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Abstract

make progress [Wilt and Ruml, 2012]. In greedy best-first
search (GBFS), a popular algorithm for satisficing planning
that provides no solution-quality guarantees, a recent line of
work has considered using non-greedy, randomized exploration to overcome UHRs. For example, Type-based exploration in GBFS [Xie et al., 2014], that utilizes type systems
to explore the state space, was adopted by state-of-the-art satisficing planners (e.g., FD stone soup 2018 [Seipp and Röger,
2018]). However, such techniques cannot be directly applied
to WA* without losing the solution-quality guarantees.
In this work, we extend type-based exploration to support
bounded suboptimal planning by restricting the exploration to
the focal list. We present Type-WA*, a novel planning algorithm that augments WA* with type-based focal exploration,
while still satisfying WA*’s theoretical solution-quality guarantee. To the best of our knowledge, this is the first algorithm
that uses non-greedy, randomized exploration while still being bounded suboptimal. Our contributions are as follows:

Previous work on satisficing planning using greedy
best-first search (GBFS) has shown that nongreedy, randomized exploration can help escape
uninformative heuristic regions and solve hard
problems faster. Despite their success when used
with GBFS, such exploration techniques cannot
be directly applied to bounded suboptimal algorithms like Weighted A* (WA*) without losing
the solution-quality guarantees. In this work, we
present Type-WA*, a novel bounded suboptimal
planning algorithm that augments WA* with typebased exploration while still satisfying WA*’s theoretical solution-quality guarantee. Our empirical analysis shows that Type-WA* significantly increases the number of solved problems, when used
in conjunction with each of three popular heuristics. Our analysis also provides insight into the runtime vs. solution cost trade-off.

1

1. We introduce Type-WA* and prove it is w-admissible.
2. We present an extensive empirical analysis of Type-WA*
across domains, heuristic functions, and weights. This
analysis shows that Type-WA* significantly outperforms
WA* in terms of runtime and the number of instances
solved in given time and memory limits.

Introduction

Optimal planning algorithms, such as A*, are guaranteed to
return optimal solutions, but they do so at the expense of
high runtime and memory requirements. Most practical applications dispense with optimality guarantees, often favoring bounded suboptimal algorithms which generally have far
more modest runtime and memory requirements, while also
providing quantifiable quality guarantees.
The most popular bounded suboptimal planning algorithm
is Weighted A* (WA*) [Pohl, 1970]. WA* and its variants
have been used in a wide range of applications including
BDD minimization [Ebendt and Drechsler, 2009] and path
planning [Bono et al., 2019; Zeng et al., 2015]. They have
also been extensively used in robotics applications [e.g., Vernaza et al.,2009; Cohen et al., 2014]. WA* is also a key
component in anytime algorithms such as Anytime Restarting Weighted A* [Richter et al., 2010] and Anytime Repairing A* [Likhachev et al., 2003], and is often used in domainindependent planning systems such as LAMA [Richter and
Westphal, 2010] and FD stone soup [Helmert et al., 2011].
Despite its broad adoption, WA*’s performance often degrades in uninformative heuristic regions (UHRs), where the
heuristic does not provide useful guidance regarding how to
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3. We discuss how Type-WA* can avoid pathological deficiencies exhibited by WA*. In particular, we identify
that Type-WA* can overcome the problem of performance degradation for larger weights [Wilt and Ruml,
2012] exhibited by WA* in some domains.
4. We show how the level of exploration in Type-WA* can
be controlled and we empirically analyze the impact that
doing so has on solution quality.

2

Background

A search problem is a tuple hG(V, E), si , T i. G is a finite
directed graph called the state space, with states or vertices
V and edges E. si ∈ V is the initial state, and T ⊆ V
is the set of goal states. We use (s, s0 ) to denote an edge
from s to s0 , and successors(s) to denote the set of states
{s0 | (s, s0 ) ∈ E}. The objective is to find a solution path, a
sequence of states hs0 , ..., sn−1 i such that s0 = si , sn−1 ∈ T
and sj ∈ successors(sj−1 ) ∀j ∈ [1..n−1].
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A cost function c : E → R≥0 assigns a cost to each
edge. The cost of a path is the sum of the edges along
that path. A bounded suboptimal problem is then given by
hG(V, E), si , T, c, wi, where w ≥ 1. The objective is to find
a solution path with a cost of no more than wC ∗ , where C ∗
is the cost of an optimal solution path (i.e., one with lowest
cost)1 . Such solutions are said to be w-admissible. If every
solution returned by an algorithm satisfies such a requirement
for a given w, that algorithm is also said to be w-admissible.
A node n is given by a state s and a path from si to s. This
path is often stored implicitly using a parent pointer pred(n),
which points to the previous node along the path. The g-cost
of node n, denoted g(n), is the cost of this path. We also use
g ∗ (n) for the cost of the optimal path from si to s, and h∗ (n)
for the cost of the optimal path from s to a state in T .

2.1

Heuristic Search Algorithms

Many classical algorithms search for a solution by iteratively generating partial paths of nodes until one is found
that reaches a goal. We assume the reader’s familiarity with
the use of open and closed lists of nodes, whereby nodes on
the open list are selected, expanded, and moved to the closed
list2 . These algorithms differ in the policy they use to select
nodes from the open list on every iteration. For example, bestfirst search (BFS) algorithms use some evaluation function Φ
from the set of nodes to R to define this policy. In particular,
on every iteration, a BFS algorithm selects the node from the
open list with the lowest value according to Φ.
Many BFS algorithms use a heuristic function h to define
this evaluation function. For example, the A∗ algorithm uses
Φ(n) = f (n) = g(n) + h(n). We refer to f (n) as the f -cost
of a node. In contrast, the Weighted A∗ (WA∗ ) algorithm uses
the evaluation function Φ(n) = fw (n) = g(n) + wh(n),
where w ≥ 1 is a user-defined parameter called a weight
[Pohl, 1970]. Notably, WA* is w-admissible if the heuristic
is admissible, i.e., if h(n) ≤ h∗ (n) for any node n.
Focal search algorithms [Pearl and Kim, 1982] are an alternative to BFS algorithms. For the node selection step, these
algorithms use a heuristic h to first identify fmin , which is the
minimum value of f -cost of all nodes in the open list. Next,
these algorithms construct the focal list, which is a subset of
the open list defined as follows:
F OCAL = {n ∈ OP EN | f (n) ≤ w · fmin }.

(1)

Finally, a single node is selected for expansion from FOCAL,
using some other policy. The first focal search algorithm, A∗
[Pearl and Kim, 1982], selects nodes in FOCAL according
to some secondary, potentially inadmissible, heuristic. Other
focal search algorithms, like EES [Thayer and Ruml, 2011],
use a more sophisticated policy for selecting nodes.

2.2

with the lowest h-cost in the open list. Doing so generally
speeds up the search for solutions, though there are no general guarantees on the quality of solutions found.
Due to the way it exploits the heuristic function, GBFS can
be easily led astray by misleading heuristics. For example,
the search can often become “stuck” in uninformative heuristic regions (UHRs) of the state space, in which the heuristic
does not provide guidance regarding how to make progress.
To alleviate this effect, a variety of methods that use random exploration [Valenzano et al., 2014; Xie et al., 2014;
Imai and Kishimoto, 2011; Asai and Fukunaga, 2017] have
been proposed. These methods use some form of random
sampling when selecting nodes for expansion, to encourage
the algorithm to occasionally go against the advice of the
heuristic. Type-GBFS [Xie et al., 2014], which is our focus,
bases its approach for random sampling on a type system:
Definition 1 (Type System [Lelis et al., 2013]). Let N be the
set of nodes in a search space. T = {t1 , . . . , tn } is a type
system for N if T is a disjoint partitioning of N . For every
node n ∈ N , T (n) denotes the unique t ∈ T for n.
For example, the (h, g) type system introduced in the original Type-GBFS paper will put two nodes n and n0 in the same
partition if and only if h(n) = h(n0 ) and g(n) = g(n0 ).
When selecting a node for expansion, Type-GBFS alternates between selecting the node with the lowest heuristic
value (i.e., the same node as selected by GBFS), and selecting
a node by random sampling as follows. First, the nodes in the
open list are grouped by their type. Next, a type ti is selected
uniformly at random from those that are non-empty after this
grouping. Finally, a node is selected uniformly from amongst
those in the open list that are of type ti .
The intuition behind Type-GBFS is to encourage the exploratory node selections to better cover the state space. For
example, when most of the open list is dominated by nodes
from one region of the state space (i.e., a “bad” subtree or
UHR), exploration methods which uniformly sample nodes
from the open list (e.g., -greedy node selection [Valenzano
et al., 2014]) are likely to select nodes from that same region.
In contrast, if the type system groups many of the states in
that dominant region together, there is a better chance that
Type-GBFS will sample nodes outside of the UHR [Xie et
al., 2014].
There are a variety of other methods for introducing random exploration to GBFS (cf. [Imai and Kishimoto, 2011;
Asai and Fukunaga, 2017]). Though we omit a full description of these methods, we note that they can be used in the
bounded suboptimal setting using similar approaches to those
described in the next section.

3

GBFS and Random Exploration

Greedy Best-First Search (GBFS) is a BFS algorithm that
uses Φ(n) = h(n). Thus, GBFS always expands the node
1
Other forms of solution-quality requirements can also be defined [Valenzano et al., 2013]. While our approach is applicable for
many of them, we focus on w-admissibility for the sake of clarity.
2
In this work, we assume that nodes on the closed list are reopened whenever a shorter path to them is found.
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WA* with Type-Based Focal Exploration

To motivate our approach, we start by demonstrating that
UHRs are also a problem for WA*. Consider an instance
of NoMystery with 14 packages and 14 locations, which is
solved by WA* with w = 3 using the admissible landmark
count heuristic [Karpas and Domshlak, 2009] in approximately 36 minutes. Figure 1 shows the distribution of fw
values in the open list after 50K, 100K, 500K, and 1M expansions (note the log-scaled y-axis). The dashed line marks
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Figure 1: Distribution of fw values in the WA* open list at different
time points. The problem instance is from the NoMystery domain.

the fw value of the next solution node according to the solution that is returned, eventually, by WA*. We see that the
overwhelming majority of nodes in the open list have lower
fw value compared to the solution node. This distribution
indicates a large UHR that will have to be exhausted before
the solution node is expanded. We hypothesize that in many
domains, such UHRs account for significant difficulty.
As discussed above, several works have used exploration as
a way to alleviate the effect of large UHRs. Although these
methods cannot be applied directly to WA* while guaranteeing w-admissibility, in the remainder of the section we identify an approach for augmenting WA* with exploration while
still maintaining bounded suboptimality.

3.1

The Type-WA* Algorithm

Motivated by the above analysis, we propose Type-WA* (or
TWA* for short), a novel bounded suboptimal planning algorithm that augments WA* with type-based exploration in the
focal list. Algorithm 1 shows a pseudocode for the proposed
approach. It alternates between expanding nodes based on fw
(as in WA*) and expanding a random node from the focal list
using type-based exploration. By constraining the type-based
exploration to the focal, Type-WA* is guaranteed to find solutions that are w-admissible, as shown in Theorem 1.
Theorem 1 (Bounded Suboptimality). If Type-WA* returns a
solution for a weight w and admissible heuristic h, then the
solution is w-admissible.
Proof Sketch. Type-WA* always expands a node n that is either (a) the open node with the lowest fw value (i.e., the
weighted A* selection criterion) or; (b) a node from the focal
list.
If an algorithm only expands nodes from the focal list computed for admissible heuristic h and weight w, it is guaranteed
to return a w-admissible solution. Since Ebendt and Drechsler [2009] showed that expanding the lowest fw value (as
in WA*) is guaranteed to be in FOCAL, Type-WA* only expands nodes that are in FOCAL.
We note that any of the other methods for inducing exploration can also be used in a bounded suboptimal search, if that
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1: function T YPE -WA*(nI , h, w, T )
2:
g(nI ) = 0, pred(nI ) = N ON E
3:
OPEN ← {nI }, CLOSED ← {}, step ← 1
4:
while OPEN =
6 ∅ do
5:
if step is odd then
. Weighted A* step
6:
n ← arg minn∈OPEN fw (n) = g(n) + wh(n)
7:
else
. Type-based focal exploration step
8:
FOCAL = {n | n ∈ OPEN, f (n) ≤ w · fmin }
9:
t ← randomly-selected, non-empty type from T
10:
n ← randomly selected FOCAL node in type t
11:
if n is a goal then
12:
return path to n
13:
for nc ∈ successors(n) do
14:
if nc 6∈ OPEN ∪ CLOSED then
. New state
15:
g(nc ) = g(n) + c(n, nc )
16:
pred(nc ) ← n
17:
OPEN = OPEN ∪ {nc }
18:
else if g(n) + c(n, nc ) < g(nc ) then
19:
. Found lower-cost path
20:
g(nc ) = g(n) + c(n, nc )
21:
pred(nc ) ← n
22:
if nc ∈ CLOSED then
. Reopen node
23:
CLOSED ← CLOSED − {nc }
24:
OPEN ← OPEN ∪ {nc }
25:
CLOSED ← CLOSED ∪ {n}
26:
step = step + 1
27:
return ∅

exploration is similarly restricted to the focal list. We leave a
full examination of such methods as future work.
Implementation Details
In practice, focal search algorithms maintain multiple data
structures to allow for the incremental tracking of fmin and
the contents of the focal list. For Type-WA*, we also need to
maintain a grouping of nodes by types. We use the following approach, which is suitable when the type system satisfies the property that for any two nodes n and n0 for which
f (n) 6= f (n0 ), n and n0 are in different types. We note
that this is satisfied by the (h, g) type system used below, and
other common type systems like (f ).
First, we maintain an open list ordered by fw , to allow easy
access for the WA*-like expansions. For the focal list, we
store a bucket of nodes for each type. Since all nodes in the
same bucket have the same f -cost, we can sort the buckets
by f -cost. Doing so allows for an easy calculation of fmin ,
wfmin , and thereby the set of buckets corresponding to nodes
in the focal list. For an exploration expansion, we then simply randomly select one of the buckets in this set, and then
randomly return a node in the selected bucket.
The open list ordered by fw and the type buckets are not
synchronized, and some nodes in them may already be closed.
We simply ignore these nodes if they are selected for expansion. But we do need to maintain fmin accurately, since underestimating its true value can restrict the focal list and consequently the amount of exploration. Therefore, before selecting a node for an exploratory expansion, we remove nodes
from the lowest f -cost bucket until we find one that is open.
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Figure 2: Results for 100 random Blocksworld problem instances (note the log-scaled axes; the dotted lines represent timeout).
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Figure 3: Results for 100 random NoMystery problem instances (note the log-scaled axes; the dotted lines represent timeout).

4

Empirical Analysis

In this section, we present an empirical analysis of TypeWA*. We start by analyzing its performance on two wellknown benchmark domains: Blocksworld and NoMystery.
Then, we present an extensive evaluation on problem instances from the International Planning Competition (IPC).
We tested with three different admissible heuristics: the
merge-and-shrink heuristic (hM S ) [Helmert et al., 2014], the
admissible variant of the landmark count heuristic (hLM )
[Karpas and Domshlak, 2009], and the landmark cut heuristic (hLC ) [Helmert and Domshlak, 2009]. In all experiments
we use a time limit of 10 minutes and a memory limit of 4GB.
Experiments are conducted with the type system (h, g). Since
Type-WA* is a stochastic algorithm, the reported coverage
(i.e., the number of instances solved in the time and memory
limits) for Type-WA* is averaged over 5 runs.
We implemented Type-WA* in the Fast Downward planner
[Helmert, 2006], and validated plans using VAL [Howey et
al., 2004]. To maintain integer f values, we round down the
weighted heuristic value in experiments that use fractional w,
fw (n) = g(n)+bw · h(n)c. We run experiments on an AMD
Ryzen Threadripper 2990WX.

4.1

Performance on Blocksworld Instances

We consider a set of 100 random instances of the 4-operator
Blocksworld problem with 15 blocks. Figure 2a (Figure
2b) compares the search time (expanded nodes) of WA* and
Type-WA* for w = 2 using hLM . Points under the diagonal
correspond to problems that were solved faster using TypeWA* and vice versa. For problems that were relatively easy
for WA*, there is no significant difference with and without exploration. However, for problems that were relatively
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hard for WA* (e.g., problems that took more than 10 seconds), Type-WA* significantly outperforms WA* and manages to reduce the solution time and number of node expansions by up to several order of magnitudes. Specifically, while
WA* only solved 87 instances in the time limit, Type-WA*
solved an average of 99.8 instances. In experiments with
a lower weight of 1.5, WA* solved only 74 instances while
Type-WA* solved 92 instances. In experiments with a higher
weight, w = 3, WA* solved 98 instances while Type-WA*
solved all 100 instances. While Figures 2a and 2b are based
on a single run of Type-WA*, repeated runs yielded similar
trends. The reported coverage is averaged over five runs.
hLC was found to be more effective for this problem, so we
experimented with smaller weights: w ∈ {1.3, 1.5, 2}. Figure 2c compares the solution time for w = 1.5 and shows a
similar pattern: the harder instances are solved faster with
Type-WA*, including 7 instances that were not solved by
WA*. Detailed results for hLM and hLC appear in Appendix
A3 . We note that results with hM S are omitted, since all methods performed poorly when using this heuristic.

4.2

Performance on NoMystery Instances

Next, we consider a set of 100 random instances of NoMystery with 14 packages and 14 locations. Figure 3a compares
WA* and Type-WA* for w = 2 using hM S . Similar to
Blocksworld, Type-WA* solves 7 problems WA* could not,
and solves the hardest instances significantly faster.
Typically, increasing w tends to make problems easier for
WA* at the cost of a weaker suboptimality bound. However,
in this domain, we find that increasing w actually makes the
problems harder for WA*. Figure 3b shows the results for the
3

All appendices appear in Cohen et al. [2021].
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Figure 4: Coverage over time for Type-WA* (dashed lines) and WA*
(solid line) on IPC problems.

for Type-WA* is averaged over five runs. We can see that, in
total, Type-WA* achieves significantly higher coverage compared to WA* for each of the heuristics. Furthermore, there
are some domains in which Type-WA* particularly outperforms WA* (e.g., agricola and tidybot for hM S ).
Figure 4 compares the coverage of WA* (solid line) and
Type-WA* (dashed line) over time. The figure shows that
in terms of coverage, Type-WA* dominates WA* at all time
points with all three heuristics. We note that the performance
pattern exhibited by hM S is due to the typically longer heuristic computation time that we limit to 100 seconds.

Table 1: Number of solved instances in IPC domains for w = 3.

higher weight w = 3. Now, we find 51 instances that could
not be solved by WA* in the time and memory limit. Interestingly, the increase in weight does not have a negative impact
on Type-WA*’s coverage, as it still solves all 100 instances.
Figure 3c provides a detailed report on the number of problems solved by WA* and Type-WA* for different weights and
heuristic functions (omitting hLC which performed poorly on
this domain). While increasing the weight seems to have
a very negative impact on WA*, it does not similarly affect
Type-WA*, which solves all 100 instances in all settings.
Wilt and Ruml [2012] analyzed WA* in domain-specific
heuristic search and showed that WA* performance can deteriorate when increasing w. This is because increasing w
makes the search increasingly greedy (i.e., increasingly based
on the heuristic h). As such, if h suffers from large UHRs,
increasing w can lead to degraded performance [Wilt and
Ruml, 2012]. While previous work [Valenzano et al., 2014;
Xie et al., 2014; Cohen and Beck, 2018] has shown that exploration can alleviate this issue when used with GBFS, our
work suggests that by augmenting WA* with exploration in
the focal list, we can successfully escape large UHRs while
still maintaining w-admissibility.

4.3

300

Results for Different w
We analyzed the coverage for hM S with w ∈ {2, 3, 10}.
Type-WA* significantly improved the coverage for all
weights and solved, on average, 60.2 more instances for
w = 2, 68 more instances for w = 3, and 70.8 more instances
for w = 10. A per-domain analysis appears in Appendix C.
Solution Cost and Exploration
To evaluate the impact of exploration on actual solution cost,
we normalized the cost of each solution found using the lowest cost solution found by any of the configurations (i.e.,
C/C best , where C is the cost of the obtained solution and
C best is the lowest cost solution found). Table 2 shows the average normalized cost for WA* and Type-WA* with hM S for
w ∈ {2, 3, 10}. Since the normalized cost is averaged only
over solved problems, we also report the number of solved
problems. The results are aggregated over all domains, however per-domain results appear in Appendix D.
The table shows that while Type-WA* solved a significantly higher number of problem instances, the solutions tend
to have higher cost (though the suboptimality bound is still
satisfied). These results suggest that Type-WA* makes use
of the allowed suboptimality in order to solve more problems in the time limit. To further test this hypothesis, we ran
Type-WA* with w = 10, while using a second lower weight,

Performance on IPC domains

We now evaluate our approach using problem instances from
the International Planning Competition (IPC). We consider
all the instances from the optimal track in IPC’18 and IPC’14
and compare the performance of WA* and Type-WA*. Table 1 shows the coverage for w = 3 when using the three
heuristics: hM S , hLM , and hLC . Recall that the coverage
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Cost
# Solved

w=2
WA* TWA*

w=3
WA* TWA*

w = 10
WA* TWA*

1.01
196

1.03
207

1.10
227

1.12
256.2

1.24
275.0

1.68
297.8

Table 2: Normalized cost and # of solved instances on IPC domains.

Proceedings of the Thirtieth International Joint Conference on Artificial Intelligence (IJCAI-21)

WA*
Cost
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Table 3: Normalized cost and # of solved instances for IPC domains.

g(n)

Figure 5: # of expanded nodes per type during exploration steps.

w̄ = 2, to construct the focal list.4 The results are reported
in Table 3, where, R-TWA* denotes Type-WA* with an open
list ordered by f (s) = g(s) + 10 · h(s) and a restricted focal
list that only contains nodes with f (s) ≤ 2 · fmin . We can see
that restricting the exploration leads to a lower cost compared
to standard Type-WA*, though fewer problems are solved.
Note that R-TWA* still solved significantly more problems
than WA*, while only incurring a minor increase in cost.
To account for this effect, we analyzed the nodes expanded
by Type-WA* for w = 2 vs. w = 10, on a IPC’14 floortile
instance when using hM S . Figure 5 shows heatmaps of the
number of nodes expanded by just the exploration steps for
each (h, g) type during the first 50,000 expansions. We see
that increasing w leads to a larger variation in explored types.
This helps explain the gain in coverage as exploring more
types may overcome UHRs and help find solutions faster. It
also explains the decrease in solution quality, since the additional types being explored often have higher g-cost and
thus lead to lower quality solutions. Note that R-TWA* with
w = 10 and w̄ = 2 exhibits similar exploration patterns to
Type-WA* with w = 2, which accounts for the lower coverage and higher solution quality.
Results for Pure Type-based Focal Exploration
We also analyzed the performance of a search that uses only
type-based focal exploration and we report the results in Appendix E. We find that pure type-based focal exploration
performs well and even outperforms WA* in some settings.
Still, Type-WA* significantly outperforms both WA* and
pure type-based focal exploration.
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Discussion and Future Work
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Conclusion

In this work, we presented the first bounded suboptimal planning algorithm that incorporates random exploration in the
search. Our approach, Type-WA*, augments WA* with typebased exploration in the focal list, yielding solutions that
satisfy the theoretical bound of WA*. We perform extensive empirical analysis across different domains, heuristics,
and weights. We show that Type-WA* achieves significantly
higher coverage than WA* and is less sensitive to UHRs. We
provide insight into the impact of exploration and the runtime
vs. solution cost trade-off. Our work demonstrates the potential of using exploration in bounded suboptimal planning and
identifies several promising directions for future work.
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