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A b s t r a c t 

M e m b e r s h i p queries ex tended w i t h the m e t a 
query concept is p roposed as a m e t h o d to ac­
qu i re c o m p l e x c lass i f ica t ion ru les. Fu r the r ­
m o r e , re levent concept classes, where a s m a l l 
n u m b e r o f queries is suf f ic ient , are charac te r i ­
zed. In t h i s paper we advoca te and present t he 
benef i ts o f t he use o f queries in order to learn 
a ta rge t concept ef f ic ient ly . T h u s p r o v i d i n g the 
f o u n d a t i o n s for a u t o m a t i n g the knowledge ac­
q u i s i t i o n process. Based on these resul ts , we 
developed a know ledge acqu is i t i on t o o l K A C - Z 
w h i c h uses queries a b o u t specif ic d o m a i n ob­
jec ts . T h e systems usefulness has been d e m o n ­
s t ra ted by i t s a p p l i c a t i o n i n the d o m a i n o f m a ­
n u f a c t u r i n g ( c u t t i n g ) i n d u s t r y . 

1 I n t r o d u c t i o n 

I n b u i l d i n g expe r t systems the know ledge acqu is i t i on 
is considered to be a bo t t l eneck [3]. T h i s is due to the 
fac t t h a t a c q u i r i n g knowledge f r o m an exper t i s genera l ly 
t i m e - c o n s u m i n g and e r ro r -p rone . T h u s , one i s m o t i v a ­
ted to overcome th i s bo t t leneck by a u t o m a t i n g the kno ­
wledge acqu i s i t i on , i.e. t h r o u g h b u i l d i n g l ea rn ing com­
ponents fo r expe r t systems [4] . A successful l ea rn ing 
c o m p o n e n t i n an expe r t sys tem w i l l p r o b a b l y have to 
use queries d i rec ted towards the exper ts . For e x a m p l e , 
S a m m u t and Baner j i ' s sys tem [7] uses m e m b e r s h i p que­
ries a b o u t specif ic examples as p a r t o f i ts s t ra tegy for 
e f f ic ient ly l e a r n i n g a t a rge t concept . Le t us consider the 
p r o b l e m o f us ing queries in order to learn an u n k n o w n 
concept . For t h i s purpose A n g l u i n [1] suggested d i f ferent 
types o f quer ies. A m o n g these query types are m e m ­
bersh ip queries w h i c h ask for the correct c lass i f icat ion 
o f a p a r t i c u l a r o b j e c t . F u r t h e r m o r e , she p roved t h a t fo r 
m a n y concept classes an exhaus t i ve or near ly exhaus t i ve 
search is necessary w h e n us ing m e m b e r s h i p queries. H o ­
wever, in [6] concept classes have been i n t r o d u c e d where 
ef f ic ient l e a r n i n g v i a var ious queries i s possib le. In t he 
present paper these concept classes are s ign i f i can t l y ex­
tended b y i n t r o d u c i n g t h e n o t i o n o f m e t a queries. M e t a 

queries ask for h i n t s how to cons t ruc t comp lex classif i ­
ca t i on ru les. By the use o f m e t a queries comb ined w i t h 
m e m b e r s h i p queries our sys tem is in a pos i t i on to learn 
concept classes for w h i c h o therw ise an exhaus t i ve search 
w o u l d be necessary. Based on th i s w o r k we developed a 
knowledge acqu is i t i on sys tem K A C - Z w h i c h exp lo i t s the 
theore t i ca l resul ts presented in th i s paper . To prove the 
a p p l i c a b i l i t y o f ou r sys tem in the rea l w o r l d we describe 
the a p p l i c a t i o n o f K A C - Z i n the d o m a i n o f m a n u f a c t u ­
r i n g i ndus t r y . K A C - Z w i l l be used to acqu i re the know­
ledge o f an exper t w h i c h selects an a p p r o p r i a t e c u t t i n g 
m e t a l fo r a specif ic c u t t i n g process. T h i s paper is or­
ganized as fo l l ows . In sect ion 2 ou r theore t i ca l resul ts 
concern ing ef f ic ient query l e a r n i n g are presented. Sec­
t i o n 3 describes the design o f K A C - Z . T h e f i na l sect ion 
conta ins the conc lus ion . 

2 Theo re t i ca l Foundat ions 

We consider a set of ob jec ts X . T h e task of t he lea rn ing 
sys tem is to d e t e r m i n e the class of each ob jec t in X, i.e. 
to de te rm ine fo r each ob jec t w h e t h e r o r n o t i t belongs 
to t he ta rge t concept . For t h i s pu rpose , we assume a 
class of concepts C C 2X w h i c h under l ies the l ea rn ing 
sys tem in t he f o l l o w i n g sense. T h e l ea rn ing sys tem w i l l 
c lassify the ob jec ts o n l y accord ing to one p a r t i c u l a r con­
cept c £ C. T h e l ea rn ing sys tem L is a l lowed to ad­
dress m e m b e r s h i p queries to an orac le. A m e m b e r s h i p 
q u e r y means t h a t L p rov ides an a r b i t r a r y ob jec t O € X 
t o t he oracle. T h e answer o f the oracle w i l l be ' yes ' o r 

' n o ' depend ing on whe the r O be longs to the ta rge t con­
cept o r n o t . One s i m p l e b u t inef f ic ient way o f d e t e r m i ­
n i n g the correct class o f a l l ob jec ts in X ' v i a membersh ip 
queries is to present t he desc r ip t i on of each ob jec t in X 
to the orac le . The re fo re , a t r i v i a l u p p e r - b o u n d for the 
requ i red n u m b e r of m e m b e r s h i p queries is \X\. Depen­
d i n g on the ac tua l s t r u c t u r e of the concept class C there 
m a y be clever query s t ra teg ies w h i c h a l l ow the lea rn ing 
sys tem to d e t e r m i n e the ta rge t concept w i t h m u c h less 
t h a n \X\ m e m b e r s h i p queries. T h i s m a y be possible be­
cause the c lass i f i ca t ion o f m o s t ob jec ts w i l l be log ica l l y 
i m p l i e d by t he c lass i f ica t ion o f some crucial ob jec ts in 
X. In t h i s paper we inves t iga te t he s t r uc tu re o f con­
cept classes w h i c h a l l ow the l ea rn i ng sys tem to use such 
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clever query strategies in order to learn the target con­
cept efficiently, i.e. w i th a small number of queries. The 
following results are also applicable in the case of lear­
ning mult iple classes instead of learning just one class as 
pointed out in [5]. In section 2.1 we define the property 
of a concept class being independently monotonia. This 
property allows to learn a concept f rom C w i th a small 
number of queries. As shown in Theorem 1 in section 2.2 
by using the preceding Lemma which states an impor­
tant consequence of a concept class being independently 
monotonic. In section 2.3 we extend the definition of 
being independently monotonic to the property of being 
k-independently monotonic. Concept classes of this kind 
allow to avoid an exhaustive search if in i t ia l ly k positive 
examples of the target concept are given to the learning 
system. A corresponding upper bound is given in Theo­
rem 2 in section 2.3. In 2.4 the notion of meta queries is 
formalized. 

2.1 P r e l i m i n a r i e s 

Let X be a finite set of objects, be a set of 
concepts or a concept class. That means, C is a set of 
subsets of X w i th Let « ' be an arbitrary 
concept of C. An object is called a p o s i t i v e 
e x a m p l e of c i ff x G c and a n e g a t i v e e x a m p l e of c 
iff respectively. A concep t c' is cons i s ten t w i t h 
a p o s i t i v e ( n e g a t i v e ) e x a m p l e x of a concept c iff 

The V a p n i k - C h e r v o n e n k i s d i m e n s i o n [8] was intro­
duced in the context of learning theory in [2]. A set s C 
A' is said to be s h a t t e r e d by 
The V a p n i k - C h e r v o n e n k i s d i m e n s i o n o f C, in short 
VC-D im(C) , is the cardinality of the greatest set s C X 
shattered by C. That means, the Vapnik-Chervonenkis 
dimension is given by 

In the fol lowing, a class of concept classes is specified for 
which the Vapnik-Chervonenkis dimension can be used 
to give an upper-bound for the required number of mem­
bership queries. 

D e f i n i t i o n 1 Let _ be a concept class and c an 
arbitrary concept in C _ is a m i n i m a l s u p e r c o n -
cept of c iff and there is no conceptbetween  
c and s . I.e., there i s no such t h a t s  
holds. 

D e f i n i t i o n 2 A set of concepts is i n ­
d e p e n d e n t in C iff for all concepts there exists a 
fixed object " as follows: For the union U of each 
subset of concepts in I there is a concept  
such that c and for all c o n c e p t s c does 
not contain the corresponding object Xj. More formally: 

Let C be the set of linear decision 
functions. A particular linear deci­
sion function can be viewed as a hy-
perplane in the n-diinensional euc-
lidean space En. In E2 it is a line 
that partit ions the plane into two 
parts. In the diagram, the positive 
examples lie in the lower part. The 
dotted lines indicate the only two 
minimal superconcepts of the con­
cept represented by the heavy line, 
smallest superconcepts of c. 

Figure 1: Linear threshold functions are independently 
monotonic 

Note: This also means if I is independent in C then there 
exists a set of | / | objects shattered by C. The set 
S contains one appropriate object f rom each concept in 
/ respectively. In part icular,  

E x a m p l e : 
Let  

Then Io is i n d e p e n d e n t in C since for any union of 
sets in IQ there exists a concept c E C that is disjoint 
w i th the remaining sets in Io In contrast to that, the set 
I 1 = { { 2 } , {3 } , {4 } } is n o t i n d e p e n d e n t in C. That 
is due to the fact that any concept c E C covering both 
sets {4 } and {2} also contains the element '3 ' . Thus, 
there is no concept c £ C such that ( {2 } U {4 } ) C c and 
the remaining set {3 } E (I1 \ ( {2 } U {4 } ) ) contains an 
element not contained in c. 

D e f i n i t i o n 3 A concept class C is i n d e p e n d e n t l y 
m o n o t o n i c iff for all concepts < the set M{c) of 
minimal superconcepts of c in C is independent in C 
and the empty set is a concept in C as well. 

E x a m p l e s for relevant concept classes that are indepen­
dently monotonic follow: 
Let the set of objects X be the set of all attribute-value 
vectors 
{ l , . . . . n } . 

• Onesided conjuntive threshold functions: Let C be 
the set of all functions / of the fol lowing k ind: 

For C representing the set of onesided-conjuntive 
threshold functions holds  
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Let C be the set of ortho­
gonal rectangles. Then, by 
C being 1-independently 
monotonic is meant that 
for an arbitrary rectangle, 
given a point p w i th in that 
rectangle we can expand or 
not expand it in all four d i ­
rections independently. 

Figure 2: A geometrical example for a concept class 
being 1-indepcndently monotonic 

• Linear decision functions: Let C be the set of all 
functions / of the following k ind: 

For C representing the set of linear decision func­
tions holds  

See Figure 1. 

As the examples indicate, concept classes that do not re-
quire exhaustive searches have to be rather simple struc­
tured. That kind of being rather simple structured is 
reflected by the property of being independently mono-
tonic. 
For the proof of the fol lowing Lemma the next definition 
is st i l l required. 

D e f i n i t i o n 4 An object O X dominates an object o 
X in C iff o is contained in all concepts of C in which 
O is contained. That is, iff the membership of O m the 
unknown target concept implies the membership 
of o in  

E x a m p l e :  
In 

this example the object 'd' dominates the object 'e' in 
C. The reason for this is that all concepts in C which 
contain 'd' contain the object 'e ' as well. On the other 
hand, the object 'f ' does not dominate the object 'e' be­
cause there is a concept which does not contain 
'e' while it is containing 'f' 

2.2 T h e u p p e r - b o u n d 

For the fol lowing Theorems the Lemma below is used, 
which exhibits an impor tant property of independently 
monotonic concept classes. 

L e m m a Any independently monotonic concept class 
has the following property: There are VC-

Dim(C) = d disjoint subsets s 1 , . . . ,s d such that each of 

these subsets is linearly ordered by the dominance rela-
tion in the concept class C. Furthermore, determining 
the objects in S1,...,£<f being positive or negative exam­
ples of an unknown target concept leaves only a 
single concept consistent with the classified objects 
in s1, ...,sd. That means, c' = ct. 

P r o o f : We prove the Lemma by contradiction. 
Assumption: There is a set of more 
than VC-D im(C) objects in X such that none of these 
objects is dominat ing another object of s in C. An ob­
ject x not dominat ing another object y means that x and 
y belong to different concepts cx and cy. I.e. x and y 
belong to different superconcepts of the empty set such 
that neither cx is a superconcept of cy nor vice versa. 
Let be the corresponding concepts to which 
the objects in s belong respectively, such that none of 
these concepts is a superconcept of another one. For 
eg being a nonminimal superconcept of a concept c me­
ans, there are concepts between c and cB in the manner 

i.e. there is a min imal su­
perconcept of c between c and c8. Since the set M(c) 
of min imal superconcepts of a concept is indepen­
dent by definit ion, the min imal superconcept c* of c has 
in turn min imal superconcepts covering exactly one of 
the min imal superconcepts of This property 
holds for all concepts between c and c3 such that it also 
holds for the concept of which c8 is a min imal su­
perconcept. If the concepts c1,...,cd+1 do not dominate 
each other in C and there is a concept cm E C such that 

are all min imal superconcepts of That 
is due to the fact that all are superconcepts 
of the empty set contained in C. However, cm can be 
constructed by executing the fol lowing procedure using 
a variable 'current concept' cc: 

for i = l to d + 1 do 
while c i is not a min imal superconcept of cc do 

endwhile; 
endfor; 

After executing this procedure all superconcepts 
must be min imal superconcepts of cc since 
are not dominat ing each other in C, But this 

is a contradiction to the definit ion of C being indepen­
dently monotonic. 

Tha t si tuat ion can be i l lustrated in the geometrical ex­
ample given in Figure 1 above. In Figure 1 for each 
dimension there exists a set O of objects along the axes 
a1 and a2 which are linearly ordered according to the 
dominance relation in C. Tha t means, all points on the 
axes in the dashed area are positive examples of c while 
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Table 1: Number of required queries 

all remaining points in O are negative examples of c. 
The upper-bound Theorem follows: 

T h e o r e m 1 Let X be a set of objects,  
be an independently monotonic concept class 

and , Then there is a learning algorithm 
which learns from membership queries only that requires 
at most 

membership queries in order to determine the correct tar-
get concept c C. 

P r o o f : In the Lemma it has been shown that for any in­
dependently monotonic concept class C there are at most 
d subsets S1,..., Sd of X where each of those subsets can 
be linearly ordered by the dominance relation in C. That 
means, for an arbi t rary concept c C the first 
elements of a subset s, are positive while the remaining 
objects in S i are negative examples of c. Furthermore, 
determining the objects of these subsets to be positive 
or negative examples of the unknown target concept ct 

means, determining exactly one concept c C. In other 
words, there is only one concept in C consistent w i th 
the determined positive and negative examples. These 
subsets are l inearly ordered by the dominance relation 
in C. Therefore, a binary search procedure is executa­
ble on each of these subsets Si, ...,Sd to find out which 
objects are positive examples and which ones are nega­
tive examples of ct. Hence, in each of the d linearly 
ordered subsets s 1 , . . . ,s d of X a binary search for the 
most objects in s i, dominat ing positive example p can be 
executed. For this binary search procedure there are at 
most queries necessary. Thus, the greatest 
number of queries w i l l be required if all d subsets have 
the same cardinality. Therefore, an upper bound for the 
number of required queries is   

For i l lustrat ion, Theorem 1 can be applied to both of 
the given examples for independently monotonic concept 
classes: As already noted, the for C repre­
senting either the set of linear decision functions or the 
set of onesided conjuntive threshold functions, is given 
by the length n of the attr ibute-value vector of the set 
of objects X. Moreover, the size of the set X is given by 
jn. Thus Theorem 1 states the fol lowing upper bounds 
for the number of required membership queries. 

2.3 P r o v i d i n g h i n t s 

Suppose and the concept class C con­
tains all singletons of X, i.e. all sets which cover only 
a single object in X. In this case, there is a worst case 
lower bound on the required number of membership que­
ries of m — 1. I.e., a (nearly) exhaustive search is neces­
sary. (See [1] for proofs of lower bounds for various types 
of queries.) Nevertheless, in certain cases the number of 
required membership queries can be reduced dramati­
cally if in i t ia l ly the learning system is provided wi th one 
positive example of the target concept . Th ink of X 
being the set of coordinates in a gr id based plane. That 
is, and C being the 
set of all orthogonal rectangles in this grid based plane. 
In that case, C includes among other sets all singleton 
sets of X. Thus, a lower bound for required membership 
queries is For i l lustrat ion, see Figure 2. 
Assume, one gets an arbitrary positive example p of the 
target concept ct and the concept class C is purged from 
all concepts not consistent w i th p. Then, the remaining 
concept class is independently monotonic. Thus, only 

w i th membership queries 
are necessary in order to determine the target concept 
ct. This observation can be generalized by characterizing 
the appropriate concept classes through the following de­
finition: 

D e f i n i t i o n 5 A concept class C over a set of objects 
X is k - i n d e p e n d e n t l y m o n o t o n i c iff for all objects 
x X there is a concept c C covering x and 
and the set of minimal superconcepts of c in C is 
independent in C. 

Now, the next Theorem can be formulated: 

T h e o r e m 2 Let X be a set of objects, 
I be a k-independently monotonic set of concepts and 

Then, after initially providing the lear-
ning system with k different positive examples of the tar­
get concept Ct there is a learning algorithm which needs 
at most membership queries in order to 
determine the correct target concept  

P r o o f : Let s = be the set of objects given 
as positive examples of the concept ct. By definition of 
C being k-independently monotonic there is a concept 
c C such that c _ s. Let C be the remaining concept 
class after removing all concepts in C not covering c. 
Thus, there is a reduced concept class C over a reduced 
set of objects Especially, C contains 
an empty set, i.e. the original concept c after removing 
the objects of c f rom X. And by definit ion of C being 
k-independently monotonic over is independently 
monotonic and Theorem 1 can be applied to the reduced 
concept class C". 

D 
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E x a m p l e : We follow Figure 2, where C is the set of 
all orthogonal rectangles in a grid based finite plane. In 
the generalized case of an n-dimensional euclidean space, 
Theorem 2 can be used to upper bound the number of 
membership queries required for this generalized concept 
class C: There is where j 
is the number of gridpoints along each dimension. 
Then Theorem 2 says that at most — 

membership queries are necessary in order to 
determine the target concept c C after in i t ia l ly gett ing 
one positive example of the target concept. 

2.4 M e t a quer ies 

We give just a formal and general description of our no­
t ion of meta queries. The idea is i l lustrated in section 3. 

D e f i n i t i o n 6 Let be a concept class on X. 
Then, a m e t a q u e r y is a specified subset 
The answer to the meta query is 'no' if the corrsepon-
ding reduced concept class on Xs 
is 1 — independently monotonic. Otherwise, the answer 
is a set of mutually disjoint subsets 
of Xs- Each subset in XM is required to contain at least 
one positive example of the target concept. 

Figure 3: Learning two boxes as disjuntive concept 

I.e. each supplied subset in XM either has to be 1-
independently monotonic or it has to have the potential 
to become spl i t ted into mult ip le subsets - such that each 
subset is 1-independently monotonic. Here, the user or 
expert is asked to provide sets of subsets in a way that 
the number of subsequent meta queries by the system is 
minimized. 

3 Knowledge Acquisi t ion System KAC-Z 

In this section we describe our Knowledge Acquisit ion 
System (KAC-Z) which incorporates the theoretical re-
sults described in the previous section. An application 
of KAC-Z in a real world (manufacturing industry) pro­
blem situat ion is being described as well. 

3.1 S y s t e m D e s i g n 

The goal of this system is to acquire knowledge in or­
der to perform a classification task. For this purpose 
KAC-Z makes use of goal-directed queries. In part icu­
lar, membership queries are used. As pointed out in 
section 2.3 learning disjunctive concepts usually require 
a vast number of membership queries. This poses a dif­
ficult problem, because no expert is ready to answer a 
vast number of queries. In order to overcome this pro­
blem we use in KAC-Z a new query type called meta 
queries. Meta queries were used to tackle the problem of 
learning intervals wi th in disjunctive classification. The 
problem is i l lustrated in Figure 3. 
In the geometrical example (Figure 3) the task is to learn 
two rectangles Assume, our positive example is 

Table 2: Equivalent disjunctive boolean functions 
f,f1,/2 of Figure 4. 

point p2- Then the left boundary could easily be misjud­
ged by the binary search. Reason being that the binary 
search may produce a membership query for p1. 
The answer to that would indicate that p1 is a positive 
example, which would mean that the left boundary of 
rectangle r2 containing p2 lies at the left of p1. In fact 
the binary search procedure would yield to the dashed 
rectangle r3 as learning result. One generally cannot 
avoid this by using membership queries only, except one 
uses an exhaustive search. This leads us to the idea of 
using yet another type of query which we call meta query. 
Answers to these queries determine whether there are 
disjunctive terms in the classification rule and whether 
a binary search can be applied or not. The idea of meta 
queries is to provide the system KAC-Z wi th the bran­
ching structure of the classification rule tree (Figure 4). 
Consider an example wi th learning a disjunctive boolean 
function / as given in Table 2. 

The boolean functions f\ and f2 reflect two different 
tree structures even though both functions are logically 
equivalent. A branch in the tree represents a disjunction 
in the corresponding boolean functions. The terminal 
nodes correspond to a conjunction (eventually intervals) 
of the remaining attr ibutes. For each of the intermediate 
nodes the expert is requested to point out the disjunc­
tions (branching) via a corresponding meta query. As 
can be seen in Figure 4, the tree structure depends upon 
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the order of disjunctions given by the expert. The sy­
stem starts wi th a ]meta query for the root node. The 
expert's answer has to indicate whether disjunctive ex­
pressions are involved in the function to learn. If yes, 
the expert has to provide an attr ibute along wi th at 
least two disjoint attr ibute value sets. The given sets are 
assumed to constitute a relevant and meaningful dicho­
tomy (polychotomy). In Figure 4 the attr ibute for the 
root node would be A respectively B. The attr ibute va­
lue sets would be '0' and '1' respectively. In going on, 
for each emerging node the system uses a further meta 
query. If the answer indicates that there is no disjunctive 
structure wi th in the remaining attribute-values, then the 
node is a terminal node. 

We use a frame like description for the objects whose 
classification should be learnt as shown in section 2. I.e. 
slot value intervals are efficiently learnt v ia membership 
queries. In order to do that , for each interval an upper 
and a lower bound wi th the help of a binary search has 
to be found. For each attr ibute an ini t ia l value which 
lies w i th in the interval is required. Thus, all required 
in i t ia l values are supplied by an arbitrary single positive 
example. 
Note: The case of irrelevant attributes is included simply 
if the whole of its value range is recognized as valid. 

3.2 A p p l i c a t i o n 

KAC-Z is intended to be used in the manufacturing 
industry. Its goal is to acquire the knowledge for de­
termining appropriate cutt ing metals for specific cut t ing 
operations. Currently this job is performed by a long 
t ime experienced expert f rom the f ixture design depart­
ment. An example of a classification rule tree for our 
application, where the expert defines a hierarchy of the 
materials being used in the specific cutt ing process is 
shown in Figure 5. In the example above there are non-
boolean attr ibutes. In this case similar to boolean at t r i ­
butes multiple-value sets as well as single-value sets can 
be assigned to a particular branch. 

4 Conc lus ion 

The introduced notion of meta queries turned out to be 

Figure 5: Material hierarchy tree 

very valuable for acquiring complex knowledge structu­
res. Our meta queries appear to have overcome the pro­
blem of exhaustive search for learning complex concept 
classes via membership queries. Based on our theoretical 
results KAC-Z acquires knowledge in the manufacturing 
domain. However, in future further types of queries wi l l 
be considered in order to examine their usefulness for 
supporting the knowledge acquisition. 
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