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Abstract

Spatiotemporal data aggregated over regions or time
windows at various resolutions demonstrate hetero-
geneous patterns and dynamics in each resolution.
Meanwhile, the multi-resolution characteristic pro-
vides rich contextual information, which is critical
for effective long-sequence forecasting. The impor-
tance of such inter-resolution information is more
significant in practical cases, where fine-grained
data is usually collected via approaches with lower
costs but also lower qualities compared to those for
coarse-grained data. However, existing works fo-
cus on uni-resolution data and cannot be directly
applied to fully utilize the aforementioned extra in-
formation in multi-resolution data. In this work, we
propose Spatiotemporal Koopman Multi-Resolution
Network (ST-KMRN), a physics-informed learn-
ing framework for long-sequence forecasting from
multi-resolution spatiotemporal data. Our method
jointly models data aggregated in multiple resolu-
tions and captures the inter-resolution dynamics
with the self-attention mechanism. We also propose
downsampling and upsampling modules among res-
olutions to further strengthen the connections among
data of multiple resolutions. Moreover, we en-
hance the modeling of intra-resolution dynamics
with physics-informed modules based on Koopman
theory. Experimental results demonstrate that our
proposed approach achieves the best performance
on the long-sequence forecasting tasks compared
to baselines without a specific design for multi-
resolution data.

1 Introduction

Forecasting from spatiotemporal data has wide applications
in domains such as transportation and energy. The input and
output of such forecasting tasks are both sequences of graph
signal frames, where each frame is a graph with multivariate
features defined on nodes and edges. In these applications,
long-run forecasting is usually required for planning and policy
making. As illustrated by [Zhou et al., 2021], forecasting long
sequences into the long-run future has higher requirements

on the long-range alignment ability of models compared to
short-run forecasting tasks.

One key aspect for forecasting long sequences is effectively
modeling the complex patterns and dynamics of real-world
spatiotemporal data aggregated in various spatial and temporal
resolutions. Figure 1 shows an example from the taxi demand
dataset. Data aggregated in different spatial (first 4 rows vs.
the last row) and temporal (left/middle/right columns) res-
olutions demonstrate correlated but heterogeneous patterns,
implying the necessity of refined modeling of multi-resolution
data. In practical cases where data of high resolutions usually
suffer from high missing rates and low signal-to-noise ratios
due to the high cost of collection, correctly capturing the inter-
action among data in various resolutions is even more critical
for forecasting.

While existing works have achieved great success in
short-run predictions of uni-resolution spatiotemporal data
within several hours into the future [Zhang et al., 2017,
Geng et al.,, 2019; Yao et al., 2019; Wu et al., 2019;
Zheng et al., 2020; Chen et al., 2020; Zhou et al., 2020;
Cao et al., 2020], research on long-run forecasting of spa-
tiotemporal data remains hardly developed. [Zhou et al., 2021]
proposes an efficient Transformer-based [Vaswani et al., 2017]
architecture for long-sequence time series forecasting, but
still lacks modeling of spatial relations and ignores the inter-
resolution dynamics. We include a more comprehensive sum-
mary of related works in the appendix'.

To bridge the gap between multi-resolution spatiotemporal
data and long-sequence forecasting, the proposed model must
address challenges in two aspects: (1) Inter-resolution mod-
eling. The model must be able to capture interactions of data
among resolutions to fully utilize them for forecasting. (2)
Intra-resolution modeling. The model should effectively ex-
tract information representing the dynamics from either short
or long sequences of each resolution.

In this paper, we propose Spatiotemporal Koopman Multi-
Resolution Network (ST-KMRN) to address both challenges.
For better inter-resolution modeling, we leverage the self-
attention mechanism to fuse and communicate representations
of input data in all temporal resolutions. The model is then
jointly trained with forecasting losses over all spatial and tem-

"https://github.com/mengcz13/mengcz13.github.io/raw/master/
pdf/ijcai2022-appendix.pdf
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Figure 1: Example of multi-resolution spatiotemporal data: Taxi
Pickup Rates. Each of the first 4 rows displays the change of taxi
pickup rates (total pickup times in 30 minutes) over a one week
period for one of the 4 pink taxi zones (bounded with black in the
map).The last row shows the aggregated (summed) taxi pickup rates
in the borough composed of the 4 pink taxi zones, and thus is of
a coarse spatial resolution. Each column stands for one temporal
aggregation resolution. Data in coarser spatial/temporal resolutions
is aggregated from data in finer resolutions when the latter is fully
observed. In other scenarios, it can also be collected from different
data sources and thus have heterogeneous qualities.

poral resolutions. We further construct downsampling and
upsampling modules among forecasting outcomes of different
temporal resolutions to enhance inter-resolution connections.
To improve intra-resolution modeling, we combine the Koop-
man theory-based modeling of dynamic systems with deep
learning-based prediction modules for more principled model-
ing of dynamics. The inferred Koopman matrix offers inter-
pretations of heterogeneous dynamics in different resolutions
at the same time.

Our contributions are: (1) ST-KMRN captures inter-
resolution dynamics of spatiotemporal data via connecting rep-
resentations in different levels of resolutions via self-attention,
providing an effective way of leveraging multi-resolution data.
(2) ST-KMRN further improves inter-resolution modeling with
upsampling and downsampling modules among predictions
of various resolutions. (3) ST-KMRN improves the mod-
eling of intra-resolution dynamics with the combination of
Koopman theory-based modeling and deep learning-based
forecasting models, which also provides interpretable infor-
mation of different dynamics in multi-resolution data. (4)
ST-KMRN achieves state-of-the-art performance on the long-
sequence forecasting tasks from real-world spatiotemporal
datasets.

2 Problem Formulation

In this work, we focus on the task of forecasting spatiotem-
poral multivariate time series with multiple resolutions of
both space and time. We denote the set of regions by

S = {s1,82,...,8n}, the set of P historical time steps by
Ty = {t1,t2,...,tp}, the set of @ future time steps by
Tr = {tp+1,...,tp+q}. and the multivariate variable of

dimension D at region s and time step ¢ by z; s € RP.

Definition 1 (Resolution). A resolution R(X) is a par-
tition of the set X. In addition, for a temporal res-
olution R(T) (T = Ty or T = Tp), we re-
quire |T| = |R(T)| x r, Ir € N, and R(T) =
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Ht, ot (R =) x4 15 - ER(D) <} We
name 7 as the scale of the temporal resolution R(T).

Definition 2 (Aggregated Variable). The aggregated multi-
variate variable over a set of regions S’ and a set of time steps

T’ is defined as x77%, = agg({x:s |t € T',s € S'}), where

agg is some aggregation function agg : RV*P — R such
as summation or average. We omit agg in following notations
since the aggregation function is usually the same for a given
dataset and can be inferred from the context.

Definition 3 (Observation at Given Spatial and Temporal
Resolutions). The observation at a given spatial resolution
R(S) and a given temporal resolution R(T) is defined as
a set of aggregated multivariate variables: Og()rs) =

(@ rs|rr € R(T),rs € R(S)} € RIRMIXIRE)XD,

We then formulate the input and output of the forecasting
problem with multi-resolution spatiotemporal input data as
follows:

Input (1) The set of regions S, the set of historical
time steps Ty, and the set of future time steps Tp.
(2) The list of available temporal resolutions TR =
{RT(Tw),...,RE, (Tx)}, and the list of available spatial
resolutions SR = {R7(S),..., R _(S)}. R (Tx),R{(S)
are the highest temporal and spatial resolution respectively. In
other words, |r;| =1, Vr; € RT(Ty), and |rs| =1, Vrs €
RP(S). (3) The set of historical spatio-temporal resolution
pairs will be HR = TR x SR. (4) The set of histori-
cal observations in multiple spatial and temporal resolutions
0= {@TR,SR | (TR, SR) S HR}

Output The set of forecast values at the target spatial and
temporal resolution Y= Oz, (T#),RS,,(S)-

ou

3 Proposed Method: Spatiotemporal
Koopman Multi-Resolution Network

In this section, we introduce our proposed model: Spatiotem-
poral Koopman Multi-Resolution Network (ST-KMRN). Fig-
ure 2a provides an overview of its architecture.

Input historical observations O in multiple spatial
and temporal resolutions are first grouped by tem-
poral resolutions into {Org,,...,Org, }, ~ where

concat({Orr, sp,,---,OrR, sRA.}) €

RITEilxNsxD | N g S %5 |SRy| is the concatenated
multivariate time series along the spatial dimension. For
O g,, we construct a spatial hierarchical graph G; = (V;, E;),
where V; = U§i1 SRy, contains region sets at all spatial
resolution levels and FE; is composed of 2 types of edges:
(1) intra-spatial-resolution edges constructed with prior
knowledge such as spatial information or connection strengths;
(2) inter-spatial-resolution edges between all pairs of region
sets (S,,Sy) iff. S, C S,.

Each pair of (Orpg,, G;) is fed into the i-th spatiotemporal
encoder to generate a temporal-resolution-specific embedding
E; € RNsXH where H is the embedding dimension. Em-
beddings of all temporal resolutions are then propagated and
updated with the self-attention module and the updated em-
bedding E serves as the input of the i-th decoder to get the

Orr, =
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(a) Overview of ST-KMRN’s architecture (R = 3).

(b) Neural network based module.

Figure 2: ST-KMRN’s architecture.

«DL
deep learning based forecasting result Y7 . Meanwhile, a
Koopman Theory based forecasting module takes Orp, as

K <DL

its input and gives its forecasting Y in parallel. Yp .
oK

and Y1 p. are then fused with a gating mechanism to get the

o1

first-stage forecasting result Yr. . We further design up-

sampling and downsampling modules for the second-stage

~ds

forecasting: Y R Y, R,
ups

Y, r, = UpSampling; +1(YT R,.,) is combined with the at-

= DownSampling; 1(V1TR s

tention mechanism for the final forecast YT R, (fori =1/ N,

Yrr, . ?;]: ., is omitted respectively).
3.1 Physics-Informed Modeling of Intra-Resolution

Dynamics

In this part, we introduce our proposed physics-informed mod-
eling of intra-resolution dynamics, where a neural network
based module and a Koopman theory based module are com-
bined for encoding and forecasting in each temporal resolu-
tion.

Neural Network Based Module (ST-Encoder and
ST-Decoder)

The architecture of the neural network based module is a modi-
fication of Graph-WaveNet [Wu et al., 2019]. Figure 2b shows
the architecture of the encoder part, where multiple temporal
convolutional layers (TCN) [Oord et al., 2016] and graph con-
volutional layers (GCN) [Kipf and Welling, 2017] are stacked
alternately to encode spatial dependencies at various temporal
scales. The output of the encoder is an embedding vector
E; summarizing the input sequence Org,. E; is then prop-
agated with embeddings from other resolutions into E/ via
self-attention [Vaswani et al., 2017]. The decoder is com-
posed of two 1D convolutional layers applied along the spatial

o DL
dimension, which maps E; to the forecasting result Y. .

Koopman Module

Koopman Theory Given a non-linear dynamic system with
its state vector at time ¢ denoted as s; € R". The system
can be described as s;11 = F(s;). As defined in [Koop-
man, 1931], the Koopman operator r is a linear transfor-
mation defined on a function space F by Krpg = g o F for
every g : R™ — R that belongs to the infinite-dimensional
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Hilbert space F. With this definition, we have Krg(s;) =
goF(s) = g(se41).

The Koopman theory [Koopman, 1931] guarantees
the existence of K, but in practice we often assume
the existence of an invariant finite-dimensional subspace
G of F spanned by k bases {g1,92,...,9r}. De-
fine g¢ = [91(St),92(8¢),-. -, gu(sy)]" and g1 =
[91(8¢41),92(8¢x1)s - -+ gr(8¢+1)]T, under the assumption
we have g;,9;11 € G and there exists a Koopman matrix
K € Rka S.t. gi+1 = th

Koopman Theory Based Modeling of Temporal Dynamics
Compared to directly modeling the state propagation function
F' with neural networks, the Koopman theory provides prior
knowledge related to the system. In addition, the resulting
Koopman matrix is more interpretable as the propagation of
hidden states can be represented as a linear mapping.

The key problem is to find the pair of mappings between
the state space R™ and the invariant subspace G € R*: g :
R™ — R* and g~ ! : R* — R™. Here we model them with
2 multi-layer perceptrons (MLPs). g maps each frame of the
input O, to the subspace, and generates Hyp, € RITRilxk,
Then, the Koopman matrix Krp, is estimated as

arg min | K (Hrr [0 —1)" — (Her LD 2. ()

With  Hrppg,[—1] as the starting state g for
forecasting, the  module  forecasts 7T; steps
into the future in a recurrent way: ?T R, =

97 (Krr,q0),9 " (K}R q0);-- - _1(K%Ri 0)]-

Gated Fusion of ST-Encoder and Koopman Module
While the Koopman theory based module is more principled
and can be incorporated with prior knowledge of the system,
the neural network module is far more expressive and flexi-
ble. To combine the advantages of both modules, we design a
fusion module that jointly leverages their forecasting. More
specifically, we use a 2-layer 1D convolutional neural network
(CNN) with the sigmoid activation function to generate a vec-
tor. The vector controls the ratio of each module’s prediction
in the combined forecasting results as follows:

~DL &K
Nrr;, = fGate(Concat(YTRiaYTRi)) 2)

A1 ~DL ~ K
YTRi = (1 _nTRi) ®YTRi +77TRi ®YTR1.’ (3)
where ® is the element-wise product.
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3.2 Inter-Resolution Dynamics Modeling

In this part, we introduce the self-attention module that fuses
representations over all temporal resolutions as well as the
upsampling and downsampling modules for the second stage
forecasting.

Self-Attention Module

The self-attention mechanism, proposed in [Vaswani et al.,
2017], captures dependencies of input elements without re-
gard to their distance in the input sequence. With similar
motivation, we adopt self-attention to model the interaction
of representations from multiple temporal resolutions. Given
the list of resolution-specific embeddings [E1, Es, ..., Er,],
we concatenate all embeddings to construct the input represen-
tation as E € RVs*RrxH \We then update the embeddings
of all regions in parallel via multi-head self-attention across
resolutions.

Upsampling and Downsampling Modules
Upsampling Module We set up a learnable upsampling

module UpSampling; for each YIT Rr;»¢ > 1. Denote 7; as
the scale of the temporal resolution 7'R;. In our experimental
settings we always have r; = k;r;—1, 3k; € N, Vi > 1. We
implement the i-th upsampling module as a 1D CNN with D
input channels and k; D output channels. Its output is then
rearranged as the upsampled prediction in the same way as
PixelShuffle [Shi ef al., 2016] for the upsampled forecasting

~Ups
results Yy .

Downsampling Module We also set up a downsampling

module DownSampling, for each ?1T R,»% < Ry. In the same
experimental settings as mentioned above, we implement the
downsampling module as an aggregation operator, which is
of the same type of aggregation for generating data in coarser
temporal resolutions. For the temporal resolution T'R;,7 <

o1
R, the operator aggregates the prediction in Y15 every

L gds
ri41/7i steps as the downsampled prediction Y 5. +1'

Weighted Summation of Forecasting Results For the i-
th temporal resolution (1 < ¢ < Rr), we use the weighted
summation of the first-stage results, the upsampled results,
and the downsampled results as the second-stage prediction.
Weights for summation are the output of a learnable module
implemented as CNN with softmax activation function defined
for the i-th resolution:

~ 1 ~UDS ds
'LUT’]{7 = .fU)(iight (COHCat(YTRi y YTR7 , YTRZ )) (4)
~ ~ 1 ~UPS
Yrr, = wrr[::500® Yrg, +wrr 551 @ Yog,

~ds
twrg; [:’ Y 2] ® YTRW
&)
where ® is the element-wise product. For cases where ¢ =
1[resp. Rr], the weighted summation is calculated in the same

. ~ds ~AUPS
way but with the Y. [resp. Y p, ] term removed.

3.3 Loss Function

Denote the forecasting loss function as £(Ypred, Yirue), the
total loss for training the model is

Rt
Liota = Y Lrr,, where (6)
=1
Lrp, = 3 LY Yrg,) + L5320 ()
~DL ~K
Y{Rn YTRN
o ~ ~UDPS
ve YERi’ TR;»
YTR'L ? YTRz

L0 = o weirm Nla(¥or,[p) — g(Yrr,[a))]
— |Yrr,[p] = Y7r,[d]ll

®)

£(TKR1\1_/I) encourages the mapping from the state space to the
invariant subspace in the Koopman module to preserve the
distance.

4 Experiments

Datasets We evaluate the performance of ST-KMRN and all
baselines on 3 datasets: (1) New York Yellow Taxi Trip Record
Data (YellowCab) [NYCTLC, 2021] in 2017-2019; (2) New
York Green Taxi Trip Record Data (GreenCab) [NYCTLC,
2021] in 2017-2019; and (3) Solar Energy Data (Solar En-
ergy) [NREL, 2021] of Alabama in 2006. We use sliding
windows to generate input/output sequence pairs ordered by
starting time and divide all pairs into train/validation/test sets
with the ratio 60%/20%/20%. Since all datasets are originally
in a single resolution, we construct one extra spatial resolution
(named as "agg regions”) and two extra temporal resolutions
on all datasets by aggregation to simulate the multi-resolution
scenario.We list statistics and task settings of each dataset in
the appendix.

Baselines We compare our model ST-KMRN with the fol-
lowing baselines: (1) Historical Averaging (HA): We use the
averaged value of historical frames with the 1-week period
as the prediction. (2) Static: We use the value from the last
available frame in the input sequence with the 1-week period
as the prediction. (3) Gated Recurrent Unit (GRU) [Chung
et al., 2014] (4) Informer [Zhou et al., 2021] (5) Graph
WaveNet [Wu er al., 2019] (6) MTGNN [Wu et al., 2020]
(7) KoopmanAE [Azencot et al., 2020]. For all baselines, we
concatenate input in multiple temporal resolutions as features
into one single temporal resolution. We have also considered
other recent works on short-term spatiotemporal forcasting as
baselines, such as AGCRN [Bai et al., 20201, GMAN [Zheng
et al., 2020], DGCRN [Li et al., 2021]. However, their de-
signs induce high computation and memory complexity on
long sequential data and prohibit us from retrieving results
practically.

4.1 Long-Sequence Forecasting With Fully
Observed Input

Set-up We train all models and evaluate their forecasting
performance within certain horizons into the future. We repeat
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Data YellowCab GreenCab Solar Energy
Metric MAE RMSE MAE RMSE MAE RMSE
HA 21.934 35473 3.764 5.701 69.401 152.590
Static 14.004 26.324 2.076 3.080 71.758 179.680
GRU 25.625(0.188)  38.207(0.180) | 2.668(0.056) 3.894(0.082) | 114.667(9.018) 201.622(10.462)
Informer 22.210(2.046) 33.484(2.722) | 1.926(0.062) 2.818(0.079) | 81.456(5.181) 171.407(10.061)
Graph WaveNet | 16.889(0.115) 30.929(0.257) | 1.801(0.011) 2.787(0.019) | 135.644(0.062)  290.471(0.186)
MTGNN 18.914(0.592) 34.017(0.985) | 2.222(0.022) 3.462(0.009) | 130.357(3.472)  283.506(5.695)
KoopmanAE 16.922(0.680) 28.115(0.891) | 2.612(0.131) 3.832(0.196) | 148.614(2.297)  253.097(0.421)
ST-KMRN 13.631(0.812) 24.090(1.054) | 1.682(0.004) 2.479(0.017) | 67.718(1.620)  148.304(2.279)
RelErr -2.7% -8.5% -6.6% -11.1% -2.4% -2.8%
RelErrtGW -19.3% -22.1% -6.6% -11.1% -50.1% -48.9%

Table 1: Forecasting results within the maximum possible horizon from fully observed input sequences. The lowest error is marked in bold and
the second-lowest error in italic with underline. The row “RelErr” shows the relative error change to the best baseline model and "RelErrGW”

to the Graph WaveNet baseline.

each experiment 3 times and report mean values and standard
deviations of all metrics.

Discussion Table 1 shows the forecasting performance
within the maximum possible horizon (10-day for Yellow-
Cab/GreenCab and 3-day for Solar Energy) of baselines and
our proposed ST-KMRN measured in Mean Absolute Error
(MAE) and Rooted Mean Squared Error (RMSE). Results
within other horizons are in the appendix and we have sim-
ilar observations. We observe that: (1) On all of 3 datasets,
ST-KMRN outperforms all baselines, demonstrating the ad-
vantage of ST-KMRN in long-sequence forecasting with multi-
resolution data. (2) ST-KMRN achieves significantly de-
creased forecasting errors compared to the Graph-WaveNet
baseline, with whom its encoders and decoders share similar
neural network architectures. The results demonstrate that
the gain of ST-KMRN comes from the enhanced modeling
of both intra-resolution and inter-resolution dynamics. (3)
On the YellowCab and Solar Energy datasets, our proposed
ST-KMRN still holds the best performance compared to other
baselines, but its advantages over HA and Static are not as
large as on the GreenCab dataset. This is due to the strong pe-
riodicity within the fully observed input sequences. We further
conduct experiments in a more challenging setting: input data
is partially observed, where the periodicity in input is weaker.

4.2 Long-Sequence Forecasting Results With
Partially Observed Input

Set-up We evaluate the effect of missing data in input se-
quences by training and evaluating all models with varying
ratios of observable frames in the input of the finest spatial
and temporal resolution (named as “obs ratio”). This setting
aims to simulate the practical scenario when the model needs
to forecast with low-quality input data of high resolutions.

Discussion Table 2 shows the 10-day forecasting perfor-
mance of all models with various obs ratios on YellowCab.
When the input data suffers from high missing ratios, the peri-
odicity of data is less beneficial for forecasting, and the capa-
bility of capturing non-periodic patterns becomes more critical.
Thus, trainable models start having advantages over the Static
baseline. Under all obs ratios we select (0.8/0.6/0.4/0.2), our
proposed ST-KMRN achieves the lowest forecasting errors,

especially for higher ones (0.4 and 0.2), demonstrating its
advantages with partially observed input. We also provide
results for GreenCab and Solar Energy in the appendix, from
which we have similar observations.

4.3 Ablation Study

Set-up We conduct the ablation study on the YellowCab
dataset with 80% observation ratio to evaluate the contribu-
tion of proposed components. By removing each component
from ST-KMRN, we have the following settings: (1) w/o Self-
Attn: ST-KMRN without the self-attention module. (2) w/o
Koopman: ST-KMRN without the Koopman module. The
prediction will only be performed from the neural network
module. (3) w/o ups/ds: ST-KMRN without upsampling and
downsampling modules. Only the decoder of the target resolu-
tion will forecast. We repeat experiments of each setting for 3
times and report results in Table 3. Higher increase of errors
after removing one module indicates larger contributions.

Discussion From Table 3, we observe that (1) the self-
attention module applied on representations of different reso-
lutions significantly improves performance. It allows informa-
tion exchange among resolutions, and it contributes most on
shorter horizons (6h). (2) The combination of both Koopman
and neural network modules brings significant boosts to the
forecasting performance for both short (6h) and long (10d)
prediction horizons. It captures the correct patterns for each
temporal resolution, which we will detail in Section “Inter-
pretability of Koopman Module”. (3) The upsampling and
downsampling modules can improve performance on all fore-
casting horizons as (a) the downsampling module regularizes
the output by minimizing the difference between its aggre-
gated values with ground truth values in lower resolutions; (b)
the upsampling module is trained to predict local temporal
patterns and can fix the errors produced by the decoder, which
forecasts values on all steps at once.

4.4 Interpretability of Koopman Module:
Revealing Dynamics in Each Resolution

Set-up Since the Koopman module models the temporal
dynamics as a linear system in the hidden space, the derived
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Obs Ratio 0.8 0.6 0.4 0.2
Metric MAE RMSE MAE RMSE MAE RMSE MAE RMSE
HA 21.95 3552 21.97 35.58 21.99 35.62 22.08 3582
Static 14.21 26.66 15.77 29.73 22.49 40.69 41.19 61.80
GRU 22.83(1.15) 34.97(1.62) | 27.74(0.40) 41.21(0.46) | 27.75(0.40) 41.27(0.45) | 27.78(0.42) 41.31(0.46)
Informer 19.04(0.98) 29.21(1.29) | 23.83(1.93) 35.35(2.50) | 22.90(0.35) 34.31(0.50) | 23.30(1.53) 34.66(1.96)
Graph WaveNet | 16.53(0.29) 31.10(0.43) | 17.08(0.30) 31.01(0.39) | 16.74(0.21) 30.76(0.35) | 16.75(0.33) 30.72(0.16)
MTGNN 18.43(0.88)  32.73(2.02) | 19.41(0.40) 34.88(0.71) | 19.81(0.09) 35.49(0.11) | 18.95(0.11)  33.46(0.66)
KoopmanAE 18.43(1.57)  29.79(2.20) | 19.90(1.47) 31.58(1.94) | 18.96(2.08) 30.09(2.99) | 19.07(0.58) 30.66(0.77)
ST-KMRN 12.56(0.66) 22.58(0.71) | 11.66(0.36) 21.46(0.58) | 11.38(0.28) 21.17(0.45) | 11.76(0.31) 21.64(0.48)
RelErr -11.6% -15.3% -26.1% -27.8% -32.0% -29.6% -29.8% -29.4%
RelErrGW -24.0% -27.4% -31.7% -30.8% -32.0% -31.2% -29.8% -29.6%
Table 2: Forecasting results with partially observed input (YellowCab, Horizon=10d).
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Figure 3: Eigenvalues of Koopman matrices in the learned hidden space of input sequences in different resolutions. For each subfigure (a)(b)(c),
the left part shows the distribution of eigenvalues on the complex plane with the unit circle, and the right part displays the distribution of
maximum magnitudes of complex eigenvalues w.r.t periods (period = 27 /angle x timewindow).

Horizon 6h 10d
Metric MAE RMSE MAE RMSE
[T232.09) 15.76(2.12) | 1441(2.36) 23.64(2.16)
wioSelf-Attn |~ so 100" 12638% | +1473%  +4.69%
o Kooo— [ 870(0,59)  T863(08) | TA6T0.60) 2642(08T)
P +2306%  +49.40% | +1680%  +17.01%
owgds | 79H0STT287(0.52) | 13450.20) 23.18(0.12)
P +1231%  +321% ¥7.09%  +2.66%
STRMRN | 7.07(0.64)  12.47(0.58) | 12.56(0.66) 22.58(0.71)

Table 3: Ablation study results on YellowCab (Obs Ratio = 0.8) with
the relative change of errors after removing each component.

Koopman matrix describing the system can provide rich in-
terpretable information. With eigen decomposition applied to
the Koopman matrix, we can decompose the system dynamics
into components with different magnitudes and periods. An
eigenvalue \e’? corresponds to a component f(t) = \fei%
with magnitude A and frequency 6 (i.e. period T' = %’r).

Discussion Figure 3 displays the distribution of eigenvalues
of Koopman matrices for the input data of each resolution.
‘We observe that: (1) For data in the resolution of 30-min, 6-
hour, and 1-day, the maximum of magnitudes of eigenvalues
reaches its peak value around the period of 24-hour, 1-day,
and 7-day respectively (we ignore the eigenvalues with zero
angles since they represent components with infinite periods
and thus are non-periodic). This matches our observation that
the taxi demand data shows strong daily and weekly patterns.
(2) For data in the resolution of 30-min and 6-hour, we can
still notice eigenvalues with large magnitudes around the 1-
week period, but it is hard to distinguish them from other
components including non-periodic ones. The reason is that in
data with high temporal resolutions, long periods correspond

to large numbers of time steps 7" and frequency values 6 close
to 0. When we switch to data with a lower temporal resolution
(1-day), the pattern of the same period can be represented by
components with larger distances to non-periodic components
in the spectral domain and are easier to identify. This again
implies the necessity of utilizing multi-resolution data for
better modeling temporal patterns with various periods.

5 Conclusion

We propose Spatiotemporal Koopman Multi-Resolution Net-
work (ST-KMRN), which boosts the long-sequence forecast-
ing with enhanced modeling of inter-resolution and intra-
resolution dynamics in multi-resolution data. To accomplish
this, we introduce self-attention among representations of
different resolutions together with upsampling and downsam-
pling modules for better utilization of inter-resolution contex-
tual information. Meanwhile, we improve the modeling of
intra-resolution dynamics with the combination of Koopman
theory based modeling. ST-KMRN achieves state-of-the-art
performance on the long-sequence forecasting tasks from mul-
tiple real-world spatiotemporal datasets. Limitations of our
work include that the available resolutions used by the model
are fixed and are usually dependent on the task and data avail-
ability, and the model only applies to data with regular time
steps. Our future works include extending the framework
to find optimal data resolutions to guide the data collection
process and enabling it to model and forecast irregular spa-
tiotemporal sequences.
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