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Abstract
We present two concept languages,, called PL1 and PL2
which are extensions of TC-. We prove that the subsumption problem in these languages can be solved in polynomial time. Both languages include a construct for expressing inverse roles, which has not been considered up to now
in tractable languages. In addition, PL 1 includes number
restrictions and negation of primitive concepts, while Pl 2
includes role conjunction and role chaining.
By exploiting recent complexity results, we show that none
of the constructs usually considered in concept languages can
be added to PL1 and PL2 without losing tractabtlity. Therefore, on the assumption that Languages are characterized by
the set of constructs they provide, the two languages presented in this paper provide a solution to the problem of
singling out an optimal trade-off between expressive power
and computational complexity.

1

Introduction

Concept
languages provide a means for expressing knowledge about hierarchies of concepts, i.e.
classes of objects w i t h common properties.
They
have been investigated following the ideas initially embedded in many frame-based and semanticnetwork-based languages, especially the KL-ONE language [Brachman and Schmolze, 1985].
In contrast
to earlier formalisms, concept Languages are given a
Tarski style declarative semantics t h a t allows them
to be conceived as sublanguages of predicate logic
[Brachman and Levesque, 1984].
The basic reasoning tasks on concepts are unsatisfiability and subsumption checking. A concept is unsatisfiable if it always denotes an empty set. A concept C is
subsumed by a concept D if C always denotes a subset
of D.
Since the performance of any application developed
using concept languages w i l l heavily rely on the above
reasoning tasks, it is i m p o r t a n t both to characterize their
computational complexity and to devise algorithms as
much efficient as possibleRecent results allow us to draw a fairly complete picture
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of the complexity of a wide class of concept languages
[Schmidt-Schaufi and Smolka, 1988,Donini et al., 1990].
Such results have been obtained by exploiting a general
technique for satisfiability checking in concept languages.
T h e technique relies on a f o r m of tableaux calculus, and
has been proved extremely useful for studying both the
correctness and the complexity of the algorithms.
The outcomes of this body of research go far beyond
a mere complexity analysis. In particular, we t h i n k that
they shed light on three basic aspects related to the use
of concept languages in knowledge representation.
First of all, since the complexity of both satisfiability
and subsumption depends upon the constructs allowed in
the language, we have now an appropriate framework for
the study of the trade-off between the expressive power of
the languages and their inherent complexity, which was
the initial motivation of the seminal work by Brachman
and Levesque (see [Levesque and Brachman, 1987]).
Secondly, the design of concept languages and the
associated reasoning procedures can now be realized
through the application of the above mentioned technique, which provides an algorithmic framework that is
parametric w i t h respect to the language constructs.
T h i r d l y , the study of the computational behaviour of
concept languages has led to a clear understanding of
the properties of the language constructs and their interaction. The knowledge about the structure of concept
languages can thus be used in the design of intelligent
reasoning procedures, t h a t — b y looking at the form of
concepts—can reason about the deductive service, for
example estimating the difficulty of performing the required deduction, a t t e m p t i n g to provide quick answers
to subproblems, or t r y i n g possible simplification of the
problem.
The work reported in this paper is concerned w i t h
the first of the above three points. Our goal was the
design of languages including the most powerful set of
constructs, while retaining the t r a c t a b i l i t y of subsumpt i o n , in particular extending the basic polynomial language FL - [Brachman and Levesque, 1984].
Fl includes conjunction o f concepts ( w r i t t e n C l D ) , universal role quantification (VJ?.C), and unqualified existent i a l role quantification ( 3 # ) . Various extensions of Fl w i t h a polynomial subsumption problem have already
been considered:

In the following, we consider concept languages obtained as combinations of the above constructs, Several
such combinations have been taken into account in the
design of concept languages. In general, the constructs
for role formation have been introduced only in the most
sophisticated and powerful languages. In particular, the
construct for the description of inverse roles has been
considered very rarely, and never in tractable languages.
This is somewhat surprising, especially if one consider
its importance in the description of complex concepts.
For example, let child be a p r i m i t i v e role, and let young
be a primitive concept. It is easy to see t h a t the concept
"someone t h a t has at least one child and all of whose parents are young" cannot be defined in a language without
inverse roles. Indeed, the introduction of a new primitive role parent would not solve the problem, because
child and parent would be completely unrelated. On the
other hand, the notion of parent is obviously captured
by the inverse of the role child. Therefore, in a language
w i t h inverse roles, the above concept can be defined as:
child
child - 1 ,young.
One of the goals of this paper is to study the impact of
inverse roles in the tractability of concept languages. In
fact, we show in Sections 4 and 5 that the construct for
inverse roles can be added to TC~ without increasing
the complexity of subsumption.

3

Checking S u b s u m p t i o n Using
Constraint Systems

In this section we present the basic features of a
technique for checking concept satisfiability.
The
technique is a refinement of the one used in
[Schmidt-SchauB and Smolka, 1988], and is fully described in [Donini et al., 1990].
We assume t h a t there exists an alphabet of variable
symbols, which w i l l be denoted by the letters x, y, and
z. The calculus operates on constraints consisting of
variables, concepts, and roles. A constraint is a syntactic
object of one of the forms x: C, xRy where C is a concept
and R is a role.
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Therefore, on the assumption that languages are characterized by the set of constructs they provide, the two
languages presented in this paper provide a solution to
the problem of singling out an optimal trade-off between
expressive power and computational complexity.
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Conclusion

We have presented two concept laguages, called PL 1
and PL 2 , that include as many as possible of the constructs usually considered in terminological reasoning,
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The algorithms for checking subsumption in PL 1
and PL 2 have been designed by exploiting a general technique for satisfiability checking in concept languages. Such a technique is the basis of recent complexity results about a wide class of concept languages
[Schmidt-SchauB and Smolka, 1988,Donini et al., 1991a],
These results allow us to derive lower bounds for the
complexity of almost all the possible combinations of the
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combination of the constructs presented in Section 2, except for the combination of number restrictions and role
chaining; if the subsumption problem in £ is tractable,
then £ is a sublanguage of either V£\ or PL2.
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