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Abstract 

We present sound and complete prefixed 
tableaux systems for various modal logics with 
enriched languages including the "difference" 
modal operator ] and the "only if" modal op-
erator [—R]. These logics are of special interest 
in Art i f icial Intelligence since their expressive 
power is higher than the standard modal logics 
and for most of them the satisfiability problem 
remains decidable. We also include in the paper 
decision procedures based on these systems. In 
the conclusion, we relate our work with similar 
ones from the literature and we propose exten
sions to other logics. 

1 Introduction 
The definition of logical formalisms that model cognitive 
and reasoning processes has been always confronted to 
two issues: how to decrease the expressive power of ex
isting untraceable logics in order to obtain tractable frag
ments and how to increase the expressive power of de
cidable logics while preserving decidability - this includes 
for instance the extension of known decidable fragments 
of the classical logic. These fragments include various 
modal logics (see e.g. [Hughes and Cresswell, 1984]) 
if one translates them in the standard way to classical 
logic. The modal logics have been recognized in the Ar
tificial Intelligence community as serious candidates to 
capture different aspects of reasoning about knowledge 
(see e.g. [Fagin et a/., 1995]). However the standard 
modal logics have a restricted expressive power (for in
stance the class of irreflexive frames is not definable by 
a modal formula of the logic K) . 

That is why in the literature various modal logics with 
enriched languages have been defined. Most of the work 
done for these logics has been dedicated to study their 
expressive power (see e.g. [Goranko and Passy, 1992; 
Rijke, 1993]). In the paper our aim is to analyze var
ious features related to the mechanization of numerous 
modal logics wi th enriched languages. To do so, we de
fine prefixed tableaux which are known to be close to 
the semantics of the logics and they allow a user-friendly 
presentation of the proofs. Moreover, the use of prefixes 
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(see e.g. [Fit t ing, 1983; Wallen, 1990; Massacci, 1994; 
Governatori, 1995]) is known to take advantage of the 
computational features of the logics. Namely, each pre
fix occurring at some stage of the proof contains some 
information about part of the current proof. However 
we ignore whether a matr ix characterization of the log
ics treated herein exist in order to avoid some redundan
cies in the tableaux proof search -notational redundancy, 
irrelevance and twn-permutability [Wallen, 1990]. 

The logics treated in the paper contain various oper
ators that differ from the standard necessity operator □ 
(also noted [R]): 

• the difference operator that allows to access to 
the worlds different from the current world (see 
e.g. applications of its use in [Segerberg, 1981; 
Sain, 1988; Koymans, 1992; Rijke, 1993]) 

• the complement operator [-R] that allows to access 
to the worlds not accessible from the current world 
(see e.g. [Humberstone, 1983; Goranko, 1990a; 
Levesque, 1990; Lakemeyer, 1993]) 

Adding these operators to standard modal logics can 
significantly increase their expressive power. For in
stance every finite cardinality is definable in a modal 
logic whose language contains ' " [Koymans, 1992]. 
Most of the logics dealt with in the paper have a decid
able satisfiability problem and we shall provide decision 
procedures based on our systems. However because of 
the expressive power of the logics our calculi have two 
original features: a current information C is associated 
to each branch of a tableau and a restricted cut rule 
is included in various calculi that can be viewed as a 
modal variant of the cut rule in the d'Agostino's calculi 
[d'Agostino, 1993]. 

The rest of the paper is structured as follows. Sec
tion 2 presents the logics considered in the paper. The 
sections 3, 4, 5 and 6 present the calculi for the various 
logics as well as the decision procedures. Because of lack 
of space we have omitted part of the proofs as well as 
the possible extensions where the accessibility relations 
satisfy standard conditions (reflexivity, symmetry, tran
sitivity, . . . ) . Section 7 compares our calculi wi th existing 
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that is stored during its development. At each step of 
the development of a branch, C is identical for all the 
prefixed formulae on that branch, i.e. C is an attribute 
for branches. We refer to a prefixed formula as atomic 

Theorem 3 .1 . A formula A is K1-valid iff A has a 
closed tableau built with the rules presented in Figure 1. 
The proof of Theorem 3.1 can be easily obtained from 
existing ones from the literature [Fitting, 1983]. 
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7 Concluding remarks 
T h e use of prefixes for tab leaux systems dedicated to 
m o d a l logics has been tho rough ly developed in [F i t 
t i n g , 1983] whereas our t rea tment of the cond i t ion C 
(see e.g. Sections 4, 5, 6) can be viewed as a means 
to paramet r ize our ca lcu l i by the theory of the acces
s ib i l i t y re lat ions. Hence, the idea of theory resolution 
[St ickel, 1985] in wh i ch a theory is separately dealt w i t h 
f r o m the rest of the calculus is present in our calcul i . 
T h i s idea is no t new in the rea lm of the mechaniza
t i o n of m o d a l logics (see e.g. [Prisch and Scherl, 1990; 
Gent , 1993]) b u t the o r i g ina l i t y of our work is related to 
the condi t ions satisf ied by the accessibil i ty relat ions of 
the models . 

T h e second i m p o r t a n t feature of our calcul i is the use 
of a restr ic ted cut ru le. Recently, various works have 
tamed the cu t ru le for calcul i dedicated to moda l logics 
(see e.g. [d 'Agos t ino , 1993; Governa to r i , 1995]). How
ever our ca lcu l i do no t have a cut rule w i t h a branching 
for fo rmu lae . In t h a t sense, the cut ru le in our calcul i is 
even more rest r ic ted t h a n the one in [Governator i , 1995]. 

We have defined sound and complete prefixed tableaux 
calcul i for the logics C[[R], [ R ] ) , and K 1 [ ( & ] ) (also for 
K1 and £ ( [ ≠ ] ) ) and decision procedures have been de
signed f r o m these systems. I t is w o r t h no t ing tha t the 
expressive power of the m o d a l logics w i t h enriched lan
guages is a t t rac t i ve in the A r t i f i c i a l Intel l igence c o m m u 
n i t y since for instance the operator [≠] has already been 
shown to be useful to reason about t ime [Sain, 1988; 
K o y m a n s , 1992] or space [Ba lb ian i et a/., 1997]. 

Fu ture work cou ld be or iented towards the incorpora
t i on o f our ca lcu l i i n to ex is t ing tableaux-based theorem 
provers for m o d a l logics and towards the def in i t ion of 
other pref ixed tab leaux for m o d a l logics w i t h enriched 
languages i nc lud ing for instance, the logics in the paper 
where s tandard cond i t ions for the accessibil i ty relat ions 
are requi red - re f lex iv i ty , symmet r y , . . . . 
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