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Abstract

As one of fundamental properties to characterize
inconsistency measures for knowledge bases, the
property of free formula independence captures
well the intuition that free formulas are indepen-
dent of the amount of inconsistency in a knowledge
base for cases where inconsistency is characterized
in terms of minimal inconsistent subsets. But it
has been argued that not all the free formulas are
independent of inconsistency in some other con-
texts of inconsistency characterization. In this pa-
per, we propose a notion of Bi-free formula to de-
scribe formulas that are free from inconsistency in
both syntactic characterization and paraconsistent
models in the framework of Priest’s minimally in-
consistent LP. Then we propose the property of Bi-
free formula independence, which is more suitable
for characterizing the role of formulas free from in-
consistency in measuring inconsistency from both
syntactic and semantic perspectives.

1 Introduction

It has been increasingly recognized that measuring inconsis-
tency for knowledge bases is a good starting point for facili-
tating the process of inconsistency handling in a wide variety
of applications [Mu er al., 2013a; Mu et al., 2013b; Hunter
and Konieczny, 2010; Hunter, 2006; McAreavey et al., 2011;
Picado-Muifio, 2011; Liu and Mu, 2017]. Here a knowledge
base refers to a finite set of propositional formulas. Without
loss of generality, we assume that an inconsistency measure
is a function from the set of all knowledge bases to [0, +00)
such that the higher the value assigned to a knowledge base,
the more inconsistent that knowledge base is.

A growing number of inconsistency measures have been
proposed so far. A more detailed survey of inconsistency
measures has been given by Thimm [Thimm, 2018]. Al-
though each of these measures was proven to exhibit some
good behaviours tailed to some certain (often restricted) per-
spectives, it has been reported that different inconsistency
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measures may bring different (possibly incompatible) char-
acterizations of inconsistent knowledge bases [Grant and
Hunter, 2011]. Such a dilemma makes properties for char-
acterizing desirable inconsistency measures more necessary.

The set of basic properties presented by Hunter and
Konieczny [Hunter and Konieczny, 2006; Hunter and
Konieczny, 2008] provides a good starting point for charac-
terizing inconsistency measures. A number of variants of
this set have been proposed by adapting or revising some
ones of this set [Mu et al., 2011; Jabbour et al., 2014;
Jabbour et al., 2016; Besnard, 2014; Besnard, 2017]. The
property of Free Formula Independence, one of Hunter and
Konieczny’s basic properties, aims to capture an intuition that
formulas independent of inconsistency have no impact on the
assessment of inconsistency in a knowledge base. Here free
formulas of a knowledge base refer to ones that are not in-
volved in any minimal inconsistent subset (an inconsistent
subset without a proper inconsistent subset) of the knowledge
base. Then Free Formula Independence grasps the intuition
well in the context of inconsistency characterized by minimal
inconsistent subsets.

Characterizing inconsistency in terms of minimal incon-
sistent subsets provides a syntactic perspective to analyse
the inconsistency in a knowledge base. Besides this, atoms
assigned to non-classical truth values by some paraconsis-
tent models such as Belnap’s four-valued semantics [Bel-
nap, 1977; Arieli and Avron, 1998] and Priest’s LP,, se-
mantics [Priest, 1991] have been also used to characterize in-
consistency [Hunter and Konieczny, 2010; Ma et al., 2011].
However, the independence of free formulas from minimal
inconsistent subsets cannot ensure that the property of Free
Formula Independence is also appropriate for characteriz-
ing atom-centric inconsistency measures stemming from the
inconsistency characterization based on paraconsistent mod-
els [Hunter and Konieczny, 2010]. Here atom-centric incon-
sistency measures refer to ones that take into account the pro-
portion of the language involved in inconsistency [Hunter and
Konieczny, 2010]. Then the property of Free Formula Inde-
pendence has been weakened to characterize such situations
by replacing free formulas with safe formulas [Thimm, 2009;
Hunter and Konieczny, 2010].

On the other hand, it has been argued that the notion of
safe formula cannot cover the fautology, which is free from
inconsistency in intuition [Besnard, 2017]. Then an alterna-
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tive set of Hunter and Konieczny’s properties has been pre-
sented by Besnard, in which two postulates Tautology In-
dependence and Conjunct Independence together entail that
adding a formula safely consistent for a knowledge base to
that base has no impact on the inconsistency assessment of
that base [Besnard, 2017]. However, if we consider only the
formulas built upon atoms involved in a knowledge base, then
such a safely consistent formula for that base must be a tau-
tology, as shown in [Mu, 2019]. This implies that the term
of safely consistent formula is not general enough to cover
formulas free from inconsistency characterization.

In this paper, we propose an atom-centric characterization
of formulas that are independent of inconsistency in Priest’s
minimally inconsistent LP (Logic of Paradox) LP,, [Priest,
19911, which is one of the simple paraconsistent logics of-
ten used to exemplify the inconsistency characterization in
terms of paraconsistent semantics [Konieczny er al., 2003;
Hunter and Konieczny, 2010]. Inspired by the invariance of
minimal inconsistent subsets, we propose a new counterpart
of the notion of free formula in LP,,, which can cover the
tautology, the safe formula and the safely consistent formula.
But it cannot rule out some formulas not really free from min-
imal inconsistent subsets. That is, such a semantic character-
ization of independence may lead to some undesired result in
syntactic aspect. Then we enhance the counterpart and pro-
pose a notion of Bi-free formula, which is used to capture
formulas that are independent of both syntactic and atom-
centric inconsistency characterizations in the framework of
Priest’s minimally inconsistent LP. Moreover, we show that
our counterparts are more general than the other alternatives
of free formulas. Finally, the corresponding counterparts of
the property of Free Formula Independence are also given.

The rest of this paper is organized as follows. In Section
2, we introduce some necessary notions about inconsistency
characterization and alternatives of the property of Free For-
mula Independence. In Section 3, we propose the notion of
B-atom-free formula, which is a counterpart of free formula
in Priest’s minimally inconsistent LP LP,,. In Section 4, we
propose the notion of Bi-free formula, which is appropriate
for characterizing formulas free from both syntactic and se-
mantic inconsistency characterizations in the framework of
Priest’s LP,,,. Finally, we conclude this paper in Section 5.

2 Preliminaries

Let P be a finite set of propositional atoms and £ a proposi-
tional language built from P and two propositional constants
T (true) and L (false) under connectives {—, A, V}. We use
a, b, ¢, - - - to denote propositional atoms, and «, 3, 7y, - - - to
denote propositional formulas. In addition, we use &« = T to
denote that « is a tautology.

A knowledge base K 1is a finite set of propositional formu-
las. We use At(K) to denote the set of atoms appearing in
formulas of K.

We use K + | (resp. K I/ 1) to denote that a knowledge
base K is inconsistent (resp. consistent). We use MZ(K) to
denote the set of all the minimal inconsistent subsets of K.
A formula in K is called a free formula if this formula does
not belong to any minimal inconsistent subset of K. We use
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FF(K) to denote the set of free formulas of K.

The LP,,, model [Priest, 1991] of knowledge bases is given
in the framework of Priest’s Logic of Paradox (Priest’s LP
for short) [Priest, 19791, which provides three-valued models
for knowledge bases by expanding the classical truth values
{T,F}totheset {T,F,{T,F}}, in which the third truth value
{T,F} (abbreviated as B ) is considered intuitively as both
true and false [Priest, 1991]. Here we use the following con-
cepts about the LP,,, model used in [Hunter and Konieczny,
2010]. An interpretation w for LP,,, models maps each atom
to one of the three truth values T, F, B such that

cw(M =T, w(l)=F,
* w(—a) =Biffw(a) =B, w(—a) = Tiffw(a) =F,
* w(aAB) =min {w(a),w(B)},
* w(aV ) =max< {w(a),w(B)},
where F <; B <; T. Then the set of models of a formula « is

defined as Modp () = {w|w(a) € {T, B}}. Further, the set
of models of a knowledge base K is defined as

Modip(K) = {w|w € Mod p(«) forall « € K}.

Let w be a model of K, then we use w!(K) to denote the
set of propositional variables of K assigned to B by w. Based
on w!(K), we call a model w of K a minimal (inconsistent)
model of K if there isnow’ € Mod_p(K) such thatw'!(K) C
w!(K). We use MinMod, p(K) to denote the set of minimal
models of K. Essentially, each w € MinMod_p(K) is one
of the “most classical” models of K, and w!(K) describes a
minimal set of atoms that have to be assigned to B by w. We
call the elements of w!(K) the B-atoms of w w.r.t. K ifwis a
minimal model of K. From now on, we use B(w) to denote
the set of B-atoms of the minimal model w.

The property of Free Formula Independence, one of Hunter
and Konieczny’s basic properties for characterizing desirable
inconsistency measures, is to capture the intuition that for-
mulas free from inconsistency of a knowledge base have no
impact on the evaluation of the inconsistency of that base.
Let I be an inconsistency measure for knowledge bases, then
Free Formula Independence can be given as follows:

e If a € FF(K U{a}), then I(K U {a}) = I(K).

It has been reported that not all the free formulas are
free from the inconsistency in other contexts of inconsis-
tency characterization [Hunter and Konieczny, 2010]. Then
a weaker alternative of Free Formula Independence, called
Safe Formula Independence, has been proposed to accommo-
date such cases [Hunter and Konieczny, 2010]:

* Safe Formula Independence: If « is a safe formula of
K U{a}, then (K U{a}) = I(K).
Here a formula o € K is called a safe formula if o t/ L
and At({a}) N At(K \ {a}) = 0 [Hunter and Konieczny,
2010; Thimm, 2017]. A safe formula is a special kind of free
formula.

However, Besnard has argued that the term safe for-
mula cannot cover tautologies, and then this weaker version
does not entail the following property of Tautology Indepen-
dence [Besnard, 2017], which is a straightforward conse-
quence of Free Formula Independence:
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* Tautology Independence: If « = T, then I(K U {a}) =
I(K).

Then the property of Free Formula Independence is re-
placed by Tautology Independence, together with the follow-
ing property of Conjunct Independence [Besnard, 2017]:

e Conjunct Independence: fa AN ¢ K, € K, and « is
safely consistent for K U {5}, then I(K U{a A 8}) =
I(KU{B}).

Moreover, it has been shown that Tautology Independence
and Conjunct Independence together entails that I(K U
{a}) = I(K) if « is safely consistent for K [Besnard, 2017].

Here a formula « is safely consistent for K (a safely con-
sistent formula of K U {«} for short in this paper) if there
exists a substitution o such that o« is a tautology and oca = a
for all a € At(K), but either cb =borob= Lorob=T
forall b € At({a}) \ At(K) [Besnard, 2017]. It has been
shown that the term safely consistent formula can cover safe
formulas, that is, if « is a safe formula for K U {a}, then « is
safely consistent for K [Besnard, 2017].

3 The B-Atom-Free Formula

The safely consistent formula is more general than the safe
formula. It covers the tautology as well. However, as shown
in [Mu, 2019], if a safely consistent formula of a knowledge
base has no atom different from ones of other formulas, then
it must be a tautology. This implies that the notion of safely
consistent formula is not general enough to capture the for-
mula free from inconsistency in Priest’s LP,.

In this section, we focus on characterizing formulas free
from inconsistency in the framework of Priest’s LP,,. We
start with the following characterization of the role of free
formulas in terms of invariance of minimal inconsistent sub-
sets. Let K be a knowledge base and o € K. Then

* a € FF(K)if and only if MZ(K) = MZ(K \ {a}).

This characterization inspires us to characterize the formu-
las free from inconsistency in the framework of Priest’s LP,
using the invariance of inconsistency characterization. In-
tuitively, for each minimal model of K, the B-atoms B(w)
of w wrt. K are exactly ones that have to be considered
contradictory when we give a definitely true or false value
to other atoms. We use BA(K) to denote the set of all B-
atoms of minimal models of K, i.e., BA(K) = {B(w)|w €
MinMod, p(K)}. Then BA(K) can be considered as a char-
acterization of inconsistency in K from an atom-centric per-
spective.

To capture the invariance of inconsistency characterization
in the framework of Priest’s LP,,, we give the following
counterpart of the notion of free formula.

Definition 1. Let K be a knowledge base and oo € K. Then
we call o a B-atom-free formula of K if BA(K) = BA(K \
{a}).

Essentially, the independence of the B-atom-free formula
of inconsistency characterization stems from the invariance
of the set of B-atoms in Priest’s LP,,. In this sense, the notion
of B-atom-free formula captures the underlying idea of free
formula.
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The following proposition shows that the notion of B-
atom-free formula can cover the tautology, the safe formula,
and safely consistent formulas.

Proposition 1. Let K be a knowledge base and o € K.
(1) If a = T, then « is a B-atom-free formula of K.

(2) If a is a safe formula, then « is a B-atom-free formula
of K.

(3) If «is safely consistent for K \ {a}, then « is a B-atom-
free formula of K.

The complete proofs of this and subsequent propositions
can be found in [Mu, 2019].

On the other hand, the term of B-atom-free formula strictly
covers the safely consistent formula. To illustrate this, Con-
sider K1 = {a,—a A b,b A c}. Note that b A ¢ is the unique
B-atom-free formula of K. However, b A c is neither a safe
formula of K7 nor a safely consistent formula of K.

Now we are ready to replace the property of Free Formula
Independence with the following property:

e B-atom-free Formula Independence: If « is a B-atom-
free formula of K, then I(K \ {a}) = I(K).

Then we can get the following results from Proposition 1:

* Assuming B-atom-free Formula Independence entails
Tautology Independence and Safe Formula Indepen-
dence.

* Assuming B-atom-free Formula Independence entails
that (K U {a}) = I(K) if « is safely consistent for
K.

e Assuming B-atom-free Formula Independence and
I(KU{«a,B}) = I(KU{aAB}) entail Conjunct Inde-
pendence.

However, w is a model of K U {«, 8} if and only if w is a
model of KU{aAS8}. This implies that for any inconsistency
measure I based on LP,, models, it holds that (K U {a A

p}) = I(K U{a, B}).

4 Bi-Free Formulas

The invariance of inconsistency characterization in terms of
minimal models cannot ensure that a B-atom-free formula
must be a free formula. To illustrate this, consider Ky =
{a,—a,—aVb,—b}. Both —a Vb and —b are B-atom-free for-
mulas of K5. But, neither —a V b nor —b is a free formula of
K.

On the other hand, not all the free formulas of a knowledge
base are really independent of B-atoms in the framework of
Priest’s LP,,. To illustrate this, consider K3 = {a A —a A
b, —b}. Note that —b is a unique free formula of K3, but —b
is not a B-atom-free formula of k3. We also need to exclude
such a type of free formulas from free formulas.

However, we can characterize the free formulas that are
not really independent of inconsistency characterization by
the notion of false B-independent formula.

Definition 2. Let K be a knowledge base and a a free for-
mula of K. We call « a false B-independent formula of K if
3S C K s.t. S L and BA(S) # BA(S U {a}).
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We propose a notion of Bi-free formula to describe formu-
las that are free from inconsistency characterization in both
syntax and paraconsistent semantics.

Definition 3. Let K be a knowledge base and o € K. Then
we call a a Bi-free formula of K if forall S C K s.t. a € S,
it holds that BA(S) = BA(S \ {a}).

Note that for any M € MZ(K), BA(M) # BA(M \
{a}) = 0 for all « € M. Then all the Bi-free formulas
are free formulas. However, the following proposition shows
that the notion of Bi-free formula can exclude the false B-
independent formula.

Proposition 2. Let K be a knowledge base and o a Bi-free
formula of K. Then « is not a false B-independent formula
of K.

Interestingly, we show that if « is a Bi-free formula, then
« is a both B-atom-free and free formula.

Proposition 3. Let K be a knowledge base and o € K. If o
is a Bi-free formula of K, then BA(K) = BA(K \ {«a}) and
MI(K) = MI(K\ {a}).

Moreover, we have a more interesting characterization of

Bi-free formulas in the case that for any false B-independent
formula o of K, it holds that BA(K') # BA(K \ {a}).

Proposition 4. Let K be a knowledge base such that
BA(K) # BA(K \ {B}) for any false B-independent for-
mula B. Then o € K is a Bi-free formula of K if and only if
BA(K) = BA(K \ {a}) and MI(K) = MI(K \ {a}).

The following proposition shows that the notion of Bi-free
formula can cover the tautology, the safe formula, and safely
consistent formulas.

Proposition 5. Let K be a knowledge base and o € K.
(1) If « is a tautology, then « is a Bi-free formula.
(2) If a is a safe formula, then « is a Bi-free formula.

(3) If v is safely consistent for K \ {a}, then « is a Bi-free
formula of K.

On the other hand, the notion of Bi-free formula also
strictly covers that of safely consistent formula. To illustrate
this, consider K; = {a,—-a A b,b A ¢} again. Then b A ¢
is a unique Bi-free formula of K;. But b A c is not safely
consistent for {a, —a A b}.

We use BZFF(K), BAFF(K), FBF(K), SCF(K),
SF(K), and T (K) to denote the sets of Bi-free formulas,
B-atom-free formulas, false B-independent formulas, safely
consistent formulas, safe formulas, and tautologies of K, re-
spectively. In summary, we obtain the following results:

1. BIFF(K) C BAFF(K) N FF(K), in particular,
BIFF(K) = BAFF(K) N FF(K) in the case that
BA(K) # BA(K \ {B}) for any false B-independent
formula 5.

2. FBF(K) C FF(K)\ BAFF(K), in particular,
FBF(K) = FF(K) \ BAFF(K) in the case that
BA(K) # BA(K \ {8}) for any false B-independent
formula .

3. SCF(K) C BIFF(K), and it holds that SCF(K) C
BIFF(K) for some K.
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4. SF(K)UT(K) C SCF(K).

Now we provide another alternative of the property of Free
Formula Independence, which is appropriate for describing
measures from both syntax and paraconsistent semantics.

* Bi-free Formula Independence: If « is a Bi-free formula
of K, then I(K \ {a}) = I(K).
Evidently, we can get the following results.

* Assuming Bi-free Formula Independence entails Tautol-
ogy Independence and Safe Formula Independence.

* Assuming Bi-free Formula Independence entails that
I(K U{a}) = I(K) if « is safely consistent for K.

* Assuming Bi-free Formula Independence and I(K U
{a,8}) = I(K U {«a A B}) entail Conjunct Indepen-
dence.

Lastly, let us consider the measure Ir,p,, [Hunter and
Konieczny, 2010], one of measures often used to ex-
emplify atom-centric inconsistency measuring, which sat-
isfies all the Hunter and Konieczny’s properties except
Free Formula Independence [Hunter and Konieczny, 2010].
We have shown that I;p_ satisfies B-atom-free Formula
Independence and Bi-free Formula Independence [Mu,

2019]. In addition, we construct a bi-measure I%(K) =

VI;(K))2+ (ILp, (K))? to capture the inconsistency
from an integrated perspective, where /¢ is a normalized
formula-centric measure. Moreover, the inconsistency mea-

sure | 1{3’ satisfies Bi-free Formula Independence, if Iy sat-
isfies Free Formula Independence. For example, it has
been shown that the formula-centric inconsistency measure
I [Mu, 2015] satisfies Free Formula Independence [Mu,
2018]. Then we can construct such a bi-measure [# (K) =

V(1 — e~ 1ar(E))2 4 (I p (K))2 based on I, (K).

5 Conclusion

Formulas Independent of inconsistency are of interest to
analysing and measuring inconsistency. The free formula
has been considered as such a kind of formulas. However,
not all the free formulas are independent of the inconsistency
when the inconsistency is characterized by some paraconsis-
tent models.

In this paper, we have identified formulas independent of
inconsistency in the framework of Priest’s minimally incon-
sistent LP LP,,. The B-atom-free formula, as a counterpart of
free formula, has been proposed based on the invariance of in-
consistency characterization. Just as the case of free formula,
the B-atom-free formula covers some formulas not indepen-
dent of inconsistency in syntactic characterization. Then we
proposed the notion of Bi-free formula, which exactly cov-
ers formulas independent of inconsistency in both formula-
centric and atom-centric characterizations. Two correspond-
ing alternatives of the property of Free Formula Independence
have been also proposed.
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