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Abstract

Application domains of Bayesian optimization in-
clude optimizing black-box functions or very com-
plex functions. The functions we are interested in
describe complex real-world systems applied in in-
dustrial settings. Even though they do have explicit
representations, standard optimization techniques
fail to provide validated solutions and correctness
guarantees for them. In this paper we present a
combination of Bayesian optimization and SMT-
based constraint solving to achieve safe and stable
solutions with optimality guarantees.

1 Introduction

Bayesian optimization (BO) [Mockus, 1975; Frazier, 2018]
is a popular technique for optimizing an objective function f,
which is done through searching for input points @ such that
f(x) approximates the maximum max f. These solutions are
presumed to be near-optimal but BO solvers do not provide
formal guarantees on the accuracy and it may well happen
that the solution is arbitrary far from the real solution. BO
does not require an explicit representation of f, and instead
search for near-optimal points is based on sampling the values
of f at a limited number of input points. BO is therefore used
mainly for optimizing functions whose evaluation is expen-
sive. In particular, BO is often used for hyper-parameter op-
timization when training machine learning models [Snoek et
al.,2012]. During the last few decades, BO has been used ex-
tensively for designing engineering systems [Mockus, 1989].

BO iteratively builds a statistical model of f(x) usually
from a prior distribution defined by a Gaussian process [Ras-
mussen and Williams, 2006]. At each iteration 4 the current
model is used to select the most promising candidate point x;
to evaluate f(x;). This evaluation is used to update the pos-
terior belief of the model. This process is repeated until some
bound on the number of iterations is reached.

BO behaves well in practice and usually can find
near-optimal points in just a few iterations. Nevertheless BO
has its limitations. In particular, since BO is based on statis-
tical approximations, there are no formal guarantees that the
result achieved after a finite number of iterations is actually
optimal or even close to optimal. Another limitation of BO
is that even if the found point is near optimal, the solution
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may not be stable: there may be close points on which the
value of the objective function is very different from the op-
timum. Such solutions are undesirable in many applications
which require regions around solutions to be also near opti-
mal. This motivates the combination of BO with SMT-based
constraint solving to achieve safe and stable near-optimal so-
lutions which we develop in this paper.

In this work we develop optimization techniques for sys-
tems modeled using real-valued functions. In many cases
such functions are approximated using neural networks which
are also covered in our framework. In this context, the as-
sumption that the objective function is very expensive to sam-
ple is no longer valid. Instead, achieving tighter approx-
imations to the maximum max f becomes more important
even if computing near-optimal points that further improve
the approximation accuracy becomes significantly more ex-
pensive. Besides, in this context, it is important to guaran-
tee that the computed near-optimal point x satisfies the de-
sign constraints and it is robust [Beyer and Sendhoff, 2007]
in the sense that small perturbations to  still yield legal near-
optimal points for the objective function f.

We propose an optimization algorithm GEAROPTs-BO
which combines SMT-based constraint solving and BO and
has the following properties:

e Safety: The computed near-optimal points are feasi-
ble (satisfy design constraints). In BO the feasibil-
ity of computed near-optimal solution is achieved by
sampling the objective function and evaluating the con-
straints [Gardner et al., 2014]. In contrast, in our ap-
proach we use the explicit representation of the con-
straints and of the objective function to guide the search
for a feasible near-optimal point.

* Accuracy: Our algorithm can find safe near-optimal
points for which the value of the objective function f
is within a predefined distance from the real maximum,
max f. This is enabled by the fact that in our prob-
lem setting the objective function and the constraints are
given explicitly, thus we can utilize SMT solving to pre-
cisely analyse them, whereas purely probabilistic meth-
ods cannot provide full guarantees due to a limited num-
ber of sampling of f.

e Stability: Furthermore, safe near-optimal points com-
puted by our algorithm are stable in the sense that after
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perturbation of inputs within user-specified regions:

1. the safety constraints remain valid; and

2. the output remains within the near-optimal range.

Stability is a critical requirement from analog devices
because the inputs and the output can be perturbed
due to uncertainties in the environment such as uncer-
tain operating conditions, design parameter tolerances
or actuator imprecisions [Beyer and Sendhoff, 2007].
This concept is studied in the BO setting as robust-
ness [Bogunovic et al., 2018; Sanders et al., 2019;
Cardelli et al., 2019], where it can be estimated with
high confidence but cannot be proven formally.

The paper is organized as follows. In the next section we
introduce the notation. In Section 3 we recall the basics of
BO and in Section 4 we define the stability and accuracy
requirements for near-optimal solutions. In Section 5, we
present our optimization algorithm GEAROPTs-BO, which
combines the strengths of the constraint solving algorithm
GEARSAT; [BrauBe et al., 2020] and reasoning with prob-
abilities (Bayesian inference). We evaluated GEAROPTs-BO
on industrial examples coming from optimization of micro-
processor design at Intel where stability is an essential re-
quirement. We conclude in Section 7.

2 Preliminaries

Given a function f : A — B, by dom f we denote its domain
A. Vectors (x1,...,x,) may occur in the abbreviated form
x. Given a,b € R"™ with a; < b; for all i, by [[a, b]] we
denote the Cartesian product X,[a;, b;] of their component-
wise closed intervals [a;, b;].

In this paper we consider formulas over (R, 0,1, F, P),
where P are the usual order predicates <, <,=, etc. and
F contains addition, multiplication with rational constants
and can also contain non-linear functions supported by SMT
solvers including polynomials, transcendental functions such
as combinations of sine, cosine, exponentials, solutions of
differential equations and more generally computable func-
tions [de Moura and Bjgrner, 2008; Braufie et al., 2019;
BrauBe et al., 2021; Cimatti et al., 2013; Gao et al., 2012].
We extend functions F by functions definable by formulas:
Fp, i.e., we assume f € Fp is represented by a formula
F(zy,...,x,,y) over variables x1, . .., x, corresponding to
the n inputs and y corresponding to the output f(x1,...,Zy,).
We assume that satisfiability of such formulas is decidable or
more generally d-decidable [Gao et al., 2012]. Let us note
that even when basic functions F contain just linear func-
tions, Fp will contain, e.g., functions represented by neural
networks with ReLU activation functions. Optimization of
functions represented by neural networks is one of the main
motivations behind this work.

Throughout, x,y denote variables in formulas while
a,b,c,d, e, T stand for rational constants; both forms may be
indexed. Whenever we use a norm ||- ||, we refer to the Cheby-
shev norm (z1, ..., x,) — max{|z1|,..., |Tn|}
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3 Bayesian Optimization

A basic form of BO algorithm involves two primary compo-
nents: a method for statistical inference, typically Gaussian
process regression [Rasmussen and Williams, 2006]; and an
acquisition function for deciding where to sample next. The
most popular choices for an acquisition function include ex-
pected improvement towards the optimum, knowledge gra-
dient, and entropy search. BO iteratively builds a statistical
model of an objective function f(x) from a prior distribution
defined by a Gaussian process. At each iteration ¢ the current
model is used to select the most promising candidate point x;
to evaluate the objective function f(x;). This evaluation is
used to update the posterior belief of the model. This process
is repeated until bound M axIter on the number of iterations
is reached.

The basic optimization algorithm for maximizing a black-
box function f : R™ — R, depicted in Algorithm 1, which
shows a BO solver A™?* with the following interface.

INIT Inputs: a,b defining bounds [[a, b]] C dom f, and a
vector of initial points (x;,y;); satisfying y; = f(x;)
for all 4; Output: an initialized Bayesian optimizer for f
with the posterior probability distribution on f updated
using the available samples (z;, y;);.

SUGGEST Inputs: none. Output: A maximizer z € [[a, b]]
of the acquisition function over x, where the acquisition
function is computed using the current posterior distri-
bution.

OBSERVE Inputs: (x,y). Output: the Bayesian optimizer
with updated posterior probability based on y = f(x).

Algorithm 1 Basic optimization algorithm using the BO
solver A™?* for maximizing f(x).

MazIter — a bound on the number of sampling iterations
Sample f at m input points based on a heuristic:
Letx; € [[@,b]] and y; = f(x;) fori=1,...,m
A+ A™>*INIT(a, b, (i, yi):)
forj =m+1,..., MaxIter do
x; < A.SUGGEST
Sample y; = f(x;)
A < A.OBSERVE(x;,y;)
end

Yk max{ylv LR y]\lamlter}
return a near-optimal solution: (xx, yx)

We will also use a minimizing BO solver B™" that has the
same interface. This basic BO algorithm does not take as in-
put any constraints on the inputs of f thus it is not concerned
with feasibility of the computed near-optimal point. Further-
more, this algorithm is not concerned with robustness of the
computed near-optimal point either and does not give any
estimates of how far from the real maximum the computed
near-optimal solution is. We use this basic BO algorithm,
complemented with an SMT procedure where needed, as a
building block of a more comprehensive, hybrid optimiza-
tion algorithm that gives formal guarantees that the computed
near-optimal points are feasible, stable, with values close to
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the real maximum up to arbitrary given accuracy. We will
define stability and accuracy formally in the next section.

4 Stability and Accuracy

Given a real-valued function f on a bounded space X C R",
we are interested in regions of X defined by the stability
guard 0 which we assume is a reflexive binary relation over
dom f. In particular, we address the problem of maximizing
the minimum value of f in these regions, as stated formally
in Definition 1.

The region defined by 6(x, -) could for example be a ball
with a fixed radius around & € X or a radius relative to ||x||.
It could also take a more complicated shape and we do not
impose any restrictions on it except that of being definable by
a quantifier-free formula 6. In the following, we assume f is
in Fp, i.e., defined by a formula F'(z1,...,z,,y). We also
assume that X can be defined by safety constraints.

Define the minimal value of f in the 6 region of x € X as

lzllo,f == mingex f(').
0(xz,x’)
Definition 1. Given a stability guard 6 for a definable and
continuous f : R™ — R and a compact set X C dom f, the
problem
maxXgzex Ming e x f(x') (1
0(x,x’)
is called max-min optimization under stability guard 6. Con-
sider € > 0. We refer to & € X as a solution to this problem
with accuracy €, or e-solution, if § < y* < y+ < holds where
y* = |l&* |9, for a solution x* to (1), and § = [ &g, ¢.

In a nutshell, the value 7 in the definition of an e-solution
& to the optimization problem under a stability guard 6 is
an approximation of the exact solution with guaranteed accu-
racy €. It provides a lower bound for all the function’s values
in the stability region around « that is no further away from
the maximum value y* than e. When f, X and 6 are clear
from the context, we will call & just a (0-)stable e-solution
for short. In the next section, we present algorithms based on
combination of BO and SMT that solve this problem.

S Optimisation Procedure

The problem (1) is equivalent to:
maxy s.t. G(y) )
where
G(y) = 3 (va'vy (0(z,2) NF(z',y) =y <y)). 3)

Let T" denote a candidate bound on the value y* of a solution
x* to (1). Formulas of the form G(T') with a fixed value T
are also known to be in the GEAR-fragment of 3*V* formu-
las [BrauBe et al., 2020]. In the case we have safety con-
straints we can conjunctively adjoin them to the condition
y < ¢’ in Equation (3). Such additional constraints do not
affect our algorithms and we will omit them for clarity of the
exposition.

We first recall the decision procedure GEARSAT s [BrauBe
et al., 2020] shown in Algorithm 2, which we enhance with
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BO solvers below. It takes a potential bound 7" and either
verifies 1" to be a lower bound on the optimum y* or proves
it to be an upper bound on y*. GEARSAT; alternates two
phases: search for candidate solution and search for counter-
example for stability around the candidate solution. It does
that by first finding a point @ for which f(x) > T holds
— a candidate for a stable, safe, and accurate solution. If
there is none, clearly 7" is an upper bound on y*. Other-
wise, it checks whether when @« is seen as the center of the
stability region 6(x, -), there is a counter-example x', that
is, 6(x,«’) holds but f(x’) > T does not (represented by
D;(«,y’) constraint in Algorithm 2). In the case when there
are no counter-examples with this property, we can be sure
that 6(x, ') implies f(x’) > T for all &’ € X. Otherwise,
x’ is a counter-example and the algorithm excludes the re-
gion 0(-, x') around it from the search for the next candidate
for the same bound 7. The stability condition 6 guides the
proof search by generating lemmas excluding regions around
counter-examples.

Here, § > 0 refers to a constant which is used to ensure that
solutions have a distance of at least § from regions defined
by 6 containing counter-examples for bound 7. This is done
by learning lemmas of the form —d;(x, d) for each counter-
example d, where 0 is the §-relaxation of ¢ defined by

Az (|lx — z]| <IAO(z,d)).
Termination and §-completeness of GEARSATs was shown
in [BrauBe et al., 2020]. We can use GEARSAT; to find an
optimal value with accuracy ¢ by a binary search of lower and
upper bounds on the optimal value of the objective function
until 7' < y* < T+ e. Then y = T is the minimal value
|[&]l6,s of an e-solution &.

The key search parts in GEARS AT} rely on finding points
(either candidates or counter-examples). One way to achieve
this is by using an SMT solver to find points satisfying cor-
responding constraints (as done in [BrauBe er al., 2020]) but
this can be computationally expensive. In this work we pro-
pose to delegate the search part to BO and the certification
part to SMT checks. In this way we take the best from both
worlds: efficient search in complex spaces from BO and for-
mal guarantees on the optimization results from SMT.

Algorithm 2 (GEARSATs) General procedure for deciding
whether a constant 7" is a lower or upper bound on the solu-
tion y* of (2).

N<+— o > known counter-examples and upper bounds
Fi(z,y) < F(z,y)
fort=1,2,3,...do
Ci(x,y) « Fi(z,y) Ny > T
if C;(x, y) is unsat then return upper fi
(ci,yi) < solution of C;(z, y)
Di(x',y) + 0(ci, ') NFi(x',y ) Ny <T
if D;(z’,y’) is unsat then return lower fi
(d;, z;) + solution of D;(x’,y")
N <+ NU {(dz,zl)}
Fip1(m,y) < Fi(z,y) A ~0s(x, d;)
end

Our algorithms do not depend on particular types of BO
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and SMT solvers used. We only assume that the SMT solver
supports quantifier-free fragment including formulas F and 6.

First we integrate BO into GEARSAT; for searching
counter-examples. We note that whenever 0;5(c;, ') is equiv-
alent to membership in the Cartesian product [[a;, b;]] (as
is always the case in our application), BO lends itself well
to implement the search for a counter-example by solving
D;(x',y), as is shown in Algorithm 3. This works by starting
a new minimizing BO search in [[a;, b;]] once Algorithm 2
found a candidate ¢;. Note that variables IV, P, ¢;,d; and T’
are global across all algorithms in this section.

Algorithm 3 Finding counter-examples: Solving D;(x’,y’)
with Bayesian optimization and SMT in the ¢-th iteration of
Algorithm 2.

Let (a;, b;) denote the bounds on «’ implied by 0(c;, )
in D;(«’,y’) and let T denote the bound on ¢ in D;(x’, ')
Letey,..., e € [[a;, bi]] >BO
if f(e;) < T forsome j € {1,...,k} then
di — €5
return (d;, f(d;))
else
B; <= B™".INIT(a;, by, (e, f(e;));)
for j =1,..., MaxIter do
d; <+ B;.SUGGEST
zi + f(di)
B; + B;.OBSERVE(d;, 7;)
if z; < T then return (d;, z;) fi
end
if D;(«’,y’) is unsat then return unsat fi
return (d;, z;) < solution of D;(z',y’)

> SMT

fi

Next, we integrate BO for finding candidate solutions.
For this we need to guide BO to generate points outside
of regions excluded by generated lemmas. Even though
most BO solvers do not support constraints like the lemmas
—05(x, d,,) learned by Algorithm 2, when X C dom f is
equivalent to membership in [[a, b]] for some a, b, it is still
possible to use them in the search for a candidate ¢ in our
setting. We achieve this by penalizing any suggestion c¢; that
satisfies 05 (x, d), for any counter-example d, with the min-
imal value of a counter-example found when generating the
lemma. This is shown in Algorithm 4. Alongside the SMT
solver it maintains the maximizing BO solver A; that is ini-
tialized externally with selected points which are either gen-
erated in previous iterations or randomly.

Note that due to penalizing any of A;’s suggestions in-
side regions containing counter-examples, the function that
A; observes is not necessarily f. Whenever A;’s sugges-
tion ¢; lies in a region around a previous counter-example
d in the set of known ones N, that is, 6(c;,d) holds, we
make A; believe that the value of the function it optimizes
is the minimum value of all counter-examples around ¢; in-
stead of f(c;). Since d was a counter-example, specifically
f(d) < T, this has the effect of penalizing the suggestion ¢;
since d has already been proved to be a counter-example in
the region defined by 6(c;, -).
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Algorithm 4 Finding candidates: Solving C;(x,y) with
Bayesian optimization and SMT in the ¢-th iteration of Al-
gorithm 2. A; maximizes.

if - > 1 then > record previous counter-example
A; Ai_l.OBSERVE(Ci_l, f(dz—l))

fi
forj=1,..., MaxIter do
¢; +— A;.SUGGEST
U« {(d,z) e N:0(¢c;,d)Nz<T}

>BO

if U # < then > ¢; is excluded by lemmas
y; + min{z : (d,z2) € U}
else > ¢; is an eligible candidate
yi < f(ci)
if y; > T then return (c;,y;) fi > f(e;)>T
N+ NU{(ei,u:)}
fi
A; + A;.OBSERVE(c¢;, ;) >y, <T
end
if C;(x, y) is unsat then return unsat fi > SMT

return (c;, y;) < solution of C;(x, y)

We call GEARSAT; with integrated BO for counter-
examples and candidate search GEAROPTs-BO. This proce-
dure is shown in Algorithm 5. The following theorem states
the correctness of GEAROPTs-BO.

Theorem 1. For any accuracy € > 0, any stability guard
0 and 6 > 0, GEAROPTs-BO is a sound, d-complete and
terminating procedure for the problem of finding safe, optimal
and 0-stable e-solutions.

Proof. (Sketch) The proof follows from the properties of
GEARSAT; (Algorithm 2) which was shown to be a sound
and d-complete decision procedure for finding safe and stable
solutions [BrauBe er al., 2020]. §-completeness means that if
GEARSAT; terminates with unsat, then around any potential
solution there is a counter-example in its 65 region. By the
d-completeness, the binary search performed by Algorithm 5
terminates with a solution to the max-min optimization prob-
lem. Since all BO enhancements are complemented by SMT
checks these can be seen as an additional guidance that does
not affect the correctness properties of the algorithm. [

One of the distinguishing features of GEAROPT;-BO is
the exchange of candidates and counter-examples between
BO and SMT solvers. In particular, when BO finds a counter-
example (Algorithm 3), the generated symbolic lemma is
used (a) by the SMT solver to exclude regions around this
counterexample (Algorithm 2), and (b) in BO for penaliz-
ing points in excluded regions (Algorithm 4). In the other
direction, candidate solutions found by the SMT solver are
used to initialize the BO solver (update of P in Algorithm 5).
Also, failed attempts of the BO solver to find candidates are
recorded (update of NV in Algorithm 4) in order to steer it
away from unstable regions. As shown in Section 6, this ex-
change of candidates and counter-examples between BO and
SMT solvers proved to be critical for both achieving tighter
bounds and making runtimes feasible in our experiments.
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Algorithm 5 (GEAROPT;-BO) General procedure for opti-
mizing f : R™ — R represented by predicate F' under stabil-
ity conditions 6. Arbitrary candidate lower and upper bounds
lo, ug such that Iy < ug.

P+ > known candidates and lower bounds
N+ g > known counter-examples and upper bounds
[+ —o0 > lower bound
U <= 400 > upper bound
loop

if 4 = 400 then > binary search for upper bound
(T, UO) — (Uo, 2ug — lo)

else if | = —oo then © binary search for lower bound
(T, l()) — (lo, 2l — UO)

else > binary search for optimum
T+ (I4+u)/2

fi

Fi(z,y) < F(x,y)
Ay + A™* INIT(a,b, PUN)
fori=1,2,3,...do
Ci(z,y) « Fi(z,y) Ny =T
if Algorithm 4 returns unsat on C;(z, y) then
uw<T
break
fi
(ei,yi) « solution of C;(x, y)
Di(x',y) « 0(ci, ') NFi(x',y) Ny <T
if Algorithm 3 returns unsat on D;(x’, y’) then
T > ¢; 18 solution to bound T’
P+ PU {(Ci,yi)}
break
fi
(d;, z;) + solution of D;(x',y")
N+ NU{(di,z)} ©>d,isacounter-example
Fipi(z,y) < Fi(z,y) A —05(x,d;)
end
if l + ¢ > u then break fi
end loop
return {(x,0) : (x,y) € PAIl <y}

> false if [ or u is 00

6 Benchmarks

GEAROPT;-BO is implemented in the solver called SMLP
(https://github.com/fbrausse/smlp). As Bayesian optimizers
Amax pmin e used the SKOPT implementation [Pedregosa
et al., 2011] based on Gaussian processes, with acquisition
function gp_hedge. The SMT part is implemented using
the state of the art solver Z3 [de Moura and Bjgrner, 2008].
Just like the implementation of GEARSAT; in [BrauBe ef
al., 20201, besides the constraints associated with neural net-
works, our implementation of GEAROPTs-BO in SMLP sup-
ports constraints over reals, integers and finite sets; this en-
ables SMLP to optimize systems with numerical and cate-
gorical variables. Furthermore, SMLP supports optimization
of f(x1,...,2,) by optimizing over only part of the vari-
ables x1, . .., ) while the remaining variables zyy1,..., 2,
are treated as free inputs; thus safety, accuracy and stabil-
ity of the selected near-optimal solutions for z1,...,xy are
guaranteed for all legal input combinations of xy1,...,Zy,
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Figure 1: Correspondence between bound on optimum and stability
radius || — @’||> achievable on solutions found by a purely BO-
based approach on instance 3:1:1.

as defined by the safety constraints. Transformation of GEAR
formulas enabling this is explained in [BrauRe et al., 2020,
Section V1.

Let us note that there is a tradeoff between the size of the
stability regions and proximity of the value of the solution to
the pointwise optimum. One can iteratively shrink the stabil-
ity regions to get arbitrary close to the pointwise optimum.

We evaluated GEAROPTs-BO on 6 industrial examples
coming from the Electrical Validation Lab at Intel. These are
neural network models representing signal integrity of trans-
mitters and receivers of a channel to a peripheral device. This
application requires solutions to be safe and stable (see, Sec-
tion 4), moreover the radii of stability regions are required to
be proportional to the value of their respective centers. We
evaluated all 4 combinations with and without BO-guided
searches for candidates and counter-examples, respectively.
The accuracy was set to ¢ = 0.05. These results are shown
in Table 1. In the left-most column ¢ refers to the problem
instance, ¢ to whether BO search was used for candidates and
d to whether BO search was used for counter-examples.

6.1 Optimality under Stability Guards

Throughout our experiments, the combination of BO with
SMT solvers proved to find the best bound 4y = 1 to the op-
timum, whereas SMT alone timeouts in many cases. This
can be attributed to the facts that 1) when BO failed to find
counter-examples (ns, ), none did exist (Ng,), and that 2) the
average time taken to find a counter-example is much shorter
for BO (tee /nce) than for SMT (Tt /Nee for Nge # 0 results).
This suggests that BO constitutes a very good heuristic for
finding counter-examples. On the other hand, there are many
failed candidates suggested by BO (n¢,; in *:1:*) which indi-
cates that BO alone is not able to find stable candidates and
SMT is required to guarantee stability of the solutions.

The combinations *:0:1 correspond to those where BO
tries to refute stability of SMT candidates. Throughout, it
manages to do that with on average nci/ne < 3 iterations
in Algorithm 3. On the other hand, for *:1:1 when BO tries
to find counter-examples to BO candidates, this average with
value ~ 8.8 is much higher on average in our experiments.
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i:C:d bound T Ncap Nce NS(‘I Tcap Tce Tsa nCal nCCi ncap ncan nce nSEl nun tCr‘lp tcan tce tsa time
0:0:0 >0.80 13761375 1 551147 547575203 0 0O 0 0 00 O 0.0 00 00 00>2d
0:0:1 >0.80 5049 0 1 105017.1 00212 0 6711 0 0 5048 1 0 0.0 0.0 829.8 81.3>2d
0:1:0 >0.95 19 30 2 471.6 920 531114 0 13 19 0 0 0 379.1 105059.2 0.0 0.0>2d
0:1:1 >0.95 30 2 2333 0.0 921113 1333 254 3 255 2 069931.5 199544 248.4 58.1 > 2d
1:0:0 >0.80 32543253 1 80374.5 30002.818.8 0 0O 0 0 00 0 0.0 00 00 00>2d
1:0:1 >050 8094 0 O 34519.6 00 00 0 16674 0 0 8094 O O 0.0 0.0 8355 0.0>2d
1:1:0 > 1.00 5 111 3 389.0 33253191163 0109 5 0 0 0612120 439013 0.0 0.0>2d
1:1:1 1.00 2 0 4 322.2 00292 525 423 74 2 72 4 0 61255 859.5 33.5330.6 8353
2:0:0 >0095 10251023 2 31240.7 84147.187.8 0 0o 0 0 00 O 0.0 00 00 00>2d
2:0:1 >050 5000 0 0O 36717.1 00 00 0O 6420 0O 0 5001 O O 0.0 0.0 3494 0.0>2d
2:1:0 >1.00 21 31 3 11654 195.1 27.1 1239 0 13 21 0 0 0 3649 1014902 0.0 0.0>2d
2:1:1 >1.00 120 3 11539 0.022.01247 359 60 12 69 3 016773.8 67275.1 64.4180.3 > 2d
3:0:0 >0.50 26082608 0 70288.7 422558 0.0 0 0O 0 O 00 O 0.0 00 0.0 0.0>2d
3:0:1 >0095 93011154 2 23559.8 123819829 0 21674 0 0 8145 21154 0.0 0.011359111.4 > 2d
3:1:0 1.00 0 16 4 0.0 93.7339 110 0 20 O 0 0 0 2013 00 0.0 0.0 399
3:1:1 1.00 0O 0 4 0.0 00216 9 365 22 O 18 4 0 118.0 0.0 42.6281.6 514
4:0:.0 >0.80 11121110 1  8193.1107511.337.0 O 0O 0 0 00 O 0.0 00 00 00>2d
4:0:1 >0.80 1406 0 1 104095.2 00443 0 3426 0 0 1405 1 0 0.0 0.03168.8 138.6 > 2d
4:1:0 >0.95 4 136 2 10222  498.712.4 1098 0134 4 0 0 0706353 275349 0.0 0.0>2d
4:1:1 >0.95 6 0 2 917.3 0.0 641143 221 64 6 68 2 0485384 396959 10.11184 > 2d
5:0:0 >0.50 14461446 0 426289 70583.7 0.0 O 0O 0 0 00 O 0.0 00 00 00>2d
5:0:1 >0.50 14725 388 0 95689.8 1709.6 0.0 0 27543 0 014337 0O 388 0.0 0.01077.3 0.0>2d
5:1:0 1.00 0 29 4 0.0 131.827.5 209 0 33 0 0 0 0 8527 00 0.0 0.01195
5:1:1 1.00 0O 0 4 0.0 0.025.7 161 382 33 0 29 4 0 4784 0.0 29.5414.4 1107

Table 1: Indicators of SMLP for all combinations of en-/disabled BO heuristics for candidates and counter-examples. 7": obtained bound
on optimal value. N./n.: number of SMT/BO solutions. T./t.: time of SMT/BO solutions. ca(p|n): 3 or =3 candidate. ce|sa: 3 or =3
counter-example. cai|cci: total BO calls for candidate or counter-example. un: BO library failure.

This suggests that the quality of BO candidates when guided
by BO counter-examples (*:1:1) compares favorably to that
of the SMT candidates with BO counter-examples (*:0:1).

6.2 Stability

Figure 1 shows the dependencies between the stability ra-
dius and the bound on the optimum achievable on candidate
points. We can observe that initial candidates « found by BO
are not necessarily stable (' close to x, but objective values
differ considerably wrt. the accuracy ¢), and therefore usage
of SMT is essential to discover stable solutions.

6.3 Performance

From the timings in Table 1 we can see that the best bounds
and timings are achieved when SMT is combined with BO
for both candidate and counter-example search. When SMT
is combined with BO time spent in the SMT solver (7) is
considerably reduced in many cases by two orders of magni-
tude. On the other hand, the time spent by BO is also con-
siderable increases in these cases. It turns out that as long
as the total number of candidates found by BO-solver A re-
mains low (n¢ap < 50), the asymptotically cubic complexity
of the Gaussian process appears to be negligible compared
to the overhead of rigorously solving the existential candi-
date formula by SMT. On the other hand, this advantage van-
ishes quickly after that, which motivates employing a kind of
restart process similar to that successfully practiced by cur-
rent SAT and SMT solvers — at least for the BO solver A. Ini-
tial experiments suggest that training samples for the restarted
BO solver require careful selection.

All in all, we can see BO and SMT complement each other
to solve the problem stated in Definition 1. BO’s ability to
rapidly produce candidates and counter-examples initially al-
lows the combination to proceed to optimal regions quickly
in most cases while still providing the formal guarantees on
the validity and accuracy of stable solutions.

7 Conclusions

We introduced a hybrid optimization algorithm GEAROPT -
BO that uses Bayesian optimization and SMT solvers as its
building blocks. SMT solving is used to establish formal
guarantees to optimality and stability of the computed solu-
tions; while BO is used to suggest valuable candidates to-
wards stable near-optimal solutions and significantly speeds
up the overall search. In this way we combine the strengths
of both approaches: the power of statistical inference by BO
to guide the search with formal guarantees provided by SMT.

To the best of our knowledge this is the first work that com-
bines BO and SMT solving to overcome basic limitations of
the BO, in particular, its inability to give formal guarantees of
stability and accuracy of the computed optimum, which be-
comes possible to resolve in cases when the objective func-
tion is given explicitly rather than as a black-box.

We believe that the observation that BO is very good in
finding counter-examples in large multi-dimensional spaces,
opens up new opportunities for applying BO for counter-
example generation and directing the search in multiple areas
of automated reasoning and formal verification.
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