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Abstract

Classical clustering methods usually face tough chal-
lenges when we have a larger set of features com-
pared to the number of items to be partitioned. We
propose a Sparse MinMax k-Means Clustering ap-
proach by reformulating the objective of the Min-
Max k-Means algorithm (a variation of classical k-
Means that minimizes the maximum intra-cluster
variance instead of the sum of intra-cluster vari-
ances), into a new weighted between-cluster sum
of squares (BC'SS) form. We impose sparse regu-
larization on these weights to make it suitable for
high-dimensional clustering. We seek to use the
advantages of the MinMax k-Means algorithm in
the high-dimensional space to generate good quality
clusters. The efficacy of the proposal is showcased
through comparison against a few representative
clustering methods over several real world datasets.

1 Introduction

Traditional clustering algorithms including k-means, k-
medoids, and the hierarchical ones very often lose their ef-
fectiveness when the dataset contains significantly fewer data
items compared to the dimensionality of the associated fea-
ture space [Witten and Tibshirani, 2010; Li er al., 2018;
Chang et al., 2017; Jin and Wang, 2016]. Such curse of
dimensionality for clustering, manifests in the following dif-
ferent forms [Pandove et al., 2018]: difficulty in global opti-
mization of the clustering objective, distance concentration
on L, norms, the effect of irrelevant or noisy features, and
extremely sparse data volume. In most scenarios, only a small
proportion of the features can be assumed to be relevant for
clustering [Witten and Tibshirani, 2010; Chang et al., 2017;
Jin and Wang, 2016]. The goal of a clustering algorithm is
to identify these features, avoid the negative influences of
the noisy features, and thus, more accurately identify the
underlying cluster structure [Witten and Tibshirani, 2010;
Jin and Wang, 2016]. Conventional ways of handling the chal-
lenge of high-dimensional clustering include subspace cluster-
ing of various forms (CLIQUE, SUBCLUE, DBSCAN, DUSC
etc.) [Kriegel et al., 2009], correlation clustering [Kriegel et
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al., 2008], bi-clustering [Pontes er al., 2015], and several
dimensionality-reduction based approaches including Prin-
cipal Component Analysis (PCA), independent component
analysis, non-linear matrix factorization, isometric feature
mapping, sparse feature weighting, and so on [Kriegel er al.,
2009]. Among the competitive and recent approaches in this
direction, the Influential Features PCA (IF-PCA) [Jin and
Wang, 2016] is a spectral clustering method that selects fea-
tures with a higher degree of relevance to the clustering task by
using the largest Kolmogorov-Smirnov(KS) scores and then
applies classical PCA to the post-selection data matrix. Sarkar
and Ghosh [2019] recently suggested an approach to tackle
high-dimensional clustering with a new data-driven measure
of dissimilarity, referred by the authors as MADD (Mean
of Absolute Differences of pairwise Distances) specifically
tailored for the high-dimensional feature spaces.

The widely popular k-Means [Lloyd, 1982] algorithm suf-
fers from a strong sensitivity to initialization. Its clustering
solution is not at all robust against the initial seed points (can-
didate cluster centers) and thus, it often gets trapped in poor
local minima [Pefia et al., 1999; Celebi et al., 2013]. To tackle
this problem, Tzortzis and Likas [2014] suggested the MinMax
k-means clustering algorithm, which begins with a random
set of candidate cluster centers and attempts to minimize the
maximum intra-cluster variance instead of the traditional sum.
Minimizing the sum does not consider the relative differences
among the cluster variances, but by minimizing the maximum
intra-cluster variance, large variance clusters are avoided and
high-quality solutions are produced.

The relaxed maximum variance objective of the MinMax
k-Means clustering algorithm assigns weights to each cluster
but it does not perform any weighting on the features. Sparse
regularization can, therefore, be imposed to extend its cluster-
ing efficacy in the high-dimensional space. We first justify that
MinMax k-Means objective can be reformulated into Witten
and Tibshirani’s [2010] sparse clustering framework. This
framework offers a specific feature-weighting method, which
optimizes the weighted cost objective function using a lasso-
type penalty (¢1-norm regularization), hence assigning exact
zero weights to noisy features [Witten and Tibshirani, 2010].
In this work, we thus propose the novel Sparse MinMax k-
Means algorithm. Our main contributions can be summarized
in the following way:

* We justify that MinMax k-Means objective can be re-
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formulated into Witten and Tibshirani’s [2010] sparse
clustering framework, which offers a specific feature-
weighting method and optimizes a weighted cost objec-
tive function by using a lasso type penalty.

We propose the Sparse MinMax k-Means algorithm
which maximizes a new weighted between-cluster sum
of squares (BC'S'S) with the ¢;-norm regularization to
impose exact zero weights on the noisy features. We thus
extend the advantages of the MinMax k-Means algorithm
in the high-dimensional space.

We compare the performance of our approach with
other well-known high-dimensional clustering algorithms
through extensive experiments on several real word
datasets (especially, the high-dimensional gene microar-
ray datasets).

2 Preliminaries

In this section, we briefly discuss the MinMax k-Means and
Sparse k-Means objectives along with the notations leading to
the formulation of our proposed method.

2.1 Notations

We consider X = (z;;) € R™*P to be our data set in matrix
format where x;; represents the j th feature (column) of the
i*" observation (row). Here n and p denote the number of
observations and the number of features respectively. We
consider K clusters and the set of cluster centers ¢ = (ckj) IS
REXP ¢ represents the Eth cluster center and C}, denotes
the k' cluster. V}, denotes variance of the cluster k where the
cluster variance is defined as the sum, and not the average,
of the squared distances from the observations belonging to
the cluster to its center. J;;, is a cluster indicator variable with
0;x = 1 if x; belongs to cluster Cj, and 0 otherwise. &,,44
denotes maximum intra-cluster variance. &,, represents the
weighted formulation of sum of the intra-cluster variances and
wy, denotes the weight assigned to cluster C}, in the MinMax
k-Means algorithm [Tzortzis and Likas, 2014].

2.2 The MinMax k-Means Objective

The MinMax k-Means algorithm minimizes the maximum
intra-cluster variance €,,,4, (1):

n

Emar = Max Vi = max Sirllws —eill®. (D
1<k<K 1<k<K

1=

Minimizing €,,,4, 1S @ non-trivial optimization problem. Thus,
Tzortzis and Likas [2014] came up with a relaxed maximum
variance objective. A weighted formulation ¢,, of the sum of
intra-cluster variances was thus constructed as in (2), where
a higher weight wy was given to clusters with high variance
to follow the behavior induced by the maximum variance
criterion.

K K n
u = D uRVe = 3wl Y dule =il
k=1 k=1 =1 )

K
wp >0, Y wp=1 0<a<L
k=1

The exponent « is a user defined constant.! To compensate
for the formation of large clusters, a higher weight should be
induced for a higher variance. Maximizing €,, with respect to
the weights provide a way to realize this. Thus, the min-max
problem can be written as:

min = max &,
{ck}szl {wk}kK:1

K 3
s.t.  wg >0, Zwkzl, 0<a<l.
k=1

2.3 The Sparse Clustering Framework

Witten and Tibshirani [2010] reformulated k-Means and hier-
archical clustering as an optimization problem in the following
way:

max
®cr

P
j=1

where f;(X;, ©) is a function that involves only the jth fea-
ture of the data, and ® is a model parameter that belongs to a
set 7. They further defined a sparse clustering framework as a
solution to the above problem which is as follows:

P
(X O
Jx D wifi(X5,0). )
j=1
st el <1, ol <5 w20 Vi,

where s is a tuning parameter that determines the number of re-
tained features for clustering and ||w||,,||w]||, are respectively
the /1 and {5-norms of the weight vector w. w; determines
the contribution of the jth feature to the objective function
(5). The £1-norm or Lasso penalty results in sparsity in differ-
ent applications [Witten and Tibshirani, 2010; Li et al., 2018;
Chang et al., 2017].

3 The Sparse MinMax k-Means Algorithm

3.1 Deriving the Formulation

We introduce a new variable z;;, which is similar to the cluster
indicator variable d;;, and can be defined as:

wy ifz; € Cy,
il = .
ik 0  otherwise, (6)
and zj;, = wy, ifx; € C.

Here wy,’s are the cluster weights as defined in the MinMax
k-Means algorithm [Tzortzis and Likas, 2014] in Section 2.2.
Thus, the €,, defined in (2) can be re-written as follows:

K n K n
Ew = ngzéik“xi — = ZZzﬁCsz o
k=1 =1

k=11i=1

(N

We now provide Lemma 1 to prove that the MinMax k-Means

clustering model can also be reformulated in the framework (4).

We use a method similar to the one used by Chang et al. [2017]
in context to sparse fuzzy clustering.

I'The role of « is discussed in Section 3.3
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Lemma 1. For the data matrix X,

S sl - el Z%Zz%wman

k=1 1i=1 ki=14=1

where nj, = Y. | 2% = ngpwy, ny is the number of ob-
servations in cluster k, and cy, is the k'™ cluster center such

that:
n a a n n
Doim1 FTi  WE D i OakTi D i ki

Ck} = 7 = o = s .
g, Wy Tk > i1 Oik
Proof. The right hand side can be written as
K
Zinzill T — i H
232 DI
nk i=14¢=1
K 1 n n
s 22 3 et o~ el
k=1 i=114'=1

ol — el + 20 — o) (e — ck>}.

. —
Since nk =>,

il =

ZZ 2hafllzi —al® = kz Zillzi = exll”

1=11=1

Simllarly, we have

Z Z Zipzigllze — CkH =nj, Z zig |z — CkH

1 25> we have

i=14'=1 i'=1
Now, Z Z 28 2% (zi — c)(zy — c)
i=14'=1
n n
= [Z z5 (@ — ck)] {Z zi (@ — ck)} =0.
i=1 i'=1
Thus
K n
o 2
S 3" sl - el = 33—
koi=1i=1 k=11i=1

O

The left hand side of Lemma 1 is the objective function (2)
that is optimized by the MinMax k-Means Algorithm [Tzortzis
and Likas, 2014], while the right hand side evaluates the dis-
similarity within a cluster, which can be referred to as the
within-cluster sum of squares (W C'S.S) of MinMax k-Means.
The right hand side of Lemma 1 can be further simplified as:

Ifxi,zy € Cy then 23}, = 277, = wy.

Z Z ZipZirll s — @ H

In addition, Z

1=11=1
K
=2 gmpap 2 vElei— el
k=1 kxi,xileck
K
wy 2
DI
k=1 ;2,0 €C

®)
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Note that the product z{} z{, is non-zero only when both
x; and x;; € C} and is zero otherwise. The WSS mea-
sure for our Sparse MinMax k-Means model can be written as:

a P
WCSS=>" =5 N N (- i)’ (9
k=1 a:i,xi/ECk j=1
From the constraints of the objective function (2) of the
MinMax k-Means algorithm [2014], we can deduce that wiy <
1. Hence We can write:

Zwkzmnxﬁcku <226m||:cﬁcku

k=11i=1
Th1s 1mp11es that the WC'S'S of MinMax k-Means will always
be less than or equal to the WSS defined for classical k-
Means. Therefore, we can model the new between-cluster sum
of squares (BCSS) of MinMax k-Means as:

BCSS; = ZZ% ;)
i=11=1
—wag Yo (@ —wag)

k=1 e zi,x; €ECL
(10)

where BCSS(®) = (BCSSy,...,BCSS,)" with ® =
C = (C4,...,Ck) and 7 is a set of all possible partitions of
the observations into K clusters.

Now we can rewrite the MinMax k-Means problem by using
the Witten and Tibshirani’s [2010] sparse clustering frame-
work as shown below:

max  min > BCSS;,

j=1
wg, ifx; € Cy,
S.t. zZjp = .
0, otherwise, (11)
with 25, = wy ifz, € Cx, i=1,...,n,

wy, > 0, uwp=1, 0<a<l

Note that in MinMax k-Means, we maximize €,, with respect
to the cluster weights (wg’s), and hence we must minimize
E§:1 B(C'SS; with respect to cluster weights.

BCSS;,5 =1,...,pis afunction that only involves the
jth feature. Thus, we may conclude that MinMax k-Means
fits into the framework (4). According to Witten and Tibshi-
rani’s [2010] sparse clustering framework (5), the MinMax
k-Means can be generalized to the following model:

max min w'BCSS(O),

O,w
s.L. lwl; <1, fwl, <5, w; 20,V
. {wk, if x; E.C;@,
0, otherwise, (12)
with 2§}, = wy ifx; € Cy, i=1,...,n,

wp >0, Y wp=1 0<a<L
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We will call (12) as the Sparse MinMax k-Means model.
Denoting a; = BCSS;, a = (ay,...,a,)", the objec-
tive function of (12) can be rewritten as Z§=1 wjaj. We use
the technique similar to the one used in [Witten and Tibshirani,
2010] to build an algorithm to solve the problem (12). We al-
ternatively fix two of w, ¢, and w and maximize the objective
with respect to the other. The optimization problem that arises
in the final step while maximizing the objective with respect

to w can be written as:

T

maximize w a,
w

13)
st lwl|l, <1, w; >0,V
Following the Proposition stated in page 715 of [Witten and
Tibshirani, 2010]), the convex problem bears a solution of
the form (13) is w = S(ay,A)/||S(a4, A)Hz’ where x4
indicates the positive part of z and A = 0, if that results in
|w|l; < s;else, A > 0is taken to get||w]|; = s. S is the soft-
thresholding operator, defined as S(z, ¢) = sign(z)(z| —c)+.
The assumptions are the same as in [Witten and Tibshirani,
20101, i.e., there exists a unique maximal element of a, and

1<s</p

3.2 The Algorithm

From our definitions of W (C'S'S and BC'S'S in Section 3.1, we
see that maximizing the BC'S'S is equivalent to minimizing
the WSS and vice-versa. This property can be used to

simplify our al%orithm 1). Steps 3 and 4 can be optimized
together by performing MinMax k-means clustering on the

data after scaling each feature j by ,/wj;, which is same as
updating the data matrix with each (4, j) element = | /w;z;;.
In Step 3, the new cluster centres can be calculated in the
following way.

Dicy ik
Z?:l ik ’

. n ~ 2

5 — L, k= argming << iy D Gikl|F — ewr]]”

ik = . =v=
0, otherwise.

lwll, <s,

where f7 = («/ijila ey ‘/le’ip),

Cr —

(14)
In Step 4, the cluster weight constraints in (12) and the new
cluster centres obtained in Step 3 are incorporated in the objec-
tive via a Lagrange multiplier and the derivatives with respect
to wy, are set to zero. Thus, the cluster weights are updated as:

K n
Wk = Vkl/1 - a/ Z Vkl,/1 ~“ where Vj, = ZélkH:@ - Ck||2 .
k=1 i=1
5)
Tzortzis and Likas [2014] observed that addition of a memory
effect to the weights could be beneficial in terms of increasing
the stability. Thus, for each iteration ¢,

) _ (t-1) 1— 11 — o u i-o) 0< 8<1
Wy, ﬂwk +( 5) Vi /Z Vk/ sV = B >~ L.

k=1
(16)
The algorithm iterates through steps 3-5 until the stopping
criterion

Pil Whew _ wad‘
J= J J
<e (17)
P old
i=1|%j ’

Algorithm 1 Sparse MinMax k-Means Algorithm

Input: Data matrix X and number of clusters k
Parameter: Tuning parameter s
Output: Clusters C1,Cs, ..., Ck

1: Initializew aswy = ... = w), =

1

ﬁ .

2: while stopping criteria (17) is not satisfied do

3:  Optimize (12) with respect to C1, Co, . .., Ck, keeping
w and w fixed. That is,

K o p
L. W 2
minimize g —= E E (xij —irj)" ¢
C1,Cs,....Ck n °
k=1 zi,2, €CYL j=1

Maximizing (10) is same as minimizing (9).

4:  Optimize (12) with respect to w, keeping

C1,Cs,...,Ck abd w fixed. That is,
K 4 P
‘o W 2
maximize — (wij —xij)” p-
w1, W,...,W n
1 K k=1 k Ii,xi/Gck j=1

Minimizing (10) is same as maximizing (9).

5:  Optimize (12) with respect to w, keeping
C1,Cs,...,Ckg and wi,ws,...,wxg fixed, which
results in the optimization problem stated in (13) and
can be solved using the Proposition stated in page 715
of [Witten and Tibshirani, 2010] to get w™*¥.

6: end while

7: return the clusters given by C1,Cs, ..., Ck, the clus-

ter weights by wy,ws, ..., wy and the feature weights
corresponding to this clustering given by wy,wo, . . ., wp.

is satisfied, where the precision level € was chosen as 10~% as
suggested in [Witten and Tibshirani, 2010].

3.3 Selection of the Tuning Parameters

With the increase (decrease) of the exponent «, the similarity
among the weight values also reduces (enhances) pertaining
to the enhancement (suppression) of the relative difference
of the variances among the clusters. « is chosen by using a
data driven approach to automatically adapt to the data set
as in [Tzortzis and Likas, 2014]. It initiates with a small «
(init), which is increased by v, after each iteration, till
the attainment of a maximum value & (Qy,q,). Following a
procedure similar to [Witten and Tibshirani, 2010], we em-
ploy a permutation technique and determine the gap statistic
[Tibshirani er al., 2001] to select the value of s.

3.4 On Convergence of the Proposed Algorithm

An exact theoretical proof of the local convergence of the
minmax objective function in our proposed algorithm is quite
difficult and outside the scope of this paper. Nevertheless, we
provide some empirical demonstrations of the convergence
behavior by recording the variation of the weighted BCSS
objective with iterations of the alternating optimization proce-
dure. In all our experiments, the value of the weighted BC'S.S
objective (12) is seen to converge within 10 iterations. Figure
1 empirically demonstrates the gradual convergence of the
proposed algorithm (1) to a local stationary point on 5 selected
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Figure 1: Demonstration of analytical convergence of the weighted BC'S S objective value on 5 selected gene microarray datasets

gene microarray datasets [Jin and Wang, 2014]. For other
datasets (not shown here), the convergence characteristics ex-
hibit a similar trend.

3.5 Complexity Analysis

The computational complexity of the classical k-Means is
O(npKi) where i is the number of iterations. The MinMax
k-Means algorithm has an additional weight update step which
can be done in O(nK), hence the algorithm also has a com-
plexity of O(npKi). In the w update step, we solve (13) by
the binary searching scheme numerically. The main compu-
tational complexity of Step 5 is thus O(plog1/e) where e
is the error threshold for searching as determined in [Chang
et al., 2017]. Hence, the asymptotic complexity of each it-
eration of the proposed Sparse MinMax k-Means algorithm
is O(npKi + plog 1/e). In most real world cases, the first
term will dominate. Thus, it has an overall complexity of the
same order as that of classical k-Means. We iterate until the
convergence criteria (17) is met.

4 Experimental Evaluation

In this section, we present a comparative analysis of the per-
formance of Sparse MinMax k-Means mainly against the
Sparse k-Means [Witten and Tibshirani, 2010], the IF-PCA
method [Jin and Wang, 2016], and the MADD versions of
k-Means [Sarkar and Ghosh, 2019], which already exhib-
ited an edge over several other high-dimensional clustering
methods in their respective papers. We use the Clustering
Error Rate (CER) as a performance indicator. It is defined

as CER = Zpi,‘l@(i’i,) - 1D(i,i/)‘ /(). where 1p; ;) is

an indicator function to record whether the i*” and j** ob-
servations are in the same cluster with respect to partition
Der.

As a warm-up exercise, We first evaluate the performance
of our algorithm on 3 UCI real world datasets [Bache and
Lichman, 2013] along with the Yale facial image data set [Bel-
humeur er al., 1997]. We further evaluate our method on the
benchmark datasets used by Sarkar and Gosh [2019] for an
effective comparison with their MADD versions of k-Means
which are specifically tailored to handle clustering in high-
dimensional spaces. Finally, we compare the algorithms using
10 high-dimensional gene microarray datasets [Jin and Wang,
2014]. In our experiments, we apply Sparse MinMax k-Means
with a4, = 0.5 and g, = 0.01. Since results obtained

Dataset « MADD IF-HCT- Sparse I\iiliﬁ\r/;zx
Name "XP k-Means PCA  k-Means
k-Means
Glass 6  214x9 0.4673) 0.532(4) 0.439(2) 0.374(1)
Breast 2 699%x9  0.050(3) 0.072(4) 0.047(1) 0.047(1)
Vehicle 4 846x18 0.572(3) 0.611(4) 0.548(1) 0.548(1)

Yale 15 165x1024 0.558(3) 0.697(4) 0.485(2) 0.442(1)
Avg. Rank 3 4 1.5 1

Table 1: Comparison of CERs along with the relative ranks (in
brackets) obtained by 4 peer algorithms for the real world datasets.

with 3 values of 0, 0.1, and 0.3 following [Tzortzis and Likas,
2014] did not differ statistically, we report all results with
B = 0. As mentioned earlier, we use the gap statistics for find-
ing the value of the tuning parameter s for both our method
and Sparse k-Means. Each simulation is run 20 times and
unless otherwise stated, the best result obtained by each al-
gorithm is reported. The best results are marked in boldface
across all the result tables. The R code for our implementa-
tion of the Sparse MinMax k-Means algorithm is available
at https://github.com/sayak94/Sparse-MinMax-k-Means. All
codes were run on an HP Omen Laptop with intel Core i7-
9750H 6-core 2.6 Ghz processor, Windows 10 operating sys-
tem with 16 GB RAM.

4.1 Evaluation on Selected Real World Datasets

We use the 3 UCI real world datasets (Glass, Breast, Vehicle)
[Bache and Lichman, 2013] and the Yale face data set which
consists of 165 grey scale images of 15 subjects, as used
in [Wang et al., 2019]. Each 32 x 32 image in the latter is
flattened into 1024 -dimensional vector [Cai et al., 2007]. The
comparisons of our algorithm with MADD k-Means, IF-HCT-
PCA, and Sparse k-Means methods for these datasets is shown
in Table 1. Here all the MADD versions of k-Means produce
similar results, hence it is shown in a single column. In all the
4 cases, our scheme obtains the lowest error rates(pertaining to
the improved detection of cluster structures) and hence obtains
the best average rank among the other algorithms.

Among the 3 benchmark datasets used by Sarkar and Ghosh
[2019], Lymphoma is studied as one of the gene microarray
datasets. The peer algorithms are compared on the other two
datasets in this section. Trace data has 50 observations from
each of the 4 classes and 275 features per observation. Control
Chart data has 6 classes, a total of 600 observations and 60
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. IF-HCT-  Sparse S.p arse
Dataset Name K nxp kmeans kmeans++ Hier SpecGem kM kM, kMo PCA  k-Means MinMax
k-Means
Brain 5  42x5597  0.286(5) 0.427(9) 0.524(10) 0.143(1) 0.309(6) 0.309(6) 0.309(6) 0.262(4) 0.214(2) 0.238(3)
Breast Cancer 2 276x22215 0.442(9) 0.430(6) 0.500(10) 0.438(7) 0.337(1) 0.337(1) 0.337(1) 0.406(4) 0.449(8) 0.417(5)
Colon Cancer 2 62x2000 0.443(8) 0.460(9) 0.387(6) 0.484(10) 0.355(3) 0.355(3) 0.355(3) 0.403(7) 0.306(2) 0.145(1)
Leukemia 2 72x3571  0.278(8) 0.257(7) 0.278(8) 0.292(10) 0.042(2) 0.111(5) 0.194(6) 0.069(3) 0.069(3) 0.028(1)
Lung Cancer(1) 2 181x12533 0.116(2) 0.196(10) 0.177(9) 0.122(3) 0.127(7) 0.122(3) 0.127(7) 0.033(1) 0.122(3) 0.122(3)
Lung Cancer(2) 2 203x12600 0.436(8) 0.439(10) 0.301(5) 0.434(7) 0.217(1) 0.227(4) 0.438(9) 0.217(1) 0.315(6) 0.217(1)
Lymphoma 3 62x4026 0.387(9) 0.317(8) 0.468(10) 0.226(7) 0.032(1) 0.032(1) 0.048(5) 0.065(6) 0.032(1) 0.032(1)
Prostate Cancer 2 102x6033 0.422(7) 0.432(9) 0.480(10) 0.422(7) 0.382(2) 0.392(4) 0.412(6) 0.382(2) 0.392(4) 0.372(1)
SRBCT 4 63x2308 0.556(10) 0.524(8) 0.540(9) 0.508(5) 0.476(4) 0.508(5) 0.508(5) 0.444(3) 0.349(2) 0.333(1)
SuCancer 2 174x7909 0.477(6) 0.459(5) 0.448(4) 0.489(10) 0.477(6) 0.477(6) 0.477(6) 0.333(3) 0.328(1) 0.328(1)
Avg. Rank 7.2 8.1 8.1 6.7 33 3.8 54 34 32 1.8

Table 2: Comparison of CERs along with the relative ranks (in brackets) obtained by different clustering methods for the 10 gene microarray
datasets. Last row gives the average rank of each method over all 10 datasets.

Sparse
Dataset ) y IF-HCT- Sparse b
Name kMg kM, kMo PCA  k-Means MinMax
k-Means
Trace 0.475(3) 0.445(1) 0.485(5) 0.485(5) 0.475(3) 0.445(1)
ng;fl 0.342(4) 0.365(5) 0.317(2) 0.517(6) 0.335(3) 0.200(1)
Avg. Rank 3.5 3 3.5 5.5 3 1

Table 3: Comparison of CERs along with the relative ranks (in
brackets) obtained by MADD versions of k-Means and the other
three methods for benchmark datasets.

features. Our method obtains better or similar results for both
the datasets as seen in Table 3.

4.2 [Evaluation on Gene Microarray Datasets

We now present the comparative results on 10 high-
dimensional gene microarray datasets [Jin and Wang, 2014].
The datasets stem from patients from several classes (normal,
diseased). For each patient, gene expression levels on the
same set of genes are available. These datasets are the ones
that have been used by Jiashun and Wang [2016] for testing
their IF-HCT-PCA clustering. These datasets have the prop-
erty of p > n. In [Jin and Wang, 2016], the IF-HCT-PCA
clustering algorithm was compared with other well-known
clustering methods by using these 10 datasets. Using their
code, we obtain the CERs for IF-HCT-PCA and also the other
algorithms. We now add more columns to the comparison
table, which are the error rates obtained by MADD versions
of k-Means, Sparse k-Means, and Sparse MinMax k-Means.
Additionally, we show 2D t-SNE plots [van der Maaten and
Hinton, 2008] of the results obtained by our method, MinMax
k-Means, Sparse k-Means, and IF-HCT-PCA clustering on the
Leukemia dataset in Figure 2.

Table 2 summarises the comparison results between our
algorithm and the MADD versions of k-Means, [F-HCT-PCA,
Sparse k-Means, along with 4 other well-known clustering
algorithms as baselines: classical k-means, k-means++ [Arthur
and Vassilvitskii, 20071, classical Hierarchical clustering, and
the Spectral GEM algorithm [Lee er al., 2010]. On 7 out of the
10 datasets, our method obtains the lowest CER among all the
other algorithms. It attains lower or similar CER compared to
that obtained by the MADD versions of k-Means in 9 out of

7.5 i 7.5 Lt
+ + +
4 Lt &+ b PR 4
5.0 . L ot 5.0 R ot
+a F 4 +++¢ y K ™
251 + 4 + + 2.5 +
0.0 0.0
2.5 2.5
0.0 2.5 5.0 0.0 2.5 5.0
(a) Ground Truth (b) MinMax k-Means
7.5 +1-4.* & 75 ++*+ o
*4 o + + w
4+ oo + e ++ ¥
5.0 - , ++ . 5.0 - o .
+ 4 e & " L
R % e + 4 + +++¢
25 . 251 + % + 4
0.0 0.0
2.5
2.5
. 2. .
0.0 3 >0 0.0 2.5 5.0

(c) Sparse k-Means / IF-HCT-

PCA (d) Sparse MinMax k-Means

Figure 2: A t-SNE visualization of the clustering results obtained on
the Leukemia data set in 2D.

10 cases, in 7 out of 10 cases for IF-HCT-PCA and in 9 out of
10 cases for Sparse k-Means.

We also compare our algorithm with MADD k-Means
(kMy), IF-HCT-PCA, Sparse k-Means, and Sparse MinMax
k-Means methods in terms of the mean CERs obtained over 20
independent runs. The results are shown in Table 4 along with
the standard deviations obtained in each case. If the value of a
standard deviation is less than 104, it is recorded as £0.000.
Wilcoxon’s rank sum test at 5% significance level is used to
validate the pairwise comparison against the best method in
each row. The p-values obtained are indicated within the pair
of second brackets. If in an entry, p < 0.05, then the corre-
sponding difference of the result with the best algorithm in the
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Sparse
MADD IF-HCT- Sparse .
Dataset Name k-Means PCA k-Means MinMax
k-Means
Brai 0.358+ 0.029(4) 0.355 0.065(3) 0.214= 0.000(1) 0.278 0.078(2)
raimn {2.13¢ — 03} {1.47¢ — 03} {7.58¢ — 02}
Breast C 0.337+ 0.0012(1) 0.406:+ 0.002(2) 0.449+ 0.000(4) 0.419+ 0.004(3)
reast Lancer {3.29¢ — 06}  {2.63¢ —07}  {4.39¢ — 05}
Colon C: 0.354+ 0.003(3) 0.403+ 0.000(4) 0.306% 0.000(2) 0.206+ 0.078(1)
oonfancer 508 — 04}  {3.21e—05}  {7.93¢—03}
Leukemi 0.042+ 0.000(2) 0.069+ 0.000(3) 0.069+ 0.000(3) 0.038= 0.013(1)
cukemia {1.64¢ —03}  {6.38¢ —05}  {6.29¢ — 05}
Lung Cancer(1) 01272 0.0003) 0.033:0.000(1) 0.12240.000(2) 0.171= 0.056(4)
ung Lancer {9.03¢ — 06} {4.26e — 06}  {3.72e — 07}
0.217+ 0.000(1) 0.217+ 0.000(1) 0.315+ 0.000(2) 0.217+ 0.000(1
Lung Cancer(2) (M M (5.38¢ 05(} ) (M
Lvmphoms 0.079+ 0.067(2) 0.115+ 0.074(3) 0.032+ 0.000(1) 0.032+ 0.000(1)
ymphoma {4.72¢ — 05} {8.14¢ — 08}
Prostate C 0.387+ 0.005(3) 0.382+ 0.000(2) 0.392+ 0.000(4) 0.381= 0.011(1)
rostatetancer 1y 46e — 02} {7.32e— 02}  {8.61e — 04}
SRBCT 0.515+ 0.059(4) 0.416+ 0.058(3) 0.349+ 0.000(2) 0.335+ 0.005(1)
{3.89¢ — 04} {4.76e — 03}  {4.02¢ — 02}
SuC 0.477+ 0.000(3) 0.333+ 0.000(2) 0.328+ 0.000(1) 0.328+ 0.000(1)
uf-ancer {5.37e — 06}  {3.17¢ — 03}
Avg. Rank 2.6 2.4 22 1.6

Table 4: Comparison of mean CERs along with their standard devi-
ations obtained by MADD k-Means (kMy), IFFHCT-PCA, Sparse
k-Means, and Sparse MinMax k-Means methods for the gene microar-
ray datasets. The p-values corresponding to Wilcoxon’s rank sum
test (at 5% significance level) for the pairwise comparison against
the best method in each row is indicated within the pair of second
brackets.

row can be treated as statistically significant. Using the mean
CERs we obtain a similar performance as the one obtained in
Table 2.

To further analyze the performance of our algorithm,
we use two more criteria (Retained Features (RF) and
Dunn Index (DI)). DI [Dunn, 1974] denotes the ratio
of the minimum distance between observations from
two different clusters to the maximum intra-cluster dis-
similarity. It can be mathematically defined as DI £
minlSkSlSK (S(Gk, Gl)/ maxi<m<k Am, where (5(Gk, Gl)
is the inter-cluster distance between clusters G and G,
and /\,, calculates the maximum distance between all
items within cluster GG,,,. RF is the number of retained
features in each of the algorithms or basically the number of
non-zero feature weights (for sparse algorithms). We show
the comparative results against IF-HCT-PCA and Sparse
k-Means in Table 5. Here we do not compare with MADD
as it is not one of the feature selection oriented clustering
methods. Higher DI values would indicate better clustering
and our method obtains the highest DI values among the three
methods in 8 out of the 10 cases. The lowest RF values were,
however, obtained in only 4 cases by our method although
it has the best CER values in most of the cases (indicating a
better recovery of the ground truth cluster structure).

In addition, we provide the average run-time (in seconds)
over 20 independent runs for 4 main algorithms used in this
study on the gene microarray datasets in Table 6. The IF-
HCT-PCA method is seen to have the highest run-time, while
Sparse k-Means and our algorithm have a run-time of similar
order (though, experimentally, the later takes a slightly higher
execution time due to the extra cluster-weight update step).
The MADD k-Means approach has the least run-time.

Sparse
Dataset Name IFP_,IéiT_ ks&arse ) MiIr)1Max
-Means

k-Means

RF DI RF DI RF DI
Brain 453 0.634 123 0.589 1810 0.647
Breast Cancer 728 0.182 22215 0.189 79 0.197
Colon Cancer 25 0427 1237 0377 76 0435
Leukemia 213 0.556 3571 0.620 148 0.621
Lung Cancer(1) 251 0.128 260 0.245 16 0.245
Lung Cancer(2) 418 0.548 12600 0.244 5  0.548
Lymphoma 44 0509 4026 0.651 717 0.616
Prostate Cancer 1551 0.509 6033 0.399 5650 0.393
SRBCT 52 0433 742 0443 1019 0.544
SuCancer 805 0.486 7909 0.505 1370 0.505

Table 5: RF (Retained Features) and DI (Dunn Index) obtained by
the Sparse k-Means, IF-HCT-PCA, and Sparse MinMax k-Means
methods for the gene microarray datasets.

Sparse
Dataset Name ,3_/[ I\//?cglr?s IF}-)Ié([iT— k?f;g;ﬁs 1]:4inMax

-Means
Brain 0.063 4.338 0.936 1.386
Breast Cancer 8.953 48.294 8.501 7.712
Colon Cancer 0.127 1.413 0.289 0.341
Leukemia 0.126 2.636 0.317 0.784
Lung Cancer(1)  1.881 17.158 2.841 5.305
Lung Cancer(2)  2.635 18.87 3.614 5.137
Lymphoma 0.098 7.814 0.552 1.857
Prostate Cancer  0.269 5.16 1.453 4.293
SRBCT 0.079 1.619 0.398 1.126
SuCancer 1.137 8.469 1.703 2918

Table 6: Average run-time in seconds obtained by MADD k-Means
(kMpy), IF-HCT-PCA, Sparse k-Means, and Sparse MinMax k-Means
methods for the gene microarray datasets.

5 Conclusion

We proposed a Sparse MinMax k-Means approach to detect
meaningful clusters in higher dimensional feature spaces. Our
approach attempts to extend the reach of traditional k-Means
clustering to the high-dimension and low sample-size (i.e. p >
n) situations. The experimental results obtained in Section
4 supports the improved performance of our approach over
other approaches in general. Our algorithm obtained the best
average rank in all the experiments among the other algorithms.
In the cases where any other algorithm has produced a better
CER, our scheme remains only marginally behind.

The proposed clustering scheme can be readily extended
to sparse multi-view settings by using multiple kernels for
handling more complicated vision data. It may also be useful
to employ other alternative dissimilarity measures, especially
the divergence-based ones (see for example [Chakraborty and
Das, 2017]) in the proposed clustering framework.
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