Proceedings of the Twenty-Ninth International Joint Conference on Artificial Intelligence (IJCAI-20)

Spectral Pruning: Compressing Deep Neural Networks
via Spectral Analysis and its Generalization Error

Taiji Suzuki'>*, Hiroshi Abe*’, Tomoya Murata*, Shingo Horiuchi®, Kotaro Ito*, Tokuma
Wachi*, So Hirai®, Masatoshi Yukishima* and Tomoaki Nishimura®*
1The University of Tokyo, Japan,
2Center for Advanced Intelligence Project, RIKEN, Japan ,
3iPride Co., Ltd., Japan
INTT DATA Mathematical Systems Inc., Japan,
SNTT Data Corporation, Japan,
*taiji @mist.i.u-tokyo.ac.jp, Tabe @ipride.co.jp, *tomoaki.nishimura.jp @ gmail.com

Abstract

Compression techniques for deep neural network
models are becoming very important for the ef-
ficient execution of high-performance deep learn-
ing systems on edge-computing devices. The con-
cept of model compression is also important for
analyzing the generalization error of deep learn-
ing, known as the compression-based error bound.
However, there is still huge gap between a practi-
cally effective compression method and its rigor-
ous background of statistical learning theory. To
resolve this issue, we develop a new theoretical
framework for model compression and propose a
new pruning method called spectral pruning based
on this framework. We define the “degrees of
freedom” to quantify the intrinsic dimensionality
of a model by using the eigenvalue distribution
of the covariance matrix across the internal nodes
and show that the compression ability is essentially
controlled by this quantity. Moreover, we present a
sharp generalization error bound of the compressed
model and characterize the bias—variance tradeoff
induced by the compression procedure. We apply
our method to several datasets to justify our theo-
retical analyses and show the superiority of the the
proposed method.

1 Introduction

Currently, deep learning is the most promising approach
adopted by various machine learning applications such as
computer vision, natural language processing, and audio pro-
cessing. Along with the rapid development of the deep learn-
ing techniques, its network structure is becoming consider-
ably complicated. In addition to the model structure, the
model size is also becoming larger, which prevents the imple-
mentation of deep neural network models in edge-computing
devices for applications such as smartphone services, au-
tonomous vehicle driving, and drone control. To overcome
this problem, model compression techniques such as prun-
ing, factorization [Denil ef al., 2013; Denton et al., 2014], and
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quantization [Han et al., 2015] have been extensively studied
in the literature.

Among these techniques, pruning is a typical approach that
discards redundant nodes, e.g., by explicit regularization such
as ¢1 and /5 penalization during training [Lebedev and Lem-
pitsky, 2016; Wen et al., 2016; He et al., 2017]. It has been
implemented as ThiNet [Luo et al., 2017], Net-Trim [Aghasi
et al., 2017], NISP [Yu et al., 2018], and so on [Denil et al.,
2013]. A similar effect can be realized by implicit random-
ized regularization such as DropConnect [Wan et al., 2013],
which randomly removes connections during the training
phase. However, only few of these techniques (e.g., Net-Trim
[Aghasi et al., 2017]) are supported by statistical learning the-
ory. In particular, it unclear which type of quantity controls
the compression ability. On the theoretical side, compression-
based generalization analysis is a promising approach for
measuring the redundancy of a network [Arora er al., 2018;
Zhou et al., 2019]. However, despite their theoretical nov-
elty, the connection of these generalization error analyses to
practically useful compression methods is not obvious.

In this paper, we develop a new compression based gen-
eralization error bound and propose a new simple pruning
method that is compatible with the generalization error anal-
ysis. Our method aims to minimize the information loss in-
duced by compression; in particular, it minimizes the redun-
dancy among nodes instead of merely looking at the amount
of information of each individual node. It can be executed by
simply observing the covariance matrix in the internal layers
and is easy to implement. The proposed method is supported
by a comprehensive theoretical analysis. Notably, the approx-
imation error induced by compression is characterized by the
notion of the statistical degrees of freedom [Mallows, 1973;
Caponnetto and de Vito, 2007]. It represents the intrinsic di-
mensionality of a model and is determined by the eigenvalues
of the covariance matrix between each node in each layer.
Usually, we observe that the eigenvalue rapidly decreases
(Fig. la) for several reasons such as explicit regularization
(Dropout [Wager et al., 2013], weight decay [Krogh and
Hertz, 1992]), and implicit regularization [Hardt et al., 2016;
Gunasekar et al., 2018], which means that the amount of im-
portant information processed in each layer is not large. In
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particular, the rapid decay in eigenvalues leads to a low num-
ber of degrees of freedom. Then, we can effectively compress
a trained network into a smaller one that has fewer parame-
ters than the original. Behind the theory, there is essentially a
connection to the random feature technique for kernel meth-
ods [Bach, 2017]. Compression error analysis is directly con-
nected to generalization error analysis. The derived bound is
actually much tighter than the naive VC-theory bound on the
uncompressed network [Bartlett e al., 2019] and even tighter
than recent compression-based bounds [Arora er al., 2018].
Further, there is a tradeoff between the bias and the variance,
where the bias is induced by the network compression and the
variance is induced by the variation in the training data. In ad-
dition, we show the superiority of our method and experimen-
tally verify our theory with extensive numerical experiments.
Our contributions are summarized as follows:

e We give a theoretical compression bound which is com-
patible with a practically useful pruning method, and
propose a new simple pruning method called spectral
pruning for compressing deep neural networks.

e We characterize the model compression ability by uti-
lizing the notion of the degrees of freedom, which
represents the intrinsic dimensionality of the model.
We also give a generalization error bound when a
trained network is compressed by our method and show
that the bias—variance tradeoff induced by model com-
pression appears. The obtained bound is fairly tight
compared with existing compression-based bounds and
much tighter than the naive VC-dimension bound.

2 Model Compression Problem and its
Algorithm

Suppose that the training data Dy, = {(x;,y;)}}, are ob-
served, where z; € R% is an input and y; is an output that
could be a real number (y; € R), a binary label (y; € {£1}),
and so on. The training data are independently and identically
distributed. To train the appropriate relationship between x
and y, we construct a deep neural network model as

f(@)=WEn)+ b)) oo WDz 4 b)),

where W) g Rmetrxme ) ¢ R+ @ =1,...,0),
and n : R — R is an activation function (here, the acti-
vation function is applied in an element-wise manner; for
a vector z € R n(z) = (n(x1),...,n(zq))"). Here,
my is the width of the ¢-th layer such that mp1; = 1
(output) and m; = d, (input). Let f be a trained net-
work obtained from the training data Dy, = {(xs,v:) 7
where its parameters are denoted by (W(@,B(Z))f:l, ie.,
fla)y = (WEp() + b)) oo WDz 4+ bM). The in-
put to the /-th layer (after activation) is denoted by ¢(*) () =
no (WEDn() + 0Dy oo WMz 4+ b(1)). We do not
specify how to train the network f, and the following argu-
ment can be applied to any learning method such as the em-
pirical risk minimizer, the Bayes estimator, or another esti-

mator. We want to compress the trained network f to another

smaller one f* having widths (mﬁ) L, with keeping the test
accuracy as high as possible.

To compress the trained network fto a smaller one f*, we
propose a simple strategy called spectral pruning. The main
idea of the method is to find the most informative subset of the
nodes. The amount of information of the subset is measured
by how well the selected nodes can explain the other nodes
in the layer and recover the output to the next layer. For ex-
ample, if some nodes are heavily correlated with each other,
then only one of them will be selected by our method. The
information redundancy can be computed by a covariance
matrix between nodes and a simple regression problem. We
do not need to solve a specific nonlinear optimization prob-
lem unlike the methods in [Lebedev and Lempitsky, 2016;
Wen et al., 2016; Aghasi et al., 2017].

2.1 Algorithm Description

Our method basically simultaneously minimizes the input in-
formation loss and output information loss, which will be de-
fined as follows.

(i) Input information loss. First, we explain the input in-
formation loss. Denote ¢(x) = ¢ (x) for simplicity, and
let ¢5(z) = (¢(x))jes € R™: be a subvector of o(x)
corresponding to an index set J € [mg]mg, where [m] =
{1,...,m} (here, duplication of the index is allowed). The
basic strategy is to solve the following optimization problem
so that we can recover ¢(x) from ¢ () as accurately as pos-
sible:

Ay = (A} =) argmin E[|6 — Agy|*) + A7, (1)
AcR™ex 7]

where E [-] is the expectation with respect to the empirical dis-

tribution (E[f] = 13" | f(z;)) and [|A]|2 = Tr[AI,AT]

for a regularization parameter 7 € Rl_;jl and I := diag (1)

(how to set the regularization parameter will be given in

Theorem 1). The optimal solution Ay can be explicitly ex-
pressed by utilizing the (noncentered) covariance matrix in

the ¢-th layer of the trained network f, which is defined as
=30 = L5 ¢(x;)p(x;) T, defined on the empiri-
cal distribution (here, we omit the layer index ¢ for notational
simplicity). Let ¥ ;v € REXH for K, H € N be the subma-
trix of ¥ for the index sets I € [m,]¥ and I’ € [m,]¥ such
that E],]/ = (Ei,j)iEI,jEI“ Let F = {1, S ,mg} be the full
index set. Then, we can easily see that

Ay = iF,J(EJ,J +1)7n
Hence, the full vector ¢(z) can be decoded from ¢;(z)
as ¢(z) ~ Asps(x) = Eps(Ess + L) os(2). To
measure the approximation error, we define L(TA)(J )
minAcgrme x| J| E[l¢ — A¢,||?] + ||A||2. By substituting the
explicit formula A ; into the objective, this is reformulated as
L) =T Err - Spa(Srs + 1) 'S8,

(ii) Output information loss. Next, we explain the output in-
formation loss. Suppose that we aim to directly approximate
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the outputs Z(©) ¢ for a weight matrix Z(©) € R™>*"™ with an
output size m € N. A typical situation is that Z(©) = WO so
that we approximate the output W(‘)% (the concrete setting
of ZW will be specified in Theorem 1). Then, we consider
the objective

m
E mm {
cR™¢

(206 - a6, +]a" |12}

l“{Z(@ [EF,F - EF,J(fJJ,J + IT)_lfjJ’F]Z(Z)T}7

where Z; ) means the j-th raw of the matrix Z(©). It can be
easily checked that the optimal solution ¢ ; of the minimum
in the definition of L™ is given as &y = A;ZJ(-’:) for each
j=1....m

(iii) Combination of the input and output information
losses. Finally, we combine the input and output information
losses and aim to minimize this combination. To do so, we
propose to the use of the convex combination of both criteria
for a parameter 0 < § < 1 and optimize it with respect to
J under a cardinality constraint |J| = mg for a prespecified

width mg of the compressed network:

min L(J) = 0L () + (1 = )L ()

st. J€E [mg]’”g. (2)

We call this method spectral pruning. There are the hyper-
parameter 6 and regularization parameter 7. However, we
see that it is robust against the choice of hyperparameter in
experiments (Sec. 5). Let Jg be the optimal J that mini-
mizes the objective. This optimization problem is NP-hard,
but an approximate solution is obtained by the greedy algo-
rithm since it is reduced to maximization of a monotonic sub-
modular function [Krause and Golovin, 2014]. That is, we
start from J = (), sequentially choose an element j* € [my]

that maximally reduces the objective L(T ), and add this ele-
ment j* to J (J < JU{j*}) until |J| = me is satisfied.
After we chose an index Jz @ = 2,...,L) for each
layer, we construct the compressed network f# as f#(z) =
(f) A0 o) — (0
W T AJ? and b —ng+1
An application to a CNN is given in the appendix of the

long version of this paper [Suzuki ef al., 2020al. The method
can be executed in a layer-wise manner, thus it can be applied
to networks with complicated structures such as ResNet.

3 Compression accuracy Analysis and
Generalization Error Bound

In this section, we give a theoretical guarantee of our method.
First, we give the approximation error induced by our prun-
ing procedure in Theorem 1. Next, we evaluate the gen-
eralization error of the compressed network in Theorem 2.
More specifically, we introduce a quantity called the degrees
of freedom [Mallows, 1973; Caponnetto and de Vito, 2007;
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Suzuki, 2018; Suzuki et al., 2020b] that represents the intrin-
sic dimensionality of the model and determines the approxi-
mation accuracy.

For the theoretical analysis, we define a neural network
model with norm constraints on the parameters W () and b(*)
#=1,...,L). Let R > 0 and R, > 0 be the upper bounds
of the parameters, and define the norm-constrained model as

= {(W(L) () + b(L)) 0---0 (W(l)z + b(l)) |

(«
e e e e
where Wj(f) means the j-th raw of the matrix W, || - || is

the Euclidean norm, and || - || is the £s,-norm!. We make
the following assumption for the activation function, which is
satisfied by ReLU and leaky ReLU [Maas et al., 2013].

Assumption 1. We assume that the activation function 7 sat-
isfies (1) scale invariance: n(ax) = an(zx) for all a > 0
and x € RY and (2) 1-Lipschitz continuity: |n(x) — n(x')| <
|z — 2| for all x,2' € RY, where d is arbitrary.

3.1 Approximation Error Analysis

Here, we evaluate the approximation error derived by our
#

pruning procedure. Let (mj)%_; denote the width of each
layer of the compressed network f*. We characterize the
approximation error between f* and f on the basis of the
degrees of freedom with respect to the empirical Lo-norm
lgl|2 == L 3" |lg(z;)||?, which is defined for a vector-
valued function g. Recall that the empirical covariance ma-
trix in the /-th layer is denoted by S, We define the degrees
of freedom as

Ne(A) = Te[SOEO 4+ 2171 = 0 5l /(58 + ),

where (MY))”LQ are the eigenvalues of S(9) sorted in de-

creasing order. Roughly speaking, this quantlty quantifies
the number of eigenvalues above )\, and thus it is monoton-
ically decreasing w.r.t. A. The degrees of freedom play an
essential role in investigating the predictive accuracy of ridge
regression [Mallows, 1973; Caponnetto and de Vito, 2007,
Bach, 2017]. To characterize the output information loss, we
also define the output aware degrees of freedom with respect
to a matrix Z(®) as

NI\ 20 = Te[2 OSSOSO 4 AD)~12OT),

This quantity measures the intrinsic dimensionality of the
output from the /-th layer for a weight matrix Z(®). If

the covariance S and the matrix Z) are near low rank,
NJ(X; Z©) becomes much smaller than Ny()). Finally, we
define N (\) == ON;(\) + (1 — O)Ny(x; ZO).

To evaluate the approximation error induced by compres-
sion, we define Ay > 0 as

Ae = inf{A >0 | m} > 5N,(\) log(80N,(\))}.  (3)

'"We are implicitly
W e, 69 = O(1).

supposing R,R, =~ 1 so that
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Conversely, we may determine mg from A, to obtain the
theorems we will mention below. Along with the degrees
of freedom we define the leverage score 70 € R™ as

O . _ )[2(6)(2(5 + AeD)7Y,.5 (5 € [me]). Note that

Z;-nfl %jw = 1 originates from the definition of the degrees
of freedom. The leverage score can be seen as the amount of

contribution of node j € [my] to the degrees of freedom. For

~(£)

simplicity, we assume that 7 g > 0 for all £, j (otherwise, we

just need to neglect such a node with TJ“ =0).
For the approximation error bound, we consider two situ-
ations: (i) (Backward procedure) spectral pruning is applied

from ¢ = L to ¢ = 2 in order, and for pruning the ¢-th layer,
we may utilize the selected index Jg 41 in the £ + 1-th layer
and (ii) (Simultaneous procedure) spectral pruning is simulta-
neously applied for all ¢ = 2, ..., L. We provide a statement
for only the backward procedure. The simultaneous proce-
dure also achieves a similar bound with some modifications.
For the complete statement of the theorem, see the appendix
of the long version [Suzuki er al., 2020a].

As for Z® for the output information loss, we set

Z) = \fedD (max, WO W (k= 1, ml)

where we let Jg_ﬂ = {j1,...,jmu 1}, and q(e) =

(FH , ¢ . .

> % GO (je JL ) and q( ) =0 (otherwise). Fi-
irest Vi

nally, we set the regularization parameter 7 as 7 <— mﬁ)\ﬁ“).
Theorem 1 (Compression rate via the degrees of freedom).
If we solve the optimization problem (2) with the additional
constraint ) ; (7 (e)) 1< %mgmg for the index set J, then
the optimization problem is feasible, and the overall approxi-
mation error of f* is bounded by

17 il < S0, (BT en) VA @

for R = V/¢R, where ¢ is a universal constant, and Cep =

4
maxer ( )Hz

-1
9 moyq] |l 2
Nz (/\é) <9|(W(Z))TZI:;[)W(Z) lop + (1 — G)mg .

The proof is given in the appendix of the long version
[Suzuki et al., 2020al. To prove the theorem, we essentially
need to use theories of random features in kernel methods
[Bach, 2017; Suzuki, 2018]. The main message from the the-
orem is that the approximation error induced by compression
is directly controlled by the degrees of freedom. Since the de-
grees of freedom N, ¢(\) are a monotonically decreasing func-
tion with respect to A, they become large as A decreases to
0. The behavior of the eigenvalues determines how rapidly
N ¢(A) increases as A — 0. We can see that if the eigenvalues

[Ly) > u(e) > ... rapidly decrease, then the approximation
error A\, can be much smaller for a given model size mﬁ. In

other words, f* can be much closer to the original network f

if there are only a few large eigenvalues.

2|| - |lop represents the operator norm of a matrix (the largest

absolute singular value).
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The quantity ¢z ¢ characterizes how well the approximation
error \pr of the lower layers ¢ < £ propagates to the final out-
put. We can see that a tradeoff between (y ¢ and 6 appears. By

a simple evaluation, N? ; in the numerator of (; ¢ is bounded

by my; thus, 0 = 1 gives (s 9 < 1. On the other hand, the

£) 12
maxiem, , 1 WSl

H(W“))quu)W“)H
thus, # = 1 is not necessarily the best choice to maximize
the denominator. From this consideration, we can see that the
value of ¢ that best minimizes (¢ exists between 0 and 1,
which supports our numerical result (Fig. 2b). In any situa-
tion, small degrees of freedom give a small (; ¢, leading to a
sharper bound.

term

takes a value between my; and 1;

3.2 Generalization Error Analysis

Here, we derive the generalization error bound of the com-
pressed network with respect to the population risk. We will
see that a bias—variance tradeoff induced by network com-
pression appears. As usual, we train a network through the
training error W(f) = L3 (y;, f(x;)), where ¢ :
R xR — Ris aloss function. Correspondingly, the expected
error is denoted by U(f) := E[¢(Y, f(X))], where the ex-
pectation is taken with respect to (X,Y") ~ P. Our aim here
is to bound the generalization error W( f#) of the compressed
network. Let the marginal distribution of X be Py and that
of y be Py . First, we assume the Lipschitz continuity for the
loss function ).

Assumption 2. The loss function 1 is p-Lipschitz con-

tinwous: |Y(y, f) — ¥y, [ < plf = f| (Vy €
supp(Py), Vf,f" € R). The support of Px is bounded:
|#]] < Dy (V& € supp(Px)).

For a technical reason, we assume the following condition
for the spectral pruning algorithm.

Assumption 3. We assume that 0 < 0 < 1 is appropriately
chosen so that (g9 in Theorem 1 satisfies (19 < 1 almost
surely, and spectral pruning is solved under the condition

ZjeJ(%y))*l < %memg on the index set J.

As for the choice of 6, this assumption is always satisfied
at least by the backward procedure. The condition on the
linear constraint on J is merely to ensure the leverage scores
are balanced for the chosen index. Note that the bounds in
Theorem 1 can be achieved even with this condition.

If Lo,-norm of networks is loosely evaluated, the gen-
eralization error bound of deep learning can be unrealis-
tically large because there appears L..-norm in its evalu-
ation. However, we may consider a truncated estimator
[f(2)] := max{—M,min{M, f(x)}} for sufficiently large
0 < M < oo to moderate the L,.-norm (if M = oo, this
does not affect anything). Note that the truncation procedure
does not affect the classification error for a classification task.
To bound the generalization error, we define J; and &5 for

(mg, e 7mﬁL) and (A2, ..., \r) satisfying relation (3) as 3
= S0y (R T, o) VA,
*log (z) = max{1,log(z)}.
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L
1 46 R.R
55 = gzm3m5+1 10g+(1 + 7”12:{0 : h}) ;
(=1

where R, := min{R*D, + Z;:l RYCRy, M}, G =
LRY'D, + Y0 Rt for R = véR and R, = VR,
with the constants ¢ introduced in Theorem 1. Let R, ; :=

1 (t + ZLQ log(mg)) for ¢t > 0. Then, we obtain the fol-

lowing generalization error bound for the compressed net-
work f*.

Theorem 2 (Generalization error bound of the compressed
network). Suppose that Assumptions 1, 2, and 3 are satisfied.
Then, the spectral pruning method presented in Theorem 1
satisfies the following generalization error bound. There ex-
ists a universal constant C1 > 0 such that for any t > 0, it
holds that

(L) <UD + {81 + CrRc (52 + 03 + T}

n o~ L L ot lmﬁ ~
UM+ ey Emrinring (6,
f

uniformly over all choices of m# = (mfy,..
ability 1 — 2e~t.

The proof is given in the appendix of the long version
[Suzuki et al., 2020a]. From this theorem, the generalization
error of f¥ is upper-bounded by the training error of the origi-
nal network f (which is usually small) and an additional term.
By Theorem 1, §; represents the approximation error between

fand f*; hence, it can be regarded as a bias. The second
term d is the variance term induced by the sample deviation.
It is noted that the variance term 5 only depends on the size
of the compressed network rather than the original network
size. On the other hand, a naive application of the theorem

implies \Il([[ﬂ]) - \i!([[f]]) < O(\/ 1 Zle myq1my) for the

original network f, which coincides with the VC-dimension
based bound [Bartlett et al., 2019] but is much larger than d5
when mg < my. Therefore, the variance is significantly re-
duced by model compression, resulting in a much improved
generalization error. Note that the relation between d; and o
is a tradeoff due to the monotonicity of the degrees of free-
dom. When mg is large, the bias §; becomes small owing
to the monotonicity of the degrees of freedom, but the vari-
ance &,(m*) will be large. Hence, we need to tune the size
(m%)E_, to obtain the best generalization error by balancing
the bias (01) and variance (02).

The generalization error bound is uniformly valid over the
choice of m! (to ensure this, the term R, ; appears). Thus,
mt can be arbitrary and chosen in a data-dependent manner.
This means that the bound is a posteriori, and the best choice
of m* can depend on the trained network.

. ,mﬁL) with prob-

4 Relation to Existing Work

A seminal work [Arora et al., 2018] showed a generaliza-
tion error bound based on how the network can be com-
pressed. Although the theoretical insights provided by their
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Layer  Original [Aroraeral., 2018]  Spec Prun
1 1,728 1,645 1,013
4 147,456 644,654 84,499
6 589,824 3,457,882 270,216
9 1,179,648 36,920 50,768
12 2,359,296 22,735 4,583
15 2,359,296 26,584 3,886

Table 1: Comparison of the intrinsic dimensionality of our degrees
of freedom and existing one. They are computed for a VGG-19
network trained on CIFAR-10.

analysis are quite instructive, the theory does not give a prac-
tical compression method. In fact, a random projection is
proposed in the analysis, but it is not intended for practical
use. The most difference is that their analysis exploits the
near low rankness of the weight matrix W(e), while ours ex-

ploits the near low rankness of the covariance matrix ON
They are not directly comparable; thus, we numerically com-
pare the intrinsic dimensionality of both with a VGG-19 net-
work trained on CIFAR-10. Table 1 summarizes a compar-
ison of the intrinsic dimensionalities. For our analysis, we
used N, g()\g)N 241 (Agy1)k? for the intrinsic dimensionality of
the ¢-th layer, where k is the kernel size*. This is the number
of parameters in the ¢-th layer for the width mg ~ Ni(Ae)

where A\, was set as Ay = 1073 x Tr[i(g)], which is suf-
ficiently small. We can see that the quantity based on our
degrees of freedom give significantly small values in almost
all layers.

The PAC-Bayes bound [Dziugaite and Roy, 2017; Zhou et
al.,2019] is also a promising approach for obtaining the non-
vacuous generalization error bound of a compressed network.
However, these studies “assume” the existence of effective
compression methods and do not provide any specific algo-
rithm. [Suzuki, 2018; Suzuki et al., 2020b] also pointed out
the importance of the degrees of freedom for analyzing the
generalization error of deep learning but did not give a prac-
tical algorithm.

5 Numerical Experiments

In this section, we conduct numerical experiments to show the
validity of our theory and the effectiveness of the proposed
method.

5.1 Eigenvalue Distribution and Compression
Ability

We show how the rate of decrease in the eigenvalues affects
the compression accuracy to justify our theoretical analysis.
We constructed a network (namely, NN3) consisting of three
hidden fully connected layers with widths (300, 1000, 300)
following the settings in [Aghasi er al., 2017] and trained it
with 60,000 images in MNIST and 50,000 images in CIFAR-
10. Figure la shows the magnitudes of the eigenvalues of
the 3rd hidden layers of the networks trained for each dataset

“We omitted quantities related to the depth L and log term, but
the intrinsic dimensionality of [Arora er al., 2018] also omits these
factors.
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(a) Eigenvalue distributions in each layer for
MNIST and CIFAR-10.
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(b) Approximation error with its s.d. versus
the width m*

Figure 1: Eigenvalue distribution and compression ability of a fully

connected network in MNIST and CIFAR-10.

(plotted on a semilog scale). The eigenvalues are sorted in
decreasing order, and they are normalized by division by the
maximum eigenvalue. We see that eigenvalues for MNIST
decrease much more rapidly than those for CIFAR-10. This
indicates that MINST is “easier” than CIFAR-10 because
the degrees of freedom (an intrinsic dimensionality) of the
network trained on MNIST are relatively smaller than those
trained on CIFAR-10. Figure 1b presents the (relative) com-

pression error Hf— Hln/ ||f||n versus the width mg of the
compressed network where we compressed only the 3rd layer

and \3 was fixed to a constant 1076 x Tr[f)(g)] and§ = 0.5. It
shows a rapid decrease in the compression error for MNIST
than CIFAR-10 (about 100 times smaller). This is because
MNIST has faster eigenvalue decay than CIFAR-10.

Figure 2a shows the relation between the test classification
accuracy and \,. It is plotted for a VGG-13 network trained

on CIFAR-10. We chose the width mg that gave the best ac-
curacy for each )\, under the constraint of the compression
rate (relative number of parameters). We see that as the com-
pression rate increases, the best Ay goes down. Our theorem
tells that A, is related to the compression error through (3),
that is, as the width goes up, A, must goes down. This experi-
ment supports the theoretical evaluation. Figure 2b shows the
relation between the test classification accuracy and the hy-
perparameter 6. We can see that the best accuracy is achieved
around # = 0.3 for all compression rates, which indicates
the superiority of the “combination” of input- and output-
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Figure 2: Relation between accuracy and the hyper parameters A,
and 6. The best A and 6 are indicated by the star symbol.

information loss and supports our theoretical bound. For low
compression rate, the choice of A\, and 6 does not affect the
result so much, which indicates the robustness of the hyper-
parameter choice.

5.2 Compression on ImageNet Dataset

We applied our method to the ImageNet (ILSVRC2012)
dataset [Deng et al., 2009]. We compared our method us-
ing the ResNet-50 network [He er al., 2016] (experiments for
VGG-16 network [Simonyan and Zisserman, 2014] are also
shown in the long version [Suzuki et al., 2020al). Our method
was compared with the following pruning methods: ThiNet
[Luo er al., 2017], NISP [Yu ef al., 2018], and sparse regu-
larization [He et al., 2017] (which we call Sparse-reg). As
the initial ResNet network, we used two types of networks:
ResNet-50-1 and ResNet-50-2. For training ResNet-50-1, we
followed the experimental settings in [Luo et al., 2017] and
[Yu ef al., 2018]. During training, images were resized as
in [Luo et al., 2017]. to 256 x 256; then, a 224 x 224 ran-
dom crop was fed into the network. In the inference stage, we
center-cropped the resized images to 224 x 224. For training
ResNet-50-2, we followed the same settings as in [He et al.,
2017]. In particular, images were resized such that the shorter
side was 256, and a center crop of 224 x 224 pixels was used
for testing. The augmentation for fine tuning was a 224 x
224 random crop and its mirror.

We compared ThiNet and NISP for ResNet-50-1 (we call
our model for this situation “Spec-ResA”) and Sparse-reg
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[Model | Top-1 Top-5  # Param. FLOPs |
ResNet-50-1 72.89% 91.07% 25.56M 7.75G
ThiNet-70 72.04 % 90.67% 16.94M 4.88G
ThiNet-50 71.01 % 90.02% 12.38M 3.41G
NISP-50-A 72.68% — 18.63M 5.63G
NISP-50-B 71.99% — 14.57M 4.32G
Spec-ResA 72.99% 91.56% 12.38M 3.45G
ResNet-50-2 7521%  92.21% 25.56M 7.75G
Sparse-reg wo/ ft — 84.2%  19.78M 5.25G
Sparse-reg w/ ft — 90.8% 19.78M 5.25G
Spec-ResB wo/ ft| 66.12%  86.67% 20.69M 5.25G
Spec-ResB w/ ft |74.04% 91.77% 20.69M 5.25G

Table 2: Performance comparison of our method and existing ones
for ResNet-50 on ImageNet. “ft” indicates fine tuning after com-
pression.

for ResNet-50-2 (we call our model for this situation “Spec-
ResB”) for fair comparison. The size of compressed network
f* was determined to be as close to the compared network
as possible (except, for ResNet-50-2, we did not adopt the
“channel sampler” proposed by [He et al., 2017] in the first
layer of the residual block; hence, our model became slightly
larger). The accuracies are borrowed from the scores pre-
sented in each paper, and thus we used different models be-
cause the original papers of each model reported for each dif-
ferent model. We employed the simultaneous procedure for
compression. After pruning, we carried out fine tuning over
10 epochs, where the learning rate was 10~ for the first four
epochs, 10~* for the next four epochs, and 10~° for the last

two epochs. We employed A\ = 10~° xTr[f](g)] and 0 = 0.5.

Table 2 summarizes the performance comparison for
ResNet-50. We can see that for both settings, our method
outperforms the others for about 1% accuracy. This is an in-
teresting result because ResNet-50 is already compact [Luo
et al., 2017] and thus there is less room to produce better per-
formance. Moreover, we remark that all layers were simul-
taneously trained in our method, while other methods were
trained one layer after another. Since our method did not
adopt the channel sampler proposed by [He et al., 20171, our
model was a bit larger. However, we could obtain better per-
formance by combining it with our method.

6 Conclusion

In this paper, we proposed a simple pruning algorithm for
compressing a network and gave its approximation and gen-
eralization error bounds using the degrees of freedom. Unlike
the existing compression based generalization error analysis,
our analysis is compatible with a practically useful method
and further gives a tighter intrinsic dimensionality bound.
The proposed algorithm is easily implemented and only re-
quires linear algebraic operations. The numerical experi-
ments showed that the compression ability is related to the
eigenvalue distribution, and our algorithm has favorable per-
formance compared to existing methods.
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