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Abstract

In this paper we investigate pure exploration prob-
lem in Multinomial Logit bandit(MNL-bandit) un-
der fixed budget settings, a problem motivated by
real-time applications in online advertising and re-
tailing. Given an MNL-bandit instance and a fixed
exploration budget, our goal is to minimize the
misidentification error of the optimal assortment.
Towards such an end we propose an algorithm that
achieve gap-dependent complexities, and comple-
ment our investigation with a discussion on recent
studies and a minimax lower bound on misidenti-
fication probability. To the best of our knowledge,
our paper is the first to address the recently pro-
posed open problem of fixed-budget pure explo-
ration problem for MNL-bandits.

1 Introduction

In this paper we investigate the Multinomial Logit
Bandit(MNL-Bandit) problem [Rusmevichientong et al.,
2010; Agrawal er al., 2016; Agrawal et al., 2019], an im-
portant problem motivated by online revenue management,
retail and advertising. The seller needs to select a sub-
set(assortment) of items from a set of items available in stor-
age so as to maximize the expected revenue from the item
that the customer will purchase. The probability that the
buyer will purchase items from the assortments follows the
MNL choice model, one of the most widely used discrete
choice models [Luce, 1959; Train, 2009]. Once the buyer
makes a decision on which item to purchase or not to pur-
chase any item at all, the seller receives an income corre-
sponding to the value of the item. The goal of the seller is
to learn the parameters of the MNL choice model and in turn
maximize the expected revenue generated through buyer pur-
chase by sequentially offering assortments. Such a model
effectively reflects the dynamics in practical interactions
such as retailing/advertisements, where the seller seeks to
maximize the likelihood of customer purchase/advertisement
links while showcasing only a limited number of merchan-
dise/advertisements.

Prior work on MNL-bandits have centered on regret
minimization as well as pure exploration with fixed-
confidence(i.e. under a PAC setting). The problem of pure
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exploration under the fixed-budget setting, however, remains
unexplored and has been identified as an open problem by
[Karpov and Zhang, 2020]. Investigation on the pure explo-
ration problem under fixed-budget setup is particularly help-
ful as it provides additional insight for the optimal algorith-
mic performance on all MNL-bandit instances in addition to
the regret minimization objective in prior work. The central
challenge in our setting is that the algorithm not only needs to
learn the optimal preference parameters corresponding to the
buyer, but also the corresponding optimal expected revenue.
Most of existing algorithms for combinatorial bandits/subset
selection, as pointed out by [Yang, 2021], do not automati-
cally solve the MNL-bandit problem as the MNL-bandit has
limited feedback compared to the usual settings such as semi-
bandit/full-bandit setups. Additionally, unlike the case for
regular Multi-armed Bandits where the ’importance’ of all
arms is independent from other arms, the pairwise 'impor-
tance’ order between any two items in the MNL-bandit prob-
lem can be affected by the *importance’ of other items. Fur-
thermore, whereas the seller may offer any assortment an ar-
bitrary number of times in fixed-confidence algorithms, such
flexibility is not possible in fixed-budget algorithms due to the
limited number of assortment the seller can offer.

Towards these objectives, we propose in this paper an al-
gorithm based on successive accept-reject principles to tackle
the fixed-budget pure exploration problem in MNL-bandits.
Our contributions can be summarized as follows:

* We propose FB-MNL-SAR, an algorithm based on
the successive accept-reject(SAR) principles, to solve
the fixed-budget pure exploration in Multinomial Logit
Bandits(MNL-Bandits). To the best of our knowledge,
this algorithm is the first to address the issue of fixed-
budget exploration in MNL-Bandits.

* Based on the FB-MNL-SAR algorithm, We also derive
instance-dependent upper bound on the misidenification
probability that the final assortment deviates from the
optimal assortment.

* We complement our analysis with results on instance-
independent lower bounds, as well as a discussion on
the near optimality of the FB-MNL-SAR algorithm with
respect to worst-case/instance-independent objectives.
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2 Related Work

There is a plethora of literature on multi-armed bandits and
combinatorial bandits, and we refer interested readers to [Lat-
timore and Szepesvdri, 2020] for a comprehensive overview.
In particular, the subset-selection problem [Chen er al., 2017,
Chen et al., 2014; Chen et al., 2016; Rejwan and Mansour,
2020], in which an algorithm chooses a subset of arms from
an existing universe of arms, is the most relevant to our
MNL-bandit problem. Prior research has uncovered gap-
independent and gap-dependent bounds under the subset se-
lection settings, although those results are not directly appli-
cable towards our problem because the MNL-bandit receives
substantially more limited feedback in the form of the sin-
gle purchased item reward as compared to the rewards corre-
sponding to all items in the assortment.

The MNL-bandit problem is first introduced in [Rus-
mevichientong er al., 2010; Sauré and Zeevi, 2013] as the
Dynamic Assortment Selection Problem, under which the
seller has to learn the buyer’s preference over items in the
selling horizon. Algorithms based on Upper-confidence
bound(UCB) [Agrawal et al., 2019] and Thompson Sam-
pling(TS) [Agrawal erf al., 2017] have been demonstrated to
achieve a tight instance-independent cumulative regret bound
of O(vV/NT), matching a regret bound of Q(+v/NT) for the
MNL-bandit problem in our setting. Some previous pieces
of work [Agrawal et al., 2016; Agrawal et al., 2019] have
considered a reduction of MNL-bandits to the regular bandit
problem by modeling each assortment as an arm to be offered,
but such modeling creates an exponential number of arms
without using the inherent relationships between the items
and hence do not give good bounds. Variations of the MNL-
bandits in dueling settings have also been studied [Chen et al.,
2018; Saha and Gopalan, 2019]. More recently, [ Yang, 2021;
Karpov and Zhang, 2020] have independently investigated
the problem of fixed-confidence pure exploration in MNL
bandits, and obtained the first upper bounds on sample com-
plexity for fixed-confidence pure exploration problems. The
problem of fixed-budget pure exploration has been identified
by [Karpov and Zhang, 2020] as an open problem with theo-
retical value.

3 Problem Setting and Preliminaries

We adopt the concepts/notations used in [Yang, 2021] and
[Karpov and Zhang, 2020], and consider the Multinomial
Logit choice model because of its simplicity, applicabil-
ity and wide range of applications as pointed out by prior
work [Luce, 1959; McFadden, 1973; Soufiani et al., 2013;
Train, 2009] . At each time step, a buyer decides which item
to purchase(or whether or not to purchase) out of an assort-
ment(the size of which is bounded by a capacity constraint
parameter K) offered by the seller from the list of available
items.

More specifically, a MNL-bandit instance can be expressed
as a quadruple Z = (N, K,r,v). Given a set of N items
[N] = {1,2,...N}, the seller offers an assortment S C [N]
such that |.S| < K, and the buyer purchases item ¢ € SU{0},
after which the buyer obtains a reward r; € [0, 1] correspond-
ing to the item ¢. Here the item ¢ = 0 stands for the 'no pur-
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chase’ decision, and r, v respectively denote the reward and
preference parameter vectors. The probability for the buyer
to choose item 7 € S U {0} can be expressed as

Vi
b
vo + ZjeS Uj

where v; € [0,1] is the preference parameter for the item
1. Without loss of generality, we set v9 = 1 and 9 = 0,
such that the 'no purchase’ decision yields O reward and is
often the most frequent outcome as suggested by common
convention (Agrawal et al. 2016, 2017, 2019). It follows that
the expected revenue generated by the assortment .S is:

P =

;U
R(S,v) =E;.py|ri] = —_—.
(a ) 1Ps[z] Zl+z v
€S jeS I
We denote the optimal assortment with respect to preference
vector v as

Sy =arg max  R(S,v),
SC[NL|SISK
and the corresponding optimal revenue 6, = R(Sy,V).

Given the definitions above, our goal is to find an assortment
S satisfying the constraint |S| < K, within a known time
horizon T' time steps, such that the misidentification proba-
bility
er =P[S # Sy]

is minimized. Our definition follows naturally in light of re-
cent parallel developments in fixed budget bandits, where the
objective is to output an arm(or action) within a fixed number
of exploration epochs. Without loss of generality as in the
case of [Yang, 2021], we assume that the optimal assortment
Sy is unique given the preference vector v, so that the hard-
ness complexity of our problem will be bounded as will be
discussed in more details in subsequent sections.

4 Algorithmic Framework

To facilitate analysis of our fixed-budget optimal assortment
problem, we start off by relating the MNL-bandit problem to
the positive top-K item identification (PTop-K) problem.

Lemma 1. [Rusmevichientong et al., 2010; Yang, 2021;
Karpov and Zhang, 2020] Consider the advantage score of
each item i given a preference vector v:

i = (7”1' - 9v)Ui~

Then the optimal assortment Sy, is the set of all items such
each item i in the set has score n; > 0, and n; is among the
top K of all scores {n;}.

Lemma 1 indicates the connection between MNL bandit
and top-K/thresholding arm identification problems based on
pairwise partial order relation of advantage scores, thereby
making it possible to derive corresponding gap-dependent
bounds on misclassification probability using similar tech-
niques. Using a similar set of notations as those in [Karpov
and Zhang, 2020], we assume without loss of generality that
m > ny > ... > ny for the N items in consideration(an
observation which is unknown to the player).
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Moreover, without loss of generality and in regards to the
assortment uniqueness described in previous sections, we
assume that all the items have unique values of advantage
scores, i.e. 1; > n;41 for all items ¢ € [N — 1].

These assumptions are also essential in prior work us-
ing ’assortment-level’ complexities, as it guarantees that the
hardness of the problem does not go to infinity and that the
best assortment is unique. They are also key in establish-
ing the validity of our algorithmic estimations as follows, as
demonstrated by subsequent sections.

4.1 A Two-phase Successive Accept-Reject
Algorithm

To output an assortment satisfying these two requirements,
we design a two-phase algorithm that estimates the items with
top-K advantage scores before choosing the items with the
positive advantage scores. The high-level intuition of our
approach is that any item which belongs to the optimal as-
sortment must have advantage scores that are in the top-K
amongst all items; given these top-K items, we subsequently
choose items with positive advantage scores, and return the
corresponding item set as the optimal assortment.

Towards the respective objectives of the 2 phases, we adopt
the Successive Accept-Reject framework commonly used in
previous work [Yang, 2021; Bubeck et al., 2013; Chen et al.,
2017; Rejwan and Mansour, 2020]. Our algorithm consists
of two subroutines: the first estimates the Top-K items and
the second subroutine estimates the positive advantage-score
item out of the top-K. The T time steps are divided into N +
K rounds, with the first subroutine using N rounds and the
second using K rounds.

In the first subroutine Top-K-EST, the high level idea is to
iteratively accept/reject items based on the upper/lower con-
fidence estimates of the advantage scores 7);, 7;, which are
computed from the upper/lower confidence estimates of the
optimal revenue Gv, 0,. The confidence estimates of the op-
timal revenue Hv, 6y, in turn, are constructed from the up-
per/lower confidence estimates of the preference vector v, v
by considering the maximal revenue with respect to the vec-
tors v, v. Assume, without loss of generality, that 17; > 1y >

. > ny for all elements in the set {n;}~ ;. More specifi-
cally, in addition to the reward gaps defined in previous sec-
tion, we define the rop- K advantage gap of an item ¢ as

AE) _ = K4 ifi <K,
! NK — N ifi > K+1,
We also define the estimate of fop-M advantage gap, with

respect to the upper (7);) and lower (7};) estimates of advantage
scores 1;’s, as

ifi <M,

AGD [ Tor ) — Mo, (M+1)
b ifi > M+ 1.

o () Mo (M) — Tor (§)
We adopt the notations used in [Bubeck et al., 2013], and
define o, as the bijection from [N 4+ 1 — 7] to the pending set
P, such that ﬁgr(l) > 770—_,_(2) > > ﬁUT(NJrl,T). At each
round, we consider an item ¢ with the largest value of A((TM()Z,).
We remove item ¢ from the pending set. If 7j; > 7, (141,
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we accept item ¢, and decrease M by 1; if Mo, (M) = iy WE
reject item ¢. The algorithm repeats such a procedure until
all the items are either accepted or rejected. Details of the
top-K item estimation subroutine Top-K-EST can be found
in Algorithm 1.

Algorithm 1 Top-K-EST
]JN Capacity Parameter K, N Explo-

Input: Items 7

ration Epochs {7 }7_
Initialization: Accepted Item Set Ay = @, Pend-
ing Item Set Py, = [N], Estimated upper/lower confi-

dence values of preference factors v; v; = 1,9; = 0,
Counter of maximum number of items to be accepted
M = K. Estimated gaps A M) = 1 for all items
i.

I: forr=1,2,...,N do

2 foralli € P, do

3: Offer singleton assortment {¢} (7> — T;_1) times;

4 ( )+ the ratio of {i} being rejected out of a total

of T offermgs

5: (T) + min{ -} me —1,1}; {Denote the vector of v;’s
as v}
(n _ A5
6: 0 + max{v;" — —FL,0},0; min{v\”) +

A M)
& 1}; {Corresponding vectors v, \?}A

7: 6 — maxsc AUpP R(S, {’)79 —
maxgcaup R(S,v);  {Estimates of optimal
revenue }

8: B < min{oi(r; — 0),0(ri — O)} %
max{9;(r; — 6),0;(r; — 0)}; {Estimates of advan-
tage scores}

9:  end for

10:  Sort{7; : i € P.},{; : i € P.} by decreasing order;
11:  Compute estimates Agj(

)l.) ’s and order them by o, (7).

12:  Remove ¢ ¢ arg max AC(TM()Z) from Pending Set P, _1,

P, = P.1\{i}.
13:  if Mo, (3) > To, (M+1) then
14: A+ A U{i}
15: M=M-1.
16:  elseif 79, (rr) > 75, ;) then
17: Reject item 4.
18:  endif
19: end for

Return: Estimated Top-K advantage score item set A .

After running the Top-K-EST subroutine, we use an addi-
tional K epochs for the subroutine in the 2nd phase to obtain
the positive advantage-score items from the top-K item set re-
turned by the first phase. Again, at each round after building
up confidence intervals, the rules are to accept pending items
with positive scores, and to reject pending items with negative
scores. When phase 2 terminates, the subset of K items with
estimated positive advantage scores is returned as the optimal
assortment. To reduce the randomness involved in estima-
tors, a key difference between Positive-EST and Top-K-EST
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is that the estimator being considered is no longer the advan-
tage score used in Top-K-EST, but the gap A$* = |r; — 6|
between individual item reward r; and the optimal revenue
0. Similar to the case of top-M advantage gap, we define the
corresponding estimates of the gap A$™ as follows:

T — év if T Z év,
AP = {0 if6y >r; >0,
év —T; if év Z Tis

The flowchart Positive-EST provides an overview of the
estimation procedure at phase 2.

Algorithm 2 Positive-EST
Input: Estimated Top-K Items Z, K Exploration Epochs

(TN
Initialization: ~ Accepted Item Set By < (), Pend-
ing Item Set Py, = 1. AP 0 for all
1.
1. fork =N+1,...N+ K do
2 for all i € P, do
3: Offer singleton assortment {i} (T,, — T,;—1) times;
4 :UE”) + the ratio of {i} being rejected out of a total
of T}, offerings, including those in subroutine Top-
K-EST;
5: vi(”) + min{—5 — 1, 1}; {Denote the vector of v;’s
as v} ' ~
6: U max{vf'{) - ﬁ; ,0}h,0; «+ min{vgn) +
g—?, 1}; {Corresponding vectors v, v} )
7: 0 — maxgc aup R(S, V), 0 —
maxgcaup R(S,Vv);  {Estimates of optimal
revenue }

8: endfor

9:  Compute A$™ for each pending item i € P;.
10:  Remove i < arg max A¥® from Pending Set P;.
1. ifr; > év then

12: B+ BU{i}.

13:  elseifr; < év then

14: Reject item +.

15:  else

16: Accept or reject ¢ with equal probability.
17:  endif

18: end for

Return: Estimated Top-K Positive Revenue Item Set 5.

Combining the two subroutines executed the two phases as
well as the estimation procedure of the preference vector, the
FB-MNL-SAR algorithm is described in details in Algorithm
3. Theorem 1 provides the theoretical guarantee of our 2-
phase algorithm algorithm.

Theorem 1. Given an exploration budget T > N, the 2-
stage FB-MNL-SAR algorithm returns the optimal assortment

Algorithm 3 FB-MNL-SAR
Input: Items Z = [N], Capacity Parameter K, Exploration

Budget 7.
Initialization: Accepted item set A; = (), Pending item set
P, = [N].
. _ 1 T—N
1: Compute T, = [log(N—&-K) Nirii—; | forT € [N+K—
1], To = 0.

2: Obtain Top-K items A < Top-K-EST(Z, K, {T, }}_,).
3: Obtain S « Positive-EST(A, {T. }2 A%, ).
Return: The best assortment S.

S with misidentification probability

T—N
GTZO(KN26XP(— 7( ) (K))
K?log(N + K)H,
, (T — N)
+K3e — — ,
K2log(N + K)H§“”>)
where
N+K
i

HE — i
?el% (AF7)2”

are respective intrinsic hardness quantities of our MNL Ban-
dit instance in consideration.

Proof. Notice that conditioned on the correctness of subrou-
tines in phase 1 and phase 2, the misidentification probability
er can be expressed as

er = P[S # Sy |Top-K-EST wrong|P[Top-K-EST wrong]
+ P[S # Sy |Top-K-EST right]P[Top-K-EST right]
< IP[Top-K-EST wrong] + P[S # S, |Top-K-EST right]
< P[Top-K-EST wrong]
+ P[Positive-EST wrong|Top-K-EST right].

Our last inequality holds by the rule of total probability, the
definition of conditional probability, and the observation that
the FB-MNL-SAR algorithm returns the correct optimal as-
sortment with certainty if all the top-K and the positive items
in the top-K subset are identified correctly. Therefore, it suf-
fices to bound the misclassification probability incurred by
the 1st Top-K-EST and the 2nd Positive-EST subroutine.

We first of all present a lemma that the optimal revenue
0y = R(Sy,v) does fall into the confidence interval [, 6] we
have constructed from corresponding lower and upper (v;, ¥;)
estimates of the preference factor v; at every epoch:

Lemma 2. At each epoch T, we have 0, <6, < év in both
the Top-K-EST and the Positive-EST subroutines.

By the observation that 0 < 9; < v; < 9; < 1 and simple
algebra, we obtain the following corollary that demonstrates
the validity of confidence intervals constructed for advantage
scores:
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Corollary 1. Per the lower/upper estimates of the optimal
revenue 0, produced by line 9 of algorithm 1, the advantage
score n; € [1;, 1] for each item i.

Given the corollary above which demonstrates the correct-
ness of our estimation, we then establish the following lemma
that builds the relationship between estimated 6, and the
quantitatively.

Lemma 3. Within both Top-K-EST and Positive-EST subrou-
tines, the upper and lower estimates of the advantage scores

771(7) for item i at round T satisfy:

ﬁz(T T)<2Z|U7_UJ|
JES

Correctness and Probability of Top-K-EST

For the error contributed by misidentification in Top-K-EST
subroutine at phase 1, On a high-level, we can apply similar
reasoning as that in [Bubeck et al., 2013] to demonstrate that
our Top-K-EST subroutine returns the Top-K items as long as
the 7;’s are well-estimated to the degree specified by event F'.
Similar to the proof in [Bubeck et al., 2013], we will consider
the event

A(K)
F = {Vi € [N],¥r € [N], | — | < %}.
Since there is at least 1 gap between the K /K — 1-th largest
advantage score and the (N 4+ 1 — 7)-th largest advantage
score, the following relationship holds:

(M) (M) (K)

Al <AL S AN
Since 7; can be arbitrarily close to either one of the two end
points of its confidence interval [7);, 7j;], we set the length of
the confidence interval for v;, by our observation between the
relationships of estimates in Lemma 3, as reflected by line 6
in computing our upper/lower estimates of v;:

AM)

N . o (1)

s — 0 <
R T ¢

Notice that the items that are eliminated out of the pending
set have either very high advantage scores or very low ad-
vantage scores with respect to the K-th or (K + 1)-th largest
advantage scores per our construction of AEK), and the event
F' is a superset of the event regarding actual estimation of
n;’s. Therefore, it suffices to show that conditioned on F,
the Top-K-EST subroutine identifies all top-K items correctly,
and that F' occurs with small probability.

By Chernoff-Hoeffding inequality, we are able to estab-
lish the following inequality between estimated rejection ra-
tio xET) and the actual rejection ratio z; as determined by v;
for a given number ¢ > 0:

Pllz{” — 2| > 1] < 2exp (~T+t2).

We thus consider the event where all the x;’s
estimated, defined as follows:

are well-
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X ={Vie[N],vre[N]: |2\ — 2] < Agﬁl”}
’ ’ ’ 16K
Conditioned on X, it holds that
o AL
e 16K
Together with the observatlons that AK N +1 < 2 for all 7,

K >0,and z; = 1+v >3 L we can conclude that given the
event X,
(1) (1)
T ) T 16 T
o7 =l = 1P| < il = D=l
(T) 1/2- 3/8 3
We also notice that [v\”) — v;| = %\@lm {7 Using

a union bound and the equations we derived in previous sec-
tions, it follows that the probability of some items are not well
estimated by the Top-K-EST subroutine is at most:

A(K)

Z Z V('r)| > N:lrlfr]

1€[N] TE[N]
(K)

> 3 HE I o7z iy

1€[N]T€[N] €S

A
~(7) < (1) N+1—7
Z Z KP[[o;"" —v; 7| = ST]

1€[N] TE[N]

ST N KRl -y > =T

i€[N] T€[N]

> Y KR o> s

i€[N] TE[N]

Z Z 2Kexp(—2TT(L

i€[N] T€[N]

IN

IN

IA

IN

IN

9(T — N)

< 2K N?exp(— . .
16394 K 2log(N + K)H

where the last inequality holds because 0 < 7 < N and
K T—-N
TT(A§V+)1—T)2 Z —_— (K)
log(N + K +1—7)(ANY, )72
T—-N
~ Tog(N + K)H"™)

The following lemma shows the correctness of Top-K ad-
vantage score items thus retrieved.

Lemma 4. Denote the set of items with top-K advantage
scores as S1. Then at any round T in the Top-K-EST sub-
routine, A, CS1 C A, UP,.
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By Lemma 4, we have shown that conditioned on the event
F, the Top-K-EST subroutine will always terminate with the
correct Top-K output, because there is always at least 1 item
that will be accepted or rejected in each epoch in both of the
subroutines. Since there is a finite number of rounds of at
most N — 1 and we are keeping an adaptive counter M to
record the number of additional items to be included, the item
set returned is guaranteed to have size equal to K, containing
all Top-K items when the event F' holds.

Correctness and Probability of Positive-EST
Similarly, for the error contributed by misidentification in the
Positive-EST subroutine at phase 2, we consider the event
G such that the team-level revenue 6., is well-estimated in a
reasonably small interval at all rounds:
G ={Vi e [N],YV7r = N+1,...,N+K : |0, —0,] < A¥"},
Notice that conditioned on event G, if any error is pro-
duced by Positive-EST, then we have O, <1 < 9V. This is
because item ¢ is a positive item if r; > 9V > 0y, and item
1 is a negative item if r; < év < 6y per Lemma 2 and the
observation that A5 < A®*® for all .. When 6, < 7; < Oy,
ri —0y| < |0y — 6y, and |6y, — 6y,| > AF*. Hence, the prob-
ability that each item ¢ in the top-K item set gets misclassified
across all stages 7 does not exceed

P[G] = P[3i € {top-K-EST},7=N+1,..,N+ K :
057 = 007 = A,
Again, by Chernoff-Hoeffding, union bound, and pigeon-
hole principle, it follows that the probability of some items

not well estimated is at most:
N+K

Yoo D PO -6 = AR
1€Top-K-EST r=N+1
N+K A aj

(1) (7 i
< D > KR -g7 2 =]

1€Top-K-EST 7=N+1

N+K ") Agap

< XY KB -z 5
1€ Top-K-EST 7=N+1

N+K a

: ZAEP

< Y > EPly” —af 2 S

) 32K
i€Top-K-EST r=N+1

N+K SAgap2
< ) D Ke(-2T(55)%)

1€ Top-K-EST 7=N+1

9(T — N) )
512K2log(N + K)HS™®"

We now analyze the correctness of the 2nd subroutine
Positive-EST. Again, conditioned on the event (G, the sub-
routine Positive-EST returns an error at each round 7 if and
only if an item with non-positive advantage score has been
accepted or an item with positive advantage score has been
rejected. For either, conditioned on the event (G, we can sim-
ilarly use induction to conclude that the items returned have
positive advantage scores amongst the top- K items.

< 2K3 exp(—

O

Remarks. A direct adaptation of the fixed-confidence SAR
algorithm described in [Yang, 2021] by setting a cut off to
the number of rounds 7 does not guarantee correctness of
output, because it is uncertain whether the fixed-confidence
algorithms will terminate within the 7" time steps. The main
reason is that the fixed-confidence algorithms offer item as-
sortment an arbitrary amount of times, and it may take an
arbitrary long period of time to produce an assortment of size
K from the original N items. Hence, the returned assortment
can be incorrect with extra non-optimal items even when the
algorithm estimates all the advantage scores correctly with
high probability. A similar argument also holds for the varia-
tion of the successive-accept algorithm with sweep-line opti-
mal revenue search described in [Karpov and Zhang, 2020].

5 Discussion on Lower Bound

Our algorithm is based on the successive accept-reject(SAR)
principle, and can be seen as the fixed-budgeted counterpart
to the fixed-confidence SAR algorithms proposed by [Yang,
2021]. Although the algorithms described in [Yang, 2021]
center on minimizing sample complexity rather than the mis-
classification probability in our paper, both algorithms can
be translated to a minimax(i.e. worse-case gap-independent)
upper bound of O(\/ NT) O suppresses all poly-logarithmic
factors) using a similar expectation argument in [Yang, 20211,
in which a regret-minimizing algorithm is run for 7" rounds to
generate 1" assortments and the returned assortment is chosen
randomly out of the 7" assortments. This bound is tight to the
existing Q(+/ NT) lower bound on cumulative regret up to a
poly-logarithmic factor, suggesting the near-optimality of the
SAR algorithm with respect to minimax bounds.

To complement our analysis of upper bound on e, we fur-
ther show a worst-case minimax lower bound, as stated by
Theorem 2 below.

Theorem 2. Any exploration algorithm that solves an MNL-
bandit instance in T rounds will incur a misclassification

probability e = Q(y/ 75 ), where N, K are correspond-

ing parameters of the MNL-bandit instance.

6 Conclusions

We investigate in this paper the open problem of fixed-budget
pure exploration for Multinomial Logit Bandits as proposed
by [Karpov and Zhang, 2020], and propose the first instance-
dependent algorithm/upper bound as well as the first minimax
lower bound of the problem.

There are several valuable future directions to pursue. To
begin with, while we have identified a minimax lower bound,
finding a problem-dependent lower bound for the MNL ban-
dit problem remains an open challenge. Additionally, since
existing measures of complexity ([Agrawal et al., 2016;
Yang, 2021; Karpov and Zhang, 2020]) are not directly com-
parable, it will be insightful to develop a theoretical frame-
work that covers all existing instance-dependent bounds on
these problems. Furthermore, it is still an open question
to design pure exploration algorithms for MNL-bandit prob-
lems involving additional nested structures(e.g. [Chen et al.,
2021]).
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