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Abstract
Many of the challenges faced by the field of
Computational Intelligence in building intelligent agents, involve determining mappings between numerous and varied sensor inputs and
complex and flexible action sequences. In applying nonparametric learning techniques to
such problems we must therefore ask:
"Is
nonparametric learning practical in very high
dimensional spaces?" Contemporary wisdom
states that variable selection and a "greedy"
choice of appropriate functional structures are
essential ingredients for nonparametric learning
algorithms. However, neither of these strategies is practical when learning problems have
thousands of input variables, and tens of thousands of learning examples. We conclude that
such nonparametric learning is practical by using a methodology which does not use either
of these techniques. We propose a simple nonparametric learning algorithm to support our
conclusion. The algorithm is evaluated first on
10 well known regression data sets, where it
is shown to produce regression functions which
are as good or better than published results
on 9 of these data sets. The algorithm is further evaluated on 15 large, very high dimensional data sets (40,000 learning examples of
100, 200, 400, 800 and 1600 dimensional data)
and is shown to construct effective regression
functions despite the presence of noise in both
inputs and outputs.

1

Introduction

Nonparametric learning algorithms are designed for
learning problems where relatively little information is
available a priori about the what type of model structure is required, or which set of variable inputs are i m portant. Such problems are common in many domains
of computational intelligence. As a simple example, consider the problem of autonomous navigation in a cluttered environment. As researchers we must decide which
features (inputs) in the environment are important, and
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what kind of computational models are required. Nonparametric learning techniques are of potential value to
us because they are designed to define their own model
structure, and to determine which set of inputs are most
relevant to effectively predict the task output. There are
a number of effective non-parametric learning techniques
in the literature, including C4.5 [Quinlan, 1993], C A R T
[Breiman et a/., 1984], and M A R S [Friedman, 1991] (See
[Michie et a/., 1994] for a more complete list).
Almost without exception, contemporary implementations of nonparametric learning algorithms have two
common properties. First, some form of variable selection is done to determine which of all possible inputs
best predict the output. A n d second, they utilize some
type of "greedy" search procedure which attempts to
pick the best model structure, from some set of possible structures. Such techniques are feasible when there
are relatively few input variables (< 100). However,
neither of these two algorithmic properties are practical when large numbers of potential inputs are available.
Consider the learning example where there are 100 potential inputs, and assume that not all of these inputs
are necessary to predict the output. In order to pick the
best 50 of these 100 inputs, one would need to construct
models, and then evaluate them all
to see which set of 50 inputs best predict the output.
Such an exhaustive search is currently not feasible, and
is unlikely to be in the near future. Similarly, if we use
some greedy search procedure to determine which of all
possible model structures is the best, we would further
increase our search space by the total number of possible
model structures.
Certainly, the flexibility of nonparametric learning recommends it as a useful tool for constructing intelligent
agents. This has been clearly demonstrated in numerous publications [Michie et a/., 1994]. However, in almost
all applications of nonparametric learning, the number
of inputs have been relatively low (< 100), and the
number of learning examples have been relatively few
( < 20,000). Thus, given that many challenges faced
by the field of Computational Intelligence in building intelligent agents, involve determining mappings between
numerous (thousands or more) and varied sensor inputs

and complex and flexible action sequences requiring tens
of thousands of training examples, we must ask whether
nonparametric learning can be usefully applied to such
problems? Given our argument in the previous paragraph, the i n i t i a l response to this question is no: the
computational complexity associated w i t h applying existing algorithms to such large problems makes them i m practical. In fact, all currently published nonparametric learning algorithms, utilize search strategies which
are impractical in high dimensional spaces. Even algorithms such as projection pursuit [Friedman and Stuetzie, 1981], which do not perform traditional exhaustive
searches, build models using all input variables simultaneously, making them impractical for very high dimensional problems.
In an effort to develop methods to address the high
dimensional mappings required for intelligent agents, we
challenge the need for variable selection and greedy function search in nonparametric learning. Instead, we propose an algorithm which has two basic characteristics:
first, very little computational effort is spent on variable
selection; and second, the model selection strategy does
not explode in computational complexity, as the dimension of the problem increases. Our intent is to show that
a model having these properties is capable of building
practical, effective nonparametric models, for both small
low dimensional learning problems, as well as larger, very
high dimensional problems.
The basic premise behind the proposed algorithm is
that very high dimensional regression can be done using a finite number of low dimensional structural units,
which are added one at a time to the regression function. These structural units are by necessity low dimensional, because high dimensional structures suffer from
the curse of dimensionality (see [Friedman, 1994] for a
detailed discussion). The inputs to new structural units
can be the outputs of previously added units as well as
input variables. However, both the choice of which structural unit to add next, and which inputs will act on these
structural units, must be done using minimal computational effort for the algorithm to be practical in high dimensional spaces.
In the current paper, we implement and evaluate the
simplest algorithmic structure which is consistent with
the ideas outlined above. The proposed algorithm has a
very simple structure, using only one type of structural
unit, and variables are added to the model in a random
order. The surprising conclusion of this paper is that
this simple, in essence random structure, produces highly
effective nonparametric models.
Much of the work in computational learning has been
directed towards the classification problem. However,
many real problems in Az- involve controlling agents
which manipulate the world using continuous values control signals. Hence, in this paper we have chosen to
directly address the continuous valued regression problem, instead of the discrete valued classification problem.
However, as discussed in [Friedman, 1994], classification
problems can be solved using regression techniques in

a number of ways. Therefore the high dimensional regression techniques studied in this paper are, at least in
theory, applicable to classification problems.
In the remainder of this paper we give a detailed description of the proposed algorithm, followed by an extensive numerical evaluation. Our evaluation is done in
3 parts. First we compare the performance of our algor i t h m to published results on 10 well known regression
problems from the literature. This gives us a good measure of the performance of the proposed algorithm on
some standard regression problems. Next we test the algorithm on 15 large very high dimensional, highly nonlinear regression problems. This allows us to test the
efficacy of the algorithm on the type of problems we are
most interested in addressing. Our final evaluation of
the algorithm is on the 10-bit parity problem (or equivalently the 10 input X O R problem). This problem was
chosen to show that the proposed algorithm is capable
of solving problems which have an intrinsic dimension
(10 inputs) greater than that of its highest dimensional
functional unit (2 dimensional). A common criticism of
algorithms which build functions using low dimensional
structural units is that they cannot model high dimensional X O R functions. In this paper, we demonstrate
that this is not true for the proposed algorithm.
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used during the construction of the regression function.
For all experimental results presented, these learning parameters are set to the same theoretically motivated and
data independent values. The function of each learning
parameter is explained in the following algorithmic description, and is further elaborated on below. A single
cascade of gi(•) functions is constructed in a series of sections. When the current section
of the cascade can no longer reduce mean squared error, learning outputs y are replaced by residual errors
due to i Rj and a new section is begun starting from
the last error reducing function g j ( .). Stated in detail,
the construction of the regression function, RL(X) (equation (1)), proceeds as follows:
S T E P 1:
Initialize algorithm: Initialize the 2 counters i = l and p = 1, where i and p are used as follows:
i indexes the function g i ( .). at the start of the current
section; p is a subscript indicating that section p of the
cascade will be constructed in step 2. Throughout this
algorithm, the subscripts k 0 , •••, k L (used to identify the
independent variables) are randomly selected, one at
at time, from the set { 1 , . . . , N } , without replacement.
When this set is empty, it is re-initialized to { 1 , . . . , AT},
and the process of selecting these subscripts continues.
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Table 1: Low Dimensional Data Sets

S
3.1

Results and Discussion
L o w D i m e n s i o n a l D a t a Sets

In this section we evaluate the efficacy of the proposed
algorithm by applying it to 10 well known regression
problems from the literature (Table 1).
For the data sets found in [Breiman, 1996] and [Rasmussen, 1996], the regression functions were constructed
using 10 fold cross-validation: the Learning Data set was
divided into 10 approximately equally distributed sets,
and then 10 regression functions were constructed using,
in turn, 9 of these sets as training sets, and the remaining set as a validation set. For each Test Data point
(Test Data was not used during learning), the outputs
of the 10 regression functions were averaged to produce
the final approximation output, for which error results
are reported. To test reproducibility, 100 independent
approximations (independent w i t h respect to random
sequences of input variables and bootstrap samples as
defined in Section 2) were generated using the Learning
Data: Table 1 reports the best Test Set error, along with
the average and standard deviation (s.d.) over the 100
independent runs.
For the data sets found in [Breiman, 1996], we followed the reported experimental setup. For each of the
4 data sets, 100 learning and 100 test sets were created
randomly according to the guidelines given in [Breiman,
1996]. For each of the 100 learning sets a regression
function was constructed (using 10 fold cross-validation
as described above) and evaluated on the corresponding
test set. Experimental results for the 100 experiments
are given in Table 1. The previously published error for
the [Breiman, 1996] data refers to the average bagged
error reported.
For the data sets found in [Rasmussen, 1996], we report results for the largest learning sets only (we used 80
learning examples of auto price data, 104 of cpu data,
256 of housing data, 192 of mpg data, and 88 of servo
data). For each of these 5 fixed data sets, the regression
functions were constructed using 10 fold cross validation as described above. We generated 100 independent
approximations in order to determine what effect the

stochastic aspect of the proposed algorithm has on its
performance. As reported in Section 2, the ordering of
the independent variables is random, and the construction of the 2 dimensional functions gi() is done using
a (random) bootstrap sample of the training data. The
best and average relative mean squared test set error,
and its standard deviation, are reported in Table 1. From
Table 1, it is evident that although there is some variation in error performance from run to run, the stochastic
effect of the algorithm is mostly negligible. The previously published error given in Table 1 under the [Rasmussen, 1996] data sets is the best reported error (indicated by brackets) of the 5 algorithms evaluated, and was
obtained from the graphs presented in the paper. For
both the [Breiman, 1996] and [Rasmussen, 1996] data
sets, the average learning time ranged from about 1 to 10
minutes per approximation (all learning times reported
in this paper are for proposed algorithm running on a
Pentium Pro 150 using L I N U X ) . The average size of a
single cascade was about 90 K-bytes.
Finally, for the forward dynamics data reported in
[Jordan and Jacobs, 1994], our evaluation was done using the experimental setup described by Jordan and Jacobs for the on-line back-propagation algorithm: learning was done using 15,000 training examples, and learning stopped when the error could no longer be reduced
on 5000 validation examples. The regression functions
for this data consisted of a single cascade per output:
due to the large data size, 10 fold cross validation was
not necessary. In order to estimate the reproducibility of proposed algorithm on this data, we constructed
10 independent approximations. The best and average
relative error on the validation set (in accordance with
[Jordan and Jacobs, 1994]), and its standard deviation
over these 10 independent experiments, is reported in
Table 1. The previously published error, shown in Table 1, is the best relative error (on the validation data)
of the 7 algorithms studied in [Jordan and Jacobs, 1994].
The forward dynamics data consists of 12 inputs and 4
outputs, which requires 4 of our regression functions (1
for each output). The algorithm required about 10 hours
of computation to build all 4 cascades, and the average
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size of each cascade was about 1 M-byte.

Figure 2: Output Noise Data: Increase in Approximation Size w i t h Dimension
Figure 1: No Noise Data: Increase in Approximation
Size w i t h Dimension
From Table 1, it is evident that the proposed algor i t h m demonstrated as good or better error results on
all but 1 (the servo data) of the data sets. However, this
result should be interpreted w i t h caution. The specific
goal of the proposed algorithm is to build a regression
function which best represents the learning data in the
mean squared error sense. The regression function continues to grow in parameter size u n t i l the mean squared
error can no longer be reduced: this is beneficial if one
wants the "best" approximation, but detrimental if one
wants a representation of fixed size. Most algorithms
referred to in Table 1 are parametric and therefore of
fixed size. T w o exceptions are M A R S and C A R T . However, even comparing these to the proposed algorithm
should be done w i t h caution: unlike our algorithm, both
MARS and C A R T can be used to analyze the significance of various inputs and how they interact w i t h one
another.

3.2

High Dimensional Data

In this section, our goal is to study the proposed algor i t h m when applied to very high dimensional regression
data, under various noise conditions. Since no large,
high dimensional regression data examples were found
in the literature, we applied the proposed algorithm to
15 artificial data sets ranging f r o m 100 to 1600 input dimensions. For 5 of these data sets no noise was present,
while the remaining 10 data sets had noise. For the first
5 of these "noisy" data sets, noise was present only in
the output, while the remaining 5 data sets had both
input and output noise. Input noise was generated by
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simply allowing only half of all inputs to contribute to
the output (thus half of the inputs used in constructing
the regression function had no effect on output). Output noise was generated using a normal distribution with
the standard deviation selected to give a signal to noise
ratio of 3 to 1, thus i m p l y i n g that the true underlying
function accounts for 90%. of the variance in learning and
test data.

0 200 400 600 800 1000 1200 1400 1600
Data Dimension

tion (7) allows us to generate highly nonlinear data of
any dimension, while at the same time controlling the
complexity of the data via the appropriate selection of
functions r i (.) and s i (•). By data complexity, we are
referring to the number of random sample points required to build sufficient non-parametric models of the
data, w i t h respect to least squared error. The more
complex the generating function, the more data points
are required for non-parametric modeling. For the purposes of this paper, we have chosen functions r i ( . ) and
si(•) such that 40,000 random sample points are sufficient in order to effectively model the data. For specific details on how r i ( . ) and s , ( ) are constructed see
http://www.ee.ubc.ca/~gregg for C code and documentation.
The simulation results for the 12 high dimensional
data sets are presented in Table 2. For each data set
there are 40,000 learning examples and 40,000 testing
examples.
Each learning set is further divided into
30,000 training examples and 10,000 validation examples: these are used to construct one cascade which forms
the approximation for that data set. The 3 right most
columns of Table 2 contain the test set average relative
mean squared error and corresponding standard deviations over 10 independent runs. Relative mean squared
error is defined, in the usual sense, as the mean squared
error on the test data, divided by the variance of the test
data. From Table 2 it is evident that the relative error
is small when no noise is present. W i t h the addition of
noise the relative error approaches the theoretical l i m i t
(due to the 3 to 1 signal to noise ratio) of 0.1. Learning
time for each data set w i t h no noise was approximately 7
hours and produced cascades which were between 3 and 6
M-bytes in size. In contrast, learning time for each data
set containing noise was about 1 hour and produced approximations of between 200 and 600 K-bytes in size. It
is interesting to observe that the dimension of the data
did not affect either learning time or the size of the approximation. This is clearly demonstrated in Figures
1 through 3, which show an increase in approximation
size, as a function of the number of input variables. Note
that the no noise data generated approximations which
where much larger than those generated by data which
had noise. This is because the proposed algorithm stops
adding levels to the regression function when error can
no longer be reduced on the validation set. This condition occurs much earlier when there is noise in the
training data, hence generating much smaller regression
functions.

3.3

10 Input X O R Problem

Because the proposed algorithm constructs approximations 2 dimensions at a time, one may be lead to conclude
that it is not capable of solving X O R problems of 3 or
more inputs, however, this is not the case. The proposed
algorithm was able to solve the 10 input X O R problem in
10 minutes of learning time (the size of the resulting regression function was 40 K-bytes). The theoretical basis
for this surprising fact is the subject of ongoing theo-

retical study, however, we postulate that it is the direct
result of our use of bootstrap samples during learning.

4

Conclusion

We have demonstrated that nonparametric learning is
practical for very high dimensional learning problems.
We did this by proposing a simple nonparametric learning methodology, which neither requires computationally expensive variable selection, nor an expensive search
procedure to find the best model representation. An
algorithm based on this methodology was successfully
applied to several high dimensional learning problems,
which no other currently published algorithm could effectively address. The size of the regression functions produced by the proposed algorithm depended on the learning data's complexity, and not on its dimension. Our
current ongoing efforts are being directed to a more complete theoretical analysis of nonparametric algorithms
having these properties, as well as the application of
our methodology to real world agents. In addition, we
are interested in exploring the efficacy of the proposed
methodology as an analytical tool for exploring the relative importance of input variables, and for defining confidence intervals for model predictions.
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Abstract
SDS is a discovery system from numeric measurement data. It outperforms the existing systems in every aspect of search efficiency, noise
tolerancy, credibility of the resulting equations
and complexity of the target system that it can
handle. The power of SDS comes from the use
of the scale-types of the measurement data and
mathematical property of identity by which to
constrain the admissible solutions. Its algor i t h m is described w i t h a complex working example and the performance comparison w i t h
other systems are discussed.

1

Introduction

Finding regularities in the data is a basis of knowledge
acquisition by induction. One such typical and challenging task is inducing quantitative formulae of scientific
laws from measurement data. Langley and others' B A C O N systems [Langley et a/., 1985] are most well known
as the pioneering work. They founded the succeeding
B A C O N family. F A H R E N H E I T [Koehn and Zytkow,
1986], A B A C U S [Falkenhainer and Michalski, 1985], IDS
[Nordhausen and Langlay, 1990] and K E P L E R [Wu and
Wang, 1989] are such successors that basically use similar algorithms to B A C O N in search for a complete equation governing the data measured in a continuous process. However, recent work reports that there is considerable ambiguity in their results under noisy data
even for the relations among small number of quantities [Schaffer, 1990; Huang and Zytkow, 1996]. Another
drawback of the B A C O N family is the complexity of hypothesis generation. This also limits their applicability
to find a complex relation that holds among many quantities.
To alleviate these drawbacks, some members of the
B A C O N family, e.g. A B A C U S , utilizes the information of the quantity dimension to prune the meaningless
terms based on the principle of dimensional homogeneity. However, this heuristic still leaves many types of
equations in candidates. C O P E R [Kokar, 1985], another
type of equation finding systems based on a principle of
dimensional analysis called "Buckingham's II-theorem"
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[Buckingham, 1914], can significantly reduce the candidate generation by explicit use of the information about
the quantity dimension. Its another significant advantage is higher credibility of the solution that it is not
merely an experimental equation but is indeed a first
principle equation. However, these approaches are not
applicable when the information of the quantity dimension is not available. This fact strongly limits their applicability to non-physics domains.
The primary objective of this study is to establish a
method to discover an admissible complete equation governing a complex system where its domain is not l i m ited to physics ensuring as much as possible its property being the first principles. A n y other technical areas, including system identification theory [Ljung, 1987],
have not addressed to automatically derive first principle based models of complex systems from measurement
data. Our goal if attained will provide an advantageous
means not only for the field of scientific discovery but
also for the analysis of complex systems in engineering.
As a step towards this goal, we developed a quantitative model discovery system "Smart Discovery System
(SDS)" implementing our new approach. SDS utilizes
newly introduced constraints of scale-type and identity
both of which highly constrain the generation of candidate terms. Because these are not heuristics but mathematical constraints, the generated candidates are highly
credible. SDS also adopts bi-variate equation generation
based on data fitting. B u t what makes SDS different
from B A C O N family is that it employs triplet checking of
the validity of those bi-variate equations, a quite strong
mathematical constraint. It should be emphasized that
SDS does not require the information about quantity
dimension. T h e information required besides the mear
surements is the knowledge of scale-type of each quantity. This feature expands the scope of its applicability
since the knowledge of scale-types is widely obtained in
various domains including psychophysics, sociology and
etc.

2

Outline of M e t h o d

SDS requires two assumptions on the feature of the objective system to be analyzed. One is that the objective
system can be represented by a single quantitative, con-

