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Abs t rac t 

Many of today's electro-mechanical devices ex­
h ib i t bo th continuous and discrete behavior, 
Model ing these hybrid systems presents special 
challenges for automated model ing and simula­
t ion . We show how nonstandard analysis over­
comes these challenges, provides a firm mathe­
mat ica l foundat ion, and satisfies our intu i t ions 
about the behavior of hybr id systems. 

1 I n t r o d u c t i o n 
Many of today's electro-mechanical devices exhibi t both 
continuous and discrete behavior. Model ing these hybrid 
systems presents special challenges for automated mod­
eling and s imula t ion. Work in discrete event s imulat ion 
[Cassandras, 1993] assumes that al l change is discrete; 
work in quant i ta t ive and qual i tat ive s imulat ion assumes 
that al l change is (at least piecewise) continuous. The 
behavior of hybr id systems, such as dig i ta l ly controlled 
copiers, chemical plants, automobiles, and so on, is not 
appropriately characterized as either continuous or dis­
crete. 

A hybr id model of a system is often the result of an 
abstraction tha t simplif ies analysis and the predict ion of 
behavior. For example, we often view closing a switch 
as causing the voltage difference across the switch to be­
come 0 in an instant; a level sensor in a reactor vessel 
causes a pump to shut off and a valve to close in an 
instant. In pr inciple, i t is possible to construct continu­
ous models of these behaviors, but they are considerably 
more compl icated. In practice, the use of discontinu­
ous abstractions is both ubiqui tous and necessary. For 
instance, the transient behavior of control electronics is 
often irrelevant to the task of analyzing the overall sys­
tem. Complex sequences of discrete actions are also pos­
sible, such as when an automobi le ign i t ion is turned on 
(relative to the vehicle's mot ion) or a camera's shutter 
is depressed. 

A satisfactory model for hybr id systems must support : 

• discrete actions occurr ing in the presence of contin­
uous change; 
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• complex sequences of discrete actions; 

• the abstraction that discrete actions are instanta­
neous. 

We can refine the th i rd cr i ter ion: it must not be possi­
ble to measure the duration of a discrete action w i th a 
continuous real-valued clock-

There have been several at tempts to introduce dis­
crete changes into a continuous model [Forbus, 1989; 
Nishida and Doshita, 1987; Iwasaki and Low, 1992]. 
Problems w i th the mathemat ica l semantics arise, how­
ever, because discrete changes violate the assumption of 
cont inuity. G iv ing sound semantics to the representation 
of discrete changes whi le employing the real number line 
as the model of t ime (as is usually employed in model­
ing of continuous systems) and respecting the under ly ing 
semantics of continuous change turns out to be very dif­
ficult. 

We provide a sound mathemat ica l basis for model ing 
hybr id systems that satisfies the three desiderata l isted 
above. The hybr id systems are specified by discrete ac­
tions as well as qual i tat ive or quant i ta t ive continuous 
functions. Our solut ion is based on nonstandard analy­
sis [Hoskins, 1990]. We employ a nonstandard model of 
t ime, which captures the in tu i t ive dist inct ion we would 
like to make between discrete and continuous changes. 
More impor tant ly , i t allows us to model both continuous 
and discrete changes un i formly w i thou t contradict ions 
or in t roducing unnecessary complexity. 

2 Discrete Ac t ions in Cont inuous 
Systems 

Consider the simple circui t shown in Figure 1, in which 
electric power is provided to a load either by a solar ar­
ray or a rechargeable battery. The charge on the battery 
is mainta ined by a solar array. When the charge level of 
the battery exceeds a threshold, the charge-current con­
trol ler opens the relay, a l lowing the battery to provide 
power to the load. When the charge level drops below 
another threshold, the charge-current controller closes 
the relay, al lowing the solar array to recharge the bat­
tery. It is natural to model this system by a m ix tu re of 
continuous and discrete behavior. 
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The fo l lowing axioms define the continuous behavior 
of the system. A continuous change is specified by a 
fo rm C : c => e, where C is the name of the continuous 
change, c is the condi t ion for the change to take place, 
and e is i ts consequences. The antecedents, c, and the 
consequences, e, hold simultaneously. We w i l l use the 
notat ion c(t) to denote that c holds at t ime t. 

Likewise, the fo l lowing axioms define the discrete be­
haviors of the relay and control ler. A discrete behavior 
is specified by a fo rm D : c —* e, where D is the name of 
the discrete change, c is the condi t ion for the change to 
take place, and e is i ts effect. 

D l : high(signal) A closed(relay) —► ~closed(relay) 
When the signal f r om the controller goes h igh, the 
relay opens. 

Since each one of Dl — D3 represents an actual ac­
t ion of a physical component, it does take some non­
zero amount of t ime for the consequences to take ef­
fect after the condi t ion becomes t rue. However, the dis­
crete actions are extremely fast relative to the cont in­
uous changes, and their dynamics are uninterest ing for 
the purposes of model ing the overall c i rcui t . Thus, we 
would like to model them as being instantaneous. In 
other words, we would like the model to capture the no­
t ion of almost instantaneous change tak ing place w i thou t 
any measurable duration. 

Whi le in tu i t ive ly plausible, this interpretat ion of in ­
stantaneous changes raises a fundamental problem in 
model ing of continuous systems. Typica l ly , t ime is taken 
to be isomorphic to the real number l ine. Thus, any tem­
poral behavior can be viewed as a sequence of states that 
hold alternately at an instant and over an open interval 
( th is representation is also used in qual i ta t ive reasoning). 
It works very well when there are no discrete changes. 
The qual i tat ive behavior of the system, w i thou t the dis­
crete behaviors specified by Dl through D3, is shown 
in Figure 2(a). In the por t ion of the behavior shown 
in Figure 2, QBA is steadily increasing, un t i l it reaches 
the threshold q2 at t ime t = t2. States so and S2 are 
instantaneous states at t ime points to and t2; s1 and S3 

are states corresponding to the open intervals (t1 t2) and 
(t2 ) . 

D 2 : - 'h igh(s ignal ) A ~ closed (relay) —► closed(relay) 
When the signal f r om the control ler goes low, the 
relay closes. 

D 3 : QBA > q2^ ~h igh(s ignal ) —► high(signal) 
When the controller detects the charge level in the 
bat tery has reached q2, it turns on the signal to the 
relay. 

Figure 2: Behavior of the circui t in Figure 1. 

A d d to this behavior the actions of the control ler and 
the relay represented by the actions D 1 — D 3 . The an­
tecedent of D3 becomes true in the instantaneous state 
s2. Thus, at the t ime t2,1, immediately followingt2, the 
signal goes h igh. At yet another t ime (t2.2) immediately 
following t2.1, the relay opens due to action D l . Our in ­
tu i t i ve not ion about these instantaneous changes is tha t 
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If we use the real number l ine as the model of t ime, it is 
impossible to produce a descript ion that matches, exactly 
our intended interpretat ion of the discrete actions. On 
the real number l ine, there is no well-defined not ion of 
a point immediately following a point . Even though we 
would like to say that there is a t ime point at which 
Signal goes high and which " immediate ly fol lows" t2. 
we cannot because the point t2 must be followed by an 
open interval of non-zero length. Th is forces us to take 
one of the fo l lowing approaches: 

1. Since actions are supposed to take l i t t le t ime, as­
sume that they take no t ime. In other words, rules 
such as D1 through D3 are treated jus t l ike ordinary 
logical impl icat ions w i th respect to t ime. 

2. Always insert a smal l , open interval of unspeci­
fied length between the t ime points at which conse­
quences of actions become true. This corresponds 
to the state sequence in Figure 2(c). States S2 0.1I 
and last over smal l open intervals. 

3. Make the consequences of an action true in either 
the point or the interval tha t immediately follows 
the current state. Th is corresponds to the state se­
quence in Figure 2(d). States and are instan­
taneous whi le S21 lasts over a smal l open interval. 

Each of these approaches has diff icult ies. Approach 1 
is obviously flawed — if actions are logical impl icat ions, 
then any of D 1 - D 3 direct ly produces a contradict ion. In 
general, there are many control actions that take place 
only if the desired effect is not already in place. The an­
tecedent for such actions w i l l include the negation of the 
consequence; this immediate ly leads to a contradict ion 
when actions are treated as impl icat ions. 

W i t h both approaches 2 and 3, the value of "cont inu­
ous" variables become unknown after a sequence of ac­
t ions. There are two possibil i t ies for the value of QBA at 
t ime as shown in Figure 2(a). Since the sun remains 
up and the relay remains closed un t i l state S2.2 QBA 
continues to increase past un t i l S2.2 Since there is a 
non-zero amount of t ime that passes between S2 and S2.2 

' must have some value above q2, say q 2 + 6 , where 6 is 

some positive quant i ty of unknown magni tude. As s im­
ulat ion continues and other discrete actions take place, 
variables can accumulate a number of such unknown 6's, 
unnecessarily compl icat ing value computat ion. 

If we ignore such (since actions happen so fast 
that any change in the values of other continuous var i ­
ables over the t ime is negligible), we introduce a con­
t rad ic t ion. In the above example, if we assert that 

, it w i l l be inconsistent w i th 
the basic assumption that is a continuous quant i ty 
and the fact that , in the given s i tuat ion, the condit ion 
of C3 holds and therefore should be continuously 
increasing over the interval between and 

Opt ion 3 has the addi t ional disadvantage of arb i t rar i ly 
assigning an instant or an open interval to the durat ion 
of an action depending on where it happens to appear 
in a sequence. If the first action in a sequence occurs at 
a t ime instant, then all odd-numbered actions w i l l occur 
at an instant. If it had occurred over an interval , then 
all odd-numbered actions would occur at intervals. Th is 
is an undesirable and bizarre art i fact of the part icular 
model of t ime employed and has noth ing to do w i th what 
the actions represent. 

This example has demonstrated problems that arise 
when we try to represent hybr id systems whi le using the 
real number line as the model of t ime. In summary, the 
problems are 

1. We cannot have a sequence of instantaneous states 
one immediately fo l lowing the other. 

2. We cannot ignore the change, if any, in the value of 
continuous variables over the t ime in which discrete 
actions take place. 
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In summary, a system * R of hyperreal numbers is R 
extended with infinite numbers of infinitesimal and infi­
nite elements, and it is closed under addition and mul­
tiplication. A significant aspect of *R for our present 
purpose is that it gives us the notion of infinitesimal dif­
ferences between two points of time (or quantity values) 
that are smaller than the difference between any two 
standard real numbers. Furthermore, infinitesimal dif­
ferences never add up to a standard number as long as 
there are only a finite number of them. 

In order to make * R our model of time (and the range 
of continuous functions), we must have a definition of 
continuity in * R. In standard analysis, continuity of a 
function / at a is defined as 

4 A Nonstandard Model of Hybr id 
Systems 

We now describe our model of hybr id systems based on 
calculus of hyperreals and show how our approach over­
comes the diff icult ies discussed in Section 2. 

We use the hyperreals as the model of t ime as well as 
of the domain of continuous funct ions. We assume that 
the functions used to describe the continuous part of the 
behavior are Q-continuous in * R. Discrete actions are 
understood as follows: D : c —► e means that whenever 
c holds at to, there is a t1 > to such that to ≈t1 and 
e( t 1 ) . A more precise semantics is given in Section 5. 

Th is def ini t ion of an action allows us to have a se­
quence of instantaneous states one after another, each of 
which is dist inct but inf in i te ly close to i ts predecessor. 
Furthermore, the value of a continuously changing vari­
able changes only by an inf in i tesimal magni tude over any 
finite sequence of such instantaneous states. Therefore, 
if we want to compute the standard part of a cont inu­
ously changing variable's value, we can always ignore the 
nonstandard part when the number of discrete changes 
is finite. The nonstandard part can never become large 
enough to make a difference in the standard par t . 

Note that for D : c —► e, we do not require that e entai l 
-ic (as is the case in al l the examples of discrete actions 
in Section 2). However, it is in general a good idea to 
represent actions in such a way that the consequence 
invalidates the condi t ion because, otherwise the action 
w i l l end up being repeated an inf in i te number of t imes. 

The example in Figure 1 yields a state sequence as 
depicted in Figure 3, where the t ime axis is now the hy­
perreal number l ine. The states S2, S2.1 and S2 2 are 
dist inct states, but the gaps between them are infinites­
ima l . Thus, we can safely say that the standard part of 
the value of QBA in state si 2 is equal to that in state S2 

wi thou t contradict ing the cont inu i ty assumption or the 
equation in C3. 

Figure 3: Behavior of the circuit in Figure 1 w i t h a non­
standard model of t ime. 

Notice that this semantics of continuous and discrete 
behavior based on nonstandard model of t ime allows us 
to capture in the most natura l way what we mean in ­
tu i t ive ly by discrete actions w i thou t v io la t ing the basic 
cont inui ty assumptions. I t also allows us to avoid in ­
t roduc ing 6's of an unknown magni tude in to the value 
of continuously changing variables, unnecessarily com-
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pl icat ing computa t ion . 

4 .1 T e m p o r a l P r o j e c t i o n 

The task of model ing hybr id systems requires both a 
mathemat ica l foundat ion that allows the behavior of a 
hybr id systems to be described and algor i thms that pre­
dict the behavior f rom such a description. In this section, 
we discuss the problem of predict ion, par t icu lar ly w i th 
regard to predict ing behavior across discrete changes. 

Predict ing behavior requires us to solve the " temporal 
pro ject ion" problem. Dur ing phases of continuous be­
havior, tempora l project ion is stra ight forwardly solved 
by differential calculus. The equations describing a sys­
tem together w i t h the values of variables can be solved to 
determine future behavior. Diff icult ies may arise when 
a discrete action occurs — a single discrete change may 
cascade through equations and other constraints, result­
ing in discontinuit ies in the values of many other cont in­
uous quanti t ies. For example, dump ing hot water into a 
container holding some cold water results in discontinu­
ous changes in the mass of water, its level, temperature, 
pressure at the b o t t o m , and so on. It does not, how­
ever, change the specific heat of the water, the locat ion 
of the pot , i ts color, and so on. In the circuit of Figure 
1, opening the relay may cause discontinuous changes in 
the values of the current and voltage at various points 
in the c i rcui t , bu t not in the charge level of the battery. 

W h a t we are faced w i th is a special case of the prob­
lem of retain ing predications across an act ion, which has 
been widely studied in the AI l i terature. There are two 
basic approaches: either expl ic i t f rame axioms are re­
quired to carry predications across discrete changes (e.g., 
STRIPS [Fikes and Nilsson, 1971]), or the logic is ex­
tended w i th some sort of accessibility relat ion and pref­
erence relat ion between possible worlds (e.g., Act ion-
Augmented Envisionment [Forbus, 1989] or any of the 
non-monotonic logics for expressing act ion). Unfor tu ­
nately, neither approach is altogether satisfactory. Pro-
v id ing expl ic i t f rame axioms is error-prone and diff icult 
because the frame axioms cannot be specified for ind i ­
v idual actions or predicates in isolat ion. Provid ing an 
accessibility and preference relat ion that el iminates im­
plausible consequences (but not plausible ones) while be­
ing computat ional ly tractable remains elusive. Further­
more, as Forbus points out in [Forbus, 1989], there is 
no formal standard for correctness here; there are only 
in formal desiderata. The pr imary one is tha t changes 
should be m i n i m a l and causally related to the act ion. In 
the case of predict ing behavior of hybr id systems, combi­
nations of the two approaches appear to be quite promis­
ing. 

The Device Model ing Envi ronment ( D M E ) [iwasaki 
and Low, 1992] combines expl ic i t f rame axioms w i th a 
preference relat ion. D M E uses an a lgor i thm for tem­
poral project ion over discrete changes that appears rea­
sonably efficiently and avoids implausible consequences. 
D M E is a model ing and s imulat ion program for hybr id 
systems where continuous changes are described by a set 
of algebraic and ordinary t ime differential equations and 

discrete changes are described by actions as discussed 
throughout this paper. When a discrete change takes 
place, D M E prefers among all the states that can result 
f rom the action those states that satisfy the fol lowing 
cri ter ia: 

1. The consequence of the action is true in the state. 

2. The values of a variable that is exogenous, inte­
grated, or discrete remains the same unless the var i ­
able is expl ic i t ly changed by the act ion. 

3. The values of the variables that are specified not 
to change across discrete changes in user-provided, 
domain-specific frame axioms remain the same. 

Integrated variables are those quantit ies whose val­
ues at t ime t is the integrat ion of changes up to that 
t ime; unless changed expl ic i t ly, their values should not 
change instantaneously. Likewise, exogenous variables 
are those control led by entities external to the model ; 
unless changed expl ic i t ly , their values are not l ikely to 
change. Final ly, since D M E assumes that all mecha­
nisms for change (continuous or discrete) are represented 
as equations or actions, and continuous equations cannot 
change the value of a discrete variable, the value of such 
a variable is l ikely to remain the same unless changed 
expl ic i t ly by an act ion. 

Based on the projected variable values, D M E deter­
mines what equations should be in effect and recomputes 
the values of al l other variables using the equations. Th is 
may or may not result in discrete changes in the values 
of recomputed variables. If there is not enough informa­
t ion to complete the state description after project ing 
values f rom the previous state, the behavior predict ion 
w i l l branch and D M E wi l l produce all possible successor 
states. D M E also allows the user to specify expl ic i t ly 
what quantit ies can be projected over discrete changes, 
since the user or the model builder often has knowledge 
that allows her to provide such domain-specific frame 
axioms a pr io r i . Th is strategy avoids producing incon­
sistencies by being conservative about value project ion 
whi le al lowing improved efficiency when domain-specific 
frame axioms are available. 

5 A Logic for Hybr id Systems 
Section 4 has defined a model of hybr id systems based 
on nonstandard analysis tha t satisfies the desiderata out­
l ined in the in t roduct ion. Th is model may be employed 
in several ways. It may be embedded into first order 
logic. A common method for representing actions and 
change in f irst order logic is to take t ime-vary ing pred­
icates and augment them w i th an addi t ional argument 
that ranges over the t imes that the predicate holds. Th is 
argument may be allowed to range over the hyperreals 
instead of the reals. If the mathemat ica l definit ions of 
cont inui ty, etc., over the hyperreals are added, then one 
can reason about the behavior of systems so described. 
It is often desirable, however, to construct a sl ight ly re-
str icted logic tha t w i l l enforce the common idioms and 

IWASAKI, ETAL 1777 



allow them to be more succinctly expressed. For ex­
ample, tempora l logics typical ly prevent expl ici t refer­
ence to and quant i f icat ion over t ime, as well as mak ing 
temporal statements much more succinct. It is possible 
to define a tempora l logic s imi lar to Henzinger's H ib r id 
Tempora l Logic [A lur et a/., 1993], and replace the real 
line w i th hyperreals. We w i l l pursue yet another possibil­
i ty here and construct a logic specifically for the purpose 
of predict ing and analyzing the behavior of hybr id sys­
tems. The key idea is tha t the denotat ion of sentences 
w i l l be given by possible tempora l behaviors where t ime 
can take on hyperreal values. 

Our logic is based on the approach of concurrent con­
straint programming [Saraswat, 1993]. Concurrent con­
straint p rogramming uses the idea of a store as the set 
of possible values of the variables. Programs can then 
add constraints to the store, and ask the store if some 
constraints are val id. 

Our language modifies the standard concurrent con­
straint languages, which are atemporal , by al lowing the 
language constructs to extend across t ime. Thus, the 
store also varies over t ime. The language is bu i l t over 
a constraint system, and we assume that the constraint 
system is powerful enough to express the desired prop­
erties. In part icular , the constraint system can express 
differential equations and proposi t ional logic. 

The syntax of the language is: 

c represents the constraint being added to the store. We 
w i l l assume that it stays there unt i l a discrete action adds 
its negation to the store. D : c => A is used to represent 
simultaneous actions, for example those in Figure 2 (D 
is the name of the constraint) . D ; c —>e A represents 
a discrete act ion, so A holds an t t ime after c becomes 
true.2 (A,B) is used to put together several such con­
structs to fo rm a program, f i r s t c is used to specify that 
c is true at the start of an interval . 

The model we have for these programs is a set of func­
tions f rom the hyperreals to sets of constraints. Each 
such funct ion represents a possible evolut ion of a pro-
gram, describing the constraints tha t are present in the 
store at any t ime instant. The only restr ict ion that we 
place on these sets of funct ions is tha t they be deter­
minate. Tha t is, for any evolut ion o up to t ime t, the 
set {f(t) | / extends o] is closed under greatest lower 
bounds. Th is enables us to determine uniquely the out­
put of a process given as a set of funct ions. 

and so on. Th is gives us al l the in fo rmat ion we need 
about the process, and we can use it to deduce various 
things as shown below. 

Once we have a denotat ional mode] for our programs, 
we immediate ly get a logic for the language. Given pro-
grams A,B we say , tha t is every 
possible evolut ion of A is a possible evolut ion of B. We 
then bu i ld up an inference system for this logic4. We can 
use this logic to reason about programs. For example, if 
B is known never to get in to a bad state, and then 
we know that A can never get into a bad state. Thus, in 
the above example we can prove that which 
might be a desired safety property. 

The language described here is, of course, not a fu l l -
fledged model ing language. It does not provide a suc­
cinct way of characterizing temporal evolut ion using de­
faults such as T C C [Saraswat et a/., 1994], nor does it 
provide a succinct syntax for describing physical systems 
and the processes that effect them such as the C M L 
[Falkenhainer et a/., 1993]. However, it does i l lustrate 
the basic ideas described in this paper. 

6 Related Work 
There has been a considerable amount of work that ad­
dresses the problems of reasoning about hybr id systems 
or has looked at the issues of using nonstandard anal­
ysis to represent processes act ing at different orders of 
magni tude. 

Hybr id temporal logic ( H T L ) [Alur et al, 1993] allows 
the behavior of piecewise-continuous systems to be de­
scribed and enables properties of these behaviors to be 
verified (by hand) . Th is work uses a real model of t ime 
together w i t h l im i t s to describe discontinuit ies. H T L 

4 See [Saraswat et al., 1994] for details. 
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does not allow for a sequence of actions. The work has 
been most ly "descr ipt ive", rather than "predict ive". 

Forbus introduced the not ion of an "action augmented 
envisionment" [Forbus, 1989] that incorporates discrete 
instantaneous actions in to his Qual i tat ive Process the­
ory [Forbus, 1984]. It appears l ikely that this approach 
is consistent w i th the representation that we have de­
scribed. It is di f f icult to be certain, because there is no 
commi tment to a model of t ime. 

There are several l imi ta t ions of Forbus' approach. 
First , only a single action may occur at a t ime. For­
bus observes that this is not a fundamental l im i ta t i on , 
as compound actions may be defined. This is, however, 
an impor tan t practical l im i ta t i on — it makes it impossi­
ble to define any action in isolation of others. This may 
seem palatable when considering actions taken by a sin­
gle agent, but when there are mul t ip le agents it becomes 
problematic. Second, there cannot be any sequences 
of actions. T h i r d , actions can only change the t ru th 
of atomic ground formulae (the STRIPS action model). 
This means that actions cannot introduce new objects 
into the system depending on its state. Four th, the al­
gor i thms presented to infer the behavior of a system to 
which actions might be applied do not scale. They effec­
t ively apply each action whenever it can be applied to all 
possible states that the system might ever be in . Forbus 
suggests that incremental a lgor i thms should be possible, 
but they have not been further developed, although one 
can view the algor i thms described in this paper and im­
plemented in the D M E system as incremental algor i thms 
for achieving this purpose. Final ly, the state that results 
f rom apply ing an action is determined heuristically. The 
state that results f rom apply ing an action is the state 
that is consistent w i t h the action and most l ike the one 
in which the action was applied. In his implementat ion, 
"most l ike" means sharing the max ima l number of as­
sumptions. There is no place in the representation for 
expl ic i t ly stat ing frame axioms; they are impl ic i t ly de­
fined by the "nearest neighbor" heuristic. 

Nishida and Doshi ta proposed two methods, called ap­
prox imat ion and direct methods, to handle discontinu­
ous changes in s imulat ing the behavior of a most ly con­
tinuous system [Nishida and Doshi ta, 1987]. The ap­
prox imat ion method models a discontinuous j u m p in a 
continuous variable value as a gradual change and car­
ries out envisionment of the behavior dur ing the gradual 
change using inf ini tesimals. The approx imat ion method 
works well when discontinuous change occurs in an o th­
erwise continuously valued input variable. However, it is 
not clear how well the method wi l l perform when a dis­
continuous change is caused by a mode t ransi t ion, posi­
t ive feedback w i thou t t ime delay, or a change in the value 
of a discrete-valued variable. 

The direct method predicts a sequence of myth ica l in ­
stantaneous states between normal states when a discon­
t inuous change takes place. The myth ica l instances are 
states where the variables do not satisfy all the system 
constraints. The method produces a series of my th i ­
cal states as it searches for a consistent state by relax­

ing assumptions that cause inconsistencies one by one. 
This method seems to predict correctly the consequences 
of discrete changes whi le producing a causal account of 
what happens when such discrete changes take place for 
any types of discrete changes. De Kleer and Brown also 
use the not ion of myth ica l states to produce a causal ac­
count of how disturbances propagate through a model 
to cause a change, though they do not handle discrete 
changes [de Kleer and Brown, 1984]. The problem w i th 
the not ion of "my th i ca l " states in both cases is that it is 
not clear what they actual ly represent. In other words, it 
is not clear whether myth ica l states represent very short 
but real instances or are an art i fact of the representa­
t ion and reasoning procedures. If they do represent real 
instances, the semantics of the under ly ing model of t ime 
becomes unclear. 

Raiman used nonstandard analysis as the basis for 
his theory of order of magni tude reasoning [Raiman, 
1991], but his analysis remains w i th in the realm of con­
tinuous systems. Even though we believe that some 
types of discontinuous changes can be modeled as con­
tinuous changes using order of magni tude reasoning, as 
Nishida and Doshita showed, other types of discontin­
uous changes such as changes in symbolic variables, do 
not lend themselves easily to this approach. 

Weld has developed a qual i tat ive s imulat ion a lgor i thm 
based on a nonstandard model of t ime and quantit ies in 
detai l [Weld, 1990]. The mot ivat ion for his work is to an­
swer comparative analysis questions about the behavior 
of dynamic systems by changing the value of a model pa­
rameter to an extreme ( inf in i te or an inf ini tesimal) value 
and s imulat ing the behavior. Davis has also developed a 
theory that combines order of magni tude reasoning and 
envisionment of qual i tat ive differential equations based 
on nonstandard analysis [Davis, 1989]. Davis ' mot iva­
t ion is to reason about the behavior of dynamic sys­
tems containing parameters of widely ranging magni ­
tudes. Whereas Weld's formulat ion allows derivatives 
to have nonstandard magnitudes ( inc luding inf ini te and 
inf in i tesimal) , we define derivatives to be standard num­
bers, fol lowing the definit ions in several textbooks on 
nonstandard analysis (e.g., [Hoskins, 1990]). Despite 
this difference, our formulat ion seems generally consis­
tent w i th those of Weld and Davis. This paper explores 
another use of the nonstandard model — analysis of hy­
br id systems. It is interesting to note that Weld and 
Davis resort to nonstandard analysis in order to reason 
expl ic i t ly about inf in i tesimal (and inf inite) values, whi le 
we do so in order to ignore inf ini tesimal differences. 

7 Conclusion 
Whi le hybr id systems have become evermore common-
place, analysis methods have failed to keep pace and have 
focussed on either (piecewise) continuous or discrete sys­
tems. A contr ibut ing factor has been the lack of an ade­
quate model for the behavior of hybr id systems. We have 
shown that approaches in which t ime is modeled by the 
real number line fa i l to satisfy key desiderata. For tu­
nately, we have also shown that an approach in which 
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t ime is modeled by the hyperreal l ine can satisfy these 
desiderata. Our model for hybr id systems supports: 

• discrete actions occurr ing in the presence of con­
tinuous change. Cont inu i ty is well defined on the 
hyperreal l ine and the standard part of the value of 
a continuous funct ion is unchanged across any in­
finitesimal interval . Thus, values can be projected 
across actions w i thou t in t roducing any contradic­
t ions. 

• complex sequences of discrete actions. A rb i t ra ry 
finite sequences of actions may occur in our model . 

• the abstraction that discrete actions are instanta­
neous. A real valued continuous clock cannot mea­
sure the inf in i tesimal durat ion of a sequence of ac­
t ions. 

Furthermore, our model allows actions to take different 
amounts of t ime before their consequences take effect 
(e.g. one action can be twice as fast as another). 

We have used our model in two ways: to provide a 
semantics for D M E ' s a lgor i thm for predict ing behavior 
of hybr id systems, and to define a simple logic for the 
predict ion and analysis of behavior. We are work ing 
to extend the logic to support defaults and the proper­
ties necessary to succinctly solve the temporal project ion 
problem. Th is w i l l enable us to provide a clean composi­
t ional semantics for rich device model ing languages such 
as C M L [Falkenhainer et ai, 1993] and, w i th appropri­
ate computat ional support , allow for properties of hybr id 
systems to be verified. 
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