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Abstract
We present an almost optimal algorithm for the
classic Chamberlin-Courant multiwinner voting
rule (CC) on single-peaked preference profiles.
Given n voters and m candidates, it runs in almost
linear time in the input size improving the previous
best O(nm2) time algorithm. We also study mul-
tiwinner voting rules on nearly single-peaked pref-
erence profiles in terms of the candidate-deletion
operation. We show a polynomial-time algorithm
for CC where a given candidate-deletion set D has
logarithmic size. Actually, our algorithm runs in
2|D| · poly(n,m) time and the base of the power
cannot be improved under the Strong Exponential
Time Hypothesis. We also adapt these results to
all non-constant Thiele rules which generalize CC
with approval ballots.

1 Introduction
We study computational aspects of the Chamberlin-Courant
voting rule (CC) [Chamberlin and Courant, 1983] with gen-
eral misrepresentation function and the Thiele rules [Thiele,
1895] in which we choose a committee of size k such that
the total utility of the voters is maximized. In the case
of CC, the utility of a voter from a committee is deter-
mined by the most preferred committee member. In the case
of a w-Thiele rule, parameterized by a non-increasing se-
quence w = (w1, w2, . . . ), the utility of a voter is equal to
w1 + w2 + · · · + wx, where x is the number of committee
members approved by the voter.

CC and Thiele rules are basic multiwinner voting rules
studied in social choice theory and, in particular, in the com-
putational social choice community [Faliszewski et al., 2017;
Brill et al., 2018]. They were discussed broadly for their
applications, not only in parliamentary elections but also in
many scenarios when a group of agents has to pick some
number of items for joint use [Skowron et al., 2016].

Unfortunately, computing an optimal committee under CC
is already NP-hard for the case of approval ballots, i.e., when
each voter gives a subset of approved candidates [Procaccia et

∗Part of this work was done while Krzysztof was a postdoc at
MIT CSAIL, USA.

al., 2008]. This special case is called Approval Chamberlin-
Courant (Approval-CC) and it was considered by Procaccia
et al. [2008] as a minimization problem. Its maximization
version is equivalent to the well-known MAX k-COVERAGE
problem for which many hardness results have been shown
[Skowron and Faliszewski, 2017]. In particular, MAX k-
COVERAGE is NP-hard to approximate within (1− 1/e+ ε)
factor for any ε > 0 [Feige, 1998].

Notice that Approval-CC is equivalent to the (1, 0, . . . )-
Thiele rule, so all these hardness results for Approval-CC
hold for this basic Thiele rule as well. One may consider
other w-Thiele rules with specific w, e.g., w-Thiele rule with
wi = 1/i which is equivalent to the well-known Proportional
Approval Voting [Kilgour, 2010]. Notice that (1, 1, . . . )-
Thiele is equivalent to Multiwinner Approval Voting [Aziz et
al., 2015], which is solvable in polynomial-time. All the other
ones1 are NP-hard [Skowron et al., 2016, Theorem 5].

Analogously to MAX k-COVERAGE, hardness of approxi-
mation results hold for the natural class of w sequences such
that partial sums of w grows in a sublinear way, where a
hardness constant depends strictly on w [Dudycz et al., 2020;
Barman et al., 2021].

Because of the hardness of CC and Thiele rules, both
rules were studied in restricted domains, i.e., on preference
profiles with certain structures, e.g., single-peaked (SP) and
single-crossing (SC). For a survey on structured preferences,
see [Elkind et al., 2017b]. Such restricted domains are mo-
tivated by real-world elections. For instance, SP preference
profiles appear when, intuitively, the candidates can be placed
on an one-dimensional axis, and the farther away a candidate
is from a voter’s favorite candidate the more the voter dislikes
the candidate. Examples of such SP-axis are different policies
in an ideological spectrum: the Left vs the Right, more liberal
vs more conservative etc.

Fortunately, CC and Thiele rules on SP domain (CC-SP
and Thiele-SP respectively) are known to be polynomial-time
solvable [Betzler et al., 2013; Peters, 2018]. However, the dy-
namic programming algorithm for CC-SP proposed by Bet-
zler et al. [2013] is not optimal in terms of running time. We
fill this gap by showing an almost optimal algorithm and we
study polynomial-time solvability for nearly single-peaked
preference profiles for CC and Thiele rules.

1We assume w1 = 1 without loss of generality.
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1.1 Our Contribution
The previous best running time for CC-SP was O(nm2) [Bet-
zler et al., 2013]. We improve it by presenting an al-
most linear time algorithm (up to subpolynomial factors)
in Theorem 6. To achieve this result we reduce our prob-
lem to the Minimum Weight t-Link Path problem and prove
that our weight function has the concave Monge property
(see Lemma 4). First, we construct an edge-weight ora-
cle in O(nm log(n)) pre-processing time that gives a re-
sponse in O(logm) time. Then, for k = Ω(log(m)), us-
ing the algorithm of Schieber [1998] we find a solution in
m·2O(

√
log(k) log log(m)) = m1+o(1) time and oracle accesses.

For the case k = O(log(m)) we use the O(mk) time algo-
rithm of Aggarwal and Park [1988] to achieve O(m log(m))
time and oracle accesses. Overall, the running time is
O(nm log(n) +m1+o(1) log(m) +m log2(m)) = Õ(nm).

We believe our algorithm will be efficient in practice as
the nm log(n) part comes from sorting (hence, it is very effi-
cient in practice) and the m1+o(1) part is a lower order term
when n = Ω(m) (which is typical in many voting scenarios).
All other components have running time O(nm) and are ef-
ficient. Moreover, one can also replace the m1+o(1) part with
any other (asymptotically slower) implementation for Mini-
mum Weight t-Link Path (such as the ones in [Aggarwal et
al., 1994]) to potentially obtain better practical performance
for specific applications.

We then investigate the computational complexity of CC
when the preference profile is not SP but close to SP in terms
of the candidate-deletion operation. We assume a subset of
d candidates is given, whose removal makes an instance SP.
We call it the candidate-deletion set. We use this general
problem formulation, as for some popular utility functions
a smallest candidate-deletion set is easy to compute, but for
some it is NP-hard. One of the standard motivations for con-
sidering nearly structured preferences is preference elicita-
tion with small errors possible [Elkind et al., 2017b, Chapter
10.5]. Here, we present one more scenario when nearly SP
preferences may appear: when a few new politicians come to
the political scene and the voters are not sure how to place
them on the left-right political spectrum. Clearly, the new
politicians form a candidate-deletion set (assuming that the
previously known politicians are placed on an SP-axis due to
their longer public activity).

We prove that CC is FPT with respect to d (Theorem 8).
Our algorithm runs in O∗(2d)-time. Importantly, we show
that the base of the power is optimal assuming the Strong Ex-
ponential Time Hypothesis. Notice that for d = O(log(nm))
our algorithm runs in polynomial time. On the other hand, we
show in Theorem 9 that if d is slightly larger (e.g., ω(log n)
or ω(logm)), then polynomial-time solvability of CC contra-
dicts the Exponential Time Hypothesis (ETH). Overall, we
derive polynomial-time algorithm for CC for almost all val-
ues of d for which such a polynomial-time algorithm may
exist under ETH.

We adapt the above algorithm to Thiele rules by extending
the Integer Linear Programming approach of Peters [2018] to
generalized Thiele rules (allowing different weight sequences
for each voter) on SP preference profiles. This allows us to

pre-elect some winning candidates by guessing the winners
from the candidate-deletion set. As a result we obtain an
O∗(2d)-time algorithm. Unlike the case for CC, we were
not able to prove that the base of the power cannot be im-
proved. However, we show that there is no O∗(2o(d))-time
algorithm under ETH for each non-constant w-Thiele rule.
Using this, we show that if d is allowed to be slightly larger
than O(log(nm)) then polynomial-time solvability of any
non-constant w-Thiele rule contradicts ETH.

Due to space limitation, we will defer some proofs to the
full version of the paper.

1.2 Related Work
First, we present two papers which are the most relevant ones
from a technical point of view.

The paper of Constantinescu and Elkind [2021]. Re-
cently, Constantinescu and Elkind also used fast algorithms
for Minimum Weight t-Link Path to solve CC, but on SC
preference profiles. In their reduction, they construct an in-
stance of Minimum Weight t-Link Path on an O(n)-node
graph with the concave Monge property while the graph we
construct has O(m) nodes. The best algorithm for solving
Minimum Weight t-Link Path on an O(n)-node graph with
the concave Monge property runs in n1+o(1) time [Schieber,
1998], but Constantinescu and Elkind used an O(m) time al-
gorithm to query the weight of each edge, so they end up
getting an mn1+o(1) running time. In our algorithm, we first
pre-process the preference profile in O(nm log(n)) time, and
then an algorithm is able to query the weight of each edge
in O(log(m)) time, so we get an O(nm log(n) + m1+o(1))
overall running time. Even though both algorithms have near-
linear running times, our algorithm is arguably faster since
the no(1) factor of their algorithm (and the mo(1) factor of
our algorithm) could be super poly-logarithmic. Therefore,
in the natural case where a preference profile is both SC and
SP [Elkind et al., 2020], it is potentially more efficient to use
our algorithm. The difference enlarges if an SP-axis and an
SC-axis are not given. Indeed, for ballots given as linear or-
ders2 the problem of finding an SC-axis is known to be com-
putable in O(nm2) time [Bredereck et al., 2013] while find-
ing an SP-axis can be done in O(nm) (even if only one vote
is a linear order) [Fitzsimmons and Lackner, 2020].

The paper of Misra, Sonar, and Vaidyanathan [2017].
Our O∗(2d)-time algorithm for CC-SP is essentially the same
as an algorithm presented by Misra et al. [2017]. The main
idea for both algorithms is to try all subsets of a given
candidate-deletion set as winners and compute remaining
winners. However, this construction is well-suited for gener-
alization to Thiele rules, so we keep the proof for the CC-SP
case for completeness. We note that Misra et al. also con-
sidered other research directions in their paper, e.g., voter-
deletion distance to SP and egalitarian version of CC.

Next, we present related works that are less technically re-
lated to our paper but give a broader picture on the topic.

2It is the case for, e.g., utility functions defined as committee
scoring rules [Elkind et al., 2017a] such as Borda scores.
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Other nearly SP measures. Different notions of nearly
single-peaked preference profiles have been proposed [Elkind
et al., 2017b; Erdélyi et al., 2017]. Let us mention just a
few of them. Voter-deletion distance is the minimum num-
ber of voters one has to delete from the instance to achieve
the SP property. Swap distance is the minimum number of
swaps one has to make within the votes (in a model with or-
dinal ballots) to obtain the SP property. Computing some of
SP measures appears to be NP-hard, in particular, it is the
case for both notions mentioned above [Erdélyi et al., 2017].
Hence, some FPT and approximation algorithms have been
proposed [Elkind and Lackner, 2014].

Generalizations of SP to other graphs. There are general-
izations of SP to more complex graphs, e.g., a circle or a tree.
For example, all Thiele rules are polynomial-time solvable for
SP preference profiles on a line, and also on a circle [Peters
and Lackner, 2020].

2 Preliminaries
First we introduce some notations and define the computa-
tional problems formally. The Õ notation suppresses factors
subpolynomial in the input size, i.e., factors (nm)o(1). The
O∗ notation suppresses factors polynomial in the input size,
i.e., factors (nm)O(1).

Elections, misrepresentation, approval ballots. An elec-
tion is a pair (V,C) consisting of a set V of n voters and a set
C of m candidates.

A misrepresentation function r : V × C → R≥0 measures
how much a voter is misrepresented by a particular candidate
(R≥0 denotes a set of non-negative real numbers)3. Its dual
measure is the utility function u : V ×C → R≥0 that indicates
how well a voter is represented by a particular candidate. We
can define it as: u(v, c) = maxc′∈C(r(v, c

′)) − r(v, c). A
tuple (V,C, r) or (V,C, u) is called a preference profile or
just a profile or preferences.

Balloting a misrepresentation function fully is costly for a
voter (needs to provide m exact numbers). A simpler and one
of the most popular type of a misrepresentation function is
based on approval ballots. In approval voting a voter v gives
an approval ballot as a vote, i.e., a subset Cv of candidates
that v approves. In the case of approval voting we obtain
an approval misrepresentation function, i.e., r(v, c) = 0 iff
c ∈ Cv and r(v, c) = 1 iff c /∈ Cv .

Another popular misrepresentation function is based on
Borda scores. We call r a Borda misrepresentation function
if for each voter v we have that r(v, ·) is a bijection from C to
{0, 1, . . . ,m−1}. It represents a linear ordering of candidates
and counts how many candidates beat a particular candidate
within the vote.

For a voter v, if r(v, c) has different values for distinct can-
didates, then a vote of v can be seen as a linear order over
candidates. If there exists two distinct candidates c, c′ such
that r(v, c) = r(v, c′) then we call a vote of v a weak order.

3We consider the real-RAM model of computation in this paper.
Our algorithms can run perfectly on a typical word-RAM machine
if the misrepresentations are given as integers.

Chamberlin-Courant voting rule. Originally, Chamberlin
and Courant [1983] defined a voting rule on the Borda mis-
representation function (currently, it is often called Borda-
CC). In this paper, analogously to Betzler et al. [2013],
we study a more general computational problem. In the
CHAMBERLIN-COURANT problem (CC) we are given an
election (V,C), a misrepresentation function r, a misrepre-
sentation bound R ∈ R≥0 and a positive integer k. Our task
is to find a size-k subset W ⊆ C (called a winning commit-
tee) such that

∑
v∈V minc∈W r(v, c) ≤ R or return NO if

such subset does not exist. Additionally, for C ′ ⊆ C, we
overload the notation by writing r(v, C ′) = minc∈C′ r(v, c)
and we define total misrepresentation of C ′ by r(C ′) =∑

v∈V r(v, C ′). In a minimization version of the CC prob-
lem we want to find a size-k committee W with the minimum
total misrepresentation value r(W ).

w-Thiele voting rules. We define a computational problem
w-THIELE parameterized by an infinite non-increasing non-
negative sequence4 w = (w1, w2, . . . ), with w1 = 1, as fol-
lows. We are given an election (V,C), approval ballots Cv

for each voter v ∈ V , an utility bound U ∈ R≥0, and a posi-
tive integer k. Our task is to find a size-k subset W ⊆ C such
that

∑
v∈V

∑|Av∩W |
i=1 wi ≥ U or return NO if no such subset

exists. Additionally, for C ′ ⊆ C, we overload the notation by
writing u(v, C ′) =

∑|Av∩C′|
i=1 wi and we define total utility of

C ′ by u(C ′) =
∑

v∈V u(v, C ′). In a maximization version
of w-THIELE we want to find a size-k committee W with the
maximum total utility value. We notice that, a dual minimiza-
tion version of w-THIELE is equivalent to the OWA k-Median
problem with 0/1 connection costs [Byrka et al., 2018].

Single-peaked preference profiles. Following Proposition
3 in [Betzler et al., 2013] we say that a preference profile
(V,C, r) is single-peaked (SP)5 if there exists a linear order
≺ over C (called the single-peaked-axis or SP-axis) such that
for every triple of distinct candidates ci, cj , ck ∈ C with ci ≺
cj ≺ ck or ck ≺ cj ≺ ci we have the following implication
for each voter v ∈ V : r(v, ci) < r(v, cj) =⇒ r(v, cj) ≤
r(v, ck). Note that an SP profile with approval ballots can be
seen as intervals of candidates (when ordering the candidates
w.r.t. an SP-axis).

Candidate-deletion set. For a given preference profile
(V,C, r), a subset of candidates D ⊆ C is called a candidate-
deletion set if its removal from the instance makes the profile
SP, i.e., (V,C \D, r−D) is an SP profile, where its misrepre-
sentation function r−D : V × (C \D) → R≥0 is defined as r
restricted to V × (C \D). Typically we use d = |D|.
Parameterized complexity, ETH and SETH. We assume
basic knowledge of parameterized complexity as this is com-
mon in computational social choice [Bredereck et al., 2014;
Dorn and Schlotter, 2017]. For a textbook on the topic, see
e.g. [Cygan et al., 2015]. To provide lower bounds we will
use two popular conjectures: Exponential Time Hypothesis

4If not stated otherwise, we consider only such sequences
throughout this paper and call them Thiele sequences.

5Sometimes called possibly single-peaked [Elkind et al., 2017b]
as in this paper we allow ties (weak orders).
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(ETH) and its stronger version—Strong Exponential Time
Hypothesis (SETH). For formal statements see, e.g., Conjec-
tures 14.1 and 14.2 in [Cygan et al., 2015].

3 Single-Peaked Preferences and
Chamberlin-Courant Voting Rule

In this section we present our algorithm for CC-SP that is al-
most optimal under the assumption that an SP-axis is given in
the input or at least one vote is a linear order. In the latter case
we can find an SP-axis in O(nm) time, otherwise, if all votes
are weak orders we do this in O(nm2) time [Fitzsimmons
and Lackner, 2020]. This is a bottle-neck for our algorithm.
In such a case, we obtain the same O(nm2) running time
as the original dynamic programming approach of Betzler et
al. [2013].

We first label the candidates so that c1 ≺ c2 ≺ · · · ≺ cm
with respect to the SP-axis. For simplicity of our analysis,
we add an artificial candidate c0 ≺ c1 so that r(v, c0) = U
for any v ∈ V , where U is the maximum value of misrep-
resentation. Similarly, we add another artificial candidate
cm+1 ≻ cm so that r(v, cm+1) = U for any v ∈ V . After the
addition, the profile is still single-peaked and the solution to
the SP-CC instance does not change.

We first reduce CC-SP to the well-studied Minimum
Weight t-Link Path problem which is defined as follows.

Definition 1 (Minimum Weight t-Link Path). Given an edge-
weighted directed acyclic graph (DAG), a source node and a
target node, compute a min-weight path from the source to
the target that uses exactly t edges.

We create a graph on vertex set {0, . . . ,m+ 1}. For every
i, j where 0 ≤ i < j ≤ m+1, we add an edge from i to j with
weight w(i, j) = r({ci, cj})) − r({ci}). We let the source
vertex be vertex 0 and let the target vertex be vertex m + 1.
We set t = k + 1. To show the correctness of this reduction,
we use the following claim which is a key consequence of SP.

Claim 2. For any v ∈ V , 0 ≤ i < j ≤ m + 1, and for any
C ′ ⊆ {c0, . . . , ci−1}, it holds r(v, {ci, cj}) − r(v, {ci}) =
r(v, C ′ ∪ {ci, cj})− r(v, C ′ ∪ {ci}).

The following lemma shows the correctness of our reduc-
tion from CC-SP to Minimum Weight t-Linked Path.

Lemma 3. Given the min-weight path from vertex 0 to vertex
m + 1 that uses k + 1 edges, we can compute a winning
committee W ⊆ C of size k in linear time.

Proof. Let P be any path from vertex 0 to vertex m +
1 that uses k + 1 edges, and let the vertices on P be
a0, a1, . . . , ak, ak+1 for some 0 = a0 < a1 < . . . < ak <
ak+1 = m+ 1. The weight of path P is thus

k∑
i=0

w(ai, ai+1)
def.
=

∑
v∈V

k∑
i=0

r(v, {cai , cai+1})− r(v, {cai})

Claim 2
=

∑
v∈V

k∑
i=0

r(v, {caj}0≤j≤i+1)− r(v, {caj}0≤j≤i)

=
∑
v∈V

r(v, {caj
}0≤j≤m+1)− r(v, {caj

}0≤j≤0)

= − Un+
∑
v∈V

r(v, {ca1
, . . . , cak

}),

which is −Un plus the total misrepresentation of the commit-
tee {ca1

, . . . , cak
} ⊆ C.

Conversely, for any subset of C of size k with total mis-
representation R, we can find a path from vertex 0 to vertex
m+ 1 using k + 1 edges with weight −Un+R in the graph
by following the equations reversely.

By Lemma 3, it suffices to compute the minimum weight
t-link path of the auxiliary graph. To do so efficiently, we use
the fact that the edge weights have a certain structure.

Lemma 4. The edge weights of the Minimum Weight t-Link
Path instance satisfy the concave Monge property, i.e., for all
1 ≤ i + 1 < j ≤ m, it holds w(i, j) + w(i + 1, j + 1) ≤
w(i, j + 1) + w(i+ 1, j).

By Lemma 4, we can use the m1+o(1) time algorithm for
the Minimum Weight t-Link Path instance (we use the algo-
rithm by Schieber [1998] for the case where k = Ω(m) and
use the algorithm by Aggarwal and Park [1988] for the case
where k = O(log(m))). Note that by a brute-force algo-
rithm, we can compute each edge weight in O(n) time, so
the overall running time becomes nm1+o(1). The subpolyno-
mial factor in this running time is 2O(

√
log(k) log log(m)) when

k = Ω(log(m)), which can be quite large. The following
lemma gives a way to compute the edge weights faster, and
consequently improves this subpolynomial factor.

Lemma 5. After an O(m IntSort(n, nm)) time pre-process-
ing where IntSort(n, nm) is the time for sorting n non-
negative integers bounded by O(nm), we can create a data
structure that supports edge weight queries in O(log(m))
time per query.

In the real-RAM model of computation we consider in
this paper, we can use any standard sorting algorithm to sort
n integers in O(n log(n)) time, so the pre-processing time
of Lemma 5 becomes O(nm log(n)). In the word-RAM
model of computation, faster algorithms for sorting integers
are known. For instance, it is known that IntSort(n, nm) =

O(n
√
log log(n)) [Han and Thorup, 2002]. Also, in a com-

mon case where m = poly(n), IntSort(n, nm) = O(n) by
radix sort. One may use such faster integer sorting algorithms
to obtain faster running time for the overall algorithm in the
word-RAM model of computation, when all misrepresenta-
tions are given as integers (e.g. when we use Borda misrepre-
sentation function).

Combining Lemma 5 with previous ideas we obtain the
following theorem.

Theorem 6. We can solve CHAMBERLIN-COURANT on
single-peaked preference profiles in time O(nm log(n) +
m1+o(1)) assuming that an SP-axis is given or at least one
vote is a linear order.
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4 Nearly Single-Peaked Preferences and
Chamberlin-Courant Voting Rule

Betzler et al. [2013] showed that Approval-CC is W[2]-hard
w.r.t. k. Their reduction is from the HITTING SET problem
(HS), in which we are given a family F = {F1, . . . Fn} of
sets over a universe U = {u1, . . . , um}, a positive integer k
and the task is to decide whether there exists a size-k subset
U ′ ⊆ U such that U ′ ∩ Fi ̸= ∅ for every Fi ∈ F .

Actually, the reduction presented by Betzler et al. [2013]
works also for the Monroe rule. This makes the reduction
more complex than it is needed for Approval-CC. A simple
reduction from HS to Approval-CC has a strict correspon-
dence between a universe and candidates, and between a fam-
ily of sets and voters. A voter approves a candidate if the
corresponding set to the voter contains the corresponding el-
ement to the candidate. The misrepresentation bound is equal
to 0 as this will require to cover (hit) all the voters (sets). Be-
cause of this correspondence, Approval-CC with R = 0 is
equivalent to HS.

Below, we observe SETH-hardness of CC, due to SETH-
hardness of HS [Cygan et al., 2016] and the reduction of Bet-
zler et al. [2013].

Observation 7. Assuming Strong Exponential Time Hypoth-
esis, for every ε > 0, there is no O∗((2−ε)m)-time algorithm
for CC, even for approval ballots.

It means that the O∗(2m)-time brute-force algorithm,
which checks all size-k subsets of candidates, is essentially
optimal for CC in terms of parameter m. On the other hand,
for CC-SP we showed an almost optimal algorithm (Theo-
rem 6). Hence, it is natural to study computational complex-
ity of CC on preferences that are close to SP in terms of the
candidate-deletion operation.

We assume that a candidate-deletion set is given as this
makes the problem formulation as general as possible. Other-
wise, finding the minimum size candidate-deletion set would
be a bottleneck for our algorithm as, in general, the problem
is NP-hard. The hardness follows from the observation that
the problem with approval ballots is equivalent to the prob-
lem of deleting a minimum number of columns to transform
a given binary matrix into a matrix with the consecutive ones
property (Min-COS-C). For an overview on computational
complexity of Min-COS-C see, e.g., [Dom et al., 2010]. An
interesting hardness result for Min-COS-C described therein
is that an α-approximation algorithm for Min-COS-C derives
an α/2-approximate solution to the Vertex Cover problem.
As a consequence, it is NP-hard to approximate the small-
est candidate-deletion set within a factor of 2.72 [Khot et al.,
2017]. The hardness holds already for approval preferences,
where each voter approves at most 2 candidates. On the other
hand, we can compute the minimum size candidate-deletion
set in polynomial time if all votes are linear orders [Erdélyi et
al., 2017]. This holds, e.g., when the misrepresentation func-
tion is derived from a committee scoring rule [Elkind et al.,
2017a] which a classic example is Borda scoring rule used in
Borda-CC.

In the following theorem we show that CC is FPT w.r.t. the

size of a given candidate-deletion set6 (denoted by D) and
the obtained algorithm is essentially optimal assuming SETH.
The main idea of the algorithm is to: 1) guess pre-elected
winners among D; 2) delete D from the instance together
with appropriate modification of the instance with respect to
the pre-elected winners; 3) as the modified instance appears to
be a CC-SP instance, we use our algorithm from Theorem 6.
Theorem 8. We can solve CHAMBERLIN-COURANT with a
given candidate-deletion set of size d in time O∗(2d). Fur-
thermore, assuming Strong Exponential Time Hypothesis, for
any ε > 0 there is no O∗((2−ε)d)-time algorithm that solves
the problem, even for approval ballots.

A simple corollary from Theorem 8 is that CC is poly-
nomial-time solvable if d is logarithmic in the input size.

One would ask whether we can have polynomial-time al-
gorithm for larger values of d. Unfortunately, in the following
theorem we show that if d is slightly larger than logarithm in
the input size, say d = O(log n log logm), then it is not pos-
sible under ETH.
Theorem 9. Under Exponential Time Hypothesis, there is
no polynomial-time algorithm for CHAMBERLIN-COURANT
with a given candidate-deletion set of size at most f(n,m) for
any function f(n,m) = ω(log(n)) or f(n,m) = ω(log(m)).

5 Nearly Single-Peakedness and Thiele Rules
In this section, we first provide an ETH-based lower bound on
the running times of algorithms that solve any non-constant
w-THIELE.

The first proof of NP-hardness of all non-constant w-
THIELE follows from NP-hardness proof for the OWA-Win-
ner problem for a specific family of OWA vectors [Skowron
et al., 2016, Theorem 5]. To show ETH-hardness straightfor-
wardly, we will instead use a reduction from the INDEPEN-
DENT SET problem (IS). In IS we are given a graph, a posi-
tive integer k and we are asked whether there exists a size-k
subset of vertices such that no two of them are adjacent. The
idea to reduce from IS was used in [Aziz et al., 2015] for
the above-mentioned Proportional Approval Voting. Actu-
ally, their reduction works for any w-THIELE with w2 < 1.
The idea was extended to other non-constant w-Thiele rules
when w2 = 1 by introducing a proper number of dummy can-
didates [Jain et al., 2020]. Jain et al. presented their result for
a more general problem and, actually, they did not include a
formal construction in their paper, so in the proof of Theo-
rem 10 we include a simplified proof that works specifically
for all non-constant w-THIELE.

In our reduction, we have m = |V (G)| + O(1) and n =
3
2 |V (G)|, where V (G) is the set of vertices in an IS instance
on a 3-regular graph. Therefore, since IS on 3-regular graphs
does not have 2o(|V (G)|) time algorithms under ETH [Amiri,
2021, Theorem 5], we obtain the following theorem.
Theorem 10. Assuming Exponential Time Hypothesis, there
is neither O∗(2o(m)) nor O∗(2o(n))-time algorithm for any
non-constant w-THIELE.

6This result was presented before by Misra et al. [2017], however
our construction is well-suited for generalization to Thiele rules pre-
sented in Section 5, so we keep it for completeness.
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It means that the O∗(2m)-time brute-force algorithm is es-
sentially optimal for non-constant w-Thiele rules in terms of
parameter m. Known algorithm that is FPT w.r.t. n for Thiele
rules has double exponential dependence, namely O∗(22

O(n)

)
[Bredereck et al., 2020]. Narrowing the gap for the parameter
n is an interesting research direction.

It is known that w-THIELE is polynomial-time solvable
on SP profiles by, e.g., using an Integer Linear Program-
ming formulation (ILP) which has totally unimodular ma-
trix (TUM) [Peters, 2018]. Such ILP can be solved by a
polynomial-time algorithm for Linear Programming.

Analogously to CC, we study the computational complex-
ity of w-THIELE where a candidate-deletion set D of size d
is given.

In Theorem 12 we show that w-THIELE is also FPT w.r.t.
d, with an O∗(2d) running time by checking all subsets of a
candidate-deletion set as pre-elected winners. However, the
way we solve an instance with pre-elected winners is com-
pletely different from what we do for CC (Theorem 8). In
order to derive the above result we first define generalized
Thiele rules in which each voter has a private Thiele se-
quence. Formally, the input of GENERALIZED THIELE is
a superset of the input of regular w-THIELE and addition-
ally there is also a collection of n Thiele sequences, one for
each voter. (In contrast, the Thiele sequence is not an in-
put to w-THIELE. We emphasize that w-THIELE is a col-
lection of computational problems parameterized by a Thiele
sequence w, hence we can provide results for specific Thiele
sequences, e.g., in Theorem 10). Precisely, a collection of n
Thiele sequences w is represented by a function of two ar-
guments: w : V × N+ → [0, 1], where (w(v, i))i∈N+ is a
Thiele sequence for each voter v ∈ V . For brevity we define
wv

i = w(v, i). Now, utility of a voter v from a committee
C ′ is defined as u(v, C ′) =

∑|Av∩C′|
i=1 wv

i . As in w-THIELE,
in GENERALIZED THIELE our task is to find a size-k subset
W ⊆ C such that the total utility u(W ) is at least U .

It is easy to see that any w-THIELE is a special case of
GENERALIZED THIELE. Indeed, a given instance of w-
THIELE is an instance of GENERALIZED THIELE while w
is the Thiele sequence for each voter.

One immediate yet interesting result, is that GENERAL-
IZED THIELE on SP profiles is polynomial-time solvable.
The proof follows from a proper modification of the objec-
tive function of ILP presented by Peters [2018].

Theorem 11. GENERALIZED THIELE on single-peaked pref-
erences profiles can be solved in polynomial-time.

Now we are ready to show our main result in this section,
i.e., an algorithm which is FPT w.r.t. the size of a given
candidate-deletion set that works not only for w-THIELE but
also for GENERALIZED THIELE.

Theorem 12. We can solve GENERALIZED THIELE with a
given candidate-deletion set of size d in time O∗(2d). Fur-
thermore, assuming Exponential Time Hypothesis, there is no
O∗(2o(d))-time algorithm that solves the problem, even for
any non-constant w-THIELE.

The idea for the algorithm is as follows. First, we guess
pre-elected winners among D, call them WD. Next we delete

D from the instance, but then the proper modification of the
instance with respect to the pre-elected winners is required.
We modify Thiele sequences for each voter depending on the
number of approved candidates among pre-elected winners
WD. Precisely, for each voter v ∈ V we define a new Thiele
sequence such that ŵv

i = wv
i+|Cv∩WD| for every i. Such a

modified instance is SP and is an instance of GENERALIZED
THIELE. Hence, we can use a polynomial-time algorithm
from Theorem 11.

The lower bound proof is analogous to the lower bound
proof of Theorem 8 but derived from the ETH-based lower
bound from Theorem 10.

Analogously to the results for CC, GENERALIZED THIELE
is polynomial-time solvable if d is logarithmic in the input
size and is not polynomial-time solvable under ETH if d is
slightly larger.
Theorem 13. Under Exponential Time Hypothesis, there is
no polynomial-time algorithm for GENERALIZED THIELE
with a given candidate-deletion set of size at most f(n,m) for
any function f(n,m) = ω(log(n)) or f(n,m) = ω(log(m)),
even for any non-constant w-THIELE.

6 Conclusions
We showed an almost optimal algorithm for CC-SP (Theo-
rem 6). The bottleneck of the algorithm is finding (if not
given) an SP-axis in the case where all the votes are given
as weak orders. Finding an SP-axis on weak orders takes
O(nm2) time [Fitzsimmons and Lackner, 2020]. Can it be
improved to O(nm)-time?

We showed that CC on general instances is FPT w.r.t. the
size of a given candidate-deletion set D (Theorem 8). More-
over, the achieved O∗(2|D|)-time algorithm is essentially op-
timal under SETH. We adapted this result to Thiele rules
(Theorem 11), but we do not know how much the base of
the power in our O∗(2|D|)-time algorithm for Thiele rules
can be improved. We know that, under ETH, we cannot hope
for O∗(2o(|D|))-time algorithm. Can one provide a stronger
lower bound (e.g., under SETH or SCC)?
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