arfter the application of
the default d, respsotively.

Inagine an agent reasoning on the ba-
gis of some closed normal default theory
A=(W,D), His initial set of beliefs
ghould be identified with Thi{W) or, from
the senantio perapective, with the set of
all models for W. At each siep be chooasss
8 default and tries to apply it to the
ourrent s=et of his wodels X. The new set
of the agent’s models is A(X). The new
set of his beliefs iz the set of all X-
valid formulas. Assume that thes agent ia
able to repeat this process infinitely.
It can happen, perhaps after applying in-
finitely pany defaults, that the set of
the agent s ourrent models is gtable,
1.8. , for each d4€D, a(X) =X. As we shall
sse, oach siable set of models resulting
from such & prooess characterizes some
extension for A. Moreover, each extension
for A is characterized by some suoh sta-
ble set of models.

The formal detaile are these. Let
{d.> be a sequence of defaults, and sup-
pela that X is & set of models. By <a1§x



we dencte the aet of models given by
X if (d1> is the empty sequence
Np %ys where X =X, X =a, (X, )
if (di)- dgyoen,dy
o Xj+ where X eX, Xiedi(xi_i)
1t {dp=d,,d,,...

Note that if {d,) = @,10.0,dy,, then
Qppx = dfa, (. (4, (XN.).

Lot A=(W,D) be a closed norma}l theory.
Let X be the set of all models for W. We
say that a set of models Y is gtabls with
respect to A iff

(S1) Y={d,>X for mome sequence {d,> such

that™ each d1ED.

{S2) For each d€&D,

(di) Xm

d(YJ’ Yr

;bgggem 1: Let A be a cloged normal de-
ault theory, and suppose that a met of
models Y ig stable with respect to A.

Then Y is the set of all models for some
extengion for A.

Proof(outline) : Y=(d,}X for some (d ),
whare X 18 the set of” all modelsa

for W. We can assume that (d.) is infin-
ite (otherwise, i.,e,, if <d1>'d1""dn'
define the infinite (d{) by
di-d1 for i=1,..,n, di‘-d1
It follows that Ye={)'X,, where the sets
X, were defined earlfef. Let F (130} be
tﬁe set of all X =-valid formulas. Assume
that dinﬂituui/li. It is easily verified
that

(1) Fo=Th(W).
(2) F,,,=1f o €F, and -w ¢F, then
Th(Pi"':l.) else F,.

(3) E=\GF,.

It is easily ohecked that ¥ is the set of
all models for E, Thus 1t remains to
prove that E is an extension for A.
Define

E_ =W
0
By, 4*TB(E) v £ :l:d{x:_l:i:g)fb and w€E,

In view of Theorem 2.1 [ Reiter, 1980
it 1s sufficient to show that E-kJEi.
By induction on i, it is easily

proved that for each 120 we have

{4) nign and €:)) F,c U31
From (3), (4), (E) we immediately have
E=\/E, what completes the proof of the

theorem.

for i>an).

1+1

1t Let E be an extensaion for a
closed normal default theory A=(W,D), and
suppose that X ig the aet of all modeln
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for W, Y is the set of all models for E.
Then Y is stable with respect to A.

Proof (outline): Define

GDw{ { o tMu /w)€ED: o EE, w .
conéasqmrs(n) ={w: (o :;h%}e D}.

In view of Theorem 2.5 [Reiter,1980)
we have BxTh{Ww CONSEQUENTS(GD)).
Conaider two cases.

(1) GD={}. Take the smpty sequenss of de-
faults. It 1s clear that {(YXeY, and
A{Y)=Y for each de€D. Thus Y is stable.

{2) GD¢{}. Let a1,...,dn (a1,d42,...)
be any sequence of all elements of
GD. Detinpe di,...,dn (d1,d%,...) by

dﬁ wd] where jJ 18 the smallest inte-
ger such that 43 is
X-applioable

Given d%1,...,d1
dl+1 =dj] where J is the smallest
integer such that

(1)  dj 1s <di,...,d1) X-applicable
(11) for each 1<k 1>, d.]agk}

It is readily verified that <di) 1ia
well defined, and that tbe elemenis
of {di’'> are thome of {di). Becauae
for each d¢€D we clearly hLavs d(Y)sY,
to complete the proof of the theoreum
it remains to ghow that {af>X=Y,

It 18 oasily proved that (4i,..didX
18 the set of all wodels for
Th(wwv{wi, .., wi’}) where w)’ is the
consequent of d4j, It follows there-
Tore that (417X 1s the set of all
models for Th(WLlCONSEQUENTS(GD)}.
Thus (dai)X=Y,

This completes the proof of Theorem 2.
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