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Abstract
In the paper we study a new and natural modal
interpretation of defaults. We show that under this interpretation there are whole families
of modal nonmonotonic logics that accurately
represent default reasoning. One of these logics is used in a definition of possible-worlds semantics for default logic. This semantics yields
a characterization of default extensions similar
to the characterization of stable expansions by
means of autoepistemic interpretation.
We also show t h a t the disjunctive information
can easily be handled if disjunction is represented by means of modal disjunctive defaults
— modal formulas t h a t we use in our interpretation.
Our results indicate t h a t there is no single
modal logic for describing default reasoning.
On the contrary, there exist whole ranges of
modal logics, each of which can be used in the
embedding as a "host" logic.

1

Introduction

The default logic of Reiter [1980] is a nonmonotonic formalism based on the paradigm of "negation as failure to
prove" and is defined by means of a certain fixed-point
construction. It is a formalism in the language of propositional calculus (or, in a more general variant, in the language of first-order logic). In 1982, M c D e r m o t t [1982],
building on the j o i n t work w i t h Doyle [1980], introduced
a large class of modal nonmonotonic logics. He proposed
a general scheme which, also using "negation as failure
to prove" and a fixed-point construction, assigns to each
monotone modal logic its nonmonotonic variant. The autoepistemic logic of Moore [1985], an i m p o r t a n t modal
formalism, belongs to the McDermott-Doyle's family of
logics (see [Shvarts, 1990]). In recent years there have
been numerous attempts to explain and exploit the nature of the relationship between the default logic and
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modal nonmonotonic logics. There are two main reasons behind the interest in this particular research area.
Firstly, modal nonmonotonic logics often have clear, intuitive semantics (for example, list semantics [Moore,
1985], possible-world semantics [Moore, 1984; Konolige,
1988], or preference semantics [Shoham, 1987]), and the
default logic lacks one. By embedding the default logic
into a modal nonmonotonic logic w i t h an elegant semantics, insights i n t o semantic aspects of default logic can
be gained. Secondly, the automated inference methods
for the "host" modal nonmonotonic logic could be used
as a uniform tool for handling default theories.
The default logic was first embedded into a variant
of autoepistemic logic by Konolige [1988]. Marek and
Truszczynski [1989; 1990] proposed to embed default
logic into the nonmonotonic variant of the logic of necessttation N — the modal logic that does not contain any
modal axiom schemata and uses modus ponens and necessitation as inference rules. Recently, L i n and Shoham
[1990] defined yet another, this time bimodal, nonmonotonic logic, which they called the logic of grounded knowledge (denoted G K ) , and provided an interpretation of
the default logic w i t h i n logic G K .
Each of these approaches has some disadvantages. We
discuss them briefly in the next section. In this paper we
consider another interpretation of defaults in the modal
language. It is somewhat related to the approach of
Siegel [1990] to modal nonmonotonic logic 1 . We argue
that our translation avoids the problems of the translations used in the earlier approaches. We show that
under this new interpretation, default logic can be faithfully embedded into any of the whole range of modal
nonmonotonic logics. As a consequence, possible-worlds
semantics for these modal logics yield possible-worlds
semantics for default logic, and their automated proof
methods (whenever exist) can be applied to default theories. For example, in Section 4, we choose logic S 4 F ,
that has a particularly well-structured possible-world semantics, to obtain possible-world semantics for default

logic.
An important feature of the new translation is that
it easily lends itself to an extension suitable for default
1
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reasonings w i t h indefinite information in the form of disjunction, and generalizes the formalism for such reasonings introduced recently by Gelfond [1990]. In Section 5,
we introduce this extension, relate it to an earlier work
of [Gelfond, 1990] and [Gelfond et al., 1991], and apply
our formalism to discuss the "broken hand" example of
Poole [1989].
Our results bring up the following general question:
how essential in explaining default reasonings are those
aspects of modal logics that are specifically concerned
with properties of the modality?
Earlier investigations [Konolige, 1988], [Marek and Truszczynski, 1990],
[Siegel, 1990], implicitly suggested that there may be
some relationship between the properties of the modality and default logic by centering around the question
of what is the right modal logic for the embedding
to work (logics K 4 5 [Konolige, 1988], N [Marek and
Truszczynski, 1990] and T [Siegel, 1990] were considered). But there seem to be no reason for any connection
between default reasonings and modal axioms to exist.
Default reasonings first use a certain mechanism ("negation as failure to prove") to establish defaults applicable
in a given situation and then proceed like in a classical
first-order case. In the whole process there is no place
where properties of the modality (like standard modal
axiom schemata) might intervene.
Our results support this view by showing that there is
a significant degree of freedom in the choice of the "host"
modal nonmonotonic logic — any out of the whole family
of (drastically different) modal nonmonotonic logics will
do. An analysis of the translation proposed by Konolige
reveals the same "insensitivity" to the choice of modal
logic (see [Truszczynski, 1991a]), and Lin and Shoham
[1990] make a similar observation in the case of their
approach.

2

Previous approaches to the p r o b l e m
of representing default logic as a
m o d a l system

Theories in default logic are pairs (D,W), where W is
a collection of formulas in some propositional language
L, and D is a collection of nonstandard inference rules,
called defaults, that are of the form
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5

Effective d i s j u n c t i o n

One of the problems of nonmonotonic formalisms often
is that the semantics of the disjunction operator does
not accurately capture the intuitive understanding of
disjunction [Poole, 1989; Gelfond, 1990). We will show
that our embedding of defaults can be used to handle
disjunction. In commonsense reasoning we often use a
"constructive" or "effective" disjunction — knowing aVb,
each belief set an agent will construct will contain a or
b — instead of the classical, nonconstructive interpretation in which we may know aVb without knowing which
of the two disjuncts is true. The distinction between the
two can easily be achieved in the modal language. The
"constructive" disjunction can be expressed as La V Lb
and the "noneffective" one by L(aV b).
Let us consider the following example due to Poole
[Poole, 1989], Suppose that normally people's left (resp.
right) arms are usable and people with broken left (resp.
right) arms are exceptions. Suppose also that we remember seeing a friend with a broken arm, but we cannot remember which. Intuitively, we should not conclude that
both his arms are usable. A straightforward default encoding of this situation by a default theory ( D , W) is as
follows:

and
Clearly, this default theory has exactly one extension and
it contains the formula u; A ur, contrary to the intuition.
The reason for the inadequacy of the default logic to
handle such situations is that default logic does not have
a mechanism to deal with effective disjunction. Recently
an extension of default logic was proposed in [Gelfond et
al., 1991] which commonsense disjunction is expressed by
means of a new connective. In this extension of default
logic the abovementioned paradox disappears.
Let us now consider the encoding of the above situation using modal disjunctive defaults of the form:

(9)
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Conclusions

In the paper we presented a new and natural interpretation of defaults as modal formulas. We have shown
that under this interpretation there are whole families
of modal nonmonotonic logics that accurately represent
default reasoning. We proposed a semantics for default
logic based on the embedding we found.
We also have shown that the disjunctive information
can easily be handled within our modal system, disjunctive defaults.
A very important conclusion of this research is that
there is no single, distinguished modal logic for describing default reasoning. On the contrary, there exist whole
ranges of modal logics, each of which can be used in
the embedding as a "host" logic. This shows that, in
agreement with the intuition, in order to capture default
reasoning the most important step is to translate into a
nonmonotonic modal system the principle of "negation
as failure to prove". Once this is made, then the choice
of particular modal axiom schemata is of secondary importance, in fact, there is a large degree of freedom in
which of them to choose.
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