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Abs t rac t 

We show that the terminological logic ACC 
comprising Boolean operations on concepts and 
value restrictions is a notational variant of the 
proposit ional modal logic K ( m ) - To demon-
strate the u t i l i t y of the correspondence, we give 
two of its immediate by-products, Namely, we 
axiomatize ACC and give a simple proof that 
subsumption in ACC is PSPACE-complete, re
placing the original six-page one. 

Furthermore, we consider an extension of ACC 
addit ional ly containing both the ident i ty role 
and the composit ion, union, transitive-reflexive 
closure, range restr ict ion, and inverse of roles. 
It turns out that this language, called TSL, is a 
notat ional variant of the propositional dynamic 
logic converse-PDL. Using this correspondence, 
we prove that it suffices to consider f inite TSL-
models, show that TSL-subsumpt ion is decid-
able, and obtain an axiomatization of TSL 
By discovering that features correspond to de
terministic programs in dynamic logic, we show 
that adding them to TSC preserves decidabil
i ty , although violates its finite model prop
erty. Addi t ional ly , we describe an algor i thm 
for deciding the coherence of inverse-free TSC-
concepts w i t h features. Final ly, we prove that 
universal implications can be expressed wi th in 
TSC. 

1 M o t i v a t i o n 

We shall establish correspondences between terminolog
ical logics and proposit ional modal and dynamic logics. 
These correspondences tu rn out to be highly produc
tive because formerly unrelated fields are brought to
gether. In the area of terminological logics, running sys
tems such as B A C K , CLASSIC, KL -ONE, K R Y P T O N , 
and L O O M have been developed since the late seven-
ties. Only recently theoretical investigations have been 
undertaken mainly concerning the computational com

plexity of terminological logics.1 In the very contrast 
to that, elaborated theories for modal and dynamic log
ics have been developed much earlier.2 Particularly for 
modal logic there is—apart from first order logic—the 
most elaborated theory, and dynamic logic has bene
fited from these results. By detecting these correspon
dences, we gain new insights into terminological logics 
solely by expounding the theorems of modal and dy
namic logic as theorems of the corresponding termino-
logical logic. There can also be redundant research if 
correspondences are overlooked. For instance, Ladner 
[1977] showed that the propositional modal logic K(in) 
is PSPACE-complete, and twelve years later this was 
reproved by Schmidt-SchauB and Smolka [l 991] for its 
notational variant ALC 

2 Pre l im inar ies 

3 Termino log ica l Logics and M o d a l 
Logics 

We first consider a terminological logic investigated by 
Schmidt-Schaufi and Smolka [1991], named ACC. Like 
any other terminological logic, ACC comprises concepts, 

*This work was partially supported by the Commission 
of the European Communities and is part of the ESPRIT 
Project 5210. 

1 Confer [Nebel, 1990] for a good overview of the systems 
and the complexity results. 

2For the history of modal logic confer [Hughes and Cress-
well, 1984], and for that of dynamic logic confer [Harel, 1984]. 
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P r o p o s i t i o n 7 ( I n f i n i t e TSLR-Models) 
There is a coherent TSLR-concept which has no finite 
model [Harel, 1984, Theorem 2,35]. 

Note that this does not mean that TSLR is undecid-
able. Actual ly, the decidabil ity of TSCR seems to be 
unknown. It is known, however, that TSL extended 
wi th the complementation of roles is undecidable [Harel, 
1984, Theorem 2.34], and that TSLR w i th features is 
highly undecidable as we shall see in the next section. 

4 .1 TSC w i t h Fea tu res 

In TSC we are able to force, for instance, that something 
has at least two parents, namely a female and a male one: 

(3parent Lwomen .-men) ~l (3parent/.men ,^w omen) 

Unfortunately, this expression does not stipulate that 
something has exactly two parents. The reason is that we 
have expressed 'has mother' as the role parentLwomcn. 
However, 'has mother' rather is a part ial function than 
a relation. If something has a mother, it has exactly 
one. This suggests to extend TSL w i th features, denot
ing atomic part ia l functions. If mother and father were 
features, the above expression indeed would force that 
each human being has exactly one mother and father. 

We define TSC by the same formation rules as TSL 
execpt that an TSC-role addit ional ly can be a feature 
symbol. Moreover, we require an extension function £ 
over D to be a mapping such that for each feature symbol 
f, is a part ia l function mapping V to V. 

Note that f1 of2 and id(C) denote part ial functions, 
whereas f\ U f2, f*, and f-1 generally denote binary 
relations. 

Clearly, features correspond to atomic deterministic 
programs considered in dynamic logic. Thus [Parikh, 
1979, §7] can be read to show that any atomic role 
r is expressible by fr ( f n e w ) where fr is the fea-
ture uniquely corresponding to r and fnew is a new fea
ture. In this manner each non-feature atomic role in 
a TSL-expression can be eliminated wi thout increasing 
its length more than linearly.3 Thus we can assume that 
the only atomic roles which TSC comprises are features. 
So, it is obvious that TSC is a notational variant of the 
deterministic version of converse-PDL. 

T h e o r e m 3 TSC is a notational variant of converse-
DPDL, the deterministic propositional dynamic logic 
DPDL with the converse-operator. Moreover, satisfiabil
ity m converse-DPDL has—up to linear time—the same 
computational complexity as coherence in TSC. 

Ben-Ar i et al [1982] showed that DPDL-satisfiabil i ty 
is contained in E X P T I M E , and Vardi [1985] pointed 
out that satisfiabil i ty in converse-DPDL can be decided 
in double exponential t ime. Ut i l iz ing Theorem 3 and 
Lemma 1, we can conclude: 

P r o p o s i t i o n 8 ( C o m p l e x i t y of TSC) 
Subsumption tn TSC without -1 can be decided in ex
ponential time [Ben-Ari et al, 1982], and deciding sub-
sumption in TSC can be done in double exponential time 

3 By the way this means that in the presence of * deciding 
subsumption in feature logics is at least as hard as deciding 
subsumption in the corresponding terminological logic. 
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5 Conclusions 
So far we have seen that correspondences between ter-
minological logics and propositional modal and dynamic 
logics can be used to gain new insights into the nature 
of terminological logics. However, this work can be ex
tended in two ways. First, we can further exploit the 
correspondences already established by carefully study
ing the corresponding theories of modal and dynamic 
logic. For example, we proved that a syntactically re
stricted form of global consequence in TSC, known in 
dynamic logic as partial completeness assertions, is NP-
complete. Secondly, we can establish further correspon-
dences. Constants in terminological logics, for instance, 
correspond to names (atomic formulae denoting single 
element sets) in dynamic logic. Similarly, temporal ex
pressions can be integrated into terminological logics-
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