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Abstract
In this paper, as one approach for mathematical analysis of evolutionary algorithms with
real number chromosomes, we focus our attention on crossovers, give a general framework of
the description for the change of the distribution of the population through them, and verify the properties of crossovers based on the
framework. This framework includes various
crossover which have been proposed and we apply our result to these crossover methods.

1

Introduction

A lot of experimental and theoretical researches on Evolutionary Algorithms (EA) have been recently reported.
In the theoretical results, most of them are ones for
EAs using bit strings as chromosomes, in particular,
the Simple Genetic Algorithms (SGA). These are based
on the theory of Finite Markov Chain [Dawid, 1994;
Davis and Principe, 1993; Nix and Vose, 1992; Rudolph,
1994] because the SGA uses bit strings with a constant
length. However, the state spaces of EAs using real number chromosomes are infinite and uncountable sets and
there are difficulties different from the SGA to investigate the time evolution.
Rudolph derived the conditions for the convergence in
EAs with general state spaces and a finite population size
using the concept of Markov Kernel [Rudolph, 1996]. In
this result, however, the selection and mutation affects
the convergence and the effect of the crossover is not
considered.
On the other hand, Qi and Palmieri derived the properties of the genetic operations including a uniform
crossover in EAs with an infinite population size [Qi and
Palmieri, 1994a; 1994b]. In these results, the changes
of the population density in the infinite population size
through the genetic operations are the main object. In
this paper, we also focus our attention on the change of
the population density through crossovers.
In the case of EAs using discrete value chromosomes,
Booker theoretically showed the properties of crossovers
based on the recombination distribution inspired by
Geiringer's result, a kind of the probability at which
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schemata is generated by crossovers [Booker, 1992]. Our
analysis in the case of EAs using real number chromosomes is based on the relation between the population
densities before and after crossovers, and the change
of the mean values and covariances on loci. For this
purpose, we have given a framework of the description for the change of the distribution of the population through crossover, called Linear Crossover [Nomura,
1997]. The previous version of this framework did not
include one-point, multi-point, or uniform crossover. In
this paper, we extend this framework to the one which
includes various crossovers which have been proposed,
one-point, multi-point crossovers, uniform crossover,
average crossover [Davis, 1990], the Unfair Average
Crossover we have proposed [Nomura and Miyoshi, 1995;
1996], and the R3 operator [Radcliffe, 1991]. We verify
the properties of these crossovers based on the results.

2
2.1

General F r a m e w o r k for D e s c r i p t i o n
of Crossovers
Basic Formulation

In EAs with real value chromosome, each individual is
represented as a vector in the Euclid space Rm. Given
two parents X and Y (E R m ), we assume that crossovers
produce two offsprings X' and Y' from the parents.
In this paper, we consider the crossover represented in
the following form:

2.2

R e p r e s e n t a t i o n of V a r i o u s Crossovers
based o n t h e F r a m e w o r k
We can represent one-point, uniform crossover, the average crossover, the unfair average crossover, and the R3
operator using the above framework in the following way.
One-point Crossover
One-point crossover produces two offsprings from a pair
of parents by randomly selecting a point on the chromosomes and replacing the former and latter half of each
parent from the point at a probability r. Thus, we represent it in the following form:
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3.4
Discussion
We can derive the following discussion from the above
results.
In the cases of one-point and uniform crossovers, the
correlations between the different coordinates in the population decrease through the crossovers and the deviations do not change. Although these results are the ones
on only the second order moments, they support the result which Qi and Palmieri derived [Qi and Palmieri,
1994b], that is, a kind of extension of Geiringer's results
in the case of discrete values [Booker, 1992] to the case
of real values.
The average crossover makes not only the correlations
between the different coordinates but also the deviation
in the population decrease.
In the case of the unfair average crossover, the correlations between the different coordinates in the population
change dependent on the distance between the coordinate. In particular, it makes the deviation increase and
has a diversification property. The J?3 also operator has
the same property, although it does not change the correlations between the different coordinates. Thus, the unfair average crossover and the R3 operator are expected
to have a high capacity of exploration in combination
with the cohesion property of the selection toward the
global maximum fitness values [Qi and Palmieri, 1994a].

We investigated the change of the population density
through the crossovers. As results, it was shown that the
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crossovers included by our framework does not change
the mean values of the population density, and it proportionally changes the covariances dependent on the probability of the crossover operations.
As future problems, we must investigate the time evolution of the population density through the selection,
crossover, and mutation. Furthermore, we must investigate the change of the fitness in the population through
the time, and clarify the convergence properties and the
conditions for the convergence in the crossover.
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